
HAL Id: hal-05111754
https://hal.science/hal-05111754v1

Preprint submitted on 13 Jun 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

On measure-valued solutions for a structured population
model with transfers
Pierre Magal, Gaël Raoul

To cite this version:
Pierre Magal, Gaël Raoul. On measure-valued solutions for a structured population model with transfers.
2025. ⟨hal-05111754⟩

https://hal.science/hal-05111754v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


On measure-valued solutions for a structured

population model with transfers

Pierre Magal(a) and Gaël Raoul(b)
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Abstract

We consider a transfer operator where two interacting cells carrying non-negative traits transfer

a random fraction of their trait to each other. These transfers can lead to population having singular

distributions in trait. We extend the definition of the transfer operator to non-negative measures

with a finite second moment, and we discuss the regularity of the fixed distributions of that transfer

operator. Finally, we consider a dynamic transfer model where an initial population distribution

is affected by a transfer operator: we prove the existence and uniqueness of mild measure-valued

solutions for that Cauchy problem.

Keywords: transfers, mild solutions, measure-valued solutions, integro-differential model.
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1 Introduction

We consider a population structured by a trait x ∈ R+ that is the quantity of a specific good carried
by an individual. We are interested in situations where transfers happen. Specifically, when two agents
proceed to an exchange, where each individual sends a fraction of its trait to its partner. This type of
model has been extensively studied as an econometrics model [16, 7], but they also play an important
role in biological contexts. Transfer models are used to represent the effect of horizontal gene transfers
[31, 5] in particular through the exchange of plasmids. They also appear in cancer cell models, where
membrane P-glycoproteins (involved in resistance to chemotherapy) can be exchanged between cancer
cells [24, 20, 32, 33]. Our goal in this study is to develop a framework for a class of transfer operators
acting on measure spaces, and to build an existence setting for measure-valued solutions for a Cauchy
problem.

In many kinetic models, the existence of solutions can be proven in adapted functional spaces. For
instance, in the case of the Boltzmann equation, a priori estimates on the entropy can be used to apply
a Dunford-Pettis compactness argument in L1 [39], opening the way to an existence setting in that
functional space. In structured population models with sexual reproductions, solutions are bounded
thanks to a uniform bound on the reproduction kernel, and solutions can then be constructed in L∞.
Existence and uniqueness setting in L1 have also been proposed for transfer models: in [28, 26], a transfer
operator combined to a mutation operator ensured that solutions are bounded for positive times, and L1

solutions were constructed. In [24], a specific transfer model was introduced, where pairs of interacting
individuals exchange a fixed fraction of their traits. The authors show that if the initial condition belongs
to L1(R+), so does the solution for any finite time. In the case of transfer models, however, limits of
solutions belonging to functional spaces quickly appear: in [24], it was shown that for a simple transfer
model, solutions converge to a Dirac mass centered in the mean trait of the initial population. For
some transfer kernels, singular distributions in trait can actually emerge for any positive time, even if
the initial population is regular. It is then important to develop a well-grounded setting for transfer
operators acting on measures, and for measure-valued solution to time-dependent transfer models.
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To construct measure-valued solutions of structured population or kinetic models, an efficient strategy
is to introduce a metric on the set of Radon measures. The most popular metric is the bounded Lipschitz
distance, that can be seen as a generalization of the W1−Wasserstein distance to general measures.
Equipped with this metric, the set of Radon measures with bounded first moment is complete [38], and
regularization arguments can be used to construct solutions. This idea originated in kinetic theory, where
it was used to construct solutions of Vlasov’s equations [17, 30, 36], and it was then used to construct
solutions for evolutionary biology models [13, 18, 19, 1] as well as swarming models [14, 23]. An alternative
idea is to use Fourier-based metrics, which are also related to Wasserstein distances, as discussed in [15].
The time-dependent transfer equations can indeed be reformulated (through a Fourier transform) into
a simpler integro-differential equation, that can then be used to prove the existence of measure-valued
solutions for Maxwellian Boltzmann equations [34, 10, 11]. This strategy was developed for some transfer
models in the context of econometrics in [29]. In [22], a semi-group approach was proposed to construct
solutions measure-valued solutions to a class of transfer models, relying on the completeness of the set
of measures equipped with the total variation distance. Finally, in [37], H. Tanaka constructed measure-
valued solutions of a Maxwellian Boltzmann equation thanks to a Poisson point process. Another great
idea in [37] was to use Wasserstein distances to describe the long-time dynamics of solutions, an idea
that was developed for transfer models in econometrics using Fourier-based metrics in e.g. [29, 3, 8], and
through Wasserstein distance in [27].

In Section 2, we define the transfer model we consider in this manuscript. Then, in Section 3,
we generalize the transfer operator defined in Section 2 into an operator on non-negative measures with
finite second moments moments. We then investigate when the fixed distributions of the transfer operator
contain a Dirac mass in Section 4. Finally, in Section 5 we construct solutions for a Cauchy problem for
the transfer operator, using a tightness and identification strategy. The precise framework we develop
provides a solid base for the development and analysis of transfer model for cancer cell populations (see
Section 2).

Throughout this manuscript, we denote by
∫ +∞

0 f(x) dµ(x) the integral of the Borel-measurable
function f against the Borel measure µ over [0,+∞), with {0} included in the interval. If f ∈ L1(R+),
we denote by f(x) dx the measure on R+ absolutely continuous with respect to the Lebesgue measure,
with density f . we denote by P(X) the set of Radon probability measures on a topological space X ,
typically X = [0, 1] or X = R+. P2(R+) designates the set of Borelian probability measures over R+

with finite second moment.

2 The model

We consider the transfer model introduced in [27], which can be seen as a generalization of the model
introduced in [24, 20, 32, 33], and that describes the transfers of carrying P-glycoproteins in cancer cell
populations. We refer in particular to [32] for experimental results showing the effect of transfers on
MCF-7 cancer cells, and for a comparison between the model introduced in [24] and these experimental
data. When cells connect through tunneling nanotubes, the proteins are transferred between the two
cells along these tunneling nanotubes (see [33]). More precisely, we refer to the cell as cell 1 and cell 2.
If we denote by x1 ≥ 0 (respectively x2 ≥ 0) the quantity of protein carried by the cell 1 (respectively
cell 2) before transfer (i.e. for ancestor cells), and x′1 ≥ 0 (respectively x′2 ≥ 0) the quantity of protein
carried by the cell 1 (respectively cell 2) after transfer. In the following we call the calls before transfer
the ancestor cells, and the cells after transfer the descendant cells. Then we can write

{

x′1 = x1 −X1 +X2,

x′2 = x2 −X2 +X1,
(2.1)

where X1 ∈ [0, x1] is the quantity of protein given by the cell 1, and X2 ∈ [0, x2] is the quantity of protein
given by the cell 2.

In [24], the fraction of protein sent by each cell was p ∈ [0, 1], a fixed number. Then X1 = p x1 and
X2 = p x2, and thus

{

x′1 = x1 + p (x2 − x1)

x′2 = x2 + p (x1 − x2)
⇔

{

x′1 = (1− p)x1 + p x2

x′2 = (1− p)x2 + p x1.
(2.2)
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In this manuscript, we assume that the fraction of proteins sent is an independent random variable with

law B ∈ P([0, 1]). If x1 > 0, the law of X1 is then x1B
(

dx
x1

)

, and we assume in this section that

B is absolutely continuous with respect to the Lebesgue measure, with a density that we denote by
B̃ ∈ L1([0, 1]) and that we extend into B̃ ∈ L1(R+) thanks to B̃(x) = 0 if x > 1. The random variable

X1 has then a density x 7→ x1B̃
(

x
x1

)

with respect to Lebesgue’s measure, and thanks to (2.1), we can

relate the probability law of x′1 to the laws of X1 and X2. We deduce that the conditional probability
that x′1 ≤ x (for x ≥ 0) knowing x1 > 0 and x2 > 0 is given by

P (x′1 ≤ x|x1, x2) =

∫ +∞

0

(
∫ x−x1+w

0

1

x2
B̃

(

z

x2

)

dz

)

1

x1
B̃

(

w

x1

)

dw. (2.3)

If we derive the right hand side of the above formula with respect to x, we obtain the functionKB̃[x1, x2] ∈
L1(R+) that we define as follows:

KB̃[x1, x2](x) :=
1

x1x2

∫ +∞

0

B̃

(

x− x1 + w

x2

)

B̃

(

w

x1

)

dw. (2.4)

When x1 > 0 and x2 > 0, KB̃[x1, x2] is a well defined function in L1(R+), since (2.3) can be seen as

a convolution. Indeed, if B̃1(w) := B̃
(

−w
x1

)

, B̃2(w) :=
(

w
x2

)

, then B̃1, B̃2 ∈ L1(R+) and the above

formula becomes a convolution in L1(R+):

KB̃[x1, x2](x) =
1

x1x2

∫ +∞

0

B̃1

(

(x1 − x)− w
)

B̃2 (w) dw. (2.5)

We can define the bilinear operator (u, v) 7→ TB̃[u, v] ∈ L1(R+) where ũ, ṽ ∈ Cc(R+) as follows:

TB̃[ũ, ṽ](x) :=

∫ +∞

0

∫ +∞

0

KB̃[x1, x2](x) ũ(x1)ṽ(x2) dx1 dx2, (2.6)

that describe the law of the number of proteins carried by a cell uniformly chosen in the structured
population of cells described by ũ, after it engages in a transfer with a cell uniformly selected in the
structured population of cells described by ṽ.

3 Generalization of the transfer operator

In this section, we extend the definition of the measure KB̃[x1, x2] dx to cases where B = B̃(z) dz is
replaced by a general probability measure. We then proceed to extend the transfer operator TB̃[ũ, ṽ],

for ũ, ṽ ∈ L1(R+), to situations where B = B̃(z) dz is replaced by a general probability measure and
ũ(x) dx, ṽ(x) dx are replaced by non-negative measures with finite second moments.

3.1 Definition of the transfer operator when the kernal B is a probability

measure

In this section, we extend the definition of the transfer operator TB to cases where B is a probability
measure on [0, 1], and we will also extend the domain of the transfer operator from Cc(R+) to Borel
measures on R+.

Let M(R+) the set of non-negative Borel measures over R+. We introduce the following sets of
non-negative Borel measures over R+ with finite second moment:

M2(R+) =

{

u ∈ M(R+); u ≥ 0 and

∫ +∞

0

(1 + x2) du(x) < +∞

}

. (3.1)

We can extend the definition of the operator KB (see (2.4)) as follows:
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Proposition 3.1. Let (B, x1, x2) 7→ KB[x1, x2] the operator acting on (L1([0, 1])∩P([0, 1]))×R+ ×R+

and valued in M1(R+) defined by (2.4). If we consider the weak topology of measures on P([0, 1]), there
is a unique continuous operator

K : P([0, 1])× R+ × R+ → M(R+), (3.2)

(B, x1, x2) 7→ KB[x1, x2]

that is equal to (B, x1, x2) 7→ KB̃[x1, x2](x) dx on the set of probability measure B ∈ P([0, 1]) that have

a density B̃ ∈ L1(R+) with respect to Lebesgue’s measure.

Moreover, for any (B, x1, x2) ∈ P([0, 1]) × R+ × R+, the distribution KB[x1, x2] is a probability
measure that satisfies

∫ ∞

0

ϕ(x)KB [x1, x2](x) dx =

∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) dB(z1)

)

dB(z2), (3.3)

for any ϕ ∈ Cc(R+), and the support of KB[x1, x2] is included in [0, x1 + x2].

Proof of Proposition 3.1. Let x1, x2 ∈ R+ and B ∈ P([0, 1]). We may define a function λB,x1,x2 acting
on Cc(R+) and valued in R as follows:

λB,x1,x2(ϕ) :=

∫

[0,1]2
ϕ(x1(1− z1) + x2z2) d(B ⊗B)(z1, z2). (3.4)

This function is linear in ϕ and continuous: if the sequence (ϕn) ∈ (Cc(R+))
N converges to ϕ∞ ∈ Cc(R+)

for ‖ · ‖∞, then

|λB,x1,x2(ϕn)− λB,x1,x2(ϕ∞)| ≤ ‖ϕn − ϕ∞‖∞

∫ 1

0

(
∫ 1

0

dB(z1)

)

dB(z2) ≤ ‖ϕn − ϕ∞‖∞.

We can then apply the Riesz–Markov–Kakutani representation Theorem to show that there is a unique
measure KB[x1, x2] ∈ M(R+) such that

λB,x1,x2(ϕ) =

∫ +∞

0

ϕ(x) d(KB [x1, x2])(x),

for any ϕ ∈ Cc(R+). The equality (3.4) implies that
∫ +∞

0
ϕ(x) d(KB [x1, x2])(x) is non-negative as

soon as ϕ ∈ Cc(R+) is non-negative, which shows that KB[x1, x2] is a non-negative measure thanks
to Proposition 5.5 in the Appendix. If ϕ ∈ Cc(R+) a non-negative function such that ϕ(x) = 1 if
x ∈ [0, x1 + x2], then

∫ +∞

0

ϕ(x) d (KB[x1, x2]) (x) =

∫

[0,1]2
ϕl(x1(1− z1) + x2z2) d(B ⊗B)(z1, z2)

=

∫

[0,1]2
d(B ⊗B)(z1, z2) = 1,

which shows that KB[x1, x2](R+) = 1, which, combined to its non-negativity, shows that KB[x1, x2]
is a probability measure. Moreover, if ψ ∈ Cc(R+) is equal to 0 on [0, x1 + x2], then the equality

above implies
∫ +∞

0 ψ(x) d (KB[x1, x2]) (x) = 0, and since KB[x1, x2] is non-negative, this equality implies
KB[x1, x2](A) = 0 if A ⊂ [0, x1 + x2]

c. The support of KB[x1, x2] is then included in [0, x1 + x2].

