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Abstract

We consider a transfer operator where two interacting cells carrying non-negative traits transfer
a random fraction of their trait to each other. These transfers can lead to population having singular
distributions in trait. We extend the definition of the transfer operator to non-negative measures
with a finite second moment, and we discuss the regularity of the fixed distributions of that transfer
operator. Finally, we consider a dynamic transfer model where an initial population distribution
is affected by a transfer operator: we prove the existence and uniqueness of mild measure-valued
solutions for that Cauchy problem.

Keywords: transfers, mild solutions, measure-valued solutions, integro-differential model.
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1 Introduction

We consider a population structured by a trait € Ry that is the quantity of a specific good carried
by an individual. We are interested in situations where transfers happen. Specifically, when two agents
proceed to an exchange, where each individual sends a fraction of its trait to its partner. This type of
model has been extensively studied as an econometrics model [16, 7], but they also play an important
role in biological contexts. Transfer models are used to represent the effect of horizontal gene transfers
[31, 5] in particular through the exchange of plasmids. They also appear in cancer cell models, where
membrane P-glycoproteins (involved in resistance to chemotherapy) can be exchanged between cancer
cells [24, 20, 32, 33]. Our goal in this study is to develop a framework for a class of transfer operators
acting on measure spaces, and to build an existence setting for measure-valued solutions for a Cauchy
problem.

In many kinetic models, the existence of solutions can be proven in adapted functional spaces. For
instance, in the case of the Boltzmann equation, a priori estimates on the entropy can be used to apply
a Dunford-Pettis compactness argument in L' [39], opening the way to an existence setting in that
functional space. In structured population models with sexual reproductions, solutions are bounded
thanks to a uniform bound on the reproduction kernel, and solutions can then be constructed in L°°.
Existence and uniqueness setting in L' have also been proposed for transfer models: in [25, 26], a transfer
operator combined to a mutation operator ensured that solutions are bounded for positive times, and L'
solutions were constructed. In [24], a specific transfer model was introduced, where pairs of interacting
individuals exchange a fixed fraction of their traits. The authors show that if the initial condition belongs
to L*(Ry), so does the solution for any finite time. In the case of transfer models, however, limits of
solutions belonging to functional spaces quickly appear: in [24], it was shown that for a simple transfer
model, solutions converge to a Dirac mass centered in the mean trait of the initial population. For
some transfer kernels, singular distributions in trait can actually emerge for any positive time, even if
the initial population is regular. It is then important to develop a well-grounded setting for transfer
operators acting on measures, and for measure-valued solution to time-dependent transfer models.



To construct measure-valued solutions of structured population or kinetic models, an efficient strategy
is to introduce a metric on the set of Radon measures. The most popular metric is the bounded Lipschitz
distance, that can be seen as a generalization of the W;—Wasserstein distance to general measures.
Equipped with this metric, the set of Radon measures with bounded first moment is complete [38], and
regularization arguments can be used to construct solutions. This idea originated in kinetic theory, where
it was used to construct solutions of Vlasov’s equations [17, 30, 36], and it was then used to construct
solutions for evolutionary biology models [13, 18, 19, 1] as well as swarming models [14, 23]. An alternative
idea is to use Fourier-based metrics, which are also related to Wasserstein distances, as discussed in [15].
The time-dependent transfer equations can indeed be reformulated (through a Fourier transform) into
a simpler integro-differential equation, that can then be used to prove the existence of measure-valued
solutions for Maxwellian Boltzmann equations [34, 10, 11]. This strategy was developed for some transfer
models in the context of econometrics in [29]. In [22], a semi-group approach was proposed to construct
solutions measure-valued solutions to a class of transfer models, relying on the completeness of the set
of measures equipped with the total variation distance. Finally, in [37], H. Tanaka constructed measure-
valued solutions of a Maxwellian Boltzmann equation thanks to a Poisson point process. Another great
idea in [37] was to use Wasserstein distances to describe the long-time dynamics of solutions, an idea
that was developed for transfer models in econometrics using Fourier-based metrics in e.g. [29, 3, 8], and
through Wasserstein distance in [27].

In Section 2, we define the transfer model we consider in this manuscript. Then, in Section 3,
we generalize the transfer operator defined in Section 2 into an operator on non-negative measures with
finite second moments moments. We then investigate when the fixed distributions of the transfer operator
contain a Dirac mass in Section 4. Finally, in Section 5 we construct solutions for a Cauchy problem for
the transfer operator, using a tightness and identification strategy. The precise framework we develop
provides a solid base for the development and analysis of transfer model for cancer cell populations (see
Section 2).

Throughout this manuscript, we denote by f0+oo f(x)du(z) the integral of the Borel-measurable
function f against the Borel measure p over [0, +00), with {0} included in the interval. If f € L1(R,),
we denote by f(z)dx the measure on Ry absolutely continuous with respect to the Lebesgue measure,
with density f. we denote by P(X) the set of Radon probability measures on a topological space X,
typically X = [0,1] or X = Ry. Po(R;) designates the set of Borelian probability measures over R
with finite second moment.

2 The model

We consider the transfer model introduced in [27], which can be seen as a generalization of the model
introduced in [24, 20, 32, 33], and that describes the transfers of carrying P-glycoproteins in cancer cell
populations. We refer in particular to [32] for experimental results showing the effect of transfers on
MCF-7 cancer cells, and for a comparison between the model introduced in [24] and these experimental
data. When cells connect through tunneling nanotubes, the proteins are transferred between the two
cells along these tunneling nanotubes (see [33]). More precisely, we refer to the cell as cell 1 and cell 2.
If we denote by z1 > 0 (respectively xo > 0) the quantity of protein carried by the cell 1 (respectively
cell 2) before transfer (i.e. for ancestor cells), and 2} > 0 (respectively =}, > 0) the quantity of protein
carried by the cell 1 (respectively cell 2) after transfer. In the following we call the calls before transfer

the ancestor cells, and the cells after transfer the descendant cells. Then we can write
zy =21 — X1 + Xo,
' (2.1)
vy =19 — Xo + X1,

where X € [0, 2] is the quantity of protein given by the cell 1, and X € [0, z2] is the quantity of protein
given by the cell 2.

In [24], the fraction of protein sent by each cell was p € [0, 1], a fixed number. Then X; = px; and

X9 = pxo, and thus
{ =z +p (w2 —21) { T
<~

xh = x2 +p (21 — 22) x

(1—p)x1 +pas

/
1
. (2.2)
2

(1—p)az +pa1.



In this manuscript, we assume that the fraction of proteins sent is an independent random variable with
law B € P([0,1]). If 21 > 0, the law of X; is then z1B (i—f), and we assume in this section that

B is absolutely continuous with respect to the Lebesgue measure, with a density that we denote by
B € L*(]0,1]) and that we extend into B € L'(R,) thanks to B(x) = 0 if # > 1. The random variable

X has then a density z — z1B (;—1) with respect to Lebesgue’s measure, and thanks to (2.1), we can

relate the probability law of 2] to the laws of X; and X5. We deduce that the conditional probability
that 2} <z (for z > 0) knowing z; > 0 and z2 > 0 is given by

—+o0 r—x1+w 1 1 -
P(z) < z|w1, 22) = / / —B dz) —B (2 dw. (2.3)
0 0 €2 ZE2 X1 T

If we derive the right hand side of the above formula with respect to =, we obtain the function K 5[z, 22| €
LY(R;) that we define as follows:

1 oo | x—x1+w)~(w)
K A1, 22](x) = / 3(7 B(X) dw. 2.4
sloveale) = [ - . 2.4
When z; > 0 and z2 > 0, K5 [$1,$2 is a well defined function in L'(R,), since (2.3) can be seen as
a convolution. Indeed, if 31 ( ) = (E)’ then By, By € LY(R;) and the above
formula becomes a convolutmn in
1 Feo -
Kjlzi,zo)(z) = / By ((z1 — x) — w)Bs (w) dw. (2.5)
T1T2 Jo

We can define the bilinear operator (u,v) — Tslu,v] € L*(R4) where 4,0 € C.(R4) as follows:

+oo +oo
Tgla, 0)(z) ::/ | K zlz1, 2] () G(z1)0(22) dq dxa, (2.6)

that describe the law of the number of proteins carried by a cell uniformly chosen in the structured
population of cells described by w, after it engages in a transfer with a cell uniformly selected in the
structured population of cells described by .

3 Generalization of the transfer operator

In this section, we extend the definition of the measure K z[z1,22]dx to cases where B = B(z)dz is
replaced by a general probability measure. We then proceed to extend the transfer operator T'z[4, 7],
for 4,5 € L'(Ry), to situations where B = B(z)dz is replaced by a general probability measure and
t(x) dx, 0(x) dx are replaced by non-negative measures with finite second moments.

3.1 Definition of the transfer operator when the kernal B is a probability
measure

In this section, we extend the definition of the transfer operator Tp to cases where B is a probability
measure on [0, 1], and we will also extend the domain of the transfer operator from C.(Ry) to Borel
measures on R .

Let M(R,) the set of non-negative Borel measures over R;. We introduce the following sets of
non-negative Borel measures over R with finite second moment:

+oo
My(Ry) = {ueM(R+); u > 0 and /0 (1 + 2?) du(x) <+oo}. (3.1)

We can extend the definition of the operator Kp (see (2.4)) as follows:



Proposition 3.1. Let (B,x1,12) — Kg[x1, 2] the operator acting on (L([0,1]) NP([0,1])) x Ry x Ry
and valued in M1(Ry.) defined by (2.4). If we consider the weak topology of measures on P([0,1]), there
18 a unique continuous operator

K: P([0,1]) x Ry x Ry — M(R,), (3.2)
(Bﬂzlﬂz2) g KB[:CDZQ]

that is equal to (B, x1,22) — Kglx1, x2](x) dz on the set of probability measure B € P([0,1]) that have
a density B € L'(Ry) with respect to Lebesque’s measure.

