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Abstract

The level-set (LS) method has been widely spread since its introduction in
1988. One of its main features is that interfaces are represented through signed
distance functions, and the distance property eases the smoothing of discon-
tinuities across an interface, and the computation of normal vectors and mean
curvatures. This property can be lost whenever the LS function is evolved,
for instance, through an LS transport equation. Numerous studies proposing
so-called LS reinitialization methods to restore the distance property have been
published since 1988. This paper is a review of numerical developments on
LS reinitialization in the past decade (2014-2024). LS reinitialization meth-
ods are classified into three categories: direct methods which geometrically
compute distances, local indirect methods which solve the Eikonal equation
point-by-point, and global indirect methods which solve the Eikonal equation
for all points at once. The review focuses on numerical methods and investig-
ates the following questions. Can it be implemented in a parallel computing
environment with nearly optimal scalability? Can it be used with any approx-
imation method, and is it compatible with unstructured grids? Can it be exten-
ded to reach higher-order convergence rates? Can it be combined with mass
change error attenuation techniques? Does it involve any numerical paramet-
ers that may affect its robustness? Is it limited only to some applications?
Through a quantitative and qualitative analysis of the past decade’s literature,
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this review paper proposes novel insights on LS reinitialization. Research on
direct methods should focus on parallel efficiency and robust higher-order dis-
tance computation techniques. More attention should be given to local indirect
methods, especially regarding parallel and higher-order algorithms for unstruc-
tured grids. Control parameters for global indirect methods should be better
determined or eliminated. More research is needed on the issue of blind spots
in two-phase problems involving moving contact lines and their elimination.

Keywords: level-set, reinitialization, redistancing, review
1. Introduction

Due its multiple advantages, the level-set (LS) method has been widely used in the last dec-
ades for representing interfaces, especially for two-phase flow problems. Among the issues
that limit its use, there is the requirement of implementing the so-called LS reinitialization or
redistancing step.

1.1. LS method

A LS is a signed distance function to an interface. Let {2 = €)(¢) be a simulation domain sep-
arated into two parts 2 and 5, with Q; NQ, =T and Q; UQ, = €, then the LS function ¢
is

+dist (x,T (7)) ,x € Q4 (¢),
dx,r)=< 0,xel(r), €]
—dist (x,T' (1)) ,x € D (7).

The idea of representing interfaces implicitly through LS functions was initially proposed in
[100]. It has widely spread and the LS method has become a serious alternative to volume-
of-fluid methods, explicit interface meshing, and other usual candidates for representing inter-
faces. Among advantages of the LS method, it should be pointed out that topological changes
such as bubble merge in fluid mechanics or grain nucleation in materials science can be
modeled with no extra difficulty. The regularized Heaviside function smoothing discontinuit-
ies across an interface:

17 d) > €,
Ho(@)={ 1(1+2+Lsin(22)), lol<e, @)
0, ¢ <e
the normal vector:
Vv

and the mean curvature:

K(¢) =V.n(e), )

can be computed easily thanks to the distance property. These quantities are often computed
only in a small layer of half-thickness e around the interface:

Qe={reQlox)|<e}. ()
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1.2. LS reinitialization

One of the key ingredients in an implementation of the LS method for applications in com-
putational mechanics and materials science is the LS reinitialization or redistancing step. The
LS method, indeed, usually involves solving an LS transport equation:

%:%‘FV.(M)):O, in Q, 6)
using a transport solver and a fixed mesh, a moving mesh, or a combination of both. The velo-
city field v might originate from a flow solver (Navier—Stokes equations) or another phys-
ical model. The distance property is usually lost during interface motion and deformation
when solving equation (6), which is problematic if this property is used to calculate geometric
information. Problems for which the LS method is the most interesting, in fact, such as those
involving topological changes, are also those where the distance property is most likely to be
lost. It is therefore important to periodically reinitialize the LS function or, in other words,
restore the distance property.

Although LS reinitialization could be considered a small step or a marginal aspect of the LS
method, a wide variety of approaches have been proposed and used in the literature. They can
be distinguished in the way they restore the distance property: directly by computing distances,
or indirectly by solving partial differential equations locally or globally. Other differentiating
properties include:

the computational cost and the parallel efficiency,

the approximation method and the compatibility with unstructured grids,

the accuracy and in particular the convergence rate and the amount of mass change errors,
the robustness in relation to the presence or absence of numerical/tuning parameters,

the capability to deal with a wide range of applications.

It seems therefore important to review the literature on this topic and dive deeper into it.

1.3. Review methodology

This paper proposes an original review of the literature in the past decade (2014-2024) on LS
reinitialization methods. This review attempts to identify criteria that could explain why so
many different methods have been proposed and used and why research on LS reinitialization
is still active.

The methodology consisted of searching for the keywords LS and reinitialization (or redis-
tancing) using the Web of Science™ tool and restricting the results to the last decade.
Voluntarily, papers focusing on applications of the LS method to image segmentation (e.g.
[6, 59]) or topology optimization (e.g. [25, 30, 52]) have been omitted, and the review focuses
on papers involving simulations of moving fronts in computational mechanics (e.g. two-phase
flows) and materials science (e.g. grain growth). These simulations rely on the distance prop-
erty for physical models. LS reinitialization, therefore, plays a crucial role because simulations
may diverge or give non-physical results if the LS function is not properly reinitialized.

All these aspects and some additional ones such as mass conservation are discussed in the
present review.

LS reinitialization methods used in the literature in the last decade are presented in section 2,
with a distinction between direct methods, local indirect methods and global indirect methods.
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These methods are then discussed altogether in section 3, where they are differentiated in terms
of target properties. Concluding remarks are finally presented in section 4.

2. LS reinitialization methods

LS reinitialization methods can be separated into two main categories. Direct reinitialization
methods (DRMs), on the one hand, consist in geometrically computing distances by projecting
each discretization point onto the interface I';(f) = {x € Q(r), pn(x,1) = 0}, where ¢, is the
numerical approximation of ¢. Indirect methods, on the other hand, consist in solving the
Eikonal equation:

(VqB)z —1,inQ, -

¢=0,onTl,

where g?) is the reinitialized LS function. All indirect methods are iterative. Some of them,
however, solve the Eikonal equation locally and propagate corrections progressively, element-
by-element or cell-by-cell. Remaining methods solve a partial differential equation globally
or layer-by-layer.

For many methods, moreover, discretization points actually carrying the interface are
treated separately. These points have a different definition depending on the numerical approx-
imation method being used (FE, FD, FV, DG, etc). For an FE method, let 7;, be the set of ele-
ments, and V}, be the set of nodes. Then the set of nodes which actually carry the interface is
simply the set of all nodes of edges intersected by I'j:

Nr={neN,,ImeN,,3IK€ Th,n€ K,m € K,$ (x,) ¢ (x,,) <0}. (8)
The set of elements containing such edges is also important:
Tr={KeThxeK ek d(x)o(y) <0} ©)

Similar definitions can be stated for other approximation methods (FD, FV, DG, etc).

2.1. Direct methods

Given the definition of the LS function in equation (1), it seems straightforward to recompute
distances directly in order to achieve reinitialization. While it is technically simple when a first-
order interpolation is used for the LS function, several improvements are possible to reduce
computation times. With a higher-order interpolation, the implementation becomes more com-
plex. Mass preservation, finally, can also be integrated into a DRM. These different aspects
are reviewed in the sequel.

2.1.1. Basic first-order methods. The authors of [91] used a DRM for unstructured FE
meshes composed of linear triangular elements in two-dimensions (2D). It should be noted that
they used a narrow band LS method which consisted in using equation (1) only for discretiza-
tion points that were close enough to the interface, and truncating the LS function elsewhere.
Their approach started by classifying nodes of the FE mesh as layer zero if they belonged
to elements of 7. They then recursively classified nodes as layer L+ 1 if they belonged to
elements which shared nodes with elements of layer L. They chose to compute distances only

4
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Figure 1. LS reinitialization with a DRM and a linear approximation showing the inter-
face I'y in red, and the closest-point projections of three discretization points in blue:
the projection is orthogonal for A and B, but it falls onto a line segment extremity for C.

for nodes up to layer four. They also assembled and solved the LS transport equation only for
these nodes in order to reduce the computational cost.

In [135], they compared their method with a hyperbolic reinitialization method (HRM),
and found that it could be more accurate and faster on both academic problems and two-phase
flow problems. The same researchers extended their developments to the three-dimensional
(3D) case of linear tetrahedral elements [92]. In 2D, indeed, I';, can be reconstructed as a set
of line segments. It is easy, therefore, to project each mesh node up to layer four on the closest
line segment to find the correct distance value. It should be mentioned that, for a given node,
the closest point of the closest line segment might be one of the segment’s extremities, and
not necessarily an orthogonal projection [91]. This is illustrated in figure 1. Once the distance
is computed, the sign can be copied from the input non-reinitialized LS function: qAbh (x)=
sign (¢p(x))dist(x,I';). In 3D, the intersection between I', and a tetrahedron can either be a
triangle or a quadrangle, so both cases should be dealt with, and computing distances becomes
more technical [92]. More applications of this DRM to two-phase flows were presented in
[94].

An important aspect mentioned in [92] is that the narrow band should be large enough
to contain all points of £2.. Since they defined € as twice the element size, they found that
including four layers (i.e. 2¢) in the narrow band provided similar results, while with three
layers they observed perturbations of the interface.

In [93], the same authors improved their numerical framework again by integrating adaptive
mesh refinement. It is interesting, moreover, that they switched to a second-order FE interpol-
ation for the velocity, hence increasing the order as compared to their previous works, but they
kept a first-order FE interpolation for the LS function. A similar approach with quadrangular
elements was used in [19] for the 2D case. A possible reason is the difficulty of reconstructing
I'y, and computing distances for higher-order LS functions. They tackled this issue in [95],
which is presented in section 2.1.3.

Similarly, other researchers used a DRM with a piece-wise linear interface reconstruction
and a narrow band approach [61, 97]. Extension to unstructured polyhedral meshes has also
been considered in the literature [60].
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=

T

Figure 2. Ray-tracing technique for directly computing distances on a Cartesian grid
with a 7 x 7 cells stencil.

2.12. Space partitioning techniques. ~ DRMs entail a significant computational cost, even
with a narrow band approach. As shown in figure 1, the problem is that each discretization
point should be projected onto all segments. Computational complexity is hence of O(N,Nj),
where N, is the number of discretization points in the narrow band, and N the number of
segments resulting from the reconstruction of I';,. Several researchers have proposed solutions
to attenuate this complexity.

2.1.2.1. Cartesian grids. ~ For Cartesian grids [11], it is possible to define a stencil of a few
neighboring cells around each discretization point, and compute distances only for interface
segments lying in those cells. One has to be careful to choose a stencil that is large enough so
that reinitialization is ensured for all points of €).. The authors of [11] defined € as % times the
spatial discretization step, while they used a stencil of 7 x 7 cells (i.e. %e) for LS reinitializa-
tion. This stencil is illustrated in figure 2.

Another possibility for Cartesian grids with a piece-wise linear interface reconstruction is
the ray-tracing algorithm proposed in [31]. This algorithm fixed LS function values of cells
of Tr. For each of these cells, the normal vector to the interface segment was computed. LS
function values at discretization points aligned with this normal vector were then reinitialized
by direct distance computation. Distances were updated based on the smallest one (a discretiz-
ation point may be aligned with multiple normal vectors). Applications to academic and two-
phase flow problems showed the efficiency of the proposed approach in terms of computation
time as compared to an HRM. This was confirmed by another study applying this method to
liquid composite molding [117]. The authors acknowledged, however, that the extension of
their method to higher-order accuracy was technically complex, and that another reinitializa-
tion method was necessary for cells of 71 [31].

2.12.2. K-dtree.  Some strategies from section 2.1.2.1 could theoretically be implemented
for unstructured grids, but their generalization seems difficult, especially when adapted or
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anisotropic meshes are used. A more general space partitioning technique has been proposed
in [124] to efficiently compute distances and also restrict these computations to the narrow
band.

Instead of defining the narrow band as a number of layers, it was defined as a length. The
authors of [124], in fact, used automatic anisotropic FE mesh refinement close to the interface
with a different prescribed mesh size depending on the orientation with respect to the interface
(i.e. orthogonal or tangent). They hence defined the thickness of the narrow band as 20 times
the mesh size prescribed in the orthogonal direction.