To show that the operator (B, x1, x2) 7→ KB[x1, x2] is a continuous operator from P([0, 1])×R+×R+

to P(R+), let (B
n, xn1 , x

n
2 )n∈N a sequence in P([0, 1])× R+ × R+ such that Bn converges to B∞ for the
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weak topology of measures, xn1 → x∞1 in R+, and x
n
2 → x∞2 in R+. Then, for ϕ ∈ Cc(R+),

∫ +∞

0

ϕ(x) d(KBn [xn1 , x
n
2 ])(x) −

∫ +∞

0

ϕ(x) d(KB∞ [x∞1 , x
∞
2 ])(x)

=

∫∫

[0,1]2
ϕ(xn1 (1− z1) + xn2 z2) d(B

n ⊗Bn)(z1, z2)

−

∫∫

[0,1]2
ϕ(x∞1 (1− z1) + x∞2 z2) d(B

∞ ⊗B∞)(z1, z2)

=

∫∫

[0,1]2
[ϕ(xn1 (1− z1) + xn2 z2)− ϕ(x∞1 (1 − z1) + x∞2 z2)] d(B

n ⊗Bn)(z1, z2)

+

∫∫

[0,1]2
ϕ(x∞1 (1− z1) + x∞2 z2) d(B

n ⊗Bn −B∞ ⊗B∞)(z1, z2). (3.5)

Since ϕ ∈ Cc(R+) is uniformly continuous on [0, x1 + x2 + 1],

‖(z1, z2) 7→ ϕ(xn1 (1− z1) + xn2 z2)− ϕ(x∞1 (1 − z1) + x∞2 z2)‖L∞([0,1]2) −→
n→∞

0,

which proves that the first term on the right hand side of (3.5) converges to 0 as n→ ∞. Moreover, the
convergence of (Bn)n∈N to B∞ for the weak topology of measures over R+ implies the convergence of
(Bn ⊗ Bn)n∈N to B∞ ⊗ B∞ for the weak topology of measures over R2

+ (see Theorem 2.8 in [6]), and
the last term in (3.5) therefore converges to 0 as n→ ∞. We have then proven

∫ +∞

0

ϕ(x) d(KBn [xn1 , x
n
2 ])(x)−

∫ +∞

0

ϕ(x) d(KB∞ [x∞1 , x
∞
2 ])(x) −−−−→

n→∞
0,

which proves the continuity of the operator (3.2). If B ∈ P([0, 1]) is absolutely continuous with respect
to Lebesgue’s measure, with a density B̃ ∈ L1([0, 1]), then, thanks to (3.4) and a change of variable, for
x1, x2 > 0,

∫ +∞

0

ϕ(x) d
(

KB[x1, x2]
)

(x) = λB,x1,x2(ϕ) =

∫ 1

0

(
∫ 1

0

ϕ(x1(1 − z1) + x2z2) dB(z1)

)

dB(z2)

=

∫ 1

0

∫ 1

0

ϕ(x1(1 − z1) + x2z2)B̃(z1)B̃(z2) dz1 dz2

=
1

x1x2

∫ +∞

0

∫ +∞

0

ϕ(x)B̃

(

x− x1 + w

x2

)

B̃

(

w

x1

)

dw dx

=

∫ +∞

0

ϕ(x)KB̃ [x1, x2](x) dx,

thanks to (2.4). This calculation shows that KB̃[x1, x2](x) dx = KB[x1, x2]. If we denote by P([0, 1]) ∩
L1([0, 1]) the set of probability measures absolutely continuous with respect to Lebesgue’s measure, we
notice that

(

P([0, 1]) ∩ L1([0, 1])
)

× R+ × R+ density is a dense subset of P([0, 1]) × R+ × R+, where
P([0, 1]) is endowed with the weak topology of measures. The application (B, x1, x2) 7→ KB[x1, x2] is
therefore the only continuous extension of (B, x1, x2) 7→ KB̃[x1, x2] to P([0, 1])× R+ × R+.

We extend the definition of the operator TB̃[ũ, ṽ] in the next proposition:

Proposition 3.2. Let (B̃, ũ, ṽ) 7→ TB̃[ũ, ṽ] the operator acting on {B̃ ∈ L1([0, 1]); B̃ dz ∈ P([0, 1]))} ×
Cc(R+)× Cc(R+) and valued in Cc(R+) defined by (2.6). There is a unique continuous operator

T : P([0, 1])×M2(R+)×M2(R+) → M(R+), (3.6)

(B, u, v) 7→ TB[u, v],

such that TB [u, v] = TB̃[ũ, ṽ](x) dx when the probability measure B ∈ P([0, 1]) has a density B̃ ∈ L1([0, 1])
with respect to Lebesgue’s measure, and u, v ∈ M2(R+) have densities ũ, ṽ ∈ Cc(R+) with respect to
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Lebesgue’s measure. TB[u, v] is a non-negative measure that satisfies:

∫ +∞

0

ϕ(x)d(TB [u, v])(x)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1 − z1) + x2z2) dB(z1)

)

dB(z2)

)

du(x1) dv(x2), (3.7)

for any ϕ ∈ Cc(R+), as well as

∫ +∞

0

ϕ(x)d(TB [u, v])(x) =

∫ +∞

0

∫ +∞

0

(
∫ +∞

0

ϕ(x) d (KB[x1, x2]) (x)

)

du(x1) dv(x2). (3.8)

We prove this result below, thanks to arguments similar to the ones developed in the proof of Propo-
sition 3.1.

Proof of Proposition 3.2. Let u, v ∈ Cc(R+) and B ∈ P([0, 1]). We define a function λ̃B,u,v acting on
Cc(R+) and valued in R as follows:

λ̃B,u,v(ϕ) :=

∫

[0,1]2×(R+)2
ϕ (x1 (1− z1) + x2z2) dB ⊗B ⊗ u⊗ v(z1, z2, x1, x2). (3.9)

This application is linear, and we check that it is continuous: If the sequence (ϕn) ∈ (Cc(R+))
N converges

to ϕ∞ ∈ Cc(R+) for ‖ · ‖∞, then

∣

∣

∣
λ̃B,u,v(ϕn)− λ̃B,u,v(ϕ∞)

∣

∣

∣
≤ ‖ϕn − ϕ∞‖L∞(R+)

∫

[0,1]2×(R+)2
dB ⊗B ⊗ u⊗ v(z1, z2, x1, x2) −→

n→∞
0.

We can then apply the Riesz–Markov–Kakutani representation Theorem to show that there exists a
unique measure TB [u, v] ∈ M(R+) such that λB,u,v(ϕ) =

∫ +∞

0
ϕ(x) d(TB [u, v])(x). If u, v ≥ 0, the

measure TB [u, v] is non-negative since λB,u,v(ϕ) =
∫ +∞

0 ϕ(x) d(TB [u, v])(x) ≥ 0 for any non-negative
test function ϕ ∈ Cc(R+,R+), which allows us to apply Proposition 5.5 in the Appendix. To show that the
operator (B, u, v) 7→ TB[u, v] is continuous, let (Bn, un, vn)n∈N a sequence in P([0, 1])×M2(R+)×M2(R+)
such that (Bn)n∈N (resp. (un)n∈N, (vn)n∈N) converges to B∞ ∈ P([0, 1]) (resp. u∞, v∞ ∈ M2(R+)) for
the weak topology of measures. Thanks to Theorem 2.8 in [6], the product measure (Bn⊗Bn⊗un⊗vn)n∈N

converges to B∞ ⊗B∞ ⊗ u∞ ⊗ v∞ for the weak topology of measures, and then, for any ϕ ∈ Cc(R),
∣

∣

∣

∣

∫ +∞

0

ϕ(x) d(TB∞
[u∞, v∞])(x)−

∫ +∞

0

ϕ(x) d(TBn
[un, vn])(x)

∣

∣

∣

∣

= |λB∞,u∞,v∞(ϕ)− λBn,un,vn(ϕ)|

≤

∣

∣

∣

∣

∫

(R+)2×[0,1]2
ϕ (x1 (1− z1) + x2z2) d (B∞ ⊗B∞ ⊗ u∞ ⊗ v∞) (z1, z2, x1, x2)

−

∫

(R+)2×[0,1]2
ϕ (x1 (1− z1) + x2z2) d (Bn ⊗Bn ⊗ un ⊗ vn) (z1, z2, x1, x2)

∣

∣

∣

∣

−→
n→∞

0. (3.10)

Since this convergence holds for any function ϕ ∈ Cc(R+), we have proven the continuity of the operator
(B, u, v) ∈ P([0, 1]) ×M2(R+) ×M2(R+) 7→ TB [u, v] ∈ M(R+). (3.9) implies (3.7) thanks to a change
of variable, while (3.8) follows from Proposition 3.1. If (B, u, v) ∈ P([0, 1])×M2(R+) ×M2(R+), with
B, u, v having densities B̃ ∈ L1([0, 1]), ũ ∈ ×Cc(R+), ṽ ∈ Cc(R+) with respect to Lebesgue’s measure,
then (3.8) implies, for any ϕ ∈ Cc(R+),

∫ +∞

0

ϕ(x)d(TB [u, v])(x) =

∫ +∞

0

∫ +∞

0

(
∫ +∞

0

ϕ(x)KB [x1, x2](x) dx

)

du(x1) dv(x2)

=

∫ +∞

0

∫ +∞

0

(
∫ +∞

0

ϕ(x)KB̃ [x1, x2](x) dx

)

ũ(x1)ṽ(x2) dx1 dx2 =

∫ +∞

0

ϕ(x)TB̃ [ũ, ṽ](x) dx,

thanks to Proposition 3.1 and the definition (2.6) of TB̃[ũ, ṽ]. Then TB [u, v] = TB̃[ũ, ṽ](x) dx for

(B, u, v) ∈ P([0, 1]) × M2(R+) × M2(R+), with B, u, v having densities B̃ ∈ L1([0, 1]), ũ ∈ ×Cc(R+),
ṽ ∈ Cc(R+) with respect to Lebesgue’s measure. Since that set is a dense subset of P([0, 1])×M2(R+)×
M2(R+), the operator T is the unique continuous extension of T to P([0, 1])×M2(R+)×M2(R+).
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3.2 Properties of the transfer operator TB

We consider the moments of TB[u, u], for B ∈ P([0, 1]) and u ∈ M(R+) in the proposition below. These
moments calculations are essential to derive macroscopic models from mesoscopic models including such
transfer operators, see [27].

Proposition 3.3. Let B ∈ P([0, 1]) and TB the transfer operator defined by (3.6). Then, for u, v ∈
M2(R+),

∫ +∞

0

d(TB [u, v])(x) =

(
∫ +∞

0

du(x)

)
∫ +∞

0

dv(x), (3.11)

∫ +∞

0

x d(TB [u, v])(x) = (1− λ1,B)

(
∫ +∞

0

dv(x)

)
∫ +∞

0

x du(x) + λ1,B

(
∫ 1

0

du(x)

)
∫ +∞

0

x dv(x),

(3.12)

∫ +∞

0

x2 d(TB [u, v])(x) = (1− 2λ1,B + λ2,B)

(
∫ +∞

0

dv(x)

)
∫ +∞

0

x2 du(x)

+ λ2,B

(
∫ +∞

0

du(x)

)
∫ +∞

0

x2 dv(x) + 2 (1− λ1,B)λ1,B

(
∫ +∞

0

x du(x)

)
∫ +∞

0

x dv(x), (3.13)

where

λ1,B =

∫ 1

0

x dB(x), λ2,B =

∫ 1

0

x2 dB(x). (3.14)

In particular, if u, v ∈ M2(R+), then TB [u, v] ∈ M2(R+).

Remark 3.4. For x1, x2 ≥ 0, equality (3.8) implies

TB[δx1 , δx2 ] = KB[x1, x2],

where KB[x1, x2] is a probability measure thanks to Proposition 3.1. Proposition 3.3 then implies the
following properties on KB[x1, x2]:

∫ +∞

0

x d (KB[x1, x2]) (x) = (1− λ1,B)x1 + λ1,Bx2,

∫ +∞

0

x2 d (KB[x1, x2]) (x) = (1− 2λ1,B + λ2,B)x
2
1 + λ2,Bx

2
2 + 2(1− λ1,B)λ1,Bx1x2.

Note also that

∫ +∞

0

x d (TB[u, u]) (x) =

∫ +∞

0

x du(x),

∫ +∞

0

x d

(

KB[x1, x2] +KB[x2, x1]

2

)

(x) =
x1 + x2

2
,

which reflects the fact that the transfers conserve the total number of proteins, as described by (2.1).

Proof of Proposition 3.3. Step 1: Case where u, v ∈ M2(R+) are compactly supported

Let R > 0 and u, v ∈ M2(R+) such that u(x) = v(x) = 0 for x ≥ R.