Moreover, for any (B,z1,2z2) € P([0,1]) x Ry x Ry, the distribution Kg|x1,xs] is a probability
measure that satisfies

/OOO o(2)Kp 21, 2](z) da = /01 (/01 o(z1(1 = 21) + 2222) dB(zl)) dB(2), (3.3)

for any ¢ € C.(Ry), and the support of Kpx1,x2] is included in [0, x1 4+ x2].

Proof of Proposition 3.1. Let 1,22 € Ry and B € P([0,1]). We may define a function Ag s, 4, acting
on C.(R;) and valued in R as follows:

AB,z1,22 (P) 1= /[0 v (w1(1 = 21) + 222) d(B @ B)(21, 22). (3.4)

This function is linear in ¢ and continuous: if the sequence (¢,,) € (C.(R))N converges to po, € C.(Ry)
for || - || oo, then

1 1
B N P [y e Ny | ( / dB(zn) dB(25) < pn — P .
0 0

We can then apply the Riesz—Markov—Kakutani representation Theorem to show that there is a unique
measure Kp[z1, 2] € M(R,) such that

+oo
AB s ma(9) = / () d(K s, 22]) (x),

for any ¢ € C.(R4). The equality (3.4) implies that fOJrOO o(x) d(Kp[z1, z2])(x) is non-negative as
soon as ¢ € C.(R;) is non-negative, which shows that Kp[zi,z2] is a non-negative measure thanks
E R

to Proposition 5.5 in the Appendix. If ¢ € C.(R;) a non-negative function such that ¢(z) = 1 if
x € [0, 21 + x2], then

+oo
/ p(x)d (Kplr1, 22]) (x) = / i@ (1 = 21) +2222) d(B @ B) (21, 22)
0 [0,1)2
:/ d(B® B)(21,2) =1,
[0,1]2

which shows that Kpg[z1,22](R4+) = 1, which, combined to its non-negativity, shows that Kg[z1, z2]
is a probability measure. Moreover, if ¢ € C.(R;) is equal to 0 on [0,21 + z2], then the equality
above implies f0+°° Y(x)d (Kp[x1,z2]) (x) = 0, and since Kp[z1, 22] is non-negative, this equality implies
Kplz1,22](A) = 0if A C [0,21 + 22]°. The support of Kp[z1,x2] is then included in [0,z + x2].

To show that the operator (B, x1, z2) — Kpg[r1, 2] is a continuous operator from P([0,1]) x Ry x Ry
to P(R4), let (B™, 2T, 25 )nen a sequence in P([0,1]) x Ry x Ry such that B, converges to B> for the



weak topology of measures, 7 — z$° in Ry, and 4 — 23° in Ry. Then, for ¢ € C.(R;),

[ s tet ashe) - [ o) a5
=[], ettt s i s o B, 2)
[ peT ) e B o B )
= [l ) — a2 ) BT 8 B )
//[0 o 0@ (1 — 21) + 25°22) d(B" @ B™ — B® ® B*)(z1, 22). (3.5)
Since ¢ € C.(R4) is uniformly continuous on [0, 21 + 22 + 1],
(21, 22) = @(aT (1 = 21) + @322) — (a7° (1 = 21) + 257 22) | Lo (0 112) =2 O

which proves that the first term on the right hand side of (3.5) converges to 0 as n — co. Moreover, the
convergence of (B™),ecy to B for the weak topology of measures over R implies the convergence of
(B" @ B™)pen to B>® ® B> for the weak topology of measures over RZ (see Theorem 2.8 in [(]), and
the last term in (3.5) therefore converges to 0 as n — co. We have then proven

n—oo

+oo +oo
/0 () d(K o [, 22]) () — / () d(K e [15°, 25]) (1) —— 0,

which proves the continuity of the operator (3.2). If B € P([0,1]) is absolutely continuous with respect
to Lebesgue’s measure, with a density B € L'([0,1]), then, thanks to (3.4) and a change of variable, for
T1,T2 > 07

| e dmatn wd) @) = dnaan(o) = [ ([ oloalt =20+ raz)a(en) an(e)
_ /1 /190(;1@1(1 1) + 020) B(21) Blza) dz di
[ (e (2)

_ /0 () K glo1, 2] (x) da,

thanks to (2.4). This calculation shows that Kpzlz1,22](x) dz = Kpg[z1,z2]. If we denote by P([0,1]) N
L1([0,1]) the set of probability measures absolutely continuous with respect to Lebesgue’s measure, we
notice that (P([0,1]) N L'([0,1])) x R4 x Ry density is a dense subset of P([0,1]) x Ry x Ry, where
P([0,1]) is endowed with the weak topology of measures. The application (B,z1,22) — Kglx1,zo] is
therefore the only continuous extension of (B, z1,z2) — K z[z1,z2] to P([0,1]) x Ry x Ry. O

We extend the definition of the operator T5[t, 0] in the next proposition:

Proposition 3.2. Let (B, i, ) — Tgi, 0] the operator acting on {B € L'([0,1]); Bdz € P([0,1]))} x
C.(R;) x C.(Ry) and valued in C.(Ry) defined by (2.6). There is a unique continuous operator

T:P([0,1]) x Ma(Ry) x Ma(Ry) — M(R,), (3.6)
(B,u,v) +— Tglu,v],

such that Tglu,v] = T i, 9](x) dx when the probability measure B € P([0,1]) has a density B € L'(]0,1])
with respect to Lebesgue’s measure, and u,v € Ma(Ry) have densities 4,0 € C.(Ry) with respect to



Lebesque’s measure. Tglu,v] is a non-negative measure that satisfies:

+oo
/0 o (@)d(Tp[u,v])(2)

_ /Om /Om (/01 </01<p(x1(1 —zl)—i—xng)dB(zl)) dB(ZQ)) du(z1)dv(zs),  (3.7)

for any ¢ € C.(Ry.), as well as

/ " @)l )() = / ” / - (/ ™ @) d (Kpler, 23] @) dute)do(az). 39

We prove this result below, thanks to arguments similar to the ones developed in the proof of Propo-
sition 3.1.

Proof of Proposition 3.2. Let u,v € C.(Ry) and B € P([0,1]). We define a function Ap_,. acting on
C.(R;) and valued in R as follows:

S\B,uﬂ,(go) ::/ ©(x1 (1 —21)+2222) dB® B®u®v(z1, 22,21, %2). (3.9)
[0,1]2X (Ry)2

This application is linear, and we check that it is continuous: If the sequence (¢,,) € (C.(R4))N converges
t0 Yoo € Cc(Ry) for || - ||loo, then

)\B,u,v(@n) - )\B,u,v((Poo)‘ < H‘Pn - (Poolle(R+) / dB®R Bu® 'U(Zh 22,1‘1,1‘2) — 0.
(0,1]2x (R+)? e

We can then apply the Riesz—Markov-Kakutani representation Theorem to show that there exists a
unique measure Tpglu,v] € M(R4) such that Ap,.(p) = O+OO o) d(Tpu,v])(z). If u,v > 0, the
measure Tpu,v] is non-negative since Ap () = O+OO o(x)d(Tp[u,v])(z) > 0 for any non-negative
test function ¢ € C.(R4, Ry ), which allows us to apply Proposition 5.5 in the Appendix. To show that the
operator (B, u,v) — Tpglu,v] is continuous, let (B, Uy, Un )nen a sequence in P([0, 1]) x Mo (R4 ) x Mp (R.)
such that (Bp)nen (resp. (Un)nen, (Un)nen) converges to B € P([0,1]) (resp. oo, Voo € Ma(Ry)) for
the weak topology of measures. Thanks to Theorem 2.8 in [6], the product measure (B,,® B, @u, @y, )neN
converges t0 Boo ® Boo ® Ueo ® Vo for the weak topology of measures, and then, for any ¢ € C.(R),

+oo +oo
/ () d(T .. [isor v00]) () — / (@) (T, [t 0]} (2)] = N e () — A (2)]
0 0

< '/ o (21 (1= 21) +w272) d(Bow ® Boo © ttoe @ voc) (21, 22, 71, 2)
(R4+)2x[0,1]2

— 0. (3.10)

n—oo

- / (1 (1 —21) + z222) d(By, ® By, @ up @ vy,) (21, 22, T1, T2)
(R4)%x[0,1]2

Since this convergence holds for any function ¢ € C.(R), we have proven the continuity of the operator
(B,u,v) € P([0,1]) x Ma(Ry) x My(Ry) +— Tglu,v] € M(R4). (3.9) implies (3.7) thanks to a change
of variable, while (3.8) follows from Proposition 3.1. If (B, u,v) € P([0,1]) x Ma(Ry) x Ma(Ry), with
B, u, v having densities B € LY([0,1]), @ € xC.(Ry), © € C.(Ry) with respect to Lebesgue’s measure,
then (3.8) implies, for any ¢ € C.(R4),

/ " @)l )) = / m / - (/ " (@)Kl 22l(@) i) du(e) do(ea)

[T ewmalanmi@ e ) )it derdea = [ oot de

thanks to Proposition 3.1 and the definition (2.6) of T3[%,0]. Then Tpglu,v] =
(B,u,v) € P([0,1]) x My(Ry) x My(R,), with B, u, v having densities B € L'([0,1]), & € xC.(R4),
¥ € C.(Ry) with respect to Lebesgue’s measure. Since that set is a dense subset of P([0, 1]) x My(Ry) x
My (R, ), the operator T is the unique continuous extension of T to P([0,1]) x My(R4) x Ma(Ry). O

T3, 0)(x) dz for



3.2 Properties of the transfer operator Tp

We consider the moments of Tg[u,u], for B € P([0,1]) and u € M(R4) in the proposition below. These
moments calculations are essential to derive macroscopic models from mesoscopic models including such
transfer operators, see [27].

