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Nuisance parameters and elliptically symmetric
distributions: a geometric approach to parametric
and semiparametric efficiency

Stefano Fortunati, Jean-Pierre Delmas Senior Member, IEEE, and Esa Ollila Senior Member, IEEE.

Abstract

Elliptically symmetric distributions are a classic example of a semiparametric model where the location vector and the scatter
matrix (or a parameterization of them) are the two finite-dimensional parameters of interest, while the density generator represents
an infinite-dimensional nuisance term. This basic representation of the elliptic model can be made more accurate, rich, and flexible
by considering additional finite-dimensional nuisance parameters. Our aim is therefore to investigate the deep and counter-intuitive
links between statistical efficiency in estimating the parameters of interest in the presence of both finite and infinite-dimensional
nuisance parameters. Previous seminal works have addressed this problem by leveraging a general result: if the statistical model
has a specific group invariance, then the projection operator onto the semiparametric nuisance tangent space can be asymptotically
expressed as a conditional expectation with respect to the maximal invariant sub-o algebra. In this article, we show that, for
the statistical model of elliptical distributions, the projection operator can be explicitly computed without relying on the above-
mentioned asymptotic approximation. This allows us to obtain original results also for the case in which the location vector and
the scatter matrix are parameterized by a finite-dimensional vector that can be partitioned in two sub-vectors: one containing the
parameters of interest and the other containing the nuisance parameters. As an example, we illustrate how the obtained results can
be applied to the well-known “low-rank” parameterization. Furthermore, while the theoretical analysis will be developed for Real
Elliptically Symmetric (RES) distributions, we show how to extend our results to the case of Circular and Non-Circular Complex
Elliptically Symmetric (C-CES and NC-CES) distributions.

Index Terms

Semiparametric models, elliptically symmetric distributions, nuisance parameters, shape matrix, scatter matrix, efficiency,
Fisher information matrix, asymptotic information bound.

I. INTRODUCTION

semiparametric model is a statistical model that involves not only a finite-dimensional parameter vector of interest

0 € © C RY but also an infinite-dimensional parameter, i.e. a function g, that often represents a nuisance parameter. This
characterization is general enough to include many well-known examples: the symmetric location model, linear and logistic
regression, errors in variables models, missing data and censoring models, copula models and even times series models such
as ARMA or ARCH models. We refer the reader to [1, Sect. 4] and [2] for a discussion of how the semiparametric formalism
applies to the above-mentioned examples. The clear advantage of adopting a semiparametric model is in the potential gain in
term of robustness with respect to some missing knowledge about the random experiment at hand that are indeed required when
we use a parametric model. On the other hand, the fact that the function g is left fully unspecified may lead to some efficiency
losses in the estimation of the parameter vector of interest @ € © C R? in respect of the parametric case. Nevertheless, there
are cases in which parametric and semi-parametric efficiency coincide. In other words, in these specific cases, we can gain
robustness without losing efficiency. This property of the statistical model is known as adaptivity [1]-[3].

In this work, we will analyze the parametric and the semiparametric efficiency for the estimation of the parameter vector
of interest when the considered semiparametric model contains nuisance parameters of both finite and infinite dimension.
Specifically, we will focus on the statistical model of the elliptically symmetric distributions.

Elliptically symmetric distributions have established themselves as a statistical model capable of capturing the heterogeneous
nature of data in a wide range of applications: from remote sensing and communication to seismology and finance (see e.g. [4]—
[8] for a complete list of references and examples). As for a Gaussian distribution, an elliptical distribution has the advantage
of being fully characterized by the location vector @ and the covariance/scatter matrix 3, while its flexibility with respect to
(w.r.t.) the latter is provided by the density generator, i.e. a function g, that is able to characterizes the heavy or light-tailed
behavior of the data. To this end, the density generator g may depend on additional parameters that control the “level of the
tails” of the resulting distribution. Among the most popular and widely-used elliptical distributions, we may cite the Student
t-distribution (characterized by the, so called, degree of freedom v) and the Generalized Gaussian distribution (characterized
by the scale and shape parameters) [9].
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Inference in elliptical distributions generally requires the estimation of g and X as main parameters of interest in the
eventual presence of additional nuisance terms. For clarity, we recall that a nuisance term is an unknown parameter whose
estimation is not strictly required but which can affect the performance of the estimator of the parameter of interest, i.e. the
efficiency, of the parameters of interest.

To formalize this inference problem, we need to specify the statistical model we are considering. Three options, ranging
from the most to the least restrictive, can be considered:

M1 Parametric modeling with fully specified density generator g. This is the least general case in which a full knowledge
(i.e. both its functional form and its parameters) of the specific density generator g is assumed to be a-priori known. To
fix the idea, in order to derive estimation procedure for p and 3, a practitioner may assume to know a-priori that the
data follow a t-distribution with an a-priori known degree of freedom v. This full knowledge of the density generator is
not realistic in practice and need to be relaxed.

M2 Parametric modeling with specified density generator g up to its parameters. This is the classical approach in parametric
elliptical inference and most of the literature deals with this case. Returning once again to the example of the ¢-distribution,
in this case a practitioner may suppose a-priori that the data generating process is a t-distribution characterized by the
unknown degree of freedom v. Consequently, unlike in M1, the parameters of interest ;o and 3 need to be estimated
together with the nuisance term v. In general this lack of knowledge on the true value of v may lead to a performance
degradation, i.e. efficiency losses, in the estimation of p and 3. Even if more flexible w.r.t. the previous modeling approach,
the requirement of the a-priori knowledge of the functional form of the density generator g may be questionable. This
leads to the semiparametric modeling.

M3 Semiparametric modeling where the functional form of the density generator g is left unspecified. This is the most realistic
case in which the practitioner only supposes that the data are elliptically distributed, without assuming any specific density
generator g, while estimating the parameters of interest ;o and 3. As a consequence, the density generator has to be
considered as an infinite-dimensional nuisance term. Intuitively, one might expect efficiency losses in this case to be
greater than those incurred in M2. After all, in model M3, it is the entire functional form of ¢ that is unknown, not just
the value of its characterizing parameters.

As this discussion suggests, it would be useful to carefully analyze the efficiency losses in the estimation of the parameters
of interest when moving from the more to the less stringent modeling. In particular, the following question may arise: is it
possible to relax unrealistic assumptions on the adopted statistical model (for example, moving from M2 to M3, or even from
M1 to M3) without losing efficiency?

As showed by Hallin and Paindaveine in two seminal papers [10], [11], the answer may be surprising and counter-intuitive.
They proved that a decisive role is played by the additional finite-dimensional nuisance parameters that are involved, in an
implicit or explicit manner, in the semiparametric modeling of elliptical distributions. Specifically, in their works, Hallin and
Paidaveine built upon a general result, proposed in [2, Prop. 2.6], to bring to light the fundamental role of a finite-dimensional
nuisance parameter hidden in the semiparametric elliptic model: the scale parameter. In short, it is well-known that, in an
elliptical model, the scatter matrix 3 and the density generator g are not jointly identifiable due to a scale ambiguity. In
order to remove this ambiguity, 3 must be rewritten as the product of a scale parameter s = S(X) and of a shape matrix
Vs £ X/S5(X), where S(-) is a given homogeneous functional of order one. In the resulting inference problem, g and Vg are
to be considered as parameters of interest, while s and g are finite and infinite-dimensional nuisance parameters, respectively.
Then, in [10], [11], it has been shown that, if the scale parameter s is considered as a nuisance term, then: i) not knowing the
functional form of g does not lead to any efficiency loss on the estimation of g and Vg w.r.t. the case in which g is a-priori
known (so-called restricted adaptivity [10]), and ii) if a determinant-based scale function S(-) is adopted, then not knowing
g and s does not lead to efficiency losses on p and Vg w.r.t. the case in which both g and s are perfectly known (the full
adaptivity property).

Inspired by this surprising result, in the first part of this paper, we focus on the three models M1, M2 and M3 discussed
above. Specifically, our goal here is to recover the adaptivity conditions found in [10], [11], but using a more direct approach.
In fact, the approach proposed in [10], [11] is to derive this condition of adaptivity from a more general result proposed in
[2, Prop. 2.6]. Without going into detail, this general result shows that, for certain models, the projection operator can be
asymptotically approximated as a conditional expectation with respect to the maximal invariant (with respect to the group
that generates the statistical model) sub-o algebra. In particular, the generating group of the RES distribution, along with its
maximal invariant statistics, has been introduced and discussed in [12]. In contrast, in this article we show how to derive, for
the elliptical model, this projection operator can be derived directly without resorting to its asymptotic approximation.

To make this work as self-contained as possible, in Sect. II we present the geometrical tools (i.e. projections and tangent
spaces) that will be at the core of our analysis of the semiparametric elliptical model. Moreover, two fundamental lemmas
are provided and their proofs detailed in the Appendix. We move then to Sect. III where, after briefly recalling of the main
definitions and properties of the Real Elliptically Symmetric (RES) distributions, we provide an extensive discussion of score
vectors and related Fisher Information Matrix (FIM) for the parametric RES model. In doing this, we will make use of some
fundamental outcomes obtained in [10], [11] for the inference of the location @ and the shape Vg in the presence of the
nuisance scale parameter s. In Sect. IV the geometrical tools introduced in Sect. II will be specified for the semiparametric RES
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elliptical models under considerations, while the main results of the first part of the paper are collected in Sect. V, in particular
in Proposition V.2, where the closed-form expressions of parametric and semiparametric FIM and the related information
bounds for the models in M1, M2 and M3. Proposition V.2 plays a crucial role in formalizing and fully understanding the
relationship between the (lack of) efficiency losses and the finite and infinite-dimensional nuisance terms involved in the
considered elliptical parametric and semiparametric models.

The second and last part of our paper, basically concentrated in Sect. VI, deals with parametrized elliptical distributions.
In particular, we suppose that the location vector p(0) and the covariance/scatter matrix 3(0) are parameterized by a finite
dimensional vector 8 = (47, &7)T, where the sub-vector  contains the parameters of interest, while & collects the finite-
dimensional nuisance terms. We aim then to investigate the efficiency losses on the following two scenarios:

El Parametric modeling: estimation of v in the presence of the finite-dimensional nuisance & with fully specified density
generator g. Again, this is the classical parametric context adopted in the vast majority of the applications. Nevertheless,
as said before, the assumption of a perfect a-priori knowledge of the density generator g may be unrealistic in practice.

E2 Semiparametric modeling: estimation of = in the presence of the finite-dimensional nuisance & and the infinite-dimensional
nuisance g. This is the more realistic case in which we only need to assume that the data generating process follows an
elliptical distribution while its density generator is considered as an infinite-dimensional unknown term.

So we ask ourselves the same question as before: is it possible to relax the parametric assumption, moving from EI to E2,
without losing efficiency? The answer to this question depends on the parameterization 6 — (u(60),3(8)) at hand. Proposition
VI.1, which represents the main result of Sect. VI, provides an adaptivity condition that allows one to determine whether
the given parameterization leads to efficiency losses or not. As an example, this condition will be applied to two cases of
practical importance: i) the parameterization (y7, &%) — (u(v), X(€)), i.e. when the location and the scatter matrix have no
parameters in common and the ii) “low-rank” parameterization. Then, Sect. VII generalizes all the results previously obtained
in the context of RES distributions to the case of Circular Complex Elliptically Symmetric (C-CES) and Non Circular CES
(NC-CES) distributions. Finally Sect. VIII concludes the paper and the technical proofs are reported in the Appendix.

Notation: Italics indicates scalar quantities (a), lower case and upper case boldface indicate column vectors (a) and matrices
(A). The superscripts T', %, H and # indicate the transpose, the complex conjugate, the Hermitian and the Moore-Penrose
inverse operators such that A=7 2 (A~HT = (AT)=}, A= &2 (A1) = (AL, A~ 7 &2 (A~HH = (AH)~! and
A#T & (A#)T = (AT)#. Moreover, A~/2 £ (A=1)1/2 denotes any square root of the inverse of the symmetric positive
definite matrix A. Each entry of a vector a and of a matrix A is indicated as a; = [a]; and a;; = [A],;, respectively.
The symbol vec indicates the standard vectorization operator that maps column-wise the entry of an m x m matrix A in an
m?-dimensional column vector vec(A). The Hadamard product B ® C is the matrix whose (i, )-th element is [B];;[C];;.
The Kronecker product B ® C denotes the block matrix whose (7,j) block element is b;;C, and the commutation matrix
K,, is such that vec(AT) = K,,vec(A). The operator vec(A) defines the m? — 1-dimensional vector obtained from vec(A)
by deleting its first element, i.e. vec(A) = [a11,vec(A)T]T. For any m x m symmetric matrix A, vecs(A) indicates the
m(m + 1)/2-dimensional vector of the entries of the lower triangular part of A. The duplication matrix D, is implicitly
defined as the unique m? x m(m + 1)/2 matrix satisfying D,,vecs(A) = vec(A) for any symmetric matrix A [13], [14].
Let us now implicitly define the operator vecs(-) as vecs(A) £ [a11,vecs(A)T]T. The identity matrix of dimension m is
indicated as I,, and e;; indicates the kth vector of the canonical basis of R!. Moreover, let I, be the operator such that
vecs(A) = I, vecs(A) that can be obtained from I,,(;,41)/2 by removing its first row.

Let A(6) be a matrix (or possibly a vector or even a scalar) function of the real vector @ € © C RY, then Ag 2 A(6,)
while A? £ ago(ie) |o=e,, where Oy is a particular (or true) value of 6 € O. Similarly, the gradient of a function f(6) evaluated
at By, i.e. Vo f(0)|o=,, will be indicated as Vg f(6p).

Let (X,B(X), Py) be a probability space where the sample space X is a subset of R™, $B(X) is the Borel o-algebra on X
and P, is a probability measure. Moreover, Py is assumed to be absolutely continuous with probability density function (pdf),
associated to the Lebesgue measure on R™, given by dPy(x) = po(x)dx. Let f : X — R be an B(X)-measurable function,
then Eo{f} £ [ f(x)dP,(x) indicates its expectation w.r.t. P. For random variables or vectors, =, stands for “has the same
distribution as”.

Let us now introduce the Hilbert space (#, (-,-),,) as the (infinite-dimensional) linear space of the B(X’)-measurable scalar
functions with zero-mean and finite variance:

H 2 {h € Ly(P)|Eo{h} =0} = {h: X = R|Eo{h} = 0, Eg{h*} < +o0}, (1)

endowed with the canonical inner product
<h1, h2>7—l £ Eo{hlhg} = / hl(X)hg(X)dpo(X), Vhl, ho € H. 2)
X

We note that the norm associated to the inner product in (2) is ||h||zx = \/Eo{h?} that is the standard deviation of h € H.
Let us now introduce the g-replicating Hilbert space H, = H x --- x H as the linear space of the B(X)-measurable,
g-variate functions h : X — RY. This set can clearly be obtained as ¢ Cartesian products of H in (1) and this explain the
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name of g-replicating space.

