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Box Atlas: an Interval Version of Atlas

Arthur Ignazia,, Remy Guyonneaua,, Sébastien Lagrangea,, Sébastien
Lahayea,

aUniv Angers, LARIS, SFR MATHSTIC, F-49000, Angers, France

Abstract

This paper presents an adaptation of the notion of atlas to interval analysis
named box atlas. This new concept makes it possible to directly use interval
analysis methods on compact manifolds. This can be useful to solve path
planning problems or to compute attainability in robotics. To demonstrate
the relevance of the approach, a box atlas for two classic manifolds is proposed
and an application for a path planning problem is presented. The paper also
proposes a paving construction for every compact manifolds of dimension 2
that is box atlas compatible.

Keywords: Manifolds, Atlas, Interval analysis, Path planning

1. Introduction

Among the various ways to describe manifolds, atlases are one of the
most common tools [1]. In topology, an atlas serves as a collection of charts
that provide coordinates on the manifold. These charts describe homeomor-
phisms, or smooth mappings, between subsets of the manifold and subsets
of Euclidean spaces like Rn. By using charts, one can perform computations
locally, in Euclidean spaces, rather than directly on the manifold.

On a different but related note, interval analysis [2, 3] plays a significant
role in robotics, particularly in applications such as path planning [4] and
localization [5, 6]. What makes interval analysis particularly appealing in
these contexts is its ability to account for rounding errors, ensuring that
solutions are robust and reliable. Numerous methods within interval analysis
can be applied to these problems, making it a versatile tool in robotics [7, 8].

In this context, the paper introduces a novel approach named box atlas
for describing manifolds that permits to use interval analysis methods. It
offers a description of manifolds that seamlessly integrates with interval-based
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tools. The core idea is to construct atlas-like descriptions where each chart is
directly compatible with interval analysis. While applying interval methods
to a manifold itself can be challenging, working with charts allows interval
tools to be used more effectively, with results that can later be translated back
to the manifold. A method named ”bisectable abstract domain” [9] makes
it possible to treat manifolds using interval analysis on manifolds where a
lattice structure (with inclusion) can be defined. The box atlas presented
in this paper is an alternative to ”bisectable abstract domain” that makes
it possible to bisect domains and define an intersection on sets that are not
lattices. For instance, the box atlas allows using interval analysis on non-
orientable manifolds (such as projective plane or Klein bottle).

In robotics, the importance of accurately modeling a robot’s configuration
space cannot be overstated, especially when it comes to path planning and
other motion-related tasks. As highlighted in [10], manifolds are used in
almost all robotics applications, even when they are not modeled explicitly.
The configuration space of a robot, which represents all possible positions and
orientations of the robot, is typically described by a mathematical structure
known as a manifold [11, 12, 13]. By understanding this space, algorithms
that help robots navigate and perform tasks efficiently can be designed. That
is why box atlas can be applied in robotics.

The paper is structured as follows: Section 2 covers the necessary mathe-
matical background on manifolds and interval analysis. Section 3 introduces
the box atlas approach. Section 4 proposes a path planning application of
the proposed method. Finally, Section 5 provides a summary and discusses
potential future directions for this research.

2. Mathematical background

The mathematical background required to understand the concept intro-
duced in this paper is presented in this section.

2.1. Manifold

Manifolds [14] makes it possible to represent complex, high-dimensional
spaces in a structured way. They are used in numerous subjects such as
robotics [15], machine learning [16], geometry [17]. This subsection covers
the basics of manifolds, with a focus on the main representation of manifolds,
that are atlases.
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A manifold is a space that, while potentially complex globally, resem-
bles Euclidean space locally. There exists a lot of categories of manifolds:
manifolds with boundaries, differentiable manifolds, Lie group, Riemannian
manifolds. . . In this paper, a specific family of manifolds is considered: the
compact manifolds. A compact manifold is a manifold that can be covered
by a finite number of open sets. This is the case for example of a circle, a
torus, a Klein bottle.

To represent manifolds, one can use the external view. That is, repre-
senting the manifold in a space using more coordinates. For instance, the
circle (dimension 1) can be embedded in R2, the sphere (dimension 2) can
be embedded in R3, and the Klein bottle (dimension 2) can be embedded in
R4.