Proposition 3.3. Let B € P([0,1]) and Tp the transfer operator defined by (3.6). Then, for u,v €

M2(R+)’ +oo +oo +oo
/O d(TB[u,v])(x)</O du(z))/o dv(z), (3.11)

/Om 2d(Txu,0))(@) = (1— Avg) (/Om dv(x)) /OJrooxdu(x) g (/01 du(x)) /Om vdv(),

(3.12)
/0+00 22 d(Tglu,v])(x) = (1 —2X\1. B + A2.B) (/0+00 dv(:z:)) /0+00 2% du(x)

+en (/Om du(:z:)) /0+°O 22 do(@) +2 (1= Ap) M (/Om xdu(m)) /OJFOOde(:E), (3.13)

where ) )
\.p = /O rdB(z), Mop= /O 2?2 dB(x). (3.14)
In particular, if u,v € Ma(Ry), then Tglu,v] € Ma(Ry).
Remark 3.4. For x1,24 > 0, equality (3.8) implies
Tp[0z,,0z,] = Kplr1, 22,

where Kp[z1,x2] is a probability measure thanks to Proposition 3.1. Proposition 3.3 then implies the
following properties on Kpg|x1, xo]:

+oo
/ rd(Kpg[z1,x2]) (z) = (1 — A\1,B)T1 + A1, B2,
0

—+o0
/ 22 d (KB[:Cl,:CQD (:C) = (1 — 2)\113 + /\273>:C? + )\2131'3 + 2(1 — /\1,B>>\1,Bz11'2'
0

Note also that

/OJFOowd(TB[UaU])(x) = /O+Ooxdu($), /0+oo$d (KB[:EI’@] ;KB[$2’$1]> (z) = &2362,

which reflects the fact that the transfers conserve the total number of proteins, as described by (2.1).

Proof of Proposition 3.3. Step 1: Case where u,v € My(R,) are compactly supported
Let R > 0 and u,v € My(R) such that u(z) = v(xz) =0 for z > R.

Let ¢ € C.(R,) satisfying ¢(z) = 0 for z < 2R. Then u(z) = v(z) = 0 for z > R, and thanks to
(3.7),

[ et = [ [ ([ o datenaa @)) duten) dotes) =0,

since the support of Kp[z1, 2] is included in [0,2R] for 21 € supp u and x2 € supp v, thanks to
Proposition 3.1. The support of Tg[u,v] is then included in [0, 2R].



Let ¢ € C.(R4,Ry) with ¢(x) = 1 for & < 2R. Then, for any x > 0 such that ¢(x) # 1, we have
u(z) = v(z) = Tplu,v](x) = 0. For a, 8,7 > 0,

+oo +oo
/0 (a+ Bz +~2%) d(Tplu,v])(x) = /O (a+ Bz +72%) p(x) d(Tp[u, v])(x)

— /O+oo /OJrOO (/01 (/01 (a+ Blai(1 = 21) + w222) + (@1 (1 — 21) + 2222)°)

e(x1(1 — 21) + 2229) dB(zl)) dB(ZQ)) du(zy) dv(z2)

— /0+oo /O+Oo (/01 (/01 (a+ Blar(l = 21) + 2222) + (@1 (1 — 21) + 2222)°)
dB(zl)) dB(Z2)) du(wr) do(zs),

where we used Proposition 3.2. We compute :

/01 (/01 (a+ B(xi(1 — 21) + z222) + y(x1(1 — 21) + 2220)?) dB(zl)) dB(2)

=a+f [:cl (1 /Olde(z)> + 22 /01 de(z)} +v[z$ (1 2/01de(2) +/0122dB(z)>
+z§/01z2d3(z)+2x1x2 <1/01de(2)> /Olde(z)]

=a+p [:L'l (1 — /\LB) + 1‘2/\173] + v [:C? (1 — 2)\113 + )\213> + :C%)\ZB + 2x129 (1 — >‘LB) /\LB} .

Then,

/OJFOO (o + Bz +v2?) d(Tgu,v)(z) = « (/OJFOO du(m)) /OJFOO do(z)

+ 5 [(1 ~ ) (/Om dv(m)) /()Jrooxdu(x) A (/;OO du(m)) /0+°O xdv(m)}
+ 7{(1 — 2\, + A2,B) </O+OO dv(x)) /;Oo 2 du(z) + \o.p </O+OO du(z)) /;Oo 22 dv(z)
+2(1—A.B) AB (/;0o zdu(z)) /Om xdv(z)] :

Step 2: General case u,v € Ma(R)
For u,v € My(Ry), we notice that the applications R — u(z)lz<pr, R +— v(z)lz<p and R —
Tplul.<gr,vl.<g](x) are non-decreasing in R. We may then use the monotone convergence theorem to



show, for a, 8,7 > 0,

+o0 +oo
/0 (a+ﬂx+'yx2) d(Tg[u,v])(x) = lim (a+ﬂz+’yx2) d(Tglul.<gr,vl.<g])(z)

R Jy
o fo ([ i) [
(1 Aus) ( / ’ dv(sc)) / " pdu() + s ( / ’ dum) / Rxdv(z>]
+ 7[(1 ~2ip 4 e.n) (/OR dv(x)) /OR 2 du(z) + o.p (/OR du(x)) /ORxQ dv ()
£2(1- M) s ( / Rwdu@) / Rxdv@] }
- ( /0 - du(x)) /O " )
v B {(1 “ws) (/Om dv(x)) /OJrooxdu(x) s (/Om du(x)) /OJrooxdv(x)]
4y [ (1— 2705 + Ao.p) (/O+°O dv(x)) /0+°O 22 du(z) + Moz (/0+°o du(x)) /0+°O 22 do(z)
20 nm ([ vd) [ ra)]

+ 8

O
4 Properties of fixed distributions for the transfer operator
In this section, we focus our attention on fixed distributions for u — Tpg[u,u], u # 0, that satisfy
u = Tgu,ul, (4.1)

2
as an equality between measures. An integration along R, implies f0+oo du(x) = ( f0+oo dﬂ(z)) , 5o that

we can restrict our attention to probability measures, that is @ € Pa(R4).

4.1 Concentration at x =0

We notice that for any kernel B € P(R..), the Dirac mass at the origin, ie @ := dy, is a fixed distribution
for the transfer operator. Indeed, if B € P(Ry) and ¢ € C.(R4), then,

+oo
/0 (@) T 5[50, do] () de

_ / o / = ( / 1 ( / Cor (- ) +x222>d3<zl>) dB@)) d(60)(x1) d(Jo) (2) = (0),

which implies Tg[dg, do] = do. Are there other fixed distributions for u — Tpg[u, u] that contain a Dirac
mass at £ = 07 We show in the next proposition that such fixed distributions exist when the transfer
kernel B € P(R) contains Dirac masses in both x =0 and x = 1:

Proposition 4.1. If B € P([0,1]) satisfies B > a(dy + 01) for some a > 0 and @ € Pa(Ry) satisfies
Tglu, i) = 4, then 4 > o?d.



Proof of Proposition 4.1. For ¢ € C.(Ry),
+oo
[ elermala,ale) do
0

_ /Om /Om (/01 (/014,0(:131(1 — ) +x2z2)dB(z1)) dB(ZQ)) di(21) dii(w2)
> o2 /0+°° /0+°° (/01 (/Oltp(xl(l — ) +$2z2)d(61)(z1)) d(&o)(ZQ)) di(zy) di(zs)

+oo +oo
=a? / / ©(0) du(xq) du(zs) = oz2<p(0),
0 0

and then @ = Tg[u,u] implies @ > a?5o. O

Surprisingly, we show that as soon as B does not contain a Dirac mass at both extremities of the
interval [0,1] (and B # dg, B # 01), the only fixed distribution for the transfer operator containing mass
at £ = 0 is do:

Proposition 4.2. Let B € P([0,1]), such that B # 6y and B # §1. We assume that B either satisfies:
B{0})=0 or B({1}) =0.

If u € P2(RY) satisfies Tplu,u] = u, then either u = d or u({0}) = 0.

Remark 4.3. Notice that if B = §y or B = 01, then the transfer operator reduces to the identity, as we

can check from (3.7): if B = do,

+oo
/0 () d(T s [u, u]) (2)

_ /0 o /O o ( /0 1 ( /0 Con(1— ) +x2zQ>d<5o><z1>) d<60><z2>) du(z:) du(x>)
= [ et dute)

and if B = §1, a similar calculation can be made. Therefore, when B = §y or B = §1, any measure
€ P(Ry)NMa(Ry) is a fized points of u — Tglu,u], and in particular measures containing a Dirac
mass at the origin are fized points of u— Tpglu,u].

Proof of Proposition 4.2. We assume that B({0}) =0 and v := B({1}) € [0,1).
We use a contradiction argument: we suppose that @({0}) =»n € (0,1). For any € > 0, we can define
¢ € C.(R4) such that ¢f(x) =0 for x > ¢, and ||¢°||oc < 1. Then, for x1,x2 € R4,

906(1'1(1 - Zl) + 1'22'2> < 111(1—21)S811222S€ < (111§2 + 1112i1i(1—z1)§a) + (lngi + 1122212zQ§5)
< 1m1§i112§i + 1m1§i1122i1i22§8 + 1z12i1i(17z1)§5112§i + 1z12i1i(17z1)§€1z22i1;i22§8-

We can regroup the second and last term on the right hand side of this equation (and the fact that
[l ]loo < 1) to obtain:
@ (21 (1 — 21) + x222)
< Lo<alos<a + 1®12i1f(17z1)S€1z2§i + (111Si1z22ilj22§8 + 1z12i1E(17z1)S51122i1i22§8)
= 1z1§i112§j + 1Z12i1f(17z1)gglz2§j + (111§i + 1z12i1i(17z1)§€) 1122iljzzﬁa

< 1x1§i112§2 + 1x12i1i(1—z1)§81x2§2 + 1122i1222§5-
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We use this inequality to estimate:

—+o00
| @l s (42)

= [T (] etz dB<z1>) 1B()) dulor) d(az)
LU ) ) i
L (L)) ) e
+/;°°/O+°°</O”(/Old321 deQ>d ) dit(as)
) [ ) ([ ) ([ )+ ([ ) (£ o)
o) | (f o) ([ ) ([, ) ([ o)
+ ( [ dB@) |

Since @({0} = n, B({0}) = 0 and B({1}) = v, this inequality and the outer regularity of the Borel
measures B and « imply:

