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ABSTRACT

We consider the multinomial logistic bandit problem, a variant of where a learner interacts with
an environment by selecting actions to maximize expected rewards based on probabilistic feedback
from multiple possible outcomes. In the binary setting, recent work has focused on understanding
the impact of the non-linearity of the logistic model (Faury et al., 2020; Abeille et al., 2021). They
introduced a problem-dependent constant ., > 1, that may be exponentially large in some problem
parameters and which is captured by the derivative of the sigmoid function. It encapsulates the
non-linearity and improves existing regret guarantees over 7' rounds from O(dv/'T) to O(d\/T /k.),
where d is the dimension of the parameter space. We extend their analysis to the multinomial logistic
bandit framework, making it suitable for complex applications with more than two choices, such as
reinforcement learning or recommender systems. To achieve this, we extend the definition of x, to
the multinomial setting and propose an efficient algorithm that leverages the problem’s non-linearity.
Our method yields a problem-dependent regret bound of order O(Rd+/ KT /k), where R is the
norm of the vector of rewards and K is the number of outcomes. This improves upon the best
existing guarantees of order O( RdK +/T). Moreover, we provide a Q(Rd+/KT/x.) lower-bound,
showing that our algorithm is minimax-optimal and that our definition of x, is optimal.

1 Introduction

We consider the multinomial logistic (MNL) bandit problem, that unfolds as follows. At each round ¢t > 1, a learner
chooses an action z; € X from an action set X C R?. Then, the environment samples an outcome y; € [K] from
the distribution p(6.x:) € Af, where 0, € RE*? is an unknown parameter to be estimated and z : R — Ay the
softmax function. At the end of the round, the learner receives the reward r; := p,,,, where p € Rf is a known vector
that associates a reward to each output. The goal of the learner is to minimize their expected regret defined as follows

Regp =1, p" (1(Oss) — p(0azy)), where ., € argmax,cy p' pu(0.z).
The MNL bandit problem falls into the umbrella of stochastic bandit frameworks (Robbins, 1952, [Thompson,
1933), which studies decision-making processes with exploration-exploitation dilemma. Linear bandits

(Lattimore and Szepesvdri, 2020) model a linear relationship between actions z; € X C R? and rewards r; € R.
They have been used with success in various applications. However they fail to model complex systems with non-
linear rewards. This called for the introduction of the Generalised Linear Model (GLM) framework (Filippi et al.,
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2010). In GLMs the reward associated to an action x; € X is u(6.x+) where 0, is a parameter unknown to the learner
and p is a non linear function. The logistic bandit framework is an example of GLM obtained by choosing 1 as the sig-
moid function p(z) = 1/(1 + exp(—=2)). It allows to model situations where evaluated by a success/failure feedback,
e.g. click/no-click in add-recommendation systems.

The MNL bandit framework (Amani and Thrampoulidis, 202 1)) is a natural extension of it. It allows to model situations
with more than two outcomes. For instance consider a recommendation system on a e-commerce website. The user
has several options, he may choose 1) to buy now; 2) add to the cart; 3) add to the wish-list; 4) click on "do not
recommend"; 5) do not click; 6) leave the website, etc. The probability of each outcome is modelled by the softmax
function i : RE — [0, 1]%, see Section 2 for a formal definition. In this framework each outcome is associated with a
specific reward p,, > 0. The goal of the learner is to give recommendations that maximise the expected reward of the
outcome. Note that the MNL bandit problem is not a GLM, but a multi-index model (Xia, 2008).

Related work A key aspect of the MNL bandit problem arises from the non-linearity of the reward. In the binary
case, where K = 2 and p is the sigmoid function, some works (Abeille et all,2021, [Faury et alJ,[2020,2022,Jun et al.,
2021)) have focused on better understanding its impact on regret. Interestingly, this effect was shown to be captured
by the constant £ := 1/ min)g),<g mingex p'(0), where S is an upper-bound on ||6 |2, introduced by [Filippi et al.
(2010), who demonstrated a regret of order O(dx+/T). The constant % can be understood as measuring the error
incurred when making a linear approximation of the logistic model. Notably, ~ may be exponentially large in S and the
diameter of X, suggesting that non-linearity significantly worsens the regret guarantees compared to the linear bandit.
Consequently, subsequent work has focused on improving the dependence on «. [Faury et al. (2020) demonstrated that
the non-linearity of the problem, i.e., x, is not detrimental asymptotically, achieving a regret bound of order O(d\/T).
Even more strikingly,|Abeille et al! (2021)) showed that one can leverage non-linearity to an advantage. They proved a
regret bound scaling as O(d+\/T/k+), where k. := 1/u/(6.x,) measures the non-linearity at the optimum. This result
represents a dramatic improvement, as in the most favorable cases, we have k. ~ k. Moreover, they established that
this bound is minimax optimal by deriving a (d+/T'/k+) problem dependent lower-bound. It is important to note
that the constants x and «. are indeed problem-dependent, as they are influenced by S, X, and 6,..

The MNL setting, which considers a reward vector p € R¥ with K > 2 outputs, whose norm is denoted by ||p||2 = R,
and where p is the softmax function, was introduced by |Amani and Thrampoulidis (2021)). They proposed a tractable
algorithm that achieves a regret upper bound of order O(RdK+/kT'), where  is a generalization of the binary setting
constant defined as follow .

Ko Hgﬁl;rglggg}r{l Ar—1(Vu(6z)). (1)
Interestingly, they also provided a non-tractable algorithm with a regret scaling as O(RdK3/ 2T ). This indicates
that the asymptotic dependence on « can also be eliminated in the MNL framework, but the question of whether this
can be achieved efficiently remained open. This question was recently addressed by Zhang and Sugiyama (2024), who
designed an efficient algorithm that achieves a regret of order O( RdK VT ). An open question persists: Is it possible
to extend the result of |Abeille et al! (2021)) in the MNL setting and demonstrate that the non-linearity indeed yields
improved asymptotic regret?

Main contributions In this paper, we answer the above open question positively. To quantify the non-linearity of
the problem at the optimum in the multinomial setting, we generalize the problem-dependent constant .. as follows:

2
el
=
pTVu(diz.)p
where the definition of x. for p € Rl is given by a continuity extension. Note that this constant also depends on the
reward vector p. As learners are expected to eventually play actions close to the optimum, «. quantifies the level of

non-linearity of the reward signal in the long-term regime. We introduce a new algorithm (Algorithm[2)) with a regret
upper-bound given by (Theorem[3)):

Reg; <O (Rd\/KT/Ii* log(T/5)) w.p., 1 — 26.

In some cases, k. can be as large as exp(S max.¢cx||z||2), see Appendix[B.2] thereby significantly improving existing
asymptotic results on MNL bandits. We prove that our regret upper-bound is minimax-optimal and that our choice of
K is optimal (up to log factors) by deriving in TheoremM@the following regret lower-bound Reg, > Q (Rd\ /KT/ Ii*) .

We summarize existing algorithms, that focus on the dependence r and k.., for binary and MNL bandits in Table[Tl

when p ¢ Rlk and k. = 400 when p € Rl g 2)

'the constant « is originally defined slightly differently in [Amani and Thrampoulidi (2021) but the definitions are equivalent
up to constant factors
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Setting Algorithm Regret Comput. per Iter.
GLM-UCSB Filippi et al. (2010) deVT o(t)
Logistic-UCB-1 Faury et al. (2020) dvVeT O(t)
Binary Logistic-UCB-2 Faury et al. (2020) dVT + kd? O(t)
OFULog Abeille et al. (2021) d\/T [k« + kd® o(t)
OFU-ECOLog Faury et al. (2022) dr/T/k« + kd? O(log?(t))
OFUL-MLogB Zhang and Sugiyama (2024) dr/T /b + kd? o(1)
MNL-UCB Amani and Thrampoulidis (2021) RAK\/KT o(t)
Improved MNL-UCB Amani and Thrampoulidis (2021)  RdK®/?\/T + kK?d -
o MNL-UCB+ Lee et al. (2024) RdVEKKT o(t)
Multinomial Improved MNL-UCB+ Lee et al. (2024) RAVET + rd* K> )
OFUL-MLogB Zhang and Sugiyama (2024) RAKNT + kK3/%d? o(1)
REAL (ours) - Upper Bound (Alg.2) Rd+\/KT/ks + s K2d? o(1
This work - Lower Bound (Thm 4) Q(Rd\/KT/k.)

Table 1: Comparison of regret bounds for logistics and multinomial bandits, with respect to R, d, K, k, k. and T". For
simplicity we omit logarithmic terms and other constants. For the computation cost of each algorithm we only provide
the dependence in ¢, - signifies untractable.

The algorithm we introduce (Algorithm 2)) is computationally efficient, with a per round complexity of order O(1).
A central component of our theoretical analysis involves applying the self-concordance property without incurring
exponential sub-optimal factors. To this end, our algorithm first performs an exploration phase (Algorithm [1)) to
design a sufficiently small high-probability confidence set © around 6., where the self-concordance property can be
applied with only a constant factor penalty (see Section[3.1)). Once © is designed, the algorithm continues to improve
its estimate of 6, by running a variant of Online Mirror Descent (OMD) constrained within © only. As emphamzed by
Zhang and Sugiyama (2024), a central difficulty in the regret analysis lies in controlhng the term >, p TV u(0.xt)p.
Ideally, if 2; — . quickly as ¢ — oo, this term will be of the order Y, p" Vu(0.2.)p = R*T /., leading to the
final improvement in the regret. A key technical contribution of our analysis is to address this challenge by carefully
leveraging the structure of the softmax function and employing the self-concordance properties within ©.