Another representation, the one considered in this paper, is the internal
view, called atlases. It relies on decomposing the manifold into multiple
charts to constitute an atlas.

Definition 1. An atlas of a manifoldM is an indexed family {(Ui, φi) : i ∈ I}
of charts Vi = φi(Ui) such that

⋃
i∈I Ui = M where Ui ⊂ M is an open set,

φi is an homeomorphism and I is the number of charts.

Remark. I is not required to be finite, but in practice it is often finite or
locally finite.

There exists a transition map τij between each pair of charts Vi and Vj,
defined on their intersection:

∀x ∈ Vi, τij(x) = φj(φ
−1
i (x)). (1)

If Ui ∩ Uj = ∅, then ∀x ∈ Vi, τij(x) = ∅.
Decomposing a manifold into charts makes it possible to work either on

euclidean space or simpler topological structures.
Many atlases can be constructed for a given manifold, depending on the

number of charts chosen or the homeomorphisms built.

2.2. Interval analysis

This subsection presents the notions related to interval analysis. A bounded
closed real interval [x] = [x, x] is a set which can be written as {x ∈
R : x ≤ x ≤ x} with x and x in R. The set of bounded closed real
intervals is usually denoted by IR. Interval analysis extends arithmetic
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operators and functions such as addition, multiplication, cosine, exponen-
tial. . . Intervals are closed sets of dimension 1, whereas boxes (or interval
vectors) [x] = [x1] × [x2] × · · · × [xn] of Rn are the cartesian product of n
intervals. The set of boxes is usually denoted IRn. The dimension of a box
x ⊂ IRn is the number of intervals that compose it: dim(x) = n. Most
operators and functions applicable on intervals are applicable on boxes.

As mentioned in the previous paragraph, interval analysis extends clas-
sical functions like cosine or exponential. This is possible using inclusion
functions. An inclusion function [f ] of a function f is a function that en-
velops the direct image of a box [x] by f :

∀[x] ∈ IRn, f([x]) ⊂ [f ]([x]).

An example of an inclusion function is depicted in Figure 1.

Figure 1: An inclusion function of f .

In addition to the classic set functions, new methods have been introduced
using interval analysis. One of the most known and used is SIVIA (Set
Inversion Via Interval Analysis) [18]. It is a subdivision algorithm that solves
a set inversion problem using interval analysis.

A set inversion problem is a technique used to characterize the antecedent
X of a function f based on its image Y:

X = {x ∈ Rn|f(x) ∈ Y} = f−1(Y).

SIVIA algorithm approximates X by two subpavings X− and X+ such that
X− ⊂ X ⊂ X+.

To test if a box [x] is in the solution X, the following tests are used:

(i) [f ]([x]) ⊂ Y ⇒ [x] ⊂ X;
(ii) [f ]([x]) ∩ Y = ∅ ⇒ [x] ∩ X = ∅.
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If both tests failed, [x] is bisected until it is smaller than a fixed accuracy
ε. A box is bisected when it is split in two equal parts separated by its
principal plan. The subpaving X− contains all the boxes satisfying the first
test. The subpaving X+ contains X− and all the boxes for which all the
interval components are smaller than ε.

3. Box Atlas

On the first hand, most configuration spaces in robotics can be repre-
sented as manifolds. On the other hand, interval analysis implements a lot
of methods on robotic examples, but the configuration space of the robots
must be boxes. The idea behind the box atlas (the original contribution pre-
sented in this paper) is to create a subclass of atlases for which it is possible
to apply interval analysis methods on the charts.

Definition 2. A box atlas of a compact manifold M is an indexed family
{(Ui, φi) : i ∈ I}, with I finite, of charts Vi = φi(Ui) such that

� Ui are closed subsets of M

� ∀i, j ∈ I, (i ̸= j) : dim(Ui ∩ Uj) < dim(Ui)

�

⋃
i∈I Ui =M

� the charts Vi are boxes

� φi are the homeomorphisms such that Vi = φi(Ui).