Remark: It is worth noticing that the g-replicating space H, has been introduced only to simplify some notation and to
improve the readability of some result proposed in the following sections. However, it does not introduce any additional
geometrical structure since it is just composed of ¢ copies of (#, (-, -),,). In particular, when we work on (subspaces of) H,
instead of H,, all the operators, such as expectations and projections, has to be interpreted component-wise (see e.g. [15, Sect.
2.4, Remark 2] or [1, Sect. 2.4]) as is proved in Lemma A.l1 and Theorem A.l reported in Appendix A.l. Specifically, for
each h = (hy,...,hy)T € H, st. by € H and uw € U C H, we have:

[T(h[i)]; = T([][U) = T(h|U), 3)
[Eo{hu}]; £ Eo{[h]iu} = (hi,u)y, , 4

fort=1,...,q.

II. MODELS, SCORE VECTORS AND TANGENT SPACES

A semiparametric model is a set of probability density functions (pdf) parameterized by a finite dimensional vector of
interest and by an infinite-dimensional parameter, i.e. a function, that generally plays the role of a nuisance term. The study
of the estimation efficiency in semiparametric models, along with the derivation of the relevant information bounds, is a well-
established topic in the statistical literature (see e.g. [1], [15], [16] and the reference therein). We refer the reader to [17], [18]
for a tutorial introduction on this subject. In this work, we focus on the case in which the considered semiparametric model
involves an additional finite-dimensional nuisance vector, along with the infinite-dimensional nuisance term. More formally,
let us consider the general semiparametric model:

P={px(x|7,§,9):vel, ¥, gecq}, (5)

where I' C R? is the set of the (finite-dimensional) parameter vectors -y of interests, ¥ C R" is the set of (finite-dimensional)
nuisance parameter vectors & and G is the set of the (infinite-dimensional) nuisance functions g. We indicate as vy € T,
€ € VU and gy € G the true, but unknown, related quantities and with Ey{f} £ [ F(x)dPx (x]70, &0, go) the expectation of
a B(X)-measurable function f w.r.t. the true distribution Py(x) = Px (x|v0, €0, 90)-

By using a self-explanatory notation, we now introduce three parametric sub-models of P as:

P1 = {px(x[v,&0,90) : v €T}, (6)
P2 = {px(x[v0,& 90) : £ € ¥}, (7
Pi2={px(x|v,& 90) 1y €L, € € ¥}, ®)
along with the non-parametric model
Ps = {px (x|70,€0,9) : 9 €G}. )
Let us define the score vector s, in P; as:

[Sv0); 2 [840 (%)]; = I px (x|, €0, 90) /il =y (10)
for i = 1,...,q, that represents the score vector of the parameters of interest. Similarly, the score vector s¢, of the finite-
dimensional nuisance parameters & in Ps is given by:

[Sﬁo]_j 2 [Sﬁo(x)]j = OInpx (x|70,€,90) /0] ¢—¢, - Y
for j = 1,...,7. Under the regularity conditions discussed in [19, Sects. 6.2, 6.3], it is immediate to verify that [s.,];, [s¢,]; € H,

Vi, j, i.e. they have zero-mean and finite variance.
We can now introduce the (finite-dimensional) tangent space of the parametric sub-models P, as the linear span of s¢, in
H [15, Sect. 2.3], [18, eq. (5.24)]:
H DT> £ Span{[sgy)1,-- -, [Seor }- (12)

Finally, the nuisance tangent space 73 C H of the non-parametric model Pj is defined as in [1, Sect. 3.2, Def. 2], [15, Sect.
4.4]. Note that, by construction, 75 and 73 are finite- and infinite-dimensional closed subspaces of H.

According to the previous definition, let us define the efficient score vector t~, for the vector ~y, of the parameter of interest
in the parametric sub-model P; 2 in (8) as [15, Sect. 3.4], [1, Sect. 2.4] and [18, Def. 4]:

1_;'70 2 Syo — H(S"/0|7-2)5 13)

where the projection II(s.,|72) is to be interpreted component-wise as indicated in (3). Since 75 is a finite-dimensional subspace
of H, the projection operator II(-|73) can be derived in closed form as [18, eq. (5.7)] [15, Sect. 2.4, Ex. 1]:

(h|T2) = Eo{hs{, g, se,, h € H, (14)
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where:
I, = Eo{se,s¢, ) (15)

is the Fisher Information Matrix (FIM) for &; in the parametric sub-model P2 in (7). Then, we have that t~, can be explicitly
expressed as:
tyy = Syp — E(){s,\,osg0 }Igﬂlsgo =Sy, — I"/oEoIg_Olsﬁoa (16)
where
Lyse, 2 EO{S"/osgo} (17)

is the matrix of the cross-information terms in the parametric sub-model P 5 in (8).
Using the same geometrical approach, the semiparametric efficient score vector s, for 4, in the semiparametric model P
in (5) is given by [1, Sect. 3.4, eq. (18)]:
Syo = Sy — (84, [T2 + T), (18)

where:
HOT+Ts={hecHh=0+1l,0€ T2l €T3}, (19)

and since 75 is a (closed) finite-dimensional subspace and 73 is closed, then 75+ 73 is closed. In general, since 75+ 73 is infinite-
dimensional, a closed form for the projection operator II(-|72 4+ 73) does not exist. Fortunately, some further manipulation is
still possible. In fact, let us first recall that, for two orthogonal closed subspaces A and B of H we have the following property:

TI(h|A + B) = TI(h|A) + TI(h|B), Vh € H. (20)

Moreover, it can be noted that 73+ 73 can be expressed as the direct sum of the two orthogonal subpsaces 73 and ((72 + T3) N 7}).
Then, from (20), we immediately have that:

S+o 2 Syo — H(S%|T2 + 75)
= Sy, — (35| T2) — (s, [ (T2 + T5) N T5)
= E"/0 _H(EVO|(7-2+71-3)07—2L)7 2y

where the last equality comes from (13) and from the fact that 75 D (s, |72) L (T2 + T3) N T3+
The relation (21) between the efficient score vectors S, and t-, is the key tool to compare the efficient Semiparametric
FIM (SFIM)

L(v0l€0, 90) = Eo {84,585, } (22)

for the parameter of interest 7, in the presence of both the finite- and infinite-dimensional nuisance parameters &y and gy with
the efficient FIM

I(v0lé0) £ Eo {t+t5, } (23)

for v in the presence of only the finite-dimensional nuisance &, while go is known. Specifically, for this comparison, we
will make use of the following lemma, stated without proof in [1, Sect. 3.4, Prop. 3], for which we provide a full proof in the
Appendix A.2 of this paper.

Lemma IL.1. The efficient SFIM 1(~o|€o, go) and the efficient FIM 1(~o|&o) for o in the presence of respectively, the finite-
and infinite-dimensional nuisance terms &y and gy, and only the finite-dimensional nuisance term &g, are connected through
the relation:

I(vo0/€0, 90) = I(v0l€) — Eo {pP” } . (24)

where B
pEIl (8, |(T2+T3)NT5H). (25)

It is worth noticing that the matrix I(~o|&o) is the efficient FIM for -, in the presence of the finite-dimensional nuisance
vector & in the parametric sub-model P; 2 in (8). Consequently the Cramér-Rao bound (CRB) for « in the presence of &g
is given by:

CRB(v0|&0) = I(vo|&0) " = |:I‘Yo - 1‘705015_0115050] ) (26)

where:
L, £ Eo{sy,s }, 27

is the FIM for g in the parametric sub-model P; in (6). It is immediate to recognize in (26) the well-known expression of
the CRB for parametric estimation in the presence of a finite-dimensional nuisance vector.

Moreover, we note that this lemma implies that I(~o|€o, go) < I(40|€o). This means that the information about the parameter
~o is reduced or remains the same in the presence of the infinite-dimensional nuisance function gg. It is clear from Lemma
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IL.1 that there is no loss of information iff p = 0. The following lemma (also stated without proof, in [1, Sect. 3.4, Prop. 3])
and proven in the Appendix A.3 of this work, specifies the condition under which the presence of the nuisance function gg
will not bring any loss of information.

Lemma IL.2. The efficient SFIM 1(~o|€o, go) for the model P in (5) is equal to the parametric efficient FIM 1(~yo|&o) in P1 2,
i.e. p = 0 if and only if (iff) the following condition is satisfied

Sy — [1(5.,[75) 2 £, L 7. (28)

In Sect. IV and in particular in Sect. VI, we will make extensive use of this framework and of Lemma IL.2 to bring to light
the sometimes surprising and counter-intuitive relationships between parametric and semiparametric efficiency in the family of
elliptical distributions.

ITI. A SHORT INTRODUCTION TO THE RES DISTRIBUTIONS

In this section, we briefly recall the definition and the main properties of the RES distributions distributions. Many different,
yet equivalent, representation of the RES family can be found in the literature [9]-[11], [20], [21]. Here, we adopt the approach
and the notation introduced in [9]. Moreover, in the following, we will consider only the absolutely continuous case, i.e. we
suppose that each distribution admits a density w.r.t. the Lebesgue measure on R". Before moving on, we would like to
underline that some of the outcomes discussed in the following sections have already been presented in [10], [11] by using a
“semiparametric generalization” of the Le Cam theory on Local Asymptotically Normal (LAN) families of distributions [22],
[23, Ch.6]. Our main goal here is to recast the problem of the statistical inference in RES distributions in the framework of
the Hilbert spaces and present a systematic analysis based on purely geometrical concepts, such as those used in Lemmas II.1
and IL.2.

A. Essentials on RES distributions

A real-valued, random observation vector x € X C R™ is said to be elliptically symmetric distributed if its probability
density function (pdf) can be expressed (in the absolutely continuous case) as:

px (x|, 2, 9) = |27 (x — ) 2 (x—p)), (29)

where 1 € R™ is a location vector, ¥ € S is an m x m, positive definite, scatter matrix in the set S& of the symmetric
real matrices. ' The density generator g € G is a function belonging to a set G such that:

G= {g RY 5 RY |5, 2 / 2 L g(t)dt = 7~ "?T (m)2) } (30)
0

where the value of d,, is such that (29) is a proper density that integrates to 1. In the following, the notation x ~ RES,,(u, %, g)
indicates that a random vector x € X has the density given in (29).
A fundamental result for RES distributed vectors is the Stochastic Representation Theorem. Specifically, if x ~ RES,,(p, 3, g)
then it can be expressed as:
X =q p +VOX?u, (31)

where the random vector u ~ U(Sg'~') is uniformly distributed on the unit sphere Sp'~" £ {u € R™|||u|| = 1} and
consequently satisfies £{u} = 0 and E{uu”} = m~'1,,. The positive random variable Q, called 2nd-order modular variate,
is such that (s.t.)

Q=4 Quz(®) = (x—p)'S  (x—p), xeX (32)
and it is independent of u ~ U (Sﬁ’yfl). Moreover, Q has pdf given by:
pala) = 8,'a"*g(q). (33)

It is immediate to verify that the definition of elliptical density suffers from a lack of indentifiability for the couple (3, g).
Specifically, we can easily note that RES,, (i, 2, g(t)) = RES,, (i, ¢™?%, g(ct)), Ve > 0. To avoid this ambiguity, we may
decide to put a constraint on the “functional form” of the density generator g. In particular, we force the density generator to
belong to the following set:

o0
G = {geg‘é;l/ q7”/2g(q)dq:E{Q}:m}. (34)
0
Note that, from the stochastic representation (31), the properties of u ~ U (Sﬂg%l) and the fact that Q is independent of u,
the constraint F{Q} = m is equivalent to:
E{x—p)(x—p)T} = E{Q}Z?E{uu”}xT/2 = = (35)

'In this article we will limit ourselves to considering scatter, covariance and shape matrices as elements of the linear subspace of symmetric matrices and
not as elements of the manifold of positive definite matrices.
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i.e., the scatter matrix can be directly interpreted as the usual covariance matrix. It is important to highlight that, as shown in
[10], [11], it is possible to choose more general constraints that do not require the finiteness of any moment of the 2nd-order
modular variate Q, unlike the one in (34) used in this work.

Let us now introduce the matrix scale function:

S:SE R 36)
Y= S3X)=s
satisfying the following assumptions [10], [11]:
Al Homogeneity of order one: S(c-X) =c¢- S(X),Ve > 0,
A2 Differentiability over S& with g[si(;ﬁz # 0,
A3 S(I,) = 1.
Then we define the shape matrix Vg as:
Vs £3/5(8) € S5, (37)
where Sy, g is a (non-linear) differentiable manifold on dimension m(m 4 1)/2 — 1 such that:
Sps = {Vs €8,]8(Vs) =1} (38)

We note in passing that the most popular choices for the scale function S(-) are S(X) = [X]11, S(X) = tr(X)/m and
S(X) = |X[Y™. It is worth emphasizing that, under A1, A2 and A3, and as a direct consequence of the implicit function
theorem, the first top-left entry of Vg, i.e. [Vg]i1, can (locally at Vg) be expressed as function of the other entries. For
example, if we choose S(X) = [X]11, then [Vg]qy is trivially given by [Vg]i1 = 1. For S(X) = tr(X)/m, we have that
[Vslii = m — .1 ,[Vslii. Lastly, for S(£) = |Z[*/™ it can be easily shown that, using the Laplace’s expansion of the
determinant along the first row of Vg, [Vs];1 can be recovered as [Vg]; = C%l (1 =30 (1) [V g]1;Cy;) where Cyj
indicates the cofactor of [Vg];;.
As discussed in [10], the RES model can be parameterized in two different, yet equivalent, ways:

Prvg = {px(xl7.9) = [Vs| 72 ((x = 1) V5  (x — ) sy €T, € G, (39)

and
Py = {px(xln,g) = sV /2 (57 (x = ) V5! (x — ) im € 0,5 € G} (40)

where the finite-dimensional parameter of the first parameterization (39) makes use of the scatter matrix:
v 2 (" vees(Vs)™)T € ' C R™ x vees(S% o), @1)
while the one of the second parameterization (40) is based on the shape matrix and on the scale:
n 2 (u', vecs(Vs)T,s)T € ® CR™ x m(&'}iys) x R, (42)

In both parameterizations, the infinite-dimensional parameter is the density generator, specifically its unconstrained version
g € G in (39) and the constrained one g € G in (40). Moreover, for any scale function S, we have that and g(¢) and g(t) are
related by g(t) = s—™/2g(s~'t), t € R,

It is important to note that the two parameterizations in terms of vecs(Vg) are of interest for both practical and theoretical
reasons. From a practical standpoint, in many applications such as Principal Component Analysis (PCA), Canonical Correlation
Analysis (CCA) and subspace-based methods, only a scaled version of the covariance matrix, i.e. Vg, is of interest while
the scale term s can be treated as a nuisance parameter. Moreover, from a theoretical viewpoint, the parameterization in (40)
allows us to investigate the hidden and counter-intuitive relationships between the parametric and semiparametric efficiency on
the shape matrix Vg and the scale s.