Multinomial Logit Bandits A different line of work is the Multinomial Contextual Logit Bandit problem
(Agrawal et all, 2023, 2017, 2019, ICheung and Simchi-Levi, 2017, [Dong et all, 2020), a combinatorial variant of
MNL bandits that generalizes the binary logistic problem differently. At each round ¢, the learner is asked to
choose a subset of actions S; C [[K ] based on observed contextual vectors x;; € X for ¢ € [K] and rewards
pti € Ry. The goal of the learner is to maximise the expected reward modeled by the multinomial /ogit model
[rt | S¢] = Z}zest priexp(0) i)/ (143 cg, exp(f,) 1)), restricted to the subset Sy of chosen actions only and
where 0, € R® is a parameter unknown to the learner. Although it may appear similar, this framework is fundamentally
different: the settings differ in their parameterisation, feedback structure, and modeling assumptions. It appears that
neither framework can be easily reduced to the other. In particular, the combinatorial nature of the Logit framework-
namely, the selection of a subset S;-together with the normalization in the softmax function makes any such reduction
highly challenging. Moreover, in our framework, every outcome has a nonzero probability of being selected. We
provide further details in Appendix[Dl This variant also exhibits similar challenges related to the non-linearity of the
rewards and the constants s, k.. |/Agrawal et all| (2023) introduced an algorithm with O(d\/_ ) regret bounds, for which
the leading term is 1ndependent of k, representing a significant improvement over the previous bound of O(d\/_ ). In
the case of uniform rewards, i.e., p; ; = 1 forall¢ € [T] and all ¢ € [K], [Perivier and Goyal (2022) further established
a bound of O(d+/T'/k.). More recently, [Lee and Oh (2025) proposed an algorithm that achieves a poly(S)-free re-
gret of O(d+/T/k.) by employing adaptive exploration to exploit self-concordance. Until now, both frameworks have
been studied separately; establishing connections between them would be an interesting direction for future work.

2 Problem Formulation
In this section, we introduce our notations and assumptions and formally recall the setting of MNL bandits.
Notations Let 1 € RX be the vector of 1’s and H be the hyperplane supported by 1. We denote by IT : R¥ —

R the projection on 7. We denote by A the K dimensional simplex and by z : R — A the softmax function
defined by p(z)x x exp(zx) for all k € [K].
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Framework The MNL bandit framework is formalised as a game of 7' € N rounds between an learner and an
environment, see Framework [T] for a short summary. At each round ¢ € [T, the learner plays an action z; € X
from an action set X C R, Then, the learner observes the output of the environment y; € [K] with K € N, that
are generated using the softmax function. More precisely, for all k € [K], we have Ply; = k|z;] := pu(0.x+)r where
0. € TIRK* is a parameter of the environment unknown to the learner such that |0, 2 < S. At the end of each round
t, the learner receives a reward p,,, associated with the environment output y;, from a fixed and known beforehand
reward vector p € Rf , lIpll2 = R. The goal of the learner is to maximise their expected reward which is equivalent to
minimising the expected regret

T
Regr == Y p' p(Bezs) — p' p(fr)
t=1

where z, := argmax, ¢y p' p(6.) is the action maximising the expected reward.

Note that our framework differs from the original one of|/Amani and Thrampoulidis (2021): instead of fixing one line
of 6, to be zero, we assume that it is such that ZkK:l[H*:zr]k =0 for any x € X. This is ensured by the fact that
0. € TIRK*4 which can be assumed without loss of generality since for any § € R¥*¢ and x € R? the probability
vector of outcomes satisfies pu(6x) = p(I16x). Hence our model is more general, as it does not assume the existence
of a dedicated no-choice (NC) item; however, such an option can be naturally incorporated by assigning a reward of
0 to any item, effectively allowing users to choose nothing. Unlike existing literature, which often makes the strong
and sometimes unnecessary assumption of a universally applicable NC item, our approach removes this constraint.
While NC is appropriate in certain domains—such as e-commerce, online ads, or web search, where users frequently
choose nothing—it is not suitable across the board. In some applications, NC isn’t even feasible. For example, large
language models often require explicit user preferences to proceed. Likewise, in robotics, autonomous driving, or
preference-based reinforcement learning (PbRL), human feedback must indicate a choice among alternatives to guide
training—NC is not an option. In Appendix [C] we show that the framework of |Amani and Thrampoulidid (2021) is
included into ours.

Framework 1: The Multinomial Logistic (MNL) Bandit Framework.

for Each time steptin1...T do
Play action z; € X
Observe the decision of the environment y, € [K such that Ply, = k|z,] = p(0.x¢)k
Get reward p,,

end

Problem-dependent constants « and ., As detailed in the introduction, a key aspect of the MNL bandit frame-
work, compared to standard stochastic linear bandits, arises from the non-linearity of u(-), which appears both in the
stochastic feedback model and in the reward definition. Earlier works|Abeille et al! (2021)),/Amani and Thrampoulidis
(2021)), [Filippi et al. (2010), [Zhang and Sugiyama (2024) demonstrated that this non-linearity could be captured by
two problem-dependent constants, ~ and k., respectively defined in Equations () and @), where our work introduces
a new formulation of .. On the one hand, x quantifies the cost of performing linear approximations within the MNL
framework, with larger values of x leading to increased regret. On the other hand, . measures the curvature at the
optimum, which can be exploited in the long run to improve the asymptotic regret. Note that « is defined as the inverse
of the second smallest eigenvalue of the gradient, since the smallest eigenvalue is 0 and corresponds to the eigenvector
1 composed of ones. Our definitions of « slightly differ from existing one due to differences in our framework nota-
tions, but they coincide with the existing definitions (see Appendix[dfor details) up to constant factors. In particular,
the constant x is shown in Appendix [B.I] to be bounded from below and above as follows:

exp(—25X) : . 2 exp(—25X)
— < _ <
K N IIgﬁlleSngél%)\K 1(Vialf)) < 2exp(—SX) + (K — 2)exp(SX)

. 3)

Hence, & is exponentially large with respect to S > ||0,|| and X := max,e x| z|/2. The nonzero eigenvalues of the
gradient of y can therefore be as small as x~!. Consequently, a naive linear approximation of the MNL framework
to apply standard linear stochastic bandit analysis results in a suboptimal regret bound factor of «, which becomes
extremely large for large values of X and S.

Assumptions We use the following assumptions, which are classical in the literature (Amani and Thrampoulidis,
2021, Zhang and Sugiyama, 2024).
* The norm of each action is bounded by 1: forall x € X, ||z||]2 < 1.
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* The reward vector p € R satisfies HpJ|2 = R and is known.
* The norm of the parameter 0, € RX*4 is bounded by S: ||0. |2 < S. The bound S is known.
* Forall z € X and for all 8 such that ||f]|2 < S, we assume

Ax—1(Vu(bz)) > % >0 and M (V) <1, @)

where A1 and \; denote, respectively, the second smallest and the largest eigenvalues.
Note that the assumption max,cx ||z||2 < 1 is made without loss of generality. Indeed, the norm of the inputs can be
transferred to the norm of 6.

Additional Notations Given a compact set O, we define its diameter under an action set X’ as

diamy (©) := max max [(61 — 02)x]2.
TEX 61,0,€0
We denote by € a universal constant, i.e., a constant independent of S, d, K, T, R, k, k«. The notation < indicates
an inequality up to a universal constant. We define the filtration F; := {x1,y1,...,2¢—1,Yt—1, 2+ }. Throughout the
paper, the index ¢ refers to measurability with respect to F;, but not with respect to F;_;. We denote by ¢, the
logistic loss associated with the pair (¢, y;), defined as follows: for all § € RExd,

K

b1 (0) := )  —1[k = yi] log(p(Oz)r) -
k=1

3 Algorithm and Regret Analysis

In this section, we introduce our algorithm (see Algorithm [2) and derive a bound on its regret. The algorithm fol-
lows the explore-and-learn paradigm. Following the idea of |Abeille et all (2021)) for binary logistic bandits, the first
exploration phase aims to design a sufficiently small confidence set © around 6... In the second phase, the algorithm
continues to improve the estimation of 6, while choosing the action x; optimistically.

3.1 Exploration Routine

We first introduce our exploration routine (see Algorithm[I) and discuss the main challenges associated with it. This
exploration routine is then used as an initialisation phase in our main algorithm (see Algorithm[2).

Algorithm 1: EXPLORATION_ROUTINE

Input: Length of the procedure 7, regularisation parameter \g
Init: Vb = /\QIKd
for each roundtinl... T do
Choose action z; € argmax, ¢y |[Ix @ x|, -1
Observe y; ~ (1(0.24) !
Get reward p,,
Update V; = Vi1 + 11k ®@ 22/
end

~

0-11 = argmingegrxa Y. £s(0) + 2210112
Output: © := {0 € TIR®*%: [0 — 0, 41]|7 < 842}

The goal of the exploration routine (see Algorithm[I)) is to produce a confidence set © such that 6, € © with high
probability and diamx (©) < 1. This enables us to leverage the self-concordance property (Sun and Tran-Dinh, 2019,
Proposition 8) of the logistic function without incurring an exponential constant. Consequently, for all z € X, we
have w.h.p.:

Vu(01z) < exp(V6diamy (0))Vu(faz) < eVu(faz) V601,600 € ©.

The following lemma shows that such a set © can be obtained with a reasonably small exploration length 7. The proof
is deferred to Appendix[E.1.2]

Lemma 1. Let § € (0,1], Ao = (S + 1)Kdlog(T/5) and 7 = 336 oK dlog (T). Then, the set © returned by
Algorithm[[ satisfies with probability 1 — §

0, €0 and  diamy(©) < 1/V6.
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As X and S are known to the learner, x can, in principle, be computed (see Equation (I)). An upper-bound can also
be obtained from Equation (@), which is tight up to a constant factor.

3.2 Learning Routine

We introduce the core of our algorithm, which leverages the exploration routine (see Algorithm[2)). To select an action,
we use the Optimism in the Face of Uncertainty (OFU) paradigm, a fundamental approach in bandit algorithms to
address the exploration-exploitation trade-off. At each time step ¢, the learner selects an action according to the rule

T¢ € argmax (),

where 7 () is an optimistic reward that upper-bounds the expected reward p " 11(6..). In the context of logistic bandits,
a common approach for defining 7 () is to construct a confidence set C;(9) at each round ¢ around 6, and define

Ti(x) = eIenCE%i) p' p(0z). 5)

However, this formulation results in a non-concave maximization problem, which can be computationally challenging
to solve. To overcome this difficulty, we adapt the optimistic reward proposed by Zhang and Sugiyama (2024) (see
their Proposition[2)) who, instead of directly maximizing over the confidence set, directly express 7;(x) in closed-form
from an estimate of 6, to which they add some bonus. We adapt their estimate by defining a new one 6, that lies
within the confidence set © returned by the EXPLORATION_ROUTINE procedure (see Equation (@)). Our estimate 6,
is obtained by solving the following quadratic problem:

0, = argrgin(VﬂtH(Ht), 0y + %H@ — 9t|\€~vt ) (6)

where Wt = ZS 1 Vu(@stS) ® st +nVu(brz) @ a:txt + M g4, with n > 0 a parameter of the algorithm.
Our optimistic reward 7 () is then obtained through a Taylor expansion of y and defined as follows. For all t > T
and x € X, we set

Te(x) = p' p(0x) + e14(x) + e2,4(x) | (M
where

e1e(x) == 0u(6) HW;”Q(IK ® x)vu(etx)pHQ and  &2(x) := 3Roy(6)” H(IK ® :vT)W{”QHz

Here, W; = W, + 2221 1x1ly ®zsx!, and 04(6) is a confidence term defined later in Lemma[3l Closely following
the proof of (Zhang and Sugiyama, 2024, Proposition 1), we show the following proposition.