Some properties differ from the classical atlas definition. The charts Vi
are boxes to be able to apply interval analysis in the charts. As φi are
homeomorphisms between Ui and Vi, Ui are closed sets. To avoid redun-
dancy when subdivision algorithms such as SIVIA are applied on charts, the
intersection between two charts is defined to have a lower dimension than
the involved charts.

Remark. As for the atlas, there exists a transition map τij between each
pair of charts (Vi, Vj). If Ui ∩ Uj = ∅, then ∀x ∈ Vi, τij(x) = ∅.

Box atlas can be used to describe compact manifolds by decomposing
it into multiples charts that are boxes. Interval analysis methods such as
SIVIA can be applied on each chart, and a global result can be observed
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Figure 2: Two charts of a box atlas of M.

using transition maps. Figure 2 presents two charts of a box atlas and their
transition maps.

Box atlas can be built separately or by using existing box atlases. The
following proposition allows to obtain a box atlas of a compact manifold
resulting of the cartesian product of two compact manifolds which have their
own box atlas. This proposition is an extension of a property of atlases.

Proposition 1. The box atlas being a subclass of atlases, if {Ui, φi} is a box
atlas of M of dimension m and {Wj, ψj} is a box atlas of N of dimension n,
then {Ui ×Wj, φi × ψj : Ui ×Wj → Rm × Rn} is a box atlas of M ×N .

Proof. Let M be a manifold and N be a manifold. {Ui, φi} is an atlas of M
and {Wj, ψj} is an atlas of N . Proof 5.18 of [14] specifies that {Ui×Wj, φi×
ψj : Ui ×Wj → Rm ×Rn} is an atlas of M ×N and M ×N is a manifold of
dimension m+ n. The atlas inducted is a box atlas, according to Definition
2.

The sections 3.1 and 3.2 present two examples of box atlases with interval
analysis methods applied on them. Section 3.3 presents an iterative method
to make a box atlas-compatible paving of the surfaces, according to Definition
2.
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φ0: φ1:
U0 → V0
(α) 7→ (α/π)

U1 → V1
(α) 7→ ((α − π)/π)

φ−1
0 : φ−1

1 :
V0 → U0

(x0) 7→ (x0 · π)
V1 → U1

(x1) 7→ ((x1 + 1) · π)

Table 1: Homeomorphisms for the box atlas of the circle.

Note that in the continuation of this paper, an interval [x, x] in the chart
Vi will be noted [x, x]Vi

.

3.1. Box atlas of the circle

3.1.1. Construction

This subsection presents a box atlas for the compact manifold S1. In
topology, the circle S1 is defined by [0, 2π] where 0 ∼ 2π. It can be split in
two subsets: U0 = [0, π] and U1 = [π, 2π]. The union of those subsets covers
the circle.

V0 and V1 can be chosen arbitrarily in R1. Let’s define the charts V0 =
[0, 1] and V1 = [0, 1]. Homeomorphisms φ0 and φ1 can be defined to give
transformations from the manifold to the two charts as stated in Table 1.

Figure 3 illustrates the box atlas of the circle.

Figure 3: A box atlas of the circle.
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V0 and V1 are of dimension 1. There exist transition maps between V0
and V1. These transition maps τ0,1 and τ0,1 are defined by:

τ0,1(x0) =


0 for x0 = 1
1 for x0 = 0
∅ otherwise

τ1,0(x1) =


0 for x1 = 1
1 for x1 = 0
∅ otherwise

The intersections between the subsets U0 and U1 of the manifold are of
dimension 0. The transition map shows that the two charts are linked by
only two points.

Remark. Since the charts Vi are boxes, the function φi are homeomorphisms
and the subsets of the manifold Ui are closed sets, a box atlas of the circle
has at least two charts. Indeed, a box atlas of the circle S1 with a single chart
would be the closed subset U0 = [0, 2π], the homeomorphism φ0(x) = x/2π
and the chart V0 = [0, 1]. In this case, according to the topology of the
circle (0 ∼ 2π), so φ0(0) = 0 and φ0(0) = φ0(2π) = 1 then φ0 is not an
homeomorphism. Thus, this is not a box atlas.

