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Abstract

Gyrokinetic codes are used to simulate transport in tokamak plasmas. In theses codes, the distribution
functions evolve simultaneously with an electromagnetic field. To compute the temporal evolution of the
electrostatic potential, a quasi-neutrality equation is solved. In some gyrokinetic codes, the quasi-neutrality
solver assumes that the background densities and temperatures are constant in time and functions of the
flux surfaces. This assumption, which implicitly uses the so-called δF approach can break up for instance
when simulating the edge of the plasma which can display large and time evolving poloidal asymmetries.
In this paper, a numerical solver of the quasi-neutrality equation compatible with time evolving poloidal
asymmetries is presented. This solver is compatible with all electron models (adiabatic, kinetic or hybrid)
and written for the long wavelength or the Padé approximations for the polarisation term. The impact of
taking into account time evolving poloidal asymmetries of the densities is carefully reported on different
type of simulations, illustrating when the δF approach for quasi-neutrality is valid and when it fails. A
procedure to limit the numerical cost of the updating the background profiles in the quasi-neutrality solver
is also presented.

1 Introduction

Tokamak plasmas are subject to turbulent transport. The best approach to simulate this turbulence is to use
gyrokinetic codes [11], that solve the temporal evolution of distribution functions for the species of the plasma.
These distribution functions evolve self-consistently with the electric potential (and the potential vector for
electromagnetic simulations). To compute the electric potential, one needs to solve the quasi-neutrality equation
which corresponds to the limit of the Poisson equation when considering space scales larger than the Debye
length.

The polarisation term, which corresponds to the difference between the particle and gyrocenter densities,
is almost always computed assuming the distribution function is close to a Maxwellian distribution function,
i.e. Fs = FMs + δFs where FMs corresponds to a Maxwellian distribution. In δF gyrokinetic codes, this
Maxwellian background is supposed to be fixed in time and the associated density and temperature are flux
surface functions. This is a consistent choice as this background is not evolved at all in the code. On the other
hand, this assumption is a priori false in a full-F code which evolves the full distribution function. Despite
this fact, this hypothesis is sometime made even in full-F codes because of the numerical cost to update the
coefficients of the quasi-neutrality solver. This assumption of a constant polarization coefficient is quite good for
core simulations as long as the total simulation time is short compared with the energy and particle confinement
time. It explains why this assumption is often found in gyrokinetic codes that are used to study such plasmas,
like GKNET [26, 18], GT5D, and up to recently with GYSELA [12] and ORB5 [21]. On the other hand,
large poloidal asymmetries have been observed experimentally [29] and numerically [4, 5] in the edge. This is a
consequence of the poloidally localized plasma/wall interaction, which is independent on the exact configuration
(limiter or divertor). It is therefore necessary for the code to be able to handle large poloidal asymmetries of
the background distribution function when the simulation domain includes the Scrape-Off Layer (SOL). This
is for instance the case for XGC that uses an adaptive background scheme [15] or for GENE-X [23] (private

1



communication). ORB5 has recently be upgraded to update the polarization density [25] but assuming this
density is a flux function.

In this paper, we report the new capacity of the GYSELA code [12] to treat time evolving poloidal asymme-
tries in its quasi-neutrality equation. This background distribution function is still assumed to be axisymmetric
to lighten the numerical cost of the quasi-neutrality solver. This assumption is valid as long as the equilibrium
magnetic field is axisymmetric but might fail for instance in presence of ripple, resonant magnetic perturbations
or for stellarator configurations.

The outline of this paper is as follows. In section 2, different quasi-neutrality models implemented in
GYSELA are presented. They depend on the chosen electron response (adiabatic, hybrid or kinetic), the
approximation of the polarisation density (Long wavelength or Padé approximation) as well as the presence or
not of a limiter. Section 3, describes how the quasi-neutrality equation is numerically solved in GYSELA, with
a particular focus on how to treat the adiabatic electron response. In section 4, the quasi-neutrality solver is
tested by looking at the dynamic of geodesic acoustic modes. Then the impact of updating the coefficients of
the quasi-neutrality is shown on different typical simulations, highlighting the necessity to take into account
poloidal asymmetries when the SOL is simulated with a kinetic electron response.

2 Models for the quasi-neutrality equation

The gyrokinetic Poisson equation reads [3, 11]:

−∇∇∇2ϕ =
1

ϵ0

∑
s

esns =
1

ϵ0

∑
s

es (n̄s + npol,s) (1)

where ϕ is the electric potential, es the charge of the species s. We split the particle density ns of species s into
the polarisation density npol,s and the gyrocenter density n̄s defined as

n̄s (x, t) =

∫ ∞

0

dµ

∫ ∞

−∞
dv∥Jv,sf̄s

(
x, v∥, µ, t

)
(2)

where f̄s is the gyrocenter distribution function of species s and Jv,s = 2π
B⋆

∥,s
ms

is the velocity Jacobian with
B⋆

∥,s = B + ms

es
v∥b · (∇∇∇× b) which corresponds to the volume element in the guiding-center velocity space.