<(f
<(f

+oo
/0 ¢°(2)Tplu, @)(z) dx
= (/Om dﬂ(z)) [(77 +0z-0(1)) + (1 =n)(v + Of/i—w(l)) - 08/&%0(1)} + Oa/i—>0(1>a

where the notation oz_,o(1) (resp. o0./z—0(1)) designates a function that converges to 0 when z — 0
(resp. €/& — 0). Thanks to our contradiction assumption, [; dii(z) >n > 0 for any Z > 0, and then

“+oo
/0 ¢(x)Tglu, u)(x) dx
< </0 da(z>> [(17+ 0z0(1)) + (1 = ) + 02 /5 —0(1)) = 02 /z0(1) + 0 jz0(1)] - (4.3)

The assumption 1 < 1 implies 1 < 1 ~, or, equivalently, n — nv +v < 1. We can then select Z > 0 small
enough to have (9 + 0z,0(1)) — nv + v < 1. This strict inequality and (4.3) imply, provided € > 0 is

small enough,
/0+00 o(x)Tglu, u)(z) de < (/OI dﬁ(z)) ,

€ € —+oo
n=a({0}) < / di = / d(Tpla, 1)) (z) < / o(x) d(Tpa,a]) () < 1.

and then

This is absurd, which concludes our contradiction argument. We have then proven, under the assumptions
on B made in the proposition, that @({0}) = n € {0,1}, where n = 1 corresponds to @ = dp. A similar

argument can be used when f[17€ ) dB — 0, and lim,_.o f[o . dB = v < 1: it is sufficient to use
, N ,

a change of variable to replace ¢(x1(1 — 2z1) + x222) by w(x121 + x2(1 — 22)) in (4.2) and repeat the
calculations above.
O
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4.2 Concentrations away from z =0

In the introduction, we mentioned the so-called deterministic transfer case, which corresponds to a
transfer kernel B(x) = d,(x) for some p € [0,1]. If B(x) = J,(x) and Z € R, the equality (3.7) satisfied
by Tp implies

/O+°° o(x) d(Ts, [62,62])(z)
/O+°° /O+°° (/01 (/olw(zluZ1)+x222>d(5p)(z1)) d(ap)(zQ)) d(67)(21) d(67) () = 9(Z),

which shows that T[0z,dz] = dz, and the probability measure @ = 0z is a fixed distribution for u
Tplu,u]. These concentrated fixed distributions were already noticed and studied in [24]. We show in
the next proposition that the singular fixed distributions 7 are actually specific to cases where B is a
Dirac mass:

Proposition 4.4. Let B € P([0,1]) and Z € R*.. If Ty is defined as in (3.6) and satisfies
I’]I‘B[(SZ) 6Z] = 6Za
then B = 6, for some p € [0, 1].

Remark 4.5. If B = 6, for some p € [0,1], then the transfer exchanges described by u — Tpglu,u] are
given by (2.2), and the exchanges bring the traits closer: if x1,x2 > 0, then

2, 75 € [min(xy, z2), max(z1, x2)].

With other transfer kernels B, it is possible to have z, 2} ¢ [min(xy,z2), max(x1,x2)]. We then expect
less concentrated fized distributions as described by Proposition 4.4.

If B = &y, any measure u € Ma(Ry) is a fized distribution for the transfer operator, since for
pE Cc (RJr);

+oo
/0 () d(Ts, [u, ]} (x)

_ /Om /OMo (/01 </01<p(:c1(1 — ) +x222)d(50)(zl)) d(50)(22)> du(zr) du(zs)
- [ e o),

and the same property holds if B = §1. This result can be understood intuitively, since B = §y corresponds
to a case where interacting cells do not transfer any fraction of their trait, while if B = 61, the traits of
the two interacting cells are exchanged. Neither case affects the trait distribution of the population.

Proof of Proposition /.4. Let p := f[o 1 xdB(x). Since B is a probability distribution on [0,1], p = 0
implies B = §p and p = 1 implies B = ¢;. If p € (0,1) and B # §,, then f[o ») dB(z) > 0, which
implies f[O,p) |z — p|dB(z) + f(p,l] |z — p|dB(z) > 0, while

U(p,1]

0= /H 2dB(z) - p= /H (2 — p) dB(2) = /[) G-pdBE+ [ (- pdBe)

(p,1]

:—/[O,p)|z—p| dB(z)+/ |z = pldB(z),

(p,1]

which implies f[o p |2 = pldB(z) > 0, and then f[o p) @B(2) > 0 as well as f(p ;) 4B(2) > 0. The inner
regularity of the Borel measure B then implies

/ dB(z) > 0, / dB(z) > 0,
[0,p—¢] [p+e,1]
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for some ¢ > 0. Let ¢ € C.(R?) satisfying ¢(Z) =0, ¢ > 0 and inf,c[(142:)2,22] (x) > 0. Then

/ " o) T2, 5)(x)
_ / o / o / 1 / C(@1(1 = 22) + a0) dB(21) dB(z) d(6) (1) d(67) (2)

/ / Z(1 = 21) + Z2) dB(z1) dB(22) /W/p ) (Z(1 = 21 + 29)) dB(z1) dB(z2)

S ([<1+§?>fz,221 (p) (/op E dB(Zl)) (/pi dB(ZQ)) 0

which shows that Tg[dz,dz] # dz. O

If the transfer kernel B is not a Dirac mass, the proposition above shows that no Dirac mass can
be a fixed distribution for the transfer operator. The next proposition shows under limited conditions
on the transfer kernel B, any fixed distribution of the transfer operator different from Jq is absolutely
continuous with respect to the Lebesgue measure:

Proposition 4.6. Let B € ’P([O 1]) and Tp defined as in (3.6). We assume that B > fpdx, where
s € C°0,1],Ry) satisfies fo fB(2)dz > 0, and we also assume that B({0,1}) = 0. If u € Po(R%)
satisfies Tglu,u] = @ and @ # do, then g; € LY(R;) and g;( ) >0 for x € Ry.

Remark 4.7. If B is continuous with respect to the Lebesgue measure, then Tglu] is continuous with
respect to the Lebesque measure for any u € Pa(Ry), since Tglu] can be seen as a convolution of B and
a measure. This property implies that fixed points are continuous with respect to the Lebesgue measure
as soon as B has that same property. The statement above provides a weaker assumption on B ensuring
that fixed distributions are continuous with respect to the Lebesgue measure.

Proof of Proposition 4.6. Since fp € CY([0,1],Ry) satisfies fo fB(z)dz > 0, thereisp € (0,1), e € (0,1)
and b > 0 such that

[p—ep+el C(0,1), B=blp cpieg-
Let £ > 0 and 0 < a small. For z1,22 € [T — a, T + «] and ¢ € C.(R) such that ¢ > 0,

/O+°° o(x)Kp[zy, zo)(x) dz = /01 (/01 o(z1(1— 2z1) +z222)d]3(21>> dB(22)

> b2/ / 1[p,€7p+€] (Zl)l[pfs,ers] (22)90($1(1 - zl) + 552'22) dzo dz1
R JR

b2 Z—x1(1—=z
= ]R (/]R 1[p—€,p+€] (Zl)l[p—a,p—i-a] (M) dzl) QO(Z) dz

o x2
b2 T+
2 Z+a /27 (/}R 1[p—a,p+a] (21)1[1+mz<p:>—z71+m2<p;s>—2} (21> dzl) @(Z) dz

(03

We notice that if Z € [z — a,Z + o], then

$2(p_5)_Z§1+(‘i'+a)(p_€) oz

€
1 et
+ T T —« T+a T—« 2’

if we select o := £E. Similarly, 1 + o2(pte)=2 5 4 4 £. Then,

1

+o0 e 2 f“rf
| eamsin @ 55 [ oz
0 T
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Then, for ¢ € C.(R4) such that ¢ > 0, thanks to (3.8), for any Z > 0,

+oo

+oo +oo +oo
zb(x)d(TB[ﬁ,ﬂ])(x)/o /O < ; 1/}(:lﬂ)d(KB[fvl,sz])(flﬂ)) du(a:) du(zz)

ZT+ex/16 [ T+ed/16 Z+ez/16
2[ </ w(w)d(KB[wuwﬂ)(w)) d(z,) du(z)

0

—ex/16 Jx—cz/16 —eZ/16

cb? T4ez/16 Z+ex/16 2
> ([ ) ([ dute) )
z+ z—ez/16 T—ez/16

2 T+ez/16 2
Tglu,u] > du liz—cz/16.54e7 d 4.4
Blu,u] > 2% + 1 /I_m/16 u(z) [Z—ez/16,7+e7/16] AL, (4.4)

which implies

thanks to Lusin’s Theorem (see Proposition 5.5 for a related argument). Since @ € P(Ry) My (R, ) is a
fixed distribution for u — Tpg[u,u], we have Tg[u, 4] = @, and then this inequality shows that provided
u # &p, the support of @ is open in Ry . Since the support of a measure is closed by definition, it is equal
to Ry, that is @ > 0 on R;: for any Borel set A C R of positive Lebesgue measure, a(A) > 0.