For each node of the FE mesh, they searched for the closest interface segment using a
parallel k-d tree space partitioning technique. Due to their distributed parallel computing
paradigm, the FE mesh was first partitioned among the different processes, where each pro-
cess only owned and knew about a restricted number of elements of the mesh. Then, during
reinitialization:

e Each process only reconstructed the part of I';, which corresponded to intersections of I’
with its own elements.

o Interface segments were organized in a k-d tree where, at the root, a partitioning plane was
defined in order to divide the segments into two equally sized branches. For each of these
branches, a new partitioning plane with a different orientation was defined to redivide the
remaining segments into two branches. When, for some branch, no partitioning plane could
be found (e.g. only one segment in the branch), then this branch was changed to a leaf. This
is illustrated in figure 3(a).

e For a given point of the mesh, the k-d tree’s structure could be exploited to optimize the
search for the closest segment. At the bifurcation between two branches, it was indeed pos-
sible to decide based on the distance to the partitioning plane to browse only one of the
branches. Comparing the distance to the partitioning plane with the narrow band’s thickness
was also helpful to eliminate points of the mesh which were out of the narrow band. This is
illustrated in figure 3(b). The authors of [124] report a computational complexity of searches
reduced to O(N, log(Nj)).

e Due to the partitioning of the mesh among multiple processes, a bounding box technique
with an iterative ring topology was used. Each process computed a bounding box enclosing
all its interface segments. After computing their distances locally for their own mesh nodes
and their own interface segments organized in a local k-d tree, processes were positioned
in a ring topology. Each process interrogated its successor in the ring with search queries
for its own mesh nodes. Many queries could be eliminated for partitions which were too far
from each other based on distances to bounding boxes. For remaining queries, the successor
interrogated its local k-d tree and returned the resulting distances. The ring topology was
iteratively changed to ensure each process could interrogate all other processes.

The k-d tree space partitioning technique’s performance was assessed for various academic
and material science problems, including grain and void growth [124]. LS reinitialization was
observed to be up to 20 times faster as compared to a DRM without partitioning. The proposed
method was also compared to an HRM, with results showing superior accuracy and inferior
computation times. The parallel implementation’s efficiency, however, revealed to be highly
dependent on mesh partitioning. Because the latter did not consider the interface but only the
volume mesh, uneven partitions (e.g. a few partitions owning all interface segments while
others do not own any) led to a poor scalability.
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(b)

Figure 3. Example of space partitioning tree construction (a), and distance computation

().

2.12.3. Oc-tree. A space partitioning technique was also presented in [181]. The authors
chose oc-trees (quad-trees in 2D), which differ a little from k-d trees but also lead to a compu-
tational complexity of searches reduced to O(N,log(Ny)). They reconstructed, moreover, an
actual surface mesh of I';. In most DRMs, indeed, I’ is only reconstructed as a set of inde-
pendent interface segments. In 2D, for instance, no effort is usually put into detecting common
extremities between line segments. A triangulation was implemented in [181] in order to con-
struct a surface mesh where nodes are intersections between the volume mesh of {2 and the
interface I', while elements are interface segments.

A normal smoothing technique was then proposed to compute normal vectors at nodes of
the surface mesh, as shown in figure 4. These surface nodes were placed in the oc-tree instead
of interface segments. Distances were hence computed by looking for the closest surface node,
and then only interface segments containing this node were considered. The closest projection
among these interface segments was used for distance computation. The smoothed normal
vector defined at the surface node was used for all projections. The authors of [181] recon-
structed this actual surface mesh and implemented this normal vector smoothing technique
because it was helpful elsewhere in their physical model. They did not analyze the effect of
this smoothing on reinitialization accuracy.

2.1.3. Higher-order methods. The generalization of DRMs to higher-order interpolation
of the LS function is not straightforward. In a first-order 2D approach, for instance, I';, can
be reconstructed as a set of line segments Sr, (g 5.5 = L'y, and distances can be computed
by looking for the closest line segment: dist(x,[";) = minge s, dist(x,Sr). Space partitioning
techniques are also easier to implement because the bounding box of a line segment or a tri-
angle is easy to compute. When higher-order interpolation is used, the intersection of I';, with
each cell is not a line segment anymore but a complex curve which is quite difficult to recon-
struct in a parametric form, as illustrated in figure 5. Without such a form, computing distances
becomes challenging.
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Figure 4. Smoothing technique to compute normal vectors at surface mesh nodes, with
3
N=3_,Sini

d
A\
/c\ e

“/

/ a

N

Figure 5. Example of higher-order intersections of I" with a cell: (a) and (b) are simple
cases because there are only two intersections of I' with the cell’s boundaries, (d) is
similar but the same cell boundary is intersected twice, (c), (¢) and (f) are much more
complex because there are two interface segments within the same cell.

2.1.3.1. Quadratic interpolation. = The lowest level of higher-order interpolation of the LS
function is certainly second-order FE interpolation. It has been used in 2D with triangles [28,
123], and in 3D with tetrahedra [123]. Both [28, 123] used the same strategy consisting in sub-
dividing each quadratic element into smaller linear elements, hence approximating the quad-
ratic interface segment into smaller linear interface sub-segments. This was done by directly
creating all sub-elements and then looking for intersections [123], or by subdividing recurs-
ively only sub-elements which actually contained a portion of the interface [28], as illustrated
in figure 6.

Because of the subdivision technique, the number of interface sub-elements could be quite
large and drastically increase the computational cost of LS reinitialization as compared to the
linear case. Although none of [28, 123] used space partitioning, a GPU-accelerated parallel
algorithm was proposed in [123] to reduce the computation time, along with a narrow band
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L'y

(c)

Figure 6. Example of subdivision of an element to compute distances showing the inter-
face I' in red, the sub-elements in blue and the linear interface sub-elements in green:
(a) first sub-division, (b) second sub-division, (c) third sub-division. With the second
sub-division, there is a portion of the interface e C I" which does not lead to an interface
sub-element because a linear algorithm would only consider edges with opposite LS
function signs at its extremities.

approach. This study showed, moreover, that optimal convergence rates could be obtained for
two-phase flow simulations, especially using automatic anisotropic mesh refinement.

2.1.3.2. Cubic interpolation. = Cubic Hermite FE interpolation can also be used to achieve
higher-order accuracy [68]. This particular type of FE interpolation consists in storing the value
of the LS function and its gradient at each discretization point. The authors of [68] combined
a finite difference (FD) method with cubic Hermite FE interpolation for the LS function. To
compute the distance from each discretization point of the narrow band to the interface, they
used Newton’s method. The objective was to find, for each point x of the narrow band, the

10
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projection y such that:

o (3) =0,
{ Von ). 0y —x) =0, (10)

where the first equation enforces the projection to lie on the interface, and the second equation
enforces the projection to be orthogonal. To solve this system of equations with Newton’s
method and find the closest point, it was necessary to provide a very good initial guess. The
authors of [68] provided as initial guess a linear approximation of the closest point. They
acknowledged, however, that they encountered some convergence issues, especially near small
features (e.g. a discretization point with a positive LS value but negative values at all neigh-
boring points), and that more research was required to solve them. A pre-processing operation
was introduced later to eliminate these issues [154].

2.1.3.3. Polynomial reconstruction. ~ The combined FD-FE framework proposed in [68] was
quite unique in the sense that the LS function and its gradient were maintained throughout the
simulation by solving transport equations for both of them. Other studies introducing a higher-
order polynomial interpolation of the LS function into an FD method consisted in transport-
ing only the LS function with an FD scheme, and reconstructing a polynomial interpolation
whenever LS reinitialization was required [49, 95, 108, 172]. Many studies, indeed, relied
on higher-order FD schemes for solving the LS transport equation. Higher-order accuracy,
nevertheless, cannot be achieved if these schemes are combined with first-order DRMs as in
section 2.1.1.

In [108], the authors proposed to start with a first-order search (i.e. assuming piece-wise lin-
ear interface reconstruction) to find not only the closest interface segment, but also the second
and third closest ones (figures 7(a) and (b)). They then used the projection points and the
normal vectors from each of these segments to reconstruct a higher-order polynomial approx-
imation of the interface (figures 7(c) and (d)). There are, of course, a few particular cases that
should be dealt with, for instance to ensure that all interface segments found during the search
are contiguous. Treatments for these particular cases for both 2D and 3D grids can be found
in [108]. Through simulations on academic and two-phase flow problems, they showed that
their method could converge in L' norm with a third-order accuracy regarding the LS func-
tion, second-order accuracy regarding normal vectors to the interface, and first-order accuracy
regarding curvatures.

The authors of [108] also compared their higher-order method with the first-order method
(section 2.1.1), and with an even simpler method consisting in using the distance to the closest
intersection point between I', and grid edges. They showed that the point method did not
provide accurate results, especially regarding curvatures computation. There was hence a great
improvement when switching to the first-order method. Going for the higher-order method,
however, did not improve the convergence order, and improved accuracy only slightly [108].

The procedure developed to compute distances to a higher-order reconstruction of I';, was
not detailed in [108]. A piece-wise higher-order polynomial approximation of I';, was proposed
in [172]. A stencil including neighboring cells was created around each cell of 7r. Intersections
of I';, with edges of this stencil were used to fit a higher-order polynomial approximation of I'j,
by solving a least-squares problem. The stencil size was chosen appropriately depending on
the order of the polynomial approximation and hence the number of coefficients to fit. The cell
itself was then subdivided into a sub-grid, and the center of each cell of the sub-grid was pro-
jected onto the higher-order interface approximation using Newton’s method. Finally, when
reinitializing the LS function for some discretization point x, the distance was computed by

1
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Figure 7. Higher-order polynomial approximation of the interface: (a) search of closest
interface segment s; to a point x, (b) identification of second s, and third s3 closest
interface segments, (c) normal vectors from each interface segment and (d) polynomial
interface approximation.

first looking for the closest sub-grid projection point using a k-d tree, and then using this point
as initial guess for an iterative distance computation algorithm relying on Newton’s method.
Similarly to [68], indeed, the authors of [172] encountered convergence issues depending on
the initial guess and the local regularity of the LS function. They presented, moreover, altern-
ative forms of equation (10):

. 2
- 11
LA “

or, using the method of Lagrange multipliers:
in » (v —x)* + Apo (x) (12)
min - (y —x X
yeQ 2 20 )

where pg is the second-order polynomial approximating I, within the cell containing y.
Through applications on academic problems, they showed that they could obtain a conver-
gence order in L' norm of g + 1 for the LS function and an order of g — 1 for curvatures when
using a polynomial approximation of order ¢ = 2,3,4.

An extension of this approach relying on a polynomial approximation to uniform unstruc-
tured triangular meshes can be found in [95]. The authors used the concept of layers introduced
in section 2.1.1 to get enough points for the solution of the least-squares problem. Instead of
creating a sub-grid for initial guesses, they proposed to reconstruct a linear approximation of
Iy, sample points on the subsequent line segment, and then project these points on the higher-
order approximation. They used Newton’s method as well for this projection. Similarly as in
[172], they implemented distance computation into two steps: first a search for the closest
sample point projection using a k-d tree, and then Newton iterations from this initial guess to
get the correct distance to the higher-order approximation. Similarly as in [172], they proved
that they could increase the convergence order on LS function values, normal vectors and
curvatures using higher-order polynomials.

An important issue raised in both [95, 172] is that there are some particular cases where
it is difficult to reconstruct a polynomial approximation: two discontinuous portions of the
interface crossing the polynomial fitting stencil (figure 8(a)), or the interface folding on itself
within the stencil (figure 8(b)). Although specific treatments for these issues can be found in
these studies, the authors of [95] acknowledged that they did not deal with all particular cases,
and they did not extend their developments to 3D. A thorough study of these issues and how
they can be solved for structured grids in 2D and 3D can be found in [49].
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Figure 8. Polynomial reconstruction of the interface in singular regions: (a) two inter-
face portions crossing the least squares fitting stencil, (b) interface folding on itself
within the least squares fitting stencil. Reprinted from [95], Copyright (2022), with per-
mission from Elsevier.

2.1.3.4. Discontinuous Galerkin (DG) method.  The DG method is an interesting approach to
improve convergence orders on LS function values, normal vectors and curvatures. Similarly
to the FE method, and as opposed to the FD method, the DG method has a built-in polynomial
approximation of the LS function. The difference with the FE method is that each cell has
its own polynomial approximation, and there is no built-in continuity between neighboring
cells. Similarly to the approach presented in [95, 108, 172], direct LS reinitialization can be
implemented in a higher-order DG method using sampling points search with a k-d tree to get
a good initial guess for a distance computation using Newton’s method [120, 121]. The main
difference is that there is no need to reconstruct the polynomial approximation on some stencil
by solving a least-squares problem, because this approximation is built-in with the DG method.
All issues related to this step with folded interfaces and so on are hence avoided. Other issues
arise, however, because interface reconstructions do not respect the continuity of I';, which
requires some treatments [120].