Proposition 2. Let 6 € (0,1). With probability 1 — 6, forallt > 1 and x € X, we have
To(x) > p p(ax) and |pTp(0.x) — p p(bs2)] < e14(x) + e2,4(2).

The key advantage of this definition of 7 (x) compared to the one in (@) is that it can be computed efficiently for any
x and does not require solving any optimization problem.

We summarize our complete procedure in Algorithm 2] below.

Algorithm 2: REAL: Recommendation with Exploration And Learning

Input: Exploration length 7, regularisation parameters Ay and A, step size n
Init: Run © + EXPLORATION_ROUTINE(T, Ag)
Set W, = )\IKd,WT+1 = Mgy
for each roundtint+1...T do
Choose action x; € argmax,¢ y 7¢(z) with 7 (z) defined in Eq. (@)
Observe y; ~ pu(0.x;) with y, € [K]
Get reward p,,
Compute W = W, + nVu(Htxt) ® Tz,
Compute 6; 1 = argmingcg(VVli11(0:),0) + 5 Ht? 9t|\2
Update Wt+1 W; + V,U,(H,H_ll't & xtact
Update W1 = Wi + Vu(Or120) @ ) + 1xlj @ za)

end




A PREPRINT - OCTOBER 7, 2025

3.3 Regret analysis

We now introduce our regret bound for Algorithm[2l The complete proof is deferred to Appendix[E3l

Theorem 3. Let § € (0,1). Set 7, \g as in Lemmalll n = 1 and A\ = 144K d. Then, the regret of Algorithm Dl satisfies,
with probability at least 1 — 26,

Regy < CRd\/KT/k.log(T/8) + €xK3d*log?(T/9)
where € > 0 is a universal constant.

A consequence for the long-term regret is that, since the dominating term scales as Rd+\/ KT/ k., the non-linearity in-
herent to the problem positively influences the regret bound. This contrasts with previous results from the MNL bandit
literature|/Amani and Thrampoulidis (2021),|Lee et all (2024),/Zhang and Sugiyama (2024), where the best known rate
was O(RdK VT ). Our approach represents a significant improvement, as in some cases . can be exponentially large
in S (similarly to k), as illustrated in the example in Appendix[B.2] It is worth point out that under uniform rewards,
ie., p € Rlg, any algorithm incurs zero regret. In this case, the first-order term in our regret bound vanishes, since
by our definition we have ., = +00. Our result is the only one in the literature that exhibits this behavior.

The following lower-bound shows that for any number of decisions /K and any dimension d, there exists a problem
instance where the learner incurs a regret penalty proportional to 1/, /k.

Theorem 4. Forall K > 2, d > 2 and any algorithm, there exist 0, € TIRX*4 and p € Rf with p ¢ R1 g such that
for X = S1(R?) and for any T > dk., the cumulative regret satisfies Regp > Q(Rd\ / KT/K*) .

Note that our probabilistic model with K > 3 differs from the binary one, thus our lower-bound is not a direct
consequence of the binary case and requires a specific analysis, which is deferred to Appendix [B We specifically
consider a non-uniform reward, i.e. p ¢ Rlg. For a uniform reward the regret of any algorithm is Reg; = 0 and
1/k« = 0, which would render our lower-bound trivial. Our result demonstrates that the proposed algorithm is
minimax-optimal and that our choice of the non-linearity constant . is itself optimal.

3.3.1 Confidence Set

Before presenting the key ideas of the analysis of Theorem[3] we first establish that the confidence levels o;(4), which
appear in the definitions of the bonuses added to the reward (see Equation (7)), are sufficiently small. These levels are
intrinsically linked to the size of the confidence set constructed around 6, at each round. For each time step ¢ > 7 + 1,
the pair (641, We41) is associated with the confidence set

Ci(6):={0: 10 = bualiw,, < ou(0)}

where W1 = Wy 1 + 2221 1 KllT( & xsxj. Leveraging the fixed diameter set we build in exploration phase and
using (Lee and Oh, 2023, Theorem 4.2), we provide a poly(S)-free confidence set. In the following lemma, we show
that 6, € C;(d) with high probability. The proof is deferred to Appendix[E.2]

Lemma 5. Let § € (0,1]. Sern = 1 and A\ = 144Kd. Let us assume Lemma[ll holds. Let us define 0,(0) =
% VK dlog(t/8) + 2SV/\. Then we have with probability 1 — 6, for all t > 1,

[0 = Oeqrllvp,,, < o:(d).

3.3.2 Proof Sketch of Theorem[3]

We start by using a classical OFU argument. Using Proposition[2ltogether with the definition of x; € arg max, 7 (),
we bound the regret as

T T T
Regr <7+ Z P (u(0:m0) — p(Bamr)) < 7+ QZal,t(ﬂUt) + QZEM(%) ®)
t=7+1 t=1 t=1

where €1 ; and €2+ are the bonuses defined below Equation (7). The first term 7 corresponds to the exploration cost
and yields the logarithmic term in 7" in the regret upper-bound. The sum ), &5 ; is bounded with standard linear

algebra. Defining U; := 1 Et Ik ® xsx;r + %IKd, we have U, < W, (which justifies the choice of W, instead of

K s=1
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W in the analysis), which entails

S

T
ZEQ,t(xt) = 3RZO}(6)H(IK ®1‘t )W 1/2”2 N RFLO’T Z IK ®1’t1’:)W;1)

< Rkop(d ZTr (Uy — U—)U;Y) < Rkop(6

I\Mﬂ i

|Ut 1|
< ReK2d?log*(T/6) . ©)

Controlling the other sum ), £1,; is more challenging. Careful derivations followed by Cauchy-Schwarz inequality
lead to

T

T T
> enil@n) S Vor@)y| oIy A (T @ 1) Vu(Ow) 23, D pT VinBaai)p. (10)
t=1

t=1 t=1

The first sum in the square root may again be controlled in O(dlogT), i.e. K-free, through a careful linear algebra
analysis of the eigenvalues and a Trace-Determinant argument. The second sum is a standard term that appears
in earlier work. Indeed, a key step in achieving minimax optimal rates in the binary setting (Abeille et al!, 2021,
Faury et al.,[2022) involves proving that

T
ZN/(H*T%&) < T/« + Regyp .

t=1

In the MNL setting, Zhang and Sugiyama (2024, Appendix C.5) also showed that

T
> o Vu(uzi)p < R*T/k, + 2Regy (11)

t=1

was sufficient to obtain a regret with a 1/k, dependence. However, as they admit, such a relationship is unclear in
general and challenging to establish. Indeed, in the binary setting, the analysis by |Abeille et al! (2021)) heavily relies
on specific properties of the one-dimensional sigmoid function 4, which satisfies || < u'. These properties do not
carry over to the multi-dimensional setting when p is the softmax function. Moreover, in the binary setting, since
the sigmoid function is increasing, the optimal decision z,. € argmax, ¢ {u(6] )} can be eas1ly expressed as the
solution to the linear optimization problem arg max, ¢ y {6, x}. This no longer holds because g is multi-dimensional
and because . also depends on the reward vector p. Due to this difficulty, instead of (1)), Zhang and Sugiyama (2024)

show that
T K

ZpTw (Ouzt)p < R*T /K. + 2RRegr + Y Y pi(p(0uwi)e — p(0u)i)
t=1 t=1 k=1

The difficulty, as pointed out in[Zhang and Sugiyama (2024), is that the last term may be non-negative and significantly
higher than the regret. To circumvent this problem, we derive a slightly different upper-bound that replaces Reg in
Equation (I0) with an upper-bound obtained from the reward bonuses e1,4(x;) and €94 (z;). We add and subtract
0"V (6.2.)p. Carefully controlling the difference term we establish:

T

> 0 Vulbux)p =
t=1

W

(0, Vi(Oszi)p) + (p, (VilOszi) — V(i) p)

o~
Il

1

T
2T /Ky + 2\/_—|—4 Z e1,e(xe) +e2,0(xt)) -
t=1

The proof concludes by combining this with equations (9) and (I0), solving a second-order equation of the form

T
Z e1t+eat) <CL+Co RQT/K*-F\/_Z (e1t +€2.4),
t=1

t=1

and substituting the solution into the initial regret bound (8).



A PREPRINT - OCTOBER 7, 2025

3.4 Adaptive exploration and changing action sets

The initial exploration phase of our algorithm might be concerning from a practical viewpoint. It enforces x rounds
of exploration which given the nature of £ might be costly. In Appendix we present a variant of our algorithm
(see Algorithm [B) that employs adaptive rather than hardcoded exploration based on [Lee and Oh (2025) work. This
adaptive approach enables the extension of our framework to non-stationary action sets X; C X. We adapt our
definition of the non-linearity constant x, to match the actions sets X;:

Iol3
Kyt = —==——>——— when R1g and k4 = +00 when p € Rl
LT TV (Onzeg)p pé 't P

where z, ¢ := argmax v, p " u(6.z). We also modify the regret definition to take X} into account:

T

Regp =Y p' p(0uzss) — p' pu(Buzy) .
t=1

The algorithm is based on a trigger condition. Let 7% C [T'] denote the set of exploration steps of the algorithm. At
any time step ¢, the algorithm performs an exploration step if the following condition is satisfied:

t—1
1
2 1 T
;Ié%gi”IK @ z|[{gw yr = = where H", = E “Ig @xsxy 1{scT"}.

s=1

Each time the algorithm explores, it refines its estimate of 6, and updates the corresponding confidence set. Otherwise,
it follows the learning procedure described in Algorithm 2l

We now introduce our regret bound for Algorithm[3l The proof is deferred to Appendix[G.1l

Theorem 6. Let § € (0,1]. Set \¥ = 72(1 +v/6S)Kd,n® = (1 +/65)/2 and \ = 144Kd. Then, the regret of
AlgorithmBl satisfies with probability at least 1 — 20,

~ 1
R < E
egr <O | Rd, |K P
' e

where T is the set of time steps when the algorithm explores.

