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Machine learning (ML) strategies are opening the door to faster computer simulations, allowing us to simulate more
realistic colloidal systems. Since the interactions in colloidal systems are often highly many-body, stemming from e.g.
depletion and steric interactions, one of the challenges for these algorithms is capturing the many-body nature of these
interactions. In this paper, we introduce a new ML-based strategy for fitting many-body interactions in colloidal systems
where the many-body interaction is highly local. To this end, we develop Voronoi-based descriptors for capturing the
local environment and fit the effective potential using a simple neural network. To test this algorithm, we consider
a simple two-dimensional model for a colloid-polymer mixture, where the colloid-colloid interactions and colloid-
polymer interactions are hard-disk like, while the polymers themselves interact as ideal gas particles. We find that a
Voronoi-based description is sufficient to accurately capture the many-body nature of this system. Moreover, we find
that the Pearson correlation function alone is insufficient to determine the predictive power of the network emphasizing
the importance of additional metrics when assessing the quality of ML-based potentials.

I. INTRODUCTION

Over the last few decades, progress in colloidal particle syn-
thesis has led to an incredible collection of colloidal building
blocks ranging from a few nanometers to microns in size, and
with an ever-increasing variety of shapes and complex interac-
tions. Together with these impressive strides in colloidal syn-
thesis, there has been an increasing desire to be able to sim-
ulate such systems accurately enough to predict their phase
behavior, as well as to target their design. However, accu-
rately modeling colloidal systems can be very computation-
ally costly as it requires modeling the colloid core, ligands
on their surface, the solvent molecules in which the colloids
are dispersed, polymers in the solvent, etc. As such, even
accurately simulating a small number of such particles can
be computationally expensive. One approach to circumvent
these expensive simulations is to integrate out some degrees
of freedom associated with the system. This leads to an effec-
tive Hamiltonian that is exact, but often includes many-body
terms. While such a Hamiltonian can in principle be used
to capture the system’s behaviour, the practical evaluation of
these higher-order interactions can remain a significant com-
putational bottleneck!-2.

One of the possible solutions to speed up the evaluation of
these many-body terms — and simulations in general — lies in
the realm of machine learning (ML). Over the past decade,
ML has emerged as an important tool in speeding up com-
puter simulations of atomic and molecular systems>* by re-
placing expensive density functional theory calculations for
electronic structure on the atomic scale, with machine learned
forces and/or potentials. After training, these ML-based inter-
action potentials are exploited in either molecular dynamics
or Monte Carlo (MC) simulations, allowing researchers to ac-
cess larger system sizes and longer time scales than would be
accessible otherwise. For such systems, strategies are rapidly
evolving and improving — from the early “standard” neural
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FIG. 1. a. Cartoon of the 2D model system consisting of colloids
and polymers. The light blue area indicates the depletion zone. b.
Cartoon of how overlapping depletion zones can lead to multi-body
interactions (here shown up to a 4-body interaction).

network (NN) approaches, to kernel fitting, on the fly train-
ing, and message passing neural networks>~!!.

Interestingly, however, on the colloidal scale, only a few
studies have thus far explored the application of ML-based
algorithms for speeding up simulations of systems with com-
putationally expensive interactions. These include, e.g. the
interaction between elastic spheres!?, the effective interaction
between nanoparticlesw’m, the effective interaction between
colloids in the presence of depletants'”, the interaction be-
tween anisotropic colloids!®!3, and the interaction between
nanoparticles with a single polymer chain grafted onto the
surface!®. Tn most of these cases (with the exception of Ref.
19), the choice of descriptors and machine learning techniques
only allowed the ML-strategy to capture 2- and possibly 3-
body contributions to the effective interaction. As a result,
these methods are not well suited to deal with interactions that
strongly depend on higher-order many-body terms.

A possible route forward in addressing the many-body na-
ture in colloidal systems is to follow the advances made on
the atomic scale and e.g. incorporate message passing neural
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networks such as MACE!'. Another option, that we explore
here, is to develop alternative ways of capturing the many-
body contributions from the structure.

Two of the most important causes of many-body interac-
tions in colloidal systems arise due to steric interactions and
depletion interactions. These two types of interactions have
one important feature in common — they are highly local.
Here, we want to explore whether we can exploit this short-
ranged nature of colloidal depletion and steric many-body in-
teractions to develop physically inspired structural descriptors
that inherently capture all relevant many-body effects. To do
this, we can take inspiration from phenomenological models,
which incorporate many-body interactions, such as the mod-
els commonly used in modeling cell tissues and soft colloids.
In particular, a commonly used approach here is a Voronoi-
like description for the system (e.g. Refs. 20 and 21). Such a
Voronoi description is naturally many-body and short-ranged,
making it an ideal starting point for building new descriptors
for e.g. depletion interactions.

Here, we examine a simple model system for colloidal
particles with depletants and fit the effective interactions be-
tween the colloids using a Voronoi-based descriptions com-
bined with a small neural network. Note that this system is
ideal as a test case as i) training data can be rapidly gener-
ated, and ii) the full model can be relatively easily simulated
in order to confirm that the resulting ML-based simulations
reproduce the correct behaviour.

