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Highlights
Towards a similarity theory with nonstationarity and horizontal

inhomgeneity in stable atmospheric boundary layers

Marta Wactawczyk, Jun-Ichi Yano, Grzegorz M. Florczyk, Jackson Nzo-
tungishaka

e Similarity theory for turbulence in stably stratified atmospheric bound-
ary layers is derived by a symmetry—invariant analysis.

e The effects of both nonstationarity and horizontal inhomogeneity are
included in the derived formulation.
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Abstract

Similarity functions for stably stratified atmospheric boundary layers are de-
rived in invariant forms of the underlying system of ensemble averaged equa-
tions. Possible nonstationarity and horizontal inhomogeneity of the flows are
taken into account. The analysis suggests that nonstationarity and horizontal
inhomogeneity are represented through ratios of turbulence statistics. The
obtained statistics by MOSAIC data analysis are found to be rather sensi-
tive to the buoyancy frequency, nondimensionalized with the averaging time
window. We propose to determine an optimal averaging time by analyzing
this frequency.

Keywords:

1. Introduction

This work concerns the stably stratified atmospheric boundary layers
(ABL), which form especially during the nights by surface radiative cooling.
Stable stratification tends to suppress the turbulent flows with lack of buoy-
ant energy generation. Yet, the turbulent eddies still actively transport the
heat downwards. The Monin-Obukhov similarity theory (MOST) (Monin
and Obukhov, 1954) describes weakly stably stratified boundary layers by
adopting the Obukhov length, L, defined by a flux ratio, as the character-
istic length scale. This theory assumes that all the single-point turbulence
statistics, properly nondimensionalized with the use of the near-surface values
of the fluxes, are universal functions of the nondimensional height, £ = z/L.
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However, this assumption is valid only for relatively small values with £ < 1,
i.e. with weak stratifications. With increasing stratifications, the MOST de-
scribes boundary layer less well.

Various modifications of the MOST were proposed. For example, Nieuswtadt
(1984) considered the “local” Obukhov length, calculated from the fluxes
measured at a given height. Sorbjan (2006, 2016) proposed to use, instead of
&, the local Richardson number Ri as the stability parameter. Alternatively,
the flux-based Richardson number was used by Lobocki (2013); Lobocki and
Porretta-Tomaszewska (2021). Dependence on the Coriolis parameter and
stability of free-flow were considered by Zilitinkevich and Calanca (2000),
Zilitinkevich and Esau (2005, 2007). Those studies sought to derive similar-
ity functions by using dimensional analyses, in which by identifying a set of
scales for the velocity, length, temperature, etc., characteristic for a given
flow, physical variables are nondimensionalized by those scales, hoping to
identify universal functions.

Clearly, alternative approaches, not focusing on the dimensionalities, are
desirable. Recently, Stiperski et al. (2021) took such a step by adopting
the anisotropy invariant maps by Lumley and Newman (1977) developed for
inhomogeneous turbulent flows, describing different states of turbulence in
terms of two independent invariants of the anisotropy tensor. Stiperski and
Calaf (2023) examined dependence on the turbulence anisotropy tensor to
represent turbulence kinetic energy under the horizontal inhomogeneities.

Our study takes a further step of deriving those similarity functions more
directly by deductively analyzing the system of governing equations of the
boundary layers. More specifically, similarity functions of the governing equa-
tion system are derived solely by analyzing its mathematical symmetry, as
invariant forms, without solving the equations explicitly. Here, invariant
functions are those that do not change the form, or remain invariant un-
der the symmetry transformations of the variables. This approach has been
adopted by e.g. Oberlack (2001); Avsarkisov et al. (2014); Oberlack et al.
(2022) in the context of neutral stratifications, Ji and She (2021) for ABLs
using generalized dilation symmetry principle and recently for stably strati-
fied ABLs, by Yano and Wactawczyk (2024) and Wactawczyk et al. (2024).
A similar problem was addressed by Yano and Wactawczyk (2022) slightly
differently with the technique of nondimensionalization (cf., Yano and Bonaz-
zola, 2009).

This paper presents extensions of those previous analyses, especially by
taking into account the spatial inhomogeneity, which has been neglected in



our previous studies. Apart from this, we address the problem of averaging
time scales. Vickers and Mahrt (2003) studied the cospectral gap which sep-
arates turbulent and mesoscale contributions and argued that the averaging
timescales in the stable surface layer should be small enough, to filter-out
contributions from the large-scale non-turbulent motions like e.g. the inter-
nal gravity waves and drainage flows. We approach this problem in a different
way, by examining the invariant forms, in order to find a criterion for the
optimal averaging timescales.

