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Abstract. Separation logic (SL) is a widely used formalism for verifying pro-
grams that manipulate dynamically allocated memory, relying on the separat-
ing conjunction x to combine disjoint heap structures. The standard approach in
SL lacks the expressive power to handle overlaid data structures where multi-
ple structures share some locations. We consider a logic that extends SL with a
new separating conjunction operator ®, enabling the composition of heaps with
shared locations that allocate distinct fields. Our fragment supports generic in-
ductive definitions and introduces set variables to constrain the locations shared
by overlapping structures. We prove that the satisfiability problem for this frag-
ment is in NEXPTIME, by reducing it to the satisfiability problem in BAPA [13], a
decidable logic combining Boolean algebra of sets and Presburger arithmetic.

Keywords: Separation logic - Satisfiability problem - Overlaid structures - BAPA

1 Introduction

Separation logic (SL) [10,23] is widely employed in program verification. It extends
Hoare logic to enable reasoning about programs that manipulate dynamically allocated
memory. In SL, formula are constructed using two types of atoms: the first, denoted
x — (V1,...,Y), indicates that a memory block containing the tuple formed by the
values of yi,. ..,y is allocated at (and only at) location x; the second, emp, represents
the empty heap, i.e., a heap with no allocated locations. These atoms are combined
into formule using logical connectives, including a distinctive operator known as the
separating conjunction written x. The formula ¢ % ¢, asserts that ¢; and ¢, hold on
disjoint portions of the heap. This connective enables local reasoning, which enhances
the scalability by allowing program properties to be asserted and verified solely with
reference to the heap regions it affects. Additionally, to support the specification of
recursive data structures, SL incorporates predicate atoms defined by inductive rules
with fixpoint semantics. For example, list segments from x to y may be defined by the

* This work has been partially funded by the French National Research Agency project
ANR-21-CE48-0011.



following rules®:
lseg(x,y) = emp x x =y, lseg(x,y) & x — (2) x 1seg(z,y). (D)

The satisfiability and entailment problems have been extensively studied for vari-
ous fragments of SL, particularly the so-called symbolic heaps fragment, which can be
defined as (disjunctions of) existentially quantified separating conjunctions of atoms. It
has been established that satisfiability in this fragment is ExpriMe-complete [2], while
entailment is undecidable. For the latter problem, decidability can be achieved by re-
stricting the form of the inductive rules defining predicate symbols (see, e.g., [9,4,19]).

However, this standard fragment of SL has limited expressive power. The connec-
tive % only permits the combination of disjoint structures, which precludes reasoning
about structures that share elements—a common scenario in practical applications. For
instance, consider a collection of pairwise disjoint sublists alongside an additional list
containing all elements from these sublists in some arbitrary order; here, the sublists
share nodes with the encompassing list. Another example is a tree structure whose
leaves are linked in a list in an arbitrary order. Modelling an operation such as tree
expansion would require removing a node « from the list of leaves and adding new
nodes both to the list and as successors of « in the tree. In this case, the order of leaves
in the list is arbitrary, so encoding the structure with a single inductive predicate (e.g.,
defining a tree with leaves chained from left to right) would not capture the intended
class of structures, as the described operation would not preserve this invariant. Notably,
in this example, only some nodes (the leaves) are shared, while inner nodes remain dis-
tinct. Such data structures, where locations may be shared across multiple structures,
are termed “overlaid”.

To address this limitation, various fragments of SL have been explored. Some of-
fer sound decision procedures for program analysis [17,18,6,3], while others eschew
inductive definitions in favour of an indexed separation conjunction combined with
flow equations [!1,20]. Notably, the logic NOLL [6] can describe nested linked lists
with shared nodes, with satisfiability and entailment being Np-complete and co-Np-
complete, respectively. To our knowledge, however, no fragment of SL fully addresses
generic overlaid data structures while providing decidability results.

Building on prior work investigating decidable fragments of SL [19,2,4,16,22,7],
we propose the logic OSL, inspired by [9,6], that supports overlaid data structures.
Specifically, we model the heaps as partial finite functions from pairs (¢, f) (where ¢
is a location and f is a field) to tuples of locations. One field is thus allowed to make
one location points to a tuple of locations. The use of different fields allow to associate
several tuples of locations to a same location. As a result, a unique field is enough to
support standard data-structures of SL. Heaps are combined using the weak separating
conjunction operator ® (introduced in [6]), which allows shared locations to allocate
distinct record fields. OSL extends the simple inductive definitions of [0] to more gen-
eral inductive definitions of [9], with the restriction that each inductive predicate al-

3 We distinguish the equality in formula ~ from the mathematical equality =. Moreover, in this
paper, we adopt the convention that equations x ~ y are satisfied only if the heap is empty.
This entails no loss of generality in our context and simplifies the input language, as standard
conjunction becomes dispensable.



locates only one field. However, the value referenced by a field is a tuple of locations,
enabling straightforward descriptions of tree-shaped structures; the key constraint is that
a predicate cannot allocate multiple distinct fields. Additionally, the fragment incorpo-
rates set variables within inductive predicates to collect subsets of allocated locations.
We use these variables in set constraints to impose conditions on the overlap between
inductive structures.

To summarize, the classic conjunction A imposes that a same heap verify two prop-
erties, the standard separating conjunction * imposes that a heap can be divided in two
sub-heaps, each one verifying one side of the separating conjunction, and at last, the
overlaid separating conjunction ® allows the two sub-heaps to overlap if the overlap-
ping locations are allocated using distinct fields.

Example 1. The tree-and-list example can be encoded in OSL as the formula tree(x, Y)
® 1s(y, Y), where the predicate atoms are defined by the following rules:

tree(x,Y) = xt - O x Y = {x}, 2)
tree(x,Y) & x.t = (x1,x2) x tree(x;, Y;) x tree(x,, Vo) *x Y=Y, UY,, (3)
Is(,Y) &yl - O *x Y = {y}, 4
1s(y,Y) =yl - () *1s(y,Y)* Y =~ {yju Y, ®))

where the rules employ two distinct fields, ¢ and /, to encode trees and lists respectively*.
The symbols x, y,y’, x1, x, denote location variables, while Y, Y’, Y1, Y, represent sets of
locations. The symbol LI stands for set union.

In this paper, we investigate the satisfiability problem for OSL and we demonstrate
that it is in NExpTIME. Reasoning about OSL formula requires combining standard spa-
tial reasoning in SL (to handle predicate definitions, equalities, and constraints ensur-
ing that a given field is allocated only once) with cardinality constraints arising from
shared set variables. For instance, the formula 1Seyen(X, Y) ® 1s,44(x, Y) is unsatisfiable
if 1seven and 1s,44 describe lists of even and odd lengths with set variables collecting all
locations, respectively. The formula 1s;(x, X) ® 1s,(x, X) is satisfiable if 1s; and 1s,
both denote non-empty lists, provided these lists are chained using distinct fields, while
1si(x, X) *x 1s,(x, X) is always unsatisfiable (as the lists are non-empty each structure
must allocate x). We thus reduce the satisfiability problem for OSL to a satisfiability
problem in the logic BAPA [14], which combines the Boolean algebra of sets of un-
interpreted elements with Presburger arithmetic to capture cardinality constraints on
sets.

All proofs are given in the appendix.

2 Separation Logic with Overlaid Inductive Definitions

We introduce OSL, the variant of SL we propose for the specification of overlaid
data structures. After presenting its syntax and semantics, we illustrate its specification
power and introduce some of its fragments that will be used in the following sections.

4 Both the lists and trees end at the empty tuple().



2.1 Syntax

In the definition below, the (possibly indexed) symbols ¢, L, A, t, B and T denote for-
mulce, equational atoms, arithmetic atoms, arithmetic terms, set atoms and set terms,
respectively (the symbol = is overloaded). The symbols @, £, %, t, B and T denote the
corresponding sets of objects of each sort.

Definition 1 (OSL formulze). Let F be a finite set of field symbols. Let V be a count-
ably infinite set of location variables; let S be a countably infinite set of set variables,
and let P be a set of spatial predicate symbols, where each symbol p € P is associated
with a unique arity #(p) (with countably infinite sets of predicate symbols of each arity).
The set of OSL formule (or simply formulee) ¢ is inductively defined as follows:

Ps¢p:=emp | x.f > i,....0a) | L| B|A| o1V
| o1 x @2 | @1 ®@2 | p(x1,..., Xap)-1,X)

with:

LoL:=x~y | x#y tat:=K | 1ot | Kot | |T|
UsA:=HHxb |h#h | h<tb |t £ | Kdivt | Kndivt
BoB:=T =T, | T1#T, | T'CTr | T/ £ T,
IoT:={x} | X |0 | THuT, | TiNT,

where ¢y, p, € @ are formulee, p € P,d €N, K €Z, X,y, X1, ..., X(p)-1V15--->Yd €V,
feFandX e S.

The definition above adheres to the standard SL fragment known as (disjunctive)
symbolic heap, while incorporating additional features to enable the specification of
overlaid data structures. Note that negations are not supported; thus, negated versions
of some operators are added. To allow for overlaid data structures, the points-to atom
x.f = (y1,...,yq) identifies a portion of the memory block allocated at location x by
a field f (for convenience, the arity of fields (d) is not fixed). Another OSL-specific
feature is the inclusion of set variables (in S), denoting finite sets of locations, and set
constraints in formula. We write set variables in capital letters to distinguish them from
location variables in V. Set terms are composed from set variables and basic term ()
and {x} using union and intersection of sets. The set constraints B and the arithmetic
constraints U are a subset of those in the logic BAPA [14]. The integer terms t include
arithmetic operations (addition @ and multiplication ©) and set cardinality denoted by
|T]. For simplicity, we do not consider arithmetic variables (this is not restrictive, as
they can be encoded by terms |X| where X is a fresh set variable). The link between
set variables and the heap is established using predicate atoms. Thus, a predicate atom
p(x1, ..., Xgp)-1, X) has exactly one set argument, in addition to other arguments denot-
ing locations. Intuitively, the set argument is intended to denote a subset of the locations
allocated in the data structure specified by the predicate; it is defined in the predicate’s
definition. For readability, we assume that the set argument always occurs at the last po-
sition in the argument list. The last feature of OSL is the composition of formula using
the “overlaid” separating conjunction operator ®, in addition to the classic separating



conjunction *. Intuitively, ® composes formule specifying portions of memory defined
by different fields inside the allocated memory regions.

To introduce predicate definitions and the OSL semantics, we use the following
notations. The cardinality of a set X is denoted by card(X). The set{x € Z | i < x < j}is
denoted by [[i, j]. The domain of a function f is written dom(f). The powerset of a set S
is written Z2(S). The set of free (location and set) variables occurring in ¢ is denoted by
fu(p). A substitution o is a function from V to V, and from S to <. Its domain, dom(o),
is the set of variables x such that o(x) # x, and its image is img(c) = o(dom(o)). For
any expression e (a variable, tuple, term or formula), we denote by eo the expression
obtained from e by replacing each free occurrence of a variable x with o(x). We denote
by {x; = t; | 1 <i < n} the substitution that maps each variable x; to f;, where x; € VUS
and ¢; is either a variable or a set term.

An inductive rule associated with the predicate p € P has the following form in
OSL (up to associativity and commutativity of x):

POt X) & X f = (D) % K (T Y»w*[x ~Eu | Yu] G

uelU

where r € [[1,n] and the following syntactic restrictions are satisfied:

the set variables Y; are pairwise distinct set variables and distinct from X;
the set term E is either the constant () or the term {x,};

U C [1,m] (the set U may be 0, in which case | |,y Y, is 0);

the formula ¢ is a x-conjunction of pure equational atoms L € £.

The variables xi, ..., x,, X are called parameters of p. We refer to the variables that
appear in the right-hand side of the rule but are not among the predicate’s parameters
as the rule’s auxiliary variables. These auxiliary variables include, in particular, the
set variables Y;. Formally, they are defined as fu(x,.f — (2) % *, gi(¥i,Y) * ¢ %
(X~ EVU ey Yu)) N {x1, ..., X, X}. Our form of predicate rule extends classical in-
ductive definitions of SL—such as those in [9]—by incorporating set parameters and
set constraints. In the following, we shall assume that U = [1,m]. This assumption
simplifies the presentation, but does not affect the expressive power of the predicate
definitions.