Let φ ∈ Cc(R+) satisfying φ(x) = 0 for x ≤ 2R. Then u(x) = v(x) = 0 for x ≥ R, and thanks to
(3.7),

∫ +∞

0

φ(x)TB [u, v](x) dx =

∫ +∞

0

∫ +∞

0

(
∫ +∞

0

φ(x) d (KB[x1, x2]) (x)

)

du(x1) dv(x2) = 0,

since the support of KB[x1, x2] is included in [0, 2R] for x1 ∈ supp u and x2 ∈ supp v, thanks to
Proposition 3.1. The support of TB[u, v] is then included in [0, 2R].
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Let ϕ ∈ Cc(R+,R+) with ϕ(x) = 1 for x ≤ 2R. Then, for any x ≥ 0 such that ϕ(x) 6= 1, we have
u(x) = v(x) = TB [u, v](x) = 0. For α, β, γ ≥ 0,

∫ +∞

0

(

α+ βx + γx2
)

d(TB [u, v])(x) =

∫ +∞

0

(

α+ βx+ γx2
)

ϕ(x) d(TB [u, v])(x)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

(

α+ β(x1(1− z1) + x2z2) + γ(x1(1− z1) + x2z2)
2
)

ϕ(x1(1− z1) + x2z2) dB(z1)

)

dB(z2)

)

du(x1) dv(x2)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

(

α+ β(x1(1− z1) + x2z2) + γ(x1(1− z1) + x2z2)
2
)

dB(z1)

)

dB(z2)

)

du(x1) dv(x2),

where we used Proposition 3.2. We compute :

∫ 1

0

(
∫ 1

0

(

α+ β(x1(1− z1) + x2z2) + γ(x1(1− z1) + x2z2)
2
)

dB(z1)

)

dB(z2)

= α+ β

[

x1

(

1−

∫ 1

0

zdB(z)

)

+ x2

∫ 1

0

zdB(z)

]

+ γ

[

x21

(

1− 2

∫ 1

0

z dB(z) +

∫ 1

0

z2 dB(z)

)

+ x22

∫ 1

0

z2 dB(z) + 2x1x2

(

1−

∫ 1

0

z dB(z)

)
∫ 1

0

z dB(z)

]

= α+ β [x1 (1− λ1,B) + x2λ1,B ] + γ
[

x21 (1− 2λ1,B + λ2,B) + x22λ2,B + 2x1x2 (1− λ1,B)λ1,B
]

.

Then,

∫ +∞

0

(

α+ βx+ γx2
)

d(TB [u, v])(x) = α

(
∫ +∞

0

du(x)

)
∫ +∞

0

dv(x)

+ β

[

(1− λ1,B)

(
∫ +∞

0

dv(x)

)
∫ +∞

0

x du(x) + λ1,B

(
∫ +∞

0

du(x)

)
∫ +∞

0

x dv(x)

]

+ γ

[

(1− 2λ1,B + λ2,B)

(
∫ +∞

0

dv(x)

)
∫ +∞

0

x2 du(x) + λ2,B

(
∫ +∞

0

du(x)

)
∫ +∞

0

x2 dv(x)

+ 2 (1− λ1,B) λ1,B

(
∫ +∞

0

x du(x)

)
∫ +∞

0

x dv(x)

]

.

Step 2: General case u, v ∈ M2(R+)
For u, v ∈ M2(R+), we notice that the applications R 7→ u(x)1x≤R, R 7→ v(x)1x≤R and R 7→

TB[u1 · ≤R, v1 · ≤R](x) are non-decreasing in R. We may then use the monotone convergence theorem to
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show, for α, β, γ ≥ 0,

∫ +∞

0

(

α+ βx + γx2
)

d(TB [u, v])(x) = lim
R→∞

∫ +∞

0

(

α+ βx+ γx2
)

d(TB [u1 · ≤R, v1 · ≤R])(x)

= lim
R→∞

{

α

(

∫ R

0

du(x)

)

∫ R

0

dv(x)

+ β

[

(1− λ1,B)

(

∫ R

0

dv(x)

)

∫ R

0

x du(x) + λ1,B

(

∫ R

0

du(x)

)

∫ R

0

x dv(x)

]

+ γ

[

(1− 2λ1,B + λ2,B)

(

∫ R

0

dv(x)

)

∫ R

0

x2 du(x) + λ2,B

(

∫ R

0

du(x)

)

∫ R

0

x2 dv(x)

+ 2 (1− λ1,B)λ1,B

(

∫ R

0

x du(x)

)

∫ R

0

x dv(x)

]}

= α

(
∫ +∞

0

du(x)

)
∫ +∞

0

dv(x)

+ β

[

(1− λ1,B)

(
∫ +∞

0

dv(x)

)
∫ +∞

0

x du(x) + λ1,B

(
∫ +∞

0

du(x)

)
∫ +∞

0

x dv(x)

]

+ γ

[

(1− 2λ1,B + λ2,B)

(
∫ +∞

0

dv(x)

)
∫ +∞

0

x2 du(x) + λ2,B

(
∫ +∞

0

du(x)

)
∫ +∞

0

x2 dv(x)

+ 2 (1− λ1,B)λ1,B

(
∫ +∞

0

x du(x)

)
∫ +∞

0

x dv(x)

]

.

4 Properties of fixed distributions for the transfer operator

In this section, we focus our attention on fixed distributions for u 7→ TB [u, u], u 6≡ 0, that satisfy

u = TB[u, u], (4.1)

as an equality between measures. An integration along R+ implies
∫ +∞

0 dū(x) =
(

∫ +∞

0 dū(x)
)2

, so that

we can restrict our attention to probability measures, that is ū ∈ P2(R+).

4.1 Concentration at x = 0

We notice that for any kernel B ∈ P(R+), the Dirac mass at the origin, ie ū := δ0, is a fixed distribution
for the transfer operator. Indeed, if B ∈ P(R+) and ϕ ∈ Cc(R+), then,

∫ +∞

0

ϕ(x)TB [δ0, δ0](x) dx

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) dB(z1)

)

dB(z2)

)

d(δ0)(x1) d(δ0)(x2) = ϕ(0),

which implies TB[δ0, δ0] = δ0. Are there other fixed distributions for u 7→ TB[u, u] that contain a Dirac
mass at x = 0? We show in the next proposition that such fixed distributions exist when the transfer
kernel B ∈ P(R+) contains Dirac masses in both x = 0 and x = 1:

Proposition 4.1. If B ∈ P([0, 1]) satisfies B ≥ α(δ0 + δ1) for some α > 0 and ū ∈ P2(R+) satisfies
TB[ū, ū] = ū, then ū ≥ α2δ0.
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Proof of Proposition 4.1. For ϕ ∈ Cc(R+),

∫ +∞

0

ϕ(x)TB [ū, ū](x) dx

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) dB(z1)

)

dB(z2)

)

dū(x1) dū(x2)

≥ α2

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) d(δ1)(z1)

)

d(δ0)(z2)

)

dū(x1) dū(x2)

= α2

∫ +∞

0

∫ +∞

0

ϕ(0) dū(x1) dū(x2) = α2ϕ(0),

and then ū = T̄B[ū, ū] implies ū ≥ α2δ0.

Surprisingly, we show that as soon as B does not contain a Dirac mass at both extremities of the
interval [0, 1] (and B 6= δ0, B 6= δ1), the only fixed distribution for the transfer operator containing mass
at x = 0 is δ0:

Proposition 4.2. Let B ∈ P([0, 1]), such that B 6= δ0 and B 6= δ1. We assume that B either satisfies:

B({0}) = 0 or B({1}) = 0.

If ū ∈ P2(R
∗
+) satisfies TB [ū, ū] = ū, then either ū = δ0 or ū({0}) = 0.

Remark 4.3. Notice that if B = δ0 or B = δ1, then the transfer operator reduces to the identity, as we
can check from (3.7): if B = δ0,

∫ +∞

0

ϕ(x) d(TB [u, u])(x)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1 − z1) + x2z2) d(δ0)(z1)

)

d(δ0)(z2)

)

du(x1) du(x2)

=

∫ +∞

0

ϕ(x1) du(x1),

and if B = δ1, a similar calculation can be made. Therefore, when B = δ0 or B = δ1, any measure
ū ∈ P(R+) ∩M2(R+) is a fixed points of u 7→ TB [u, u], and in particular measures containing a Dirac
mass at the origin are fixed points of u 7→ TB [u, u].

Proof of Proposition 4.2. We assume that B({0}) = 0 and ν := B({1}) ∈ [0, 1).

We use a contradiction argument: we suppose that ū({0}) = η ∈ (0, 1). For any ε > 0, we can define
ϕε ∈ Cc(R+) such that ϕε(x) = 0 for x ≥ ε, and ‖ϕε‖∞ ≤ 1. Then, for x1, x2 ∈ R+,

ϕε(x1(1 − z1) + x2z2) ≤ 1x1(1−z1)≤ε1x2z2≤ε ≤
(

1x1≤x̄ + 1x1≥x̄1x̄(1−z1)≤ε

)

+ (1x2≤x̄ + 1x2≥x̄1x̄z2≤ε)

≤ 1x1≤x̄1x2≤x̄ + 1x1≤x̄1x2≥x̄1x̄z2≤ε + 1x1≥x̄1x̄(1−z1)≤ε1x2≤x̄ + 1x1≥x̄1x̄(1−z1)≤ε1x2≥x̄1x̄z2≤ε.

We can regroup the second and last term on the right hand side of this equation (and the fact that
‖ϕε‖∞ ≤ 1) to obtain:

ϕε(x1(1− z1) + x2z2)

≤ 1x1≤x̄1x2≤x̄ + 1x1≥x̄1x̄(1−z1)≤ε1x2≤x̄ +
(

1x1≤x̄1x2≥x̄1x̄z2≤ε + 1x1≥x̄1x̄(1−z1)≤ε1x2≥x̄1x̄z2≤ε

)

≤ 1x1≤x̄1x2≤x̄ + 1x1≥x̄1x̄(1−z1)≤ε1x2≤x̄ +
(

1x1≤x̄ + 1x1≥x̄1x̄(1−z1)≤ε

)

1x2≥x̄1x̄z2≤ε

≤ 1x1≤x̄1x2≤x̄ + 1x1≥x̄1x̄(1−z1)≤ε1x2≤x̄ + 1x2≥x̄1x̄z2≤ε.
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We use this inequality to estimate:

∫ +∞

0

ϕε(x)TB [ū, ū](x) dx (4.2)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) dB(z1)

)

dB(z2)

)

dū(x1) dū(x2)

≤

∫ x̄

0

∫ x̄

0

(
∫ 1

0

(
∫ 1

0

dB(z1)

)

dB(z2)

)

dū(x1) dū(x2)

+

∫ x̄

0

∫ +∞

x̄

(

∫ 1

0

(

∫ 1

1−ε/x̄

dB(z1)

)

dB(z2)

)

dū(x1) dū(x2)

+

∫ +∞

x̄

∫ +∞

0

(

∫ ε/x̄

0

(
∫ 1

0

dB(z1)

)

dB(z2)

)

dū(x1) dū(x2)

≤

(
∫ x̄

0

dū(x)

)2

+

(
∫ x̄

0

dū(x)

)(
∫ +∞

x̄

du(x)

)

(

∫ 1

1−ε/x̄

dB(z)

)

+

(
∫ +∞

x̄

dū

)

(

∫ ε/x̄

0

dB

)

≤

(
∫ x̄

0

dū(x)

)

[

(
∫ x̄

0

dū(x)

)

+

(
∫ +∞

x̄

du(x)

)

(

∫ 1

1−ε/x̄

dB(z)

)

−

(

∫ ε/x̄

0

dB(z)

)]

+

(

∫ ε/x̄

0

dB(z)

)

.

Since ū({0} = η , B({0}) = 0 and B({1}) = ν, this inequality and the outer regularity of the Borel
measures B and ū imply:

∫ +∞

0

ϕε(x)TB [ū, ū](x) dx

≤

(
∫ x̄

0

dū(x)

)

[

(η + ox̄→0(1)) + (1− η)(ν + oε/x̄→0(1))− oε/x̄→0(1)
]

+ oε/x̄→0(1),

where the notation ox̄→0(1) (resp. oε/x̄→0(1)) designates a function that converges to 0 when x̄ → 0

(resp. ε/x̄→ 0). Thanks to our contradiction assumption,
∫ x̄

0 dū(x) ≥ η > 0 for any x̄ > 0, and then

∫ +∞

0

ϕ(x)TB [ū, ū](x) dx

≤

(
∫ x̄

0

dū(x)

)

[

(η + ox̄→0(1)) + (1− η)(ν + oε/x̄→0(1))− oε/x̄→0(1) + oε/x̄→0(1)
]

. (4.3)

The assumption η < 1 implies η < 1−ν
1−ν , or, equivalently, η− ην + ν < 1. We can then select x̄ > 0 small

enough to have (η + ox̄→0(1)) − ην + ν < 1. This strict inequality and (4.3) imply, provided ε > 0 is
small enough,

∫ +∞

0

ϕ(x)TB [ū, ū](x) dx <

(
∫ x̄

0

dū(x)

)

,

and then

η = ū({0}) ≤

∫ ε

0

dū =

∫ ε

0

d (TB [ū, ū]) (x) ≤

∫ +∞

0

ϕ(x) d (TB [ū, ū]) (x) < η,

This is absurd, which concludes our contradiction argument. We have then proven, under the assumptions
on B made in the proposition, that ū({0}) = η ∈ {0, 1}, where η = 1 corresponds to ū = δ0. A similar
argument can be used when

∫

[1−ε,1)
dB −−−→

ε→0
0, and limz→0

∫

[0,z]
dB = ν < 1: it is sufficient to use

a change of variable to replace ϕ(x1(1 − z1) + x2z2) by ϕ(x1z1 + x2(1 − z2)) in (4.2) and repeat the
calculations above.
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4.2 Concentrations away from x = 0

In the introduction, we mentioned the so-called deterministic transfer case, which corresponds to a
transfer kernel B(x) = δp(x) for some p ∈ [0, 1]. If B(x) = δp(x) and Z ∈ R

∗
+, the equality (3.7) satisfied

by TB implies

∫ +∞

0

ϕ(x) d(Tδp [δZ , δZ ])(x)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) d(δp)(z1)

)

d(δp)(z2)

)

d(δZ)(x1) d(δZ)(x2) = ϕ(Z),

which shows that T[δZ , δZ ] = δZ , and the probability measure ū = δZ is a fixed distribution for u 7→
TB[u, u]. These concentrated fixed distributions were already noticed and studied in [24]. We show in
the next proposition that the singular fixed distributions δZ are actually specific to cases where B is a
Dirac mass:

Proposition 4.4. Let B ∈ P([0, 1]) and Z ∈ R
∗
+. If TB is defined as in (3.6) and satisfies

TB [δZ , δZ ] = δZ ,

then B = δp for some p ∈ [0, 1].