2.14. Mass preservation. A well-known issue with all LS reinitialization methods is that
they might slightly shift the position of the interface, hence leading to mass change errors, as
shown in figure 9. An algorithm can be found in [89] to attenuate these errors within a linear
FE method. The authors proposed to track local mass changes during direct reinitialization. A
mass correction value was then defined at each node of the FE mesh, and direct reinitialization
was finally operated with ensured global mass conservation. They proved the accuracy of their
method in terms of mass change on both academic and two-phase flow problems with a narrow
band approach [89].

2.15. Summary.  DRMs consist in directly projecting each discretization point onto a cell-
wise or element-wise reconstruction of the interface. This reconstruction can be explicitly
performed if first-order interpolation is used for the LS function, but not for higher-order
interpolation.
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Figure 9. Example of mass change error due to LS reinitialization with a DRM and
a linear approximation showing the initial interface I'; in red and the length scale in
purple: (a) LS function values at three discretization points with a balance so that the
interface always intersects the element’s edges at their middles even though the distance
property is not respected, (b) LS reinitialization with the DRM and correction of distance
values with projections shown in blue, (c) new interface in green with a spurious shifting
due to reinitialization because values on each intersected edge are no longer balanced.

For second-order interpolation, element sub-division has been proposed to approximate
quadratic interface segments through smaller linear interface sub-segments and ease distance
computation. For interpolation of order higher than two, distances have been computed with
a local nonlinear solver such as Newton’s algorithm. Difficulties have been mentioned for the
convergence of this algorithm depending on the provided initial guess and the regularity of the
interface. With FE and DG methods, moreover, higher-order polynomial approximation can
be built-in, while with FD methods a least-squares fitting step is necessary. This fitting step
also raises difficulties depending on the regularity of the interface.
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For each discretization point, the computational cost of looking for the projection onto
the closest interface segment is significant. Two ingredients can be combined to attenuate this
cost. LS reinitialization can be conducted only in a narrow band of discretization points located
close enough to the interface. Space partitioning techniques, in addition, can help reduce the
computational complexity of closest-point searches.

The parallel implementation of DRMs has received less attention in the last decade. A few
studies, nevertheless, have shown that it is possible on both GPUs and distributed computing
environments. Combined with a narrow band approach and space partitioning, parallel com-
puting can help reduce drastically the computational cost of a DRM.

The accuracy of these DRMs has been demonstrated in terms of errors on LS function val-
ues, normal vectors and curvatures. It has been shown to be improved with automatic adaptive
refinement on unstructured meshes and higher-order interpolation. These results have been
obtained mostly on academic and two-phase flow problems, although some studies have con-
sidered problems related to microstructure evolution.

2.2. Local indirect methods

Local indirect methods do not directly attempt to compute distances but instead focus on loc-
ally restoring the unit norm of the LS function gradient by solving equation (7). Because
equation (7) involves the initial condition (;AS: 0 on T, local indirect methods require an
initialization step for discretization points of NT. This initialization can be achieved by a
DRM. LS values for remaining points, meanwhile, are computed by solving a local prob-
lem. For a structured 2D grid of discretization steps (Ax, Ay), this problem can be formulated
as [109, 161]:

2 2
max (D;JX,—D.*.X 0) + max (D;j,—D*—V 0) —1, (13)

ijo VA

with first-order forward and backward FD operators:

DF Gij— Pi-1y ’D;y _ ¢5.J'+1A— ¢i,j_ (14)
Yy

" Ax

D Gir1j— Dij D) — Gij— Pij-1
Y Ax T Ay
Here g%,‘d- is the unknown LS function value at the center of cell (i, j) that can be obtained by
solving equation (13). This value will depend on LS values at neighboring cells which might
be on the left, right, bottom or top depending on the direction of the LS function gradient. It is
important, indeed, to guarantee propagation only in the upwind direction, which is also called
the causality condition.

The well-known fast marching method (FMM) builds upon the causality condition to clas-
sify and sort cells in a specific order to improve the efficiency. This sorting is removed in
the fast iterative method (FIM) in order to ease parallel implementations, while alternative
directions are combined in the fast sweeping method (FSM) to reduce the computational com-
plexity. This is reviewed in the sequel.

2.2.1. FMM. Inthe FMM, the local problem in equation (13) is solved in a specific order. As
described in [161], discretization points which have been reinitialized during the initialization
step, for instance using a DRM, are tagged as KNOWN, while their neighbors (discretization
points belonging to cells which also contain a KNOWN point) are tagged as BAND. Remaining
points are tagged as FAR. All BAND points are subjected to a first reinitialization by solving
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Figure 10. Parallel partitioning strategies, with cells colored by partition: (a) and (b)
interface ignored during partitioning, (c) and (d) interface considered during partitioning
in order to improve load balancing.

equation (13). For FAR points as well BAND points for which no solution to equation (13)
could be found, for instance if the causality condition could not be ensured, the distance value
is set by default to be very large (+00).

The iterative part of the FMM consists, at each iteration, in reinitializing all neighbors of
the BAND point with smallest current distance value by solving equation (13). This chosen
BAND point’s tag is switched to KNOWN. Tags of neighbors for which a smaller distance
value (as compared to the current one) could be found are switched to BAND. To efficiently
find the point with smallest distance value, a specific data structure such as a heap is often
used, which ensures a computational complexity of O(N,log(N,)). The algorithm terminates
when the heap is empty and all points are KNOWN.

2.2.1.1. Oc-tree grids.  An extension of the FMM to oc-tree grids (locally refined Cartesian
grids) has been used in [96]. Different DRMs were proposed for the initialization step,
including first-order and higher-order ones. Academic and two-phase flow problems were
considered.

2.2.1.2. Parallel implementation. A parallel implementation of the FMM was proposed in
[161] for Cartesian grids. The authors chose to use the analytical expression of the LS func-
tion for initialization, because their study focused on the distributed parallel implementation
of the FMM within a narrow band. This method is quite complex and is not detailed herein.
The main challenge that was tackled by the authors was to find a suitable replacement for the
sequential heap data structure used by the FMM. They proposed appropriate data structures
and synchronization operations. They demonstrated the parallel efficiency of their algorithm
on academic problems featuring up to billions of discretization points partitioned among up
to 65 536 processes. Similarly as the parallel DRM approach reviewed in section 2.1.2.2, they
used a partitioning which ignored the interface. Consequently, they also noticed that the paral-
lel efficiency was deteriorated when a few partitions contained the whole narrow band, while
other partitions were too far from it.

This challenge was addressed by the shared memory parallel implementation of the FMM
proposed in [109]. The authors proposed to improve load balancing during LS reinitialization
by considering the interface during partitioning, as shown in figure 10. This reduced the risk of
some threads remaining idle while others were still working. They demonstrated the parallel
efficiency of their approach up to 24 threads for academic problems solved on Cartesian grids.
Similarly as [161], they did not address the initialization step.
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2.2.1.3. Higher-order accuracy. A second-order FMM for Cartesian grids has been used in
[4]. The authors used a larger stencil for the computation of derivatives, where the formulas in
equations (13) and (14) were extended to more neighboring cells.

Initialization of the FMM for second-order accuracy was also addressed [4]. A DRM similar
to those reviewed in section 2.1.3.3 was used for cells of 7r: a higher-order polynomial approx-
imation was first reconstructed, and then distances were computed directly using a nonlinear
iterative scheme with good initial guesses. Applications to two-phase flows were presented.

A second-order FMM was used in [27] as well. This study mainly addressed the initializa-
tion step and its extension to quadratic FE interpolation on unstructured grids. For the marching
step itself, the authors relied on element subdivision and the linear FMM for each sub-element,
which resembles some DRMs for quadratic FE interpolation reviewed in section 2.1.3.1. They
demonstrated second-order of convergence on academic problems with triangular an tetrahed-
ral meshes featuring local refinement.

2.2.2. FIM. The whole point of the FIM as compared to the FMM is to ease the par-
allel implementation. It is not surprising, therefore, that the only paper on the FIM fitting
this review’s scope is about the parallel scalability of a shared memory implementation for
Cartesian grids [150]. As detailed in this study, the main ingredient in the FIM which eases
the parallel implementation as compared to the FMM is the absence of a sorted queue. The
algorithm proposed in [150] consisted in reinitializing the LS function layer by layer from the
interface. All discretization points within the same layer could be dealt with independently in
parallel using the linear kernel in equations (13) and (14). Results on 2D and 3D academic
problems involving millions of discretization points demonstrated a reasonable parallel effi-
ciency up to 12 threads.

2.2.3. FSM.  The FSMis an improvement over the FMM in the sense that it reduces the best-
case computational complexity to O(N,) for Cartesian grids. The different KNOWN, BAND
and FAR tags and the heap data structure are replaced by a sweeping algorithm. After the
initialization step, in the 2D case, distances for all non-initialized points are set to a very large
value. Then, grid points are swept in four alternating directions: top left corner to bottom right
corner, top right to bottom left, bottom right to top left, and finally bottom left to top right.
Every time, the considered grid point’s distance is updated if a solution to equation (13) can
be found. Grid sweeping in the four directions is repeated until LS function values converge
between two consecutive iterations.

Higher-order extensions of the FSM were considered in [74]. The authors mentioned that
these extensions often relied on larger stencils resembling those reviewed in section 2.2.1.3,
which had the drawback of introducing a dependence of the number of sweepings for conver-
gence on the number of grid points. They introduced a new second-order method which, as
demonstrated by their results on academic problems, did not have this drawback.

They could not establish whether their method could be extended to an order higher than
two [74]. To increase the order of accuracy, therefore, they chose to combine their second-order
FSM with a third-order HRM. Discretization points in a narrow band of five cells were reini-
tialized with the HRM in order to get first-order convergence on curvatures, while the distance
property was restored away from the interface using the second-order FSM. They mentioned,
moreover, that the HRM could incorporate a specific treatment to eliminate spurious motions
of the interface during reinitialization and improve mass conservation [74].
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2.2.4. Hopf-Laxformula. A new local indirect approach based on the Hopf-Lax formula has
been proposed in the last decade [67]. This approach could be classified as a global indirect
method because it consists in solving the hyperbolic equation in equation (15). The exact
solution, however, is expressed locally as the minimum of a functional which can be found
using a so-called split Bregman solver. This approach could finally be classified as a direct
method as well because, at convergence, the solution of the minimization problem also contains
an approximation of the projection of each grid node onto the interface.

The convergence of this iterative solver was observed to be sensitive to the initial guess. In
[67], the authors relied on an HRM to obtain the initial guess. Their Hopf-Lax formula solver
was shown to lead to errors below 103% and a convergence rate up to five, with computation
times reduced by a factor of ten as compared to a higher-order FD HRM on a Cartesian grid.

This Hopf-Lax formula-based approach was improved later on [113]: a gradient-based
solver was proposed instead of the split Bregman solver, a narrow band method was developed,
as well as a parallel implementation on a GPU. They demonstrated an optimal scaling for suf-
ficiently large grids.

2.2.5. Summary.  Indirect local methods consist in solving the Eikonal equation using an
FD stencil locally and progressively, cell by cell. Distance values at discretization points can
only be computed if the causality condition is ensured. The FMM exploits this condition by
propagating in the upwind direction through classification and sorting of discretization points
in a specific manner. Even though this requires a sequential heap data structure, both distrib-
uted and shared memory parallel implementations of the FMM have been developed in the
last decade, showing interesting parallel efficiencies. One study, in particular, addressed the
issue of load balancing when only a few partitions contain the interface. Additional gains in
computation time have been obtained by implementing narrow band FMMs.

Extensions to adapted grids and higher-order FD stencils have also been considered, though
only for Cartesian grids. The only study considering unstructured grids focused only on the
initialization step, which relied on a second-order DRM. No study on parallel implementation
of the FMM for adapted, unstructured or higher-order discretizations was proposed.

The FIM removes the heap data structure from the FMM in order to ease the parallel imple-
mentation. This was shown by a study in the last decade where a shared memory parallel
algorithm was proposed. The FSM also removes the heap data structure, but replaces it by
an iterative sweeping algorithm. Difficulties on extending the FSM to higher-order accuracy
without increasing significantly the number of sweeping iterations were discussed in a study.
The latter introduced a combined method relying on an HRM to reach third-order accuracy in
the narrow band. It should be noted, once again, that both FIM and FSM studies were restric-
ted to Cartesian grids. Recent developments based on the Hopf-Lax formula are promising in
reaching higher-order accuracy with optimal scaling and reduced computation times, but they
are also restricted to Cartesian grids.

Most studies have addressed only academic problems with static or moving interfaces. One
study applied the FMM to two-phase flow problems.