3.1.2. Use case

To illustrate the interest of such a box atlas, let’s consider the following
problem of angle calculation. Angles are periodic, with values repeating ev-
ery 2π radians. That is, interval like [7π/4, π/4] might seem invalid under
standard interval notation, but it actually represents a continuous range due
to the periodic nature of angles. It is preferred the notation [7π/4, 9π/4].
For each operation, intervals of angle should be normalized that make cal-
culus tedious work. For instance, the intersection of [α] = [0, 9π/8] and
[β] = [7π/8, 18π/8] results to only one interval [α] ∩ [β] = [7π/8, 9π/8].
But assuming that [α] and [β] are angles, it exists another intersection near
0 as it can be seen in Figure 4. This is due to the periodicity of angles,
[α] = [0, 9π/8] = [2π, 25π/8]. Then, [α] ∩ [β] = [7π/8, 9π/8] ⊔ [2π, 18π/8].
Normalized, the intersection is equal to [0, 2π/8] ⊔ [7π/8, 9π/8]. Figure 4
represents the angles on the circle.

Now let’s use the box atlas of the circle defined in subsection 3.1.1. α
and β belong to the manifold S1 where the two charts V0 and V1 are depicted
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in Figure 4. The homeomorphisms φ0 and φ1 are expressed in Table 1.
φ0(α) = [0, 1] and φ0(β) = [0, 2/8] ⊔ [7/8, 1]. In V0, α ∩ β = [0, 2/8] ⊔
[7/8, 1]. φ1(α) = [0, 1/8] and φ1(β) = [0, 1] and in V1, α ∩ β = [0, 1/8].
Then α ∩ β = [0, 2/8]V0 ⊔ [7/8, 1]V0 ⊔ [0, 1/8]V1 . Using φ−1

0 and φ−1
1 , it gives

α ∩ β = [0, 2π/8] ⊔ [7π/8, 9π/8]. The intersection of angles with interval
analysis has been made easier using box atlas.

Figure 4: α and β on the circle and on each chart of the box atlas of S1.

3.2. Box atlas of the torus

3.2.1. Construction

The second example is a box atlas of the torus T 2 = S1 × S1, which is
a compact manifold. According to Proposition 1, the box atlas of the torus
can be constructed using the product of two box atlases of the circle.

The torus can be decomposed in 4 subsets: U0 = [0, π] × [0, π], U1 =
[π, 2π]× [0, π], U2 = [0, π]× [π, 2π], U3 = [π, 2π]× [π, 2π].

As for the circle, the Vi can be chosen arbitrarily in R2. Let’s define
the charts V0 = V1 = V2 = V3 = [0, 1] × [0, 1]. Homeomorphisms φi give
transformations from the manifold to the charts as stated in Table 2.

Figure 5 illustrates this torus box atlas.
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φ0: φ1:
U0 → V0

(α, β) 7→ (α/π, β/π)
U1 → V1

(α, β) 7→ ((α − π)/π, β/π)
φ−1
0 : φ−1

1 :
V0 → U0

(x0, y0) 7→ (x0 · π, y0 · π)
V1 → U1

(x1, y1) 7→ ((x1 + 1) · π, y1 · π)
φ2: φ3:
U2 → V2

(α, β) 7→ (α/π, (β − π)/π)
U3 → V3

(α, β) 7→ ((α − π)/π, (β − π)/π)
φ−1
2 : φ−1

3 :
V2 → U2

(x2, y2) 7→ (x2 · π, (y2 + 1) · π)
V3 → U3

(x3, y3) 7→ ((x3 + 1) · π, (y3 + 1) · π)

Table 2: Homeomorphisms for the box atlas of the torus.

Figure 5: One box atlas of the torus.

3.2.2. Use case

In robotics, the 2R robot, a two arms robot with two elbows, is a well-
known example. The configuration space of the robot is the cartesian product
of the two angles α ∈ S1 and β ∈ S1, i.e. a torus.

Figure 6 depicts this robot with an obstacle in its working space.
The geometric model of the robot [19] is given by:(

xB
yB

)
=

(
l1 cos(α) + l2 cos(α − β)
l1 sin(α) + l2 sin(α − β)

)
. (2)

As the obstacle is constraining the robot, the set of allowed configurations
X ⊂ T 2 can be searched, that is where coordinates (xA, yA) and coordinates
(xB, yB), do not intersect the obstacle.
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Figure 6: The 2R robot with an obstacle.