We find that for a single size ratio (colloid-to-polymer di-
ameter), a single Voronoi-inspired ML model can reproduce
the structure of all relevant phases (gas, liquid, crystal) over
all densities. Moreover, we find that the virial pressures in
the ML system match the associated brute-force pressures.
Additionally, we find that it is difficult to predict the perfor-
mance of the ML models based on only the correlation be-
tween predicted and true effective interactions. In particular,
high Pearson correlation coefficients (> 0.99999) are insuf-
ficient to guarantee that the ML-based simulation will accu-
rately reproduce the correct structure of the system. Hence, in
this paper, we compare the radial distribution function of the
fitted model to results from simulations where the polymers
are treated explicitly to assess the quality of the potential.

1. METHODS
A. Model system

We consider a 2D colloid-polymer mixture with N¢ colloids
and Np polymers, where the total interaction potential for the
system is given by

Nc¢ Ne Ne Np
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FIG. 2. Probability to have an effective n-body colloidal interaction
at an arbitrary point in space, for various polymer sizes op and var-
ious colloid and polymer packing fractions 1n¢ and 7np. Probability
is measured using MC simulation of the NcupAT colloid-polymer
ensemble, where N¢ is set to 1024.

where, respectively, R; and r; denote the positions of the col-
loids and polymers, and ¢cc, ¢cp, and §pp denote the pair po-
tentials for the colloid-colloid, colloid-polymer, and polymer-
polymer interactions. In order to evaluate the performance of
the potential-fitting ML algorithm, we consider a system that
is governed by a set of simple interaction potentials. Specifi-
cally, we set ¢pp(r) = 0, and choose ¢cc(r) and @cp(r) to be
hard-disk potentials given by

Hs, , Joo forr<oj;
i (1) = {O otherwise @
where 0;; = (0;+ 0;)/2, with i, j € {C,P}, and o¢ and op
are the diameters of the colloid and the polymer, respectively.
Note that this is a 2D version of the system that the Asakura-
Oosawa potential is based on?223_ which has been used in the
past to test numerical coarse graining methods'®?*. One of the
advantages of using this simple system is that it can be readily
simulated even with brute-force methods where the polymers
are treated explicitly. As a result, one can easily obtain refer-
ence data for the full system.

Our aim is to construct an effective interaction potential be-
tween the colloids, which can be used to simulate this sys-
tem in a coarse-grained fashion, i.e. simulate only the colloids
while incorporating the polymers into an effective interaction.
Note that this drastically reduces the number of degrees of
freedom that needs to be simulated, since in colloid-polymer
mixtures the number of depletants is typically much larger
than the number of colloids. In order to construct this effec-
tive potential, we turn to the (NcupAT) ensemble? | where the
number of colloids N¢, the area (2D volume), and the temper-
ature are fixed, but where the number of polymers is allowed
to fluctuate under the influence of a chemical potential pp. In
this ensemble, integrating out the degrees of freedom asso-
ciated with the polymers leads to an effective colloid-colloid



potential given by?°
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where
@ei, cp({Ri}) = —kpTzpAer({R;}) “

Nc
Aeit({Ri}) = /dl' exp [ﬁ;¢CP(|Rir|)1 - (5

Here, zp is the polymer fugacity, kp the Boltzmann constant,
B =1/(kgT), and Ac({R;}) is the effective free area avail-
able to the polymers. This effective free area can be inter-
preted as a weighted area of the system, where the weight of
each point in space is determined by the potential energy that
a polymer at that position would experience due to the colloid
configuration {R;}. Note that Egs. (3) and (5) are valid for
any arbitrary colloid-colloid and colloid-polymer interaction,
provided that there are no polymer-polymer interactions.

In the case of hard-sphere colloid-polymer interactions,
only points where a polymer can be placed without it over-
lapping with any of the colloids contribute to Aes, cp({R;}).
As aresult, Aer, cp({R;}) simplifies to the free area available
to polymers, Af.

In this paper, we focus on two polymer sizes: op = 0.40¢
and op = 0.80¢. These polymer sizes are both far outside of
the regime where the approximations of the Asakura-Oosawa
pair potential hold, i.e. where the effective colloid-colloid in-
teraction can be written purely as a two-body interaction®’-28,
Hence, for both polymer sizes, et cp({R;}) incorporates at
least three-body interaction contributions.

Note that the many-body nature of this potential arises due
to the fact that more than two depletion zones (disks of ra-
dius o¢p/2 around the colloid where polymer centers cannot
enter) can overlap simultaneously, see Fig. 1. The probability
P(n) to find n overlapping depletion zones at an arbitrary point
in space depends on the colloid and polymer concentration,
as well as the polymer size, as is shown in Fig. 2. The data
in this figure is obtained by performing an MC simulation in
the NcupAT ensemble, where polymers were treated explic-
itly. To ensure a constant pp, we perform insertion and dele-
tion moves of polymers via the usual Monte Carlo acceptance
rule?®. To compute P(n), we randomly selected points within
the system and determined the number of depletion zones
overlapping with these points (where points located within the
colloids were included in the computation as well). For each
state point, we analyzed 45 different snapshots, where we con-
sidered 10° random points per snapshot. From Fig. 2 we see
that at lower polymer sizes there are mainly 1- and 2-body
interactions, while at higher polymer sizes the system mainly
shows 3-body interactions.

B. Capture effective potential using Voronoi cells

Our aim is to train an ML algorithm that is able to predict
the effective interactions between colloids as described in Eq.