Thanks to the Lebesgue-Radon-Nikodym theorem ([35], Section 6.10 p. 121), @ can be decomposed
into @ = 4+, 4, > 0, with @ € L*(Ry) while & € M(R, ) and the support of @ is of Lebesgue measure
0:

Q:=supp 4, A()=0,

where A stands for the Lebesgue measure on Ry. Since @ > 0, we have

+o0
/ di(z) < 1, (4.5)

and we can decompose Tg[a, @] = Tplu, ¢] + Tg[a, 4] + Tg[d, 4]. Let R > 0. Thanks to Lusin’s theorem
(see ), there is ¢; € Cc([0, R)) with [l@i[|pe(jo,r)) < 1 such that ¢y = 1g o gy almost everywhere for
w, which implies ¢; — 0 almost everywhere for the Lebesgue measure A, and then for the measure the
measure @ restricted to [0, R). Then, thanks to the dominated convergence theorem and (3.7),

+oo
Tpla,af(N[0, R)) = lim ei(x)d(Tpla, a])(z)
o Jo
—+oo
= lim </ @l(x1(121)+x222)dﬂ(x1)) dB ® U ® B(z2,x2,21)
l=00 J{0,1]xR, x[0,1] \Jo
—+o0
= lim </ @l(x1(121)+x222)dﬂ(x1)) dB ® 4 ® B(z2,x2,21)
l=o0 J10,1]xR4 x[0,1) \Jo

+ B{1)) (/Om dﬂ(ml)) Jim /[OMR+ o1(3222) B @ it(29, 73).

l—o0

Thanks to the dominated convergence theorem, lim;_, . fOJrOO wi(x1(1 = 21) + wo29) dii(x1) = 0, since
vi(x1(1 — 21) + w222) == 0 almost everywhere for the Lebesgue measure (notice that (1 — z1) # 0).
—00

Using the dominated convergence theorem once more shows

llg& 110, </0+°° oi(x1(1 — 21) + x222) dﬂ(xl)) dB ® 4 ® B(z2,x2,21) m 0,
and thus
[Tofa.al(@)| = fim_ [Tafa. al@n o, R)| < B ( [ m ai) ([ - di) )

< B{1}) (1 - /Om da(x)) (/Om dﬁ(m)) .
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The same argument can be used to show

l—o0

=s(ton ([ anten) g [ ([ ot -y daen) ane
— B({0}) (/;OO da(acl)) /O1 (/;OO Lo (21 (1 zl))dﬁ(a}l)) dB(z)

<oy (| - aita)) ([ - di) )

where we have used the fact that fOJrOO Lono,r(@1(1 = 21)) di(z1) = 0, since QN [0, R] is negligible
with respect to the Lebesgue measure. These two estimates and Tg[d, a](Ry) = @(R,)?, which is a
consequence of (3.11), imply:

A +oo
Tpla, @0 [0, R)) = B({0}) (/0 dﬂ(a:g)) lim /[O o, A= 2)) B @21

a(Ry) = ulg = Tp[a,a)(Q) < [BU0,1}) + a(Ry)] a(Ry).

In particular, if B({0,1}) = 0, this inequality implies 7@(R+) € {0,1}. Since we assume 4 # dp, we have
J0.400) @u(z) > 0, and there is # > 0 such that f;f;;/f; du(x) > 0. Since u = Tglu, ul, estimate (4.4)
implies that @, the continuous part of @, satisfies

cb? T+ex /16 2
Vr € [T —ex/16,Z +ex/16], d(x) > — / du(x > 0.
(& 2/ fel, 5@z gty ([ date)

Then @(R4) =1 —@(Ry) < 1, and @(R4) € {0,1} then implies (R4 ) = 0, and @ = 2.

5 The Cauchy problem for a dynamic transfer model

In this section, we are interested in the definition and existence of measure-valued solutions of the
following time-dependent problem:

1
ony(x) = gi(x) + h(t, z)ne(x ————Tgng, ne(z), 5.1
() = ge(z) + h(t, 2) ()+f0+oodnt(y) [, ) () (5.1)

where g € L= (R4, Mz (R;)) is non-negative and given, h € C°(R3, R) is given, and the initial condition
is ng = n™ € My(R;). The measure g and the function h are introduced to facilitate the use of
the results of this manuscript in future works, typically to prove the existence of solutions for more
complex models where transfers are combined to other biological phenomena. If ¢ = 0 and h = —1,
(5.1) corresponds to the model of a population structured by the trait € R, that is only affected by
exchanges, similar to the model considered in [24]. The functions g and h in (5.1) should allow the use of
the existence results of this manuscript to study more complex models. We assume that g and h satisfy:

+oo _ _ _ _
/ (1 + y2) dgt(y) < Ca, h(taw) < Cqy, ”aﬂch(t’ ')||L°°(R+) < Cuy, h(tax) > _hA(w)a (5'2)
0

for a constant C4 > 0, t,z > 0 and hy € L?;’C(Rj). From here on, we denote by C > 0 constants
that only depend on the initial condition n'™* and Ca, ha, appearing in Assumption (5.2). In the next
section, we will introduce a truncated problem, with a truncation (and regularization) parameter € > 0.

In the proof of Lemma 5.1, we denote by C' > 0 constants for a given £ > 0.

5.1 Existence of solutions for a truncated problem

To define a truncated problem corresponding to (5.1), let Ty € C.(R4,R) with fOJrOO Ii(z)de =1
and supp I'1 C (1,2). We can then define the rescaled function I'; and the smoothed transfer kernel

15



K% [z1, 2] as follows:

Ne(@)i= 211 (2), Kyl mal(e) = (e x Kpler, 22)) ()< (53)

where the symbol * stands for the convolution in R, that is

+oo
(Te *Kp[z1,22]) (2) = /O Le(y —2) d(Kplz1,22]) (y).

For any given ¢ > 0, |K5[x1, zo]|l e ryy < ITellLoe () is uniformly bounded in z1, z2 € Ry. Moreover,

KEB [x1, 22] is non-negative, and its support is included in [g,1/¢] for any 1,22 € Ry. The truncated
problem we consider in this section is:

ns(t,z‘):efoth s,x)ds (F *nzm)( ) <1z / f har)da(r *gs)( ) zgl/ads

t ef h(o,z) do
/ I (Y5 e (s ) du )d (//R2 K [, 22](2)nf (s, 1)n (s, ©2) ds dzl) ds. (5.4)
3 y Y

In the lemma below we prove the existence of solutions for this problem and provide some estimates that
are uniform in € > 0 on these solutions:

Lemma 5.1. Let B € P([0,1]), Kp defined as in (3.6), g € L>°(Ry,Ma(Ry)), h € CO(R%, R) satisfying
(5.2), and n'™ € MQ(R+) There is C = C(ni™ CA,hA) > 0 such that if € > 0 is small enough, there
is a unique solution n® € L{S (R, L(R4,Ry)) to the truncated problem defined by (5.3)-(5.4), that is
non-negative and the support of x +— n°(t,x) is included in e, 1/e] for t > 0. It satisfies, for t € Ry,

+oo +oo oo
~ & = A 1
/ n(t,x)dx < Ce?, / 2?nf (t, ) dx < Cet, / n®(t,x) de > Eefc’f. (5.5)
0 0 0
Moreover, t — nf(t,-) is locally Lipschitz continuous for the total variation topology, i.e., for t1,ta > 0,
dTV (na(tl, ) d:z:, na (tg, ) d:z:) S CveC’max(tl,tg)|t1 — t2|. (56)

In this statement, dpy stands for the total variation distance between two measures, that is, with
v, e M(R+>a

+oo

drv (. v) = sup | e@t -, (5.7)
peL>(Ry), [[ellLoe@,)<1 /0

Proof. We consider € > 0 as a fixed parameter in this proof.

Step 1: Construction of a global solution of (5.4)
We construct a sequence (nf,)ren, for some 7' > 0 that we will select later. For k = 0 and t € [0, 77,
we define

ng(taz) = (FE * TL””) (z)1z<1/87

so that n§(t,-) € My(Ry) N L*®°(Ry). Then 1+ a2)ng(t, x) dy and ||n(t, oo (r,) are bounded
independently from ¢ > 0, while the support of n§(t,-) is included in [e,1/¢] for t > 0. We construct
ny,, for k& € N by induction: given nj, € L*([0,7] x Ry) a non-negative function, we can define
((t,x) = ni,, (t,x)) € L([0,T]x[e,1/€],R4) with the following formula, that is an ordinary differential
equation in integral form:

t
Ny (t,x) = eJo h(s,z)ds (FE * n””) (z)lzgl/g + / el hlow)do (Fe % gs) (2)13<1 /e ds
0

/ fef Mo d <// RS, a1, 2] ()05 (5, 21 )05, (5, ) dy dz2> ds. (5.8)
0

nktydy R2
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Since 0 < K5[z1, z0)(z) < ITellpooryy for @, 21,72 € Ry, the Cauchy-Lipschitz theorem shows that
the function nf,, € L*([0,7] x Ry ) is a well defined continuous function. Since (Ic*n'™) > 0,
(Pe % gs) > 0, Kg[z1,72] > 0 and nj > 0, each term in (5.8) is non-negative and then the function nj_
itself is non-negative. Thanks to the definition (5.3) of I'c and K[z, z2](x), as well as the indicator
functions multiplying the initial condition I'c ¥n*"* and source term I'c x g, the support of x + ng_ (¢, )
is included in [e,1/¢] for ¢t > 0. An integration along z of (5.8) shows

+oo .
/ Ny (t, ) de < elo hs:2) ds/ dn™ (x / Ji o) do </ dgs(x)) ds
ef h(o,z)do
/ f o) (// ( K%[xl,xg](x) dm) ng (s, z1)ng (s, z2) dry dxg) ds
0 N y Y R2

708t 4 C'g/ eCa(t=) (/ ng (s, x) dm) ds, (5.9)
0 0

where we have introduced numbered constants to improve readability (notice in particular that C; =

Ci(n™ Ca,ha) >0, i € {1,2,3} are independent from ¢ > 0). Thanks to the definition of ng*, we have
+oo
0

if

n§(s,z)dx < C1e(C2+C3)t and we use an induction to show a similar estimate on ng for any £ € N:

+oo o
/ ng(s, ) dx < CpelCz+Cs)t (5.10)
0
for k € N, then inequality (5.9) proves that (5.10) also holds for k + 1. This induction proves the upper

bound on fo (t,x) dx stated in (5.5). Since nf(t,x) = 0 for x > 1/e, we have also proven that
n;, € L>([0,T7, MQ(R+)). Moreover, estimate (5.10) implies

ImGa1(t Moo @yy < ITellnoery ){ef“th(s’z)ds/o dn'™ (x / el: h”)d”/ dgs(z) ds
t Jin(oz)do
ToXacRy © (// ng (s, z1)ng (s, z2) dxo dml) ds} < Ce“t, (5.11)
R2

0 fo ns.(s,y) dy

where C' > 0 is a constant that is not independent from ¢ > 0. In particular, nj_,(¢,) € L>(Ry) for
t € [0, 7], and we can compute, for z € Ry,