In the case of constant arm-sets &; = X', we recover the regret gua em[3] obtaining a regret upper-bound
of O(Rd+/KT/k,). In the non-stationary case, we obtain /T % D tgTw %, replacing the non-linearity constant

in the optimum by its on-trajectory average version.

4 Conclusion

This work establishes that non-linearity in multinomial logistic bandits can be leveraged to improve asymptotic regret
guarantees, extending results previously known only for the binary setting. We introduce a new problem-dependent
constant , and design an algorithm that achieves minimax-optimal regret bounds of order O(Rd/KT/k.), while
preserving computational efficiency. Crucially, we also prove a matching lower-bound of Q(Rd+\/KT/k.), thereby
demonstrating that both our algorithm and our definition of x. are optimal up to logarithmic factors. Our analysis
relies on a tailored exploration strategy and exploits the self-concordance property of the softmax function, enabling
tighter control of curvature effects at the optimum. These findings demonstrate that non-linearity, rather than being a
limitation, can serve as a structural advantage in sequential decision-making.

Acknowledgements. We thank Francis Bach for his precious knowledge. A.R. acknowledges the support of the
French government under management of Agence Nationale de la Recherche as part of the “Investissements d’avenir’
program, reference ANR-19-P3IA-0001 (PRAIRIE 3IA Institute) and the support of the European Research Council
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APPENDIX

This appendix is organised as follows:

- Appendix[Al Notations

- Appendix[B} Bounds on the Constants « and k.

- Appendix[C Comparison with the Framework of /Amani and Thrampoulidis (2021))
- Appendix[D} Discussion of the Multinomial Logit Bandits

- Appendix[El Analysis of Algorithm[2]

- Appendix [} Proof of Theorem]- Lower bound

- Appendix[Gt Removing the Exploration

- Appendix[H} Auxiliary Results

A Notations

We detail below useful notations and basic properties used throughout the appendix.

7] :=1{1,2,...,T} ,vT € N*
- € : Universal constant, i.e. independent of S, d, K, T, k, k.

—1 _ p VuB.z)p

- K —
* [EH

- K 1= Max||g|<s MaXzex m

- e (8) = 30, —1[k = ye log((01)i)

- diamy () = max,ex maxg, g,co||(61 — 02)z |2

- Hy(0) =" Vu(0z,) @ x5 + Nolka

- H(0) =X Vula,) @ wsr] + X020 1k1E @ wga] + Molka
- g1(0) == 0 w(0xs) @ s + Aob

- Gi(01,02) = X0, [ V(08 + (1 — 0)bo)as)dv @ ze] + Mok
- 91(01) — gi(02) = G1(01,02) (01 — 02) (Mean-value Theorem)

- Wi = Y Va(Os12s) @ 2sa] + M

- W, = Zi;lﬂ_l Vi(Osi17s) @ xsx] + Zi;lﬂ_l Ikl ®@zsz) + MEq
- (b1, 02) == fol Vu((1 =)0 + vb)zg)dv @ xsx]

- as(b1,02) = as(b2,61) (change of variable)

- (01, 0) = fol(l —0)Vu((1 — v)8; +vhs)xs)dv @ x5z

- 04(91171, 92172) = fol Vu((l — 1))91.%1 + ’U@Q$2)d’0

11
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B Bounds on the Constants x and x,

B.1 Upper and lower bounds on the constant ~

In this appendix, we show the following lemma that bounds « by above and by below. In particular, we recover up to
constant factors the bounds proved by |/Amani and Thrampoulidis (2021)) for earlier definitions of  (see Appendix[C
thereafter).

Lemma. Foranyeven K € Nand X = {x € R?: ||z| < X}, we have

%—‘r%eQSXSKSKGQSX.

for k as defined in Equation (0.

Proof. We first prove the upper-bound. Fix any z € RX. We bound the second smallest eigenvalue \r_1
of Vu(z). using Weyl’s inequality (Weyl, [1912) and the definition of the gradient of the softmax Vu(z) =
diag(u(2)) — u(2)u(2)". A direct application of Weyl’s inequality gives

N1 (ding(1(2)) — p(2)(2)T) = A (ding(u(2))) + Mer(~(2)p(2)T) = min p(2);.

Thus we have
exp(—=SX) 1

Arc—1(di — > 4/ =2/ — — -25X
r-1(diag(u(z)) = p(2)n(=) ) 2 472 mrasy = g7 expl )
where X := maxgex||z||2 and S is assumed such that ||f||2 < S. Hence,
K= 1 < Ke25X

minug“zgs minmex /\K,l(Vu(G:c))

We now prove the lower-bound. For simplicity, we assumed that X is a ball of radius X and that K is even. A direct
application of the Schur-Horn Theorem gives for all z € R¥

miy V()i +Vu(z)j; 2 Ak (Vi(2)) + Ax-1(Vi(2)) = A -1(Viu(z)) -

0,40

We choose 6 such that |||z = S and with the first K/2 rows equal to each other, i.e. [0]; = [0]; for i € [K/2]
and with the others rows collinear in the opposite direction, i.e. [f]; = —[6]; for all ¢ > 2. We choose z such that
r = [9]1X Thus we obtain

4 2exp(—SX) .
> &= 7 >min min  min p(0z); + p(0x),;
K(1+exp(25X)) ~ K exp(—SX) + & exp(SX) ~ X [10]2<5 i.jiii
—1

> min min min Vu(0zx); + Vu(0x >m1n mln A Vu(Ox KT,
T e 10t i p(fz) n(0z) 5 PEX [0]as k-1(Vu(z)) =

which concludes the proof. O

B.2 Example of large ..

Let K > 2 be even and d > 1. Let us consider the following problem, we define 6, = IIM, € MIRE >4 with M,
equal to

m 0 ... 0
0 0 ... 0
M* = . . . .| € Rd
00 ... 0
where m > 0, moreover M, is such that |0, ||z = S. We define p € R such that
2
1 1
P UK Ts |
1
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Note that |||l = 1. We choose X = S; (R?). We have that z, = [M,]1/||[M.]1]|2. Note that ||z.|2 = 1 = X. Let
us compute Ky :

w=p Vu(bu)p = p' (diag(p(0.r.)) — p(Ouz)pu(Oez) ") p
where the second equality is due to the definition of Vu(-). This can be developed into:

K K
= Z Pr (05 )k [Z pi (O — M(H*iﬂ*)i)]
k=1 =1

K
= POz )1 (1 = p(0ua)1) — 201000 )1 > prpt(Ba )i
k=2

K
+Zpku(9*x* [sz R ] (12)
k=2

Let us prove that the first two terms cancel each other.

P1(0:2:)1 (1 = p(0::)1) = p12papa(fis )1 (1 — (0 )1) (p1 = 2p2)
K
= 2p1p2(0u)1 Y | 1(0a ) (1 is a probability)
k=2
K
=201 1(0:2)1 Y prept(Ba ) (p2 = pr, Vk € [2, K])
k=2

Consequently, Equation (I2) becomes

K K
= Z P (05 )k [Z pi (O — M(H*iﬂ*)i)]
k=2 1=2

- : i (O )i [i (ik — ,u(t?*:c*)z)] (Def of p)
K+3 — P
9 & K
“K+3 ; k ll - ;M(Q*x*)i]
2 K
TK+3 kz 105 ) k(O )1

We now use the definition of the softmax to upper-bound the probabilities.

i, 1  ep(ML] )
* TUK — 14 exp(M]]z) K — 1+ exp([M.]] z.)
exp(—[M.]] z.) 1
(K — 1) exp(—[M,){z) +1 (K — 1) exp(—[M.]] z.) + 1
B exp(—9) 1
(K —1)exp(—S)+1 (K —1)exp(—S) + 1
< 2exp(~ )
We exhibit a case where k. is exponentially small in S = ||0||2. In this case, by Theorem[3] the asymptotic regret is

thus of order

Regy < O Rdexp(~$/2)VET).

C Comparison with the Framework of Amani and Thrampoulidis (2021)

Amani and Thrampoulidis (2021 also consider a MNL bandit framework, which is equivalent but defined slightly
differently from ours. In their framework, the environment parameter ,, € R¥*? is defined with its last row equal to

13
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zero [0.]k = 04. Therefore the probability of a decision ¢ € [K] becomes
1
L+ 304 exp((6:]ae)
exp([0.]izt)
L+ 50 exp((f]ne)

The reward vector is also defined p € Rf but with its last element equal to zero px = 0. The regret is defined as

ifi = K
Ply; = ia¢] =
ifi < K

Thus the last element of the probability vector is not needed and we define the vector ji(6z) € R¥~! as the truncated
probability vector [z(6z)]r = P[y: = k|z:]. Contrary to our case, the fact that f1 is not a probability ensures that its
minimum eigenvalue is well-defined (Amani and Thrampoulidis, 2021, Lemma 5). The problem-dependent constant
measuring the non-linearity is defined as:

- 1
Ri=— : — — -
mingex Min|g),<s Amin (diag((0z)) — @(02)a(0x)")

As shown by (Amani and Thrampoulidis, 2021, Eq. (20)) the constant ¥ is exponentially large with respect to .S and
X. These lower and upper bounds on & show that our constant « is comparable, see Appendix [B.1l

Now note that in our framework, by choosing without loss of generality ming pr, = px we have

T
Regr =Y p' (u(0uz) — p(0uy))
t=1

S

(p— prli) " (p(Ouzs) — p(Bazy))

&
Il
=

prc1 e ((0:m0) — p(Bazr))

n
M=

~~
Il
-

(p— prli) " (p(Ouzs) — p(Bazy))

[
M=

t=1
T K-1
=3 (k= pr) (B )i — p(Buy) 1)
t=1 k=1
We could then choose an arbitrary value for [f.]x. For [f.]x = 04 we recover the framework of

Amani and Thrampoulidis (2021)). Thus their framework is included in ours.

D Discussion of the Multinomial Logit Bandits

In this section we discuss the differences between Multinomial Logistic Bandits, our framework, and the Multinomial
Logit Bandit framework. In our setting, the environment may have multiple reactions to a single action. On the other
hand, in the Logit setting the agent selects a set of items to which to environment responds with either a click or no
click. In our problem setting, the probability of observing decision y; = k given context x; is:

exp((0) 1 1)
Sois exp((6s)] )

where each possible decision i € [K] has its own parameter (,); € R?. Thus, we are estimating a different parameter
vector for each decision, and the variation in decision probabilities comes from these parameter differences.