2.3. Global indirect methods

As will be shown in this review, global indirect methods are the most widely used LS reini-
tialization methods, with HRMs being the first choice for most studies. Alternatives to HRMs,
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mostly borrowed from the field of image segmentation, include combined hyperbolic reinitial-
ization and LS transport, and other reformulations of equation (7) for instance as a regularized
elliptic problem. These different alternatives are reviewed in the sequel.

2.3.1. Hyperbolic reinitialization. ~ Because equation (7) is difficult to solve directly, HRMs
as proposed initially in [137] consist in looking for the steady state solution of:

{ %f+s(¢)(|v$|—1) =0, in Qx[0,7:], (15)

P(r=0)=¢,inQ,

where ¢ is the input LS function and (;3 is the reinitialized one, while 7 is a fictitious time, T~
is the associated fictitious duration and S is the sign function:

I, ¢>0,
S(@)=4 0. ¢=0, (16)
~1, ¢ <0.

In the original method of [137], this sign function was replaced by the smeared approximation:

¢
VPR

with % the spatial discretization step. Added to the choice of S, various ways can be found in
the literature to:

S(¢) = a7

e define the fictitious time step A7,
e impose p =0on T,
e terminate fictitious time iterations.

One particular focus of research is that iterations of equation (15) are well-known to cause
interface shifting, and hence mass change errors. The authors of [104] proposed to attenuate
these errors by changing the sign function to:

¢

o+ Vel

They found, indeed, that interface shifting in the original method of [137] was due to local
sign changes during iterations of equation (15) where ¢ was locally steep.

Mass change errors were also investigated in [136]. They introduced a different sign
function:

S(¢) = (18)

S(¢) =2Hc(¢) — 1, 19)

though their proposition to preserve the interface did not rely on this new sign function but on
the introduction of a Lagrange multiplier into equation (15):

{ 52 +5(0) (IVél=1) =7 (#.6) %

(¢) Vol =0 inQx[0.T], 0

d(r=0)=6¢,in Q.
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This scalar and uniform Lagrange multiplier A € R was eliminated in [136] as it could be
expressed as:

NS A ONOIGZEIEY
A(0.6) = .
Jo (% (9)) 199100

Its aim was not to preserve the local position of the interface but the total volume of sub-domain
1, using the fact that [ | = [, Hc(¢)dS2. The regularized Heaviside function H, was defined
as in equation (2). It should be noted that the HRM defined by equations (19)—-(21) does not
require this specific choice of regularized Heaviside function. Other forms, relying for instance
on the tanh function, can also be found in the literature.

Because of the large number of studies using an HRM in the last decade, tables are used.
In each table, when an information could not be found in some study, the corresponding field
is left blank.

The Termination column indicates the type of criterion used to terminate iterations of the
hyperbolic solver. Most authors indicated either no criterion or mentioned that they iterated
until steady state, without defining it. Some authors also mentioned convergence or equilib-
rium, once again with no definition. In all cases, unless an explicit definition was provided, the
exact words of the authors are reported in the Termination column.

The Step column indicates the value used for the fictitious time step. It should be mentioned
that while many studies did not provide this information, it might be simply due to the fact that
these studies used an explicit discretization for the fictitious time. This value, consequently,
might have been determined by a stability criterion.

The Scheme columns indicate numerical approximation methods in space and (fictitious)
time used for solving the hyperbolic equation. Combinations with other methods (for solving
e.g. the LS transport equation in equation (6) or Navier—Stokes equations) have been used by
multiple researchers but this is irrelevant to the present review. Only the numerical approxima-
tion used for the HRM itself is of interest, and in particular whether higher-order convergence
rates in space and time can be obtained. It should be mentioned, moreover, that convergence
orders are best case scenarios as they might be deteriorated locally due to upwind schemes or
interface preservation constraints.

2y

2.3.1.1 HRM of [137].  The first category of studies directly used the original HRM and
hence solved equation (15) with the smeared sign function in equation (17). These studies are
listed in table 1.

These studies either did not report the termination criterion or predefined a number of itera-
tions between 10 and 20. This is consistent with the two studies which used a number of steps
of the order of 7, as they indicated that it represented around 15 steps [23, 24].

Only a few studies reported the chosen value for the fictitious time step. They used a value
between 0.14 and 0.5k which, in the case of [152, 153] might be imposed by their explicit
Euler time discretization.

Two studies used spatial discretizations of order five with Cartesian grids [70, 75]. All other
studies used low order schemes. This might be due to the use of unstructured meshes for [23,
88, 152, 153] as higher-order FD and FV schemes are well-known to be more complex to
implement for such meshes. The DG approximation used in [34] is an interesting alternat-
ive that could give access to higher-order convergence rates for unstructured meshes, but the
authors chose only linear polynomials. Two studies, in addition, used Cartesian grids with
local refinement [65, 66], which is another way of improving accuracy close to the interface.
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Table 1. Studies using exclusively the HRM defined by equations (15) and (17) as per

[137].
Reference Termination Step Space scheme (order) Time scheme (order)
[75] FD WENO (5) TVD RK (2)
[70] FV WENO (5) TVD RK (3)
[88] FD UC (2) RK (2)
[34] DG (2) Euler (1)
[20] 5-10 steps FD FD
[84] 20 steps FD UC (2) TVD RK (2)
[64] 20 steps FD UC (2) TVD RK (2)
[65] 20 steps FD UC (2) TVD RK (2)
[66] 20 steps FD UC (2) TVD RK (2)
[152] 10 steps O(h) FV Upwind (1) Euler (1)
[153] 10 steps O(h) FV Upwind (1) Euler (1)
[81] O (%) steps O(h) FV (2) Euler (1)
(23] O (%) steps O(h) FV Upwind (1) (1)
[24] O (%) steps O(h) FV Upwind (1) (1)

Regarding time discretizations, TVD RK schemes of order two or three were used in most
studies, both with Cartesian grids and unstructured meshes. It should be noted that the chosen
convergence order for spatial discretization was always greater or equal to the one chosen for
time.

Within the framework of the HRM defined by equations (15) and (17), multiple numerical
developments were proposed in the studies referenced in table 1. A multiscale approach was
developed in [75] to eliminate under-resolved interface segments, and increase computational
efficiency, especially for two-phase flow problems involving the generation of a large number
of droplets. FD and FV approximations of the gradient were derived and applied for unstruc-
tured grids in [88, 152, 153]. A parallel implementation was proposed in [84] and reused in
[64-66], as discussed in section 2.3.6. A reformulation of the reinitialized LS function into a
conservative form was proposed in [24] in the aim of reducing mass change errors.

2.3.1.2. HRM of [137] with a different sign function. ~ Studies which opted for a different sign
function (excluding those using the sign function in equation (18)) are listed in table 2. Three
studies did not define the sign function [17, 69, 119], while two studies used the discontinuous
sign function (equation (16)). Liu et al [73] did not include any discussion on the choice of this
discontinuous sign function. The same choice was made in [170], where the authors introduced
an impressive sixth order accurate FD discretization in both space and time for Cartesian grids.
They also did not comment or discuss this absence of sign function smearing in their HRM.
Remaining studies all used the smeared sign function defined in equation (19).

Remarks on termination criteria, choice of fictitious time step, and discretization schemes
are the same as those made for table 1.

Regarding numerical developments, [69] proposed a three-step method to improve gradient
preservation when reinitializing the LS function. A reformulation of the reinitialized LS func-
tion into a conservative form was proposed in [58] in the aim of reducing mass change errors.
GPU acceleration and mesh adaption were combined in [56, 57] to improve computational
efficiency and accuracy.
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Table 2. Studies using exclusively the HRM defined by equation (15) as per [137], but
not the sign functions defined in equations (17) or (18).

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[69] FD ENO (2) Gauss-Seidel (1)
[17] FV Upwind (1) TVD RK (2)
[119] O (%) steps O(h) FD ENO (2) Euler (1)

[73] (16) 10 steps O(h) FV ENO (2) RK (2)

[170] (16) Equilibrium O(h) FD WENO (6) TVD RK (6)
[58] (19) FV UC (2) RK (4)

[56] (19) 2 steps DG (3-6) MRAB (2)

[57] (19) 27 steps DG (3-6) MRAB (2)

[82] (19) O (%) steps O(h) FV Centered (2) Euler (1)

[45] (19) Steady state FD WENO (5) Euler (1)

[151] (19) Steady state O(h) FD WENO (5) TVD RK (3)

Table 3. Studies using exclusively the HRM defined by equations (15) and (18) as per

[104].
Reference Termination Step Space scheme (order) Time scheme (order)
Reference Termination Step Space scheme (order) Time scheme (order)
[46] FV UC (2) 2)
[149] FV WENO (5) TVD RK (3)
[22] 3 steps O(h) FV (1)
[155] 3 steps O(h) FV TVD RK (3)
[160] Steady state FD WENO (3) TVD RK (3)
[138] Steady state FV

2.3.1.3. HRM of [104].  Studies which relied on the sign function defined in equation (18) to
reduce interface shifting are listed in table 3. This particular choice of sign function is discussed
only in [46]. The authors mentioned that they chose this sign function to relax changes to (25
near the interface, with the hope of preventing interface shifting, and also to ease convergence
in a few steps.

It is surprising that [22] only used three iterations for reinitialization. As detailed in their
analysis, much more iterations were necessary depending on the level of deterioration of the
input LS function. In their experience, nevertheless, since they triggered their HRM at each
time step for their two-phase flow simulations, only three fictitious time iterations were enough
to maintain a good accuracy in the narrow band. They mentioned, in fact, that more iterations
would have been necessary in order to restore the distance property in the whole domain [22].

Numerical developments in the past decade include a detailed calculation of the |V | term
in equation (18) for unstructured meshes, and a reformulation of the reinitialized LS function
into a conservative form to reduce mass change errors [149].

2.3.14. HRM of [136]. As shown in table 4, the HRM with a volume conservation con-
straint as per equations (20) and (21) has been used in many studies. Most of them used it
as is. Three studies [32, 33, 171], however, implemented the volume conservation constraint
in a weak sense, which means LS reinitialization was performed using equation (15) with no
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Table 4. Studies using exclusively the HRM defined by equations (20) and (21) as per
[136], though the sign and regularized Heaviside functions might differ.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[33] (17) O(Ar) DG (2) RK (2)

[32] a7 DG Euler (1)

[171] a7 FV WENO (5) TVD RK (3)
[164] (19) FD WENO (5) TVD RK (2)
[162] (19) FD WENO (5) TVD RK (3)
[166] (19) FD Upwind RK (2)

[165] (19) FD Upwind RK (2)

[9] (19) FD WENO (5) TVD RK (3)
[131] (19) O(h) FV WENO (5) TVD RK (2)

[72] (19) O(h) CVEE P1 (2) Euler (1)

[134] (19) 2 steps O(Ar) FD (2) 2)

[132] (19) Predefined O(h) FV WENO (5) TVD RK (2)

[42] (19) A; Steps O(h) FD WENO (5) TVD RK (3)
[157] (19) Steady state O(h) FE Q1 (2) Euler (1)

[63] (19) Steady state FE P2 (3) Characteristics (1)
[62] (19) Steady state FE P2 (3) Characteristics (1)
[41] (19) Steady state FD WENO (5) TVD RK (3)
[163] (19) Steady state FD WENO (5) TVD RK (3)

[14] (19) Steady state DG (3) TVD RK (3)

Lagrange multiplier, and the interface was shifted afterwards: g?) — g?) +¢g. Correction ¢y, € R
was computed in [32, 33] using:

| — [, H. (&) R
Cp = ’
) Qd(f; (q@) dQ

where |(2;] is the exact volume of €2, while [171] used an empirical formula. It should be
noticed that because the exact volume is used in equation (22), this correction should also
eliminate mass change errors originating from the solution of the LS transport equation in
equation (6). All three studies, nevertheless, reported that mass change was not totally elimin-
ated, but that it was negligible (less than 3%) for two-phase flow simulations.

Similar results were obtained in [41, 42], which relied on the method from [136] where
the volume conservation constraint is directly embedded in the HRM through equations (20)
and (21). Comparisons with the initial method without a mass conservation constraint
(equations (15) and (17)) demonstrated a significant improvement in terms of mass conser-
vation, though mass change errors were not completely eliminated [42]. It was shown, in fact,
that these errors also depended on the scheme used for the LS transport solver, which might
indicate that mass change errors due to LS reinitialization itself were completely eliminated
[41]. Tracking mass changes in various two-phase flow problems, moreover, several studies
have shown that a reduction down to 10~3% and lower could be achieved [9, 62, 63, 164, 166].
As shown in table 4, these studies often relied on higher-order spatial discretizations.