Remark 1. The conditions provided are less restrictive than those imposed in [9] to
ensure the decidability of the entailment problem. No constraint is imposed on the spa-
tial part of the formula, except that exactly one location x, must be allocated in ev-
ery rule’. However, the use of set constraints and arithmetic terms inside the rules is
strictly limited: the only allowed constraint (besides equational atoms) is the equation
X = E U| |,ey Y4, which relates the value of the set parameter X to the sets computed
by recursive calls. It is essential that E contains only locations allocated by the rule, as
this guarantees that the same location is added at most once to the computed set (this
ensures that £ contains only allocated locations and facilitates the computation of the

5 This condition is imposed for technical convenience only and does not limit the expressive
power of predicate definitions.



cardinality of X in Sect. 3.2). Note also that the rules do not contain the connective ®: as
we will restrict the set of rules defining a predicate to use only one field (see Sect. 2.3),
using this connective inside of a rule is pointless.

A set of inductive definitions (SID) R contains finitely many rules associated with
predicate symbols in . We write p(yi,...,y:,Y) &g ¢ if the SID R contains a rule
p(xts. e x, X) E @, withy = X > Y, x; - y; | i € [1,n]}.

Example 2. The following OSL formula specifies a heap where a (non-empty) binary
tree treel(r, h, N) and a list segment 1s(h, [, S) are overlaid such that the list starts in
the left-most leaf of the tree & and contains some of this leaf’s ancestors (S C N); the
list ends into an empty memory block (J):

(treel(r,h, N)®1s(h,1,S)) xS T N % Lnext — () @)
The two predicates treel and 1s are defined by the following rules:

treel(x,, x;, X) < x,.s0ons = () % x; = x, * X ~ {x,}, 8)
treel(x,, x;, X) & x,.sons — (y;,y,) * x; # x, * treel(y;, x;, Y;) x tree(y,, Y,) (9)
* X = {xjuY,uy,,

tree(x,,X) & x,.50ns > ) * X ~ 0, (10)
tree(x,, X) < x,.sons — (y;,y,) x tree(y, Y;) x tree(y,, Y,) (11)
*xX~YUuY,,
1s(x,y,X) & xnext > (V) x x £y x X = {x}, (12)
1s(x,y,X) & xnext - () x x#y*x1s(z,y, V) * X = {x}u Y. (13)

The auxiliary variables in rule 9 are y;, y,, ¥; and Y,.

2.2 Semantics

Definition 2 (OSL structure). Let L be a countably infinite set of so-called locations.
An OSL structure is a tuple (s,h,2) where s is a store, i.e., a partial function from V
to L)) is a heap, i.e., a partial finite function mapping pairs (€, f) (where € € L and
f € F) to tuples of locations in L* and X' is a set interpretation, i.e., a partial function
mapping set variables in S to finite subsets of L.

Thus dom(h) € L x F for all heaps h. We denote by domy(h) the set {€ | (£, f) €
dom(h)} and by allocated(hy) the set {€ | Af € 7. (¢, f) € dom(h)}. For conciseness, we
omit in the following the semantics of arithmetic terms ¢ and arithmetic constraints A;
their semantics is the expected one and is detailed in Defs. 22 and 23 (Sect. D).

Definition 3 (Semantics of set terms). Let T be a set term, s be a store, and X be a
set interpretation. The interpretation of set term denoted by [T x) is a set of locations
in L and it is inductively defined by the following rules:



- [0]sx) = 0; - [T u Tz = [Ti]es Y [Talsns
- [z = {s(0)};
- [X]x) = 2(X); - [T1 N Ta)sx) = [Ti] ) N [T2]s5)

Definition 4 (OSL semantics). Given a formula ¢, an SID R and a structure (s,1,2)
with fu(p) € dom(s) Udom(X), the satisfaction relation \=g is inductively defined as the
least relation such that (s,1),2) Eg ¢ iff one of the following conditions holds:

- p=empandl=0;

- o=f = O,y and b = [(8(x), f) - (sOn), - .., 5G]

p=(x=y),s(x)=s(y)andh =0; or ¢ = (x £ y), s(x) # s(y) and h = 0;

— o=@ Vgyand (5,h,2) Er ¢, for somei e {1,2};

— ¢ = @1 * @, and there exist heaps h,by such that by = b U by, allocated(t;) N
allocated(b,) = 0 and (s,b;,2) Exr @i, foralli € {1,2};

— ¢ = | B, and there exist heaps by, by such that ) = h; Ub,, dom(h;)Ndom(h,) = 0

and (3,9, 2) Er ¢;, foralli € {1,2};

@ = p(x1,..., Xxp)-1,X), p € Pand (5,0,2") Er ¥, for some s’ matching s on

X1, .o Xi(p)-1, Some X' matching X on X and for some  such that ¢ <g \;

¢ =(T1 = Ta), [T1]sx) = [T2]s.5) and by = O; the definition is similar for #, €, L.

We write ¢ Eg W if for every structure (s,b,2) we have (5,5,2) Fr ¢ = (5,0,2) Er
. If both ¢ g W and  Eg @ hold, then we write ¢ =g .

We emphasize that the atoms x ~ y or x # y only hold for empty heaps (this con-
vention simplifies notations as it avoids the use of standard conjunction). The same
convention applies to arithmetic and set constraints. Formul® are taken modulo the
usual properties of SL connectives: associativity and commutativity of %, ® and V, neu-
trality of emp for x and ®, and commutativity of =, #. Intuitively, the interpretation of
@1 * o is stronger than that of ¢; ® ¢,, as the latter allows for the allocation of the
block at the same (starting) location in both ¢; and ¢,, provided the considered offsets
(represented by fields) are different. For instance, x.f — (y)®x.g — (y) is satisfiable,
but not x.f — (y) *x x.g — (y)or x.f —» (Y)®x.f — (¥). Note that hj; U b, is well
defined if dom(f;) N dom(h,) = O and that allocated(;) N allocated(h,) = 0 =
dom(h;) N dom(b,) = 0. Thus ¢; ® ¢, is a logical consequence of ¢; * ;.

Definition 5 (OSL model). An R-model of a formula ¢ is a structure (s, 1), 2) such that
(5,0,2) Er ¢. A formula  admitting an R-model is R-satisfiable (or simply satisfiable
if R is clear from the context).

2.3 1-Predicates

In the remainder of the paper, we assume that each predicate allocates a single field,
in the sense that for every predicate p € P, there exists a unique field f € ¥ such
that every points-to atom appearing in any unfolding of any atom p(¥, X) is of the form
y.f — (Z), where 7 is a tuple of arbitrary length. More formally:

Definition 6 (F-formulze). Let F C . The set of F-formul®e and F-predicates are
defined co-inductively as the biggest sets satisfying the following conditions:



— ifx.f = (¥) is an F-formula then f € F;

— if e @y is an F-formula (for some binary connective o) then ¢y, ¢, are F-formule;
— if p(%,X) is an F-formula then p is an F-predicate;

— if pis an F-predicate and p(X,X) < ¢ € R then ¢ is an F-formula.

A l-predicate is a {f}-predicate, for some f € F.

In particular, pure formul® are always F-formul for all F. If ¢ is an {f}-formulz,
then it is clear that allocated(h) € dom (D) holds for all models (s,h,2) of . Conse-
quently, ¢; * ¢ and ¢ ® ¢, are equivalent if ¢; and ¢, are both {f}-formule (with
the same field f). Notice also that, due to the form of the rule in Eq. 6, we also have
2(X) € domy(b).

2.4 Normal Form

The decision procedure proposed in Sect. 3 applies to a pair (¢, R) in which both com-
ponents are in normal form. This form can be obtained from general OSL formule
and SID through a syntactic translation, which may cause an exponential increase in
their respective sizes. We define this normal form below by gradually introducing its
components.

Symbolic heap formula. As in classical SL, a symbolic heap formula [1] is a (separat-
ing) conjunction of atoms. This fragment is especially interesting for program analysis.
A symbolic heap formula does not contain the V connective. By distributivity of % and
® over V, any OSL formula ¢ can be transformed into an equivalent formula, denoted
dnf(p), which is a disjunction of symbolic heap formule. Then, the satisfiability of
dnf(p) can be tested by checking whether at least one of its disjuncts is satisfiable.

Injective store models. For proof’s readability, we focus on models (s, }), 2) where s is
injective on location variables. This is enforced by adding a disequation x # y for every
pair of distinct location variables x, y.

Definition 7 (Normal form). A pair (¢, R) where V is the set of location variables in
@ is in normal form if:

1. ¢ is a symbolic heap and contains a disequation x # y for every pair of distinct
variables in V.
2. If p(Z,X) « Yisarulein R y,z € V, yis an auxiliary variable in ¢ (i.e., a
variable occurring in Y but not in X) and 7 is a variable distinct from y occurring
in X ory, then W contains the atom'y # z.
3. Each predicate p of arity n + 1 is associated with a subset I,, C [1,n] (called the
main parameters of p), which satisfies the following properties:
— For every atom p(xy, ..., x,, X) occurring in ¢ and every location variable y in
V, there exists i € I, such that x; = y;
— For every rule p(xy,...,x,,X) < ¥ and every atom q(yy,...,ym, Y) in i, if
i € Iy, then there exists j € 1, such that y; = x;.
These conditions are designed to ensure that all location variables in ¢ are passed
as parameters to every predicate invoked during the evaluation of .



Condition 1 is not restrictive. Indeed, it is possible to enumerate all the equality
relations on V and test satisfiability of ¢ for each of these relations, by replacing in ¢
all the variables in the same equivalence class by the same representative and by adding
disequations between distinct representatives. Condition 2 is easy to enforce: a rule of
the form p(¥, X) < y that includes an auxiliary variable y and another (arbitrary) vari-
able z can be replaced by two rules: p(¥,X) & ¢ly — z} and p(¥, X) & y*y # z, thus
distinguishing the cases where y is equal to or different from z. Condition 3 is enforced
by adding |V| parameters to each predicate atom, corresponding to the variables in the
set V. These additional parameters are simply propagated unchanged through recursive
calls in predicate’s rules. Sect. F gives an example of transformation into normal form.

Remark 2. As stated for all the components of the normal form, a general OSL formula
and a SID can always be translated in normal form at the cost of a potential exponential
increase in their respective sizes.

3 Satisfiability Problem

The satisfiability problem for OSL is defined as: “Given a formula ¢ € @ and a SID R,
does a structure (s, b, 2) exist such that (s, §,2) g ¢?” Our main contribution is stated
by the following theorem, which identifies a sufficient condition to decide this problem.

Theorem 1. The satisfiability problem for OSL is decidable in exponential space if the
predicates defined by the SID are 1-predicates.

The result is obtained in two main steps summarised in the remainder of this section.
We assume that the pair (¢, R) is in normal form. As show in Sect. 2.4, this does not
affect the expressive power of OSL.

The first step of the proof, presented in Sect. 3.1, introduces decorations of OSL for-

mule. A decoration of a formula ¢ partitions the models of ¢ in such a way that each
partition is characterized by (i) some aliasing and non-aliasing relations between
the location variables, (ii) an assignment of location variables to the set variables,
and (iii) an assignment of location variables to the allocated heap. Decorations are
used to decorate predicate atoms and their defining rules in R.
This results in a decorated SID Ry .., in which only consistent rules are retained,
namely, those where the partition induced by the decoration of the defining for-
mula (i.e., the rule’s right-hand side) is identical to the partition associated with
the predicate being defined (i.e., the rule’s left-hand side). This condition may be
checked syntactically. Therefore, the initial question is split into N questions for the
pairs (¢4, Ry) obtained by decorating (¢, R), where N is exponential in the size of
the initial pair. Intuitively, this exponential blow-up is due to enumerating all dec-
orations, which involves enumerating equivalence relations between free location
variables, etc. The soundness and completeness of this step are stated by Thm. 2.
Thus, if a formula ¢ has a model m, then there exists a decoration d such that the
corresponding decorated formula ¢, also has m as a model. Conversely, if ¢; has m
as a model, then m is also a model of ¢.