To do so, a box atlas of the configuration space for this robot (a torus),
is used. The subdivision method SIVIA, presented in [18] and reminded in
Section 2.2, is applied on each chart to find all the configurations for which
the robot does not collide with the obstacle.

Figure 7: SIVIA algorithm applied to the four charts of the torus box atlas.

The result of the SIVIA algorithm on the four charts is presented on
Figure 7 and a representation of SIVIA on the torus is depicted in Figure 8.
This representation can be done using the φ−1

i functions. Each box depicted
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Figure 8: Representation of the result of SIVIA on the torus.

in red represents a set of solutions, thus the set of red boxes represents X−.
The yellow boxes represent configurations for which it is not determined
if they are solution or not because the precision ε has been reached. The
set of all red and yellow boxes represents X+. The blue boxes represent the
configuration for which the robot intersects the obstacle, they are guaranteed
not to be solution.

3.3. Case of the manifold of dimension 2: surfaces

This section presents the construction of a paving which respects the con-
straints of Definition 2 for every compact manifold of dimension 2 (surfaces).
These pavings are made such that a box atlas can be built for each of them.

Theorem 1 is one of the main topology theorems [20, 21]. It gives a classi-
fication of all compact manifolds of dimension 2. The operator # represents
the connected sum of two surfaces.

Theorem 1. Any compact surface is homeomorphic to the sphere S2, a

handle-body surface Hg =

g copies︷ ︸︸ ︷
T 2#T 2# . . .#T 2 with g ≥ 1, or a cross-cap sur-

face Cg =

g copies︷ ︸︸ ︷
P2#P2# . . .#P2 with g ≥ 1.

This theorem makes it possible to represent every surface as a sphere S2,
a connected sum of toruses T 2 or a connected sum of projective planes P2.
Based on this classification, the proposed approach allows to make a paving
of every surface. The following subsections present a paving of S2, a paving
of T 2 and a paving of P2 for which a box atlas can be done and propose a
method to build the paving for every surface.
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3.3.1. Sphere S2

The first surface considered is the sphere. Figure 9 represents the funda-
mental polygon [14] of S2 with a paving of two charts. Since the two edges
are equivalent, they can not be in the same subset Ui of the manifold (be-
cause φi must be homeomorphisms). Then, one can make a paving of S2

with two sets U0 and U1 that respect the constraints of Definition 2.

Figure 9: A paving of the sphere with 2 subsets for which a box atlas can be done.

According to the paving {U0, U1}, it is possible to define homeomorphisms
in order to build a box atlas of the sphere with two charts.

3.3.2. Handle-body Hg

The second class of surfaces is the handle-body surface Hg. It can be
noticed that H1 = T 2 and a paving of T 2 has been presented in section 3.2
with four subsets depicted in Figure 10.

Figure 10: A paving of the torus with 4 charts.

Figure 11 represents the torus with an additional edge C that will be
used to sum the two torus T 2#T 2 as depicted in Figure 12.
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Figure 11: A paving of T 2 with additional edge.

Figure 12: A paving of H2 with eight subsets for which a box atlas can be done.

Figure 12 presents the construction of the paving of H2 = T 2#T 2 accord-
ing to the paving of T 2. As the paving of H2 respects the constraints of the
Definition 2, a box atlas of H2 can be obtained with 8 charts (corresponding
to the paving of 8 sets {U0. . .U7}). This construction can be generalized to
Hg (g > 2).

Then, a box atlas of the handle-body of genus g (g ≥ 1) can be obtained
with 4g charts.

3.3.3. Cross-cap Cg

The third class of surfaces is the cross-cap surface Cg. It can be noticed
that C1 = P2. In order to build the paving of Cg (g > 1), let first introduce
a paving of P2. Then, based on the paving of P2, a method is presented to
build a paving of C2 = P2#P2. This method can be extended for all value of
g > 2.

14



A paving of the fundamental polygon of P2 is depicted in Figure 13 with
three subsets. Since each vertex is represented twice, then each pair of ver-
tices must be in different subset to respect constraints of Definition 2.