B. Parametric and non-parametric sub-models of P~ 4 and Py 5

For further reference, we summarize below the parametric and non-parametric sub-models of the two RES-models in (39)
and (40) that will be extensively used in the rest of this paper. For the sake of clarity, we will indicate with a superscript u
the “unconstrained” sub-models, i.e. the ones involving an unconstrained density generator g € G, and with a superscript ¢ the
“constrained” sub-models, i.e. the ones involving a constrained g € G.

For the model P, ; in (40), we may identify three parametric sub-models as:

Py = {px(x|7.50,90) : ¥ €T}, (43)
P; = {pX<X|’YO’S’§0) 1S € R+} ) (44)
,P;,s = {px(X|"‘/, SagO) Y€ F7 s € R+} ) (45)
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and a non-parametric sub-model as: B
Ps = {px(x|70,50,9) : g€ G}. (46)

We may also define a parametric sub-model of P, 5 that is largely exploited in applications. In fact, since the constrained
density generator § € G is generally parameterized by a set of p parameters, say { € A C RP (for example the degrees of
freedom of the t-distribution or the shape parameter of the Generalized Gaussian distribution), one may assume that functional
form of g € G is known a-priori, up to its parameter vector ¢ € A. This leads to the definition of the following parametric
sub-model:

Pf/,s,c = {pX(X|'77 S, C) Y€ F7 s € R+a C € A} 47)

where px (x|, s, ¢) = s7™/2|Vg[71/2g¢ (s7H(x — p)TVg' (x — p)) where g € G and ¢ € A represents a second finite-
dimensional nuisance term.
For model P 4 in (39), we can identify the parametric sub-model

Py ={px(x[v,90) : v €T} (48)
and an unconstrained non-parametric sub-model as:
Py = {px(x|70,9) : g € G}. (49)

This framework will allow us to apply Lemmas II.1 and II.2 to reveal the counter-intuitive links (in terms of efficiency)
between the different RES sub-models. The first step, which enables us to analyze parametric and semiparametric efficiency
in the RES model, is the derivation of the score vectors of the finite-dimensional parameters, i.e. the location vector p € R™,
the shape matrix Vg € Sﬁlﬁ’ g (or of its vectorized version) and the scale s € RT.

H C
C. The score vectors Sy, Syecs(Vs,) and Ss, in PS¢

Calculating the score vectors Syecs(vs o) and s, is not an easy task because the differentiable manifold S}i, g in (38) is not
a linear subspace of the set of real matrices R™*™. On the contrary, since S&, is indeed a linear subspace of R™*™ the score
VECTOT Syecs(x,) fOr the scatter matrix X is easy to derive and well-known in the literature (see e.g. [18], [24]). Fortunately,
due to the differentability (under Al, A2 and A3) of Sﬁy g» there exists a diffeomorphism, say w, between (Vg,s) and X.
Let us first provide an explicit expression for such diffeomorphism. It is important to highlight that most of the calculations
that follow have already been derived in [10], [11]. In reporting them here, our aim is to provide a treatment consistent with
the notations used in this article. We believe this will greatly facilitate reading and understanding.

By recalling that ¥ = sV g, under Al, A2 and A3, we can move from the parameterization based on (u, Vg, s) to the one

based on (u,X) and vice versa by means of

w:® — QCR™ x vecs(S¥)

(50
n=(n", vees(Vs)",s)" = w(n) = (n", s [Vs]ir, s - vees(Vs)")",
whose Jacobian matrix J[w](no), evaluated at 1y € P, is given by:
L, 0 0 I 0
Swlim) = |0 50V Vsoht Msoln |2 (T ) D)
vecs ’ ’ 0 Jlw](vecs(Vso),s
0 soln(m+1)/2-1  vees(Vsy) [](xees(Vio). s0)

where sop = S(X) and Vg = Xy/so. Furthermore, the 2nd diagonal component in (51), as shown in [11, Sect. 4] and, by
using our notation in the Appendix A.5, of this work is given by
Viees(vs)S([Vslit, vees(V))
Vvecs(Vs)[VS 0]11 = -
- ’ aS([VshhVGCS(VS))/@[VS]ll

) (52)
Vs=Vso

where V yecs(v ) indicates the “constrained” gradient w.r.t. vecs(Vs) € vecs(Sy, ) and S([Vs]11, vecs(Vs)) denotes the scale
function applied to Vg reconstructed from [V g]11 and vecs(Vg). For further reference, let us recast J[w](vecs(Vg,0), so) as:

J[w](vees(Vs,0), 50) = [s0Kvs, vees(Vso)] (53)
where Kv/ is a block-matrix defined as:
Ky, 2 | Vv [Vsln ] (54)
s Lomtny2—1 ]’
T

evaluated at Vg . As an example, we show in Appendix A.6 that the term V
the three above-mentioned scale functions as:

¢ 0] (i1)ja for S(X) =[S,

Vecs(VS)[VS]ll can be explicitly obtained for
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vec(Lyn)” D1,
. i(wiéan? gt for S(X) = tr(X)/m.

w 1/m
(rec(V Do for S(X) = |Z|1/™.

The derivation of the gradient J[w]() in (51) can be also found in [10], [11] as function of the matrix M;’S which can
be linked to our results through the relation: v
Mg ™" =Ky, D/ (55)

Due to the crucial importance of this matrix in the subsequent sections, we collect in the Appendix A.7 both its known
properties (from [10], [11]) and some new ones, which will be extensively used in the reminder of the paper.

Let us now introduce the score vectors s, and S,c.5(s,)- By applying the rules of the differential matrix calculus detailed
in [25, Ch. 8], the Kronecker product and the vec operator [25, Ch. 3], and the stochastic representation theorem (31), we get
the following expressions of the scores ( [24, eqs. (34) and (37)], [18, Sec. 5.3.2.1]):

) =1 V350(Q)Z, (56)
Svecs(Eo) =d 2_1D%[2 1/2 & E /2 ]VGC(QQOO(Q) T Im)? (57)
where, following the notation adopted in [9], we defined: 2
_ —2 dgo(t)
t) £ . 58
Polt) Go(t) dt %)

By using the diffeomorphism in (50) and its Jacobian in (51), the score vector for ng = (v¢',s0)7 € ® in P, 5 in (40) can
be obtained as:
Sny = ( Sto T ) .
[J[w](vecs(Vs0),50)]" Svees(zo)
From the block-diagonal structure J[w](no) in (51), we immediately have that the score vector s,,, for the location p is
equal to (56). Moreover, from the block structure of J[w](vecs(Vis,), s0), by the definition of the matrix My *° in (55), and
by using the fact that:

(59)

vecs(Vis,0) DI [V /> @ V% ]vec(A) = tr(A) (60)
for any m x m symmetric matrix A, we have that:
Svecs(Vso) =4 27 "My “°[V/? @ V5 *lvec(Qpo(QuuT — 1I,,) 61)
and
Sso =d (250) 7' (QP0(Q) — m). (62)

We note in passing that the expression of Syees(vs,) in (61) was already derived in [11, eq. (5)] whereas the expression for
Ss, is new. Now that we have the explicit expression for the score vector s, in the model P, ; we can easily evaluate the
related FIM L, = Eo{sn, Sz;o}. Before computing FIM, we define two functionals of the true density generator go:

E{Q*¢5(Q)}
— A 0
A 63
a(gﬂ) m(m+2) ) ( )
_ E{Qp3(2
(an) 2 LA (64)
m
In the rest of this work, we will always assume that the density generator g is a C''-function satisfying the regularity condition
I g g(t)/dt)?t™/?T1dt < oo. This guarantees that a(go) and 3(go) are both finite. It is important to note that this

condmon corresponds to the Assumption [10, Assum. 2.2] which gives sufficient conditions to assure that the elliptical
distributions are a locally asymptotically normal (LAN) family.

Then, from standard calculations and by using the independence between Q and u (along with the properties of u), the
FIM for 1y € ® is given by:

L, I . Two Lo vees(Vso)  Luosso
Iy, = ( ITA’O }0780 ) - Illo,vecs(Vs,o) IL}CS(VS,O) Ii‘/eCS(VS,O)»SO ) (65)
,5 s T T
Y080 0 II‘I‘U7SO IVeCS(Vs,0)750 IS()

>To avoid confusion, it is important to note that the function @o(t) is linked to the equivalent function 1) (t) used in [24], [26] by the constant —2:

Po(t) = —2¢0(t).
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where 3
L, £ Eo{suosp, } = B(G0)[s0Vsol ™", (66)
L vees(Vs.o) = EO{S/J'OS@(VS,())} =0, (67)
IHo,So £ EO{SHOSSO} =0, (68)

Iw(vs,o) = EO{S@(VS,U)S@(VS,O)} =

= MY 2a(g0) (V5h © Vih) + (a(g0) — Dvee(Vh)vec” (Vg h)] MY )" )
—avs 9o S,0 5,0 a{go vec( Vg o)vec S,0 s )
m(m + 2)a(gg) — m2
iy & Fol(s,,)?) = M Dlg0) 2, a0)
50
m—+2)a(go) —m _
Lices(Vs.0)us0 = Eo{Svees(Vs 0)8s0} = ( )o(G0) My ““vec(Vg}). (71

480

We note that these expressions coincide with those already given in [11, egs. (6) and (7)].

: U
D. The score vectors Spu,, Syecs(Vs,o) N Py

Since this sub-model involves an unconstrained go € G, we need to define an “unconstrained” version of the function @ (t)
in (58) as:

wo(t) = s @olsg'1)- (72)

Consequently, from (32) and from the definition of the shape matrix in (37), it is immediate to verify that the score vectors

Spo and Syees(vs,) In P5 are equal in distribution to the ones already derived in PJ ; whose expressions are given in (56)
and (61). Moreover, we have that:

a(go) = a(do),  Blgo) = 55 ' B(do)- (73)

IV. THE GEOMETRY OF P’Yag AND Pn,g AND SOME RESULTS ON PARAMETRIC AND SEMIPARAMETRIC INFORMATION
MATRICES

We now state the key result that allows us to study the impact of finite and infinite dimensional nuisance parameters on the
semiparametric efficiency in P, 4 and Py, 5 for the parameter vector of interest vy = (ud', vees(Vs0)T)T. To this end, we
have the following tools at our disposal:

1) The score vector of o in PJ ; and PJ

S

S~y = (SZO’ S@(Vs,o))T’ 74)

where s, and Syecs(vs o) are given in (56) and (61), respectively. Moreover, we recall here that [Syo)i € H.
2) The (one-dimensional) nuisance tangent space 7, of the parametric sub-model P¢ in (44) at sq

Tso = Span{ss,} CH (75)
and the relevant orthogonal projection derived form (14) as:
II(h|T5y) = E{hss H 3, ss0, h € H, (76)

where [, has been derived in (70).
3) The (infinite-dimensional) nuisance tangent space 7, of the unconstrained non-parametric model P in (49) at go € G:

Tos = {h € H|h is 0(Q)-measurable} , (77

where 0(Q) C B(X) is the sub-o-algebra generated by the random variable Q in (32). A detailed derivation of this result
is given in Appendix A.8. From e.g. [27, Ch. 23, Def. 4], we have that the orthogonal projection of a generic element
h € H onto 7, can be obtained as: 4

H(h|T,.) = E{h|Q}, Yh € H. (78)

3Note that, in the calculations, we used the equality E{Q%0(Q)} = m. In fact, from (58), (33) and (30), we have E{Q@o(Q)} = 725;1 fo‘x’ qm/ng =
—26.7¢ [™23(0))5° + mém! i ¢"/2715(q)dq = m. Similar calculation gives E{Q230(Q)} = m(m + 2) under the additional condition
limg— 00 ¢™/?*1g(q) = 0.

It is important to note that for a generic f € La(Pp), this projection is H(f|Tg) = E{f|Q} — E{f}.
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4) The (infinite-dimensional) nuisance tangent space 7T, of the constrained non-parametric model P§ in (46) at go € G:
Ty = {1 € Tl E{(Q - m)I(Q)} = 0} = {I € T |[E{QI(Q)} = 0}, (79)
and then, as a direct consequence, we have that:
H 2T, =Tg ®Span{Q —m}. (80)

A detailed proof of this result is given in Appendix A.8 along with the derivation of the relevant orthogonal projection
operator that can be expressed as:

I(h|TS) = E{h|Q} — E{Qh}05*(Q —m), VheH. (81)

where 0o = \/E {(Q — m)?2}. It is important to note here that to ensure that the decomposition in (80) and the projection
operator in (81) are well-defined, we need to impose that E{Q?} < oo (along with, of course E{Q} = m).

5) From its expression given in (62) and the footnote 3, we verify that, when the score s, has zero-mean and is o(Q)-
measurable then 7,, C 7,:. However, through some simple calculation, we can verify that F{Qs,,(Q)} # 0, then
Tso Q - Finally, from [1 Theo 5, A.4] (see also (162) and the detailed explanation in Appendix A.4), we have that:

(A Ts, + Tgy) = W(A|T) + E{hro}(E{r3})""ro = H(h[Ty), Vh € H, (82)

where 7o £ 55, — I(ss, |75 ) and where the second equality holds because 7o € Span{Q —m}.

We are now ready to establish an interesting result on the adaptivity property of «y with respect to the infinite-dimensional
nuisance g (or gp) in the presence of the finite-dimensional nuisance sq. This surprising adaptivity result was already discovered
in [10], [11] as an application to the elliptical model of the general result in [2, Prop. 2.6]. Here we will provide a more direct
proof, based on the explicit form (as opposed to the asymptotic approximation used in [10], [11]) of the efficient semiparametric
score vector S- .