(5). However, rather than predicting the free area for the entire
system at once, we aim to compute the contributions to the ef-
fective potential of individual colloids. This requires rewriting

Acit({R;}) in terms of contributions associated with separate

colloids, i.e. Aer({Ri}) = Yien. ALy({Ri}). To achieve this,
each point in space must be assigned to a specific colloid, al-
lowing the integral of Eq. (5) to be split into N¢ integrals. A
natural way to tile space is by using Voronoi cells, where each
point in space is assigned to the nearest colloid, allowing us
to write

Act({R}) = ). /VdreXpl ﬁZ¢CP

iENC

with %; the Voronoi cell associated with particle .

A key advantage of using Voronoi cells is that the shape of
the cell is inherently determined by the relative positions of
neighboring particles, and thus encodes information about the
local many-body structure around a particle. As a result, it
is possible to write the effective interactions (or in this case
effective areas) into a Voronoi-based expansion:

A({R}) =Y A7)+ ¥ ADH ) +..., (©)

iENc i,JENc

where the first term in the expansion represents the con-
tributions from single Voronoi cells, the second term takes
into account corrections associated with pairs of neighbouring
Voronoi cells, and so on. In the case of short-ranged interac-
tions, the first term in the expansion will dominate, meaning
that to good approximation the effective area is given by single
Voronoi contributions only. In the case of hard interactions, as
explored in this paper, this approximation becomes exact. The
effective free area is then simply the sum of the free areas of
individual Voronoi cells, i.e.

etf {R} ZAFV

iENCc

where A;/" is the free area associated with Voronoi cell 7.

Our goal, then, is to find a way to efficiently and in a gener-
alizable manner, evaluate A(¥;), facilitating Monte Carlo sim-
ulations of the coarse-grained system. To achieve this, we use
a fully-connected, feed-forward neural network to fit A(%})
based on the geometry of the Voronoi cell. Therefore, we first
have to characterize the Voronoi cell in terms of parameters,
which can serve as input for the neural network to predict the
free area. Since Voronoi cells can have a varying number of
edges, it is challenging to use a fixed number of parameters to
capture the cell. To address this, we subdivide each Voronoi
cell into triangles, where each triangle connects one of the
edges to the center of the cell (see Fig. 3). We can then ap-
ply the neural-network fit to each triangle individually, after
which the effective potential of the entire Voronoi cell is ob-
tained by summing over the outputs of all triangles. Note that
for this system, this approach is exact, but it would become an
approximation for interacting polymers.

To capture the triangles in terms of parameters, we use
seven different parameters (see Fig. 3b): the area Ar, the
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FIG. 3. a. Cartoon of a Voronoi and Delaunay tessellation for a
system of colloids, where the thin, black lines represent the Voronoi
tessellation and the thick, green lines represent the Delaunay tessel-
lation. The red dots correspond both to the corners of the Voronoi
cells, as well as the centers of the circumscribed circles associated
with the Delaunay triangles. b. The subdivision of a Voronoi cell
in terms of triangles, where each triangle connects the center of the
Voronoi cell with one of the edges. The depletion zone of the Voronoi
cell is shown in light green. Each triangle is represented in terms of
a set of parameters as shown in the bottom figure. Additionally to
the parameters shown in this figure, we also consider the perimeter
P, the area A7 and the ratio (A7 / P?). Note that the free area Ap of
the triangle is equal to the white area inside the triangle.

lengths of the three sides, S;, S» and S3, the perimeter P,
the angle O between the two sides that come together in the
center of the Voronoi cell, the height H of the triangle with
respect to the side that is not connected to the particle, and
finally the ratio R between the area and the perimeter squared
(A7 /P?). Note that these parameters were not optimized, but
rather found to be sufficient to capture the geometry of the
triangles.

C. Fitting the free area of a Voronoi cell

The subsequent step is to design an ML algorithm that pre-
dicts the free area of a triangle given its input parameters.
Since the aim is to implement the algorithm in an MC sim-
ulation, its complexity is relatively constrained to ensure fast
simulations. Here, we experimented with two small fully con-
nected neural networks with respectively 3 ([3,3,3]) and 4
([5,5,3,3]) hidden layers. As an activation function, we used
a Rectified Linear Unit (ReLU) and the framework employed
to train the model is the Python package PyTorch, together
with an Adam optimizer®!. We used a batch size of 100, a
learning rate of 0.0001 and 250 epochs. For the loss function,
we experimented with two different functions. First, we con-
sidered the mean square error (MSE), a common loss function
to train ML algorithms with, defined as

L _ 1 3 _5.)2 7
MSE = NZ(yz i) (7
®)
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FIG. 4. Probability P(6) to have a certain angle 6 in the training
dataset for a polymer size op = 0.80¢, where 0 is the angle between
the two sides that come together in the center of the Voronoi cell.
Blue data represent the distribution as found in the brute-force train-
ing data set, while the red data represent the distribution obtained
from the artificially generated training data set. Distributions are
based on approximately 6 - 10° datapoints.

with N the number of data points, y; the predicted value and
¥; the true value. The second loss function we considered, is
the mean square logarithmic error (MSLE), which is given by

N

Lusie = y; Y llog(a+ ) ~logla+5)F,  ©)
with a a constant that we choose equal to O'g. With this choice
of a, combined with the logarithmic nature of the MSLE, the
loss function puts less weight on the errors associated with
large values. As such, the function is a natural choice for sys-
tems, like the depletant system, where the range of possible
values is large.