[MGq2(ts ) — a8 ) Ly

ef h(o,z) do ~
/ f </R2 K3[z1, zo](x)ng 1 (s, x1)n5 1 (5, 22) dy dz2> ds
0 i

nkJr1 s,y) dy

ef h(o,x)do N
/ (/ KG[z1, z2](x)ng (s, 1)n5 (s, x2) day d:zzg) ds
Jo B3

ni(s,y) dy

< max
I€R+

g
< max/ ) d”(/ Kg[z1, 22](2) [(nfg1 (s, 21) — ni(s,21)] +£k+1(8,$2) dy d$2) ds
=€Ry Jo (s y)dy

+max/ fh‘”)dg<// K%[21, 22](2)
I€R+ ]RZ

ni,(s,x1) Ny (s, 22)

eroo ni(s y)dy foJroo n2+1(5 y)dy

0
+ m%x/ Ji (o) d‘7< / K5 [z, 2] (x) +£k(s 1) [Ny (s, 22) — ni(s, 22)| day dz2> ds.
z€Ry R2 fo ns(s,y) dy

“+o0
/O (n5(5,y) — 141 (5,9)) dy

dzr d:zzg) ds

(5.12)

To estimate the first term on the right hand side of this equation, we notice that, for x € R; and
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T1,T2 € [Eﬂ 1/6]7

+oo 1/e +oo
K%z, ze)(x) dzq = / / (x—y B[xl,zg](y) dy dxq
0

1/e 1
< | Tellee R+)/ ( ; Kp[z1, 22](y) dy) dz1 < g||re||L°°(1R+)a
€

and then, since ny_ (s,-) —ng(s,-) has a support included in [, 1/¢] for s € [0, 1],

! JEh(o,2) do Ke € € niJrl(S"T?) de d d
€’s Blr1, 22] () ‘”k+1(5,$1) - nk(svxl)‘ E T1ax2 | as
0 R3 fo nk+1(5ay) dy

t “+o0 £
/ ft h(o,z) do £ nk+1(s,z2)

—||F ||L°°(]R+)||nk+1( )*”k(S,')HLoc(Rg ; Too

dx2> ds
0 niﬂ(s,y) dy
<c/ C=9) ||z, (5, ) — (5, )| oy 5.

This argument can be repeated for the last term in (5.12), while the second term on the right hand side of
(5.12) can be estimated thanks to the boundedness of K5 [z, 23] and to ‘fOJrOO ng.(s,y) —ng1(s,v)) dy‘ <
% Hni(s, ) —ng (s ||Loo R, Then, with a constant C' > 0 independent of k € N, (5.12) implies

t
[5ga(t, ) = nir (8 )l Loy < C/O e nf g1 (5,7) = ni (s, )| e e ds

< CeCtt sup |[ngyq(s,) — ng(s, ')||LGO(R+).
s€0,t]

If we select T > 0 small enough, Ce®*t < 1 for t € [0,T]. We can then use the Banach contraction
theorem to show that the sequence (ng), converges to a limit n®. More precisely, (n$)x converges to n® €
LOO([O, T], L>°(Ry4)) for the topology of L>°([0,T] x R, ). Passing to the limit £ — oo in (5.8) shows that
n® satisfies (5.4) almost everywhere for (¢,z) € [0,7] x Ry, which implies n® € W1>°([0, T], L>(R.)).
The function n°(¢,-) has a support included in [e,1/¢] for ¢t € [0,T] since nj (¢, ) has this property for
k € N; similarly nj, is non-negative and satisfies (5.10), (5.11).

This construction can be iterated to extend the solution for times ¢ € [0,7] to a solution global in
time. Notice that the initial condition for this iteration (that is n®(IT),-) for [ € N) does not then need
to be regularized, since n®(T),-) is bounded thanks to (5.11). We can then build a global solution to the
truncated problem. The uniqueness of that solution results from the local contraction argument (5.12).

Step 2: Proof of estimates (5.5) and (5.6)
We have, for ¢ € L}, (Ry) and ¢ > 0,

+oo +oo . o
/ (@) (1, 7) d = / p(@)els o2 s (T i) ()1, <, . da
0

eli Mom)do (P (s ) (@) 1p<1 /e da ds

/ /+Oo
+/O [//R (/0 " (@)l MR dORE 1 )” (s, ””1)” (72 4o d| ds. (5.13)

S ne (s, ) dy
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We may select p(x) = 22, and with C' > 0 denoting a constant that is independent from e, we have
+00 L B t
/ 22nf(t,z) dz = Ce' + C/ eCt=9) g
0 0

t +oo ~ € €
([ o) )
0 Ri 0 fo na(t, y) dy

t _ € €
S 66 t + / ec(t*s) |:/ C(l —+ :C? —+ :C%) n Si;oxl)n (S, 1'2) dl‘g d.fCl ds
0 R2 Jo 7 et y) dy

_ _ t too
CeCt + C/ C(t—s) (/ z2n5(s, x) d:L'> ds,
0 0

since we have the following inequality, that results from Remark 3.4:

IN

—+o0 N —+o0
/ 22K [z, x0](2) do < / 2?2 (T x Kplzy, 22]) (2) da
0 0
+oo +oo _
< / (2 + 1)2d (Kpz1, 22]) (x) < 2/ 1+ 22 d (Kplen, 22]) (2) < O (14 22 + a2) .
0 0
We use a Duhamel inequality to prove (5.5). With ¢(x) =1, we prove the lower bound stated in (5.5),
thanks to the lower bound h(z) > —h(x) (with h € Ly?.(R4)) provided by (5.2):
1

+oo R o _
/ nf(t,x)dx > / eJo h(s.w)ds (T *n™) (z)dz > e~ 7, (5.14)
0 0

Q)

where R > 0 is chosen such that f0R71 dn™(z) > 0, and if € > 0 is small enough, we have R < 1/e. If

0 <t; <ty and ¢ € L>®(Ry), then (5.13) implies

—+o0

() (n®(t1,x) — n(t2, x)) dx
0

t t +OO L
< (efol h(s,z)ds _ €f02 h(s,x) ds) / |’L/J(.T)| (1—\6 " nznz) (iﬂ)lxgl/g dr

0
+/ /Om (@)

t2 +oo
+ / / [y (z)]els? hem)do (T4 g(s, ) ()11 /e dzds
tl 0

(/] i ([ Wiy o ol o) ”Eoiifgjg(;; ) as

ta +oo € €
s [Cesmenie( [ ([ ol aede) DRI gy, ) g,
th R% 0 0 na(say)dy

_ 5 _ t1 5
< Ol iy (€90 (1= €8 PP EY) 4 1y — 1) 4 / (Cti=3) |1 _ ofif how)do

efstl h(o,x)do efsfz h(o,x) do (Fs % g(s, )) (x)lmgl/e dx ds

t1
+ / }efstl h(o,z)do _ efstz h(o,z) do
0

CeCs ds)

0

< Celmax(tita)|p) ¢, [ e &y )- (5.15)

thanks to the bound (5.10) on [,
for the definition of dpv):

% né (s, x) dx, with C > 0 a constant independent from ¢ > 0. Since
this holds for any ¢ € L>°(R4 ), we have proven (see (5.7)

drv (ng(tl, ) da, nf (ts, ) dz) < Celmax(tita) g ],
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5.2 [Existence and uniqueness of a solution for the time-dependent problem

In the following proposition, we prove the existence of measure-valued solutions for (5.1). The idea is
to use a tightness and identification strategy: we prove that the approximated solutions of (5.4) belong
to a compact set, so that a subsequence of these approximate solutions converges to a limit. We then
proves that this limit is a solution of (5.1). This strategy is related to the Cauchy-Peano theorem
for the existence of solutions to ordinary differential equations. Tightness-identification strategies are
used in probability theory [2] to construct the limit of stochastic processes that could not be done with
completeness arguments. We believe this type of argument will be useful to construct solutions when
a spatial structure is considered: We hope then that parabolic estimates can extend the compactness
estimates used here.

It would probably be possible to use a more classical completeness argument (similar to the Cauchy-
Lipschitz existence theorem for differential equations), using Wasserstein estimates on the transfer op-
erator: see [27] for Wasserstein estimates on the transfer operator, and e.g. [18] for the construction of
measure-valued solutions using the bounded Lipschitz distance, that can be seen as generalizations of
W1 —Wasserstein estimates to measures beyond probability measures.

Proposition 5.2. Let B € P([0,1]), g € L¥(R4,Mz(R4)), h € C°(R3,R) satisfying (5.2), n™ €
M2 (Ry), Kp defined as in (3.6). There is a unique non-negative mild solution n € LS (Ry, Ma(R4)) of
(5.1), in the sense that

+oo +oo .
/ (p(l') dnt(:n) / f h(s, z)ds(p( znl / / ef h(o,x) do ( )dgs(l') ds
0

+oo ef h(o,z) do

/ / e T @) d (Tlne,n]) () ds, (5.16)
* dng(y)

for any ¢ € C°(R4.) such that |p(x)| < C’(1+:E ) for some C' > 0 and x € Ry. t — ny is locally Lipschitz

continuous in time for the total variation distance: there is C = C(n™™,Ca,ha) > 0 depending on n'™

and the constant appearing in (3.6), such that

Vi, bty € Ry, dry (g, ne,) < 2CeCmax(tut) iy 4| (5.17)

Moreover, n; is non-negative for t > 0, and
+o0 .
vt >0, / 2% dny(z) < Cet. (5.18)
0

Remark 5.3. In the statement above, we state that (5.16) holds for any continuous test function ¢
satisfying |p(x)| < C(1 + 22) for & > 0. Such test functions are important to perform Wy Wasserstein
estimates on solutions: in [27], Wo Wasserstein estimates are used to prove that the transfer operator
Tg is a contraction for Wy on probability measures belonging to P(Ry) NMa(Ry) with a given center of
mass, which provides an interesting way to analyze the effect of transfer operators.