Proposition IV.1. The two efficient semiparametric FIMs 1(~|go) for the “unconstrained” model P-4 in (39) and I(v050, 90)
for the “constrained” model Py, 5 in (40) are both equal to the efficient parametric FIM I(~yo|so) in P55 in (45) that is a
block diagonal matrix of the form

I(v0lg0) = I(70l0, 9o) = L(70ls0) = blkdiag(T,,, Lyees(vs.o)): (83)
where 1, is given in (66) and
Lyees(vso) = 27 a(G0)Myg “°[(Vig g @ V) — m ™ veo(Vg p)vee” (V)] [My . (84)

Proof: Let us start by proving that I(yo|go) = I(o|so). To this end, we just need to show that II(s., [Tge) = 1(S+, | Tsp)-
For the location parameter f10, from the expression of II(-|7;,) in (76) and from the fact that I, s, = Fo{Spu,5s,} = O as
indicated in (68), we immediately have that:

(SIJ'U|7:‘0) - 1-407301501380 =0, (85)

then s,,, L 7,. Moreover, from the expression of the score s,,, given by (56), the independence between Q and u ~ U (Sﬂgl_l)
and the property E{u} = 0, we have from (78):

H(SH0|7:;uo) = E{SIL0|Q} =0, (86)

then s;,, L 7.
Let us now proceed to the calculation of the projection of Syecs(vs,,) Onto the finite-dimensional tangent space 7s,. From
(76), (71), (70) and (86), we get:

H(SM(VS,O) |7—80) = IM(VS,O)yso'[S_()ISSU = (2m)_1M¥S)UveC(V§,E) (QSEO(Q) - m) . (87)

Moreover, from the expression of the score Syees(vs,) given by (61) and by using the independence between Q and u and
E{uu’} = m™~'1,,, we have:

T(Svecs(Vs.0) | Te") = EfSvees(veo)|Q} =a 27 My *°[Vgt/* @ Vg /%] (Qp0(Q)vec(E{uu’|Q}) — vec(L,,))
= (2m) My **[Vg/* @ Vg *Ivec(Ln) (Qpo(Q) — m) (88)
= (2m) "' Mg *vec(V ) (QP0(Q) — m) = I(Syecs(vs )| Too )

SNote thdt from (62), (81) and footnote 3, we have I(ss, |75, ) = E{ss,|Q} — E {9530}052(Q —m) = Ss, + msglaé2(Q — m). Consequently,
ro = msg 0 2(@ —m) € Span{Q — m}.
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where we recall that 75, C 7. As a consequence of the previous outcomes and of the relation in (82), we have that the
efficient semiparametric score vector S., can be expressed in three equivalent forms:

§‘70 =S Syo — H(S‘Yol’TSo) 1 7;0
=8y — H(S"/0| ) 1 7;37

= Sy — H(S’Yo|7;0 + 7;700)7

(89)

and then I(o|s0) = I(70|g0) = I(70ls0, J0)-
We note in passing that the equality I(~o|so) = I(~o0|s0, o) can be obtained by exploiting Lemma II.2. Specifically, in this
context, Condition (28) of Lemma II.2 can be expressed as:

[S’YO - H(S‘Yo|7;0 )} 1 ’Tg(;)a (90)
that follows immediately from (89) and from the fact that 72 C 7.
To conclude, the expression of Ivecs(VS o) can be derived from the efficient score Syecs(vs,) in (61) and (88) as:
Svees(Vso) = 271 QP0(QMy [V © Vi |vec(uu” —m~'T,,), 1)

from which (84) of ivecs(Vs o) E{svecs(v . O)Sve% Vo } follows directly.® We note, in passing that similar expressions have
been derived in [11, egs. (8) and (9)], by using the already -recalled asymptotic representation of the projection operator. M

As a side result of this proof and of the fact that I, vees(vs) = 0 and I, s, = 0, it is immediate to verify that knowing or
not knowing the location vector gty has no impact on the efficiency losses when we do parametric or semiparametric inference
on the shape matrix Vo € S . Moreover, since II(s,|7,%) = TI(s,,|TS) = 0, the lack of knowledge of the density
generator does not induce any loss of efficiency w.r.t. pg (see e.g. the discussion in [24]).

Roughly speaking, Proposition IV.1 tells us that when performing inference on the shape matrix Vg € S}fh g» not knowing
the scale sy (while knowing the constrained density generator gp) or not knowing the density generator at all gg, leads to the
same efficiency losses.

Remark 1: In [11], it has been show that, if the scale function Sy(Xo) = |20|1/ ™ is adopted, then the parametric FIM
I, in the parametric model P. in (43) is equal to the efficient SFIM I(~|so,go) for Py . In other worlds, if the scale
S4(20) = |Zo|*/™ is adopted, when performing inference on Vso € Sffh s,» knowing or not knowing the scale sy and/or the
density generator gg, does not lead to any asymptotic efficiency loss w.r.t. the case in which sg and/or gy are perfectly known.
For this reason, the scale Sy(3) is called “canonical” in [11]. A sketch of the proof of this result is recalled in Appendix
A9.

Let us now focus our attention on the parametric model P7 ; ., whose sub-model is given in (47), in which the finite-
dimensional nuisance vector is represented by the parameters CO € A of the unconstrained density generator.

Corollary IV.1. The efficient parametric FIM I(~y|sq) in PS¢

S5 in (45) is equal to the parametric efficient FIM I(7ols0, ¢o)
in P s,¢ in (47).

Proof In Proposition IV.1, we showed that s, — II(s,|7s,) L 7. Moreover since, as discussed in Appendix A.8,
& C Tgi» we trivially have that sy, — II(s4,[75,) L 75 . Consequently, the parametric efficient FIM I(~o]so, {o) in P s is
equal to the parametric efficient FIM I(~yp|sq) in P, s in (45). [ |
Roughly speaking, Corollary IV.1 tells us that, if the scale sg is an unknown parameter, when performing inference on the
shape matrix Vg € Sm g» not knowing the parameters ¢y of the density generator g¢, or not knowing the whole functional
form g, leads to the same efficiency losses.
Proposition IV.1 and Corollary IV.1 give us a clear picture of the efficiency relationships among the various sub-models
of elliptical distributions in terms of Fisher information matrices. It would now be interesting to obtain explicit closed-form
expressions for the inverses of these FIM matrices in order to obtain the related information bounds. This will be the objective

of the next section.

V. PARAMETRIC AND SEMIPARAMETRIC INFORMATION BOUNDS IN P, ; AND Py, 5

The purpose of this section is to provide the counterpart of the Propositions IV.1 in terms of information bounds.

A clarification is in order before continuing. In the theory of parametric estimation, the best known information bound is
the Cramér-Rao Bound (CRB) which coincides with inverse of the related FIM as shown e.g. [19, Chap. 5, Sects 5 and 6].
Consequently, for the different parametric sub-models of the semiparametric model in P, 5 in (40), we can derive the related
information/CR bounds as:

%The calculation is based on the independence between Q and u along with the identities E{vec(uu®)vec (uu”)} =
m (L2 + Km + vec(Im)vecT (Im)) and KDy = Dy, [25, p. 49] in (55)
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« CRB for the parameters of interest o = (ud, vecs(Vs,0)”)7 in the presence of the finite-dimensional nuisance sq in the
parametric sub-model P , in (45):

CRB(70|s0) = I(70[s0) ™" 92)

« CRB for the parameters of interest 7y, in the presence of two finite-dimensional nuisance terms, so and {y in the parametric
sub-model P7 ; . in (47):

CRB(70/s0,¢0) = I(70ls0,<¢0) ™" = L(7os0) " 93)

as shown in Corollary IV.1.

When we move to the semiparametric case, the CRB can no longer be defined as in the classical parametric case. Remarkably,
the Hajek-Le Cam convolution theorem (see e.g. [1, Sect. 3.3, Theo. 2]) provides the right theoretical framework to unify
the concept of information bound in the parametric, semiparametric and non-parametric case. A formal presentation of this
theorem would lead us too far from the main purpose of this article. Therefore, below we will simply define the “Semiparametric
CRB (SCRB)” as the information bound obtained as the inverse of the efficient semiparametric FIM (SFIM) (for an in-depth
discussion about this point, we refer the readers to [1, Chap. 3]). Specifically, for the semiparametric model Py, 5 in (40), we
have that the SCRB for the parameters of interest <y in the presence of a finite-dimensional sy and of an infinite-dimensional
go € G nuisance terms is given by:

SCRB (70ls0, Go) = (70|50, Go) ", (94)

where I(vo|s0, o) is the efficient Semiparametric FIM as defined in (22).
The following two subsections are organized as follows: in subsect. V-A, an explicit expression for the parametric CRB of
Yo in PJ ; in the presence of the nuisance parameter so is provided, while the subsect. V-B proposes the counterpart of the
Proposmon IV.1 in terms of parametric and semiparametric information bounds.

A. Explicit expression for CRB(~o|s0) in P g

Let us consider the inverse, say w1, of the diffeomorphism w given in (50). It can be explicitly obtained as:

1059 ©5)
v =(u vees(2))T = wi(v) = (u', S7H(E) - vees(2)T, S(2))7,
whose Jacobian matrix J[w~!](1y) is given by:
| 0
Iw )= | 0 SHS0L,DE [Lye - vec(Vso)Vz;c(z)S(Eo)} D, |. (96)
0 VCC(E)S( )
The following proposition is proved in Appendix A.10:
Proposition V.1. The parametric CRB for ~yo in PJ ; is given by
a7 ~1_ [ CRB(mo) 0
CRB(’YO‘SO) - I(’YO|SO) - ( 0 CRB(VGCS(VS,ONSQ) ) (97)
where: s
A 711
CRB(po) =1, = 5(§o)VS’O (98)
and
A 1 -1 # T #T1T
CRB(vecs(Vgo)lso) = I(vees(Vso)lso) ™ = a(go) L, D7 Ps(Vso)(In2 + Kin)(Vso® Vs0)Ps(Vso)D7 L, (99)

with Ps(Vso) £ 1,2 — VeC(V570)V$ec(2)S(EO), which takes the following expressions:

o L2 —vec(Vgy)el m2 Jor S(X) = [E]11,

o I,2— —vec(VS O)VeC( m) T, for S(2) = tr(X)/m,

o L2 — Lvec(Vg, O)Vec(VSO) , for S(X) = |Z|V/™.
Furthermore, for the scale function Sq(X) = \2\1/ ™, the parameters V g0 and sg are decoupled in the CRB for the parameter
pair (Vgo,s0) and the matrix CRB(vecs(Vs0)|so) reduces to

CRB(vecs(Vs,,0)|54,0) = @(g0) 'L, D% [(Lnz + Kin) (Vo ® Vo) — 2m ™ 'vee(Vgo)vee(Vso)?] D#'IC.  (100)

=m"

We note that the proof of Proposition V.1 given in Appendix A.10 also provides us with closed-form expressions of
CRB(vecs(Xy)) (see (204)) and CRB(so|vecs(Vs,0)) (see (214) (216)), which are also new results.
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B. Equality chains for parametric and semiparametric information bounds in RES distributions

The following proposition summarizes the key points from the previous sections and can serve as a take-away message for
readers who are not interested in full mathematical details.

Proposition V.2. Let R™ > x ~ RES,, (o, 20,J0) = RES,, (1o, Vs0,90) be a RES distributed vector with location
vector g, scatter matrix Xo = soV g0 and (constrained or unconstrained) density generator gy € G or go € G, such that
go(t) = s&mpgo(so_lt), t € RY. Let S(Xo) = so be a scale function satisfying Al, A2 and A3 and let Vg € 35,5 the
relevant shape matrix. Then, the following chain of equalities hold:

(o) 'L, D¥Ps(Vs0) Lz + Kin)(Vso ® Vs o)PE (Vo) DETE

=m?

= SCRB(vecs(Vs0)lg0), [so unknown, go functionally unknown]

= SCRB(vecs(Vs,0)|s0,Go),  [So unknown, gGo functionally unknown] (101)
= CRB(vecs(Vs,0)]50,C0), [so unknown, go functionally known up to its parameters {o

= CRB(vecs(Vs,0)|s0), [so unknown, go fully known]
= CRB(vecs(Vs,.0)), iﬁ‘|Vsd70|1/m =1 [so known, go fully known],

where Ps(Vso) £ 1,2 — vec(V&O)Vz;C(E)S(EO). A similar result holds true for the location vector pu.

Proof: The proof of the Proposition V.2 follows directly from the Propositions IV.1 and Corollary IV.1 and in particular
from the fact that:
1) I(v0l90) = I(70ls0,90) = I(v0ls0, o) = I(70ls0).
2) If Sg(Xo) £ |Zo|'/™ is adopted, then I, = I(y0|50, go)-
The proof is concluded by noticing that the SCRB and the different CRBs are defined as the inverse of the related FIM
according to the Hajek-Le Cam convolution theorem for parametric models [1, Sect. 2.3, Th. 1], semiparametric models [1,
Sect. 3.3, Theo. 2]. |

C. Attainability of the semiparametric bound: the R-estimator

A natural question at this point concerns the attainability of the previously derived semiparametric bound on the shape
matrix Vg . Indeed, to address this question, in the seminal work [28], a rank-based R-estimator for the shape matrix has
been proposed and its asymptotic performance derived. In their work, the authors consider the scale function S(X) = [X]1;7. In
this subsection, we will show how to construct this estimator for any scale function S. This generalization follows directly from
the outcomes of the recent work [29] which provides a general framework on constrained information bounds in semiparametric
models. Due to space limitations, we will not discuss here the properties or theoretical basis of this estimator. Interested readers
are referred to [10], [12], [28], [29] while a tutorial introduction more in line with the approach adopted in this paper can
be found in [30], [31]. According to the findings presented in the previous section, without loss of generality we assume that
pn=0.

Letx; ~ RES,(0,Vs0,90), 0 =1,...,nbeaset of independent, identically distributed (iid), RES distributed, observations.
The semiparametric R-estimator of Vg is given by:

~ ~ 1
- — ~ * = —~
vecs(Vg r) = vees(Vs) + NCRE Avg7 (102)
where \75 is a preliminary, \/n-consistent, estimator of Vg . The matrix E¢. and the vector A\A,* are defined as:
S S
-1
- A N T ~  ~T 77 T
=g, £ 2Uq, UL Yo, Y5, Ug,| UL (103)
Ao e Ly (i vee(ir (a7)7) (104)
Vi ogn Vit \nt 1 LR,

and the scalar & can be obtained as [28, Sect. 4].
The function K : (0,1) — R is generally called the score function and belongs to the set K of continuous, square integrable
functions that can be expressed as the difference of two monotone increasing functions [28], [32].
To define the R-estimator in (102), we also need the following terms:
. QF Ex[ V5 'x,
aj £ Q) )
{r}}j, are the ranks of the (continuous) real random variables {Q;}}_,

. T\?g 2 D], ([\7;]_1/2 ® [\Afg]_lm) Héc(lm)s where H\tc(Im)
« U

is the matrix defined in Appendix A.7 in (177)-(179).

1 T

=1,,2 — m tvec(L,,)vec(I)",

Vs
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To show the effectiveness, in terms of efficiency and robustness, of the R-estimator in (102), we conducted a simulation
study for finite n. Specifically, we generate n iid observation vectors drawn form a ¢-distribution with v € (2, +00) degrees
of freedom [9, Sect. 1.5.2] and we evaluated the following Mean Squared Error (MSE) index:

e 2 B{|lvecs(Vs — Vs)|3} (105)

for the following three estimators:
1) the constrained Sample Covariance Matrix \A/'S SCM>
2) the constrained Tyler estimator VS Tyler 331,
3) the R-estimator in (102) where the Tyler estimator is used as preliminary estimator, i.e. Vi =V S, Tyler- As score function
K we used:

o the van der Waerden score K,qw (u) = U~ (u) where ¥~! indicates the inverse function of the cdf of a central chi-
squared-distributed random variable with m degrees of freedom [12]. As discussed in [28], [30], K, 4w has been proved
to provide a good compromise between robustness and efficiency. Moreover, the resulting R-estimator is asymptotically
equivalent to the (constrained) maximum likelihood estimator of the shape matrix for Gaussian data.