1. Training data

A common method to build a training dataset for machine
learning potentials is to use configurations of the full system
as input for the ML training. However, as has been seen be-
fore, this approach can lead to an unbalanced training data set
when certain environments are under- or overrepresented in
the training data. In this specific case, we found that config-
urations from the brute-force simulation contained an abun-
dance of small equilateral triangles, stemming from the fact
that at higher polymer densities the depletion system phase
separates into a polymer gas and a dense 2D colloidal hexag-
onal crystal. To demonstrate this, in Fig. 4, we show the prob-
ability P(0) to encounter a triangle with an angle 0 in the
brute-force training data. Here, the training data is obtained
via brute-force simulations, for a polymer size op = 0.80¢ at
colloid packing fractions 7n¢ between 0.05 and 0.9 and aver-
age polymer packing fractions (1p) € [0.005,2.5,5, 8], where

2
(Mp) = ”4&65“1’. Due to the abundance of triangles with an

angle around 7/3 in the training data, we found that models
trained on this data did not generalize well.



While in general various strategies have been devised to cir-
cumvent the issue of an unbalanced training data set (e.g. by
iteratively enhancing the training set)®, the simple nature of
this model opened the door for another approach. Instead of
using configurations of the full system, we opted to gener-
ate artificial training points. In general, one could generate
Voronoi cells, or even entire artificial configurations. How-
ever, since for the considered system each point in the train-
ing data consists of a triangle (with its relevant shape param-
eters), and the associated free area, we can generate training
data simply by creating random triangles and calculating the
associated free area. To generate the triangles which make up
the Voronoi cells, we use the following scheme.

1. We create a triangle by generating two random numbers
between 0 and 1 that correspond to the sides connected
to the particle (S and S3) and a random angle in the
range 60 € [0, ] between those two sides. This generates
triangles with an essentially arbitrary shape.

2. We rescale the triangle such that either S;, S3 or the
height of the triangle H, is equal to o¢ /2 while the other
two parameters are larger than o¢ /2. Note that triangles
that do not satisfy this would inevitably lead to overlaps
between the associated colloids.

3. We rescale the triangles twenty times to different sizes
of the same shape. Specifically, we scale the area
of each triangle 20 times (starting from the same ini-
tial size), 10 times by a random factor a with a €
[1740'3],/ 0?] and 10 times by a random factor a €
[46317 /62,1000]. From these triangles we only use the
triangles for which it is true that Sy, 53, H < 200¢.

4. For all the accepted triangles, we compute the free area,
Ap. For certain triangles, the free area can be easily
calculated analytically, namely

) . 0)
Ar— Zr%r  ifS1,83,H > ocp

0 if S1,83 < ocp
Ap =
If the free area is non-trivial, we determine it numeri-
cally by Monte Carlo integration.

As shown in Eq. (10), there is a subset of triangles for which
the free area is trivial. In the MC simulation of the coarse
grained system, we analytically calculate the free area of those
triangles, and thus only use the neural network to predict the
free area for the non-trivial cases. Note, however, that we
still included the trivial triangles in our training data because
it ensures that the extreme values of the triangles for which
the NN has to be used, lie well within the boundaries of the
training dataset. As a result, the NN has to extrapolate less at
the boundaries. Moreover, in the explicit simulations we saw
many triangles with a small 8. Therefore, we ensured that
the lower tail of the 6 distribution was well represented in the
training data; for every 20,000 triangles we always included
100 triangles with a random 6 < 0.0001 and 100 triangles
with a random 6 < 0.1. Since we observed that triangles with

FIG. 5. Cartoon of a flip move in the equiangulation procedure that
it is used to obtain a correct Delaunay tessellation. If two adjacent
Delaunay triangles share opposite angles that together are larger than
7, ie. Za+ ZB > m, the edge that the two triangles share is flipped.

0 ~ 7w almost never occur in the actual system, we did not
include additional triangles with a large 6 in the training data.
To compare the artificially generated training data with the
brute-force training data, in Fig. 4 we also show P(6) for the
artificially generated triangles. As we can see in this figure,
the artificially generated triangles lead to a significantly better
balanced training data set.

D. Implement algorithm in Monte Carlo simulation

In order to be able to test the quality of the ML potential,
we have to implement the Voronoi tessellation in an MC sim-
ulation. In these MC simulations, trial particle moves are ac-
cepted or declined according to the overall Boltzmann weight
of the system. For the system under consideration, this Boltz-
mann weight solely depends on the change in free area of the
Voronoi cell of the displaced particle and its neighbors, before
and after the move. Simulations of Voronoi tesselations have
been widely used in the context of vertex models to simulate
e.g. tissue, and in this paper we build on the developments
in this field?®3%33. It is numerically very costly to construct
a new Voronoi tessellation (VT) from scratch for each new
conﬁguration33. However, since the difference between con-
secutive configurations and thus tessellations in an MC simu-
lation will be minimal, we can instead use the old tessellation
as a starting point to obtain the new tessellation®>. Although
we are not aware of an algorithm that directly updates a VT,
we can circumvent this problem by turning to the dual of the
Voronoi graph, namely the Delaunay tessellation (DT). In the
DT, every two particles that share an edge in the VT are con-
nected, such that the DT divides the area into triangles that al-
ways connect three particles (see Fig. 3a). Given an arbitrary
tessellation, one can converge to the actual DT by applying
the equiangulation procedure3*. This procedure makes use of
the fact that in a correct DT the circumscribed circle of each of
the triangles cannot contain any other vertices. If two adjacent
triangles have opposite angles that are together larger than 7,



this circumscribed criterion is no longer met, meaning that the
shared edge should flip (see Fig. 5). By iteratively switching
edges, it can be shown that the system always converges to
the correct DT3*. Given this correct DT, one can then convert
back to the VT and compute the free area associated with that
configuration. In the SI we discuss in more detail how we re-
alized the implementation of the Delaunay tessellation in an
MC simulation.