Figure 13: A paving of the projective plane with 3 subsets.

Figure 14 represents the projective plane with an additional edge C that
will be used to sum the two cross-caps P2#P2 as depicted in Figure 15.

Figure 14: A paving of the projective plane with additional edge.

Figure 15 presents the construction of the paving of C2 = P2#P2 accord-
ing to the paving of P2. As the paving of C2 respects the constraints of the
Definition 2, a box atlas of C2 can be obtained with 6 charts (corresponding
to the paving of 6 sets {U0. . .U5}). This construction can be generalized to
Cg (g > 2). Then, a cross-cap of genus g can be described by a box atlas
with 3g charts.
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Figure 15: A box atlas of C2 with six subsets for which a box atlas can be done.

As a conclusion, this section has proposed an iterative construction the
box atlas of each class of surfaces. Moreover, the following proposition gives
an upper bound of the number of charts needed as a function of the genus
of the surface.

Proposition 2. Any orientable surface of genus g > 0 admit a box atlas of
at most 4g charts.

Any non-orientable surface of genus g admit a box atlas of at most 3g
charts.

Remark. The proposed number of charts for each class of surface may not
be the minimal number of charts.

4. Path planning application

This section presents the resolution of a path planning problem using
interval analysis and box atlas.

Let’s consider a segment AB of length l moving on a quotient space P∼.
P∼ is the space P = [0, 2]× [0, 2] quotiented by the relation ∼ defined by :

(x, y) ∼ (x− 2, y) ∼ (x, y − 2) (3)

Chapter 1, paragraph 7 of [14] explains that such a quotient space is homeo-
morphic to a torus. P∼ and segment AB are depicted in Figure 16. The
segment AB has three degrees of freedom: the position of the point A
(xA, yA) ∈ P∼ and its orientation θ ∈ S1. Its configuration space is the
compact manifoldM = P∼×S1 (M is homeomorphic to T 3 = S1×S1×S1).
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Figure 16: Segment AB on P∼.
Figure 17: P∼ with the obstacles.

The goal is to find a guaranteed path for the segment AB, from an initial
configuration cI = (xI , yI , θI) to a target configuration cT = (xT , yT , θT ),
such that the segment AB does not intersect any obstacle as depicted in
Figure 17. The resolution of the path planning problem consists in 4 steps:
building a box atlas of the configuration space M , compute a subpaving of
the allowed configurations in each chart of the box atlas of M using SIVIA,
constructing a graph where each box of the subpaving is a node and two
boxes are connected if they intersect, finally, applying Dijkstra algorithm
[22] to find a path in the allowed configurations from the box that contains
cI to the box that contains cT . More precisely, the 4 steps are described in
the following.

Firstly, a box atlas of the configuration spaceM is given with eight charts
corresponding to eight subsets:

U0 = [0, 1]× [0, 1]× [0, π], U1 = [1, 2]× [0, 1]× [0, π]
U2 = [0, 1]× [1, 2]× [0, π], U3 = [1, 2]× [1, 2]× [0, π]
U4 = [0, 1]× [0, 1]× [π, 2π], U5 = [1, 2]× [0, 1]× [π, 2π]
U6 = [0, 1]× [1, 2]× [π, 2π], U7 = [1, 2]× [1, 2]× [π, 2π]
The eight charts Vi are defined by: Vi = [0, 1] × [0, 1] × [0, 1], for i ∈

{0, . . . , 7}.
The homeomorphisms φi are described in Table 3.
A representation of the box atlas of M with eight charts is depicted in

Figure 18. Transition maps τij between chart i and chart j can be defined
using Equation (1).
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φ0: φ1:
U0 → V0

(x, y, θ) 7→ (x, y, θ/π)
U1 → V1

(x, y, θ) 7→ (x− 1, y, θ/π)
φ−1
0 : φ−1

1 :
V0 → U0

(x0, y0, z0) 7→ (x0, y0, z0 · π)
V1 → U1

(x1, y1, z1) 7→ (x1 + 1, y1, z1 · π)
φ2: φ3:

U2 → V2
(x, y, θ) 7→ (x, y − 1, θ/π)

U3 → V3
(x, y, θ) 7→ (x− 1, y − 1, θ/π)