Ply; = klx:] =

In contrast, in the Logit setting, the agent chooses a subset S; C [K7, and the environment responds with a choice
over that subset. The probability of observing decision k € S, is:

exp(@Ixm)
Ziest exp(0) x¢ ;)

]P’[yt = k|5t] =

14
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where the agent observes the context vectors 2, ; for all i € [K], and there is a single share parameter 6. € R%. In
this setting, all variations in decision probabilities arise from the context vectors, not from the parameter 6.

In summary, the settings differ fundamentally in their parameterisation, feedback structure, and modeling assumptions.
Ours involves learning distinct models per action; the Logit setting uses a shared parameter across all items and focuses
on contextual differences.

E Analysis of Algorithm 2]

E.1 Exploration Routine
E.1.1 Confidence Set

We build our confidence set over this proposition fromZhang and Sugiyama (2024, Theorem 1), which is itself an im-
provement of |Amani and Thrampoulidis (2021, Theorem 1). As demonstrated by |Abeille et all (2021], Section 6), the
confidence set presented in the following proposition is not convex. To address this, we construct a convex relaxation,
see Proposition[§]

Proposition 7. Set the parameter Ao = (S + 1)K dlog(T'/d) with a certain § € (0,1]. Let the event E;5 be defined by

Es : {vt 2 1,]190(0+) = 9t(@e1) 1515, < 76(8)}

where ~(0) := 16X\o. We have that
P(Es)>1-4.

Note that V; < H(6.) for H(0) := Hy(0)+>."_, 1x1} ®xs2/ , therefore proving the following lemma is sufficient
to prove that
PO, €0)>1-9.

Proposition 8. Ler 0 € (0,1] and 0,1 be defined as in Algorithm[ll We have that

P (vt 21,1001 — 0.5, ) < Bu(0)) 210

2
where T1(0) = Hy(8) + 'y il © w,al and B(6) = (1 + 200 @) 74(68) with 5(8) and Mg
0 0

defined in Proposition[/]

Proof. We follow the proof of Lemma 1 in|Faury et al! (2022).

Step 1: Sub-Exponential Self-Concordance.
We first show that for all time step ¢ > 1, if the event E5 holds, we have that

g 5
Hi) < [ 1429 4 [2:0)
)\0 AO

Gi(0-,0+1)
where \g and ~;(0) are defined in Proposition[Zl From the proof of Lemma 13 in|Amani and Thrampoulidis (2021))

we have that
t

Hy(0:) < Z(l + (5,041, 0.)) s (Or1,0.) + Mol ka

s=1

where d(zs,0:41,05) = ||(6141 — 04)2s]|2. From now on the proof of Lemma 2 of [Abeille et al] (2021) also holds
in the multiclass setting to conclude this proof step. We provide it for the sake of completeness. We apply Cauchy-
Schwarz inequality and obtain

d(xsv Or41, 9*) < HxSHG;l(é\Hhe*) ||9t+1 - 9*||Gt(§t+179*)

N e o~
Ssllgr1@,,0,00)19:0041) = 9:(02)l g2 5,1 0. < Ao "119¢(Brr1) — 90 g1, 0. -

15



Putting it back we get

H,(0,) < (1 +, 2
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l9:@1) = 90N, ) ) GeOusPri) (13)

Therefore using this matrix inequality and event E; we get

9¢(Gr41)

Solving for ||gt(§t+1)

_gt(o*)||2G;1(9*7§t+1)
< (1+/\51/2||9t(9t+1) 960l 61,010, )||gt(9t+1)—gt(9*)|\§{;1(9*)
<@ llgeOri1) = 90l 5,1 0., + 1(0).

- gt(o*)|‘cgl(§t+1,0*) we get

19 (Be1) = 960l =15, 0y < V(NG 2+ /().

We now put this back in Equation(I3) to conclude and obtain:

Step 2: Applying Self-concordance.

We apply twice the self-concordance property to get

16

Step 3: From H,;(0.) to

We decompose R as R* = 1 @ H where # is the hyperplane supported by 1. Recall that §. € TIR**?

) 1) ~
Ho) < (14249 20 ) 6o G,
Ao Ao
~ ) )
_9t+1”§{t(9*)§ 1+%/\(0)+ %)\(0) H9 _9t+1HGt9 Bei1)
7:(9) 7:(0)
S R vl W llge(6-) — 9t(9t+1)|\ (00 urn)
2
7:(9) 7:(0)
< |1+ o + o 19:(0+) — 9t(9t+1)|\ 10,
2
7:(9) 7:(0)
<
< |1+ o + " Y2(9)
=: B(6)

Hy(0s)-
and

041 € IRK X4 forall z € X, by definition of IT, 6,2 and 8 1 = are in . Therefore (A —6t+1)xs||1 = 0.

And we can conclude by

16+ = Ors111%, 5. = 185 = BurallZr, 0.y < B () -

E.1.2 Proof of Lemmalll

Lemma 1. Let 6 € (0,1], Ao = (S + 1)Kdlog(T /) and 7 = 336*\gr K dlog (T). Then, the set © returned by
Algorithm[ satisfies with probability 1 — §

0.0 diamy(©) < 1/V6.

and

We adapt the proof of Lemma 2 of [Faury et all (2022) to the multiclass setting.

16
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Proof. We start by making the term I appear in order to match the dimension of H(6..).

diamy (©) = max max [[(0; — 02)x||2
x€EX 01,02€0

=max max |[(Ix ®x')(01 — 62)]|2

TEX 01,0,€0
<max max |[Ix @z |ly-1]01 — Oa]lv. Cauchy-Schwarz
TEX 01,0,€0 T
< 24/6:(9) ma);{(HIK ® x|, Proposition[8land symmetry
e T

= 2y/5,0), fmallxc @ 2T,

=2/B-(O)r 2, | > max|| Ik @ 2],
s=1

—1/2 2
< 2/B:(0)r ;gleagl\fx @} (V= Via)
<2V/Br(0)r 2 D Ik @ 2 - definition of
o—1 s—1

= 2B 2R | S 2 g
s=1

< 4y/B,(0)7 Y ?k12\/ Kdlog (1+ &) Abbasi-Yadkori et al) (2011, lemma 10)

Thus if we choose 7 = 963, (§)xK dlog (1 + ) we have that diamx(©) < 1/V/6. O

E.2 Proof of Lemma

Lemma 5. Let 6 € (0,1]. Setn = 1 and A\ = 144Kd. Let us assume Lemma [[l holds. Let us define o,(0) =
% VKdlog(t/8) 4+ 25V/\. Then we have with probability 1 — 6, for all t > 1,

[0 = Oeqrllvp,,, < o:(d).

Proof. First, by Lemmal[ll we can apply (Lee and Oh, 2025, Theorem 4.2) with o = 1/ \/6 to obtain
105 = Orr1llw,y < 0e(9)

with probability 1 — §. We then decompose R¥ as RE = 1x @ H where H is the hyperplane supported by 1.
Recall that 6., 60;,, € IIRK*? forall z € X, by definition of II, #; 1« and #,x are in . Therefore Zi:l [[(0r41 —
0+)@s|l1 17 = 0. And we conclude that with probability 1 — 26

1041 = Oull37, | = 1041 — Oullwipy < 04(0)

E.3 Proof of Theorem[3|

Theorem 3. Let ¢ € (0,1]. Set 7, Ao as in Lemmalll n = 1 and A\ = 144K d. Then, the regret of Algorithm 2 satisfies,
with probability at least 1 — 20,

Reg, < €Rd\/KT/k.1og(T/8) + CxK2d?log?(T/5)

where € > 0 is a universal constant.
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Proof. Throughout the proof we assume that
diamy (0) < 1 and Vt>1, [10s =0, < 0t(d)

which is verified with probability 1 — 24 thanks to Lemma[Iland Lemmal[3]l we apply a Union Bound at the end. The
regret of the exploration phase is smaller than

T < K343 2k 108>/ (T .

Let us now focus on the second phase of the algorithm.

Step 1: Using optimism. Using the definition of the optimistic reward we can bound the regret twice.

T
Regy(Learning) = > p7 (u(0.2) — p(0s1))
t=7+1
T
< >0 plulOiw.) + e (@) + ea(w) — p B (Prop.[2)
t=7+1
Z p u(Ohae) + e1,e(we) + e2,4(we) — p ' p(Buy) (Def. of z;)
t=17+1
T T
<2 Z g1 () +2 Z e2.¢(x¢) (Prop.2)
t=7+1 t=7+1

Step 2: Bounding the sum of ¢5 ;(x;). We start by bounding the second sum

25216 T) —3ZRUt || IK®xt Wy 1/2H2
< 3Ro7(s ZH (I @« YW, |13
= 3Ror(5)? ZHW;WUK @ )3

<3Ro7(6)*)  Amax ((Ix @ 2 YW, (I @ 24))

M= 1= 1

=3Ro7(6)* ) Amax ((Ix @ 2z ) W; 1)

&
Il
=

[M]=

< 3Ror(6)? Tr ((IK ® Txy ) W, )

-~

M-

=3Rkor(6)? ) Tr((Ix @z ) W' .

t=1
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t
s=1k

Let us define Uy := Y LI @ x, :c + AIKUl We have that U; < W, for A > 2. We have that

T T
Zag_’t(:ct) < 3kor(d Z —U—1)U;” 1)
t=1 t=1
T
< 3Rkor (6 Z |U 1| (Hazan et al., 2016, Lemma 4.5)
— t—
< 3Rror(6)*Kdlog (1+ T ) . (Lemmal[T3)
K

Step 3: Decomposing the sum of ¢; ;(z;). Let us now focus on the first sum.

Z&,t(fﬂt)

T
Z OW, 2 (I @ w) Viu(Ope)pl2

W2 (I @ ) Vi(Biz)pll2

MH

<or()

o I

< eor(8) Y W, (I @ 2)ViulOrae) >V u(0.z0) ' pll2 (Self-concordance)

t=1

_

< eor(8) SIW; V2 (I © w) Vin(Giw) 2|V Bu) 20 2
t=1

t=1 t=1

T T
< emé)J S Uk @ mww;xwﬂ%J S IV a(6.20) 20l3 (Cauchy-Schwar)
Once again we have two separate terms to bound. We start with the left term.