This first step serves two purposes: (i) it ensures that all constraints induced by
unfolding a predicate atom can be identified solely by inspecting predicate’s dec-
oration; and (ii) it enables the description of the cardinality of set variables as a
context-free grammar (which in turn can be transformed into a Presburger formula).
To illustrate the second point, consider the rules p(x,y,X) & x.f - O * X = 0
and p(x,y,X) &€ x.f - O *xx # y*x X = {x}. If (5,h,2) E p(x,y,X), then
card(2(X)) = 0 when s(x) = s(y) (i.e., x and y alias), and card(2 (X)) € {0, 1}
otherwise. In contrast, if (5,0,2) E pu(x,y,X) with d a decoration, then the set
of possible cardinalities of 2(X) depends only on the aliasing and non-aliasing
relations in d: if d imposes a non-aliasing of x and y, then only the second rule can
be unfolded and thus card(2' (X)) = 1; if d does not impose any condition on x and y,
then the first rule must be unfolded and card(2'(X)) = 0; finally a decoration cannot
impose an aliasing of x and y as there is no rule that requires such a condition. The
second decoration admits models where s(x) = s(y), but the cardinality of X does
not depend on s.

The second step, presented in Sects. 3.2 and 3.3, translates a decorated pair (¢4, Ry)
into an equi-satisfiable formula in the logic BAPA [13]. The translation preserves all
the set constraints of ¢, and it adds to them (a) Presburger formula that characterize
the possible cardinalities of all set variables in ¢,; and (b) some set constraints en-
coding decorations, i.e., aliasing, non-aliasing, or membership constraints. Thm. 3
states that this translation is correct, i.e., it preserves satisfiability.

3.1 Decorations

Definition 8 (Decorated predicate symbol). Let p € P be a predicate symbol of arity
n+ 1. A decoration of p is a symbol py ;- » such that I, J are subsets of [1,n]| with I C J,
~ is an equivalence relation over (i.e., partition of) [1,n] and # is a symmetric binary
relation on [[1,n]. The set of all decorations for symbols in P is denoted by P je..

Intuitively, the decoration of a predicate symbol fixes certain aspects of the model
of an atom p(x,...,x,, X). For instance, p; ;. » specifies that [ is the set of indices i
(i.e., parameter positions) such that x; occurs in X, and that J is the set of indices j such
that x; is allocated. The relations ~ and # encode aliasing and non-aliasing constraints,
respectively: if i ~ j, then the store must map x; and x; to the same location; if i # j,
then the locations of x; and x; must differ. Note that i # j is not the negation of i ~ j,
as both relations may be false in cases where no constraint is imposed on x; and x;.
Ifi(# N ~) # 0,ie.,bothi # jand i ~ j hold in a decoration, then the constraints
resulting from the decoration are inconsistent; such decorations will be detected and
eliminated in a later step (see Def. 14).

Definition 9 (Decorated formula). A formula  is a decoration of a formula ¢ if it is
obtained from ¢ by replacing every occurrence of a predicate symbol by a decoration
of this symbol. A formula  is a decoration if there exists a formula ¢ such that  is a
decoration of .

Note that a predicate p symbol may appear in a formula with different decorations.
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Definition 10 (Aliasing of a decorated formula). Let y be a decoration of a symbolic
heap formula with location variables V. The aliasing of , denoted by =, is the least
reflexive, symmetric and transitive relation in V> such that x =, y if one of the following
conditions holds:

(a) ¥ contains an atom x' =y with x =y X' andy =, y';
(b) ¥ contains an atom py .. +(X1,..., %y, X) With x; =y X, xj =y y and i ~ J.

Intuitively, =, is the aliasing relation between the location variables of i induced
by the equality atoms and the decorations of predicate symbols.

Definition 11 (Allocated variables). Let s be a decoration of a symbolic heap formula
with location variables V. The set of variables allocated by y, denoted by alloc(y), is
a subset of 'V inductively defined as the set of location variables y such that one of the
following conditions holds:

(a) ¥ contains an atom of the form y.f — (Z);
(b) ¥ contains an atom py g~ x(X1,..., Xy, X) such thaty = x; with j € J;
(c) y=y Y withy € alloc(ip).

Intuitively, alloc(y) denotes the set of variables in V' that must be allocated in every
model of ¢, given the decoration of predicates in ¢ and the aliasing constraints.

Definition 12 (Distinguishing of a decorated formula). Let y be a decoration of a
symbolic heap formula with location variables V. The distinguishing of , denoted #y,
is the least symmetric relation in V* such that x %y ¥ if one of the following conditions
holds:

(a) Y contains the atom x # y;

(b) ¥ contains the atom py j. (X1, ..., X, X) with x; = x, x; = yand i # j;
(c) ¥ contains Yy * Yy, x € alloc(Yy) and y € alloc(yr,);

(d) x=y X, y=yy and X' %4 y'.

Intuitively, %, is the disequality relation between the location variables of ¢ induced
by the disequality atoms, the decorations of predicate symbols and the separating con-
Jjunctions. The notion %, is only used in (and thus defined for) decorated formula that
appear in a right hand side of a predicate rule. Note that if ¢ is in normal form, then
x %y, y holds for all distinct variables x and y occurring in . However, this property
does not necessarily hold for formula obtained through unfolding, as parameter instan-
tiation may introduce aliasing.

Definition 13 (Decorated set variable). Let ¢ be a decoration of a symbolic heap
formula with location variables V and let Y be a set variable. The set of location vari-
ables attached to Y by s, denoted by [Y]y, is inductively defined as the set of location
variables y € V such that one of the following conditions holds:

(a) Y contains a set constraint Y = E U | |,cy Zy (see Eq. 6) with'y € E ory € [Z,], for
some u € U;
(b) ¥ contains an atom py . (i, ..., Xy, X) suchthat X =Y andy = x; for some i € I;

11



(c) y=y Y withy €[Y]y.

Intuitively, [Y]y is the subset of V/, the location variables of i, that must be contained
within the set variable Y given the decoration of predicates in ¢ and the aliasing and set
constraints.

Definition 14 (Consistent decoration). The decoration y is consistent if the following
condition holds: if x #, y then x #y y.

Definition 15 (Decorated rule). Let p be a predicate symbol, p; ;. 1 one of its deco-
rations, and p(x, ..., X,, X) < ¢ a rule defining p in R. A decorated rule for py . » is
arule pyj-x(x1,...,%,, X) & ¢ satisfying all the conditions below:

— Y is a consistent decoration of ¢;
— i~ jiffx;=y x;foralli,je[l,n]; and i # jiff x; %y xjforalli, j € [1,n];
- I={ie[L,n]|x €l[Xly}); and J ={j€[1,n] | x; € alloc(y)}.

The set of decorated rules obtained from R and the decorated predicate symbols is
called a decorated SID and it is denoted by R ... The decoration of a pair (¢, R) is a pair
W, Riec), where r is a decoration of ¢ and Ry, is the set of decorated rules obtained
from R.

Example 3. Consider the following predicate p defined by the following rules in R:

Py, X) exf->MxxZzy*xX=0, pkxyzX) <yf—@*xX={y},
px,y,z.X) =z f > O0*xX=~0.

Letg = p(x,y,2,X) xy # 2% z.f — (x,y). The formula ¢ = p; ;- 2(x,y,2, X) xy #
Z* z.f — (x,y) is a decoration of ¢ with y %, z. If ~ is the identity, then = is the
identity. Moreover:

- If71=0,J ={l}and 1 # 2 then x %y y, alloc(y) = {x,z} and [X], = 0. The only
rule associated with py s~z is: prj~2(X, 3,2, X) Exf > ) * x £y *x X = 0.

- If I = {2}, J = {2} and # is empty then alloc() = {y,z} and [X], = {y}. The only
rule associated with py s~ » 1S prj~2(x, 9,2, X) € y.f = (x) * X = {y}.

- If I = 0, J = {3} then the decoration is inconsistent because we obtain z #y z.
Indeed, the only rule associated with p; . x is: prj~2(x,y,2,X) =z = O*x X = 0;
this rule allocates z yielding a contradiction with the fact that z is already allocated
by z.f — (x,y) in .

— If I = J = 0 then p; ., has no rule, hence p; - .(x,y,z, X) (hence also ¥) is
(trivially) unsatisfiable.

The proof of the following theorem is given in Sect. B.

Theorem 2. Let (¢, R) be a pair in normal form. For each structure (s,0,2), we have
(5,5,2) Er ¢ if and only if there exists a decoration (¥, Raec) of (¢, R) such that

(5,0,2) Er.. ¥-
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3.2 Cardinality Constraints

We now begin the second step of the proof, which translates a decorated pair (¢4, Ry) in
normal form into a Presburger formula. We first consider the cardinality constraints on
the sets of locations [X]|(s.s) that appear in decorated predicate atoms p; ;- (X, X). The
cardinalities of these sets are constrained by the (decorated) predicate’s rules. These
constraints are essential for satisfiability checking. For instance, as observed in the in-
troduction, the formula 1Seyen(x, Y) ® 15,44(x, Y) is unsatisfiable if 1Seyen and 1Sqq4q
describe lists of even and odd lengths respectively, and Y is defined in both cases to
collect the set of locations allocated by each list. We show that the cardinality con-
straints induced by each decorated predicate atom can be encoded, in linear time, as an
existential Presburger formula. To achieve this, we rely on known results [25] (see also
Sect. C) about the Presburger encoding of Parikh images of context-free languages.

Definition 16 (Cardinality of a decorated atom). Let p; ;- (X, X) be a decorated
predicate atom of (Y, Ryec). The cardinality set of py.j~x(X,X), which is denoted by
Sp(p1.y~+(X, X)), is defined by:

Sp(pry~ (¥, X)) = {card (X(X)) | A(s,b,2). (5,0, 2) Fry, Pro~x(X, X}, (14)

i.e., it is a (possible unbounded) subset of N, which collects the cardinalities of X for
each structure satisfying py.j~(%, X).

It is straightforward to show that Sp(p; s~ (¥, X)) = Sp(pr.j~(X, X)), for ev-
ery renaming o-. In the following, we show that Sp(p; (X, X)) is a semi-linear set
that can be encoded using an existential Presburger formula with one free variable. To
this end, we define a context-free grammar for the predicate atom pj ;. (X, X) us-
ing the rules of Ry, such that the language of this grammar encodes the elements of
Sp(p1.7~+(¥, X)) in unary. The idea is to associate each predicate atom with a non-
terminal of the grammar, and to associate each rule used in the unfolding with a pro-
duction rule of the grammar. The set of non-terminals is finite because the set of pred-
icate atoms is finite up to a renaming of parameters. The context-free grammar for
Pr.~2(%, X) is defined as follows.

Definition 17 (Grammar of cardinalities). Let R;.. be a decorated SID. Let a +—
N, be any mapping from decorated atoms to symbols, such that N, = N, iff a and b
are identical up to a renaming. The grammar of cardinalities for the decorated atom
Pr.i~+(%, X) is a context-free grammar Gprynzx) = N, T, R, No) where

— the set of terminals T is the singleton set {1};

— the set of non-terminals N contains a non-terminal N, _,(3.y) for each decorated
predicate atom qk.1.~ (¥, Y) (up to a renaming);

— the start symbol Ny is Ny, , (= x)

— the set of derivation rules R contains a rule of the form

Km:Lm~m.#m

Nggrow@r) 2 O Nu - (3iv) -+ Ny (Ftn) (15)

for all formulee  such that qg 1.~ (Y, Y) g, ¥ where:
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o Yisof the formy;.f— (D) *x ki ri, (VoY) *o*xY~EUL[L, Yy
e w=1ifE = {y;}, otherwise (i.e., if E = 0) w is the empty word &.

We denote by L(G) the language of words generated by the grammar G.

The Parikh image [21] of a word w = w;---wy € 7 * is the assignment o € N7
that maps each symbol a € 7 to the number of its occurrences in w, i.e., o(a) =
card(j | @ = w;). The Parikh image of a set L C 7 * is the set of Parikh images of all
w € L. If a language L is generated by a context-free grammar G, then the Parikh
image of L can be represented by an existential Presburger formula &g, which can be
computed in linear time, by [25, Th. 4] (also given in Sect. C). The formula &g contains
one free variable for each terminal symbol of G. We shall prove later (see in particular
Prop. 5 in Sect. A) that the Parikh image of the language defined by G,,, .(7.x) is
exactly the cardinality set Sp(p;.j~(X,X)). Since the grammar of cardinalities G =
Gp....(7.x has only one terminal, the formula & contains exactly one free variable and
its size is in O(IN|+|N]-|R|) where N and R are (respectively) the set of non-terminals
and productions of G,,, .(7.x). To simplify notations, we shall denote by &,,, .7 x)
the formula &; with G = G, ,(zx). and by &,,, (7 .x)(y) the formula obtained by
replacing the unique free variable in &g by y.