In our simulations, we always start from a correct DT based
on a configuration of colloids in a gas configuration. This
initial DT can easily be obtained by using one of the existing
Delaunay triangulation packages. In this work, we used Ref.
35.

E. Training and simulation details

In order to train the ML algorithms, we used a dataset con-
taining 107 triangles. Half of this data was used as training
data and half was used as test data. We trained the model sep-
arately for two polymer sizes op € [0.4,0.8] and different sets
of input parameters.

The ML simulations are implemented in the NcVT ensem-
ble, and contain 1024 colloids. Each simulation is equilibrated
for 2- 107 MC cycles, after which measurements are collected
for 107 MC cycles.

To test the result of the trained model, we compare the ML
simulations to brute-force simulations. These brute-force sim-
ulations are obtained using both MC and Event Driven Molec-
ular Dynamics (EDMD)?¢ simulations, both implemented in
the earlier mentioned NcupAT ensemble, where N¢ is set to
1024. The MC simulations are equilibrated for 10’ MC steps,
after which measurements are collected for 10’ MC steps. The

EDMD simulations were run for 7/7 = 10° with 7 = ‘/YZTGI%’

where one-fourth of this time was used as equilibration time.
For the EDMD simulations we adapted the code of Ref. 37.

In order to validate the accuracy of the ML potentials, we
studied how well the ML potential reproduces the structure
of the system by comparing the radial distribution function
of the colloid-colloid interactions. Additionally, we measured
the free area fractions (A¢fr/A) to examine whether the poten-
tial energies match. Both of these measurements were tested
against the brute-force simulations obtained via MC simula-
tions.

Finally, we compared the virial pressures between the ML
system and the brute-force system. The pressure measure-
ment of the brute-force system is performed during an EDMD
simulation by tracking the momentum transfer associated with
each collision®®. In order to measure the pressure in the ML
system, we adopted a method analogous to the Widom test in-

sertion method®®. Starting from the thermodynamic relation
p— _9FWNAT)

54— » We approximate it as

1
P:_E[F(N7A+AA7T)_F(N’A’T)]’

where F(N,A,T) is the free-energy for a system with fixed
N, A and T. By expressing the free energy in terms of the

partition function, the free energy difference can be written as

F(N,A+AA,T)—F(N,A,T)

Z
— ksTlog (/}AA)
A

= —kpT log <e’B[U(SN,A+AA)—U(5N,A)7N1{BTlog A1) > ’

where Z, is the partition function of a system with area A,
where sV are the scaled colloid coordinates, and where (...)
denotes an ensemble average. Thus, the pressure can be mea-
sured during an MC simulation by performing a series of
(small) trial area changes and averaging the corresponding po-
tential energy difference. Note that since scaling the system
does not affect the Voronoi tesselation, performing a pressure
measurement in the ML simulation is computationally cheap.

Il RESULTS

Our aim is to train an ML model that is able to consistently
and accurately reproduce the correct structure in a depletion
system given a certain polymer size. As mentioned earlier,
we test our methodology by comparing the radial distribution
functions between the ML model and the full system. Note
that reproducing the correct radial distribution function im-
plies that many of the thermodynamic properties are correct?.
We also show this thermodynamic consistency explicitly by
comparing the virial pressure between the brute-force system
and the ML system.

We begin by looking at the results of a NN with 4 hidden
layers consisting of ([5,5,3,3]) nodes which was trained with
the MSLE loss function. Note that we train a single NN per
polymer size. In Fig. 6a) and b) we plot the colloid-colloid
radial distribution functions for cp = 0.40¢ and cp = 0.80¢
respectively, for a collection n¢’s and 7Mp’s. In this figure,
the solid lines represent the radial distribution functions as
measured in the full system, where each line is averaged over
five independent simulations. The plot markers correspond to
the radial distribution function as measured in the ML simu-
lations, where we again averaged over five independent sim-
ulations. The excellent agreement between the two models
clearly shows that the ML potential is able to accurately re-
produce the many-body potential, for a wide range of polymer
and colloidal densities.

In order to test whether this combination of network size
and loss function leads to models that perform consistently,
we trained six independent models with identical hyperparam-
eters for both polymer sizes. As shown in the appendix (right
panels of Figs. 12 and 14), this combination of hyperparame-
ters leads to models that are able to consistently reproduce the
correct radial distribution function.