2. Monin-Obukhov similarity theory

2.1. Division into the mean and eddy

In traditional ABL descriptions, all the variables are decomposed into
the mean and eddies. Here, the system is never perfectly stationary with
time with a well-defined single mean state, but we can define mean merely
as what slowly evolves with time, and we need to approximate it by a local
average:

o 1 t+T
Frg [ s (1)

where T' is an averaging timescale. This averaging, represented by overbar,
filters out the small-scale eddies, and only the temporal tendencies of the
“large-scale” variables are retained, as a result. By using the Reynolds de-
composition, velocity and temperature are now expressed as sums of the local
mean and eddy parts with the latter denoted by primes:

u=u+u, v=v+v, w=wt+w, §=0+60. (2)

Under this decomposition, correlations between the variables become sums
of the mean parts and the eddy covariances, e.g.

uw =uw+ww', wi=uu-+uu, wld=w0+uw. (3)

2.2. Nondimensional vertical gradients

The Monin-Obukhov (MOST) theory remains one of the guiding princi-
ples in the studies of ABLs. It claims that the vertical structure of the ABL
is characterized by a single length scale, the Obukhov scale, L, defined by
. 9_0 ’U/i

L (4)

= H_ge_*’



where k = 0.4 is the von Kdrmén constant, g is the gravity acceleration, 6,
is a reference temperature (e.g. surface temperature or vertically-averaged
temperature). The friction velocity u. and temperature 6, are calculated
from the surface-values of the eddy covariances (fluxes) (i.e. measured at the
lowest level, typically z ~ 1m) as

u? = —u'w'y, 0, = —w'0y/u,. (5)

The nondimensonalized fluxes and mean variables can be expressed by
universal similarity functions solely depending on the nondimensional height,
z/L. Tt is observationally known that within a certain sublayer of the SBL
(surface layer) where the vertical variation of fluxes ww’ and w6’ can be
neglected, vertical gradients follow

kz Ou z kz 00 z

‘pm—u—*a—1+/@z7 ®h_9_*$_1+ﬁf’ (6)
where § ~ 5. The smaller L (i.e. large z/L > 1) indicates stronger stratifica-
tions, and the gradients of @ and @ become constant, independent of height
under strong stratifications. On the other hand, the larger L means that
the temperature does not affect the velocity field in any significant manner.
In this case, Eqgs. (6) describe approximately logarithmic profiles of mean
velocity and temperature.

The assumptions behind Monin-Obukhov theory are satisfied only for
weak stratifications: as the degree of stratification increases, the discrepancy
between the theory and observational measurements increases. Moreover,
turbulence can locally collapse in the stable ABLs, and the flow becomes
intermittent (laminar-turbulent). Given the high degree of complexity of
flows in the stable ABLs, its representation remains an open research topic.

3. Symmetries and invariants

The “symmetry” of a differential equation is defined by a transformation
of the independent and dependent variables denoted, respectively, by vectors
X = (z1,...,2,) and y(x) = (y1(x),...,yn(x))), that do not change the
form of the given equation (Bluman and Kumei, 1989). Symmetries map a
solution of a given equation onto another solution of the same equation.

We will consider the continuous Lie point symmetry transformations of
the form,

T.: x"=®(x,y;¢), y =¥(xVy;e€), (7)
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where x* and y* are the transformed vector variables, and ¢ € R is an
arbitrary continuous parameter. The set of transformations (7) can be shown
to fulfill the mathematical properties of a group, i.e. it contains a unitary
element, an inverse element, and satisfies the closure and the associativity.

Let’s take the one-dimensional heat equation (Bluman and Kumei, 1989),
as an example:

00 0%0
Frile (8)

with the initial condition 6(z,0) = d(z). They remain invariant under the
following transformations of 6, z and t:

T.: 2f=¢e%, t'=e*t 0" =e°0, 9)

where € € R. It can be shown that the group properties are satisfied by the
transformation (9). The unitary element, Tj, exists:

To: zr=e2=2 t'=c"t=t 0" =c"=0. (10)
Each transformation, 7., has an inverse element, T_,:

T T.: e 2" =e 2=z 2" =22 =t 0" =e"=0.
(11)
Furthermore, a combination of two transformations 7, and 7, is a new trans-
formation 7¢, 1., and the associativity is satisfied as T,, (1., T%,) = (T, T,) T,

The set of symmetries of a given partial differential equation can be de-
termined by Lie group analysis. Details of this procedure are described in
textbooks, e.g. Bluman and Kumei (1989), and the procedure itself is imple-
mented in computer algebra systems.