Remark 3. A smaller Presburger formula for Sp(py, ‘],~’¢(Y, X)) may be obtained by
translating Rz, into a NFA over a singleton alphabet and by using the result of [24]. The
resulting formula, obtained in polynomial time, does not contain universal quantifiers
and its size is linear in the size of the NFA. We choose to use context-free grammars
and the result in [25] in order to simplify the proof of correctness.

3.3 Translation from SL to BAPA

The syntax of BAPA formule is recalled below, with definitions slightly adapted for
consistency with those of OSL?.

Definition 18 (BAPA formulse [13]). The set of BAPA-formule ¢*" is inductively
defined as follows:

‘pRP = AP | B*" | 9011”’/\90’2”’ | 9011#’\/‘,012319 | _|(pBP | ElX.(,DBP | VX.(’DBP | Elk.t,DBP | Vk.‘pBP
A =t 57 | 67 < 5 | Kdive™ =k | K | ] @857 | KOg ™ | |T™
B =T =, T;" | T{" T TS T =X 10| T U T5" | T7 Mg TS

(16)
where X is a set variable, K is an integer constant, and k is an integer variable.

Definition 19 (BAPA structure). A BAPA structure is a tuple (S,1) where S is an
interpretation of the set variables, i.e., a partial function from set variables to finite
subsets L, and 1 is a interpretation of the integer variables, i.e., a partial function from
integer variables to Z.

¢ Specifically, instead of assuming a finite universe, we interpret set variables as finite subsets of
L, and omit all BAPA terms that depend on the universe, such as the complement operation.
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The semantics of BAPA terms and formule are the expected ones (see Sect. A).

Definition 20. The function 7/ maps a decorated symbolic heap formula in OSL to a
BAPA term containing all (named) locations allocated by a field f € F. It is defined
inductively as follows (where L, A and B denote pure atoms, defined as in Def. 1):

- T (emp) =T/(L) =T7(A) = T4(B) = 0;

V. ifg=
- T/ (xg > 01, -, 00) = {0 ({tierwj;e ;

- T (Pryms(x1,. . X0, X)) = X Uy (UJEJ ij) ipis a. {f)-predicate ;
0 otherwise

= TIW1 @ ¥2) = T/ (1) UT/ () for e € (x,®).

Definition 21 (BAPA translation function). Let X — iy be an injective function
mapping every set variable to an integer variable (which is intended to denote the car-
dinality of the set). The function T translates a set term in T into a BAPA set term and
a decorated symbolic heap formula into a BAPA formula, given a decorated SID R ;.
(which, to simplify notations, is considered fixed in the context):

-~ TUxN =V, TX)=XifXeS; T0)=0; T(t)=tiftis an arithmetic term;
— T (emp) = true; 7 (x.f = (y1,...,Yq)) = true;
- Tx=y) =V~ Vy); T(x#y) = (VMg Vy =g 0);
— T(T) = Ty) = (T(T1) =g T (T2)); the definition is similar for L, M, € or <;
— T(T) # Ty) = ~(T(T1) =g T (T2)); the definition is similar for & or £;
- T(Kdive) = (KdivT (1); T (K ndivt) = =(K div 7 (1));
= T (Pri~z(x1, o X0, X)) = 1X| =g ix A&py 0. ) (iX)
A (l—|f€P[ V’Ci) ;Bl’ X

where the formula £, __x,

= TW1 *¢2) =T () AT (2) A (|_| 7/ (m)] Mlar [|_| T/ (m)] ~pp 0;

feF feF
- T ®Y) =TW) AT A J\ (T @0 N T/ w2) %, 0)
fer

Proposition 1. Let T € TUt be a set term or an arithmetic term. Let (s,9,2) be an OSL
structure. Let S be defined by S(V,) = {s(x)} for all location variables x, and S(X) =
2(X) for all set variables X. Then, for every interpretation I, [T*"]s.5) = [T(D)]s -
Proof. The proof is by induction on 7 and ¢ (see Sect. A).

For each decorated symbolic heap ¢ in normal form containing location variables
X1,...,X,, we associate the following BAPA formula called C(¢):

CW) = Vil %p LA AV | % LAT (). (17)
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Example 4. Let us consider the decorated formulay = py . .(x,y,2, X)*y # 2% z.f —
(x,y) taken from Ex. 3 with I = {2}, J = {2}, ~=1d, and #= 0.
Then the BAPA formula obtained is:
C(‘//) = Vil = 1 A |V)| g 1A |Vz| e 1 A|X| e ix A é‘p]',ﬁ}(x,y,'X)(iX)

L

A Vy Cor XA (Vi Upp Vo) Mgp X =5 O A Vy Map Ve =5 O A true (18)
A (X Uy V).) Mor Vz 25 0.

It is straightforward to verify that, for all decorations  of a formula ¢, C(¥) is
an existentially quantified BAPA formula. This translation allows us to establish the
decidability of the satisfiability problem for a decorated symbolic heap (see Sect. E):

Theorem 3. Let (¢, R) an OSL-formula and a SID in normal form. For all decorations
W, Raee) of (0, R), ¥ has an Ryec.-model iff C(y) is satisfiable (in BAPA).

Theorem 1 then follows directly from Theorems 2 and 3. The NExpTIME upper bound
is obtained by observing that the size of the decorated, normalized set of rules is ex-
ponential in the size of the original SID, since the number of possible decorations and
instantiations is exponential. Moreover, it is shown in [ 1 5] that satisfiability for existen-
tially quantified BAPA formule is in Np.

4 Conclusion

We have developed a decision procedure to test the satisfiability of formula in a variant
of separation logic (SL) that integrates inductively defined predicate symbols, overlaid
data structures, set constraints, and Presburger arithmetic constraints on set cardinal-
ities. This fragment, designed to address the limitations of standard SL in reasoning
about overlaid data structures, uses a weaker form of separating conjunction and sup-
ports single-field inductive predicates augmented with set variables. Our procedure op-
erates in exponential space, leveraging established results on the computation of the
Parikh image of context-free languages over a unary alphabet and the satisfiability prob-
lem in the logic BAPA. This reduction yields a robust framework for handling complex
memory models occurring in concurrent systems and advanced algorithmic designs,
where locations may be shared across multiple data structures.

A natural extension of this work is to explore the entailment problem. Given the un-
decidability of entailment in many expressive SL variants (see for instance [5,22]), addi-
tional restrictions will be required to ensure decidability. Several questions also remain
unresolved regarding satisfiability. First, the optimality of our procedure is uncertain:
while satisfiability is clearly ExpriMe-hard, it is not clear whether NEXPTIME represents
a tight upper bound. Second, it would be valuable to investigate whether the systematic
enumeration of all decorations could be circumvented. This process currently incurs an
exponential computational overhead, which does not affect the theoretical complexity
analysis but poses practical challenges. Finally, it would be interesting to determine
whether the conditions on the inductive rules could be relaxed. For instance, is satisfia-
bility still decidable if a single predicate is permitted to allocate distinct fields?
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A Properties of Decorations

We establish a number of basic results that will be useful in subsequent proofs.

Proposition 2. Let p be a {f}-predicate. Let (s,h,2) be a model of p(xi,..., Xy, X).
Then, X(X) € dom (D).

Proof. The proof is done by induction on the size of . Let p(xy,..., x,, X) be a pred-

icate and let (s,h,2) be one of its models. There exist a rule p(z;,...,2,,Z) < ¢’ in
R and a substitution o such that (z1,...,2:,,Z2)0 = (x1,...,x,,X), and (¢',H,2") Er
P,y 70, Z) With 8 = so o and 2’ = X o o. According to Def. 4, there exist a

store s” and a set interpretation 2" such that (s”,5,2"") Eg ¢, and s matches with
§ onzy,...,2,, and 2" (Z) = 2'(Z). According to Eq. 6 and Def. 4, Z =~ E U | |,y Yu
and thus 2”(Z) = [E]x) Y Uuer 27 (Y,). By the induction hypothesis, for all u € U,
2"(Y,) € domg(h,) with b, being the sub-heap of b such that (s”, b,,2"") Er 0u(Fus Y.
Moreover, as E = {x} or E = 0, [E] (s 5) € dom(h). Finally, as for all u € U, dom(b,) C
dom(), Z(X) = 2"(Z) € dom (D).

Proposition 3. Let p; ;- »(x1,...,%,, X) & ¢ be a rule in Ryec. Then, [X]y, € alloc(y).

Proof. The result follows from the form of the rules in Eq. 6, which ensures that all
the variables that are added in X are allocated. More formally, consider any variable
x € [X]y. By definition, there exists a location variable y such that x =, y and by
Def. 10 one of the following conditions hold:

— ¢ contains an equation X =~ (E U | |,y Yy) and y € E. Then, since the rules in
Ryee are of the form of Eq. 6, ¢ also contains a points-to atom y.f — (Z) thus
y € alloc(y) and consequently x € alloc(y).

—  contains an atom gy y v »(¥1,...Yw,Y)and y = y; withi € I’. Then i € J’ (as
I’ € J' by Def. 8) so that y € alloc(y) and therefore x € alloc(y).

Proposition 4. Let ¢ = pyj-(x1,...,%,, X) be a decorated predicate atom. If w €
L(Gyc), for some substitution o, then |w| > card({[x]z, | x € [X]y}, where [x]= , denotes
the equivalence class of x w.r.t. the relation =,,.

Proof. The proof is by induction on the length of the derivation yielding the word 1¢
in the grammar associated with Sp(yc-). By definition of the grammar (see Def. 17),
w = card(E) + Y ;cy wi, where Ry, contains a rule of the form (up to a renaming of the
set variables) p(x},...,x,,X) & ¥, y'6c is consistent, § = {x, — x; | 1 < i < n},
W is of the form y.f — (2) % ki ;. (VuY) % ¢ *x X ~ EUlley Y,
and w, € LGy, (.v600)- Let Yu = qf | iu(Yu, Y,)8. By the induction hy-
pothesis, w, > card({[x]= » | x € [Y,ly,}. Furthermore, by definition of decorated
rules (Def. 15), {[x]Ew | x € [X]y} = {[x]s, | x € [X]ye}. By Def. 13, we deduce
that {[x]o, | x € [X]y} € EV UMGU{[x]Ew | x € [Yuly,}, hence card({[x]z, | x €
[X]y} < card(E) + X,y card({[x]= , | x € [Y,ly,}). Furthermore, =,, is included
in =, so that card({[x]z, | x € [X]y,}) < card({[x]Ew | x € [X]y,) £ w,. Thus
card({[x], | x € [X]y} < card(E) + X ey Wi = w.
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Proposition 5. Let Ry.. be a decorated SID, let G be the grammar of cardinalities
for the decorated atom py ;. (X, X) and let (i) be the Presburger formula encoding
the Parikh image of L(G) (where i is the unique free variable in &g). If (5,,2) Er,,
Pr.i~2(%,X) and K = card(X(X)), then &li & k} is satisfiable.

Proof. Let (s,0),2) be a Ry..-model of p[’_],~,¢(7, X) and let K = card 2(X). By defini-
tion of the rules in G (and using the fact that 2(X) C dom(D)), it is easy to check that
there exists a derivation in Gy ensuring that 1X € Sp(p; ;. »(¥, X)). Thus, by definition,
the Parikh image of 1X is K. As a result, according to [25], Epry (730 (K) is satisfiable.

B  Proof of Theorem 2

We recall Theorem 2:

Theorem 2. Let (¢, R) be a pair in normal form. For each structure (s,,2), we have
(5,5,2) Er ¢ if and only if there exists a decoration (¥, Raec) of (¢, R) such that

(55 b’ 2) IZ'RHH, lp

Proof. The completeness is established by Thm. 4 and the correctness is established by
Thm. 5 (see below).