1
o the t,-based score Ky, (u) = % where F, . (u) stands for the cdf of a Fisher random variable with m

and v € (0,00) degrees of freedom [12]. Here the parameter v should be thought of as a knob to adjust the trade-off
between robustness and efficiency (at Gaussian data). In fact, small v values favor robustness while large values promote
efficiency (at Gaussian data), and in particular lim,_, . K;, (u) = K,qw (u). Also in this case, the resulting R-estimator
is asymptotically equivalent to the (constrained) maximum likelihood estimator of the shape matrix for ¢,-distributed
data.
The MSE of the above mentioned estimators is compared to the trace of the semiparametric CRB for vecs(Vg,) obtained
in (101) and of the parametric CRB (numerically derived from the inversion of Lyecqv,) in (69)) for the estimation of
vecs(Vgo) in the parametric sub-model P in (43), i.e. when the scale s and the density generator are perfectly known.
In our simulations we generated n = 100 ¢-distributed observation vectors of dimension m = 4 with a degrees of freedom

v varying from 2.1 to 20. For the t-distribution, the coefficient in (63) is equal to a(go) = 5755~ +m - The scatter matrix used
|i—j]

to generate the data has the Toeplitz form [X¢];; = pg with pp = 0.8. The MSE indices of the estimators have been
evaluated by means of 10° Monte-Carlo trials. A preliminary version of the code is available in [34]. The simulation analysis
is conducted for the three scale functions: S(X) = [X]1; (Fig. 1), S(2) = tr(X)/m (Fig. 2) and S(X) = |Z|1/™ (Fig. 3).

The simulations show that the R-estimator VS R presents better performance in terms of efficiency and robustness, compared
to VS scm (neither robust nor efﬁc1ent) and VS Tyler (robust but not efficient). We note, however, that as v — oo,i.e., as the
distribution tends to Gaussian, the Vs,sc  attains the lowest MSE, it is then the optimal estimator. As expected, one can note
that the K, score function provides better performance, with respect to the van der Waerden score K, 4y for heavy-tailed
data (v = 2). On the other hand, K4y is preferable when the data are closed to Gaussian (v > 2). Moreover, Fig. 3 confirms
that, as expected from Proposition V.2, when the determinant-based scale is adopted, the semiparametric CRB is equal to the
parametric CRB(vecs(Vg,,0)) in P, in (43).

A comment on the implementation of the R-estimator in (102) is in order. Since, in general, the matrix U\A,:9 depends on the
preliminary estimator, it may be of interest to iterate the estimation process. Specifically, as preliminary estimator at step k, we
may use the y/n-consistent R-estimate obtained at the step & — 1. For example, we may implement the following iterations:

V,(sozz - VS,Tyle7'7 (106)
Vecs(ng;l)) = vecs(ng}%) + al V(k) Av“‘) ,
for k =0,..., K. While this iterative procedure does not have any impact on the efficiency of the resulting R-estimator, it may

bring some improvement in the finite-sample regime. On the contrary, this procedure leads to no or negligible improvement
when the matrix Ug, does not depend on the preliminary estimator, as in the case of the scale functions S(X) = [X]1; and
S(%) = tr(X)/m.

Clearly, this subsection does not resolve all questions about the possibility to derive semiparametric efficient estimates of the
shape matrix Vg . Further in-depth analysis is needed, both from a theoretical and a simulation perspectives. Special attention
should be devoted to the following two points:

1) To derive & in (102), we used the y/m-consistent but not efficient estimator proposed in [28, eq. (4.1)]. An efficient
estimation method has been proposed in [28, Sect. 4.2], but presents a considerable computational (numerical) difficulty.
Future works will then address its efficient numerical implementation.

2) A limitation of the estimator in (102) is that it satisfies the constraint S(Vg r) = 1 only asymptotically as n — oo [29,
Theo. 2]. A possible way to “force” the constraint for each n is to derive VS r directly on the differential manifold
induced by S, i.e. S s in (38). This important issue may be addressed building upon the recent and seminal work [35].
Again, this original lme of research is left for future works.
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VI. PARAMETERIZATION OF THE LOCATION VECTOR AND SCATTER MATRIX

In this section, we focus our attention to the case where both the location vector and the scatter matrix can be parametrized
by a real d-dimensional parameter vector 8 = (y7,€7)T €c © 2T x ¥ Cc R?, where d = ¢ +r.

A. Some preliminaries

Let X > x ~ RES,, (10, 20, go) be a RES-distributed random vector whose location vector pg = p(6y) € R™ and scatter
matrix (which, under the constraint (34), equates the covariance of x as shown in (35)) X, £ 3(6y) € S};i are parameterized
by a d-dimensional parameter vector 8y = (v¢,¢8)T € © £ T x V. As in Sect. II, T' C R denotes the set of the (finite-
dimensional) parameter vectors <y of interests, ¥ C R" denotes the set of (finite-dimensional) nuisance parameter vectors &
and go € G is the (infinite-dimensional) nuisance functions. In the following, we always assume that the parameterization
0 — (u(6),3(0)) satisfies the following assumptions:

P1) it is continuous on O,

P2) the two Jacobian matrices J[ug] = J[1(0g)] and J[vec(Xg)] £ J[vec(X(0y))] are full column rank. This ensures that
the parameterisation is locally one-to-one in an open neighbourhood of 8y € ©.

P3) the inverse X(6) ! exists for all 8 € ©.

We note that, from (32), we have:

(x —p(0)"2(0) " (x — (0)) = Quio).5(8)(x) =4 QVO € ©. (107)
As in Sect. III-A, we can then build the semiparametric model:
Pog = {px(XI&Q) =[2(0)|7"%7 (Quee)x(6)(x)) ;0 €0,7 € ?} . (108)

We note, in passing that, if we choose as parameter vector 6 = (7

to Py, 5 in (40).
Moreover, exactly as for the semiparametric models presented Sect. III-A, for the model Pg 5, we may identify the parametric
sub-model:

,s)T in (42), we immediately have that Py ; correspond

Pre = {px(x|7. € 90) 1y €T, £ € U}, (109)
and the non-parametric sub-model (that is the same of the one introduced in (46)) as:
Ps = {px(x|70,€0.9) : g€ G} (110)
Note that the (finite-dimensional) nuisance tangent space for the parametric sub-model P, ¢ can be expressed as
Te, = Span{[s¢,]1, ..., [Seolr ) (111)

where s¢, is the score vector of the nuisance parameters £ € W. Moreover, the (infinite-dimensional) nuisance tangent space
T;; for the non-parametric model ¢, along with its relative projection operator II(h|T; ), are the ones given in (79) and (81),
respectively.

To compute this projection operator, let us start by evaluating the score vectors in the parametric sub-model P~ ¢ in (109),
ie. sg, = (szo, SZO)T and the related FIM I, = Eo{Sgosgo}. Following the derivation in [36, Sec. 3.1] and [37, Sec. III],
each entry of sg, can be expressed as:

[860)i =a —27"tr(P?) + @o(Q) (@ungWu‘; + 2*19uTP2u) yi=1,...,d. (112)
the}re P? é] 281{222251/2, P 0%?”9:90 and p? £ agé?)b:go. Consequently, [s4,]; = [sg,)i» @ = 1,...,q and
S¢ols = [S00lq+5- ] = 1,57

To derive the FIM Ig,, we may use the procedure in [37] that leads to the following compact expression given in [9, Sect.
1.6.5] as:

Io, = B(g0)I (ko] " g ' I [10]

113
+ 27 a(go) I [vec(Zo)] " [251 ® Eal +2711 - a_l(go))vec(Eal)Vec(Eal)T] J[vec(Zo)], (1)

where the scalars 5(go) and «(go) are given in (64) and (63) respectively, while the Jacobian matrices, J[po] = [J4[po], Je[peo]]
and J[vec(X)] = [Jy[vec(Xp)], J¢[vec(Zo)]], are explicitly expressed as
Olp(0)]: Olvec(%(0))l:

[Ipolli; = T8, |y, [J[vec(Zo)]]ij = |, (114)

It is important to note that the assumption P2 of full column rank for J{uo] and J[vec(X,)] guarantees that I, is invertible.
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We can now introduce the semiparametric efficient score vector sq, = sg, — I1(se,| 7, ) for 6y € © in the semiparametric
model Pg 5 in (108). From the expression of sg, in (112) and the one of the projection operator H(|7;CO) in (81), we have
that:

[Soo)i = [seo)i — E{[s6,)i| Q} — £ {Qlse,)i} 05" (Q —m)

— (115)
= VOpo(Qu S, +271Qp0(Q) (" Plu — m ™ ux(PY)) — tx(P)og*(Q — m),
where we have used the equality E{Q%%(Q)} = m(m + 2) given in footnote 3.
Moreover, by direct calculation, the efficient semiparametric FIM for 8, in Pg 5 can be expressed as:
Io, = 8(50)I[po] T =5 I [pol+
0, = B(90)T[pro]” B~ I [o] (116)

+ 27 a(go) I [vec(Zo)]) " [261 ® 35t + (2071@0)052 - mil)vec(Egl)vec(Egl)T] J[vec(Xo)],

where we recall that 03 £ E{(Q — m)?} = E{Q*} —m?2.7

Remark: One can expect that, knowing the density generator gy should lead to a larger (in the sense of the positive definite
matrices ordering) FIM for 8. However, proving that Ig, > Iy, through the inequality 2~ (1—a~1(go)) > 2a‘1(§o)052—m_1
from (113), (116) for arbirtary RES distribution seems quite involved. Nevertheless, it is straightforward to prove that for the
Gaussian distribution for which Q is an distributed, a(go) = 1 and O'QQ = 2m imply Iy, = igo and for the ¢ distribution,
a(go) = 725 and 0 = (224)(m + v — 2) imply T, > I,

The calculation of the efficient semiparametric score vector of the parameters of interest 8, = s, — II(s4,|T¢, + T5;)
and the related efficient semiparametric FIM I(o[&o, go) is more difficult task. In fact, even if the projection II(h|T¢, + T, ),
Vh € H can be explicitly obtained as shown in Appendix A.4 (see also [1, Theo. 5, A.4]), the calculation may be quite involved
depending on the parameterisation at hands.

It may therefore be of practical interest to ask the following question: is it possible to characterize all parameterisations
0 — (u(0),%(0)) that imply that not knowing the finite-dimensional nuisance vector &y € W, while knowing go € G, leads
to the same loss of efficiency as not knowing &y € ¥ nor the density generator go?

As we will see below, many parameterisations used in applications satisfy this adaptivity property. We will therefore be able
to easily compute the relevant S, and I(~o|&€o, go)-

B. An adaptivity condition for the parameterized case

By collecting the previous results, we are ready to state the following original proposition:
Proposition VI.1. Let R™ > x ~ RES,, (o, X0, 90) be a RES distributed vector whose location vector pg = p(6y) and
scatter matrix 3o = X(00) are parameterized by 0y = (74 ,&€])" € T x W, where vy € T is the q-dimensional vector of
interest and &y € V is the r-dimensional nuisance vector, such that d = q+r. Let gy € G be the infinite-dimensional nuisance

parameter. Then, the efficient SFIM 1(~o|€o, Go) for the model Pe g in (108) is equal to the parametric efficient FIM 1(~o|&o)
in Py ¢ in (109) iff the following condition is satisfied:

(Jz[vec(zo)] - Iwgglngg[veC(EO)]) vec(S51) = 0, (117)

I I
where Ly ¢, and ¢, are two sub-blocks of the FIM 19, = ( I:,:70 }050 ) given in (113).
~Yoéo €o

Proof: Let us apply Lemma I1.2 to the case of RES distributions, we can identify 75 with 7¢, in (111) and 73 with T
in (79). Then, Condition (28) of Lemma II.2 can be expressed as:

[S’YU - H(S’YO ‘7-50)] LT3

go*

(118)
Since, as shown in Appendix A.8, 7;1; = ’7;;0 @ Span{Q — m}, a necessary and sufficient condition for (118) to hold is that:
[T (S~ — (541 7e,) [ Tgs ) )i € Span{Q — m}, (119)
fori=1,...,q, that is, from (78), [E {s, — (s, |7¢,)|Q}]i € Span{Q — m}
By using the expression of II(s.,|7e,) deduced from (14), we have:
E {H(S’Yo|7-€o)‘g} = I’YoﬁoIgolE{Sﬁo‘Q} : (120)

By definition, E {s.,|Q} and E {s¢,|Q} are the two sub-vector of E{sg,|Q}, then, to conclude the proof, we just need to
evaluate E{sg,|Q}. To this end, from the expression of sg, given in (112) and by noticing that:

tr (PY) = tr (ZY25") = vee(Zy ") vee(XY), (121)
"It is important to note that the expression of the efficient semiparametric score vector Sg, and the related FIM igo derived in eqs. (43) and (46) of [26]

are incorrect. In fact, in the derivation proposed in [26], the projection was incorrectly taken with respect to the “unconstrained” nuisance tangent space 7,°,
whereas sg, must be projected onto the “constrained” one, i.e. 7’5‘;)
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we immediately have that:

E{se,|Q} =a 27 (m ™" Qpo(Q) — 1) [vec(Sn)] vee(Sy ")

—1/,, -1~ T -1 (122)
=27 (m" Qp0(Q) — 1[Iy [vec(Z0)], Jg[vee(S)]]" vee(Zg ).
Consequently, from (122) and (120), the condition (119) holds true if and only if
a2 (m™1Qpy(Q) — 1) € Span{Q — m}, (123)
for i =1,...,q and where a; are the ¢ components of the vector in the left-hand side of (117).
To conclude the proof, we can trivially verified that ® (1+m~1Q@(Q)) ¢ Span{(Q —m)}. Consequently, (123) is verified
if and only if a; =0, for all ¢ =1, ..., ¢ that is equivalent to the condition in (117). [ ]

As examples of how condition (117) can be used, let us consider two quite common parametrizations in signal processing
application: the case where the location vector and the scatter matrix have no parameters in common and the “low-rank”,
parameterization model.

C. The elliptical parameterized model where the location vector and the scatter matrix have no parameters in common

Let R™ 3> x ~ RES,, (10, X0, Jo) wWhere po 2 (7o) is parameterized by the parameter of interest 7o € I' C R? while
the scatter matrix X 2 3(&) is parameterized by the nuisance parameter £ € ¥ C R”. Furthermore, we assume that such
parameterisation satisfies the assumptions P1 and P2 given in Sect. VI-A.

Let us consider the three following models:

Preg 2 {px(x17.€.9) = I(€)|7/29((x — (7)) =(€) " (x — u(7))) : v €T,E € W, 5 € G}, (124)
P 2 {px(xby. &) = (O /230((x — 1)) S(€) (x — () v €T 6 € W} (125
Py & {PX(XI% €0,90) = |Z (&) % G0 ((x — (7)) "B (&) M (x — p(7))) 1y € F} : (126)

Then, the following proposition holds true.