The problem of deriving the invariant solutions of a partial differential
equation system reduce to that of solving a corresponding characteristic sys-
tem, which contains infinitesimal forms of the transformations. This system
can be derived from the global form (7) by expanding in the Taylor series
around € = 0:

* . a(I) 2
X = xyi0) + 0| ch o), (12
ow
y' =W(x,y;0)+ e | + O(€). (13)




The first term on the right-hand side both in Egs. (12) and (13) represents the
unitary element of the transformation group, hence they are equal to x and y,
respectively. The first—order derivatives at ¢ = 0 are called “infinitesimals”,
and will be denoted by £ and 7, i.e.,

X" = x+ £(xy) e+ O(e), (14)
Y =y +nxy) e+ O(E). (15)

The infinitesimal generator, X is defined by
X=& - Vx+n-Vy, (16)

where Vy and Vy, are gradient operators with respect to x and y, respectively.
The solution y = ©(x) is an invariant solution of the partial differential
equation, if and only if it satisfies the condition:

X(y-©)=0 (17)

on y = ©(x). This condition can be written in a form of a characteristic
system for the components of vectors x and y:

dry dzy, dy dys ~ dy,
(X, y)

axy) | Gulxy) mxy)  mxy)

= (18)
Solving for the equalities in Eq. (18), we find the invariants, C; (i = 1,...,n),
that can now be treated as the new dependent variables with their arguments
designated by X, (j =1,...,m—1). Consequently, the invariant forms read

Ci :E(XlaX27"'7Xm—1>7 (19>

fori=1,...,n, where F;(i = 1,...,n) are unspecified functions.

In the following, we will derive similarity functions for the gradients of
the mean velocity and temperature, the fluxes, and the correlations between
velocity components in forms of invariant condition (19).

4. System of equations and its invariance under transformations of
variables

4.1. System of equations

This section presents an extension of the previous symmetry analysis
(Yano and Waclawcezyk, 2024; Wactawczyk et al., 2024) by including the
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horizontal transport. In what follows, we separate the perturbations of ve-
locity and temperature from the reference state with the hydrostatic and
geostrophic balance (e.g. Andrews, 2010), i.e.

OP
Fr pofV, (20)
oP
oy —pofU, (21)
OP
E = —poY, (22>

where f is the Coriolis parameter, U, V are the components of the geostrophic
wind and py is a reference mean density.

The effect of the Coriolis is next removed from the problem by subtracting
the geostrophic—pressure balances (20), (21) from the horizontal momentum
equations. As a result, only the ageostrophic component of the pressure are
found in the equations. We further assume that the Coriolis terms are small
and negligible close to the surface. Similarly, the hydrostatic balance equa-
tion (22) is subtracted from the full vertical momentum equation, leaving the
density perturbations in the mass force term. These density perturbations
are expressed in terms of the buoyancy b, using the Boussinesq approximation

b=—g =g——0, (23)

where 6 is a constant reference temperature. Finally, the system is averaged
using the local time average defined in Eq. (1). The local coordinate is chosen
in such a manner that v = 0 locally at an observational-measurement point,
but in general, 9v/dy # 0 due to non-zero horizontal transport. Under these



assumptions, the governing equation system become for a “large scale”:

ou Ov Ow

oz "oyt oy =" <w
Ziom.om. 00 12 o
T T e AU
ob  Oub  Ouvb (’3wa0 (28)

§+0$+8y+8z ’

where p is the ageostrophic and non-hydrostatic part of the pressure.

Here, the given system consists of the Navier-Stokes equations but with
the zero viscosity, and additionally taking into account of the buoyancy, b.
It is important to note that the Reynolds decomposition (2), discussed in
Sec. 2.1, is not applied in the present system: the averages of the cross terms
of the full variables are always considered, which contain both the mean and
the eddy contributions. Thus, for example

o =uu+ v, wb=wb+wl. (29)
This is a key difference of the present formulation from the standard conven-
tion of the eddy covariances (5). For this reason, the correlations between
the instantaneous velocity components u;u;, as well as between the velocity
and the buoyancy u;b, where i, 7 = 1,2, 3 are referred the “total fluxes” with
the quotation in the following.

The system here is comparable to Egs. (24)-(28) considered in Waclawczyk
et al. (2024), but it additionally includes the mean vertical velocity @, hor-

izontal gradients 9/0z, /0y, the “total fluxes” , wu, uv, Vv, vw, as well as
ub and vb.

4.2. Invariance of the system of equations

The goal for now is to identify the transformations of the variables that
make the system (24)-(28) invariant. Those invariant transformations char-
acterize the symmetries of the system. In seeking invariant transformations,



we consider the following types of the transformations (Pukhnachev, 1972).
The first are the time and space translations:

t* =t +to, (30)

dfi(t) . d? fi(t)
a0 P TPTE e

v =z + fi(t), w'=u+ (31)
where 1 =1,2,3, x1 =z, 19 =y, x3 = 2, and u; = u, uy = v, ug = w denote
the velocity components, fi(t) (i = 1,2,3) are the space translation rates,
which may depend on time. Further considered are the pressure translations

P =p+g(t),

with a space translation, g(¢), which may also depend on time, as well as the
translations of the buoyancy and pressure

b* =b+by, p*=p+ zpobo. (32)

Furthermore, the rotational invariance in the z-y plane and the scaling trans-
formations are considered:

t'=e, z*=é%r, y =€y, 2 =é2 (33)
28—2c P, (34)

with «, 3 € R constants. Additionally, when the buoyancy force in the
momentum equation (27) is negligible, the underlying system is invariant
under an additional, independent scaling group b* = e, with ¢ € R. For
simplicity, in the following, possible time dependencies in f; and g will be
neglected, setting them to be constant of time.