Step 4: Bounding the sum of |, "/ (Ix ® 2,)Vu(6112:)"/2||2.  First, we lower-bound W1

t—1 t—1 t—1
Wi = Vu(lsrzs) @xen] + Y 1kl @zea] + Mga 'z Y 1xlg @wez] + Mg

s=1 s=1 s=1

in the Loewner order sense:

We use the following equivalent of 1";;

err < Ll < eq € REXE
K
to obtain:
t—1 t—1 t—1
Wt-',—l = Kzell ® ZCS.’L';F + Mgg = Kzeil ® ZCS.’L';F + Mggqg = KZ(@H &® xs)(ell & .’L‘S)T + Mgq.
s=1 s=1 s=1
Which is equivalent to
t—1 K t—1
Wi =YY (err @ xo)(erk ®s) | +Mga =Y Ik @ wsz] + M.
s=1 k=1 s=1
Therefore we have
i1 —1/2 2
W, 2 (e @ 2) Vi(Oram) 23 < (Z Ix @ o] + MKd) (I @ ) Viu(Brsr20) '/
s=1

2
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We now use that Vi (6412¢) < Ix and get

2

t—1 —-1/2
W, 2 (I @ o) V(Op120) 2|2 < <Z Ik @ o] + )\IKd> (Ix ® )

s=1 9

We now upper-bound the sum over 7" using a Trace-Determinant argument:

T T t—1 -1
ZHW;UQ(IK®xt)vﬂ(9t+l$t)l/2”% SZ/\maX (IK(X)xt (ZIK(X)JJ Ty —l—)\IKd) (IK®£L'S)

t=1 t=1 s=1

I
[M]=

t—1 -1
Amax (IK ®$t$t <Z Ik ® x T, —l—)\IKd)

s=1

Amax (xtx: (szx —i-/\Id))

-1
:vtx: <Zx Tg —l—)\Id)

~
Il
-

M’ﬂ

~
Il
-

Ms

~
Il
-

Let us define M, := Zi:l ] + %Id, we have that M; < Zz i zsx] + Mz when A > 2. We obtain

T
ZHWt V2 (I @ 2) V(O 20) V23 < Z — M; )M, )
t=1 =1

T

M|
Z | M| (Hazan et all, 2016, Lemma 4.5)
— STM|
T
<dlo g<1+m> (Lemmal[I3)) .

Step 5: Bounding the sum of ||V (6.2;)'/?p||3. We add and subtract a term and get

T

D IVu(buz) 2 pll3
t=1

I
[M]=

T
(0, V(B )p) + > (p, (Via(0ue) — Va(0s.))p)
t=1

~~
Il

1
T

Tk + Y (p, (Vi(Ouwr) — Via(0a.))p) -

t=1

20
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We use the definition of V(.) and get

T

> o, (Vu(Buzt) — Viu(0a)) p)

t=1

Il
M=

(p, diag(u(Our) — p(Bu))p) + (0, (Ot p(05m0) T — p( By u(02) 7))

o
Il

1

B

(0 2(e1,e(@0) + 2,4 (@)) 1K) + (p, 1(04:))* = (p, p(Bs0))?

o
Il

1

T
< 2\/_2 e1.¢(xt) +e2,(we)) + Z p(0xi) — pu(Oczt)) (o, p(Oss) + p1(0ir))
=1

T

< 2@2(51,,5(@) +eni(@) +2) (ere(@e) + e2,0(@e) (o p(Oezs) + p(Bat))

t=1

!

T
< 2\/EZ(51,t(xt) +ea(z)) + 42(81,1:(%5) +eo¢(x))

t=1

M=

= (2VE +4)) (er(m) + ea(mr))

t=1

where the first and third inequalities are by Proposition[2] the second and fourth inequalities are due to the Cauchy-
Schwarz inequality.

Step 6: Putting everything together. Combining our previous results we get

T
Regr(Learning) <2 Z e1,e(my) + e, ()
t=1

<6Rkor(5)*Kdlog (1 + o)

1/2

- 1/2
+eor(9) [dlog (1+ 5)] L+ (2VK +4) Zgl,t(xt) + 52,1&(561&)1

t=1

<6Rkor(8)*Kdlog (1 + 75
+eor(8) [dlog (1+ L)]* R\/Z

+ eor(0) [dlog (1 + %)] 1/2

t=1

o 1/2
(2\/?4—4)261)15(1}) +52,t(xt)‘| .
We use the fact that 22 — bz —c < 0 = 22 < 2b%+2cwith 22 = Ethl e1,4(z¢) + €2+ () and get with probability
1-26
Regy(Learning) <12Rkor(8)*Kdlog (1 + 2+-)
+2e07(5) [dlog (1+ L)) /2 Ry/Z
+ e?o7(5)?(2VK +4)dlog (1 + L)
<EVKdlog(T/8)R\/T/k« + €(1 + S)RxK*d*log*(T/5) .

where applying the Union Bound gives the result with probability 1 — 26.
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F Proof of Theorem 4

Theorem 4. Forall K > 2, d > 2 and any algorithm, there exist 0, € IIRK*¢ and p € Rf with p ¢ Rl such that
for X = S1(R?) and for any T > d*k., the cumulative regret satisfies Regp > Q(Rd\ / KT/K*) .

Proof. We use the canonical bandit probability space (€, F, Prg,) of Lattimore and Szepesvari (2020, Section 4.7).
To simplify let us denote Py = P4, the probability of the random sequence {x1,y1, ..., 2, yr} obtained by having
the algorithm 7 interact with the environment (6, p). The expectation Eg is computed with respect to the probability
Py.

We start by defining an instance of a MNL bandit problem. Let y = I1M, with My € RX*? be defined as follows

2 0 ... 0
1 1 0 ... 0
Myi= ——— |, .
K+3 :
1 0 0
and p € RX be defined by
2
R 1
P UK s |
1

Even though this defines a binary problem, we cannot directly apply the proof of |Abeille et all (2021)) as for K > 3
our k. will be different than in the binary setting. Indeed the probability distributions of the reward are different, see
the In(K — 1) term in Equation (I4).

We define the action set by the sphere X = S;(R?). We show that a slight variation M of the matrix M results in a
regret lower-bounded by Q(Rd+/ KT /k.(0)). Let us define the set of perturbed matrices M by

d K d
M = {Mo +€Zvi€1i + % szieki v € {—1, 1}d}
i=2

k=2 i=2
where € > 0 is to be defined later. For now we only assume that
e < ||[Molill2/vd =1 =2//(K +3)(d -
-

1).
Note that we do not modify the first column. Let z,(0) := argmax, .y p' u(0z). Let M € RE*4 as for = 1M
= ZC*

we have p(6z) = p(Mx), we may abuse the notation and write .(M (6). For every problem instance
(0 =TIM € IM, p, S1(R%)), we have that z..(0) = [M]1/|[M]1]|2.

~—

We introduce a second set ﬂ C RE*4 of matrices, which is in bijection with M. This alternative set simplifies the
presentation of the proof, but should be regarded as equivalent to M. It is defined as follows:

[M]y /| [M]a]]2
,v 0 e 0
M = . . | :MeM
0 0
We denote by v : M — M the canonical bijection from M to M. For all M € M we have that
argmax,ey p' p(Mz) = argmax,ey p' p(y(M)z).

We assume that for all M € .//\/lv, Regr (HJT/f ) < Rdy/KT/k., which can be done without loss of generality, since

otherwise the lower-bound already holds. The proof then consists in showing that there exists a matrix M, € M such
that, for 6, = IIM., the regret is lower-bounded as Reg;(0.) > CRd\/ KT/ k..

Step 1: Lower-bounding by the optimum regime. In this step, we follow the idea of Proposition 6 from|Abeille et al.
(2021). Let § = IIM € TIM, we lower-bound the regret Reg-(6) by the derivative of the sigmoid function in the
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optimum 2/ ([1\7 1 2. (0) — In(K — 1)) We first express the regret Reg(8) in terms of Bernoulli variables.
Regy (6 Zp 102 (0)) — p" pu(Bae)

Tu(Ma.(0)) — p" (M)

Il
Eﬂﬂ

&
Il
s

pr[P5(p1]2.(8)) — By(pr|a)] + pa[By(pale. (8)) — Pylpslar)]

Il
M=

&
Il
A

p1[P5(p1]2-(0)) = Pg(pr]ar)] + pa[l — Pglpala.(6)) — 1 + Pylps|z)]

Il
B

~
Il
-

where we have P5(p1|x) = [W(Mz)]; and P5(palz) = ZfIQ[N(MV:v)]k Using the definition of p we get

T
R
Re x* — Px zi)| .
gT \/K——f—?); p1| 9(p1| t)]
Substituting,
exp([M]] z)

Py(p1]a) = [u(Mz))

= u([M); Tz —In(K —1)). (14)

C1+exp(—[M]]z+In(K — 1))
Thus we get

Reg,(6) @ i ( T2.(6) — In(K — 1)) — i ([M]I:vt —In(K — 1)) .