Proposition VL.2. Let R™ 5 x ~ RES, (o, X0, §o) where po 2 p(yo) and By = 3 (&o)- Then, the efficient Semiparametric
FIM (SFIM) 1(~o|€o, Jo) for the model (124) is equal to the parametric efficient FIM I(~o|&o) in (125). Moreover this latter
FIM is equal to the FIM 1. for the model (126).

Proof: For this specific parameterisation, we trivially have that J.[vec(Xy)] = 0 and J¢[po] = 0. Furthermore, since
J[ro] = [J4[1o], Je[po]] and J[vec(Xo)] = [J[vec(Zo)], J¢[vec(Xo)]], it follows from (113) that the FIM Iy, is block-
diagonal, i.e. I,;¢, = 0. Consequently the condition (117) of Proposition VL1 is satisfied and I(-y|&o) reduces to L. ]

D. The elliptical parameterized “low-rank” model

Let R™ > x ~ RES,,(0,X), go) be a zero-mean, RES-distributed vector whose scatter matrix ¥, is modeled as:
o = 2(70,&0) = AoEoA] + AL, (127)

where:

e Ay 2 A(v0) € R™*? is a full rank column matrix with m > p, where 7o € I' C R? collects the parameters of interest
which characterize Ag and where the function A(«) is differentiable,

e Hy € SS is a symmetric and positive definite matrix,

e \g € RT.

Consequently, the finite-dimensional nuisance vector can be defined as:
o £ (vees(Eo)", Xo)" € U C vees(S)) x RT C R, (128)

with 7 = p(p + 1)/2 + 1, while the infinite dimensional nuisance is the density generator gy € G.
Let us consider the two following models related to the low-rank parameterization of the scatter matrix in (127):

Prea 2 {px(xl7,€.9) = [2(1.)| /29" B(7.€) 'x)iy eT.E €W g €, (129)

Pre 2 {px(x}y.6,90) = 157, €)1 720 (x" B(7.6) 'x);y € 1§ € ¥ (130)
The following result can be proved by a direct application of Condition (117) of Proposition VI.1 as shown in Appendix A.11.

8Note that Pr ({1 +m~1Qpo(Q) = O}) = 0, since Q is a continuous random variable.
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Proposition VL.3. For the low-rank scatter model (127), the efficient Semiparametric FIM (SFIM) 1(v0|€o, o) is equal to the
parametric efficient FIM I(~o|&o).

VII. APPLICATIONS TO CIRCULAR AND NONCIRCULAR CES DISTRIBUTIONS

So far in this paper, we have only dealt with cases of real observation vectors. However complex-valued observations, i.e.
x € C™ are an integral part of many science and engineering problems, including those in communications, radar, biomedicine,
geophysics, oceanography, electromagnetics, and optics, among others. The complex field does not only provide a convenient
representation for the observations but also provides a natural way to capture their physical nature as well as the transformations
they go through (see e.g. [38], [39]). In many studies it has often been (implicitly) assumed that complex random vectors are
circular, i.e. with invariant distribution under rotation around a center p, that is (x — p) =4 €’%(x — p), V0 € R (see e.g.
in [7]). This assumption however discards the information conveyed by the relationship between real and imaginary parts of
the observation vectors. Consequently, the noncircularity may be an important feature that characterizes observation in many
practical scenarios where the data are non-stationary. For this reason, in this section, we believe it is important to provide some
evidence to ensure that all results obtained so far in the case of real observations remain entirely valid for Complex Elliptically
Symmetric (CES)-distributed observations. Moreover, given their importance in well-known engineering applications, we devote
particular attention to the “complex” version of the Propositions VI.2 and VI.3. Before moving on, it is important to note that,
although there are many different notations in the literature, in the following sections we will use the notation introduced in

[9].

A. Real-complex representations

A random observation vector x € X C C™ is said to be CES distributed if the associated real-valued vector X € R2™
with X £ (Re(xT),Im(x”))T is RES distributed, i.e., with pdf given by (29) when it exists. It follows that all the properties
of RES distributions and propositions given for even m in the previous sections apply for CES distributions. However, it is
more convenient to express these properties and propositions using notations suited to the complex representation that naturally
arises when using the one-to-one mapping

X x2 xT xMT = /2Mx
where M £ % (1 i) is a unitary matrix [9]. So, by indicating as g, € G (defined in (34)) the density generator of the

2m-dimensional real vector X and if its scatter matrix X € S5, is positive definite, then the pdf (29) of x € X C C™ is
generally rewritten in the following form:

px (x|, 2, 92,90) = [B72g, 271 & - )T & - )] (131)
where
pE e’ =vaMp (132)
with & € R2?™ denotes the location vector of X,
> 2 ( é: g ) = 2MEM”, and (133)
ge =27 g,(21). (134)

We note that ¥ = E{(x — p)(x — )} € MS and @ = B{(x — p)(x — )T} € SS where ME and S denote the sets
of all Hermitian positive definite and complex symmetric matrices, respectively.

Depending on whether €2 is a zero-matrix or not, the CES distribution is called circular (C-CES) or non-circular (NC-CES).
Due to its widespread usage, let us have a closer look at the C-CES distributions. Such particular case is characterized by
structured scatter matrices X = ( g; ’2’:12 ) where ¥; and 35 are symmetric and skew-symmetric, respectively. Moreover,
since by definition of circularity, 2 = 0, the C-CES pdf is a particular case of (131) that can be explicitly expressed as:

px (x|, 2,9:) = 187 1ge [(x — )= x— )] (135)

Using this complex representation of even-dimensional RES distributions, the Stochastic Representation Theorem (31) can
be extended to both circular and non-circular CES distributions as discussed in details in [9, Sect. 1.3.2]. These “complex”
stochastic representations in fact use the mutually independent, random variable Q.. £ %QT (where Q,. is the 2nd-order modular
variate associated with X) and the random vector u, ~ U (SZC"_I). Moreover, the definition of the shape matrix (37) can be
straightforwardly extended while keeping definition of matrix scale function in (36). In particular for NC-CES distributions,
the shape matrix

S oaS o [ Xs Qs
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is structured like 3.

Although certainly possible, directly rewriting all the results obtained in the previous sections using complex formalism
is laborious and adds nothing to the statistical significance of our findings. Below, we therefore limit ourselves to providing
two different, yet equivalent recipes that any practitioner can follow to obtain the desired complex-version of FIM and related
information bounds:

Recipe 1 : Real to complex mapping.
1) Take the results obtained in the previous sections and consider the specific case of a real observed vector of dimension
2m, i.e. R 35X ~ RESy,, (i, %, §r),
2) Use the transformations given in (132), (133) and (134) to map the “real-based” results to the “complex-based” results.
Recipe 2 : Wirtinger calculus.
1) Consider directly a complex observation vector, i.e. C™ > x ~ NC-CES,,(u,X,Q,g.) in the case of NC-CES
distributions or C™ 3 x ~ C-CES,,, (i, X, g.) in the case of C-CES distributions.
2) Use the complex Hilbert space (4, (-, -);,) in (1), the “complex-aware” inner product (h1, h2),, = Eg{h1h}} to express
projection operators and tangent spaces,
3) Use the Wirtinger calculus [40]-[42] to handle derivatives with respect to (real or/and complex) parameters.
Extensive discussions and related examples about the above mentioned recipes can be found in [26], [43]-[47].

To conclude this section, let us now take a closer look at the “complex version” of Propositions VI.2 and VI.3 in which the

parameter vector 8y = (I, €X)7 is still assumed to be real-valued.

B. Applications of Proposition VI.2

Proposition V1.2 extends directly to CES distributions by considering the one-to-one mapping & — & = v2Mpi. In fact,
as shown in [48], we have:

i('70|£0, gc,O) = i(’)’0|€0) = I’Yo = ﬂ(gcA,U)J[ﬁO]HialJ[ﬁOL (136)
_2 _ ~
for NC-CES distributions where §(g,0) £ 220 with g, (t) £ =15 9900 and [J[fio]; ; 2 2O o, Inthe
particular case of C-CES distributions, it is immediate to verify that the FIM in (136) reduces to -
I(v0/€0, Ge.0) = L(v0[€0) = Lyy = 26(ge,0)Re {J[1e0] " S5 I pao] } (137)

with J[uo] given by (114).

In signal processing, there are many examples of complex-valued observations x € C™ where the location vector p
includes the parameters of interest -y, while the scatter matrix X gathers the nuisance parameters £. This is the case where
a deterministic signal of interest parameterized by = is disturbed by a zero-mean C-CES distributed noise, whose density
generator ¢ is unspecified. A classic example is given by the statistical model for time delay and Doppler estimation problems
(see e.g. [49], [50]).

C. Applications of Proposition VI.3

Proposition VI3 also extends to C- and NC-CES distributions by considering the one-to-one mapping X s = 2MEMA.
More specifically for the C-CES distribution, (127) can be rewritten in the following form [51]:

20 = AoEoAl 4+ Nol, (138)

where 3 € Sf, B¢ € SF are two Hermitian and positive definite matrices and Ag £ A(yo) € C™*? is full column rank
that collects the parameters of interest 7, that characterize Ag.

For the C-CES distributions, Proposition VI.3 then provides the following equality where the closed-form expression of the
parametric efficient FIM has been given in [48]:

I(v0|€0, Ge,0) = I(v0l&0) = %‘?O)RG {JI[vec(Ag)]" (Hf @ Iy, )J[vec(Ao)]}, (139)
where:
H, £ E0A{' 25 Ao, (140)
s, 21, — Ag[Af A TA, (141)
[J[vec(Ag)]]i; £ %‘W s and where here a(g.o) = % Note that the parametric efficient FIM (139)
reduces to:

_ — 200( G
Ipoa(70/405 9e,0) = Ipoa(vol€o) = %Re {(D§'TIx, Do) ® HY } (142)
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for direction of arrival (DOA) modeling with one parameter per source where A £ [a1,...,a,] and (ay)k=1, .., are the steering

vectors parameterized by the DOA 7 with v = (v1,...,7,)T and Do = [%, . j%:] for p sources.
~ =70
For the NC-CES distributions, 3y becomes:
S Ay O = A(I){ 0
3o = < 0 A )—-o ( 0 A7 + Aolam, (143)
= Yo Qo . I . . .
where 2y = v Y is structured like 3 and (139) is also valid, where now Hj is replaced by [48]:
c,0 c,0
Hy 2 (Z.0Al, Q.0AL) =1 ( A‘jzi’o > (144)
AO c,0
Note that (143) reduces in the so-called rectilinear case to [51]
o = AroEr oAl + AL, (145)
where B, o € Sy is symmetric positive definite and Ar,o = < A:’O > € C?™*? is full column rank that collects the
7,0

parameters of interest vy that characterize KT}O. Under the condition 2m > p, (139) is written in the form [52]:

L(70l&0, e.0) = I(v0l€0) = %Z’O)J[VGC(KT,O)]H(I’;I% ® Him)J[vec(Km)], (146)

where H £ Er,ogfoiglgnoEw and Hfir . £ Ty — Kr,o[f&foﬁno]’lﬁfo-

This low-rank scatter model encompasses many far or near-field, narrow or wide-band DOA models with scalar or vector-
sensors for an arbitrary number of parameters per source and many other models such as the bandlimited SISO, SIMO [53] and
MIMO [54] channel models. For example, parametrization (145) can be applied for DOA estimation modeling with rectilinear
or strictly second-order sources and for SIMO channels estimation modeling with BPSK or MSK symbols [55] where g
represents both the localization parameters (azimuth, elevation, range) and the phase of the sources, and the real and imaginary
parts of channel impulse response coefficients, respectively. Parametrization (143) on the other hand is used for DOA modeling
with generally non-circular and non-rectilinear complex sources.

Remark: In all the above-mentioned applications, the observation vector x is generally assumed to be the sum of a low
rank zero-mean signal of interest and a zero-mean noise term, which is mutually uncorrelated with the signal. This approach
requires that both the statistical models of the useful signal and the noise are chosen a-priori. It should be noted, however, that
neither the useful signal nor the noise are observable, so the chosen model could be completely misspecified. Furthermore,
since they are not observable, their model cannot be estimated (in a non-parametric way) from the observed vector x. Unlike
what has been done generally in the literature, we adopt here a semi-parametric statistical model on the observed vector x
only, without relying on any additional assumption on the statistical model on the unobservable signal of interest and noise.
From a statistical point of view, we therefore believe that our approach is more valid and robust to the misspecification of the
standard model generally assumed in the literature.

VIII. CONCLUSION

The semiparametric statistical efficiency in estimation problems for elliptically symmetric distributed data was analyzed
in this paper. In particular, we studied the impact of finite and infinite-dimensional nuisance parameters can have on the
estimation of the parameters of interest which, in the case of elliptical distributions, are contained in the location vector p
and/or in the covariance matrix . The profound and counter-intuitive result that emerged is that, in the presence of specific
finite-dimensional nuisance parameters, semiparametric efficiency can be equivalent to parametric efficiency. Specifically, in
the case of elliptical distributions, not knowing the density generator does not cause any loss of efficiency when estimating p
or a scaled version of 3. This result had already been demonstrated by Hallin and Paindaveine in [10], [11] by leveraging an
asymptotic approximation of the projection operator as a conditional expectation with respect to an appropriate invariant sub-o
algebra. Unlike these works, in this paper we provide an explicit derivation of such projection operator. Furthermore, as an
advancement over the state of the art, we analyzed the case, important in many applications, in which the parameters of interest
and the finite-dimensional nuisance parameters are given by a parametrization of the location vector and of the covariance
matrix. A general condition that the parameterization in question must satisfy in order for the semiparametric efficiency to be
equal to the parametric efficiency has been derived in this paper. This condition therefore allows us to test this property for any
particular parameterizations. Two examples were investigated here, including the well-known low-rank parameterization, often
arising in many practical signal processing applications. The paper concluded with a section in which the results derived for
RES distributions are extended to the case of C-CES and NC-CES distributions. The natural follow-up to this paper will be on
the development of semiparametric estimators capable of achieving parametric efficiency. A promising approach for achieving
this goal is that of rank-based (R-) estimators [28], [30], [50].
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APPENDIX
SOME TECHNICAL RESULTS AND THEIR PROOFS

A.1 Some useful results in H,
Lemma A.1. Let ‘H be an Hilbert space and let U C H be a closed linear subspace of H. Let us now introduce the
g-replicating versions of H and U as Hg = H X - x H and Hy 2 Uy = U X --- xU. For h € H, and h; € H,
i=1,...,q, we have that:
where II(h|U,) € Uy and TI(h;[U) €U, i=1,...,q.
Proof: For a given h € H,, the projection II(h|H,) is defined as the vector in #, such that [18, Theo. 5.1]:
[Ih — TI(h[Hy) |3, < [[h—ullp,, Va el (148)

From the definition of the inner product in H,, induced by the one in # as (h,u),, £ 3% | (hi,ui)y,, we have that:

b —ull, = VB —wh—u,,

q q
= \/Zi_l <hz — Uiyhi — ui>H = \/Zi_l th — quH

As a consequence, minimizing ||h — ul|3, is equivalent to minimize each term ||h; — u;||3. Then, the equality (147)
follows from the definition of orthogonal projection in H onto U. [ |

(149)

Theorem A.l. The g-replicating Pythagorean theorem [15, Theo. 3.3]: Let Hy and Uy C Hg the g-replicating Hilbert
space and subspace defined as in Lemma A.l. Let us take h € Hq and u € U,. If h L u, then:

G(h+u,h+u)=G(hh)+ G(u,u), (150)
where [G(a,b)];; = (a;, bj),,.
Proof: Let us start by showing that:
Hyohluely e H>h Lujeld, i,j=1,...,q. (151)

a) Proof of the implication <. Since H > h; L u; €U, i,j =1,...,q, we have that (h;,u;), =0, 4,5 =1,...,q. Then,
(h,u)y, =327, (hi,us)y = 0. Consequently, h L u.

b) Proof of the implication =>. We notice that h | u < II(h|l{;) = 0. Then, from Lemma A.1, h L u < II(h;|/) =0,
i=1,...,q and consequently h; Lu; €U, i,j=1,...,q.