φ−1
2 : φ−1

3 :
V2 → U2

(x2, y2, z2) 7→ (x2, y2 + 1, z2 · π)
V3 → U3

(x3, y3, z3) 7→ (x3 + 1, y3 + 1, z3 · π)
φ4: φ5:

U4 → V4
(x, y, θ) 7→ (x, y, (θ − π)/π)

U5 → V5
(x, y, θ) 7→ (x− 1, y, (θ − π)/π)

φ−1
4 : φ−1

5 :
V4 → U4

(x4, y4, z4) 7→ (x4, y4, (z4 + 1) · π)
V5 → U5

(x5, y5, z5) 7→ (x5 + 1, y5, (z5 + 1) · π)
φ6: φ7:

U6 → V6
(x, y, θ) 7→ (x, y − 1, (θ − π)/π)

U7 → V7
(x, y, θ) 7→ (x− 1, y − 1, (θ − π)/π)

φ−1
6 : φ−1

7 :
V6 → U6

(x6, y6, z6) 7→ (x6, y6 + 1, (z6 + 1) · π)
V7 → U7

(x7, y7, z7) 7→ (x7 + 1, y7 + 1, (z7 + 1) · π)

Table 3: Homeomorphisms for the box atlas of P∼.

Secondly, the algorithm SIVIA is used in each chart to compute an ap-
proximation of the allowed configurations set using homeomorphisms φi and
a collision test. It gives eight subpavings X−

i of the guaranteed allowed con-
figuration for each chart. Let denote by X− =

⋃
i∈I X

−
i the set of allowed

configurations.
Thirdly, the Algorithm 1 is used to build the graph G. The set of nodes

of G corresponds to each boxes of the subpaving of X−. Two boxes are
connected in G if their intersection is not empty. Note that because two
boxes in different charts may intersect, the intersection between two boxes
is computed using the transition maps τij line 8 of Algorithm 1. The weight
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Figure 18: The eight charts box atlas of M = T 3.

of the edges are set to 1 to compute the minimum number of boxes line 8.
This weight is chosen arbitrarily, [23] proposes other methods to compute
the weight of the edges.

19



Algorithm 1 Construction of the graph G
Require: a list of boxes L subpaving of X−, the box atlas
1: Initialization: The nodes of G are the boxes of L
2: while L not empty do
3: x0 = pop(L)
4: for all x1 in L do
5: i is number of the chart of x0

6: j is number the chart of x1

7: if x0 ∩ τji(x1) ̸= ∅ then
8: Create the edge between x0 and x1

9: Set the weight of the edge to 1
10: end if
11: end for
12: end while
13: return G

Finally, the algorithm Dijkstra is applied on G to find a path from cI to
cT , in the allowed configuration space.

The result of this approach for the path planning problem is presented
in Figure 19. In the representation of the eight charts, the red boxes are
the boxes that are in the solution path, the solid black lines are the connec-
tions between two boxes in the same chart and the dotted blue lines are the
connections between two boxes that are in different charts.

Figure 20 shows the path obtained (the drawn positions correspond to
the center of each red box).
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Figure 19: Result of Dijkstra.

Figure 20: Representation of the steps of Dijkstra.
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5. Conclusion

In this paper, the notion of box atlas is introduced and illustrated, with
emphasis on its benefits. It has been detailed how to build a possible box
atlas from a compact manifold. The box atlas makes it possible to link the
notions of atlas, and then manifolds, to interval analysis. This offers the
possibility of using interval analysis tools on not primary boxable spaces, for
example configuration spaces of robots. Two important notions of robotics
and mathematics are now joined: manifolds and interval analysis, permitting
to have guaranteed solutions on a large class of manifold related problems.

Box atlas can be seen as an alternative of ”bisectable abstract domains”
and allow applying interval analysis based method on manifold where a lattice
structure not exist.

Future work will focus on use box atlas to the resolution of path planning
robotic problems in 3 dimensional manifolds like SO(3) or P3. Also, the box
atlas seems to be ”extendable” to the manifolds with boundaries such as the
closed disk or the Möbius band. Finally, a perspective is also to find a general
procedure to obtain a box atlas of compact manifolds.
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