Remark 4.5. If B = δp for some p ∈ [0, 1], then the transfer exchanges described by u 7→ TB [u, u] are
given by (2.2), and the exchanges bring the traits closer: if x1, x2 ≥ 0, then

x′1, x
′
2 ∈ [min(x1, x2),max(x1, x2)].

With other transfer kernels B, it is possible to have x′1, x
′
2 /∈ [min(x1, x2),max(x1, x2)]. We then expect

less concentrated fixed distributions as described by Proposition 4.4.

If B = δ0, any measure u ∈ M2(R+) is a fixed distribution for the transfer operator, since for
ϕ ∈ Cc(R+),

∫ +∞

0

ϕ(x) d(Tδp [u, u])(x)

=

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1 − z1) + x2z2) d(δ0)(z1)

)

d(δ0)(z2)

)

du(x1) du(x2)

=

∫ +∞

0

ϕ(x) du(x),

and the same property holds if B = δ1. This result can be understood intuitively, since B = δ0 corresponds
to a case where interacting cells do not transfer any fraction of their trait, while if B = δ1, the traits of
the two interacting cells are exchanged. Neither case affects the trait distribution of the population.

Proof of Proposition 4.4. Let p :=
∫

[0,1] x dB(x). Since B is a probability distribution on [0, 1], p = 0

implies B = δ0 and p = 1 implies B = δ1. If p ∈ (0, 1) and B 6= δp, then
∫

[0,p)∪(p,1] dB(z) > 0, which

implies
∫

[0,p)
|z − p| dB(z) +

∫

(p,1]
|z − p| dB(z) > 0, while

0 =

∫

[0,1]

z dB(z)− p =

∫

[0,1]

(z − p) dB(z) =

∫

[0,p)

(z − p) dB(z) +

∫

(p,1]

(z − p) dB(z)

= −

∫

[0,p)

|z − p| dB(z) +

∫

(p,1]

|z − p| dB(z),

which implies
∫

[0,p)
|z − p| dB(z) > 0, and then

∫

[0,p)
dB(z) > 0 as well as

∫

(p,1]
dB(z) > 0. The inner

regularity of the Borel measure B then implies

∫

[0,p−ε]

dB(z) > 0,

∫

[p+ε,1]

dB(z) > 0,
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for some ε > 0. Let ϕ ∈ Cc(R
∗
+) satisfying ϕ(Z) = 0, ϕ ≥ 0 and infx∈[(1+2ε)Z,2Z] ϕ(x) > 0. Then

∫ +∞

0

ϕ(x)TB [δZ , δZ ](x) dx

=

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

ϕ(x1(1 − z1) + x2z2) dB(z1) dB(z2) d(δZ)(x1) d(δZ)(x2)

=

∫ 1

0

∫ 1

0

ϕ(Z(1− z1) + Zz2) dB(z1) dB(z2) ≥

∫ 1

p+ε

∫ p−ε

0

ϕ
(

Z(1− z1 + z2)
)

dB(z1) dB(z2)

≥

(

inf
[(1+2ε)Z,2Z]

ϕ

)(
∫ p−ε

0

dB(z1)

)(
∫ 1

p+ε

dB(z2)

)

> 0,

which shows that TB[δZ , δZ ] 6= δZ .

If the transfer kernel B is not a Dirac mass, the proposition above shows that no Dirac mass can
be a fixed distribution for the transfer operator. The next proposition shows under limited conditions
on the transfer kernel B, any fixed distribution of the transfer operator different from δ0 is absolutely
continuous with respect to the Lebesgue measure:

Proposition 4.6. Let B ∈ P([0, 1]) and TB defined as in (3.6). We assume that B ≥ fB dx, where

fB ∈ C0([0, 1],R+) satisfies
∫ 1

0
fB(z) dz > 0, and we also assume that B({0, 1}) = 0. If ū ∈ P2(R

∗
+)

satisfies TB[ū, ū] = ū and ū 6= δ0, then
∂ū
∂x ∈ L1(R+) and

∂ū
∂x (x) > 0 for x ∈ R+.

Remark 4.7. If B is continuous with respect to the Lebesgue measure, then TB[u] is continuous with
respect to the Lebesgue measure for any u ∈ P2(R+), since TB[u] can be seen as a convolution of B and
a measure. This property implies that fixed points are continuous with respect to the Lebesgue measure
as soon as B has that same property. The statement above provides a weaker assumption on B ensuring
that fixed distributions are continuous with respect to the Lebesgue measure.

Proof of Proposition 4.6. Since fB ∈ C0([0, 1],R+) satisfies
∫ 1

0
fB(z) dz > 0, there is p ∈ (0, 1), ε ∈ (0, 1)

and b > 0 such that
[p− ε, p+ ε] ⊂ (0, 1), B ≥ b1[p−ε,p+ε].

Let x̄ > 0 and 0 < α small. For x1, x2 ∈ [x̄− α, x̄+ α] and ϕ ∈ Cc(R+) such that ϕ ≥ 0,

∫ +∞

0

ϕ(x)KB [x1, x2](x) dx =

∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) dB(z1)

)

dB(z2)

≥ b2
∫

R

∫

R

1[p−ε,p+ε](z1)1[p−ε,p+ε](z2)ϕ(x1(1− z1) + x2z2) dz2 dz1

=
b2

x2

∫

R

(
∫

R

1[p−ε,p+ε](z1)1[p−ε,p+ε]

(

Z − x1(1 − z1)

x2

)

dz1

)

ϕ(Z) dZ

≥
b2

x̄+ α

∫ x̄+α

x̄−α

(
∫

R

1[p−ε,p+ε](z1)1[1+ x2(p−ε)−Z

x1
,1+

x2(p+ε)−Z

x1

] (z1) dz1

)

ϕ(Z) dZ

We notice that if Z ∈ [x̄− α, x̄ + α], then

1 +
x2(p− ε)− Z

x1
≤ 1 +

(x̄+ α)(p − ε)

x̄− α
−
x̄− α

x̄+ α
≤ p− ε+

4α

x̄− α
≤ p−

ε

2
,

if we select α := εx̄
16 . Similarly, 1 + x2(p+ε)−Z

x1
≥ p+ ε

2 . Then,

∫ +∞

0

ϕ(x)KB [x1, x2](x) dx ≥
εb2

2x̄+ 1

∫ x̄+ εx̄
16

x̄− εx̄
16

ϕ(Z) dZ.
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Then, for ψ ∈ Cc(R+) such that ψ ≥ 0, thanks to (3.8), for any x̄ > 0,

∫ +∞

0

ψ(x) d (TB [ū, ū]) (x) =

∫ +∞

0

∫ +∞

0

(
∫ +∞

0

ψ(x) d (KB[x1, x2]) (x)

)

dū(x1) dū(x2)

≥

∫ x̄+εx̄/16

x̄−εx̄/16

∫ x̄+εx̄/16

x̄−εx̄/16

(

∫ x̄+εx̄/16

x̄−εx̄/16

ψ(x) d (KB[x1, x2]) (x)

)

dū(x1) dū(x̄)

≥
εb2

2x̄+ 1

(

∫ x̄+εx̄/16

x̄−εx̄/16

ψ(x) dx

)(

∫ x̄+εx̄/16

x̄−εx̄/16

dū(x)

)2

,

which implies

TB [ū, ū] ≥
εb2

2x̄+ 1

(

∫ x̄+εx̄/16

x̄−εx̄/16

dū(x)

)2

1[x̄−εx̄/16,x̄+εx̄/16] dx, (4.4)

thanks to Lusin’s Theorem (see Proposition 5.5 for a related argument). Since ū ∈ P(R+)∩M2(R+) is a
fixed distribution for u 7→ TB [u, u], we have TB [ū, ū] = ū, and then this inequality shows that provided
ū 6= δ0, the support of ū is open in R+. Since the support of a measure is closed by definition, it is equal
to R+, that is ū > 0 on R+: for any Borel set A ⊂ R+ of positive Lebesgue measure, ū(A) > 0.

Thanks to the Lebesgue-Radon-Nikodym theorem ([35], Section 6.10 p. 121), ū can be decomposed
into ū = û+ ũ, û, ũ ≥ 0, with ũ ∈ L1(R+) while û ∈ M(R+) and the support of û is of Lebesgue measure
0:

Ω̂ := supp û, λ(Ω̂) = 0,

where λ stands for the Lebesgue measure on R+. Since ū > 0, we have

∫ +∞

0

dû(x) < 1, (4.5)

and we can decompose TB [ū, ū] = TB [ū, ũ] +TB[ũ, û] +TB [û, û]. Let R > 0. Thanks to Lusin’s theorem
(see ), there is ϕi ∈ Cc([0, R)) with ‖ϕl‖L∞([0,R)) ≤ 1 such that ϕl → 1Ω̂∩[0,R) almost everywhere for
ū, which implies ϕl → 0 almost everywhere for the Lebesgue measure λ, and then for the measure the
measure ũ restricted to [0, R). Then, thanks to the dominated convergence theorem and (3.7),

TB [ũ, û](Ω̂ ∩ [0, R)) = lim
l→∞

∫ +∞

0

ϕl(x)d(TB [ũ, û])(x)

= lim
l→∞

∫

[0,1]×R+×[0,1]

(
∫ +∞

0

ϕl(x1(1 − z1) + x2z2) dũ(x1)

)

dB ⊗ û⊗B(z2, x2, z1)

= lim
l→∞

∫

[0,1]×R+×[0,1)

(
∫ +∞

0

ϕl(x1(1 − z1) + x2z2) dũ(x1)

)

dB ⊗ û⊗B(z2, x2, z1)

+B({1})

(
∫ +∞

0

dũ(x1)

)

lim
l→∞

∫

[0,1]×R+

ϕl(x2z2) dB ⊗ û(z2, x2).

Thanks to the dominated convergence theorem, liml→∞

∫ +∞

0 ϕl(x1(1 − z1) + x2z2) dũ(x1) = 0, since
ϕl(x1(1 − z1) + x2z2) −−−→

l→∞
0 almost everywhere for the Lebesgue measure (notice that (1 − z1) 6= 0).

Using the dominated convergence theorem once more shows

lim
l→∞

∫

[0,1]×R+×[0,1)

(
∫ +∞

0

ϕl(x1(1 − z1) + x2z2) dũ(x1)

)

dB ⊗ û⊗B(z2, x2, z1) −−−→
l→∞

0,

and thus

∣

∣

∣
TB [ũ, û](Ω̂)

∣

∣

∣
= lim

R→∞

∣

∣

∣
TB [ũ, û](Ω̂ ∩ [0, R])

∣

∣

∣
≤ B({1})

(
∫ +∞

0

dũ(x)

)(
∫ +∞

0

dû(x)

)

≤ B({1})

(

1−

∫ +∞

0

dû(x)

)(
∫ +∞

0

dû(x)

)

.
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The same argument can be used to show

TB[ū, ũ](Ω̂ ∩ [0, R)) = B({0})

(
∫ +∞

0

dũ(x2)

)

lim
l→∞

∫

[0,1]×R+

ϕl(x1(1− z1)) dB ⊗ ū(z1, x1)

= B({0})

(
∫ +∞

0

dũ(x1)

)

lim
l→∞

∫ 1

0

(
∫ +∞

0

ϕl(x1(1 − z1)) dū(x1)

)

dB(z1)

= B({0})

(
∫ +∞

0

dũ(x1)

)
∫ 1

0

(
∫ +∞

0

1Ω̂∩[0,R](x1(1 − z1)) dû(x1)

)

dB(z1)

≤ B({0})

(
∫ +∞

0

dũ(x1)

)(
∫ +∞

0

dû(x)

)

,

where we have used the fact that
∫ +∞

0 1Ω̂∩[0,R](x1(1 − z1)) dũ(x1) = 0, since Ω̂ ∩ [0, R] is negligible

with respect to the Lebesgue measure. These two estimates and TB[û, û](R+) = û(R+)
2, which is a

consequence of (3.11), imply:

û(R+) = u1Ω = TB [ū, ū](Ω) ≤ [B({0, 1}) + û(R+)] û(R+).