Similar transformations as (30)—(34) can easily be applied to the equa-
tions (24)—(28) of the moments to identify the symmetries. For example, this
system is invariant under the transformations

w;t =Py, bt = P2, pt=e

t'=e%, a*=¢e%z, y' =6y, 2=z (35)
@ =P, wmut = e Tmm,  ub = ey, (36)
B* _ 6572(1[3’ ﬁ* _ e2,372a —, (37)

where 4,7 = 1,2,3. The invariance of the system (24)-(28) under these
transformations can be verified by direct substitutions.
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As in any turbulence—closure problems treating all the moments (Reynolds
stress, etc: cf. Mellor and Yamada (1974)) as separate variables, the present
versions of “total fluxes”, defined without subtracting the means, @wa, 70, wb,
etc., are treated as mutually independent variables, and the resulting system
(24)—(28) is linear in respect to those “total fluxes”. It further suggests that
equations (24)—(28) are invariant under additional scaling and translations,
although they are not symmetries of the underlying Navier-Stokes system
(Oberlack and Rosteck, 2010; Rosteck, 2014):

tr=t, =z, 2=z "=z (38)
u=e'w, b'=¢b p=¢p (39)
wu; = e’ uu;, wb = e u;b, (40)

where v € R_ (Wactawczyk et al., 2014, 2017), and

t'=t, =z 2=z 2=z (41)

ur = +ul, wu;t = uu; + uiug, wb = ;b + u;b’ (42)
with arbitrary constants, u, w;uf, u;b’.

Since the transformations (39)-(42) are not symmetries of the Navier-
Stokes equations, they must reflect properties of ensembles. For example,
one can assume that an ensemble consists of fractional contributions from e”
( < 1) of turbulent flow with buoyancy and 1—e” of the laminar flow in which
turbulence has collapsed. Then, the mean velocity and the other turbulence
statistics can be written as weighted sums of these two contributions, i.e.
the turbulent @] and the laminar u/ flows:

u; = e'ul + (1 —e?)ur. (43)
This interpretation was put forward in Wactawczyk et al. (2014). Wactawczyk
et al. (2024) further argued that the scaling symmetries (39) and (40) may
play a role in representing the statistics as weighted sums of neutral and
buoyancy-affected contributions.

4.3. Characteristic system

In deriving the invariants of a given system, the time and space transla-
tions (30) and (31) are considered, assuming f; = const, along with buoyancy
and pressure translations (32), the scaling groups (33)—(34), as well as the
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scaling and the translations of statistics (39), (40), and (42). As a result, the
following characteristic system is obtained:

de de dy  dz
alt—t))  Bx—=0) Bly—w) Blz—2)
B dw; 3 db B dp _
B—a+Nw+u  (B—2a+v)b+by (26 —2a+7)p+po+ zbopo
dwa; du;b

= — =.... 44
(28 — 20+ y)usuy +wind (28 — 3o+ )b + u;b? 4

The system for the turbulence statistics (24)—(28) is not closed, so is the cor-
responding characteristic system (44). Adding more equations introduces the
higher-order statistics, e.g. the triple correlations, fourth-order correlations,
and so forth, ad infinitum. In spite of lack of the closure, those higher-order
equations, not explicitly included in the symmetry analysis here, are also
invariant under the symmetries (30)—(34), as following from the underlying,
closed Navier-Stokes equation system with the additional scaling and trans-
lation (39), (40), (42), which follow from their linearity.

When the coefficients satisfy S —a+vy # 0, 8—2a+v # 0, 28—2a+v # 0
and 20 — 3a+ v # 0, the solution of the system (44) consists of the following
set of invariants:

t—to= Xy |2z — 2|* (45)

|z — 20| = X [2 — 20 (46)

|y — yo| = X7 |2 — 2] (47)
Uity — Uity = Cig(Xe, Xp, Xv) |2 = 2072777, (48)
ub — b’ = Coi(Xy, Xp, Xry) |2 — 2077, (49)
; — ! = Cy( Xy, X, Xpy) |2 — 20|17, (50)

box[z0 — (2 — 23 + )2]

D Do 22647
— ——=0C,( X, X1, X7, — — ,
00 00 p( ty <MLy AT ) ’Z ZO’ + 11— 24 I %
(51)
b— 60 = Cb(Xta XL7XT7‘) |Z - Zo|1_2d+ﬁ7 (52>

., —~0
where x = (8 —2a +7)/(28 —2a+7), & = /B and 7 = v/; utg”, wib
u? po/po and by are constants. We further assume that in the translations
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with @/ and ﬁﬁ]p, only the components with ¢ = j = 1 are non-zero, and
we set, 4! = @’ and wyw,” = wu’. The invariants, Cy;, Cy, Cy, C, and
Cy, are functions of X;, Xy and Xr,, and they may also depend on some
characteristics, i.e., constant scales, zg, u,, and 6, by dimensional consistency.