B.1 Completeness of decorations

We first establish some lemmata relating the relations =, and #y, to the aliasing and non-
aliasing relations between variables, respectively; the set alloc(y) to the set of allocated
variables; and the set [X], to the image of X.

Lemma 1. For every decorated quantifier-free symbolic heap , for all x,y, if x = y,
then for all models (s,1,2) of ¥, s(x) = s(y).

Proof. If x =y, then s(x) = s(y) follows immediately. We consider x # y. By induction
on the definition of Fg,,.:

Yy =empory =xy#yory =yyf = Oi,...,yqs) or Y = A or y = B: Inthese cases,
there are no distinct x,y such as x =, y because i does not contain any predicate
or ~.

¥ = xo = yo: Only xo and y, satisfy xp =, yo and according to Def. 4 for all models
(s,h,2) of ¢, s(xo) = s(yo).

U=y ko ory =y ®Ys: Because x =, y, there exists a sequence (Xi)eqr, Such
that x; = x, x; = y and for all kK € [1,[], ¢ contains either an atom x; ~ X1
or a decorated predicate atom py j. x(x1,...,%,, X) with x; = xz, x; = x4 and
i ~ j. Let us take k € [1,]. In both previously presented cases, the atom x; ~ X
or prj~z(x1,...,x,, X) appears either in i or in ¥, we call j the corresponding
index. According to Def. 4 there exist heaps b, b, such that h = b; U b, and
(5,0, 2) Ery. Wi» for all i € {1,2}. By definition of =, x; =y, xi41, and thus, by
the induction hypothesis, s(x;) = s(xx+1). As a conclusion, s(x;) = s(xp) = -+ =
s(x-1) = s(x;), hence, s(x) = s(y).
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W = prj~z(x1,..., X%, X): By definition of =y, there exist i, j such that x; = x, x; =y,
and i ~ j. Let (s, b,2) be a model of . There exist a rule’ Pri~2215-- 520, X) &
Y’ in Ry and a substitution o such that (zy,...,z,)0 = (x1,...,x,), and, with
s =so0, (5,0,2) Er,. Pri~2Z1,-..,21,X). According to Def. 4, there exist a
store s and a set interpretation 2" such that (s”,9,2"") kg, ¥, and s” matches
with ¢’ on z1,...,2,, and 2”(X) = X(X). Because the rule is in Ry, and i ~ j,
Zi =y Zj, and thus, by the induction hypothesis, s”(z;) = §”(z;), i.e. §'(z;) = 5'(z}),
i.e., s(0(z;)) = s(0(z;)). As a consequence, s(x;) = s(x;), and thus, s(x) = s(y).

Lemma 2. Let (Y, Ryec) be in normal form. If x € alloc(y) then for all models (s,1),2)
such that (5,9,2) Er,,. ¥, s(x) € allocated()).

Proof. As a consequence of Lem. 1, if x € alloc(y) and x = y, then for all models
(s,b,2) of ¥, s(x) = s(y), and thus, if s(x) € allocated(h), then s(y) € allocated(b).
Therefore, we have to prove the lemma for the two other cases of the construction of
alloc(y) (see Def. 11). The proof is by induction on the definition of g, .

Y =empory = xg# yoory = xy = ygory =Aory = B: There is no location vari-
able in alloc(y).

v =yo.f = (V1,...,¥q): The set alloc(y) is the singleton {yg}. All the models of y are
such that b = [(s(y9), f) — (s(¥1),...,5(y4))]. And thus for all models, s(yy) €
allocated(b).

U=y x o or Yy =y ®Yy: Because x € alloc(y), we may assume (by the above re-
mark concerning the construction of alloc(y)) that ¢ contains either a points-to
allocating x or a decorated predicate atom py j. x(x1,...,Xx,, X) with x; = x and
j € J. In both cases, this atom appears either in | or in ¥, we call j the corre-
sponding index. According to Def. 4 there exist heaps by, b, such thath = h; U b,
and (s,b;,2) Fgr,. Vi for all i € {1,2}. By definition of alloc, x € alloc(y;),
and thus, by the induction hypothesis, s(x) € allocated(h;). Because h = bh; U by,
s(x) € allocated(b).

¥ = prj~z(x1,...,x,,X): By the same remark concerning the construction of alloc(i)),
we may assume that there exists j such that x; = xand j € J. Let (s, ,2) be a model
of . There exist a rule® p; ;. .(z1,...,2:,X) & ¢ in Ry and a substitution o
such that (zy,...,z,)0 = (x1,...,X,), and (¢, 0,2) Er,.. Pri~2z1,. ., 2, X) with
s’ = soo. According to Def. 4, there exist a store s” and a set interpretation 2" such
that (s”,,2") Eg,. ¥, and " matches with s’ on zj,...,z,, and 2”(X) = 2(X).
Because the rule is in Ry and j € J, z; € alloc(y’), and thus, by the induction
hypothesis, s”(z;) € allocated(b), i.e., s'(z;) € allocated(h). As a consequence,
s(x) = s(x;) = s(o(z;)) € allocated(D).

Lemma 3. Let (f, Ryec) be in normal form. For all x and y, if x #y Y, then for all
models (s,0,2) of ¥, s(x) # s(y).

Proof. The proof is by induction on %, and g, .

7 We may assume by renaming that the set variable occurring in the left-hand side of the rule is
X.
8 Same assumption as previously.
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(a)
(b)

(©

(d)

If x # y occurs in i, then, as (s,h,2) Eg,, ¥, necessarily s(x) # s(y).

Consider an atom pjj~ x(X1,...,X,, X) with x; = x, x; = y and i # j. There
exist a rule’ Pri~2Z1, ..., 20, X) & ¢ in Ry and a substitution o such that
@1, s z)o = (X1, X), and (87,0, 2) Eg,,, Pri~z(215 ... 20 X) With s = 500

According to Def. 4, there exist a store s” and a set interpretation 2" such that
(s”,9,2") Egr,. ¥, and s” matches with s’ on zy,...,z,, and 2" (X) = 2(X). Be-
cause the rule is in Ry and i # j, z; %y z;, and thus, by the induction hypothesis,
s"(z)) # $'(z)), i.e. §(z;) = 9'(z)), i.e., s(0(z;)) # s(0(z;)). As a consequence,
s(x;) # s(x;), and thus, s(x) # s(y).

Consider formula v, ¢, such that ¢ % i, appears in i, with x € alloc(;) and
y € alloc(iyp). As (5,1,2) Eg,. ¥, necessarily there exist subheaps I, h, of [y such
that allocated(h;) N allocated(h,) = 0 and (s, b;,2) Ex,. ¥i. By Lem. 2, we deduce
that s(x) € allocated(h;) and s(y) € allocated(ly,), so that s(x) # s(y).

Assume that x =4, x’, ¥y =4 y" and X’ %, y’. By the induction hypothesis we get
s(x’) # s(y’) and by Lem. 1 we have s(x) = s(x”) and s(y) = s(y") so that s(x) # s(y).

Theorem 4. Let (p,R) be in normal form. For each structure (s,h,2) that verifies
(5,0,2) Er ¢, there exists a decoration (fr, Raec) of (¢, R) such that (s,9,2) g, V.

Proof. The proof proceeds by structural induction on the construction of . Let ¢ be
a formula and (s, ), 2) an R-model of ¢.

p=emporp=xxyorpo=xzyorgo=yo.f = ..., yg)or¢o=Aorg=B: In

(10:

(p:
(10:

these cases, there is no predicate in the formula ¢, hence, it is also a decorated
formula, and thus, a decoration of itself. As the semantics of the formula does not
depend on the SID, k= is equivalent to =g, here.

¥1 * ot According to Def. 4 there exist heaps b, b, such that h = b U by,
allocated(h;) N allocated(f,) = 0 and (s,b;,2) Eg ¢;, for all i € {1,2}. By the
induction hypothesis, for all i € {1, 2}, there exists a decoration ; of ¢; such that
(5,91,2) Er,,. ¥i. The formula | % i, is a decoration of ¢, and thus, by Def. 4, we
have (s5,9,2) Er,,. V.

1 ® @2 The proof is similar to that of the previous item.

p(x1, ..., %, X): There exist arule'® p(z,...,2:,, X) & ¢’ in R and a substitution
o such that (z1,...,2,)0 = (x1,...,X,), and (', 0, 2) Er p(z1,...,2,, X) With ¢’ =
soco. According to Def. 4, there exist a store s”” and a set interpretation 2"’ such that
(s”,0,2") Er ¢, and " matches with ¢’ on zy,...,z,, and 2" (X) = 2(X). By the
induction hypothesis, there exists a decoration ¢ of ¢’ such that (s”,9,2") Eg,,.
Y'. We define ~,#,1 and J such thati ~ jiff z; =y z;, i # jiff z; £y zj, [ = {i €
[1,n] |z € [X]y} and J = {j € [1,n] | z; € alloc(y’)}.

Note that I € J, by Prop. 3. Thus py ., is a decorated predicate obtained from

p such that p; ;. «(z1,...,2,, X) is a decoration of p(zi, ..., 2,, X). Furthermore,
by Lems. 1 and 3, ¢’ is necessarily consistent, as i’ is satisfiable. Therefore, the
rule pyj~«(z1,...,2:,, X) & ¢ is included in Ry,... As a result, by Def. 4, we have

(¢,9,2) Erye Pri~2215- .., 20, X), and thus, (5,0,2) Fr,. Pri~z(X1,..., X, X).

° Same assumption as previously.
10 Same assumption as previously.
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B.2 Correctness of decorations

Theorem 5. Let (¢, R) be in normal form and let (, Ryec) be a decoration of (¢, R).
For each structure (5,1,2), if (5,0,2) Er,,. ¥ then (5,0,2) Er ¢.

Proof. The proof proceeds by structural induction on the construction of g, . Let ¢
be a formula, ¢ a decoration of ¢, and (s, }),2) an R;..-model of ¢.

p=emporp=xxyorpg=x#yorgo=ysf - O,...,y5)oro=Aorp=B: In
these cases, the formula ¢ is the only decoration of itself, and thus, the result follows
immediately. As explained in the proof of Thm. 4, g and g, agree on ¢.

@ = @1 * ¢p: The formula ¥ must be of the form y = | * ¥, where y; is a decoration
of ¢; for all i € {1,2}. As (5,h,2) Er,,. ¥, by Def. 4, there exist heaps b, b such
that h = b; U by, allocated(b;) N allocated(t,) = 0 and (s,b;,2) Eg,,. ¥, for all
i € {1,2}. By the induction hypothesis, (s,b;,2) g ¢; for all i € {1,2}, and thus,
(5,5,2) Eg ¢.

¢ = @1 ®@y: The proof is similar to that of the previous item.

¢ = p(x1,...,%,,X): The formulay is of the form p; j. »(x1, ..., x,, X) where py s~ » 1S
a decoration of p. As (5,5, %) Eg,,. ¥, there existarule'! p; ;. .(z1,...,2:, X) € ¢/
in R4 and a substitution o such that (zy, ..., z,)0 = (x1, ..., x,), and (s, h, 2) Eg,,.
Pri~#Z1, ..., 20, X) with s’ = s o . According to Def. 4, there exist a store 5" and
a set interpretation 2" such that (s”,),2") Eg,. ¥', and s” matches with " on
21y .5 2n, and 27 (X) = 2(X).

By definition of Ry, there exists a rule p(zi,...,z,,X) & ¢’ where ¢’ is a dec-
oration of ¢’. By the induction hypothesis, (s”,h,2") g ¢’, thus (5',5,2) Fg
p(zi,...,21, X) and finally (5,5, 2) Ex ¢.

C Parikh Image of Context-Free Languages

If L is a context-free language (CFL) then its Parikh image is a semilinear set over
variables counting the number of occurrences of letters in 2 [21]. The semilinear sets are
exactly the sets definable by existential Presburger formule [&], i.e., formule defined
by the grammar below where variables en interpreted over natural numbers:

ta=011]x[fn+n pu=h=hlh>hleiAe e Ve |dre
The above results are refined in [25] (see also [12]):

Theorem 6 (Theorem 4 in [25]). Given a context-free grammar G, one can compute
an existential Presburger formula ¢¢ for the Parikh image of the language of G in linear
time.

We provide here the formula built in the proof of this result. Let G = (N, 7, R, Ny)
be a context-free grammar, with non-terminals in A, terminals in 7, production rules
in R, and the start symbol Nj.