Remark 5.4. If B € P([0,1]) satisfies B > a(do + 61) for some a >0 and u € P(Ry) "My (Ry), then
the proof of Proposition 4.1 for ¢ € C.(R4) can be repeated to show:

+oo
/ ()T glu, u](z) dz

/+oo /+oo ( / < / oz (1 21)+x222)d(51)(zl)) d(50)(22)> dulz) dulzs)
_a? /Om /Om £(0) du(z1) du(zs) = a2p(0),

and then Tglu,u] > a?dy. This shows that if B > (8o + 1), the solution n; provided by (5.16) contains
a Dirac mass at x = 0 for any positive time, even if n'™ is reqular (for instance n'™ = 7" dx with
it e C((0,00))). The emergence of a Dirac mass in finite time for solutions of (5.1) shows the
necessity of a framework for measure-valued solutions of transfer models. Other examples of singular
solutions are provided by the fized distributions of the transfer operator described in Section 4, which can
be seen as steady solutions of (5.1) with g =0 and h(t,z) = —1 for (t,z) € R2.

| \/
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Proof of Proposition 5.2. Step 1: Tightness - construction of a non-negative Radon measure
n for ¢t € [0, T

For € > 0, let n® the solution of the truncated problem (5.4) provided by Lemma 5.1. Let T € N and
for R € N, let (pF); a dense subset of {¢ € C.(Ry); supp ¢ C [0, R]}. For R,i € N and € > 0,

Tr R . e R €
Az ] (t€[0,T7) ’—>/ ;' (x)n®(t,z)dz € R
0

is Lipschitz continuous thanks to (5.6), with a Lipschitz constant CeCT||F| L(R +) that is uniform in
£ > 0. Thanks to Ascoli Theorem, up to an extraction (ex), the sequence (A, [¢F])x converges when

k — oo to a limit AT[pl] € Weo([0,T)):

AT [oF] — A 0. (5.19)

T 901 ||L°° 0.7) r—oo

We can use a diagonal extraction to construct a subsequence, that we still denote by (), such that
the convergence (5.19) holds for any i, R € N and any final time T' € N. Thanks to (5.19), we have, for
i,i,R,R',T € N,

AT[pR] — AT = AL
[ESACHRTIC S| - R TR -
+oo _ ,
= lim ’ / ((pZR(x) — R (:I:)) n®(-,x)dx < CelT || pF — ok , (5.20)
k=roe o Lo ([0,T]) L>(R+)

thanks to the inequality (5.5), where the constant C' > 0 is independent from ¢ > 0.

Since (p);,r is a dense subset of (Cc(Ry), || - || 1(r,)) and AT is Lipschitz continuous over this set
thanks to (5.20), there is a unique Lipschitz continuous extension A” of AT to (Co(Ry), | - [l p=®,))-

If T,7" € N with T < T7, then AL [oF](t) = /\‘ET; [¢F](t) for t € [0,T] and i € N, which implies
AT[B)(t) = AT [oF](t), and then AT[p](t) = AT [¢](t) for t € [0,T] and ¢ € C.(R,). the function
AT'[¢] is then an extension of AT[g] to [0,7'], which allows us to define A as the application that
satisfies A[p](t) = AT[¢](t) for p € C.(Ry), t € Ry and T > t. Inequality (5.6) implies that for T > 0,
A[pF] is uniformly bounded in W,5>°([0, T]) with a Lipschitz constant CeCT||f|| Lo (R, ), Which implies
that for ¢ € C.(Ry ), Ap](+) is Lipschitz continuous with a Lipschitz constant C’eéT||sﬁ||Loo(]R+) on [0,T].
In particular, for ¢ € C.(Ry), Alp](t) is well defined for ¢ > 0. Since p € C.(R4) — A [p](¢) is a linear
operator, the limit ¢ € C.(Ry) — A[p](t) is also linear, and it is continuous since (5.20) implies

[All(t) = AlRl(B)] < llp = ll~(ry)-

We may apply therefore apply the Riesz—Markov—Kakutani representation theorem to define n; € M(R.)
as the unique Borel measure that satisfies

_ +oo
Vo e C.(Ry), Alpl(t) = / () dny (2).

Step 2: Properties of n; for a given t € [0, 7]
Let ¢ € C.(R4) and i > 0. Since ¢ is compactly supported, there is R € N such that supp ¢ C [0, R].
Thanks to the density of (p*); in {¢ € C.(R4); supp ¢ C [0, R]}, there is i € N such that

ol — ol < -
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We use this inequality and the fact that the support of !t is included in [0, R] to obtain, for k € N,

/OR o(x)n*(t,z) de — /OR o(x) dng(x)

R R
+ ||S0{% — QO”Loo(]RJr) (/0 d|nt|(z) +/0 ntk (t,l‘) dl')

R R
&MJ@)AM?]@)M( | @+ | n%,x)dsc)

/0+oo p(x)n(t,z) de — /O+OO o(x) dng(x)

R R
<| [ efentayd = [ olw dm(@)

IN

R _ _
= [Aes eI = AT @) + ( | dmie +ce0f> ,

thanks to the estimate (5.5) on fOR n®(t,x) dx. Then, (5.19) implies, for k € N large enough,

R _
< <1+/ dine|(z) +060t> ,
0

and since this holds for any 7 > 0, we have proven that, for any ¢ € C.(Ry),

/O+°<> p(x)n* (t,z) de — /0+<>0 o(x) dni(x)

+o0 too
/0 o(z)n°*(t, z) de —— o(x) dny(z). (5.21)

k— o0 0

Since n®* is non-negative, for any non-negative test function ¢ € C.(R4), (5.21) implies

+oo
/ o(x) dny(z) > 0.
0

This property, in turn, implies that n; is non-negative thanks to Proposition 5.5.
Let (¢1); € Ce(R4)N a non-decreasing sequence such that ¢; () = 1+2%forz € Ry. Fork,l € N,
— 00
the inequality (5.5) on 0+°O (1 + 2?) n°*(t, z) dz implies f0+oo @i(x)n®* (t,z) dz < Ce®t, and then, thanks

to the convergence (5.21), for [ € N, f0+°° oi(x) dng(x) de < CeCt. Since n, is non-negative and (¢;); is
non-decreasing, we may apply the monotone convergence theorem to show

/M (14 2?) dny(z) < CeC. (5.22)
0
Let v € W1>°(R,) and x € C(Ry) such that x(x) = 1 for z < 1 and x(z) = 0 for > 2, we estimate:
+o0 +oo
; P(x)d (n* () de — ) () = ; (@) [x(@/R) + (1 = x(z/R))] d (n**(t,") dz — ny) ()
+oo too
=/ P(@)x(x/R)d (n**(t,-) dv —n) (x) +/R (¥(0) + [ | Loy @) d (0 (1) d = ) ()
+oo C_Vect
< Y@)x(@/R)d (n(t,) dz —ne) (@) + —5= (D(0) + [/ L my))

thanks to a Chebyshev’s inequality and the estimates (5.5) (resp. (5.22)) on the first and second moments
of n®k(t,-) (resp. n¢). The convergence (5.21) then implies
400 Cfeét
limsup [ (@) d (0 (1) dz — ny) (x) <
k—oo 0 R

(V(0) + (19"l e ry )

and since this holds for any R > 0, we have proven that for any ¢ € W1>°(R,.), the following convergence
holds:
+oo
P(x)d (nF(t, ) de —ng) () —— 0. (5.23)

0 k—o0
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This estimate and (5.22) implies in particular n; € May(Ry) and (n®*(¢,-) dx) P for the weak
— 00
topology of measures.

Step 3: Identification - n,; satisfies (5.16) for ¢ € W1*°(R,) with compact support
Let o € WHo°(R,) with compact support. Thanks to (5.4), we have, for any ¢t > 0 and k € N,

/+<>° o(x) dny(z) — /+ oo h(sz)dsw nini( / / ol h(o,2) do o(z) dgs () ds
-/ /1. (et <>d<KB[x1,m2]><x>) %d

t+oo t . .
= [ @t e @) [ R d (1 (T ) 1y ) )

0

/ / hle@)do () d (9s = ((Tey * gs)l<1se, ) da) () ds

+/ // efs h(o,m)dow(z)
0 ]Ri

d (Kplas,za] @, @, = (K5 o1, 2] da) @ (17 (s, ) dr) @ (n*(5,) d) ) (@, 01,2)

* /ot //R2 (/OJFOO els M) 47 o () RE [y, o) () dx)

e

¢ ¢ ¢
d
= [t [0 e+ [ (s (5.20)
0 0 Jo o dns(y) 0

The term I{* converges to 0 thanks to (5.23). The term I5* converges to 0 thanks to (5.29), since

z s elo hs:) 4so(z) is a continuous function dominated by x ++ Cz. To estimate fot 15" (s) ds, we notice
that the limit (5.30) implies I5*(s) = 0 for s € [0,T], which we can combine to the domination:
— 00

+o0
S / dgs(x)
0

to apply the dominated convergence theorem and obtain fot I5*(s)ds '———> 0.
— 00

ds
J7% dng(y)

)

Le=([0,T])

15+()] < CeCC g o s

To estimate fo 0 1ok (s )W, we introduce the cut-off function x € WH> (R4, [0,1]) such
0 s
that x(z) =1 for z <1 and x(z) = 0 for z > 2. We use the following decomposition of I3*(s):

e // S8 () (1, 22) )

d (KB[:El, 9] @ ns @ ng — (K& [21, 2] dz) @ (n*(s,-) dx) ® (n°* (s, ) d:z:)) (x, 21, 22)

e [ e 00 =l e )

d (KB[xl, To] @ ng @ ng — (K5k 21, 22] dz) @ (n*(s,-) dzx) ® (n°* (s, -) dm)) (z,x1,2)
= ijl(s) + IZ,’E(S)a
with p > 0. Then, (z1,22) — X (||(z1,22)||r2/p) is supported in {(z1,22) € R%; |[(z1,22)||lre < p},

and for (z1,z2) in this set, the measure Kg[z1, 22| is supported in [0,2p]. It implies that (z,z1,z2) —
eJs W) 47 o(2)x (|(x1, 22)||r2/p) is a compactly supported continuous function. Thanks to (5.21), for
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s > 0, n® (s, ) dx converges to ng for the weak topology of measures over Ry when k& — oo. Thanks to its
definition (o 3), K& [21, 2a] dz converges to K[y, ] for the weak topology of measures over Ry when

k — 0o. Theorem 2.8 in [6] then implies the convergence of (K [y, 22] dz) @ (n* (s, -) dz) @ (n°* (s, -) dx)
to Kp[z1, 2] ® ng @ ng for the weak topology of measures over R3 when k — oo. Then, for s € [0,1],