Now that we know that (151) holds true, we can deduce that:

(hu)y =0 (hiug)y =0, 0,5 =1,....q, (152)
or equivalently that (h,u);, =0 <« G(h,u) = G(u,h) = 0. Finally, (150) follows from a simple calculation:
Gh+uh+u)
= G(h,h) + G(h,u) + G(u,h) + G(u,u) (153)

= G(h,h) + G(u, u).
|

A.2 Proof of Lemma IL1. From (21), it follows that t., = S, + p and therefore the covariance matrix of t., breaks
down:

Ey {E%‘E?;O} = I(v0/¢0) = I(70l&0. 90) + Eo{pp’ } + Eo{8+,p" } + [Eo{é—mpT}]T- (154)

Then the equality in (24) follows immediately iff Ej {SW pT} = 0. From the component-wise application of the inner
product, we have that:

Eo{8+,P"} =0 ([Sy,]i0j)p =0 [y )i Lpy, Vije{l,....q}. (155)

To show that [S.,]; is orthogonal to p;, Vi, j, we note that, according to its definition given in (18), [S4,]; is the residual
of [s4,]; after projection onto 75 + 73. As a direct consequence, we have that [Sy,]; L (72 + 7T3), or equivalently,
[S+0)i € (T2+T3)*. Moreover, again by definition in (25), p; € (T2 +73) N T3 C T2+ T3. Consequently, ([S,]i, ;) = 0,
Vi, j since (T2 +T3) L (T2 + T3)*. [ ]
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A.3 Proof of Lemma II.2. Let us start by noticing that the closed subspaces (75 + 73) N T3 and 75+ N75* are orthogonal.
In fact, it is immediate to verify that, each element h € T3 + 73 can be written as h = hy + hg with ho € 75 and h3 € T3.
Moreover, Vg € T;5 N T3+ we have that g € 755 and g € T3 and consequently i L g. In addition, 75 can be expressed
as the (direct) sum of the and these two closed subspaces, i.e. T5- = (T2 + T3) N T3+ + (T35 N T5H). Consequently, from
the property (20), we get:

(b, (T2 + T3) N T55) = (b, T55) — T(E, | T5- N T50). (156)

By its definition, given in (13), [E.Yo]i € TQL. As a consequence, we have that the first projection in the RHS of (156) can
be evaluated as II(t,|75") = t.,. And therefore p = 0 & t,, = [I(t,[T5- NT5H) © [ty )i € ToENT5H & [B4,)i € T5-
and [t+,]; € T5. Then because [t+,]; € T35, p = 0 < [t4,]; € T3~ or equivalently, [t,]; L Ts. [ |

A.4 Projection onto two subspaces D + 7, where D has finite dimension. The following theorem has been proposed
in [1, Theo. 5, A.4]. Let (#, (-, -),,) and Hilbert space. Let 7 C H be an infinite-dimensional subspace while H > D =
Span{si,...,sq} is a finite d-dimensional subspace. Then, the orthogonal projection of an element h € H onto D + T
can be expressed as:

II(h|D + T) =(A|T) + I(h|Span{ri, ..., 7 }), (157)

where r; £ s; — II(s;|T) and k £ dim(Span{ry,..,7}) < d. Moreover k = d if and only if DNT = {0}.
Proof: To prove this expression, let us start by noticing that any element in {s;}¢_; can be decomposed as:

s; = [H(ss|T)] + [s6 — T(s4|T)] 2 t5 + 74, (158)
where, by definition, ¢; € T and r; € TL i= 1,...,d. As a consequence, any element [ € D can be decomposed as:
Z:Zjﬂ%m+2jﬂam,meR, (159)
where the first term belongs to 7 while the second belongs to Span{ri,...,r4} C T+ and then:
D+ T = Span{ry,...,rq} +T. (160)
In general, the elements {rq,...,74} may be linearly dependent, so we can extract a basis {r;,,...,7;, } such that
Span{ri,...,rq} = Span{r;,,...,r;, . For the sake of simplicity and without loss of generality, let us suppose the k
linearly independent elements are the first ones, then we have:
D+ T =Span{ry,...,rxt +T. (161)
Finally, according to [18, eq. (5.7)] or [15, Sect. 2.4, Ex. 1], the following explicit expression holds:

(D + T) = I(h|T) + I(h|Span{ri,...,rc}) = (k| T) + p" G 'r, (162)
where p £ (p1,...,pi)7 with p; £ (h,73),, [Glij £ (ri, 7). fori=1,... kandr £ (ry,...,r)7. Let us now focus
on finding a geometric (necessary and sufficient) condition to have k = d, that is verified if and only if {ry,...,r4} are
linearly independents. By definition, we have that:

Span{ry,...,rq} = I(D|TH). (163)
Specifically, we can define a linear map P as:
P:D—T*
I I TH). (16

Therefore k = dim(Span{rq,...,rq}) = dim(Im{P}). Form the rank-nullity theorem, we also have that dim(Im{P}) +
dim(ker{P}) = d. Consequently:
k =d < dim(ker{P}) = 0. (165)

Since, by definition ker{ P} = {l € D|II({|/T+) = 0} = {l € D|II(I|T) = I}, we immediately have that ker{ P} = DNT
and consequently:
k=deDNT = {0} (166)

]
A.5 Implicit derivation of V{e Cs(Vs)[VShl' The following calculation has been derived in [11, Sect. 4]. Let us start by

defining the mapping vy, : R™(m+1)/2=1 R implicitly defined by the constraint S(Vg) = S(vf, (vecs(V)), vecs(Vg)) =
1. Thanks to the implicit function theorem, under Assumptions A1, A2, A3, this mapping exists, is unique and continuously
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differentiable around a given vecs(Vs). Then, we can differentiate both side of S(v7) (vecs(Vs)),vecs(Vg)) = 1 wrt.

vecs(Vg) to get:

S (viy, vees(Vs))
vy,

Vvees(v)S(viy, vees(Vs)) + Vyeas(ve) Vi1 (vees(Vg)) = 0, (167)

then consequently

Vyees(vs)S (v, vees(V))

168
DS (v}, vees(Vg)) /Ovty Hew

Vyeas(vs) Vi1 (vees(Vs)) = —

A.6 Explicit calculation of V@(VS)[VS]H for S(X) = [Z]1.1, S(T) = tr(X)/m and S(£) = |Z|*/™. For the scale
S(X) = [X]y,1 it is trivial to verify that ercs(vs)[vs]n = 0£(m+1)/2—1' For the scale S(X) = tr(X)/m, let us start
by noticing that it implies tr(Vg) = m. By taking the differential on both side of this equality, and by expliting the
linearity of the trace, we get:

dtr(Vg) = tr(1,,dVs) = vec(I,,) T vec(dVg) = 0. (169)
Now, by definition of D,,:
_ _ [Vs]i
vec(Vg) = Dy, vec(Vg) = Doy, ( vees(Vs) ) (170)
Then, by substituting (170) in (169), we obtain:
T d[Vsli _ T T T . _
vec(I,)" Dy, ( dvecs(Vs) ) = (vec(In)" D )1d[Vs]i1 + vec(I,)” Dy L dvecs(Vg) = 0, (171)

from which we immediately get:

dVslii \" & or vec(L,) "D, I}
_ = V =YY —mm 172
<dvecs(Vs)> Vyees(vs) [Vsln [vec(L,,) "Dy )1 (172)

The scale S(X) = |X|'/™ implies that [V 5| = 1. Taking as before the differential on both side, we have [25, p. 149]:

[Vs|tr(Vg'dVs) = 0 = vec(Vg") vec(dVs) = 0. (173)
Consequently, by applying exactly the same procedure as before, we get:
vee(V H)TD,, I
Vi esvey [Vslin = — = = 174
m(Vs)[ sln [vec(Vgl)TDmh (174)

A.7 Properties of the matrix M? The following properties have been derived in [10], [11]. Let us define the matrix
D§ as the matrix derivative of the scale function S defined in (36):
2 05(%)
[9)>
We note that, for S(2) = [E]11, S(2) = tr(X)/m and S(E) = [S[Y/™, we have D¥ = e; €], D¥ =m~'I,, and
D¥ = m~!|Z|V/™Z ! respectively.
The matrices D¥ and M¥ have the following properties [11]:

P1 From the 1-homogeneity of S, we have that D& = D¥ for all ¢ > 0. Moreover S(X) = tr(D¥X).
P2 Let A be a m X m symmetric, real matrix. If tr(DEA) =0, then

MZ] vecs(A) = D,,Kv ,vecs(A) = D, vecs(A) = vec(A). (176)

D¥ e Rmxm, (175)

P3 MZ has full row rank equal to m(m +1)/2 — 1.

P4 Ker M¥ Nvec(SE) = {a-vec(D¥F),a € R}, that is the null space of the restriction to the vectorized space Sk, of the
real, symmetric matrices of dimension m x m of the linear application defined by M? is the one-dimensional space
generated by vec(D¥).

The proof of these properties can be found in [11, Lemma 4.2]. Let us now focus on the property P4 to add some insight
on the image of M¥. From the Property P3, we have that the dimension of Im M¥ N vec(S%), i.e. the number of the
linearly independent rows of M¥ is equal to m(m + 1)/2 — 1. Moreover, as a direct consequence of the rank-nullity
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theorem, we have the following additional property:

P5 An orthonormal basis of the m(m + 1)/2 — 1-dimensional image Im M¥ N vec(SE,) of the restriction to vec(Sk) of
the linear application defined by M? is given by the columns of the matrix Vy = D,,Ux € R * (m(m+1)/2-1) gych
that :

vees(DF) " Us =0, ULUs =TL,(n41)/2-1- (177)

From its definition given in (55), we have that [MZ¥] "~ D, Ks. Consequently the column of the matrix Ks; and the
one of Uy, span the same subspace. In other word, for each X € S}fb, there exists an invertible transformation matrix
Ss: such that:

KxSs = Us. (178)

We note, for further reference, that for V.= s~'% from the Property P1, we have vecs(D¥)? Uy = vecs(DY )" Uy
and then Uy = Uy and consequently:
KvSv = Uy. (179)

A.8 Derivation of the nuisance tangent spaces 7, and 7 . Let us start by considering the unconstrained non-parametric
sub-model 73;‘ given in (49) and derive the relevant tangent space 7;13 To this end, following [15, Sec. 4.2], [1, Sec. 3.1],
[2, Sec. 2.2], we need to introduce a set of parametric sub-models of 77;‘. Formally, an i-th parametric sub-model of ”P;
is defined as:

Pr = {px(x10,7ip),p € Ti SR, (180)
where:
Ti,p X X T,L — g
P =T (Xv p)a
is a known function parametrized by an (artificial) unknown finite-dimensional vector p. In particular, for every smooth
parametric map 7;(-, p) : Ty — G, P} » in (180) is a parametric model satisfying the following two conditions [15, Sec.
4.2]:
CH Pz, S Py, VieN,
C2) po(x) € Py ,» 1.e. Vi € N there exists a vector pg € T, such that px (x|Yo,7i,p,) = Px (X|7Y0, 90) 2 po(x).

(181)

Intuitively, a parametric sub-model PZ ' can be thought as a finite-dimensional approximation of the non-parametric
model Pg. The purpose of using a parametric sub-model lies in the fact that its tangent space is well-defined as shown
in (12) as:

H 2 Ty = Span{[spy.il1, - [Spo.lri (182)

where s, ; = V, Inpx (x|v0,7i,p,) is the score vector of pg € T; in the i-th parametric sub-model 7! . Consequently,
according to [16] and [15, Sec. 4.4], the tangent space 7;% can be defined as the closure in # ° of the union of all the
(parametric) tangent spaces 7", :

Ton =,y Titoo € H- (183)
Equivalently, 7;¢ C H is the subspace 10 of H composed by all the functions h € H for which there exists a sequence
{c'spy,isci € R }ien such that ||h — cI'sp || = Eo {(h — ¢I'sp, )%} — 0.
Now that we have the theoretical and formal framework, let us go back to the application at hand. Specifically, we have
to show that 7 ¢ can actually be expressed as in (77):

Toy = {h € HIh(x) = h(x = o) "V 5h(x — o)), 5. x € X'}
= {h € Hlh(x) = h(Qum"s,o (x)),a.s.x € X} (184)
= {h € H|h is 0(Q)-measurable} .

Proof: The proof follows from some small modifications of the one in [15, Theo. 4.4]. Specifically, we need to show that:
i) Any element of 7;%, Vi € N is an element of Tyes 1. ipo C Ty Vi €N,
i) Any element of 7. can be expressed as an element of a given 7%“}70, for some ¢ € N, or as a converging sequence of

9The closure A of a set A is defined as the smallest closed set that contains A, or equivalently, as the set of all elements in A together with all the limit
points of A.

10The closure of a linear spaces doesn’t need to be linear, in general. However, as discussed in [56, Assumption S] and [15, Sec. 4.4, Remark 5]), Tg‘é is
a linear space in the vast majority of the non-pathological statistical models.
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such elements.

Let us start by showing 7). Each element of 7;%, ,Vi € N is of the form c]'s,, ;, where ¢; € R" and:

2,P0’
Spo,i = vp In |:|VS,O|71/2TZ-7PO (Qumvs,o(x))}' (185)

Consequently, c¢!'s,, ; is an element of Ty since, by inverting the order of differentiation and integration (under the
regularity conditions discussed in [19, Sects. 6.2, 6.3]), it is immediate to verify that Eo{[spo,i)j} =0, for j =1,.

Then [s,, ;]; € H for j =1,...,r; and it is measurable w.r.t. Q. v, (X), then cl'Spyi € Tgo: Vi € N.

Let us now move to ii). Let start by choosing 7 elements {5;(Q, v 50 (x))} L€ T“ such that h; are bounded functions.