An interesting numerical implementation of equations (20) and (21) was proposed in [72].
In their control volume FE formulation, the authors proposed to replace the uniform Lagrange
multiplier in equation (21) by a discrete field. A separate Lagrange multiplier was computed

(22)
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Table 5. Studies using exclusively the HRM defined by equation (20) as per [114],
though the sign function might differ.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[140] (17) O(h) FVUCQ2)

[74] (18) Steady state (’)(hS) O(h) FD WENO (5) TVD RK (3)

[1] (18) Eikonal O(h%) FD WENO (5) Euler (1)

for each control volume in the neighborhood of each FE mesh node. The objective was to
eliminate interface shifting locally instead of globally. The authors, in addition, dealt with
mass change errors due to LS transport by implementing a Newton—Raphson algorithm which
can be seen as an iterative and exact version of equation (22). For applications involving
two-phase flows, the authors demonstrated that they could reduce mass change errors down
to machine precision. A similar approach has been developed using a DG approximation
and a cut-cell method in [14], and with FD and FV approximations on structured grids
in [9, 131, 132].

Surprisingly, two studies mentioned a fictitious time step proportional to the time step At
used to solve the LS transport equation [33, 134]. This can be explained, however, by the fact
that these studies used an explicit time scheme, which involves a dependence of At on A.

2.3.15. HRM of [114].  An alternative approach to reduce interface shifting was proposed
in [114]. The authors identified as a main cause of interface shifting the wrong computation
of upwind derivatives for cells of Tr. They explained that, for each discretization point, the
reinitialized LS value should be computed using only LS function values of same sign. When
implementing upwind FD schemes, it was important therefore to choose the right stencil to
avoid using the wrong points. The authors proposed a new HRM which involved a corrected
FD upwind scheme and a corrected sign function for cells of Tr [114].

As reported in table 5, three studies have used this approach in the last decade. Although
they were all restricted to Cartesian grids, some of them relied on extensions of the approach
of [114] to higher-order spatial and temporal discretizations [74].

An interesting aspect presented in table 5, moreover, is that two studies provided detailed
definitions of their termination criteria. The L' norm of the difference between two successive
fictitious time iterations was used as criterion in [74]. The authors proposed to define the tol-
erance as proportional to /43, because they expected third-order accuracy on the LS function.
They postulated and observed in their simulations that this was equivalent to requiring that
the L' norm of |[V¢| — 1 was lower than a tolerance proportional to 4. This second criterion,
which can be coined as Eikonal criterion, was used in [1] but with a tolerance proportional to
h?. For two-phase flow problems, it was shown that mass change errors could be reduced to
less than 1073% [74].

2.3.1.6. HRM of [47].  Another very popular approach to reduce interface shifting during LS
reinitialization is the one proposed in [47]. Similarly to equation (20), this approach consists in
introducing an additional term to the hyperbolic equation. This so-called forcing term aims at
constraining the local position of the interface during fictitious time iterations for cells of 7.
This constraint, nevertheless, is locally regularized to avoid over-determination of the problem.
Studies relying on this approach are listed in table 6.
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Table 6. Studies using exclusively the HRM defined by equation (15) as per [47], though
the sign function might differ.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[156] O(h) FD WENO (3) TVD RK (3)
[176] O(h) FD WENO (3) TVD RK (3)

[71] 17) FV WENO (5) TVD RK (3)

[26] 17) 10 steps O(h) FV WENO (3) Explicit Euler (1)
[132] a7 Predefined O(h) FV WENO (5) TVD RK (2)

[85] a7 Steady state FD WENO (5) RK (3)

[177] (17) Steady state FD Upwind (3) RK (2)

[78] (18) Steady state FV WENO (5) TVD RK (3)

[79] (18) Steady state FV WENO (5) TVD RK (3)

[76] (18) Steady state O(h) FV Upwind (2)

[771 (18) Steady state O(h) FV Upwind (2)

[129] (19) FV Upwind TVD RK (3)
[130] (19) Steady state O(h2) FV WENO (5) TVD RK (3)

Reduction of mass change down to 1073% and lower with a sufficiently fine discretiza-
tion were demonstrated by some studies [76—79]. As mentioned previously, it is difficult from
these studies to assess whether mass change errors are due to LS reinitialization or LS trans-
port. A thorough analysis can be found in [132], where the authors compared the approaches
from [136] (equations (20) and (21)), [114] and [47]. A few important conclusions could be
drawn from their analysis. First, higher-order spatial discretization of the HRM proved essen-
tial, as the results they obtained with a first-order upwind scheme and the HRM from [114]
were far worse in terms of mass conservation as compared to those obtained with a fifth-
order WENO scheme, whichever the HRM. Second, higher-order temporal discretization of
the HRM appeared essential. This is surprising, given that this time is purely fictitious and only
the final solution at steady state is important. Results revealed, nevertheless, that not only the
time discretization but also the choice of fictitious time step affected accuracy, in particular in
terms of mass conservation [132]. A second-order time scheme was shown to be better than
a first-order one, while no significant improvement was observed when using a third-order
scheme. Finally, when applying the HRM from [114] to two-phase flow problems, parasitic
currents appeared and affected accuracy and mass conservation. Similar currents with a lower
magnitude were observed with the HRM from [47]. This issue was not encountered with the
HRM from [136] (equations (20) and (21)).

One study combined the HRM from [47] with a global mass correction similar to
equation (22), except that it involved an iterative algorithm [26]. They mentioned that the
HRM from [47], in their observations, did not reduce mass change errors enough. It should
also be noted from table 6 that multiple studies combined the HRM from [47] with the smeared
sign function from [104] (equation (18)), which is also designed to attenuate interface shifting.
This could be an indication that the HRM from [47] does not give satisfactory results in terms
of mass conservation for multiple researchers.

An interesting observation is that one study related the fictitious time step to 4% [130]. This
is explained by the enforcement of a maximum principle. Because the study did not specify
which value was actually used for simulations, it is possible that due to restrictions imposed
by the explicit time discretization, the chosen fictitious time step was in fact proportional to 4.
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Table 7. Studies using the HRM defined by equation (15), though the sign function might
differ, and omitting discretization points of NT.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[118] 30 steps O(h) FD UC (5) Euler (1)

[10] (19) FD WENO (5) TVD RK (3)

[174] (19) Steady state FE (2) 2)

2.3.1.7 HRMs with fixed interface. It is clear that interface shifting and mass preservation
issues with HRMs have been noticed by numerous researchers. All studies in tables 1-6 have
attempted to solve these issues by adding terms to the hyperbolic equation or modifying the
numerical scheme used to solve it. As presented in table 7, some researchers have chosen a
much simpler approach: fixing values at discretization points of N [118, 174] or having a |¢|
value close enough to zero [10] during the reinitialization process. These values were simply
imposed through Dirichlet boundary conditions. These researchers, nevertheless, did not dis-
card the importance of ensuring the distance property even for those discretization points.
In [10], for instance, the authors relied on the accuracy of the scheme they used for solving
equation (6). In [118], the authors proposed a modification of the LS transport velocity v for
discretization points of AT in order to preserve the distance property.

As shown in [10], nevertheless, fixing the values at discretization points with a very low | ¢
value did not eliminate all mass preservation issues. As discussed previously, remaining mass
change errors most probably originated from the transport solver used for equation (6).

2.3.1.8. HRMs with penalty. It is reminded that there is an explicit interface preservation
constraint in the Eikonal equation (equation (7)). This constraint is replaced by the initial
condition in the original HRM in equation (15) and, as discussed in previous paragraphs, this
is not enough to avoid interface shifting. It seems appropriate, consequently, that multiple
researchers have proposed to insert the interface preservation constraint back into their HRM

using a penalization term of the form (¢ — ) dg; (¢), where a € R is the penalty coefficient
and ‘gfﬁ (é) localizes this constraint at the interface. Studies using this approach are listed in

table 8. None of the studies indicated the value used for the penalty parameter «, although it
is mentioned that this parameter should be mesh-independent [159].

This penalty approach, in fact, is quite similar to those reviewed in section 2.3.1.7 in the
sense that reinitialization is prevented at discretization points close to the interface. It is indic-
ated in all studies of table 8 that the penalization term is designed to prevent interface shifting
or, equivalently, ensure mass conservation. Some authors, nevertheless, acknowledged that

Table 8. Studies using the HRM defined by equation (15), though the sign function
might differ, with a penalty term.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[179] FE P1/Q1 (2) Euler (1)
[159] (19) FE P1 (2) Euler (1)
[178] (19) FE P1 (2) Euler (1)
[180] (19) FE P1/Q1 (2) Euler (1)

26



Modelling Simul. Mater. Sci. Eng. 33 (2025) 053001 Topical Review

Table 9. Studies using the HRM defined by equation (15), though the sign function
might differ, combined with a DRM for discretization points of NT.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[128] 9 steps O(h) FD UC (2) Euler (1)

[127] 9 steps O(h) FD UC (2) Euler (1)

[12] 10 steps FD Upwind (1) Euler (1)

[112] Convergence FD Upwind (2)

[101] (16) FD WENO (5) RK (3)

[29] (16) Convergence O(h) FE P1 (2)

[168] 17) Convergence O(h) DG (4-6) TVD RK (3)

[175] 17) Steady state FE Q1 (2) CBS (2)

[167] 17 Steady state FE Q1 (2) CBS (2)

penalization does not solve all these issues [178—180]. Two studies [179, 180], in fact, imple-
mented a volume conservation constraint similar to equation (22) in order to correct the total
mass or volume after reinitialization.

2.3.1.9. HRMs combined with a DRM.  Another quite popular way of dealing with discret-
ization points of VT is to use a DRM. Then, similarly as for methods listed in table 7, an HRM
with Dirichlet boundary conditions to fix LS values at discretization points of N is used for
remaining points. This strategy has been chosen by the studies listed in table 9.

On the one hand, in [127, 128], this choice is explained by the possibility to fix and main-
tain the sign of the LS offered by DRMs in order to avoid mass conservation issues with pure
HRMs. References [29, 112, 167, 168] also chose a DRM for discretization points of N1 with
the hope of improving mass conservation. As detailed in section 2.1, it is clear that with a
DRM, the sign of the LS function is preserved. Mass conservation, however, cannot be guar-
anteed because it is not always possible to simultaneously restore the distance property and
maintain the interface’s position, as shown in figure 9. Except for the benefit regarding the sign,
therefore, it is quite surprising that DRMs are chosen by some researchers to improve mass
conservation along with an HRM. Multiple studies comparing a pure HRM with a DRM/HRM
combination prove, nevertheless, that mass conservation is improved and can be reduced to less
than 3% with the combined approach [127, 128, 167].

On the other hand, the choice of an HRM for remaining discretization points is easier to
understand. As detailed in section 2.1.2, indeed, it is challenging to reduce computation times
with DRMs during closest-point searches. Efficient searches are easier to implement when
distances are directly computed only for discretization points of N1 because, in most cases,
it can be assumed that the closest interface segment is located in a neighboring cell. This
assumption would be incorrect for remaining discretization points, which is the reason why it
may be more efficient to reinitialize these points with an HRM [12].

Due to the simplified implementation of an efficient closest-point search algorithm, com-
bining a DRM with an HRM does not necessarily involve a significant technical challenge.
One major exception concerns higher-order schemes. In [12], a cubic Hermite interpolation
was used to represent the LS function, which means that both the LS function and its gradient
were stored at each discretization point. The authors used a DRM similar to the one presen-
ted in section 2.1.3.2, and an HRM which also dealt with the gradient. A similar higher-order
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Table 10. Studies using the HRM defined by equation (15), though the sign function
might differ, combined with a particle LS method.

Reference Sign Termination Step Space scheme (order) Time scheme (order)
[173] FE (2) ?)

[106] (16) 7 steps O(h) FE P2 (3) BDF2 (2)

[107] (16) 7 steps O(h) FE P2 (3) BDF2 (2)

polynomial interpolation was used in [101], but it first had to be reconstructed, similarly as in
the DRMs reviewed in section 2.1.3.3.

Regarding the imposition of Dirichlet boundary conditions, most studies chose a strong
imposition within discrete algebraic equations. Zhang and Yue [168], as an exception, imposed
those conditions through a penalty approach which was more suitable for their DG approx-
imation. In [167, 175], an original iterative approach was proposed where no constraint was
imposed on discretization points of N within the HRM. After each fictitious time iteration,
however, the interface was shifted back to its correct position using a DRM.