In the following two subsections, we will consider the following two lim-
iting cases. The first considered in Sec. 4.4 is the statistically nonstationary
flow with negligible horizontal transport, in which the mean variables are ex-
pected to depend on z and X;. This is the case as considered by Wactawczyk
et al. (2024), and their results will be shortly recalled. The second considered
in Sec. 4.5 is the statistically stationary flow with non-negligible horizontal
transports with the statistics depending on z, X; and Xr,. As it turns out,
those derived functions are fairly comparable to the formulas considered by
Stiperski et al. (2021); Stiperski and Calaf (2023).

4.4. Statistically nonstationary, horizontally homogeneous flow.

When the flow is horizontally homogeneous in the statistical sense, deriva-
tives of statistics with respect to x and y are zero. Hence, in addition to w,
b and P, only the “total fluxes”, ww and ww, wb, are present in the system
(24)—(28). Moreover, the coefficients C;;, Cy;, C;, C, and Cy, in Eqgs. (48)—(52)
depend only on X;. If we set wus” = 0 and uzuz” = 0 in Eq. (48), then it
follows from this equation that the ratio ww/ww depends only on C3/Css,
which is a function of X;:

uw  Ci3(Xy)

T On(X) f(X) (53)
Wactawezyk et al. (2024) further assumed that this relation can be inverted
for t — ty to the vicinity of an unspecified reference time, ty, so that X,
becomes a function of ww /ww

X, = f! (@) . (54)

ww

Alternatively, by combining Eqs. (45), (48) and (49), and inverting the rela-

tion, they obtained
wh(t —t
X, (—“” 0)), (55)

where ¢ is an arbitrary function.
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Wactawczyk et al. (2024) focused on Eq. (54), and presented invariants,
C; and Cy, as functions of ww/ww. It leads to the following forms of the
shear S and the frequency N:

du ~ [ uw 2\ ¢
- - 1—
S dz ¢ (ww) ( z0> ’ (56)

db - (uw 2\
N=—"=Cy— | [1-= . o7
dz ’ (W) ( zo) (57)
With this, the gradient Richardson number reads
N2 VA 7 éb
Ri o ( Zo) G2 (58)

The above formula predicts that in stationary flows where C, ~ const, C; ~
const and for the case ¥ = 0, the gradient Richardson number tends to a
constant value, which represents the limit of strong stratifications. However,
in the presence of intermittency, the Richardson number is a function of
height depending on the intermittency parameter 7.  Waclawczyk et al.
(2024) also derived the nondimensional similarity functions ¢,, and ¢, by
using Eqs. (48) and (49),

kz Ou =z 2\ uw
n :Hz”m‘@—f(1—i)7ﬂ(@), (60)

—wb 0z A

where

uw|3/2

wbh

1
The scale A defined above is akin to the local Obukhov scale by Nieuswtadt
(1984). The former reduces to the latter when w = 0. The local Obukhov
scale is close to L in the vicinity of the surface. When 7 is small, the brack-
eted term above is close to unity, and both ¢,, and ¢; depend linearly on
z/A, which is the limit of strong stratifications in MOST. The analyses of
Grachev et al. (2013) and Babi¢ et al. (2016) show that observational data
deviate from these linear predictions at strong stratifications and that these

13



deviations are eliminated after removing data with R: above the threshold
Ri = 0.2 from the database. In view of these observations, dependence on
the intermittency parameter 4 in Eqgs. (58) and (59), (60) could be related
to those discrepancies, because it affects the value of Ri and causes the func-
tions, ¢, and ¢y, to deviate from linear.

Both nondimensional functions ¢,, and ¢, in Egs. (59) and (60) also de-
pend on uw /ww, which is expected to represent the nonstationarity because
of the relation (54). Furthermore, the two variables, X, defined by Eq. (45)
and wb(t — to)/ww as the argument in Eq. (55), both depend on t — ty: it
suggests a leading—order linear relationship between them over the time ¢ —ty:

x, = o) b (62)

(1 B i)” wWW
20

The term, wb/ww, has the dimension of [s~'], hence it can be interpreted as
a buoyancy “frequency”. When the flow is stationary,

wh (1 - i) - (63)

ww 20
On the other hand, the invariant form Eq. (54) predicts that
g x const (64)
wWw
for the stationary flows. Further comparison between Egs. (63) and (64)
calculated at different vertical levels may be able to draw conclusions about
the characteristic scale, zy, implicit in Eq. (64) and the coefficient, &, in Eq.