Then, as parametric sub-model of the form in (180), we may choose the followmg one:

Pr:= {pX(XV’) = {1 + Z hj(Quo, V.o (X ))} } (186)
where p € T; is sufficiently small to guarantee that
LD 03y (Quo v () 2 0. 9x € X, (187)

such then px (x|p) > 0. Note that, such “small p” exists since we are working with bounded functions fLJ—. Moreover, for
each px(x|p) € P- ., we have that:

/ px (x|p)dx = / wxdx+ 3" o, / 73 (Quo s o (X))po (x)dx

=143 piBolhy (Quovsn ()} = 140 =1,

(188)

since Bj € H, then px(x|p) is a proper pdf and consequently Psz- is a proper parametric sub-model that satisfies the
conditions C1 and C2. Specifically, C2 is verified for py = 0. Now, a score vector of this specific parametric sub-model
is of the form:

Spyi = Vo Inpx (%Yo, Tipy) =

= VI [po(x (1+Z 73 (Quo,vis,o (X ))HPZO (189)

= Tl 1437 iy (Quoviao (x )Hp — (B, )T

=0

Consequently, since, as said before, any element of 7'“ is of the form c’'s po,i for some ¢ € R™, we just need to

choose ¢ = e, ;.. to prove that 7! > h; i (Quo,vso(X)) 6 T“ where h is a bounded function. The proof is completed
by noticing that the set of bounded functions is dense in 7—[H and consequently, any element h € T ¢ can be obtained as
a converging sequence of bounded functions. This concludes the proof of the result in (77). We conclude this part by
noticing that, I1(h|7,!) = E{h|Q}, Yh € H [27, Ch. 23, Def. 4].

Let us now move to the constrained non-parametric sub-model Pf in (46). To derive the relevant tangent space 7T,

we can reuse the previous proof except for the fact that we need to impose such constraint to the class of parametric
sub-model given in (186). Specifically, since form (32) Q =4 Qp,,vs,(x), we want that:

i =E{Quov 09} = [ Quuovas (o) 1437 037 Qv ()] dx
= B{Q} + ) pyB{Qh,(Q)},

for all the possible {pj} ©, and then we should impose that E{Qh;(Q)} = E{(Q—m)h;(Q)} =0 forall j =1,...,7;
Consequently, the tangent space 7T, of Py in (46) is given by:

Te = {l € THIE{(Q-m)I(Q)} =0} = {l € T|[E{QU(Q)} = 0} C H. (191)

We now need to derive the orthogonal projection operator onto 75, i.e. H(|Tg%) This can be readily done by noticing
that 7, can be decomposed as the following direct sum 7' = T2 @ Span{Q — m}. This follows by the fact that:
E{(Q - m) (Q)} =0« (Q—m) L I(Q) where we have used the canonical inner product of # defined in (2) as
(hq, hg)H 2 Eo{hihs}, Vhyi, hy € H.'! Moreover, the previous decomposition of T, implies that

I(A|Ty) = T(A|T,, ) + TI(h[Span{(Q —m)}), Vh e H, (192)

(190)

Note that we need to assume here the additional assumption E{Q?} < co. We note that this condition implies the assumption required in footnote 3. It
imposes for example for the ¢-distribution that the degree of freedom satisfies v > 4.
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where
(hISpan{(Q — m)}) = W(@ —m). (193)
Finally, since I1(h|7,,) = E{h|Q}, we have:
OHTS) = E{HQ) ~ 5r7g ooy (@ —m), ¥he I (194

where E{Qh} = E{QE{h|Q}} = (I(h|T}),(Q - m)>H To conclude, let us have a look at the nuisance tangent
space of the parametric sub-model P . C 77,7 g in (47). It 1s immediate to verify that its parametric sub-model P
is exactly of the form given in (180) Consequently, its (finite-dimensional) tangent space 7 is included in 7y,

C C
<o c 7—§0‘

Y0550,

A.9 A property of the scale function S(Xg) = |X|'/™. The aim of this appendix is to recall the proof, already derived
in [11], of the determinant-based scale. Specifically, as corollary of the Proposition IV.1, in [11], it has been show that,
if the scale function S;(Xo) £ |£|'/™ is adopted, then the parametric FIM 1., in the parametric model P in (43)
is equal to the efficient SFIM I(vo|so,go) for Py 5. To prove this, we need to show that, if S(Xg) = |Zo|'/™, then
H(Syees(Vs.0)| Tso) = 0. From (87), we have that:

I(Syees(ve0)|Too) = 0 & My “"vec(Vgh) =0 (195)

or equivalently I1(Syees(vs o) 7s,) = 0 iff veC(V;E) € Ker M;’S"’ Nvec(SE) = {a~vec(D¥S‘°), a € R} where the matrix
Dgs ° is formally defined in (175) of A.7. As already noted in [11, Th. 3.1], this is a direct consequence of the Property
P4 of the matrix MVS'0 (see appendix A.7). In fact, for S = Sd, we have that D?: = m*1|20\1/m251 = mflVg’%.
Consequently, we immediately have that vec(V 0) € Ker Mg, vson vec(Sy) and then TI(Syecs(vs.0)| T50) = O. ]

A.10 Explicit expressions of the CRB in the model P< .. Let us first evaluate the CRB on vy £ (uf, vecs(20)7)” € Q.

To this end, we note that the two components of the related score vector s,, = (SZO,SQCS(EU))T have been already

introduced in (56) and (57). Consequently, from standard calculation and by using the independence between Q and u
(along with the properties of u), the FIM for vy € 2 is given by:

I I
IV é E Sy, SZ - ( " HoyveCS(zo) ) 7 (196)
0 O{ 0 0} Zo,vecs(zo) Ivecs(zo)
where
I = EO {Suo HU} B ) 17 (66)
Ip,o,vecs(zo) Ey {Suo zccs(zo)} =0, (o0

1 ey Lo _ _
Lyees(so) 2 o {sveCS(EU)s{ECS(EO)} =D/, LQ@O)(EO o 201 + 2 (a(go) — Dvee(Sg Hvee(Sg )T | Dy (198)

Then the CRB on v can be derived from the block diagonal structured FIM in (196) as:

ay-1_ { CRB(o) 0
CRB(vo) =1, = < 0 CRB(vecs(Xy)) /)’ (199)
where:
CRB(po) £ L,y = B(30) 'S0 and CRB(vecs(2o)) £ Iz, (200)

To calculate I_ ecs(z ) let us rewrite (198) in the form Iyecs(szy) = DI [A + aaT|D,,. The inverse of the middle term of
(198) can be derived from the inversion matrix lemma giving:

207" ( 0)(a(go
(m +2)a(go) —
Then using D,,,D¥ = 1(I,,2 + K,,,) and K,,, (2 ® 3¢) = (o ® E0)K,, [25, Ch. 3], we straightforwardly get

20! (go0) ((go) — 1)
(m +2)a(go) —m

[A +aa’]™! =207 (50) (o @ o) — )= )vec(Eo)vec(Zo)T. (201)

D,.D#[A +aa’ " 'D#TDL = a1 (Go) (12 + K) (o @ g) — vec(Xg)vee(Zo) T, (202)
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Finally, using K,,,D,,, = D,,,, Dﬁfme = Ly (m+1)/2: [25, Ch. 3], it is easy to check that

(DL[A + aa”|D,,) D (D,,D#[A + aa” | 'D# D! ) DA =1, 41)/2, (203)
Lices(=q) (202)
and thus, since D7 K,, = D7 [25, Ch. 3]
go) — 1
CRB(vees(So)) = 20~ 1(0)D% | (B0 Bo) = — Q0 =D 53 vvee(s0)T | DET. (204)

(m + 2)a(go) —m

In the second step of the proof, the CRB on 7)q is given by
CRB(no) = J[w (o) CRB(ro)[J[w ] (10)]", (205)

from the inverse diffeomorphism of w (50), whose Jacobian matrix J[w~!](1y) is given by (96).
Let us explicitly evaluate the term Vvec 2)S (Xo) in (96). From (37), we have

Vi vee(Vis) = S71(E) [Tz = vee(Vig) Vi) S(2)] - (206)
Then from vecs(Vg) =1,,vecs(Vg) and vec(X) = D,,vecs(X), we get:
VT emyvees(V) = S (E)L,DF [Tz — vee(Vs) Vi 5 S(Z)| Din (207)
Consequently, the CRB on 7y is given by
CRB(o) 0 0
CRB(no) = 0 CRB(vecs(Vs0)|s0) v ) (208)
0 o7 CRB(so|vecs(Vs0))
where CRB(p0) is given by (98) and:
CRB(vees(Vs)[s0) = Vieesvees(Vs,0) CRB(vees(20))[Vyees(m vees(Vs, o), (209)
CRB(solvecs(Vsyo)) = V?,;CS(E)S(Eo)CRB(veCS(EO))Vvecs(E)S(Eo), (210)
U = V. smvees(Vso)CRB(vees(30)) Vyees(:)S(Zo)- (11)

Then, applying Euler’s homogeneous function theorem to the score function S(X) which is homogeneous of order one:
Vieo(m)S(B)vee(E) = 5(3), 212)

the relation D,, D7, = 7(Im2 +K,,) and the fact that K, Vyeo(5)5(20) = Vyee(s)S(Z0) the relations (209), (210) and
(211) can be explicitly expressed as:

CRB(vecs(Vs0)|s0) = a *(50)L,, D Ps(Vso) Lnz + Kin)(Vso ® Vo) PL(Vgo)DATTE (213)

=m m m =m?
that correspond to the expression reported in (99) and:

253 o(go) — 1
a(g?)) Ve S(20) (V50 @ Vs 0) Vyee(s) S (o) — < — )] : (214)

CRB(so|vecs(Vgyp)) = (m+2)a(go) —m

¥ =207 (70)s0L,, DEPs(Vs0) (Vo ® Vo) Veees) S(Zo), (215)

Remarkably, it can be shown that, for the scale functional S;(X) £ |£|'/™ the term ¥ cancels out, in accordance with
Proposition IV.1. In fact, for Sq(X), we get Vyeo(s)Sa(Zo) = %vec(Eal) from [25, Ch. 8, Th. 1] and Pg,(Vs,) =
I,2 — Lvec(Zg)vec(E5 ). Consequently (Zo ® o) Vyee(s)Sa(Zo) = 2Lvec(Xp) and thus

Pg, (Vsyo)(Eo ® X0) Vyee(z)94(Xo) = 22vec(Xg) — 25 tr(L,,)vec(Xg) = 0 and therefore ¥ = 0.

Moreover, Ps,(Vs0)(Lnz + Kin)(Vso ® Vgo)PL (VS 0) = ( m2 + Kin)(Vso® Vgo) — %VGC(VS’())VGC(VS,O)T
using in particular vec(V;}))T(VS’O ® VS,O)VeC(VS’O) = tr(VS OVS oVs OVS 0) = m, which proves (100).

Finally, VfCC(E)Sd(EO)(VSTO ®V570)vvec(2)5d(20) m2 VEC(VS 0) (VS 0 ®VS ())VGC(VS 0) =
(214) reduces to:

which proves that

7n’

4|2|2/m

CRBlabeeesVisao) = Saatao) - 1 + 2aG0))

(216)

A.11 Proof of Proposition VI.3. The different steps of the proof are based on some reasoning and notations of [52, Sec.
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VI of supplement material] for C-CES distributions and the general “low-rank” model (139), that itself takes up the steps
of the proof presented in [57].
We deduce from the FIM in Ig, (113), the following expressions of the sub-blocks:

Ig, = Jelvec(Zo)]” (%512 @ 35 /)T [T/2(35 /2 @ 35 %)] Jelvee(So)] 217)
Loer = Jylvec(So)]” [(85' 0 25412 [TV2(502 @ 2077%)| Jelvee(So) (218)
with
T 2 27 (o)L + 47 (a(go) — 1)vec(L,, )vee(In) T, (219)
which can be written, by means of the notation used in [52, Sec; V of supplement material], in the following compact
form
I, = ATA and I, = GTA, (220)
with
AL [TW(E(;W ® 251/2)} Je[vec(S)] and G 2 [T1/2(251/2 ® 57| 3, [vee(So)]. 221)
Consequently the left hand side of (117) can be expressed as:
G [L,: — A(ATA) AT T 2(2% @ By/%)vee(Sy 1) = GTOX T 2vec(Iy), (222)
with HJA 21, — A(ATA)"'AT. This implies that condition (117) of Proposition V1.1 is satisfied iif
vec(I,) ' T~ V2IAgr =0, k=1,..,q, (223)
where g,k =1, .., q denotes the kth column of G. Let’s further partition the matrix A as
A =TY(S? @ 55 %) [Tyees(m [vee(S0)] | Ialvec(So)]] £ [V | w,), (224)
with u,, = Tl/z(Eal/2 ® 20_1/2)Vec(1m) = T'/2vec(Ey ). It follows from [57, rel. (14)] that
HL . THL
I+ = H%, _ % (225)
u; Il;u,
Reporting expression (225) of Hi in (223), condition (117) of Proposition VI.1 is satisfied iif
T 71/2HJ_ 11l
Tr—1/277L . (vec(In)" T vUun) (u, IIygk) _ _
vec(L,,)' T Iy gk T, L =0, k=1,.,q. (226)
Consequently to conclude the proof, it is sufficient to prove the two equalities:
vec(L,) ' T V213 g, =0 and ufllg, =0, k=1,..q. (227)
From the definition of G (221) and the derivative 39 = AYZ, AT + A Eo(AY)7T, we straightforwardly deduce that
gr = T ?vec(Zy, + Z1) (228)
with
Ze 2 3,2 A0E0 (AT 2. (229)
Likewise from the definition of V (224) and Jyccq(=)[vec(o)] = (Ao ® Ag)D,, we straightforwardly get:
V = T1/2W0Dp (230)
with
W, 2 5, 7A@ 5, Ay (231)
Consequently, IT3; is written in the form:
Iy =I,: — T'/*W(D,[D(W{TW,)D,] ‘DI W{'T/?, (232)

where WI'TW, = @(AOTE(TAO ® AT Ag) + %vec(AgEgle)vec(AgEalAO)T. By noticing that

WI'TW; is structured in the form A + aa® and applying the inversion matrix lemma with the trick in (203), we get:

My =1,,. — TV/2B,T'/2, (233)
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with B
a(go) — 1

1
Bo = (L2 +Kp) |[——Hio®@Hi ) — vec(Hy o)vec(H; o)7 (234)

a(go) a(go)(2a(go) + (a(go) — 1)p
with Hy o 2 55"?Ag(ATS;'Ay) AT, /2. Finally, both left hand sides of expressions (227) follow
vee(L,) T T V2 $g, = vee(L,) vec(Zy + ZF) — vec(1,,) ' BoTvec(Zy, + Z1) (235)
uTigg, = vee(Zyh) T Tvec(Zy, + ZF) — vec(25 )T TBoTvec(Zy + Z). (236)

Reporting the expressions of T (219), Z; (229) and By (234) in the right hand side of (235) and (236), and using
H%,o =H; ¢ and tr(H; o) = p, terms (235) and (236) are proven after cumbersome calculations to be equal to zero. W
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