The formula g uses tree vectors of variables:

' Same assumption as previously.
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— X has the size |N| + |7 and it is indexed by non-terminals and terminals of G; xy,
and x,, encode the Parikh image for the non-terminal ; resp. terminal a; in a word
derived from the start symbol. We also use Xy and Xy for the vectors of variables
associated to non-terminals resp. terminals.

— ¥ has the size |R], it is indexed by the productions in R; y, encodes the number of
applications of the rule r to obtain a derivation.

— Z has the size |[N| + |77 and it is indexed by non-terminals and terminals of G; z4
(A € N UT) reflects the distance of A from N, in a spanning tree on the subgraph
of the communication-free Petri nets built from G where the edges are productions
r for which y, > 0.

Then, ¢g(¥7) = AXy. Y. AZ. Y where:

Yo = /\ ite(N = No, 1,0) + (2 PWIWN) - yr) = Zrnowyr) =0 (19)

NeN

A\ %o = S P@ -y A \Ga=0Vz>0) (20)
acT AeN

A /\ V rNow NN PonA)>0 (24 = 2v + LAY, > 0 A zy > 0) (21)
AN V(ZA =0A /\r:A—»wyr = O)

Azy, = 1 22)

D Semantic of BAPA and Proof of Prop. 1

We provide below the semantic of arithmetic terms and constraints in OSL from Def. 1.

Definition 22 (Semantic of arithmetic terms in OSL). Let t be an arithmetic term, T
be a set term, s be a store, and X' be a set interpretation. The interpretation of arithmetic
term denoted by [t]ss) is an integer in N and it is inductively defined by the following
rules:

- [[K]](SZ) =K;

[t ®t]es = [t + [L]es)s
[Kot]ss = KX [t]ex)
[“T”}(sz) = card(T).

Definition 23 (OSL semantics extension). Given a formula ¢, a SID R and a struc-
ture (s,0,2), (s,h,2) Er ¢ iff one of the following conditions holds:

- ¢ =(t1 ) and [ti](s5) = [2](s.x) and b = O;

—Foro =(t1 £ ), ¢ = (11 < K) or¢p = (| £ 1) the definition is similar to the
previous one;

- ¢ =(Kdivet) and [{]ex) = 0 (mod K) and | = 0;

- ¢ = (Kndiv?) and [f]s5) # 0 (mod K) and ) = 0.

We recall the semantic of BAPA from [14]

Definition 24 (Semantic of BAPA terms). Let T* be a set term and (S,1) be a BAPA
structure. The interpretation of a BAPA set term [T"| s is a set of locations in L
and the interpretation of a BAPA arithmetic term [t*] sy is a element of Z inductively
defined by the following rules:
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- [X]en = SX); [0] sy = 0; - [Ken =1k); [Klsn = K;

_ BP BP — BP
%;}BP]] I;BP. T2 H(S,D [[T1 ]](S,]I) N _ [[tzlsp By tgp]](S,]I) — [[I?P]](S,H) + [[tgp]](s,ﬂ);
2 II(S.D» .
— [T Uy T)sn = [T7en U~ [KOwt"]en =KX ["]en;
750, - [IT"sx = card([T* [ sp)-

Definition 25 (BAPA semantics). Given a formula ¢*" and a structure (S,1) the sat-
isfaction relation |, is inductively defined as the least relation such that (S,1) gz ¢*°
iff one of the following conditions holds:

- " =T = T) and [T |1 = [T s

- " =T"Cp Ty and [T"] s € [T Js0)i

¢ =10~y 15 and [ )cn) = [ ]ens

(pBP = Z‘TP <pp tgp and [[I?PH(S‘]D < [[Z‘SP]](SJ[);

- QOBP = Kdiv* and [[[BPH(S,D =0 (mod K);

"= ot NS and (S,1) kg o, forall i € {1,2);

=@l v i and (S,1) kg ¢!, for somei € {1,2};

BP — _|(pllfP and (S’ }I) #BP ‘pBP’.

¥ = AX.Q and (S, 1) |y ¢, for some " matching S on all set variables distinct
from X;

- ¢ = VX" and (S',1) g @}, for all S matching S on all set variables distinct
from X;

- ¢* = Jk@" and (S,1') Ey ¢}, for some I matching 1 on all integer variables
distinct from k;

- ¢ =Vx.9i" and (S,1') g @7, for alll’ matching L on all integer variables distinct
from k.

ASER SR SR

Proposition 1. Let T € TUt be a set term or an arithmetic term. Let (s,9,2) be an OSL
structure. Let S be defined by S(V,) = {s(x)} for all location variables x, and S(X) =
2(X) for all set variables X. Then, for every interpretation I, [T*"]s.5) = [T (D] s -

Proof. The proof is by induction on 7"

T ={x}: [(x}ex = {s(x)} =S(Vy) = [Vi]ep = [TUxD]sn-

T =0: [0)sx =0=[0lsn = [T@]sy

T=X: Xz =2X)=SX) = [X]ep = [TXO]sn-

T =T; U T,: By the induction hypothesis, [Ti]sx) = [Ty for all i € {1,2}. Then,
[Tls = [Tiex Y [T2les = [Tilep Y [Telep = [T U Ta)en = SX) =
[T (M]sy-

T =T, N Ty Aspreviously, [T]ex) = [T(D]sn-

Similarly, by induction on #°*:
t=K: [Klex) = K = [K]en.
t =1 ®t: By the induction hypothesis, [#i]ss) = [t]sp for all i € {1,2}). []ex

[t + [l = [t]en + [R]en = [en-

t=Kot: By the induction hypothesis, H[]]](g,z) = [[tl]](g’]l). [fﬂ(gz) = Kx [[tlﬂ(s,f)
K x [t]sy = [fep-

t =|T|: We know that [[T]](s,z) = [[T]](gy]l). [“T”](s;) = card([[T]](syg)) = card([[Tﬂ(S,]D)

[T s p-
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E Proof of Theorem 3

We recall Thm. 3:

Theorem 3. Let (¢, R) an OSL-formula and a SID in normal form. For all decorations
W, Raee) of (0, R), ¥ has an Ryec.-model iff C(y) is satisfiable (in BAPA).

E.1 Proof of “If y is satisfiable then C(y) is satisfiable”
If y is satisfiable, there exists an Ry..-model (s, b, 2) of ¢, we define (S, I) as follows:

— let I(ix) = card(2' (X)) and
— let S(X) = 2(X) for all set variables X of ¢ and let S(V,) = {s(x)} for all location
variables x of .

In the remainder of this sub-section, we show that (S, I) is a model of C(y).

For all free location variables x of i, by construction of S and I and by definition of
s, card(S(V,)) = 1 and thus (S,I) 4 |Vi| =4 1. Therefore, we only need to show that
(S,I) Es T (). The proof is done by induction on the form of formula i

Yy=empory =x.f— (,...,yq): T () = true and the result is immediate.

Y=x=y: T) = (V=4 V,)and by Def. 4, s(x) = s(y), therefore S(V,) = S(Vy) and
the result follows.

W=x%y: TW) = (ViNV, =4 0)and by Def. 4, s(x) # s(y). Therefore {s(x)}N{s(y)} =
0,1i.e., S(Vy) N S(Vy) = 0 and the result follows.

Y = (T1OT,) for O € {~,C, #,2): By Prop. 1, for all i € {1,2}, we have [T]ex =
[T(T)] sy and thus (S,1) Eu T W).

U =(0n)for O e{~,<,#,4ory = (Kdivt) or ¢y = (Kndivt)): By Prop. 1, for
all i € {1, 2}, we have [[ti]](s,f) = [[T(li)]](g,]l) and thus (S,1) ke ‘7—((,0)

¥ = prj~z(x1,...,x,,X): Byhypothesis, (S,I) g |X| =5 ix and by Prop. 5, (S, 1) =z
Eppr st 0 (iX)-
We show below that, for any atom py ;. «(x1, ..., X,, X), the set I corresponds ex-
actly to the indices i such that x; occurs in X. However, this property holds only for
the predicate atoms appearing in ¥ and not for those introduced during recursive
calls. Therefore, we refine the property by focusing on the main parameters of the
predicate atom (as defined in Sect. 2.4).

Lemma 4. For all decorated predicate atoms py j~ (X1, ..., Xp, X), for all Ryec-
models (5,9,2) of prj~z(x1,...,x,, X) such that s is injective and for all i €
[1,n]:
—-iel = s(x) € Z(X);
— if x is a main parameter of pyj~z(X1,..., Xy, X) then s(x) € 2(X) = x €
{x;|iel}

Proof. We reason by induction on the size of b. Let py s~ x(x1,...,x,, X) be a
decorated predicate atom and (s, ), 2) one of its Ry..-models, where s is injec-
tive. There exist a rule'? p;. Tt (X500 X0, X) & i in Rye and a substitution o
such that (x],...,x)0 = (x1,...,X,), and (¢',9,2) Fgr,.. pri~z(),.... %, X)
with s’ = s o 0. According to Def. 4, there exist a store s” and a set interpreta-
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tion 2" such that (s”,5,2") Ex

27(X) = 2(X).

Observe that s” must be injective, as (by the assumption in Sect. 2.4) ¢ contains

a disequation z # 7’ for all auxiliary location variables z and for all location

variables 7’ € fu(yy) N V other than z. We recall that, by Eq. 6, ¢ must be of the

form x,.f = (2) % K gt | Oy Y kex (X~ EULIL, V,). We
suppose that £ = {x;.} (the case where E = 0 is similar). Then (s”,5,2") Eg,,.

X~ Eul]l,Y,)and thus [X]e s = [EUUI, Vil s, ie, 2(X) = 27(X) =

(57 ()} U U, Z7(Y,) = {s(e)} U UL, 7 (Y,).

Ifi € I: By Def. 15, x{ € [X]y. Because, by Lem. 1, for all x,y, x =, y =
¢’(x) = ¢”(y) we can suppose that we are in the case (a) of Def. 13 (case
(b) is impossible because the set variables Y; are distinct from X). If x] € E,
then we immediately get s”(x]) = s(x;) € 2(X). If x! € [Y,], for some
u € [1,m], then necessarily, by definition of [Y,],, there exists a parameter
i’ € I, such that y; =, x] (so that s”(y;) = ¢”(x]) = s(x;)). As there exists b,
such as (s”,0,,2") E qu(¥{,..,¥n,» Yu), the induction hypothesis ensures
that s”(yy) € 2" (Y,) and thus s(x;) € 2" (X) = 2(X).

If s(x) € 2(X) and x is a main parameter: If s(x) € {s(x;)} then s(x) = s(x;)
and because the store is injective on xj...,x,, x = x;, with j € I. Now,
assume that s(x) € 2'(Y,) for some u € [1,m]. Note that x| (where o(x}) =
X) must occur in y{,...,y, (since x is a main parameter). As there exists ),
such as (s”,h,,2") E qu(},---,Yn,» Yu), the induction hypothesis ensures
(as 5”(x!) = s(x)) that there exists j € I, such that x] = y‘; Therefore, the
case (b) of Def. 13 ensure that x € {x; | j € I}.

This ends the proof of Lem. 4. O

dec

¥, and ¢” matches with ¢’ on x/, ..., x;, and

We go back now to the proof of Thm. 3.
According to Lem. 4, for all i € [1,n], if i € I, then s(x;) € 2(X), and if s(x;) €
2(X), then x; € {x; | j € I}. Therefore, for all i € I, [V ] = {s(x)} € Z(X) =
[X]s.p), and, for all i € [1,n] such that x; ¢ {x; | j € I}, {s(x)} N Z(X) = 0. As a
consequence, (5.1) Fur (Uier V) € X) A (Usere jen Vi) 0 X =i 0).

¥ =1 * s By Def. 4, there exist by, b, such that (s,b;,2) Eg,, ¢; foralli € {1,2},
h = b; U b, and allocated(h;) N allocated(h,) = 0. By induction hypothesis, and
because (S, I) does not depend of b, (S,1) Ez T ().
We need to show how that all the terms in 7~ f'(w) are indeed allocated.

Lemma 5. Let (¥, Raec) a decoration. For all structures (s,h,2), if (s,0,2) Eg,..
y, then [T/ (W1 € domp(h) for all f € F with S defined by S(X) = 2(X) for
all set variables X of y and S(V,) = {s(x)} for all location variables x of .