To further test the accuracy of our models, for a single
model we measured the free area fraction A.g/A as a func-
tion of the polymer packing fraction for the same phase points
as displayed in Fig. 6. The results are shown in Fig. 7, where
the lines represent the full system, the plot markers represent
the ML-systems, and where in both cases the results are av-
eraged over five independent simulations. Again, we observe
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FIG. 6. The pair distribution function g(r/oc¢) plotted for a polymer size of op = 0.4 and op = 0.8 in respectively panel a) and panel b)
for various polymer packing fractions np € [0.1,2.5,5.0,8.0] and two colloid packing fractions ¢ € [0.4,0.6]. The solid lines represent the
ground truth as measured in the system where polymers are treated explicitly whereas the plot markers represent the results as measured in the
ML systems. Both the solid lines as well as the plot markers are averaged over five different simulations. For clarity, the radial distribution
functions are shifted vertically, with higher curves corresponding to systems with larger polymer fractions.
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FIG. 7. The fraction of free area plotted as a function of the polymer packing fraction np for two polymer sizes, op = 0.40¢ (left) and
op = 0.80¢ (right) and two colloid packing fractions 1¢ = [0.4,0.6]. The lines represent the ground truth as measured in the system where
polymers are treated explicitly (here, the small transparent region indicates the standard deviation) The plot markers represent the free area
fraction measured in the system simulated with the ML potential.

excellent agreement between the full system and the ML po- that we only include polymer and colloid packing fractions
tential. that are below colloidal crystallization). As we can see, the

.. .. two pressure measurements excellently agree with each other.
As an additional test of our model, we compare the virial p yag

pressures of the ML model and the brute-force model. In Fig. At this point, it is interesting to examine the relative sim-
8, we show the pressure for two different polymer sizes and a  ulation speed obtained from the ML-driven code in compari-
range of different colloid and polymer packing fractions (note son to our full-model simulations. Depending on the polymer
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FIG. 9. Best (green square markers) and worst (red circle markers) radial distribution functions, selected by eye, from six independently models
that were trained on all input parameters. In panel a) and c), results are obtained using a model that was trained with the MSLE loss function
on a polymer size op = 0.4 with respectively 3 hidden layer NN with respectively [3,3,3] nodes and a 5 hidden layer NN with respectively
[5,5,3,3] nodes. In panel b) and d), results are obtained using a model that was trained with an MSE loss function on a polymer size op = 0.8
the small and large NN size respectively. All systems have a polymer packing fraction of 1p = 5.0 and a colloid packing fraction of ¢ = 0.4.
In the plots, the solid lines represent the ground truth as measured in the system where polymers are treated explicitly. Note that in the plot the
Pearson correlation p between true and predicted free area values is indicated for both runs.

size and packing fraction, we observe a significant speed up system MC system. For example, for 6p = 0.4 and polymer
in simulation time between the ML-system and the brute-force packing fractions above 2.5, the ML simulations were roughly



10 to 50 times faster. This speed-up is all the more impressive
when considering the fact that the system we consider here
was chosen to be fast to simulate brute-force, while simulta-
neously having non-trivial many-body contributions.

From these results, we can conclude that we achieved our
goal of training an ML model based on the Voronoi structure,
that is able to consistently and accurately reproduce the cor-
rect structure. However, during the training process, we made
some important observations which we outline here.

Loss Functions: As outlined in the methods, we explored
the influence of two different loss functions on the accuracy of
the models. Between the loss functions that we tested (MSE
and MSLE), we found no significant differences (as shown in
Appendix Figs. 12 and 14).

Network Size: In contrast to the loss functions, we found
that the network size did have an influence on the performance
of the models. Although the smaller network size of 3 hidden
layers with ([3,3,3]) nodes was able to reproduce the correct
structure most of the time, we found that its performance was
less consistent compared to the larger network size. To ex-
plore this, we again trained 6 different models for the smaller
network and compared the results to that of the larger network.
In Fig. 9 we show the best (green) and worst (red) radial distri-
butions from the six trained models (identified by eye). Here
panel a) shows the results for models trained on o¢ = 0.40¢
with the MSLE for the phase point 1p = 5.0, ¢ = 0.4, while
panel b) shows the results for models trained on o¢ = 0.86¢
with the MSE function and np = 5.0, n¢ = 0.4 (note that these
are the phase points where we saw the models perform most
inconsistently). Additionally, in panels c¢) and d) we repeat
this procedure, and pick the best and the worst radial distribu-
tion for respectively the same phase points as panels a) and b),
but now obtained with the larger NN models. Comparison of
the figures clearly indicates the performance of the larger net-
work leads to a significantly more consistent performance. To
further demonstrate this, we show results for a wide variety of
polymer packing fractions in the Appendix (Figs. 11, 12, 13
and 14).

Pearson Correlation: Another important observation from
this work related our use of the Pearson correlation to eval-
uate the model. Interestingly, we found that a high Pearson
correlation between the predicted the true free area alone was
not sufficient to guarantee accurately performing models. To
demonstrate this, in Fig. 9 we indicate on each plot the Pear-
son correlations p between the predicted and the true free
area for the depicted models. As we can see, even the bad
performing models are associated with Pearson correlations
above p > 0.99999. This underscores the importance of test-
ing the model’s predictive performance not only against av-
erage quantities, like the Pearson correlation, but also against
single particle properties. This testing can be performed either
through post-processing analysis, as we do here, or on-the-fly
testing conducted during the simulation’=°.

IV. CONCLUSION AND OUTLOOK

In conclusion, we developed a physically inspired method
that is able to consistently predict the effective many-body po-
tential between colloids in a system of hard colloids and ideal
polymers. By describing the local environment of each col-
loid in terms of its associated Voronoi cell and using a simple
neural network to predict the potential energy of this cell, we
successfully reproduced the structural properties of the system
as well as the effective potential energy and the virial pressure.
Here, we validated the accuracy of our methodology by com-
parison to brute-force simulations.