In particular, if B({0, 1}) = 0, this inequality implies û(R+) ∈ {0, 1}. Since we assume ū 6= δ0, we have
∫

(0,+∞) du(x) > 0, and there is x̄ > 0 such that
∫ x̄+εx̄/16

x̄−εx̄/16 dū(x) > 0. Since ū = TB[ū, ū], estimate (4.4)

implies that ũ, the continuous part of ū, satisfies

∀x ∈ [x̄− εx̄/16, x̄+ εx̄/16], ũ(x) ≥
εb2

2x̄+ 1

(

∫ x̄+εx̄/16

x̄−εx̄/16

dū(x)

)2

> 0.

Then û(R+) = 1− ũ(R+) < 1, and û(R+) ∈ {0, 1} then implies û(R+) = 0, and ũ = ∂ū
∂x .

5 The Cauchy problem for a dynamic transfer model

In this section, we are interested in the definition and existence of measure-valued solutions of the
following time-dependent problem:

∂tnt(x) = gt(x) + h(t, x)nt(x) +
1

∫ +∞

0
dnt(y)

TB[nt, nt](x), (5.1)

where g ∈ L∞(R+,M2(R+)) is non-negative and given, h ∈ C0(R2
+,R) is given, and the initial condition

is n0 = nini ∈ M2(R+). The measure g and the function h are introduced to facilitate the use of
the results of this manuscript in future works, typically to prove the existence of solutions for more
complex models where transfers are combined to other biological phenomena. If g ≡ 0 and h ≡ −1,
(5.1) corresponds to the model of a population structured by the trait x ∈ R+ that is only affected by
exchanges, similar to the model considered in [24]. The functions g and h in (5.1) should allow the use of
the existence results of this manuscript to study more complex models. We assume that g and h satisfy:

∫ +∞

0

(1 + y2) dgt(y) ≤ C̄A, h(t, x) ≤ C̄A, ‖∂xh(t, ·)‖L∞(R+) ≤ C̄A, h(t, x) ≥ −h̄A(x), (5.2)

for a constant C̄A > 0, t, x ≥ 0 and h̄A ∈ L∞
loc(R+). From here on, we denote by C̄ > 0 constants

that only depend on the initial condition nini and C̄A, h̄A, appearing in Assumption (5.2). In the next
section, we will introduce a truncated problem, with a truncation (and regularization) parameter ε > 0.
In the proof of Lemma 5.1, we denote by C > 0 constants for a given ε > 0.

5.1 Existence of solutions for a truncated problem

To define a truncated problem corresponding to (5.1), let Γ1 ∈ Cc(R+,R+) with
∫ +∞

0
Γ1(x) dx = 1

and supp Γ1 ⊂ (1, 2). We can then define the rescaled function Γε and the smoothed transfer kernel
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K̃
ε
B[x1, x2] as follows:

Γε(x) :=
1

ε
Γ1

(x

ε

)

, K̃
ε
B[x1, x2](x) := (Γε ∗KB[x1, x2]) (x)1x≤1/ε, (5.3)

where the symbol ∗ stands for the convolution in R, that is

(Γε ∗KB[x1, x2]) (x) =

∫ +∞

0

Γε(y − x) d (KB[x1, x2]) (y).

For any given ε > 0, ‖K̃ε
B[x1, x2]‖L∞(R+) ≤ ‖Γε‖L∞(R+) is uniformly bounded in x1, x2 ∈ R+. Moreover,

K̃
ε
B[x1, x2] is non-negative, and its support is included in [ε, 1/ε] for any x1, x2 ∈ R+. The truncated

problem we consider in this section is:

nε(t, x) = e
∫

t

0
h(s,x) ds

(

Γε ∗ n
ini
)

(x)1x≤1/ε +

∫ t

0

e
∫

t

s
h(σ,x) dσ (Γε ∗ gs) (x)1x≤1/ε ds

+

∫ t

0

e
∫

t

s
h(σ,x) dσ

∫ 1/ε

ε nε(s, y) dy

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)n

ε(s, x1)n
ε(s, x2) dx2 dx1

)

ds. (5.4)

In the lemma below we prove the existence of solutions for this problem and provide some estimates that
are uniform in ε > 0 on these solutions:

Lemma 5.1. Let B ∈ P([0, 1]), KB defined as in (3.6), g ∈ L∞(R+,M2(R+)), h ∈ C0(R2
+,R) satisfying

(5.2), and nini ∈ M2(R+). There is C̄ = C̄(nini, C̄A, h̄A) > 0 such that if ε > 0 is small enough, there
is a unique solution nε ∈ L∞

loc(R+, L
∞(R+,R+)) to the truncated problem defined by (5.3)-(5.4), that is

non-negative and the support of x 7→ nε(t, x) is included in [ε, 1/ε] for t ≥ 0. It satisfies, for t ∈ R+,

∫ +∞

0

nε(t, x) dx ≤ C̄eC̄t,

∫ +∞

0

x2nε(t, x) dx ≤ C̄eC̄t,

∫ +∞

0

nε(t, x) dx ≥
1

C̄
e−C̄t. (5.5)

Moreover, t 7→ nε(t, ·) is locally Lipschitz continuous for the total variation topology, i.e., for t1, t2 ≥ 0,

dTV

(

nε(t1, ·) dx, n
ε(t2, ·) dx

)

≤ C̄eC̄ max(t1,t2)|t1 − t2|. (5.6)

In this statement, dTV stands for the total variation distance between two measures, that is, with
ν, µ ∈ M(R+),

dTV (µ, ν) = sup
ϕ∈L∞(R+), ‖ϕ‖L∞(R+)≤1

∫ +∞

0

ϕ(x) d(µ − ν)(x). (5.7)

Proof. We consider ε > 0 as a fixed parameter in this proof.

Step 1: Construction of a global solution of (5.4)
We construct a sequence (nε

k)k∈N, for some T > 0 that we will select later. For k = 0 and t ∈ [0, T ],
we define

nε
0(t, x) =

(

Γε ∗ n
ini
)

(x)1x≤1/ε,

so that nε
0(t, ·) ∈ M2(R+) ∩ L∞(R+). Then

∫ +∞

0
(1 + x2)n0(t, x) dy and ‖n0(t, ·)‖L∞(R+) are bounded

independently from t ≥ 0, while the support of nε
0(t, ·) is included in [ε, 1/ε] for t ≥ 0. We construct

nε
k+1 for k ∈ N by induction: given nε

k ∈ L∞([0, T ] × R+) a non-negative function, we can define
(

(t, x) 7→ nε
k+1(t, x)

)

∈ L∞([0, T ]×[ε, 1/ε],R+) with the following formula, that is an ordinary differential
equation in integral form:

nε
k+1(t, x) = e

∫

t

0
h(s,x) ds

(

Γε ∗ n
ini
)

(x)1x≤1/ε +

∫ t

0

e
∫

t

s
h(σ,x)dσ (Γε ∗ gs) (x)1x≤1/ε ds

+

∫ t

0

e
∫

t

s
h(σ,x) dσ

∫ +∞

0
nε
k(t, y) dy

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)n

ε
k(s, x1)n

ε
k(s, x2) dx1 dx2

)

ds. (5.8)
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Since 0 ≤ K̃
ε
B[x1, x2](x) ≤ ‖Γε‖L∞(R+) for x, x1, x2 ∈ R+, the Cauchy-Lipschitz theorem shows that

the function nε
k+1 ∈ L∞([0, T ] × R+) is a well defined continuous function. Since

(

Γε ∗ n
ini
)

≥ 0,

(Γε ∗ gs) ≥ 0, K̃ε
B[x1, x2] ≥ 0 and nε

k ≥ 0, each term in (5.8) is non-negative and then the function nε
k+1

itself is non-negative. Thanks to the definition (5.3) of Γε and K̃
ε
B[x1, x2](x), as well as the indicator

functions multiplying the initial condition Γε ∗n
ini and source term Γε ∗gs, the support of x 7→ nε

k+1(t, x)
is included in [ε, 1/ε] for t ≥ 0. An integration along x of (5.8) shows

∫ +∞

0

nε
k+1(t, x) dx ≤ e

∫

t

0
h(s,x) ds

∫ ∞

0

dnini(x) +

∫ t

0

e
∫

t

s
h(σ,x)dσ

(
∫ +∞

0

dgs(x)

)

ds

+

∫ t

0

e
∫

t

s
h(σ,x)dσ

∫ +∞

0 nε(t, y) dy

(
∫∫

R2
+

(
∫ +∞

0

K̃
ε
B[x1, x2](x) dx

)

nε
k(s, x1)n

ε
k(s, x2) dx1 dx2

)

ds

≤ C̄1e
C̄3t + C̄2

∫ t

0

eC̄3(t−s)

(
∫ +∞

0

nε
k(s, x) dx

)

ds, (5.9)

where we have introduced numbered constants to improve readability (notice in particular that C̄i =
C̄i(n

ini, C̄A, h̄A) > 0, i ∈ {1, 2, 3} are independent from ε > 0). Thanks to the definition of nεk
0 , we have

∫ +∞

0 nε
0(s, x) dx ≤ C̄1e

(C̄2+C̄3)t, and we use an induction to show a similar estimate on nε
k for any k ∈ N:

if
∫ +∞

0

nε
k(s, x) dx ≤ C̄1e

(C̄2+C̄3)t (5.10)

for k ∈ N, then inequality (5.9) proves that (5.10) also holds for k + 1. This induction proves the upper

bound on
∫ +∞

0
nε(t, x) dx stated in (5.5). Since nε

k(t, x) = 0 for x ≥ 1/ε, we have also proven that
nε
k ∈ L∞([0, T ],M2(R+)). Moreover, estimate (5.10) implies

‖nε
k+1(t, ·)‖L∞(R+) ≤ ‖Γε‖L∞(R+)

{

e
∫

t

0
h(s,x) ds

∫ ∞

0

dnini(x) +

∫ t

0

e
∫

t

s
h(σ,x)dσ

∫ +∞

0

dgs(x) ds

+

∫ t

0

maxx∈R+ e
∫

t

s
h(σ,x)dσ

∫ +∞

0
nε
k(s, y) dy

(
∫∫

R2
+

nε
k(s, x1)n

ε
k(s, x2) dx2 dx1

)

ds

}

≤ CeCt, (5.11)

where C > 0 is a constant that is not independent from ε > 0. In particular, nε
k+1(t, ·) ∈ L∞(R+) for

t ∈ [0, T ], and we can compute, for x ∈ R+,

‖nε
k+2(t, ·)− nε

k+1(t, ·)‖L∞(R+)

≤ max
x∈R+

∣

∣

∣

∣

∫ t

0

e
∫

t

s
h(σ,x) dσ

∫ +∞

0
nε
k+1(s, y) dy

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)n

ε
k+1(s, x1)n

ε
k+1(s, x2) dx1 dx2

)

ds

−

∫ t

0

e
∫

t

s
h(σ,x)dσ

∫ +∞

0
nε
k(s, y) dy

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)n

ε
k(s, x1)n

ε
k(s, x2) dx1 dx2

)

ds

∣

∣

∣

∣

≤ max
x∈R+

∫ t

0

e
∫

t

s
h(σ,x)dσ

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)

∣

∣(nε
k+1(s, x1)− nε

k(s, x1)
∣

∣

nε
k+1(s, x2)

∫ +∞

0 nε
k+1(s, y) dy

dx1 dx2

)

ds

+ max
x∈R+

∫ t

0

e
∫

t

s
h(σ,x)dσ

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)

∣

∣

∣

∣

∫ +∞

0

(nε
k(s, y)− nε

k+1(s, y)) dy

∣

∣

∣

∣

nε
k(s, x1)

∫ +∞

0
nε
k(s, y) dy

nε
k+1(s, x2)

∫ +∞

0
nε
k+1(s, y) dy

dx1 dx2

)

ds

+ max
x∈R+

∫ t

0

e
∫

t

s
h(σ,x)dσ

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)

nε
k(s, x1)

∫ +∞

0 nε
k(s, y) dy

∣

∣nε
k+1(s, x2)− nε

k(s, x2)
∣

∣ dx1 dx2

)

ds.

(5.12)

To estimate the first term on the right hand side of this equation, we notice that, for x ∈ R+ and
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x1, x2 ∈ [ε, 1/ε],

∫ +∞

0

K̃
ε
B[x1, x2](x) dx1 =

∫ 1/ε

ε

∫ +∞

0

Γε(x− y)K̃ε
B[x1, x2](y) dy dx1

≤ ‖Γε‖L∞(R+)

∫ 1/ε

ε

(
∫ +∞

0

KB[x1, x2](y) dy

)

dx1 ≤
1

ε
‖Γε‖L∞(R+),

and then, since nε
k+1(s, ·)− nε

k(s, ·) has a support included in [ε, 1/ε] for s ∈ [0, t],

∫ t

0

e
∫

t

s
h(σ,x) dσ

(
∫∫

R2
+

K̃
ε
B[x1, x2](x)

∣

∣nε
k+1(s, x1)− nε

k(s, x1)
∣

∣

nε
k+1(s, x2)

∫ +∞

0 nε
k+1(s, y) dy

dx1 dx2

)

ds

≤

∫ t

0

e
∫

t

s
h(σ,x) dσ

(

1

ε
‖Γε‖L∞(R+)‖n

ε
k+1(s, ·)− nε

k(s, ·)‖L∞(R+)

∫ +∞

0

nε
k+1(s, x2)

∫ +∞

0 nε
k+1(s, y) dy

dx2

)

ds

≤ C

∫ t

0

eC̄(t−s)‖nε
k+1(s, ·)− nε

k(s, ·)‖L∞(R+) ds.