(63).
=) (65)

The similarity functions, ¢,, and ¢, now read:
) (56)

z 2\
—Z(1-Z=) Fl@-
(49) take the forms:

On 2% (1 — Z%YH ((t — to)
nd
)

eHSI

sHil

and the “total fluxes” calculated from Egs. (48) a
2-3G-+7

7 (68)

wbh wb z
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where we used the friction velocity u, and the buoyancy scale b, = g6, /0,
for dimensional consistency.

The question now is how this nondimensional time, (¢—t,)wb/ww, should
be interpreted. We propose to link it to the time scale, T', over which the
statistics are calculated. Based on the characteristic frequency, wb/ww, the
averaging time must be dynamically adjusted: the characteristic time scale
of the stably—stratified boundary layer, defined in this manner, changes with
time, likely fairly rapidly due to its inherent intermittency.

4.5.  Statistically stationary, horizontally inhomogeneous flow.

We now turn our attention to the situations of statistical stationarity,
which implies that derivatives with respect to time t in Eqs. (24)-(28) are
zero, and horizontal inhomogeneity, in which the system depends on X,
and X7, defined by Eqs. (46) and (47). On the other hand, assuming the
stationary flows, dependence of the statistics on X; drops off. As a result,
the “total fluxes”, and the nondimensional similarity functions now read:

o xe (1-2) L GnA0n @)
u? 20
% = Cnu (X, Xrv) (1 - i)ZMM + %u;, (70)
Z::* = Cyi(X1, X7r) (1 - %) 273&M, (71)
P :él(XLaxTr>% (1 - zio)&’ (72)
on =Cy(X1, XTT)% (1 - i)ﬁ. (73)

In this case, it follows from Eq. (69) and (70) that the ratio of wu; and
kinetic energy becomes a function of X and X,

R —~(
Uy — U Cz'j<XL,XT7«)

— — F(X., Xr,). 74
g — uu’ Cu(Xr, Xrr) (Xe, Xrv) (74)

When the shift 2z’ is small compared to the w;u;, we obtain

~ F(X1, X)) (75)
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We now assume that relation (75) can be inverted, in such a manner that a
function of X and X, can be expressed by another function

Ci;(Xp, Xr,) = Cy ({WD : (76)

Uy

where the curly bracket denotes a dependence on the set of components of the
tensor Ugt,, /uwu;. Here, the indices, 7 and j, are added to the functions above
suggesting that the forms of those functions depend on those two indices. As
a result, Eq. (70) now reads:

uu o = Upll 2\ 2
T A ({ k m}) (1—_> + . (77)
uy uruy 20

Intriguingly, Stiperski et al. (2021) and Stiperski and Calaf (2023) suggested
a similar form for the turbulent stresses to Eq. (77) based on observational
fitting:

[\

2

iy =all)) (1+37)" (78)

where b;; is the anisotropy defined by

~
—

!/
U U

<

wl

!
Wy

Ansatz adopted by Stiperski et al. (2021) was that the Obukhov scale L
and the friction velocity u, are the characteristic scales to nondimenionalize
the similarity forms. This suggests that zg oc —L in Eq. (77). Their observa-
tional data analysis further suggests that it is sufficient to consider only the
dependence on the smallest eigenvalue A3 of the tensor, b;;, so that

u’? z\e

o=l (1+ 3Z> . (80)
rather than considering the full tensor of the form b;;. Analogous formulas
with the same coefficients were used for the transverse and vertical compo-
nents v'2 and w2

Stiperski and Calaf (2023) further considered a more general case with
a variable scaling coefficient, ¢ = ¢()\3), and found that the dependence on
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anisotropy is only present in the multiplicative term a(A3), while ¢ = const.
This is equivalent to assuming 2 — 2& + 4 = ¢ in Eq. (77). The dependence
on b;; in Eq. (78) is akin to the dependence on the ratio wu;/ww; in Eq.
(77). If we assume that @ is much larger than w, and v = 0, then equation
(77) can be rewritten as

A e O S 0 3 SO
_ _ _ 51

W upul + Ut wuy L+ == 1+ =%

The term, uu/uju;, is much larger than unity, hence to the leading order

—_ YU 1., 1., YU

U w,Us wu UU 1 wu

— L =2 5061 = (bjj + =6;; — 6:10;1) L4 61051
— j J J b b

Uy upuy Ul Ul 3 m

(82)

The above formula contains b;;, but also the ratio of turbulent to mean kinetic
energy m/ uu. We expect that this ratio decreases to zero when the flow
re-laminarises. Hence, uju)/ut can be understood as a correction for the
intermittency of the flow.