We now apply the Mean-value Theorem:
Regy (6 Z/ Tz (0) + (1 — v)ay) — In(K — 1)) dvw ([M]I(:v*(a) - xt)) . (19

Using the self-concordance property (Sun and Tran-DinH, 2019, Corollary 2) on 4/ between [M]] z; and [M]] 2. (),
we get

T

1 , [~ ~ — ~

Reg (¢ )

R K

3 = Wiy il H S—p (IM]] . @) = (K = 1)) (IM]] (. (8) — )

R L I
> \/—1+2H[ TR lu ([M]l:v*(ﬁ)—ln(K—l)) (I97)] (2 ) )

> \/—Zu (1] (@) ~ (K = 1)) (D) (2 (8) — 1))

where the second inequality is by Cauchy-Schwarz inequality, the third inequality is because the actions are in the
sphere S (R?), and the last inequality is because ||[A]; |2 = 1. Using the definition of z, we have that

()] ) — V) ) = WO (1 = o302y ) = (2L v B) — 3
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where the last equality isdueto 1 — 2 Ty = %Hx — y||% for all x,y € S;(R?). Thus we obtain

- R|[ 9 - )
Reg(9) > GM Z (19717 () = (K — 1) [ ) —
o \/—;u (V)] 2. (8) = (K = 1)) [z (8) - 13 (16)
R L T d B
/ 2
> ot (1) 2.(8) - m(x — 1)) ;;wm —af?.
Let us denote M = (M) € M and 6 = IIM, we have z.(8) = z,(6). Thus
T d
Reg,(0) > 6\/_ ([M]lT:r*(H - )ZZ 0) — 2. (17

~

=11

I
o

Let us define the event A;(6) for all i € [d] and all § € TIRK*4 a

T
Ai(0) = {[m(@) 2. (80)); - [x*(%) - %th] > o} .
t=1

We bound the regret of any 6 =TIIM € TIM using the event A;(6). By applying Lemma 3 of (Abeille et all, 2021))

we obtain , .
; Z () =t 2 gy DA,
We apply this result in Equation (I7) to get
B [Reer()] > g5t (I 2.(8) ~ (o~ 1) > Fi(40)
= PRS0 () - m - 1) gpgmi(e». 1s)

Step 2: Showing that 1 '(IM)] 2.(0) — In(K — 1)) = (K + 3)/k(6).
Recall that . (6‘) is defined by
= p Vu(0x.(0)p _ p' diag(u(0.(0))p — p" p(0.(0))u(02.(0)) T p _

COTETE z
This develops into
P " o .
7 = P20z (8))1 (1 — p(0z.(0))1 + S pr [ (B, (6 sz( - 9:c*<9>>)]
Ko« k=2

— 2p1( 9:17* Z Pipi( 9:0*

We start by using the definition of '
W (M) 2.(8) = In(K — 1)) = Pg(p2|2.(0))(1 — Py(pz|2.(9)))

K
= Z 951?* ))k (1 — Z/L(ax*(a))z>
- i=2
~ K ~ ~
(1(02.(0)) Z dike — M(gﬁ*(e))i]

_l (0. (0 ki&(m_ 9:1:*(5)))].

=

Ed

- 1~ 01

Pk 4

el
U
b

2
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Using the definition of p we get
@ ([M)T .(8) — In(K — 1)) = %; l (0.8 Zpl( i — 1(02.(0)); )] .
Let us now consider 444(62,(8))1 (1 — (6. (8))1):
4(0.(O)1.(1 = (B (O)1) = 4plu<9x*<e>> (1 — (6. (6))1)

- 4ﬁ;23plu<9x*<9>> (1~ (@ @),)

_ KRE P2 (0, (0))1 (1 — p(B,(0))1) .

We can write 44(0z, (6))1 (1 — p(6.(6))1) differently to obtain:

K
428 (0)1 (1 — p(@r.(8))1) = 4u(0x. )1 3 (B (B))

We add and subtract 4:(6z, (6))1(1 — 1¢(6z.(6))1) in Equation to obtain the desired result:

W ((M)] 2.(0) — 1n<K ~1))
_K + 3 [ (0. () Z pi (6ik - M(gff*(a))z)]

K+3 4, ~ -~ ~ K+3
+ Tpfu(t%*(@)h(l = 02+(0))1) = 2—p5—pru( (0.(0 Zpku (0. (6

K43
OB
By substituting into Equation (I8) we obtain

N 2 3/2 _d
R (7) 2 T LS R (A0)

19)

(20)

Step 3: Averaging Hammer and Average Relative Entropy.  Let us define = := IIM. In order to find a 6 €
= with a large regret lower-bound, we use the averaging hammer technique as in [Lattimore and Szepesvari (2020,

Section 24.1). Let us recall Lemma 4 from (Abeille et all, 2021)), the following holds:

S Sr = § - S e B

gez =2 gez =2

where the flipping operator Flip, is defined by
[Flip,(9)]; = —[0): and [Flip,;(0)]; = [0]; forall j # i.

25
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We study the average relative entropy and upper-bound it by the regret. Let us denote Pft = P;(:|x). Using the Diver-

gence Decomposition Lemma (Lattimore and Szepesviri, 2020, Exercise 15.8(b)) and the fact that the x2-divergence
upper-bounds the KL divergence we get

T
6 Flip, (6 14 Flip, (0
KL (Pg,Pth 9)) ZKL (Pzt,P Pi( >) <E; |3 Dy (th,P Pi( >)] 22)
t=1
Remember that we have
L AT
P;(p1lz) = — = (IM]] 2 = In(K — 1)) .

1 +exp(—[M]{z +In(K — 1))

Thus the multinomial variables P(’ and Pthl(e)

Equation (22) we have that

can be written as Bernoulli variables. Therefore by substituting in

KL (ng ]P)Flipi(g))

T
<E; [ D, > ( Bernoulli ( p [M]Ixt —In(K —1))),Bernoulli ( x [Flipi(JTl/)hT:ct —In(K —1) :| .
3 Dy (Bernouli (4 ) ( )
Using the expression of the x2-divergence for Bernoulli random variables gives

T M _ - — in. (M - - ’
(i (1M1 2 = 1n( = 1)) = po ([P, (M) 2, — (K — 1)) )
KL (Pg Py, ) < Eo g ' ([Plip, (M)]] 2~ In(K — 1))

We apply the Mean-value Theorem and get

ZT: (S 2" (010712 + (1) [Flip, (V1)) "~ (K ~1) ) o)
' ([Flip; (M)]] z¢—In(K—1))

KL (B3 Pry, ) <Eg [ (a1 - [ani(z\“i)h)%tﬂ .

Now applying the self-concordance property gives

/01 W ((U[M]l . v)[ani(M)]l)T 2t — In(K — 1)> dv

([thl(M)]1 xy — In(K — 1)) exp (‘([M]l - [Flipi(M)]l)T:vtD

and
/01 W ((U[Mh +(1- u)[Flim(JTI)]l)T 2y — In(K — 1)> dv

< (I = (K = 1)) exp (|((M): = [Flip, (M)]1) "4

Thus we obtain

KL (P§7 PFlip»(@))

<Ej [Zu (19717 0/2 = (5 = 1)) (3]s = [Plip, (VD))2) ") exp (2| (M) = [Flip, (WD)}1) "

)

< exp(2¢)E; [ u’ [M]1 2 — In(K — 1)) (([1\7]1 - [ani(z\?)]l)%t)z]

t=1

< exp(2¢)4e’ K5 [Z // [M]] 2 — In(K — 1)) [:ct]22:| .
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We add and subtract x, (5) and apply Young’s Inequality:

KL (P§7 ]P)Flipi(g))

< exp(2¢)4e’E;

g

o (IM]] 2 = (K = 1)) [2(8) = x*@]ﬂ

B

< 8exp(2e)e’Ey

i ()] 0 — (K = 1)) [2.(0) — 2? + i u (V)] 2 = n( — 1)) m@ﬁ] .

~
Il

Thus by summing over d we obtain

d

ZKL (Pév ]PjFlipi(g))

=2

T d T d
< 8exp(2e)eEg 30 ' (IMF v ~n(K = 1) oo — 2. @) + 323w (M}~ n(K - 1)) [mé)ﬁ]
T d

T d
< 8exp(2¢)e’E; ZZ;/ ([M]Imt —In(K — 1)) [z: — 2. (0)]F + ZZ;/ ([M]Imt —In(K — 1)) [:c*(g)]$:|

t=1 i=1 t=1 i=2

= 8exp(2¢)e’E; pr [M]] z; — In(K — 1)) e — z.(0)]|7 + ZZ;/ ([M]Imt —In(K — 1)) [m*(g?)]?:|

t=1 1=2

T

T
/ AT s —1)e2
< 8exp(2¢)e’E; Zp, ([M]Imt —In(K — 1)) llze — z.(0)])5 + W[&% Zu ( T2 —In(K — 1)):|

T
< 8exp(20)e?Ey | S i/ (M) & — In(K — 1)) e — 2 (B)13 + K2 (d — 1)y 4 ([M T2 — In(K — 1))
Lt=1 t=1
(23)
where for the second to last inequality we use the fact that ||[Mo]:||2 = 2/vVK + 3.
Step 4: Bounding the First Term of t e Average Entropy B ~
In this step, we upper-bound Zt W (M) 2y — In(K )) |z: — 2.(0)||3 using Reg,(6). We follow the Step 1
up to Equation (T3) and get
Reg,(6) \/_ Z/ (v, (0) + (1 —v)zy) — In(K — 1)) dv ([M]I(x*(ﬁ) - :Ct)) .
We apply the self-concordance property and obtain
1 a — — ~
Regr(0) > ———— > u (1] 2 = (K = 1) ()] (2.(0) ~ 1)) -
1+H _xt)Hz =1
We now follow our previous computations between Equation (I3) and (I6) to get
a — ~ K+3 ~
> # (BT @ = In(K = 1)) lae = 2.(B)]3 < 6—"Regz(9).
t=1

St%p _Bounding the Second Term of the Average Entropy. In this step, we upper-bound
Do ([M {2y — In(K — 1)3 using Regp(6) and k. (6). We apply a Taylor decomposition with integral remain-
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der:

f}(@ﬂw—mx—n)

t=1

I
[M]=

w ([M]Ix*(a) —In(K — 1))

~
Il

1

[ (T @)+ o0 = .8 - 1)) o (VT G~ )

<

M=

i ()] 2,(8) ~ In(K - 1))

<~+
Il
A

w07 )+ o301 (o1 .6) = (K = 1) o
0

Using the facts that for the sigmoid |1/| < p/ and [M]] 2, (9) > [M]] z; we get

Zu ( Ty —In(K — 1))
i ( T2.(0) — In(K — 1))

+/01u' ([M]I(vx*(§)+(1 —v)ay) — In(K — 1)) dv - ([M]I(x*(e) —:vt)) .

The first term of the sum can be rewritten using Step 3:

Zu( ERG ln(K—l))zﬂ:Ki%?)).

The second term already appears in Equation (T13)) and is therefore bounded by

+

|1 (@1 28|

T 1 N N N N N
S [ (T @)+ (1 = o)) = (< = 1) o (101 (0. 8) = 1)) < 2R ().
t=1

Step 6: Putting Everything Together. We are now ready to carry out the final step of the proof. We apply Steps 4
and 5 and substitute them in Equation

d
RT3 ~ T(K+3 RT3 ~
ZKL (]1’)57 PFlipi(g)) < 8exp(2e)e? [G%RegT(ﬁ) + £ (d - 1)’ < (n (—g) ) + §+3RegT(9)>:| .