This argument can be repeated for the last term in (5.12), while the second term on the right hand side of

(5.12) can be estimated thanks to the boundedness of K̃ε
B[x1, x2] and to

∣

∣

∣

∫ +∞

0 nε
k(s, y)− nε

k+1(s, y)) dy
∣

∣

∣
≤

1
ε

∥

∥nε
k(s, ·)− nε

k+1(s, ·))
∥

∥

L∞(R+)
. Then, with a constant C > 0 independent of k ∈ N, (5.12) implies

‖nε
k+2(t, ·)− nε

k+1(t, ·)‖L∞(R+) ≤ C

∫ t

0

eC(t−s)‖nε
k+1(s, ·)− nε

k(s, ·)‖L∞(R+) ds

≤ CeCtt sup
s∈[0,t]

‖nε
k+1(s, ·)− nε

k(s, ·)‖L∞(R+).

If we select T > 0 small enough, CeCtt < 1 for t ∈ [0, T ]. We can then use the Banach contraction
theorem to show that the sequence (nε

k)k converges to a limit nε. More precisely, (nε
k)k converges to nε ∈

L∞([0, T ], L∞(R+)) for the topology of L∞([0, T ]×R+). Passing to the limit k → ∞ in (5.8) shows that
nε satisfies (5.4) almost everywhere for (t, x) ∈ [0, T ]× R+, which implies nε ∈ W 1,∞([0, T ], L∞(R+)).
The function nε(t, ·) has a support included in [ε, 1/ε] for t ∈ [0, T ] since nε

k(t, ·) has this property for
k ∈ N; similarly nε

k is non-negative and satisfies (5.10), (5.11).

This construction can be iterated to extend the solution for times t ∈ [0, T ] to a solution global in
time. Notice that the initial condition for this iteration (that is nε(lT, ·) for l ∈ N) does not then need
to be regularized, since nε(T, ·) is bounded thanks to (5.11). We can then build a global solution to the
truncated problem. The uniqueness of that solution results from the local contraction argument (5.12).

Step 2: Proof of estimates (5.5) and (5.6)
We have, for ϕ ∈ L1

loc(R+) and t ≥ 0,

∫ +∞

0

ϕ(x)nε(t, x) dx =

∫ +∞

0

ϕ(x)e
∫

t

0
h(s,x) ds

(

Γε ∗ n
ini
)

(x)1x≤1/ε dx

+

∫ t

0

∫ +∞

0

ϕ(x)e
∫

t

s
h(σ,x)dσ (Γε ∗ g(s, ·)) (x)1x≤1/ε dx ds

+

∫ t

0

[
∫∫

R2
+

(
∫ +∞

0

ϕ(x)e
∫

t

s
h(σ,x)dσ

K̃
ε
B[x1, x2](x) dx

)

nε(s, x1)n
ε(s, x2)

∫ +∞

0
nε(s, y) dy

dx1 dx2

]

ds. (5.13)
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We may select ϕ(x) = x2, and with C̄ > 0 denoting a constant that is independent from ε, we have

∫ +∞

0

x2nε(t, x) dx = C̄eC̄t + C̄

∫ t

0

eC̄(t−s) ds

+

∫ t

0

eC̄(t−s)

[
∫

R
2
+

(
∫ +∞

0

x2 d
(

K̃
ε
B[x1, x2]

)

(x)

)

nε(s, x1)n
ε(s, x2)

∫ +∞

0
nε(t, y) dy

dx2 dx1 ds

≤ C̄eC̄t +

∫ t

0

eC̄(t−s)

[
∫

R2
+

C̄
(

1 + x21 + x22
)nε(s, x1)n

ε(s, x2)
∫ +∞

0
nε(t, y) dy

dx2 dx1

]

ds

≤ C̄eC̄t + C̄

∫ t

0

eC̄(t−s)

(
∫ +∞

0

x2nε(s, x) dx

)

ds,

since we have the following inequality, that results from Remark 3.4:

∫ +∞

0

x2K̃ε
B[x1, x2](x) dx ≤

∫ +∞

0

x2 (Γε ∗KB[x1, x2]) (x) dx

≤

∫ +∞

0

(x+ 1)2 d (KB[x1, x2]) (x) ≤ 2

∫ +∞

0

1 + x2 d (KB[x1, x2]) (x) ≤ C̄
(

1 + x21 + x22
)

.

We use a Duhamel inequality to prove (5.5). With ϕ(x) ≡ 1, we prove the lower bound stated in (5.5),
thanks to the lower bound h(x) ≥ −h̄(x) (with h̄ ∈ L∞

loc(R+)) provided by (5.2):

∫ +∞

0

nε(t, x) dx ≥

∫ R

0

e
∫

t

0
h(s,x) ds

(

Γε ∗ n
ini
)

(x) dx ≥
1

C̄
e−C̄t, (5.14)

where R > 0 is chosen such that
∫ R−1

0
dnini(x) > 0, and if ε > 0 is small enough, we have R ≤ 1/ε. If

0 < t1 ≤ t2 and ψ ∈ L∞(R+), then (5.13) implies

∣

∣

∣

∣

∫ +∞

0

ψ(x) (nε(t1, x)− nε(t2, x)) dx

∣

∣

∣

∣

≤
(

e
∫ t1
0 h(s,x) ds − e

∫ t2
0 h(s,x) ds

)

∫ +∞

0

|ψ(x)|
(

Γε ∗ n
ini
)

(x)1x≤1/ε dx

+

∫ t1

0

∫ +∞

0

|ψ(x)|
∣

∣

∣
e
∫

t1
s

h(σ,x) dσ − e
∫

t2
s

h(σ,x) dσ
∣

∣

∣
(Γε ∗ g(s, ·)) (x)1x≤1/ε dx ds

+

∫ t2

t1

∫ +∞

0

|ψ(x)|e
∫

t2
s

h(σ,x) dσ (Γε ∗ g(s, ·)) (x)1x≤1/ε dx ds

+

∫ t1

0

∣

∣

∣
e
∫

t1
s

h(σ,x) dσ − e
∫

t2
s

h(σ,x) dσ
∣

∣

∣

(
∫∫

R2
+

(
∫ +∞

0

|ψ(x)|K̃ε
B [x1, x2](x) dx

)

nε(s, x1)n
ε(s, x2)

∫ +∞

0 nε(s, y) dy

)

ds

+

∫ t2

t1

e
∫

t2
s

h(σ,x)dσ

(
∫∫

R2
+

(
∫ +∞

0

|ψ(x)|K̃ε
B [x1, x2](x) dx

)

nε(s, x1)n
ε(s, x2)

∫ +∞

0 nε(s, y) dy
dx1 dx2

)

ds

≤ C̄‖ψ‖L∞(R+)

(

eC̄t1
(

1− e
∫ t2
t1

h(s,x) ds
)

+ (t2 − t1)e
C̄t2 +

∫ t1

0

eC̄(t1−s)
∣

∣

∣
1− e

∫ t2
t1

h(σ,x) dσ
∣

∣

∣
C̄eC̄s ds

)

≤ C̄eC̄ max(t1,t2)|t1 − t2| ‖ψ‖L∞(R+). (5.15)

thanks to the bound (5.10) on
∫ +∞

0 nε
k(s, x) dx, with C̄ > 0 a constant independent from ε > 0. Since

this holds for any ψ ∈ L∞(R+), we have proven (see (5.7) for the definition of dTV ):

dTV

(

nε(t1, ·) dx, n
ε(t2, ·) dx

)

≤ C̄eC̄ max(t1,t2)|t1 − t2|.
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5.2 Existence and uniqueness of a solution for the time-dependent problem

In the following proposition, we prove the existence of measure-valued solutions for (5.1). The idea is
to use a tightness and identification strategy: we prove that the approximated solutions of (5.4) belong
to a compact set, so that a subsequence of these approximate solutions converges to a limit. We then
proves that this limit is a solution of (5.1). This strategy is related to the Cauchy-Peano theorem
for the existence of solutions to ordinary differential equations. Tightness-identification strategies are
used in probability theory [2] to construct the limit of stochastic processes that could not be done with
completeness arguments. We believe this type of argument will be useful to construct solutions when
a spatial structure is considered: We hope then that parabolic estimates can extend the compactness
estimates used here.

It would probably be possible to use a more classical completeness argument (similar to the Cauchy-
Lipschitz existence theorem for differential equations), using Wasserstein estimates on the transfer op-
erator: see [27] for Wasserstein estimates on the transfer operator, and e.g. [18] for the construction of
measure-valued solutions using the bounded Lipschitz distance, that can be seen as generalizations of
W1−Wasserstein estimates to measures beyond probability measures.

Proposition 5.2. Let B ∈ P([0, 1]), g ∈ L∞(R+,M2(R+)), h ∈ C0(R2
+,R) satisfying (5.2), nini ∈

M2(R+), KB defined as in (3.6). There is a unique non-negative mild solution n ∈ L∞
loc(R+,M2(R+)) of

(5.1), in the sense that
∫ +∞

0

ϕ(x) dnt(x) =

∫ +∞

0

e
∫

t

0
h(s,x) dsϕ(x) dnini(x) +

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x) dσϕ(x) dgs(x) ds

+

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x) dσ

∫ +∞

0
dns(y)

ϕ(x) d (TB[ns, ns]) (x) ds, (5.16)

for any ϕ ∈ C0(R+) such that |ϕ(x)| ≤ C(1+x2) for some C > 0 and x ∈ R+. t 7→ nt is locally Lipschitz
continuous in time for the total variation distance: there is C̄ = C̄(nini, C̄A, h̄A) > 0 depending on nini

and the constant appearing in (3.6), such that

∀t1, t2 ∈ R+, dTV (nt1 , nt2) ≤ 2C̄eC̄max(t1,t2)|t1 − t2|, (5.17)

Moreover, nt is non-negative for t ≥ 0, and

∀t ≥ 0,

∫ +∞

0

x2 dnt(x) ≤ C̄eC̄t. (5.18)

Remark 5.3. In the statement above, we state that (5.16) holds for any continuous test function ϕ
satisfying |ϕ(x)| ≤ C(1 + x2) for x ≥ 0. Such test functions are important to perform W2 Wasserstein
estimates on solutions: in [27], W2 Wasserstein estimates are used to prove that the transfer operator
TB is a contraction for W2 on probability measures belonging to P(R+)∩M2(R+) with a given center of
mass, which provides an interesting way to analyze the effect of transfer operators.

Remark 5.4. If B ∈ P([0, 1]) satisfies B ≥ α(δ0 + δ1) for some α > 0 and u ∈ P(R+) ∩M2(R+), then
the proof of Proposition 4.1 for ϕ ∈ Cc(R+) can be repeated to show:

∫ +∞

0

ϕ(x)TB [u, u](x) dx

≥ α2

∫ +∞

0

∫ +∞

0

(
∫ 1

0

(
∫ 1

0

ϕ(x1(1− z1) + x2z2) d(δ1)(z1)

)

d(δ0)(z2)

)

du(x1) du(x2)

= α2

∫ +∞

0

∫ +∞

0

ϕ(0) du(x1) du(x2) = α2ϕ(0),

and then T̄B [u, u] ≥ α2δ0. This shows that if B ≥ α(δ0 + δ1), the solution nt provided by (5.16) contains
a Dirac mass at x = 0 for any positive time, even if nini is regular (for instance nini = ñini dx with
ñini ∈ C∞

c ((0,∞))). The emergence of a Dirac mass in finite time for solutions of (5.1) shows the
necessity of a framework for measure-valued solutions of transfer models. Other examples of singular
solutions are provided by the fixed distributions of the transfer operator described in Section 4, which can
be seen as steady solutions of (5.1) with gt ≡ 0 and h(t, x) = −1 for (t, x) ∈ R

2
+.
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Proof of Proposition 5.2. Step 1: Tightness - construction of a non-negative Radon measure

nt for t ∈ [0, T ]
For ε > 0, let nε the solution of the truncated problem (5.4) provided by Lemma 5.1. Let T ∈ N and

for R ∈ N, let (ϕR
i )i a dense subset of {ϕ ∈ Cc(R+); supp ϕ ⊂ [0, R]}. For R, i ∈ N and ε > 0,

λTε [ϕ
R
i ] : (t ∈ [0, T ]) 7→

∫ +∞

0

ϕR
i (x)n

ε(t, x) dx ∈ R

is Lipschitz continuous thanks to (5.6), with a Lipschitz constant C̄eC̄T ‖ϕR
i ‖L∞(R+) that is uniform in

ε > 0. Thanks to Ascoli Theorem, up to an extraction (εk)k, the sequence (λTεk [ϕ
R
i ])k converges when

k → ∞ to a limit ΛT [ϕR
i ] ∈W 1,∞([0, T ]):

∥

∥λTεk [ϕ
R
i ]− ΛT [ϕR

i ]
∥

∥

L∞([0,T ])
−−−−→
k→∞

0. (5.19)

We can use a diagonal extraction to construct a subsequence, that we still denote by (εk), such that
the convergence (5.19) holds for any i, R ∈ N and any final time T ∈ N. Thanks to (5.19), we have, for
i, i′, R,R′, T ∈ N,

∥

∥

∥
ΛT [ϕR

i ]− ΛT [ϕR′

i′ ]
∥

∥

∥

L∞([0,T ])
= lim

k→∞

∥

∥

∥
λTεk [ϕ

R
i ]− λTεk [ϕ

R′

i′ ]
∥

∥

∥

L∞([0,T ])

= lim
k→∞

∥

∥

∥

∥

∫ +∞

0

(

ϕR
i (x) − ϕR′

i′ (x)
)

nε(·, x) dx

∥

∥

∥

∥

L∞([0,T ])

≤ C̄eC̄T
∥

∥

∥
ϕR
i − ϕR′

i′

∥

∥

∥

L∞(R+)
, (5.20)

thanks to the inequality (5.5), where the constant C̄ > 0 is independent from ε > 0.