5. Data and methods

5.1. Measurement data

The MOSAIC expedition was conducted between October 2019 and Oc-
tober 2020 on the icebreaker RV Polarstern. The MOSAiC camp was estab-
lished on an ice floe in October 2019 and drifted 3400 km on a zigzagging
course in the Arctic, reaching 88°36’ North. A large set of measurement data
was collected during the expedition on the ice surrounding the ship by mon-
itoring stations, drifting as far as 50 km from Polarstern, research balloons,
drones, and helicopter flights. High frequency observations of wind velocity
and temperature at the sampling rates of 10 Hz were performed by ultrasonic
anemometers mounted on meteorological tower with sensors at 2, 6, and 10 m
above the initial snow/ice surface (Cummins et al., 2023). MOSAiC was the
longest ever expedition in the central Arctic, with the total of 442 scientific
and technical staff members, who traveled to RV Polarstern throughout the
year.

This study uses raw data for wind velocity and temperature from the
meteorological tower, available on open database (Cox et al., 2023). A period
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of 3 December 2019 to 12 December 2019 is selected: over this period, the
conditions rapidly changed from near-neutral to strongly stratified.

5.2. Methods

Time series of velocity and temperature fields were first post-processed
to remove standalone spikes and replaced them with a linear interpretation
of the two adjoining temporal measurements. Spikes were defined as mea-
surements that deviates from the local thirty-minutely average by the three
standard deviations. Data were analyzed with Matlab tools.

In estimating the turbulence statistics, the x direction is taken as that
of the mean flow, y as the transverse, and z as the vertical. In this coor-
dinate system, the longitudinal, horizontal-transverse and vertical velocity
components u, v, and w, were calculated.

In order to calculate eddy covariances, we used 1min window for detrend-
ing the data, as such time was estimated as optimal for stable BLs by Vickers
and Mahrt (2003) and by Stiperski and Calaf (2023). Next, the turbulent
fluxes were additionally averaged over 10-min window for a better conver-
gence of statistics.

For the estimation of the “total fluxes”, data were not detrended, however,
in order to reduce the effect of non-turbulent inertial oscillations on the
local Obukhov scale A, we used a high pass filter and removed low-frequency
oscillations of the vertical velocity, using the cut-off time scale of 1h. The
correlations ww, ww and ww were calculated using instantaneous variables,
with the averaging window of 1 min.

6. Results

Time series of velocity at levels z = 2 m and z = 6 m, buoyancy flux
as well as the turbulence kinetic energy at z = 2 m for selected 10 days
are presented in Fig. 1. Initially (up to ¢ &~ 70 h) winds are strong and
the conditions are close to neutral, but with a decaying tendency of the
turbulence. Winds become stronger again later at ¢ ~ 120h yet the BL
remains stably stratified.

We first investigate the similarity functions (63) and (64). The first one
suggests that the ratio of the “total fluxes” wb/ww might depend on height
even if the flow is stationary, while the latter predicts ww/ww ~ const un-
der the stationarity. Time series presented in Figs. 2 and 3 support these

18



N
o

u, [m/s]

(=]

N

'
N
T
1

1 Wb, [m?%/s3]

IS

, [m?/s?

/

!
Uy

50 100 150 200
time [h]

o

Figure 1: Time series of mean velocity u, mean buoyancy flux w’d’ and the turbulence
kinetic energy 2k = uju; at level z = 2m (black line) and at z = 6m (red line).

predictions. We selected 20h of measurements, ¢ € [105, 125]h, where condi-
tions changed from strongly nonstationary to stationary and zoomed 1 hour
t € [114,115]h. Time series measured at z = 2m and z = 6m were compared.
The ratio wb/ww presented in Fig. 2 changes with height even when the flow
is stationary. Is is negative close to the surface and changes sign to positive
at z = 6m. The ratio |[uw|/ww varies in time mostly for ¢ € [105,110]h, and
difference between time series measured at z = 2m and z = 6m is visible for
this period. The measured values at both heights become comparable later,
as predicted by Eq. (64).

Next, we will compare the two forms of the nondimensional function
®m, which follow from the symmetry theory. The similarity forms (48)-
(52) suggest that all the statistics generally depend on the same component
|z — 29|. By comparing Eq. (48) with the empirical formula (78), we conclude
zo < —L, such that

(1 _ 3)2_%” x (1+ 3%) = (1+36). (83)

)

Then, also other statistics will depend on (1 4 3¢), as follows from the in-
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Figure 2: Time series of wb/ww at level z = 2m (black line) and at z = 6m (red line).

variant forms (48)—(52), in particular Eq. (59) can also be rewritten as

Om < € (143¢)T F <£> , (84)

ww
where we have additionally assumed that A ~ L and z/A = £ relatively close
to the ground.

As pointed out by several authors (e.g. Kim, 1999; Hicks, 1978), when
om 1s plotted as a function of &, spurious self-correlations might appear due
to the common divisor u,, present in the definition of the Obukhov scale
(4) and in the definition of the non-dimensional gradient ¢,, in Eq. (6).
Klipp and Mahrt (2004) suspected that the scaling of ¢,, observed at strong
stratifications could result from the self-correlations.