The main goal of this paper was to develop a new ML strat-
egy for fitting many-body potentials, rather than fully optimiz-
ing the strategy. However, depending on the polymer size and
packing fraction, we already observed a significant speed up
in simulation time between the ML-system and the brute-force
system. We believe that further optimizations of the algorithm
could enhance this speedup even more.

Due to the simplicity of the benchmark model used in this
paper, we were able to explore the training process of the ML
potential in more detail. In particular, we found that for this
system the ML potential was sensitive to the training data. It
turned out that using the configurations of the brute-force sys-
tem leads to an imbalance in the training data, which stemmed
from the fact that the crystal environments were oversampled.

We also saw that high Pearson correlations between pre-
dicted and true free area alone were insufficient to guarantee
high accuracy performance. This result underscores the gen-
eral importance of evaluating a ML model’s predictive per-
formance against true values — not only globally but also on
the single particle level. This can be done either via post-
processing analysis or on-the-fly testing conducted during the
simulation” .

Our developed methodology is targeted at systems where
the effective potential is short-ranged, i.e. where most many-
body effects are captured in single Voronoi-cell expansions.
As a result, we expect that this technique can be ex-
tended to other systems with short range potentials, such as
colloid-polymer mixtures with non-ideal polymers or sys-
tems governed by steric interactions. This approach could
also be applied to self-propelled Voronoi models for tissue
mechanics?%33, where the computational bottleneck is the cal-
culation of the local n—body forces, making it possible to sim-
ulate, e.g. the entire early-stage embryo with several tens of
thousands of cells. Additionally, the methodology could also
be adapted to 3D. Although most techniques presented in this
paper are readily extendable to 3D, implementation of the dy-
namically updating Voronoi algorithm might be challenging:
To our knowledge, there currently exists no algorithm equiva-
lent to equiangulation algorithm in 3D.
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Appendix A: Delaunay- and Voronoi tessellation

The dynamic implementation of the Voronoi/Delaunay tes-
sellation that we use in this paper is based on the algorithm
discussed in Ref. 33. In this section, we briefly describe how
the algorithm works and then discuss the alterations we ap-
plied to make it suitable for our system.
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the total free area of the rhombus is given by twice the predicted free area (b3).

1. Implementing Delaunay tessellation in Monte Carlo
simulation

To implement the dynamical update algorithm of the De-
launay Triangulation (DT) in our Monte Carlo simulation, we
use the scheme proposed by Ref. 40. In the simulation we
make use of four different types of structures (see Fig. 10):
particles, edges, half-edges, and faces. In the following, we
describe each of these:

* Particles. These particles make up the vertices of the
DT (which correspond to the “center” of the Voronoi
cell). Each particle is linked to one arbitrarily chosen
outgoing half-edge connected to that particle.

Faces. The faces correspond to the triangles that make
up the DT. The face centers (i.e. the centers of the cir-
cumscribed circle associated with the triangle) corre-
spond to the vertices of the dual Voronoi tessellation.
Each face is linked to one arbitrarily chosen half-edge
associated with one of the face edges.

Edges. Edges are undirected connections between two
particles. Each edge is associated with a pair of half-
edges (pointing in opposite directions) that connect the
same two particles. Throughout the simulation, the pair
of half-edges and the edge will always be linked to each
other.

» Half-edges. In contrast to the edges, the half-edges are
directed and point from particle i to particle j. More-
over, half-edges are also linked to other half-edges, and
point from the previous and to the next half edge that to-
gether enclose a face in the counterclockwise direction.
The reason that we use these directed half-edges is that
they allow us to traverse over the tessellation. One can
e.g. loop over all particles associated with one triangle,
or loop over all neighbouring particles j associated with
particle i.

In the MC simulation, each time a particle is moved we
have to update the DT. To converge to the correct DT (and
thus VT), we implement the equiangulation procedure®* as
discussed in the main text in the following manner:

1. We set up a linked checklist, which contains all the
edges that potentially have to be flipped. Initially, this
list contains all the edges of the triangles connected to
the displaced particle (e.g. in Fig. 10a, if we would
move the middle particle, all depicted edges should be
checked). Additionally, we set-up a linked changelist
which contains all the edges that are associated with a
changed triangle. Note that at the beginning the check-
list and changelist are the same.

2. We iterate over the checklist and for each edge deter-
mine if it needs to be flipped (see Fig. 5 and section
IID). If so, we flip it, and add the other four edges that
make up the connected triangles to the checklist and
the changelist (if they were not already in these lists).
We then remove the checked edge from the checklist
(whether flipped or not). This process continues until
there are no remaining edges in the checklist. At this
point, we have reached the correct DT.

3. We construct the corresponding VT by computing the
new face centers for the triangles that are associated
with each edge in the changelist.

In our MC simulation, particle moves are accepted and re-
jected according to the Boltzmann weight of the difference in
free area before and after the move. Note that this assumes
that the move does not lead to an overlap between colloids. In
the case of an overlap, the move is rejected immediately and
no new tessellation is computed. As discussed in the main
text, the amount of free area is predicted using a neural net-
work. To calculate the difference in free area between two
configurations, we consider the free-area difference between



Voronoi triangles that are associated with edges in the change-
list (since these are the only Voronoi triangles for which the
free area has changed). Moreover, due to the construction of
the VT, two adjacent Voronoi triangles are equal, meaning that
we only have to apply the NN to one of them, see Fig. 10 (b3).
In order to make the algorithm as efficient as possible, we keep
a copy of the DT from before the particle move. If the move
is not accepted we reset the DT to the tessellation before the
move by reverting all edges that changed.