Using our assumption on ./\/l we can now upper-bound RegT )by Rd\/ KT /k(0 ) We obtain

6(K +3)d ~+K+3 d—1)e <(K+3)+(K+3)d T~>
(9) K (0)

ZKL (P97]P)Fllp (9)) < 8exp(2¢)e?

=2

Thus by taking the average over 6 € = we have:

| 5 T(K+3 T
EZZKL( thi(g))<86xp(2€ 6(K +3)d ~+K+ d—1)e <((;))+(K+3)d H*(§)>

gez =2

Hence by substituting in Equation 1)) we get

6(K +3)d

>4/ %\J 8 exp(2e)e?

—1)e2 <M (K +3)d, | —— )

K (0) K (0)
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If this is true for the average over =, then there exists at least one 6, = IIM, € = such that

> Po. [Ai(M.)]

=2

>4 %\j 8 exp(2e)e?

6(K +3)d, | —— + KE3(q — 1)e2 <w+(z{+3)d T )]
Kx (04) Kx (04) Kox (04)

We substitute in Equation (I8) and get

Eo, [Regy(04)]
o R(K+3 /22 {

1/2
[d— 2 : 2 (T(K+3
> 645, (0,) — % [Sexp(%)s [G(K-I-S)d,/—mﬁ)*) + %(d— 1)e (—H(*(;:)) + (K +3)d —"*?;’*))H ]
R(K +3

3/2T52 2 2 1/2
d_d 2 T 4(K+3)2 T 4(K+3 T
> TR (0 {5 — $/8exp(2e) [65 (K +3)4/ o t¢ ( e € 4 ) dﬂ/n*(e*)] } .

645+
We choose £2 = ¢(K + 3)"1y/k.(0.)/T with ¢ = 0.01 and get

[N]SH

1/2
cRd\/(K + 3)T — — 1, 1, [ T
Eo, [Regr(0+)] > W [1 - \/Sexp(2\/E(K+3) /2[ks(04)/T|H4) | 6c + 1€ T ¢ d 0 j| .

When T > d?k.(6.) we have that

Ep. [Regy (6,)] > TV EHIT

_ Ra/E+3)T
T 644y/ka(0y)

1 1 1/2
1—4/8ex c 6c+—cz—|——cz] > .
p(\/—) { 4 4 25000+/k+(04)

G Removing the Exploration

In this section we introduce a variant of our algorithm with an adaptive exploration and prove its regret bound.

G.1 Proof of Theorem 6]

In this section we prove Theorem[6] the regret upper-bound of Algorithm[3l We start by studying the exploration part
of the algorithm.

G.1.1 Analysis of the Adaptive Exploration

We start by showing that at each iteration of the algorithm, the set V,(9) is a confidence set.

Lemma9. Let§ € (0,1], 7" = (14+v65)/2 and \* = 144n" K d. Let us define 3;(8) = 4S/Kdlog(t/5§)+2Sv\v.
Then we have with probability 1 — 6, for allt > 1,

0, € Wi(5).

Proof. Lett € [T]. For all © € X}, using Cauchy-Schwarz inequality we have

max | (0 — 0.)z]2 < max[|6 — 0. [a]J ]2 < 25.
gew fEW
We apply (Lee and O, 2025, Theorem 4.2) with aw = 2.5 and get 3;(5) = 45/ Kdlog(t/d) + 25V )\, 0

We now upper-bound the number of exploration steps to show it is negligible in the regret.

Lemma 10. Let T the set of exploration steps. We have

w < 2 .
|T"| < 277 kK dlog (1+Kd)\“f>

29



A PREPRINT - OCTOBER 7, 2025

Algorithm 3: Using an adaptive exploration

Input: regularisation parameters A", ), learning rate n"
Init: Héﬂ = /\wIKd, H1 = )\IKd

for each time steptin1...T do

Get action set X; C X

if max,ex, || Ix @ IH%H%I),I > 1/77 then

Play z; = argmax,¢ y, ||[/x ® :c||%H;u71),1

Observe y; ~ p(0.24)

Get reward p,,

HY « Hy_y + T Ix @ v

0}’ 1 argmlngeRde<Vu(9w), ) + %Lwﬂb’;’;” - 9||2~tw
HP « HY | + 11 @ zpa]

Wir1(0) {0 € REXC o0 — 03 | 1 < Bisa(0)}
else

Play z; = argmax ¢ x, 7¢(x) with 7 (x) defined in Eq. (@)
Ht+1 «— H; + Vu(b’txt) ® (Etl'

Or1 < argmingeyy, (s) <V£t+1(9t) ) + 116 — ot”%m
Hipq — Hi + VM(9t+1£Ct) ® iCtUCt

HtJrl < Ht+1 + 1K1K X xta:t

Wt+1 (6) — Wt(5)

0 < 0

HY «— HY

end
end

Proof. We start with Trace-Determinant argument to upper-bound the following sum:

Z IréaxHIK@):vH(Hw )-1

teTw
= > Mk @xeltyy )
teTw

1
=Ky ~lHx ® 2t {gp )

teTw

= K Z H,k;/*l/QIK %9 xtH?H;u71)71

teTw

< 2xKdlog <1 + ) . (Abbasi-Yadkori et all, 2011, Lemma 10)

T
Kd\v
We now lower-bound this sum using the exploration rule:

1
Z maxHIK®:c|| He )1 2 Z —2-
i

=T teTw 7
Therefore we have

w| < 2 .
|T"| < 277 kK dlog (1+Kd)\“f>

O

Finally we bound the diameters of the confidence sets W, (0). It will allow us to leverage the self-concordance property
for a constant cost.

Lemma 11. Let us define 7, = 21/63:(6). Let & € (0, 1], with probability 1 — §, for all t > 1 we have

max m 1
a ax 2] 0\ zllo < — .
rEXy 01’02€Wp(6)”( 1 2) ”2 = \/6
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Proof. Lett € [T]. For all x € X, using the Cauchy-Schwarz inequality and the Triangle inequality we have

max |[(61 — 02)x||2
01,02eW,(0)

o (L ©2)(61 — 62)

I w y— 01— 0 w CS
Ik ® x|z ) 1017012%%@)” 1= O2fmp (CS)

IN

IN

i &l oo (, e 160 = 08 e, + 167 allny, )

IN

12[%(5) (Lemma[9)
Tt
1

V6

where the last equality is by definition of . O

G.1.2 Regret Upper-bound

We now focus on the learning part of the algorithm. We start by showing that at each iteration of the algorithm o (9)
defines a confidence set.

Lemma 12. Let § € (0,1],n = 1 and A = 144Kd. Let us define 5;(§) = 45/ Kdlog(t/d) + 25V A¥,0.(d) =
2/Kdlog(t/d) + 24SVKd and 7, = 27/653:(5). Then we have with probablllty 1—2¢, forallt > 1,

[0« = Oriallg,,, < ould).

Proof. First, by Lemmal[ll we can apply (Lee and Oh, 2025, Theorem 4.2) with a = 1 / v/6 to obtain
He* - 9t+1||Ht+1 < Ut(é) .

Then, we decompose R¥ as RX = 1x @ H where H is the hyperplane supported by 1. Recall that 6,,60;,; €
MIRX %4, for all z € X, by definition of IT, 61 1« and 6,z are in . Therefore 3" _ ||(f¢11 — 0:)@s|l1 17 = 0. And
we conclude that with probability 1 — 29

1041 = Oullz7,, , = 10s41 — Oullr1,ys < 00(3)-

We can now recall and prove our regret upper-bound for Algorithm[3

Theorem 6. Let § € (0,1]. Set \* = 72(1 + v6S)Kd,n® = (1 + v65)/2 and \ = 144K d. Then, the regret of
Algorithm[3lsatisfies with probability at least 1 — 29,

Regr <O | Rd, | K
er Z ot
rgTw

where T is the set of time steps when the algorithm explores.

Proof. Step 1: Tackling the exploration part. We separate the regret from the exploration and the regret from the
learning part:

T
Regr i= Y p' p(Outins) — p" p(Buy)

= > p pOuzis) = p p(0ue) + > p p(0uwas) — p' p(Ouy)

teTw tgTw
SRITY|+ Y p"p(Buzas) — p" p(Bazy)
t¢Tw
2 T
< 2Rri kK dlog <1 KdAw) t;wp (0 t) — p p(Oxt)

31



A PREPRINT - OCTOBER 7, 2025

where the last inequality is due to Lemma[IQl Let us now focus on the learning phase of the algorithm.

Step 2: Using optimism.  Using the definition of the optimistic reward we can bound the regret twice

Regr(Learning) := Z P (1(0szir) — 1(Bsy))

tgTw
<Y p Owes) +eri(@en) + eap(wan) = p (0 (Prop.2)
tgTw
< Z p (Oras) + e1,e(we) + e2,0(we) — p' p(Bue) (Def. of z;)
tgTw
<2 Z e1e(my) + 2 Z g9.¢(xy) (Prop.D).
tgTw tgTw

Step 3: Concluding. We may now follow our proof of Theorem[3]to obtain with probability 1 — 26

2407 (0)kKdR
Regr(Learning) < % log <

T 9 T
14 m) + 12k07(0)*Kdlog <1 + m)

T 1
+ 4V 2eop(6)4 | dlog <1 + m>R t;:w -

+ 16e%07(0)*dlog (1 + %) (2VK +4)

< CkK2%d® + CRd, | K )
<k + t;ﬂ -~

H Auxiliary Results

Lemma 13. /Bovd and Vandenberghé (2004, Section 4.2.3)] Let f : R — R be a convex and differentiable function
and C C R? a convex set. Further, denote:

xo ;= argmin f(x).
xo€C

Then for anyy € C:
Vf(wo) " (y — x0) > 0.
Lemma 14. [Modified Freedman’s Inequality, \Lee et al. (2024, Lemma 3)] Let X1, . .., X; be a martingale difference

sequence satisfying max, | Xs| < D a.s., and let Fs be the o-field generated by (X1, ..., Xs). Then for any 6 € (0,1]
and any 1) € [0,1/D] the following holds with probability 1 — 6

t t
1
S X< (e—=2m) E[XFea]+=logs™t  wt>1.
— n

Lemma 15. [Determinant-Trace Inequality, |Abbasi-Yadkori et all (2011, Lemma 10)] Let {:vs 1 be a sequence in
R? such that ||zs||o < X forall s > 1, and let X > 0. Fort > 1 define V; := 22:1 zsx] + Mg. The following
inequality holds:

det(V;) < (A +tX2/d)?.
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