In order to avoid self-correlations, instead of ¢,, we calculated the function
Gmdy" defined as

. Kz 0u \/ |uw| Kz 0u
mPy = a_ — = ) 85
i = () (VB) Sz

(cf. Babi¢ et al., 2016). With this definition, no common divisor exists in the
non-dimensional gradient and its variable £ = z/A.
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Figure 3: Time series of |uw|/ww at level z = 2m (black line) and at z = 6m (red line).

Figs. 4-6 compare the MOSAiC data for the period 3—12 December 2019
with the theoretical predictions at three levels, z = 2m, 2 = 6m and z = 10m,
respectively. The black line in Figs. 4-6 represents the log-linear predic-
tion ¢, = 1 + a&. We note that unlike in the conventional ABL stud-
ies, we do not use the Reynolds decomposition and the variables are non-
dimensionalized with the “total fluxes” instead of the eddy covariances, see
Eqgs. (59)-(61). Hence, the constants in the scaling laws might be different
than those used in MOST. In Figs. 4-6 the best fit was obtained for a = 20.
The alternative function ¢,,¢,, = 1+ b€ (1 + 3£)” (dashed line) is defined
by Eq. (84). The unity is added to account for neutral stratification. The
latter is plotted with b = 15 and ¥ = —1, where the non-zero 7 represents
the intermittency. Some data clearly deviate from the log-linear prediction
at large &, in agreements with analyses by other authors. This discrepancy
is attributed to the |[uw|/ww-dependence of ¢, with the largest deviations
from the similarity curves associated with small |zw|/ww, as shown by colors
in Figs. 4a—6a: for a better collapse of the data, this dependence must be
taken into account. The corresponding results for ¢, are inconclusive due to
large measurement uncertainties, especially at low stratifications. Therefore,
the analysis of ¢y, is left for future work.
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We next investigated formula (65), interpreting ¢ — ¢y as the averaging
window 7T’

bm X E(1+36)TF (%T) : (86)

We used a constant averaging window 7' = 1 min. The results are presented
in Figs. 4b-6b. The results are scattered, however this scatter could be
reduced by specifying £ in Eq. (86).

In order to find averaging window, which satisfies the condition (|wb|/ww)T ~
O(1), we plotted time series of the period 7T}, defined as

ww

T::
" Jwb

(87)

in Fig. 7 and compared it to the Brunt-Viisili period Ty = 1/N = (9b/02) L.
The local gradient Richardson number is plotted also in parallel in Fig. 7.
The time scale T is of the order 100s for small Richardson numbers. However,
as Ri increases, Tj, becomes considerably smaller, and becomes comparable
to, or smaller than the Brunt-Vaiséla period Thy.

This suggests that smaller averaging windows are more preferable with as-
sociated high-frequency buoyancy variabilities, and the condition of (|wb|/@ww)T" ~
O(1) could be used, either to set the averaging window for the data under
study or to dynamically change T'.

7. Conclusions

In this study, we investigated the similarity functions derived from the
equation system for turbulence statistics. The invariant forms (45)—(52) have
been derived from the symmetries of the Navier-Stokes equations. This pro-
cedure has identified a new set of independent variables. One of them, X,
depends on time and height z, and the other two, X and X,, depend on spa-
tial constraints. Furthermore, the two limiting cases have been considered:
the nonstationary, horizontally homogeneous flow, in which the statistics
depend only on X; and z, and the stationary flow with horizontal inhomo-
geneities, in which the statistics depend on X, X7, and z.

Analyzing the invariant forms, the dependence on X; has been replaced
by that on the ratio of fluxes |uw|/ww, or alternatively on the nondimen-
sional time |wb|/wwT, in which we interpret T" as the averaging time. The
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Figure 4: Similarity function ¢,, as a function of £ for 1 min averaging window at z = 2m.
MOST predictions ¢,, = 1 + a§ are denoted by black solid line, formula ¢, = 1 +
bé (1 + 3¢)” which follows from Eq. (86) is presented as a black dashed line: color coded
by a) the ratio [ww|/ww and b) T|wb|/ww.

obtained similarity functions suggest that |zw|/ww remains constant with
height in stationary flows, while |wb|/@w can change with height, even un-
der stationarity.

Our analysis of the MOSAIC data support these predictions. The data
analysis especially suggests that the condition T'|wb|/ww ~ O(1) is required
as a proper averaging time. Alternatively, the averaging time must be
changed dynamically with time. Scatters of dependencies of ¢,, on both
|ww| /ww or (Jwb|/ww)T could be reduced by choosing an optimal averaging
time.

Analyses of horizontal transports are left for future work. We expect
that the “total fluxes” wv and vw are related to the horizontal gradients of
velocity through the gradient diffusion hypothesis. We also plan to verify the
derived formulas against larger sets of data, including those from different
measurement sites.
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