Proof. By induction on ¢ with f,g € F:
y=empory =xxyory=x#yory =Aory = B: Here, [T/ )]sy =0,
and, by Def. 4, = 0.

12 We may assume by renaming that the set variable occurring in the left-hand side of the rule is
X.
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v =xg-> (y,...,yq) with f # g: By Def. 4, the heap is h = [(s(x),g) —
(51),...,5(y4))], and thus, dom(h) = 0. By Def. 20, 7/W) = 0, and
thus, [7/W)]sn = 0.

U =xf—>O1,....v2): ByDef. 4, = [(s(x), /) = (5(31),...,5(yq))], and as a
result, dom¢(h) = {s(x)}. By Def. 20, 7/ () = V,, and thus, [7/)]en =
{s(x)}.

Y =1 kY or =y ®Yn: By Def. 20, T/ () = T/ (1) U T/ (), and as
aresult, [7/W)]sn = [T/ W1)]sn Y [T/ @2)] 1. By Def. 4, there exist
b1, b such that (s, b;) Eg,,. ¢;foralli € {1,2},h = bh; Ub, and allocated(h;)N
allocated(h,) = 0 (resp. dom(h;) N dom(h,) = 0). By the induction hypothe-
sis [7/Wi)] e € domy(h;). As aresult, doms(h) = doms(h;) U domy(h) 2
[77WD]en Y [T W)len = [T/ W] en-

¥ = prj~z(x1,...,x,, X) with p a {g}-predicate and f # g: Here, by Def. 20,
7/ () = 0. And because p is a {g}-predicate with f # g, domy(h) = 0.

W = pry-x(x1,..., %, X) with p a {f}-predicate: By Def. 20, we have 7/ () =
X U Ujes Vi, and thus, [T/ )]sy = Z(X) U {s(x;) | j € J}. Because
p is a {f}-predicate, allocated(h) = dom,(h), and by Lem. 2, alloc(y) <
allocated(b), so that {s(x;) | j € J} € dom,(h). Moreover, by Prop. 2, 2(X) C
domy(b). As a result, [7/ )] sp S dom(h).

This ends the proof of Lem. 5. O

We go back now to the proof of Thm. 3.
Now, by Lem. 5, [(U er 77 W)l = (User [T/ @dlen) € (U per domp(h)) =
allocated(b;). As allocated(h; )Nallocated(h,) = 0, we obtain [[(U fer ‘i’-f'(wl))]](svﬂ) N

(User T/ @2)len = 0 and (S,1) Eu (Uger /@) 0 (Uger T/ @2)) = 0.
¥ = 1 ®Y,: This case is done similarly to the previous one but the intersection is done
field by field because the heaps are disjoint field by field.

E.2 Proof of “If C(y) is satisfiable then ¢ is satisfiable”

If C(¥) is satisfiable, there exists a model (S, I) of C().

By definition of C(y) (see Eq. 17), S(V,) must be a singleton. Let s and 2 be the
store and set interpretation defined by {s(x)} = S(V,) (for all location variables x in ¥)
and 2'(X) = S(X) (for all set variables X in ).

By the assumption in Sect. 2.4, ¢ contains an equation x % y for all distinct x,y,
C(¥) contains the sub-formula V, M. V, = 0, and therefore s is injective. Furthermore,
¥ cannot contain any atom of the form x = y with x # y, as otherwise ¢ would not be
consistent. Similarly, atoms of the form x # x cannot occur in . Moreover, all the set
constraints in A and B occurring in ¢ must be true in (s, 0, 2), as they are validated by
(S,I), by definition of C(¢). The transformation of negative version of operators into
negative formula does not introduce any issue. This entails that (s, ),2) is a model of
the non-spatial part of .

Now we handle the spatial part of  and show how to construct the correspond-
ing heap. For this, we need a lemma stating that if s and 2 satisfy all the conditions
asserted by the decoration of an atom pj j. x(xy,...,x,, X) (concerning the aliasing
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and non-aliasing of variables and the fact that I denotes the set of parameters occur-
ring in X) as well as the cardinality constraints extracted from the rules of p; ;. . (as
defined in Sect. 3.2) then one can construct a heap Iy such that (s,},2) is a model of
prj~z(x1,...,x,, X), and moreover, J is exactly the set of allocated parameters:

Lemma 6. Let py - x(x1,...,X,, X) be a decorated predicate atom. Let s be an in-
Jjective store and let X' be a set interpretation. Assume that the following conditions
are satisfied:

1. foralli,je [1,n], ifi ~ j, then s(x;) = s(x;) (hence x; = xj, as s is injective);
2. foralli,je[1,n], ifi # j, then s(x;) # s(x);

3. Forallie[l,n], s(x) €e2(X) & Jjel, x; = x;;

4. card(Z(X)) € Sp(pr~2(x1s - .- Xn, X));

5. L is an infinite set of locations containing s({x; | i € [1,n]}) and 2(X).

Then there exists a heap V) such that (5,9,2) Er,,. Prj~z(X1,...,%,,X) and b €
LXF x L. Moreover, for all i € [1,n], s(x;) € allocated(h) < 3Tj € J, x; = x;.

Proof. By Prop. 5, as card(Z(X)) € Sp(pr.j~(x1,...,x,, X)), there exists a deriva-
tion yielding card(2' (X)) using the grammar of cardinalities (see Def. 17). The proof
is by induction on the length of this derivation. Consider the derivation rule yielding
the word 1) a5 defined in Eq. 15 (see Def. 15). Let pyj~ 2(x}, ..., x,,X) = ¢
be its associated rule in Ry, (assuming by renaming that the set variable in the left-
hand side is X). The rule satisfies the conditions Def. 15, and the formula ¢ is of the
form of Eq. 6:

m
x;_>(Z’1"--,Z;[)**Z11Wu*‘p*(XzE|—||_‘YuJ,

u=1

where ¢ is a *-conjunction of equational atoms, x, — (z,... ’Z:z) is the (unique)
points-to atom of , E is either () or {x;.} and {, | 1 < u < m} is the set of predicate
atoms in . Let o = {x] + x; | i € [1,n]} and let ¢, 0 = g5 g O Vs Ya)
The conditions in Def. 17 (see Eq. 15) ensure that yo is consistent (see Def. 14) and
that there exist w, € N (for all u € [[1,m]) and w € {0, 1} such that card(X(X)) =
w+ Y w, with w, € Sp(y,0) and w = card(E). We suppose, w.l.o.g., that w = 1,
i.e., E = {x,} (the case where w = 0 is similar). We need to define a store s’ matching
son Xxi,...,X,, a set interpretation 2" with 2’(X) = X(X) and a heap b such that
(«.0.2) Fr,, Yo

Observe that, by the condition on the auxiliary location variables in Sect. 2.4,
¥ must contain a disequation of the form z # z’, for all auxiliary location variables
z and for all location variables 7’ other than z. This entails that if Yi# Y and by
is auxiliary, then, j #, j* (as otherwise we would have y;f Zyo y‘jf, and Yo would
be inconsistent). Moreover, by Defs. 11 and 12, if u,u’ € [I,m], u # ', j € J,
and j € J,, then y? Fvo y;‘ so that y? # ylj‘ (as Yo is consistent). Consequently,
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as s is injective, if moreover, y;’.,y‘;,' € {x1,...,x,}, then s(y;’.) * s(y;’.,'). By a similar
argument, we can prove that s(y?) # s(x,), ifu € [1,m], j€ J, and y? € {x1,..., X}

We must ensure that card(2’(Y,)) = w, for all u € [1,m]. By Prop. 3, only
locations associated to allocated variables can be added to set variables. As a result,
2’ must be defined in such a way that the sets 2’(Y,,) are pairwise disjoint.

Consider the sets S, = {s(y{) | i € I, Ay} € {x1,...,x,}}. Observe that these
sets are pairwise disjoint. Indeed, if i € [, and i’ € I, with u # u’ and y;‘yi‘ €
{x1,...,x,} then necessarily, by the remark above, (as I, € J, and I, C J, by
Def. 8) s(y}) # s(yj.‘,'). Similarly, these sets cannot contain {s(x,)}. We now prove that
Uner Su U {s(x)} = Z(X) N {s(x1), ... ., s(x)}):

C By definition of decorated rules, if y* = x; with j € [1,n] and i € I, then (by
Def. 13) y¢ € [Yu]yo, and (by Def. 15) there must exist j* € I such that y = x;.
By item 3, we get 5(y!) € 2(X). We prove in the same way that {s(x;)} € 2(X).

If s(x;) € 2(X) and x, # x;, then, using again item 3, we deduce that s(x;) = s(x;)
with i’ € I, whence x; = x;. By definition of the decorated rules and using the
fact that x; # x,, we obtain that x; =, ¥ for some u € [1,m] and j € I, which
entails that y;? € {x1,..., %}, s(x;) = s(y;‘.) and therefore s(x;) € S ,.

V)

Consequently, we can define, for all u € [1,m]: 2'(Y,) = S, U L, where the
sets L/, are pairwise disjoint subsets of .L such that card(2"(Y,)) = wy, L], € 2(X),
and L;, N {s(x1),...,5(x,)} = 0. This is possible because card(Z'(X)) = 1 + 2., w,
thus, by the remarks above, Z(X) contains exactly >, (w, — card(S,)) elements not
occurring in {s(xy), ..., s(x,)}. As aresult, 2(X) is the disjoint union of {s(x,)} and of
all 2’(Y,) for u € [1,m].

As already observed, if i € J, and i’ € J, with u # u’ then y! # yi‘ Conse-
quently, we may define s’ as follows:

— All auxiliary location variables z such that z = y! for some i € I, are mapped to
pairwise distinct locations in 2”(Y,). This is always possible because, by Prop. 4,
card({[x]= o | x € [Yylyo)) £ w,. Using item 1 of the lemma, and the fact that
yi# y;‘., = y’; Zuo Yo = ] *u jif y’; or y;f, is auxiliary, we deduce
that card(S,) + card({y} | i € L,,y! ¢ {x1,...,X%:}}) < wy, so that card(L]) >
card({y! | i € L,y & {x1,..., Xu}}).

— All other auxiliary location variables z, i.e., not satisfying the previous condition,
are mapped to pairwise distinct arbitrary locations in £ \ L;, also distinct from
every location ¢'(z") defined in the previous items.

By construction, ¢’ is injective. As £ is infinite, we can associate to all u € [1,m]
infinite subsets L, of £ containing 2"(Y,) and {s'(y¥) | 1 <i < n,}. We may assume
that L, contains no element of the image of ", except those in 2”(Y,) or {s'(y}) | 1 <
i < n,}. By construction, it is clear that the only locations £ € L, N L, (for u # u’)
are such that £ = §'(y) = &'(y) for some i € [1,n,] and i’ € [1,n,]. Letu € m. We
show that ¢’, 27, ¥, w, and L, satisfy all the hypothesis of the lemma.
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1. By construction, for all i, j € [1,n,], if i ~, j, then y! =4, y‘]?. Assume (for the
sake of contradiction) that, y; # y_‘;, then, necessarily y! = x; and y_‘]f = x; for
some k, I € [[1,n] (as o is consistent and contains a disequation z # 7’ for all
auxiliary location variables z and for all location variables z’ other than z). Thus
we must have (by definition of decorated rules, and using item 1) k ~ [ so that
s(xx) = s(x7), which contradicts the above assumption (as s is injective).

2. Foralli,je [1,n,],if i #, j, then y! # y? since Yo is consistent, thus s'(y}) #
5’(y?) as ¢ is injective.

3. Foralli € [l,n,], if i € I,, either y¥ € {x;,...,x,} and by construction of
2'(Y), s () € S, € 2'(Y,), or y! is an auxiliary location variable and then
by construction of §'(yY), s'(y{) € 2’(Y,). Conversely, if §'(y}) € 2'(Y,), either
s'(y{) € S, hence y! € {y? | j € I}, or §'(y) € L;, and by construction of s'(y),
Yoenljel,).

4. By construction of 27(Y,), card(2"(Y,)) = w,, with w, € Sp(y,0).

5. By definition, L, is infinite and contains ¢'({y! | i € [1,n,]}) and 2"(Y,).

By the induction hypothesis there exists a heap b, such that (', 0,,2") Eg,,. Y0,
heL,xF xL;andforallie [l,n,], s(¥) € allocated(h,) & Jje J, y!= y‘jf.