Since (ϕR
i )i,R is a dense subset of

(

Cc(R+), ‖ · ‖L∞(R+)

)

and ΛT is Lipschitz continuous over this set

thanks to (5.20), there is a unique Lipschitz continuous extension Λ̄T of ΛT to
(

Cc(R+), ‖ · ‖L∞(R+)

)

.

If T, T ′ ∈ N with T < T ′, then λTεk [ϕ
R
i ](t) = λT

′

εk
[ϕR

i ](t) for t ∈ [0, T ] and i ∈ N, which implies

ΛT [ϕR
i ](t) = ΛT ′

[ϕR
i ](t), and then Λ̄T [ϕ](t) = Λ̄T ′

[ϕ](t) for t ∈ [0, T ] and ϕ ∈ Cc(R+). the function

Λ̄T ′

[ϕ] is then an extension of Λ̄T [ϕ] to [0, T ′], which allows us to define Λ̄ as the application that
satisfies Λ̄[ϕ](t) = Λ̄T [ϕ](t) for ϕ ∈ Cc(R+), t ∈ R+ and T > t. Inequality (5.6) implies that for T ≥ 0,
Λ̄[ϕR

i ] is uniformly bounded in W 1,∞
loc ([0, T ]) with a Lipschitz constant C̄eC̄T ‖ϕR

i ‖L∞(R+), which implies

that for ϕ ∈ Cc(R+), Λ̄[ϕ](·) is Lipschitz continuous with a Lipschitz constant C̄eC̄T ‖ϕ‖L∞(R+) on [0, T ].

In particular, for ϕ ∈ Cc(R+), Λ̄[ϕ](t) is well defined for t ≥ 0. Since ϕ ∈ Cc(R+) 7→ λTε [ϕ](t) is a linear
operator, the limit ϕ ∈ Cc(R+) 7→ λ̄[ϕ](t) is also linear, and it is continuous since (5.20) implies

∣

∣Λ̄[ϕ](t)− Λ̄[ϕ̃](t)
∣

∣ ≤ ‖ϕ− ϕ̃‖L∞(R+).

We may apply therefore apply the Riesz–Markov–Kakutani representation theorem to define nt ∈ M(R+)
as the unique Borel measure that satisfies

∀ϕ ∈ Cc(R+), Λ̄[ϕ](t) =

∫ +∞

0

ϕ(x) dnt(x).

Step 2: Properties of nt for a given t ∈ [0, T ]
Let ϕ ∈ Cc(R+) and η > 0. Since ϕ is compactly supported, there is R ∈ N such that supp ϕ ⊂ [0, R].

Thanks to the density of (ϕR
i )i in {ϕ ∈ Cc(R+); supp ϕ ⊂ [0, R]}, there is i ∈ N such that

‖ϕR
i − ϕ‖L∞(R+) ≤ η.
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We use this inequality and the fact that the support of ϕR
i is included in [0, R] to obtain, for k ∈ N,

∣

∣

∣

∣

∫ +∞

0

ϕ(x)nεk (t, x) dx−

∫ +∞

0

ϕ(x) dnt(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ R

0

ϕ(x)nεk (t, x) dx −

∫ R

0

ϕ(x) dnt(x)

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∫ R

0

ϕR
i (x)n

εk (t, x) dx −

∫ R

0

ϕR
i (x) dnt(x)

∣

∣

∣

∣

∣

+ ‖ϕR
i − ϕ‖L∞(R+)

(

∫ R

0

d|nt|(x) +

∫ R

0

nεk(t, x) dx

)

≤
∣

∣

∣
λεk [ϕ

R
i ](t)− Λ̄[ϕR

i ](t)
∣

∣

∣
+ η

(

∫ R

0

d|nt|(x) +

∫ R

0

nεk(t, x) dx

)

=
∣

∣

∣
λεk [ϕ

R
i ](t)− Λ⌈t⌉[ϕR

i ](t)
∣

∣

∣
+ η

(

∫ R

0

d|nt|(x) + C̄eC̄t

)

,

thanks to the estimate (5.5) on
∫ R

0 nε(t, x) dx. Then, (5.19) implies, for k ∈ N large enough,

∣

∣

∣

∣

∫ +∞

0

ϕ(x)nεk (t, x) dx−

∫ +∞

0

ϕ(x) dnt(x)

∣

∣

∣

∣

≤ η

(

1 +

∫ R

0

d|nt|(x) + C̄eC̄t

)

,

and since this holds for any η > 0, we have proven that, for any ϕ ∈ Cc(R+),

∫ +∞

0

ϕ(x)nεk (t, x) dx −−−−→
k→∞

∫ +∞

0

ϕ(x) dnt(x). (5.21)

Since nεk is non-negative, for any non-negative test function ϕ ∈ Cc(R+), (5.21) implies

∫ +∞

0

ϕ(x) dnt(x) ≥ 0.

This property, in turn, implies that nt is non-negative thanks to Proposition 5.5.

Let (ϕl)l ∈ Cc(R+)
N a non-decreasing sequence such that ϕl(x) −−−→

l→∞
1+x2 for x ∈ R+. For k, l ∈ N,

the inequality (5.5) on
∫ +∞

0

(

1 + x2
)

nεk(t, x) dx implies
∫ +∞

0
ϕl(x)n

εk(t, x) dx ≤ C̄eC̄t, and then, thanks

to the convergence (5.21), for l ∈ N,
∫ +∞

0
ϕl(x) dnt(x) dx ≤ C̄eC̄t. Since nt is non-negative and (ϕl)l is

non-decreasing, we may apply the monotone convergence theorem to show

∫ +∞

0

(

1 + x2
)

dnt(x) ≤ C̄eC̄t. (5.22)

Let ψ ∈W 1,∞(R+) and χ ∈ C(R+) such that χ(x) = 1 for x ≤ 1 and χ(x) = 0 for x ≥ 2, we estimate:

∫ +∞

0

ψ(x) d (nεk(t, ·) dx − nt) (x) =

∫ +∞

0

ψ(x)
[

χ(x/R) +
(

1− χ(x/R)
)]

d (nεk(t, ·) dx − nt) (x)

≤

∫ +∞

0

ψ(x)χ(x/R) d (nεk(t, ·) dx − nt) (x) +

∫ +∞

R

(

ψ(0) + ‖ψ′‖L∞(R+)x
)

d (nεk(t, ·) dx− nt) (x)

≤

∫ +∞

0

ψ(x)χ(x/R) d (nεk(t, ·) dx − nt) (x) +
C̄eC̄t

R

(

ψ(0) + ‖ψ′‖L∞(R+)

)

,

thanks to a Chebyshev’s inequality and the estimates (5.5) (resp. (5.22)) on the first and second moments
of nεk(t, ·) (resp. nt). The convergence (5.21) then implies

lim sup
k→∞

∫ +∞

0

ψ(x) d (nεk(t, ·) dx− nt) (x) ≤
C̄eC̄t

R

(

ψ(0) + ‖ψ′‖L∞(R+)

)

,

and since this holds for any R > 0, we have proven that for any ψ ∈ W 1,∞(R+), the following convergence
holds:

∫ +∞

0

ψ(x) d (nεk(t, ·) dx − nt) (x) −−−−→
k→∞

0. (5.23)
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This estimate and (5.22) implies in particular nt ∈ M2(R+) and (nεk(t, ·) dx) −−−−→
k→∞

nt for the weak

topology of measures.

Step 3: Identification - nt satisfies (5.16) for ϕ ∈ W 1,∞(R+) with compact support

Let ϕ ∈W 1,∞(R+) with compact support. Thanks to (5.4), we have, for any t ≥ 0 and k ∈ N,

∫ +∞

0

ϕ(x) dnt(x) −

∫ +∞

0

e
∫

t

0
h(s,x) dsϕ(x) dnini(x) −

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x) dσϕ(x) dgs(x) ds

−

∫ t

0

∫∫

R2
+

(
∫ +∞

0

e
∫

t

s
h(σ,x) dσϕ(x) d (KB[x1, x2]) (x)

)

dns(x1) dns(x2)
∫ +∞

0
dns(y)

ds

=

∫ +∞

0

ϕ(x) d (nt − nεk(t, ·) dx) (x) +

∫ +∞

0

e
∫

t

0
h(s,x) dsϕ(x) d

(

nini −
(

Γεk ∗ nini
)

1·≤1/εk dx
)

(x)

+

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x)dσϕ(x) d

(

gs −
(

(Γεk ∗ gs)1·≤1/εk

)

dx
)

(x) ds

+

∫ t

0

∫∫∫

R3
+

e
∫

t

s
h(σ,x) dσϕ(x)

d
(

KB[x1, x2]⊗ ns ⊗ ns − (K̃εk
B [x1, x2] dx)⊗ (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)

)

(x, x1, x2)
ds

∫ +∞

0
dns(y)

+

∫ t

0

∫∫

R2
+

(
∫ +∞

0

e
∫

t

s
h(σ,x) dσϕ(x)K̃εk

B [x1, x2](x) dx

)

(
∫ +∞

0

dns(y)−

∫ +∞

0

nεk(s, y) dy

)

dns(x1) dns(x2)
(

∫ +∞

0
nεk(s, y) dy

)(

∫ +∞

0
dns(y)

) ds

=: Iεk1 + Iεk2 +

∫ t

0

Iεk3 (s) ds+

∫ t

0

Iεk4 (s)
ds

∫ +∞

0 dns(y)
+

∫ t

0

Iεk5 (s) ds (5.24)

The term Iεk1 converges to 0 thanks to (5.23). The term Iεk2 converges to 0 thanks to (5.29), since

x 7→ e
∫

t

0
h(s,x) dsϕ(x) is a continuous function dominated by x 7→ C̄x. To estimate

∫ t

0 I
εk
3 (s) ds, we notice

that the limit (5.30) implies Iεk3 (s) −−−−→
k→∞

0 for s ∈ [0, T ], which we can combine to the domination:

|Iεk3 (s)| ≤ C̄eC̄(t−s) ‖ϕ‖L∞(R+)

∥

∥

∥

∥

s 7→

∫ +∞

0

dgs(x)

∥

∥

∥

∥

L∞([0,T ])

,

to apply the dominated convergence theorem and obtain
∫ t

0 I
εk
3 (s) ds −−−−→

k→∞
0.

To estimate
∫ t

0

∫ +∞

0 Iεk4 (s) ds
∫

+∞

0
dns(y)

, we introduce the cut-off function χ ∈ W 1,∞(R+, [0, 1]) such

that χ(x) = 1 for x ≤ 1 and χ(x) = 0 for x ≥ 2. We use the following decomposition of Iεk4 (s):

Iεk4 (s) =

∫∫∫

R3
+

e
∫

t

s
h(σ,x) dσϕ(x)χ (|(x1, x2)‖R2/ρ)

d
(

KB[x1, x2]⊗ ns ⊗ ns − (K̃εk
B [x1, x2] dx)⊗ (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)

)

(x, x1, x2)

+

∫∫∫

R3
+

e
∫

t

s
h(σ,x)dσϕ(x) (1− χ (‖(x1, x2)‖R2/ρ))

d
(

KB[x1, x2]⊗ ns ⊗ ns − (K̃εk
B [x1, x2] dx)⊗ (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)

)

(x, x1, x2)

=: Iεk4,1(s) + Iεk4,2(s),

with ρ > 0. Then, (x1, x2) 7→ χ (‖(x1, x2)‖R2/ρ) is supported in {(x1, x2) ∈ R
2
+; ‖(x1, x2)‖R2 ≤ ρ},

and for (x1, x2) in this set, the measure KB[x1, x2] is supported in [0, 2ρ]. It implies that (x, x1, x2) 7→

e
∫

t

s
h(σ,x) dσϕ(x)χ (|(x1, x2)‖R2/ρ) is a compactly supported continuous function. Thanks to (5.21), for
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s ≥ 0, nεk(s, ·) dx converges to ns for the weak topology of measures over R+ when k → ∞. Thanks to its
definition (5.3), K̃εk

B [x1, x2] dx converges to KB[x1, x2] for the weak topology of measures over R+ when

k → ∞. Theorem 2.8 in [6] then implies the convergence of (K̃εk
B [x1, x2] dx)⊗(nεk (s, ·) dx)⊗(nεk(s, ·) dx)

to KB[x1, x2]⊗ ns ⊗ ns for the weak topology of measures over R3
+ when k → ∞. Then, for s ∈ [0, t],

Iεk4,1(s) −−−−→
k→∞

0.