2.3.1.10. HRMs with particles. ~ Particle LS method are an interesting solution to improve
mass conservation. They consist in introducing Lagrangian marker particles which are trans-
ported simply by motion based on equation (6). A few studies have integrated particles in an
HRM, as shown in table 10. These HRMs with particles are similar to the approach in [167,
175] where a DRM was used to compute small corrections at each fictitious time iteration of
the HRM and reduce interface shifting. In the studies of table 10, particles are used to correct
LS function values for discretization points of Nr.

Impressive results in [107, 173] demonstrate that mass change errors can be reduced down
to less than 10~3% with sufficiently fine discretization and enough particles. As shown in [106,
107], moreover, these approaches can be extended to ensure higher-order accuracy.

2.3.1.11. HRMs with time marching. ~ Yet another way of preventing sign changes with an
HRM is the approach proposed in [55]. Instead of solving a single hyperbolic equation, two
equations were solved, one for each side of the interface. The authors mentioned fictitious time
iterations were performed until steady state. They relied on higher-order DG spatial approx-
imations and a fourth-order RK time discretization. Although they did not analyze mass con-
servation, they demonstrated the higher-order accuracy of their approach [55].

2.3.1.12. HRMs with the conservative LS method. A whole class of HRMs is built on the

so-called conservative LS method [98, 99]. The fundamental idea of this method is to replace

the LS function by ¢ = H,(¢). Two-phase flow problems can then be modeled by solving

equation (6) directly for ¢ instead of ¢. Reinitialization is achieved by solving the following

adaptation of equation (15):

{ g—“j’+v.(¢(1—w> %):ev. (Vw),ian[O,TT], .
Y (r=0)=1, in Q.

As summarized in table 11, the conservative LS method along with the HRM given by
equation (23) has been used in numerous studies, sometimes with slightly modified versions
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Table 11. Studies using the HRM defined by equation (23), or similar, with a conservat-
ive LS method.

Reference Termination Step Space scheme (order) Time scheme (order)
[44] FE Euler (1)

[71 DG (5) RK (4)

[90] FD WENO (2) TVD RK (2)
[87] O(h) FE (2)

[86] 2 steps FD CD (6) RK (3)

[53] 4 steps O(h) DG (4) RK (5)
[126] 5 steps O(h) Wavelets (6) Krylov (4)
[147] Predefined O(h) FV (2) TVD RK (3)
[18] Predefined O(h) FV UC (5) 5)

[141] Predefined O(h) FD UC (5) CN (2)
[148] Predefined O(h) FV (3) TVD RK (3)
[105] Steady state O(h) FV (4) RK (4)
[116] Steady state O(h) FV (4) RK (4)

[51] Steady state O(h) FV (4) RK (4)
[102] Steady state O(h) FV UC (3) RK (3)

of equation (23). As observed for other HRMs, there is a tendency for a higher-order space
and time discretization, and a fictitious time step value of the order of mesh size. The number
of fictitious time iterations is very often small, mostly because narrow band approaches are
used.

Chiodi and Desjardins [18] proposed a modified version of equation (23), but they obtained
mass change errors of a few percent for both versions. They demonstrated a reduction of errors
below one percent with finer grid sizes. Similar results were obtained in [102, 126]. Moghadam
et al [86] demonstrated mass change errors could be reduced down to machine precision and
attributed this performance to their FD scheme.

2.3.2. Combined hyperbolic reinitialization and transport. Some authors have proposed
combined approaches to avoid solving an additional hyperbolic reinitialization problem to
maintain the distance property. In [144], LS transport and reinitialization were combined
through:

0¢ .

E—kv.V(b =AS(¢)(1—1|Vé¢|), in Q, (24)
where v is the velocity field (see equation (6)), S is the sign function (see equations (16)—(19)),
and A is a parameter proportional to the velocity that controls the amount of reinitialization.
According to [39, 145], A should be large enough to maintain the distance property, but not
too large to avoid altering the interface shape. Equation (24), moreover, is to be solved in place
of equation (6), which is the reason why it does not involve any fictitious time. It involves a
nonlinear term which can be dealt with using Picard type iterations [38] or an explicit time
discretization [39]. Other forms of equation (24) have been proposed in the literature, mainly
because some authors chose to replace the LS function by a regularized Heaviside function,
similarly as in the conservative LS method (see section 2.3.1.12).
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All studies used a narrow band LS method restricting both transport and reinitialization to a
small number of discretization points around the interface. Most studies combining reinitializ-
ation and transport used linear FEs and a first-order time scheme [13, 39, 80]. Still with linear
FEs, some authors opted for a second-order time scheme [38, 40, 143]. Second-order spatial
discretization was addressed by one study using quadratic FE interpolation [43]. A higher-
order WENO scheme was developed in another study where it was combined with a higher-
order explicit time scheme [115]. Except for this last study, this extensive use of low order
space and time discretizations is surprising as compared to the literature on HRMs reviewed
in section 2.3.1. A possible reason is that equation (24) involves the physical time instead of
a fictitious one. It may reduce the freedom regarding the choice of time step and hence limit
the applicability of higher-order explicit time schemes. Another possible reason is simply the
popularity of these combined hyperbolic reinitialization and transport methods among adepts
of the FE method.

2.3.8. Elliptic reinitialization. ~ Most approaches since [137] have consisted in using HRMs
because the Eikonal equation in equation (7) cannot be solved directly. This equation is not
regular enough to be solved by conventional numerical methods. Recently, regularizations of
equation (7) have been proposed in the form of an elliptic problem [15]:

{ v.(a(1vél) vé) =0, g, 5)
quo onl.

where the so-called diffusion rate d is chosen appropriately to ensure regularity (existence
and uniqueness of solutions) and consistency with equation (7). Solutions of equation (25), in
particular, should be signed distance functions. As discussed in [15], the single-well diffusion
rate

1
d(s)=1- - (26)
s
is the simplest choice but raises issues when s — 0, which can be solved by using the double-

well diffusion rate

25> —3s+1, s<I1,
aw={ 1275 @

Regarding the boundary condition ngS =0 on T, it can be enforced using penalization. Since
the elliptic problem in equation (25) is nonlinear, moreover, an iterative nonlinear solver is
required (e.g. Picard iterations). The termination criterion is usually defined as steady state,
i.e. the norm of the difference between two successive iterations reaching a sufficiently low
value [2, 158].

This elliptic reinitialization approach has been implemented using a DG approximation and
a narrow band method in [142]. They demonstrated that their DG solver was more accurate
than the FE method, but only if the penalization coefficient fixing the interface position was
large enough. It could not be too large, however, as that deteriorated conditioning and increased
iteration numbers. Utz et al [142] discussed the choice of penalty coefficient and demonstrated
convergence rates up to five using higher-order polynomials and both structured and unstruc-
tured grids for academic problems. They encountered some issues with both diffusion rates in
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equations (26) and (27) in the vicinity of singular or flat interface portions which led to the
divergence of their elliptic reinitialization method.

A new diffusion rate was proposed in [2] to solve these issues. The appropriate choice of a
penalty coefficient to fix the interface position was also discussed in this study, and the authors
ended up exploring other possibilities as they could not find a systematic way of determin-
ing this coefficient depending on the problem at hand, the polynomial degree of their DG
approximation, and mesh size. They proposed the use of Lagrange multipliers to enforce the
constraint on interface position, with one Lagrange multiplier by element to avoid under- or
over-constraining the elliptic problem. They demonstrated that convergence issues were elim-
inated and that they could get higher-order accurate results up to an order of five with a narrow
band method.

The new diffusion rate from [2] was used in another study, which confirmed that conver-
gence issues were eliminated for both structured and unstructured meshes [158]. Instead of
Lagrange multipliers the so-called shifted boundary method was used to enforce the interface
position.

Yet another diffusion rate was proposed in [48], with the hope of improving Picard iteration
numbers. The authors demonstrated the accuracy of their approach for both academic and two-
phase flow problems using an FE approximation, a narrow band method and Nitsche’s scheme
to enforce the interface position. In a recent study [103], a neural network was developed to
solve the elliptic problem.

An alternative elliptic reinitialization approach was proposed in [5]. The author’s idea was
to multiply the LS function by some coefficient to get the gradient norm closer to unity. By
playing on different approximation spaces for the scaling coefficient, an elliptic reinitializ-
ation approach was derived where the coefficient could be obtained by solving an elliptic
problem [5]. Isogeometric analysis was proposed to obtain a regular scaling coefficient, and
a global volume correction algorithm was implemented to improve mass conservation. The
new approach was tested on unstructured meshes. Optimal convergence rates could not be
obtained, which was attributed to the global volume correction algorithm.

2.3.4. Combined elliptic reinitialization and transport. = Combining LS transport and elliptic
reinitialization consists in introducing the diffusion term from equation (25) into equation (6).
This idea has been exploited in the so-called meshfree interface finite element (FE) method
[35-37], where a meshfree approximation is used to represent the LS function. This approach
improves mass conservation by ensuring there are always meshfree interpolation nodes on the
interface, similarly to particle LS methods. It also benefits from the higher-order interpolation
capabilities of meshfree methods. The main application in the literature has been microstruc-
ture evolution [35-37].

A combined LS transport and elliptic reinitialization approach has also been proposed in
[139], where the authors emphasized the need to define a diffusion coefficient to establish
the balance between reinitialization and transport. They mentioned that this coefficient should
depend on transport velocity and mesh size. They obtained sub-optimal convergence rates
using a quadratic FE method, which they attributed to stabilization terms. Their mass change
errors, moreover, were of a few percents and could be reduced to less than one percent using a
fine mesh. Similar approaches relying on combined elliptic reinitialization and transport with
an FE approximation and a narrow band method were developed in [16, 111, 146]. Some
authors have preferred the FD method [83]. Similarly as for elliptic reinitialization, various
diffusion rates have been investigated in the literature [8, 54]. Some authors have considered
incorporating a volume conservation constraint [8], similarly as in equation (20). Applications
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of combined elliptic reinitialization and transport methods include microstructure evolution
[54] and two-phase flows [8, 50, 110, 125].

2.3.5. Parabolic reinitialization. ~ Equation (25) can be reformulated as a parabolic equation
[15]:

>

{iw.(d(waﬂ)%)o, in 2% [0,77], (28)

=0 onl.

RSN

where 7 is a fictitious time, similarly as in HRMs.

Only one study employed parabolic reinitialization [3]. Spatial discretization was achieved
using a DG approach while different firs-order time discretizations were tested. A narrow band
LS method was adopted. They concluded from their tests that an implicit time discretization
was preferable over explicit ones, because the number of fictitious time iterations could blow
up for some problems due to the stability condition. As compared to the elliptic reinitialization
approach based on equation (25), moreover, they observed that the parabolic approach required
less iterations to reach steady state. They demonstrated optimal convergence rates using higher-
order polynomials up to a degree of three.

2.3.6. Parallel computing.  Unless they are combined with a DRM (section 2.3.1.9), global
indirect methods do not raise any additional difficulty for parallel computing. If LS reinitial-
ization is part of a framework which involves a transport solver, a flow solver or any other
physical model, then any parallel implementation of these solvers can also be used for LS
reinitialization. This is even easier and more interesting, in fact, if an explicit (fictitious) time
scheme is used with an HRM.

The most used paradigm for parallel implementations of global indirect methods was dis-
tributed memory [22, 39, 50, 51, 62, 63, 72, 84, 146, 165, 166], although parallel efficiency
was not systematically investigated. Since the discretization grid is partitioned among multiple
processes with the distributed memory paradigm, simulations can be run on multiple comput-
ing nodes, hence increasing the amount of available memory space. Simulations on very large
problems or, equivalently, very fine discretizations are hence possible. This was demonstrated
for an HRM in [84], where the authors proved the good scalability of their implementation
up to 4096 processes with 2D and 3D adaptive Cartesian grids involving nearly a billion
points. They relied on explicit time discretizations for all equations. Good strong scalabil-
ity was also demonstrated for an HRM in [72] up to 128 processes with 3D unstructured FE
meshes involving three million elements, which is quite impressive since they used an implicit
time discretization. Similar demonstrations for HRMs with adaptive unstructured FE meshes
can be found in [51, 63]. Weak and strong scalability has also been evaluated for a combined
elliptic reinitialization and LS transport method up to 25 000 processes, with results showing
a nearly-optimal scalability with at least 12 500 discretization points per process [50].

Shared memory parallel implementations of HRMs have been developed [75, 106],
although their efficiency has not been analyzed.

GPU-accelerated HRMs have been used in [7, 56]. Results in [56] demonstrate that GPUs
can provide much more computing power than CPUs, especially when using a higher-order
DG approximation with an explicit time discretization. These results, however, were limited
to small unstructured FE meshes of only 7000 elements.
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All three parallel computing paradigms were combined in [112]. For Cartesian grids
involving up to 100 million points, the authors demonstrated a good strong scalability thanks
to their explicit time discretization.