As shown above, if u # ', then §'(y;) # 5’());.,), forall j € J,and j/ € J,. If
¢ € allocated(l,) N allocated(b,, ), then £ € L, N L, thus, by definition of the sets L,,
there exist two location variables y4, )% such that £ = §'(y) = §'(%)). By the above
property we may assume that j € J, and j' € J,,, which yields a contradiction.

As a result, all heaps 1), are pairwise disjoint. Let us define §)’ = [(s(x,), f) —
(s(zj0), ..., 5(z,0))]. We may prove in a similar way that b, and })" are disjoint, and
we can define h = §” U |J/_, b,. By construction, h € L X F x L*.

We must show that (s,5,2") Eg,. ¢. By construction, (s',",2") Eg,. (x, —
(Z),....z;))o and for all u € [1,m] (5',9,,2") Fr,. Y. Then, we need to prove
that (s,0,2") Eg,,. ¢o. Consider, for the sake of contradiction, an atom y > z in Yo
such that (s',0,2") is not a model of y = z. As o is consistent, y »< z cannot be of
the form x £ x or y = z, where y # z and at least one of the location variables y, 7 is
auxiliary (indeed, by the assumption in Sect. 2.4, po contains a disequation y # z for
all such y,z). As ¢’ is injective, we cannot have both »<=# and y # z. Consequently,
y »< z must be of the form (x] ~ x})o-, with i, j € [1,n], so that x/ =, x;. (by Def. 10)
and thus i ~ j (by Def. 15), which is impossible as this would entail that x; = x; (by
item 1 of the lemma).

Therefore, the only thing left to prove is that (s',0,2") Eg,. X = (EU| ], Y.)o,
ie., 2'(X) = {'(x)} U U, 2’(Y,), which is true by construction of 2’ (as we have
proven above that X(X) = 2"(X) is the union of {s(x,)} and of all 2"(Y,) for u €
[t m]).

As aresult, (¢',9,2") Eg,. Yo, and thus, as ¢ and s match on xi, ..., x, and
SCX) = 20, (50,2 Fry, Praes(ii- .50, X).

Now we establish the second part of the lemma, i.e., that for all i € [1,n], s(x;) €
allocated(h) < x; € {x;|je J}.

31



« If j € J then by Def. 15, x} € alloc(y), so that x; € alloc(yo). By Def. 11 and
by injectivity of s’ this entails that either x; = x, and §'(x;) € allocated(h’) C
allocated(h), or there exists u € [1,m] and j/ € J, such that xj = y?, and thus
s'(x;) € allocated(h,) < allocated(D).

= Conversely, if ¢'(x;) € allocated(p), two cases must be distinguished. Either
s'(x;) € allocated(h’) and s(x;) = s(x,), so that x; = x,, with [ € J (by Def. 11).
Or there exists u € [1,m] such that §'(x;) € allocated(h,). This entails that
s'(x;) € L,. By definition of L, L,N{s(x1), ..., s(x,)} may only contain elements
in {s'(y)), ..., 'Ot (@s Sy S A, 5O )b Ly N {s(xy), ..o, s(x)} = 0
and the other elements in L, cannot occur in the image of s’). Thus there exists
7 € [1,n,] verifying s(x;) = s’(y;f,) and by the induction hypothesis we may
assume that j/ € J,. By Defs. 11 and 15, this is possible only if y;‘., = x; for
some j’ € J.

This ends the proof of Lem. 6. O

We go back now to the proof of Thm. 3.

For simplicity, we assume that the formula ¢ (and therefore also ) contains no
points-to atom'?. We will now apply Lem. 6 to construct structures satisfying each
of these atoms individually, and then demonstrate how these structures can be com-
bined to form a model of the entire formula. We first check that all the hypotheses
of Lem. 6 are satisfied. As ¢ is consistent and x; #, x; for all x; # x;, we must
have, for all i,j € [l,n]: i ~ j = x; = xjandi # j = x # x;. As
S, D Ew CW), (S,I) Epp (I_l,BEP[ in) Cpr XA (Uzglxl YYYY XN | jel) VX) Mg X ~p 0 and
thus, s(x;) € 2(X) < 3Jj € I, x; = x;. Moreover, as L is infinite, to each deco-
rated predicate atom pj j~ x(xi,...,X,, X) occurring in ¥, we can assign a infinite set
Ly, aiomnx) S L containing s({x; | i € [1,n]}) and 2(X). We also assume, w.l.o.g.,
that these sets share no locations other than those in s({x; | i € [1, n]}) or Z(X). Thus, by
Lem. 6, for all decorated predicate atoms py s~ x(x1, ..., X,, X) of ¢ there exists a heap
By (i) Such that for all i € [1,n], s(x;) € allocated(h) < x; € {x; | j € J},
and (5, Dp, 5Ly X00 2) FRue Pra~z (X150 Xn, X).

Let 1 and ¥, be two formulas such that ¢, e ¥, is a subformula of ¢ (with e €
{x,®}). Let pii! i qgi(x"l, ...,x,,X;) be a decorated predicate atom of y; (for all i €
{1,2)). Let f; be the field in F such that p' is an {f;}-predicate. If ® = %, then, according
to Def. 21, (8,1) Eur (Uger 7/@0)) 0 (Uger T/ (2)) = 0. By Def. 20, X; appears
in (Ufet}" Tf(lfll)) and X; in (Ufet}“ Tf(a,lxz)). Moreover, if i € J; and j € J, then Vi
and V. appear in (U e T f((m)) and (U e T f(l//z)), respectively. As a result, we get
EXDU{s(x) i€ 1) NEX) Uls(x}) | i€ Jr)) = 0.

Similarly, if o = &, then (S,1) e A es (77 (W1) N T/ (2) = 0) and thus if f; = f»
then we also have (X(X;) U {s(xl.') lie 1D NEEX) U {s(xl.z) lieJy})=0.

LetL; = L, i, Xy and b =D 1, xy (for i € {1,2}) be the sets

17/1,4‘/,».~i,¢,-( i P;i.Ji,~i.¢i(xx
of locations and heaps associated with Pl],-, T, ;ei(x’l s xj,i,X,-). Consider any location

13 This assumption does not reduce expressiveness, as points-to atoms can be encoded as predi-
cate atoms using a single inductive rule that allocates one location.
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¢ € allocated(h;) N allocated(ly,). By definition of the sets L;, L, as allocated(});) € L;,
we get £ € {s(x}),...,s(x} )}UZ(X), i.e., (using the above property of ;) £ € {s(xfi) | je
Ji} U 2Z(X;). This entails that f; # f, and that ¢ = ®, since otherwise we have proved
that (Z(X;) U {s(x}) | i € J1}) N (Z(X2) U {s(x?) | i € Jo}) = 0. Therefore b; U b, is
well-defined, and if @ = % then b; and 1y, are disjoint.

Consequently, all the heaps b, , ,(x...x.x) can be merged in one b and this heap
verifies (5, 0,2) Eg,. ¥, and thus, i is satisfiable.

F Example

Specification. The following formula in normal form specifies a heap configuration
including two overlapping lists:

(1s"(y,nil, V) ®1sf(x,nil, F)) x FC Y * x#y*nil Z xxnil ¢y .  (23)
17

The first list uses the field n to link the memory cells reachable from the location
y; this list is specified by the atom 1s"(y,nil, Y), where nil is a location variable and
Y is a set variable. The second list collects the memory cells linked by the field £ and
reachable from location x; the atom specifying this list is 1sf (x,nil, F), where F is a
set variable. The constraint /7 states the fact that the store is injective on locations and
specifies the relation between set variables.

Consider the following set of inductive definitions R:

1s™(uy,u, U) &= up.n — (up) x uy # up % U = {uy}, (24)
1s™(ui, u, U) s urn — (2) x ug 2 ur * 1s™(z,un, U') x U = {uy Ju U’ , (25)
1sf(uy, 10, U) = uy.£ — (un) *x uy # up x U ~ {uy}, (26)

1sfui, o, U) s urf -» @ xuy 2 up x 1sf(un, U) %« U = (L U’.  (27)

In these rules, the set variables associated to each predicate collect all the locations
allocated by the predicate. Therefore, in the formula given by Eq. 23, the constraint
F C Y implies that the cells reachable from x are included in those reachable from y.

Tranformation in normal form. First, all free variables of the initial formula are added
as additional parameters of predicate atoms:

(1s™(y, nil, x, y, nil, ¥) ® 1sf(x, nil, x, y, nil, F))x F C Y%x # y*nil # x*nil #y. (28)

This addition changes the rules as follows:

1s™(uy, up, uz, ug, us, U) < up.n — (up) *x uy # up % U = {uy}, (29)
1s™(uy, up, uz, g, us, U) & up.n — (2) x uy # up (30)
* 1s™(z, up, uz, ug, us, U) % U ~ (w1} L U’ ,
Ls¥(uy, up, uz, ug,us, U) & uy £ — (o) x ug # up x U =~ {1}, @31
1sf(uy, up, us, ug, us, U) & up.f — (2) * ug # un (32)

* 1s¥(z, up, uz, ug,us, U') % U = {u ) L U’ .
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Second, we transform the rules above to ensure that Condition 2 (in the definition
of normal form) holds for variable z. During this process, we can eliminate the rules
for which the right hand side formula is (trivially) unsatisfiable. For instance, the set of
rules for 1s™ becomes:

1s™(uy, up, uz, g, us, U) = ur.n — (uz) * uy # up * U ~ {u1}, (33)

1s™(ur, uz, uz, ug, us, U) & up.n — (2) * uy # uy *j=1.52 # i (34)
* 1s™(z, up, u3, s, us, U') % U = {u } L U’

1s™(uy, up, uz, g, us, U) = ur.n — (up) * uy # u (35

* 18™(ug, uo, u3, ug,us, U') x U = {u }u U’
1s™(uy, up, uz, ug, us, U) = up.n — (u3) * uy 2 up (36)

* 1s™(u3, u, uz, ug, us, U) » U = {uyJu U’ ,
1s™(uy, up, uz, ug, us, U) < up.n — (ug) * uy % up (37

* 1s™(ug, o, uz, ug,us, U) x U = {u1Ju U’ ,
1s™(uy, up, uz, ug, us, U) & up.n — (us) * u; 2 up (38)

* 18™(us, u, u3, g, us, U) * U = {u;}u U’ .
In the rule 34, the auxiliary variable z is different from parameters. We omit the
case when z is aliased by the parameter u; because the formula obtained by unfolding
1s™(uy, up, u3, us, us, U’) is inconsistent (u; is allocated twice). The rule 35 has also an

inconsistent definition because any unfolding of 1s™(uy, uy, u3, ug, us, U’) leads to an
inconsistent formula.

Decorate predicate symbols. The decorations of predicate symbols that are consistent
with the formula and the rules are the following:

1% : I={1},J = {1}, ~ is the identity and # is {(1,2), (2, D};
1s%: I ={1,3},J = {1,3}, ~ is the identity and # is {(1,2), (2, 1)}.

We obtain the following rules for the decorations of 1s™ in the decorated SID, Rye.:

sy, (u1,uz, u3, us, us, U) & ur.n — (uz) x uy # up * U = {ur}, (39)

sy, (w1, uz, u3, us,us, U) & urn — (2) * ug # uy *i=1.5 2 # U (40)
* 1sy (z,up, us, ug, us, U) x U =~ {u U U,

sy, (u1,uz, u3, us, us, U) & up.n — (u3) * uy # uy 41

* 1sy (u3, uz, uz, ug, us, U) x U =~ {u L U”.

The case where z = u, (rule 35) is not considered as the right-hand side would be
inconsistent (due to the constraint 1 # 2, parameters 1 and 2 cannot be instantiated by
the same variable). Similarly, the case where z = uy (rule 37) is irrelevant because the
decoration would induce the constraints 1 # 4 (because the locations corresponding to
parameters 1 and 4 would be allocated twice), which makes the decoration of the initial
formula inconsistent. Finally, the case where z = us (rule 38) is discarded because the
decoration would yield the constraint 2 # 5, which, again, would be inconsistent in the
initial formula.
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