We combine this limit result to the following domination:

|Iεk4,1(s)| ≤
∥

∥

∥
(x, x1, x2) 7→ e

∫

t

s
h(σ,x)dσϕ(x)χ (|(x1, x2)‖R2/ρ)

∥

∥

∥

L∞(R+)
∫∫

R2
+

d
(

KB[x1, x2]⊗ ns ⊗ ns + (K̃εk
B [x1, x2] dx)⊗ (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)

)

(x, x1, x2)

≤ C̄eC̄t‖ϕ‖L∞(R+),

and the dominated convergence theorem implies

∫ t

0

Iεk4,1(s)
ds

∫ +∞

0 dns(y)
−−−−→
k→∞

0. (5.25)

To estimate
∫ t

0 I
εk
4,2(s)

ds
∫+∞

0
dns(y)

, we notice that

∣

∣

∣

∣

d

dx

(

e
∫

t

s
h(σ,·)dσϕ

)

(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

e
∫

t

s
h(σ,x) dσϕ′(x) + e

∫

t

s
h(σ,x)dσϕ(x)

∫ t

s

∂xh(σ, x) dσ

∣

∣

∣

∣

≤ C̄eC̄t‖ϕ′‖L∞(R+) + C̄eC̄t
(

|ϕ(0)|+ x‖ϕ′‖L∞(R+)

)

t‖∂xh‖L∞(R2
+)

≤ C̄ϕe
C̄t(1 + t)(1 + x), (5.26)

where C̄ϕ > 0 designates a constant that may depend on ϕ ∈W 1,∞(R+). This estimate and Remark 3.4
imply:

Iεk4,2(s) ≤

∫∫

R2
+

(
∫ +∞

0

C̄ϕe
C̄t(1 + t)(1 + x) d(K̃εk

B [x1, x2] dx+KB[x1, x2])(x)

)

(1− χ (‖(x1, x2)‖R2/ρ))

d (ns ⊗ ns + (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)) (x1, x2)

≤ C̄ϕe
C̄t

∫∫

R2
+

(1 + x1 + x2)(1x1≥ρ + 1x2≥ρ) d (ns ⊗ ns + (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)) (x1, x2)

≤
C̄ϕ

ρ
eC̄t

∫∫

R2
+

(1 + x21 + x22) d (ns ⊗ ns + (nεk(s, ·) dx) ⊗ (nεk(s, ·) dx)) (x1, x2)

≤
C̄ϕe

C̄t

ρ
,

thanks to a Chebyshev’s inequality and estimates (5.5), (5.22) on the second moments of ns, n
εk(s, ·).

Then,

lim sup
k→∞

∫ t

0

Iεk4,2(s)
ds

∫ +∞

0
dns(y)

≤
C̄ϕe

C̄t

ρ
.

Combining this estimate, that holds for any ρ > 0, and estimate (5.25), we obtain

∫ t

0

Iεk4 (s)
ds

∫ +∞

0
dns(y)

−−−−→
k→∞

0. (5.27)

To estimate Iεk5 , we observe that (5.23) implies

(
∫ +∞

0

nεk(s, y) dy −

∫ +∞

0

dns(y)

)

−−−−→
k→∞

0,
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while
∣

∣

∣

∫ +∞

0
e
∫

t

s
h(σ,x)dσϕ(x)K̃εk

B [x1, x2](x) dx
∣

∣

∣
≤ C̄eC̄(t−s) ‖ϕ‖L∞(R+), that provides the following domi-

nation of Iεk5 (s):

|Iεk5 (s)| ≤ C̄eC̄(t−s) ‖ϕ‖L∞(R+) ,

thanks to (5.5) and (5.22). The dominated convergence theorem therefore implies
∫ t

0
Iεk5 (s) ds −−−−→

k→∞
0.

Thanks to the estimates we have made on the terms on the right hand side of (5.24), a limit k → ∞
proves (5.16) for ϕ ∈W 1,∞(R+) with a compact support.

Step 4: Proof that nt satisfies (5.16) for general ϕ and uniqueness of mild solutions

Let now ϕ ∈ C0(R+) satisfying |ϕ(x)| ≤ C(1 + x2), and t ≥ 0. We define the following sequence of
functions:

ϕl(x) = (ψ ∗ Γ1/l)(x)χ(x/l),

where Γ1/l is defined by (5.3) and χ ∈ W 1,∞(R+) satisfies χ(x) = 1 for x ≤ 1 and χ(x) = 0 for x ≥ 2.
Then, ϕl ∈ W 1,∞(R+) for l ∈ N and we have ϕl(x) −−−→

l→∞
ϕ(x) for x ∈ R+. (5.16) is then satisfied for

ϕ := ϕl, and we now show that we can pass to the limit l → ∞ in each term of the equation to prove
that (5.16) holds with ϕ := ψ. To do so, we use the dominated convergence Theorem. We notice that
we have the uniform bound |ϕl(x)| ≤ C(1 + x2), and x 7→ C(1 + x2) belongs to the set of integrable

functions on R+ for the measure nt (thanks to (5.22)), as well as for the measure e
∫

t

0
h(σ,·) dσnini, and

then, thanks to the dominated convergence theorem,

∫ +∞

0

ϕl(x) dnt(x) −−−→
l→∞

∫ +∞

0

ϕ(x) dnt(x),

∫ +∞

0

e
∫

t

0
h(s,x) dsϕl(x) dn

ini(x) −−−→
l→∞

∫ +∞

0

e
∫

t

0
h(s,x) dsϕ(x) dnini(x).

We can also notice that (t, x) 7→ C(1 + x2) belongs to the set of integrable functions on [0, t] × R+ for

the measure e
∫

t

s
h(σ,·)dσϕ(·) dgs dt, and then

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x)dσϕl(x) dgs(x) ds −−−→

l→∞

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x)dσϕ(x) dgs(x) ds

And (t, x) 7→ C(1 + x2) also belongs to the set of integrable functions on [0, t] × R+ for the measure
e
∫ t
s h(σ,·) dσ

∫

+∞

0
dns(y)

TB[ns, ns] ds, thanks to (5.22) and (3.13). Then,

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x)dσ

∫ +∞

0
dns(y)

ϕl(x) d (TB[ns, ns]) (x) ds −−−→
l→∞

∫ t

0

∫ +∞

0

e
∫

t

s
h(σ,x)dσ

∫ +∞

0
dns(y)

ϕ(x) d (TB[ns, ns]) (x) ds,

and the equality (5.16) then holds for any ϕ ∈ C0(R+) such that ϕ(x)| ≤ C(1 + x2) for x ∈ R+.

To prove the uniqueness of mild solutions, we reproduce the calculation (5.15): for ψ ∈ L∞(R+) ∩

Cc(R+) with ‖ψ‖L∞(R+) ≤ 1, if n, m satisfying (5.16) for any ϕ ∈ Cc(R+) and
∫ t

0
dnt ≤ C̄eC̄t,

∫ t

0
dmt ≤
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C̄eC̄t for some C̄ > 0 and t ≥ 0, then

∫ +∞

0

ψ(x) dnt(x) −

∫ +∞

0

ψ(x) dmt(x)

≤

∫ t

0

e
∫

t

s
h(σ,x) dx

[
∫∫

R2
+

(
∫ +∞

0

ψ(x) dKB [x1, x2](x)

)

dns(x1) dns(x2)
∫ +∞

0 dns(y)

]

ds

−

∫ t

0

e
∫

t

s
h(σ,x)dx

[
∫∫

R2
+

(
∫ +∞

0

ψ(x) dKB [x1, x2](x)

)

dms(x1) dms(x2)
∫ +∞

0 dms(y)

]

ds

≤

∫ t

0

e
∫

t

s
h(σ,x) dx

{

∫∫

R2
+

(
∫ +∞

0

ψ(x) dKB [x1, x2](x)

)

d(ns −ms)(x1) dns(x2)
∫ +∞

0
dns(y)

+

∫∫

R2
+

(
∫ +∞

0

ψ(x) dKB [x1, x2](x)

)(
∫ +∞

0

d(ms − ns)(y)

)

dns(x1)
∫ +∞

0 dns(y)

dms(x2)
∫ +∞

0 dms(y)

]

ds

+

∫∫

R2
+

(
∫ +∞

0

ψ(x) dKB [x1, x2](x)

)

dms(x1) d(ns −ms)(x2)
∫ +∞

0 dms(y)

}

ds

≤ 3

∫ t

0

(

eC̄(t−s) sup
‖ϕ‖L∞(R+)≤1

∫ +∞

0

ϕ(y) d(ns −ms)(y)

)

ds. (5.28)

Then, denoting

Y (s) := sup
‖ϕ‖L∞(R+)≤1

∫ +∞

0

ϕ(x) d (ns −ms) (x),

we can consider the supremum of (5.28) over ψ ∈ Cc(R+) with ‖ψ‖L∞(R+) ≤ 1. Thanks to Lusin’s
theorem (see Section 2.24 of [32]), this supremum is equal to Y (t), and then

Y (t) ≤

∫ t

0

CeCses−tY (s) ds.

A Gronwall estimate then shows Y ≡ 0, that is n = m, hence the uniqueness of mild solutions.

Appendix

Proposition 5.5. Let ν a Borel measure on R+. Assume that for any non-negative function ϕ ∈ Cc(R+),
we have

∫ +∞

0

ϕ(x) dν(x) ≥ 0,

then ν is non-negative, that is ν(A) ≥ 0 for any Borel set A.

Proof of Proposition 5.5. Assume first that A is a bounded set: A ⊂ [0, R] for some R ≥ 0. Let
ϕ := 1A ∈ L∞(R+). We use Lusin’s theorem (see Section 2.24 of [35]): Since ν|[0,R+1) is a Borel measure

on [0, R+ 1), there is a sequence (ϕl)l ∈ (Cc([0, R + 1)))N with 0 ≤ ϕl ≤ 1 (a minor modification of the
corollary from Section 2.24 of [35] is necessary: in that reference, ϕl satisfies ‖ϕl‖L∞ ≤ ‖ϕ‖L∞, for this
adaptation, one should consider ϕ̃ := ϕ − 1/2) such that ϕ(x) = liml→∞ ϕl(x) almost everywhere for
ν|[0,R+1), and then, for l ∈ N,

∫ +∞

0

ϕ(x) dν(x) ≥ −

∣

∣

∣

∣

∫ +∞

0

(ϕ(x) − ϕl(x)) dν(x)

∣

∣

∣

∣

+

∫ +∞

0

ϕl(x) dν(x)

≥ −

∣

∣

∣

∣

∣

∫ R

0

(ϕ(x) − ϕl(x)) dν(x)

∣

∣

∣

∣

∣

,

Thanks to the definition of ϕl, we have ϕ(x) = liml→∞ ν(x) almost everywhere for ν|[0,R+1), and we have

the domination |ϕ(x) − ϕl(x)| ≤ 2 with
∫ R

0 2 d|ν|(x) < ∞, so that the dominated convergence theorem
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can be used to show
∫ R

0
(ϕ(x) − ϕl(x)) dν(x) → 0 as l → ∞. This proves ν(A) =

∫ +∞

0
ϕ(x) dν(x) ≥

0.

In the next lemma, we derive some estimates on the initial condition, source term and regularized
transfer kernels of the truncated model (5.4) that are used in Section 5.2:

Lemma 5.6. Let B ∈ P([0, 1]), g ∈ L∞(R+,M2(R+)), h ∈ C0(R2
+,R) satisfying (5.2), nini ∈ M2(R+),

KB defined as in (3.6). Let ψ ∈ C(R+,R) satisfying |ψ(x)| ≤ C̄x for a constant C̄ = C̄(nini, B, C̄A, h̄A) >
0 and any x ∈ R+. Then, for t ≥ 0,

∫ +∞

0

ψ(x) d
(((

Γε ∗ n
ini
)

1·≤1/ε

)

dx− nini
)

(x) −−−→
ε→0

0. (5.29)

∫ +∞

0

ψ(x) d

(

(

(Γε ∗ gt)1·≤1/ε

)

dx− gt

)

(x) −−−→
ε→0

0. (5.30)

Proof of Lemma 5.6.
∣

∣

∣

∣

∫ +∞

0

ψ(x) d
(((

Γε ∗ n
ini
)

1·≤1/ε

)

dx − nini
)

(x)

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ +∞

0

ψ(x) d
((

Γε ∗ n
ini
)

dx− nini
)

(x)

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ +∞

1/ε

ψ(x)
(

Γε ∗ n
ini
)

(x) dx

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ +∞

0

(
∫ +∞

0

(ψ(y)− ψ(x)) Γε(x− y) dy

)

dnini(x)

∣

∣

∣

∣

+ C̄

∫ +∞

1/ε

(1 + x2) dnini(x). (5.31)

Since nini ∈ M2(R+), we have
∫ +∞

0 (1 + x2) dnini(x) < ∞, which implies
∫ +∞

1/ε (1 + x2) dnini(x)
ε→0
−−−→ 0.

Moreover,
∣

∣

∣

∣

∫ +∞

0

(ψ(y)− ψ(x)) Γε(x − y) dy

∣

∣

∣

∣

≤ 2‖ψ′‖L∞(R+)

∫ +∞

0

yΓε(y) dy,

and the right hand side of that inequality defines a function in L1(nini). This domination and the

convergence
∫ +∞

0 (ψ(y)− ψ(x)) Γε(x− y) dy −−−→
ε→0

0 allow us to use the dominated convergence theorem

to show
∫ +∞

0

(
∫ +∞

0

(ψ(y)− ψ(x)) Γε(x− y) dy

)

dnini(x) −−−→
ε→0

0,

and (5.29) is proven. This argument can be repeated to show (5.30).
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