The study relying on a neural network to solve the elliptic reinitialization problem used a
GPU to train the neural network [103]. Scalability was not evaluated.

2.3.7 Summary.  Global indirect methods originally involved solving a hyperbolic equation
with a fictitious time variable. In most studies, this equation was solved until a steady state
was achieved. Researchers typically predefined either a tolerance for changes in the LS func-
tion between two fictitious time increments or a fixed number of time increments required to
reach steady state. Additionally, most studies performed reinitialization only within a narrow
band surrounding the interface. Regarding the fictitious time step, most studies chose a value
proportional to mesh size.

Numerous studies have employed this HRM and sometimes proposed improvements. The
main concern in the literature has been to improve accuracy by increasing the convergence rate
and reducing mass change errors.

Convergence rate has been successfully improved with higher-order space and time discret-
izations. The chosen convergence order for spatial discretization was always greater or equal
to the one chosen for time. Higher-order spatial discretization was often achieved with FD or
FV WENO schemes for Cartesian grids, and DG schemes for unstructured grids. Higher-order
time discretization was mostly achieved using explicit RK schemes.

Although many methods have been proposed to reduce mass change errors, results were not
always convincing. The best results were obtained by combining a higher-order scheme with
a volume conservation constraint. This constraint was either directly integrated into the hyper-
bolic equation, or implemented in a weak sense by shifting the interface after reinitialization
to ensure mass conservation. Some studies proposed a similar approach with a local correction
in order to shift the interface only where mass changes were significant, and demonstrated that
mass change errors could be reduced down to machine precision. Particle LS method have
also been shown to reduce mass change errors. These attempts to improve mass conservation
have led to multiple options to fix the interface’s position during fictitious time increments:
volume conservation constraints, relying on another reinitialization method such as a DRM
for discretization points of AT, penalty approaches or Lagrange multipliers.

Other global indirect methods have been developed in the literature. Elliptic reinitializa-
tion approaches consist in solving a regularized version of the Eikonal equation. This non-
linear problem is solved with an iterative process. Similarly to HRMs, higher-order spatial
discretization is possible, but there is no fictitious time and hence no time discretization. Some
techniques developed for HRMs such as Lagrange multipliers or penalty approaches to fix the
interface’s position during reinitialization have been extended to elliptic reinitialization.

Parabolic reinitialization approaches also rely on a regularized version of the Eikonal
equation, but they still involve a fictitious time. Only one study employed parabolic reini-
tialization in the last decade. Comparisons with an elliptic reinitialization approach showed a
small reduction in terms of the number of iterations to reach steady state.

Some researchers have developed combined reinitialization and LS transport approaches.
These approaches are particularly suited for two-phase flow problems, where a transport
equation is solved at each time increment for the LS function. Combining reinitialization and
LS transport can be advantageous in terms of computation time and also opens the possibil-
ity to reduce mass change errors during LS transport. These approaches, however, involve a
parameter controlling the amount of reinitialization.
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Parallel implementations of global indirect methods have relied mostly on distributed
memory paradigms. Impressive simulations involving billions of discretization points have
demonstrated that nearly optimal scalability can be obtained for Cartesian, unstructured and
even adaptive grids.

3. Discussions

The literature review in section 2 includes 161 papers from the past decade (2014-2024),
among which 129 (80.1%) relied on a global indirect method, 24 (14.9%) on a DRM and 9
(5.59%) on a local indirect method (one paper combined a global and a local indirect method).
The most popular global indirect methods are clearly HRMs with 100 papers (62.1% of total),
and then combined elliptic reinitialization and LS transport methods with 13 papers (8.07% of
total), combined hyperbolic reinitialization and LS transport methods with 10 papers (6.21%
of total), elliptic reinitialization methods with 7 papers (4.35% of total), and parabolic rein-
itialization methods with 1 paper. Note that, although they are cited in the present paper, 20
references are not included in those statistics because they did not fit the scope of the review
[6, 15,21, 25, 30, 47, 52, 59, 98-100, 104, 114, 122, 123, 133, 136, 137, 144, 169].

Even though global indirect methods are clearly more popular, and in particular HRMs,
some trends can be analyzed independently from the chosen method. Half papers, for instance,
relied on narrow band LS methods. Higher-order reinitialization, in addition, is possible for all
methods, as well as parallel computing. Interesting features such as the extension to unstruc-
tured grids, moreover, have been developed only for some methods. In the following, these dif-
ferent aspects are analyzed in order to identify limitations with current reinitialization methods
and challenges which are yet to be overcome. Computational cost is discussed in section 3.1,
parallel efficiency in section 3.2, approximation methods and extensions to unstructured grids
in section 3.3, developments of higher-order methods in section 3.4, mass change errors reduc-
tion techniques in section 3.5, investigations on the robustness and tuning of numerical para-
meters (if any) in section 3.6 and finally challenges related to applications in section 3.7.

3.1. Computational cost

From a theoretical point of view, LS reinitialization techniques differ drastically in terms of
computational complexity. The computational complexity of DRMs for unstructured grids can
be reduced with space partitioning techniques at best to O(N, log(Ny)), with N,, the number
of discretization points in the narrow band and N, the number of segments resulting from the
reconstruction of I', (see section 2.1.2). With the stencil-based space-partitioning technique
presented in section 2.1.2.1, this complexity can be reduced for Cartesian grids to O(N,,).
Similarly, the computational complexity of local indirect methods can be reduced with a heap
to O(N,log(N,)) (see section 2.2.1) and, for Cartesian grids, to O(N,) (see section 2.2.3).

Because global indirect methods rely on the solution of a partial differential equation, their
computational complexity depends on the numerical method used to approximate and solve
this equation. At best, if an explicit discretization is used for the fictitious time or if the lin-
ear system resulting from an implicit discretization is solved with an iterative method, then
the computational complexity of each iteration is O(N, ). The total computational complexity
finally depends on the number of iterations which, based on the literature review in section 2.3,
seems to be a fixed number.

On Cartesian grids, therefore, there is no theoretical result indicating the superior efficiency
of one method over another. On unstructured grids, global indirect methods can theoretically
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seem more efficient. This efficiency, however, highly depends on whether an explicit discret-
ization can be used for the fictitious time, or if an efficient linear solver can be used for the
linear system resulting from an implicit discretization.

It is not surprising, in fact, that some papers show that DRMs are more accurate and reduce
mass change errors and computation time as compared to HRMs [92, 124, 135].

3.2. Parallel efficiency

Only one study from the past decade developed a parallel implementation of a DRM and eval-
uated its scalability, as presented in section 2.1.2. This study proposed an advanced distributed
space partitioning algorithm [124]. Scalability was found to be limited because mesh partition-
ing did not consider the interface. Some partitions, consequently, ended up with large portions
of the narrow band surrounding the interface, while other partitions did not have any. This
uneven distribution of distance computation operations severely deteriorated scalability. Two
other studies developed a distributed algorithm [31] and a GPU-accelerated algorithm [123],
but did not evaluate scalability.

This difficulty to obtain an optimal scalability was also reported for local indirect methods.
Parallel implementations of the FMM and the FIM have been developed in the past decade,
as presented in sections 2.2.1.2 and 2.2.2. The parallel efficiency of a shared memory FMM
improving load balancing during LS reinitialization by considering the interface during parti-
tioning was demonstrated up to 24 threads [109]. Parallel implementations of the FMM and the
FIM, however, were all restricted to Cartesian grids and low order schemes [109, 150, 161].

Recent developments on Hopf-Lax formula-based reinitialization approaches are prom-
ising, as optimal scalability has been demonstrated with a parallel implementation on a GPU
for sufficiently large grids [113]. Distributed parallel implementations of these approaches
have not been developed in the past decade. Unstructured or adapted grids have not been
addressed either.

If parallel scalability is a priority, global indirect methods offer multiple advantages. The
implementation, first, is greatly simplified. Global indirect methods consist in solving partial
differential equations. Since LS reinitialization methods are always integrated in a computa-
tional framework involving the solution of other partial differential equations (LS transport,
flow, etc), it is quite straightforward to rely on the same framework for LS reinitialization.
In other words, if the LS transport solver is implemented in a parallel framework, the same
implementation can be used for the global indirect methods. This is even simpler if an HRM
is used with an explicit time discretization.

Second, the most impressive and demonstrative parallel scalability results have been
obtained using global indirect methods, as detailed in section 2.3.6. These results have been
obtained with distributed memory paradigms for Cartesian, unstructured or adaptive grids
involving more than billions of discretization points partitioned among up to 25 000 processes.

It can be concluded that to develop an efficient parallel LS reinitialization method, it is best
to pick a global indirect method, and in particular an HRM with an explicit fictitious time
discretization. This is especially justified for higher-order schemes.

As an alternative, local indirect methods can be interesting for Cartesian grids if higher-
order accuracy is not a priority. DRMs can be interesting for unstructured and adapted grids,
but more developments are required to improve load balancing and parallel efficiency.

It should be mentioned that, although shared memory or GPU-accelerated parallel
algorithms can be interesting to improve scalability, distributed memory algorithms are neces-
sary in order to deal with large grids. It is not surprising, therefore, that 16 papers relied on
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a distributed memory paradigm, while only 6 papers relied on shared memory, and 5 papers
relied on GPU acceleration.

3.3. Approximation method and grid

In the past decade, 52 papers (32.2%) relied on an FD approximation, 47 (29.2%) on an FE
approximation, 42 (26.1%) on an FV approximation, 14 (8.70%) on a DG approximation, 5
(3.11%) on a meshfree approximation and 2 (1.24%) on other approximations. Since most
papers relying on FD or FV approximations worked with Cartesian grids for which these two
schemes are very similar, the corresponding numbers can be combined, leading to 94 papers
(58.4%).

There were in fact 85 papers (52.8%) relying exclusively on Cartesian grids, among which
only 14 papers did not rely on an FD or FV approximation. Papers relying on the FE method,
on the opposite, conducted at least one simulation on an unstructured mesh, except for eight
papers which only exploited Cartesian grids. Similarly, there were only three papers choosing
a DG approximation but not showing any result on an unstructured mesh.

Among the studies which showed results on unstructured meshes, many actually kept a uni-
form size. There were only 45 papers (28.0%) exploiting adapted meshes, which were often
refined close to the interface. Since the LS method is typically used to represent moving inter-
faces, some papers relied on automatic mesh adaption techniques to keep the mesh refined
close to the interface during the simulation. This strategy was shown to be advantageous in
terms of accuracy [88], convergence rate [63], and computational cost [17, 93]. These advant-
ages were nevertheless analyzed on complex problems where LS reinitialization was integ-
rated into frameworks which also included at least a flow solver and an LS advection solver.
It is not possible to evaluate whether adaptive meshing techniques specifically improve LS
reinitialization accuracy or computational cost.

The choice of approximation method, as a conclusion, seems to be intrinsically related to
the choice of discretization grid. Cartesian grids offer limited possibilities when it comes to
real and arbitrary geometries. They are also limited for problems involving interfaces where
adaptive grids can be advantageous to refine the discretization in the narrow band. For unstruc-
tured or adaptive grids, the first option in the past decade has been an FE approximation, while
the second choice has been a DG approximation.

3.4. Convergence rate

Obtaining higher-order accuracy has been critical for many researchers, not only to improve
the overall accuracy but in particular to reduce mass change errors. There are in fact 91 papers
(56.5%) using LS reinitialization methods with a convergence rate of at least three on the
LS function value, at least two on the normal vector (equation (3)) and at least one on the
mean curvature (equation (4)). In a computational framework involving a higher-order LS
transport and flow solver, it is key to integrate a higher-order LS reinitialization method. If
the LS reinitialization method cannot be extended to reach higher-order accuracy, then the
accuracy of the whole computational framework is affected. This is problematic for physical
models that depend on the mean curvature (e.g. surface tension in two-phase flow problems).

Higher-order local indirect methods, on the one hand, have only been developed for
Cartesian grids. Higher-order DRMs and global indirect methods, on the other hand, have
been developed for both structured and unstructured grids.

Higher-order DRMs relying on FE or DG approximations are particularly interesting
because they are compatible with unstructured grids, but there are technical issues regarding
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distance computation. Results obtained with Newton’s algorithm are promising in that regard,
though convergence of this algorithm has been shown to highly depend on the initial guess.

Higher-order global indirect methods have been developed with multiple approximations:
FD, FV, FE, DG and meshfree. No technical difficulty has been mentioned in the past decade
regarding these higher-order schemes. This could be explained by the fact that most higher-
order global indirect methods are HRMs which exploit a hyperbolic equation solver initially
developed and tested for LS transport.