2. Specifications and alterations
a. Periodic boundaries

In our system, we use periodic boundary conditions. This
has the advantage that the number of triangles in the DT and
thus the number of edges, half-edges and faces stays constant.
This does, however, imply that one has to be very careful
with which periodic image one uses. Sometimes, in systems
with periodic boundaries, one uses nearest-image convention.
However, whenever the triangle sides become larger than half
the box length, the nearest- image convention no longer holds.
To solve this problem, each half-edge carries two numbers
which keeps track of which periodic image one should take
for that triangle edge, for both the x and y direction. When
this number is zero, the half-edge does not cross the boundary
of the box, while if it is &1 it crosses the box in the positive or
negative direction. Note that for computing overlap between
colloids we use nearest-image convention, as our box is al-
ways sufficiently large to allow for this.

b. Forbidden tesselations

Although the dynamical updating works for almost all in-
stances, one encounters a problem when a particle move leads

12

to a tessellation that no longer tiles space. This happens when
a particle moves in such a way that it crosses one or multiple
edges of the previous DT. Since our particles only move by a
small amount, in general such an event is very rare. However,
it does occasionally happen when triangles are very stretched
due to e.g. a phase separation between colloids and polymers.
When a particle move leads to a forbidden tessellation, one
can solve the problem by breaking up the particle move into
smaller sections, where after each step the DT is updated.
In our simulation, we consecutively break up the move into
2" steps, where n = 1,2,3,... until no edges of the DT are
crossed.

Appendix B: Different network size and loss function

In this paper, we explored the effect of two different loss
functions (MSE and MSLE) and two different network sizes
(with 3 and 4 hidden layers respectively) on the accuracy of
the ML potential. For each combination of network size and
loss function, we trained 6 independent models for two poly-
mer sizes op = 0.40¢ and op = 0.80¢. In Figs. 11 and 12
we plot the colloid-colloid radial distribution functions for
op = 0.40¢ obtained with the small and big network respec-
tively. Subsequently, in Figs. 13 and 14 we plot the colloid-
colloid radial distribution functions for op = 0.80¢ obtained
with the small and big network respectively. For all models,
we considered a range of different polymer packing fractions.
In the figures, panels on the left display results obtained with
models trained with the MSE loss function, while the results
in the right panels are obtained with models that were trained
with the MSLE loss function. In all figures, solid lines repre-
sent the radial distribution functions as measured in the full
system, where each line is averaged over five independent
simulations. The plot markers correspond to the radial dis-
tribution function as measured in the ML simulations, where
we again averaged over five independent simulations.
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FIG. 11. The radial distribution functions as obtained with six independently trained models, for 6p = 0.40¢ and respectively an MSE loss
function (left panels) and an MSLE loss functions (right panels). Results are obtained with a NN with 3 hidden layers with respectively [3, 3, 3]
nodes. From top to bottom the panels contain results for increasing polymer densities 1p, where np € [0.1,2.5,5.0]. The solid lines represent
the ground truth as measured in the system where polymers are treated explicitly, whereas the plotmarkers indicate the radial distribution
functions as obtained in the ML system. Both the solid lines as well as the plot markers are averaged over five different simulations. For
clarity, different pair correlations are shifted vertically.
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FIG. 12. The radial distribution functions as obtained with six independently trained models, for 6p = 0.40¢ and respectively an MSE loss
function (left panels) and an MSLE loss functions (right panels). Results are obtained with a NN with 4 hidden layers with respectively
[5,5,3,3] nodes. From top to bottom the panels contain results for increasing polymer densities 1np, where np € [0.1,2.5,5.0]. The solid
lines represent the ground truth as measured in the system where polymers are treated explicitly, whereas the plotmarkers indicate the radial
distribution functions as obtained in the ML system. Both the solid lines as well as the plot markers are averaged over five different simulations.
For clarity, different pair correlations are shifted vertically.
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FIG. 13. The radial distribution functions as obtained with six independently trained models, for op = 0.80¢ and respectively an MSE loss
function (left panels) and an MSLE loss functions (right panels). Results are obtained with a NN with 3 hidden layers with respectively
[3,3,3] nodes. From top to bottom the panels contain results for increasing polymer densities 1np, where np € [0.1,2.5,5.0,8.0]. The solid
lines represent the ground truth as measured in the system where polymers are treated explicitly, whereas the plotmarkers indicate the radial
distribution functions as obtained in the ML system. Both the solid lines as well as the plot markers are averaged over five different simulations.
For clarity, different pair correlations are shifted vertically.
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FIG. 14. The radial distribution functions as obtained with six independently trained models, for op = 0.80¢ and respectively an MSE loss
function (left panels) and an MSLE loss functions (right panels). Results are obtained with a NN with 4 hidden layers with respectively
[5,5,3,3] nodes. From top to bottom the panels contain results for increasing polymer densities 1p, where np € [0.1,2.5,5.0,8.0]. The solid
lines represent the ground truth as measured in the system where polymers are treated explicitly, whereas the plotmarkers indicate the radial
distribution functions as obtained in the ML system. Both the solid lines as well as the plot markers are averaged over five different simulations.
For clarity, different pair correlations are shifted vertically.