I7% (s) —— 0.
’ k— o0
We combine this limit result to the following domination:

()] < || (@ w1,m2) = € PO 90 @) ([ (@1, 22) 2/ )|
Leo(Ry)

//2 KB [x1,22] ®ns @ ng + (K 21, 22) dz) @ (n®F (s, ) dz) ® (n°*(s, ) dz)) (z,1,x2)
R

< CeClg|| Loy )

and the dominated convergence theorem implies

/Ot 15 (s) ] ds 0. (5.25)

oF dng(y) ke

To estimate fot I3%(s) W we notice that

()’

t
ef; h(o,z) dggﬁ’(z) i efst h(o,z) da(p(x) / duh(0,z) do

< Ce|l@ L= ry) + Ce (lp(0)] +2ll¢ | oo my)) 10wl Lo (g2 )
< Cpelt (14 1)(1 4 ), (5.26)

where Cw > 0 designates a constant that may depend on ¢ € W1°°(R ). This estimate and Remark 3.4
imply:

e < | / < / U+ £)(1 + ) AR [o1, 2] dz+KB[z1,z21><sc>) (1= x (l(n, 22) 122/ )
d(ns @ ns + (n*(s,-) dx) ® (n°*(s,-) dx)) (x1,z2)
< aﬂeCt //1R2 (1421 + $2)(1w12p + 1w22p) d(ns @ ns + (n*(s,-) dr) @ (n°* (s, ) dz)) (w1, 2)

oCt Ddx nf*(s,-)dx)) (x1, 22
//R21+z1+:c2)d(ns®ns+( “(s,-) dz) @ (n°* (s, ) dx)) (21, 22)

thanks to a Chebyshev’s inequality and estimates (5.5), (5.22) on the second moments of ng, n(s,-).
Then,

t ~ Ct
d C
limsup/ I3%(8) —= > < e
k—oo Jo Jo " dns(y) P
.25

Combining this estimate, that holds for any p > 0, and estimate (5.25), we obtain

t k(g ds
JRA0 iy o (5.27)

To estimate I:*, we observe that (5.23) implies

—+o0 —+o0
0 0 k—o0
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while ‘fOJrOO elt ho2) do o (1) KEF 21, 20) (2) dr| < CeCt=?) [l (=, ) that provides the following domi-
nation of IZ"(s): .
I (3)] < Ce%C ol

thanks to (5.5) and (5.22). The dominated convergence theorem therefore implies fot IZ*(s)ds P 0.

— 00
Thanks to the estimates we have made on the terms on the right hand side of (5.24), a hrmt k — oo
proves (5.16) for ¢ € W1°°(R ) with a compact support.

Step 4: Proof that n, satisfies (5.16) for general ¢ and uniqueness of mild solutions
Let now ¢ € C°(R;) satisfying |p(x)] < C(1 + 2?), and ¢ > 0. We define the following sequence of
functions:

pi(z) = (i) (@)x(@/1),

where T'y /; is defined by (5.3) and x € W' (R) satisfies x(z) = 1 for 2 < 1 and x(z) = 0 for z > 2.
Then, ¢; € WH(R,) for [ € N and we have ¢;(x) = (x) for z € Ry. (5.16) is then satisfied for
—00

¢ = ¢, and we now show that we can pass to the limit [ — oo in each term of the equation to prove
that (5.16) holds with ¢ := . To do so, we use the dominated convergence Theorem. We notice that
we have the uniform bound |¢;(z)] < C(1 + 2?), and x — C(1 + 2?) belongs to the set of integrable
functions on R, for the measure n; (thanks to (5.22)), as well as for the measure efo #(7:)dopini
then, thanks to the dominated convergence theorem,

, and

+oo +oo
/0 oi(x) dn(x) —— o(x) dng(x),

l—o0 0

too + . too + .
/ €f0 h(s,z) dS(Pl (.’L‘) dnin ((E) efo h(s,z) dS(,D((E) dnim ((E)
0

l—o0 0

We can also notice that (t,x) — C(1 + z?) belongs to the set of integrable functions on [0,¢] x Ry for
the measure e/< (o) do () dgg dt, and then

t ptoo Foo
/ / efs h(a’z)dasﬁl(z) dgs ds l_>/ / h(o,x)do (:c)dgs(:c)ds
o Jo —00

And (t,z) — C(1 + 2?) also belongs to the set of integrable functions on [0,¢] x Ry for the measure

eJine.) do .
H%‘mlzy)’]rg[ns,ns] ds, thanks to (5.22) and (3.13). Then,

+o0 ef h(o,x) do oo ef hoo)do
L st nois — [ [T et o o) o)

l—o0

and the equality (5.16) then holds for any ¢ € C°(R) such that ¢(z)] < C(1 + 2?) for z € R.

To prove the uniqueness of mild solutions, we reproduce the calculation (5.15): for ¢» € L*(R4) N
Ce(Ry) with [[¢0]| oo,y < 1, if n, m satisfying (5.16) for any ¢ € C.(Ry) and fot dny < Ce®t, fot dm; <
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CeCt for some C' > 0 and ¢ > 0, then

+o0 +oo
/0 Sle)dny() — [ b(e) dmi(z)

0
S/Otefs’fh(a,m)dm[//]R2 ( +Oow(x)dKB[:c17$2](z)> %CZ‘S((Z)Q)] ds
o " dn,
e ] ([ ot i) B
o dm,
< [ etires { /L. ([ vt diato, aalir)) 22 IOTOZ)E;Z)(Z?S(“)

N / /]R : ( T )dKB[:El,:EQ](x)) ( /0 o d(m —ns)(y)) Oﬂﬂfli:)(y) f0+d;n d(f)(y)] ds

R

t _ —+o0
< 3/0 (ec(t_s) sup /0 o(y)d(ng — mé)(y)> ds. (5.28)

”LPHLOC(R+)§1

Then, denoting
+oo
Y(s) = sup / o(x)d(ns —ms) (x),
llellLoe @y )<1J0

we can consider the supremum of (5.28) over ¢ € C.(Ry) with |[¢)][f~®,) < 1. Thanks to Lusin’s
theorem (see Section 2.24 of [32]), this supremum is equal to Y (t), and then

¢
Y(t)g/ Ce%e 1Y (s) ds.

0

A Gronwall estimate then shows Y = 0, that is n = m, hence the uniqueness of mild solutions. |

Appendix

Proposition 5.5. Let v a Borel measure on Ry. Assume that for any non-negative function ¢ € C.(Ry),

we have oo
| e@ @ =0
0

then v is non-negative, that is v(A) > 0 for any Borel set A.

Proof of Proposition 5.5. Assume first that A is a bounded set: A C [0,R] for some R > 0. Let
@:=1a € L*(Ry). We use Lusin’s theorem (see Section 2.24 of [35]): Since v|jg r11) is a Borel measure
on [0, R+ 1), there is a sequence (y;); € (C.([0, R+ 1)))N with 0 < ¢, < 1 (a minor modification of the
corollary from Section 2.24 of [35] is necessary: in that reference, ¢; satisfies |||z~ < ||¢| Loo, for this
adaptation, one should consider ¢ := ¢ — 1/2) such that p(z) = lim;_,~ ¢i(z) almost everywhere for
V|[0,r+1), and then, for [ € N,

+oo
/ (@) du(z) > —
0

2_

+o0 t+oo
/ (o(z) — pi(x)) dv(z)| + / () do(z)
0 0

/0 (o(@) - pi(x)) du(a)|.

Thanks to the definition of ¢;, we have (z) = lim; o v(2) almost everywhere for (g g41), and we have

the domination |p(z) — ¢;(z)| < 2 with fOR 2d|v|(z) < o0, so that the dominated convergence theorem
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can be used to show fOR (p(z) — @i(z)) dv(xz) — 0 as I — oco. This proves v(A4) = f0+oo olx)dv(z) >

0. (|

In the next lemma, we derive some estimates on the initial condition, source term and regularized
transfer kernels of the truncated model (5.4) that are used in Section 5.2:

Lemma 5.6. Let B € P([0,1]), g € L™(Ry,Ma(Ry)), h € C°(R%,R) satisfying (5.2), n'™ € My(R,),
Kp defined as in (3.6). Lety € C(Ry,R) satisfying |1 (z)| < Cx for a constant C = C(n™, B,Ca, ha) >
0 and any x € Ry. Then, fort >0,
+m . . . .
V(@) d ((Te*n™) 1.<y/e) do —n'™) (z) — 0. (5.29)
0 g
—+oo
0 €
Proof of Lemma 5.6.
+oo o o
Y(x)d (((FE * n””) 1»31/8) dx — n””) (z)
0
+oo o o +o0 o
< (@) d ((Te*n'™) do —n™") (z)| + (z) (Te % n™) (z) dx
0 1/e
+oo +oo o _ ptoo o
<[ @ vere i) mee|vo [ o mee. e
0 0 1/¢e

Since n™™ € My (R, ), we have fOJrOO(l + 22) dn™(z) < oo, which implies f;;zo(l + 22) dn'™ (z) =29 0.

Moreover,
—+o0

+oo
/ (Y(y) — () Te(z —y) dy‘ < 2||w'|\Lx<R+>/ yT=(y) dy,
0 0

and the right hand side of that inequality defines a function in L!(n‘¥). This domination and the
convergence f0+oo (W(y) —Y(x))Te(z—y) dy — 0 allow us to use the dominated convergence theorem
E—

to show

/O+oo (/;00 ((y) —(x)) Te(z — y) dy) dni™ (z) —— 0,

e—0

and (5.29) is proven. This argument can be repeated to show (5.30).
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