3.5. Mass change errors

Mass change errors are related to the convergence rate, as studies have shown that when higher-
order accuracy is obtained for distance values, then mass change errors are also reduced with
a higher convergence rate (see section 2.3.1.4). There were, nevertheless, many contributions
developing other methods to reduce and even eliminate mass change errors. These contribu-
tions have only been developed for DRMs and global indirect methods.

The most general and easiest way to reduce and even completely eliminate volume changes
due to LS reinitialization in a global sense is to:

e compute the volume of {2; before LS reinitialization,

e perform LS reinitialization,

e recompute the volume of €2,

o shift the LS function by a constant to ensure mass conservation.

This algorithm can be combined with all LS reinitialization methods. This review of the past
decade’s literature reveals that in practice only two papers implemented this algorithm or a
similar approach with a DRM. There are 12 studies combining this technique with a global
indirect method, to which may be added 17 studies from table 4 which used equations (20)
and (21). These equations directly enforce global volume conservation within a HRM. There
are hence 31 papers (19.3%) which implemented a global volume conservation constraint.
Indifferently from the LS reinitialization, this method has been shown to be very effective,
reducing global volume change errors below one percent for various problems. The main critic
is that the volume correction is global, as described in equation (22). It systematically shifts
the whole interface for volume changes which may be very local.

To overcome this limitation, 56 papers (34.8%) employed local techniques to reduce and
sometimes eliminate mass change errors. The main idea is similar as the global volume conser-
vation constraint, only volume changes are tracked locally. Depending on the approximation,
mass corrections can be computed at nodes (e.g. [89, 167]) or control volumes (e.g. [72]) for
FE methods, and cells for FD and FV methods (e.g. [73, 76]). In some methods such as the
conservative LS method or particle LS methods, local volume changes can be tracked because
the interface’s position is not determined solely by the LS function (see sections 2.3.1.10
and 2.3.1.12). In many global indirect methods, moreover, attempts are made to reduce mass
change errors by modifying the numerical scheme used for discretization points of AT or cells
of 7r, or adding constraints such as penalty terms (see sections 2.3.1.5, 2.3.1.6 and 2.3.1.8).

3.6. Robustness and influence of numerical parameters

Only some methods presented in this review require tuning numerical parameters. Some of
these parameters have largely been investigated and criteria have been established to determine
them. For some parameters, more investigation is required.
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Local indirect methods do not involve any parameters and most DRMs neither. The only
exception is higher-order DRMs relying on Newton’s method, which require a rule regarding
the proposition of the initial guess in order to ensure convergence.

Global indirect methods require some parameters. HRMs require the definition of a ficti-
tious time step. This subject has been largely discussed in the literature, especially when an
explicit fictitious time discretization is employed.

Combined hyperbolic or elliptic reinitialization and transport methods require the definition
of a parameter controlling the importance of reinitialization. Regarding the control parameter
for combined hyperbolic reinitialization and transport, researchers acknowledge that a balance
should be found. A too small value would not ensure proper reinitialization while a too large
value would alter the interface’s shape and increase iteration numbers [39, 145]. The authors of
[145] recognized that this parameter should be ‘optimized for a given application’. The same
observation has been made for combined elliptic reinitialization and transport [139], although
researchers have proposed a proportionality relationship between this control parameter and
transport velocity and mesh size.

Global indirect methods enforcing the interface’s position through penalization require the
definition of a penalty parameter. These parameters are well-known to require tuning because
large values are required to ensure the constraints are enforced, but too large values lead to
deteriorated conditioning and increased iteration numbers.

3.7 Applications

By far, scientific research on LS reinitialization in the past decade has focused first on two-
phase flow problems with 114 papers (70.8%). Other applications are microstructure evolu-
tions with 6 papers (3.73%) and fluid-structure interaction with 4 papers (2.48%). There are
also 39 papers (24.2%) focusing on numerical developments and academic examples and not
dealing with any particular application.

Microstructure evolution problems include dendritic solidification, where a curvature-
dependent LS function evolution equation is solved [36]. Simulations of microstructure evol-
ution in polycrystalline materials are particularly impressive, because the simulation domain
is split into more than two parts, hence requiring many LS functions [35, 101, 124].

Two-phase flow problems rely on the very simple LS transport equation in equation (6).
Complexity is actually added into the flow solver, which involves a curvature-dependent sur-
face tension term. One particular topic of interest that has been addressed by only eight papers
(4.97%) in the past decade is LS reinitialization in the presence of moving contact lines.

Two-phase flows with moving contact lines are two-phase flows where the interface
between the two fluids meets solids, hence forming a triple junction: first fluid with solid,
second fluid with solid and first fluid with second fluid. It is well-established that at equilib-
rium, due to a physical phenomenon called wetting, the interface between the two fluids I'
and the solid’s boundary meet at a characteristic angle denoted static contact angle. In non-
stationary conditions, there is a local force at the triple junction as the interface I" resists the
flow whenever it is forced to leave its static contact angle. Computation of the contact angle
between I and the solid’s boundary is simplified with the LS method, as well as the localization
of the triple junction (see e.g. [169]).

As demonstrated in [21], some reinitialization methods systematically alter the angle
between I' and 0f2 by generating numerical errors moving it towards 90°. Since numerical
approaches for wetting often exclude solids from the simulation domain, they include the
solid’s boundary as a part of 92. Numerical errors hence emerge as the fluid velocity computed
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Figure 11. Example of interface I', (in red) meeting the domain boundary 02 (in green)
with a non-orthogonal angle. The discretization points in the shaded region are in a
blind spot and would be projected with a DRM onto the intersection I';, N 02, leading
to normal vectors that would not be orthogonal to I';, and contour lines that would not
be parallel to I'j,.
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by the flow solver attempts to rotate I" towards the static contact angle, while the LS reinitial-
ization method moves it towards 90°. This issue is actually not specific to wetting, as it is
encountered whenever I' N 90 # () and the angle is different from 90°. As shown in figure 11,
depending on the angle between I" and 0f2, some discretization points end up in a blind spot.
The closest point from I' to these points is on the intersection I' N 9€2, which automatically
leads to contour lines that are orthogonal to 0f2. The angle between I' and 0f2, consequently,
also shifts towards orthogonality.

Some treatments have been proposed in the literature to solve this issue, although they have
not been generalized to all LS reinitialization methods yet. DRMs are severely affected because
they lead to the situation shown in figure 11 where numerically correct distance values lead to
physically incorrect contour lines.

The first treatment proposed in the literature can be found in [133] and addresses this issue
for HRMs. It was used in three papers from the past decade [131, 156, 176]. It consists in
solving a different hyperbolic equation to reinitialize LS function values for points of 0f2 in
blind spots. These values are then imposed as boundary conditions at points of 9€2 in blind
spots when solving the original hyperbolic equation (e.g. equations (15) or (20)). This correc-
tion consists in propagating the contact angle from triple junctions to all points of 92 in blind
spots. Xu and Ren [156] proposed to solve this new equation simultaneously with the one from
the original HRM. This required defining a parameter controlling the propagation speed of the
correction. Solomenko et al [131] proposed to eliminate this parameter by first reinitializing
values at points of 92 in blind spots, and then dealing with other points. This technique can
be applied to other global indirect methods such as elliptic reinitialization [48].

Pertant et al [105] proposed a numerical treatment for DRMs. Their method consisted in
identifying discretization points in blind spots, and then extrapolating distance values from the
points outside blind spots using multi-dimensional Taylor series expansions. This technique
consisted in starting from the points outside blind spots and using their correct LS function
gradients and Hessian matrices to extrapolate LS function values for their neighbors in blind
spots. This iterative technique was applied to successive neighbors, propagating the correction
to all points in blind spots. It was successfully implemented in a distributed computing code,
but scalability was not analyzed [105]. As shown in figure 12, it led to correct contour lines.
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Figure 12. LS reinitialization with a DRM showing the interface in red, the reinitializ-
ation result without treatment of blind spots in black and the reinitialization result with
the treatment in green. Reprinted from [105], Copyright (2021), with permission from
Elsevier.

To the author’s best knowledge, this issue has not been analyzed or reported for local indir-
ect methods. Since local indirect methods do not compute distances and do not involve any
boundary conditions, it is reasonable to assume they are not affected by blind spots.

4. Conclusions
LS reinitialization methods can be classified in three categories:

e DRMs which geometrically compute distances, including methods which accelerate closest-
point searches with space partitioning techniques.

e Local indirect methods which solve the Eikonal equation point-by-point, including the
FMM, the FIM, the FSM, and Hopf-Lax formula-based methods.

e Global indirect methods which solve the Eikonal equation for all points at once, including
HRM:s, elliptic reinilialization methods, parabolic reinitialization methods and combinations
of hyperbolic or elliptic reinitialization with LS transport.

This review of the literature has focused on the past decade (2014-2024), covering 161
papers mentioning the keywords LS and reinitialization or redistancing according to Web of
Science™ and dealing with simulations of moving fronts in computational mechanics and
materials science. The first choice for LS reinitialization in the past decade, clearly, is an HRM
with a higher-order FD or FV spatial discretization restricted to Cartesian grids and a higher-
order explicit RK time discretization. It also appears that the first application is two-phase
flows. The first concern for most researchers when developing LS reinitialization methods is
mass change errors, which justifies the tendency to develop higher-order schemes. The second
choice is a DRM, while local indirect methods have received little attention.

From this review, it appears that several topics have been largely addressed in the literature
and convincing results have been obtained:

e Parallel implementation of all reinitialization methods, especially with distributed-memory
paradigms, with numerical proofs of scalability, although it was not always optimal.

e LS reinitialization through a DRM or a global indirect method with various approximation
methods such as FD, finite volume (FV), FE, DG or meshfree methods, and on both struc-
tured and unstructured grids.

40



Modelling Simul. Mater. Sci. Eng. 33 (2025) 053001 Topical Review

Table 12. Comparison of different reinitialization methods. For each line, the best result
achievable is highlighted in blue, and the worst one in brown. Easiness and difficulty
are measured in the sense of implementation effort, with easy meaning little additional
effort is required.

Method Direct Local indirect Global indirect
Computational complexity O(N,log(Ny)) O(N,log(N,)) O(N,)

N\ for Cartesian grids O(N,) O(Np) O(Np)

Parallel efficiency limited none optimal

N\ for Cartesian grids limited optimal optimal
Unstructured grids easy difficult easy
Higher-order convergence difficult difficult easy

Mass change reduction global none local
Numerical parameters none none multiple

Blind spots elimination difficult not reported difficult

e The extension of all reinitialization methods to obtain a higher-order convergence rate on
LS function values, LS function gradients and even second derivatives of the LS function,
although some technical difficulties were mentioned for DRMs, and developments for local
indirect methods were restricted to Cartesian grids.

e Many numerical treatments to reduce mass change errors, including global interface shifting,
local corrections, particle LS methods, and developments of higher-order schemes.

e Narrow band LS reinitialization methods, where computational cost is reduced by conduct-
ing reinitialization only for discretization points close enough to the interface.

o Applications of the LS method to two-phase flows.

This review also enables a factual comparison between the different reinitialization methods.
As summarized in table 12, global indirect methods dominate according to many criteria,
mainly due to the simplicity of their implementation, especially in computing codes which
already include a transport solver. The only issue with global indirect methods is the presence
of numerical parameters which have to be tuned to ensure robustness and efficiency. DRMs do
not suffer from this limitation, but require more implementation effort to access higher-order
convergence rates, and improve parallel efficiency. Local indirect methods, finally, are disad-
vantaged by a lack of attention from researchers in the past decade. Mass change error reduc-
tion techniques and blind spots, consequently, have not been investigated. Parallel algorithms
for unstructured grids, similarly, have not been developed.
In the future, in the author’s opinion, it would be interesting to investigate:

e Parallel implementation of DRMs considering the interface during partitioning to improve
load balancing during distance computations, with the hope of improving scalability.

e Extensions of all local indirect methods (the FMM, the FIM, the FSM and the Hopf-Lax
formula-based method) to unstructured grids, especially regarding the parallel implementa-
tion and higher-order accuracy.

e Robust distance computation techniques for higher-order DRMs, especially in the context
of an FE or DG approximation.

e Robust criteria to determine the control parameter for combined hyperbolic or elliptic rein-
itialization and LS transport methods.
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e Other applications of the LS method, which may raise specific issues for LS reinitialization.
Among those, two-phase flows with moving contact lines raise the challenge of dealing
with blind spots. Little attention has been given to this issue in the past decade, with most
developments focusing on blind spots corrections for global indirect methods.
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