When considering space scales larger than the Debye length, deviations to the quasi-neutrality are screened
by the plasma. Hence, the gyrokinetic Poisson equation reduces to the quasi-neutrality equation in this limit

−
∑
s

esnpol,s =
∑
s

esn̄s (3)

In the rest of this paper, we consider that the initial distribution functions are such that the polarisation
densities are equal to zero, i.e.

∑
s esn̄s (t = 0) = 0 and ϕ (t = 0) = 0. Therefore, one has

−
∑
s

esδnpol,s =
∑
s

esδn̄s (4)

where the sign δ is used for deviations with respect to the initial state.

2.1 Treatment of the polarisation term

The polarisation term reads at leading order [8]

npol,s (x, t) =

∫
JZdZδ (X + ρs − x)

es
B (x)

ϕ̃ (X, µ, t)
∂f̄s
∂µ

(
X, v∥, µ, t

)
(5)

where Z represents the 6D phase space, JZ is the associated Jacobian, X is the guiding-center position, ρs the
Larmor radius, B is the background magnetic field supposed constant in time in all this paper, and ϕ̃ = ϕ−⟨ϕ⟩c
with ⟨ϕ⟩c being the gyro-averaged electrostatic potential. Note that compared to [8], the time evolution of the
distribution function is kept to be consistent with a full-f approach.

There are two approximate versions of the polarization term in the limit where the Larmor radius is small
compared to the typical scale of evolution of the density, i.e. k⊥ρs ≪ 1. The simplest one, often referred to as
the Long Wavelength Approximation reads

esδn
LWA
pol,s (X, t) =∇∇∇⊥ · (αs∇∇∇⊥ϕ) (6)
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with

αs =
ms⟨n̄s⟩φ
⟨B⟩2φ

(7)

Two important remarks need to be raised at this point. On the one hand, the polarization term is proportional
to the mass of the species considered. For this reason, the polarization term is neglected for electrons. The
second remark is that only the axisymmetric components of the gyrocenter density and of the magnetic field are
kept in the expression of αs. Therefore, αs is a 2D function and not a 3D function. This is a key approximation
to reduce the numerical cost of the quasi-neutrality solver. Of course this approximation breaks down if the
magnetic field is not axisymmetric or if large toroidal variations of the density exist.

A better approximate version of the polarization term is called the Padé approximation and reads

esδn
Pade
pol,s (X, t) =

[
1−∇∇∇⊥ · ρ2s∇∇∇⊥·

]−1
[∇∇∇⊥ · (αs∇∇∇⊥ϕ)] (8)

The numerical evaluation of the Padé approximation of the polarization term is not straightforward, so to
treat numerically this problem, we multiply the quasi-neutrality equation eq. (4) by

∏
i

[
1−∇∇∇⊥ · ρ2i∇∇∇⊥·

]
as

done in [19]. Note that i is referring only to ions as the Larmor radius of electrons is neglected.

−
∑
i

∏
j ̸=i

[
1−∇∇∇⊥ · ρ2j∇∇∇⊥·

]
[∇∇∇⊥ · (αi∇∇∇⊥ϕ)] =

∏
i

[
1−∇∇∇⊥ · ρ2i∇∇∇⊥·

](∑
s

esδn̄s

)
(9)

where i and j are referring to ion species. If we now remember that we work in the limit k⊥ρi ≪ 1, we have by
keeping only the correction terms up to the second order:

−∇∇∇⊥ · (α∇∇∇⊥ϕ) = [1−∇∇∇⊥ · κ∇∇∇⊥·]

(∑
s

esδn̄s

)
= P

(∑
s

esδn̄s

)
(10)

where α =
∑

i αi, κ =
∑

i ρ
2
i =

∑
i
mi⟨Ti⟩φ
e2i ⟨B⟩2φ

and we call P the Padé operator P = [1−∇∇∇⊥ · κ∇∇∇⊥·].
Let us note that higher order, non-linear terms exist in the polarization term. Their impact have been

assessed in the Long Wavelength approximation for the case of Ion Temperature Gradient (ITG) turbulence
[17]. The corrections being really small, these non-linear terms are neglected in this work.

2.2 Different electron models

Three electron models are considered in this work: the adiabatic electron (AE), the fully kinetic electron (FKE)
and the hybrid kinetic electron (HKE) models.

The AE model assumes that electrons are always at equilibrium with electrostatic potential fluctuations,
hence there is no need to compute the evolution of the electron distribution function, limiting the numerical
cost. The quasi-neutrality equation with AE reads:

−∇∇∇⊥ ·
(
α∇∇∇⊥ϕ

AE
)
+ P

[
βAE

(
ϕAE − ⟨ϕAE⟩FS

)]
= P

(∑
i

eiδn̄i

)
(11)

with βAE = e2
⟨ n̄e ⟩FS

⟨ Te ⟩FS
. Another advantage of the AE model is that it allows to take quite large time steps,

reducing furthermore the numerical cost of simulations with the AE model. But the AE model discards all the
kinetic physics associated with electrons, limiting its validity domain.

The FKE model does not make approximations on the electron response and is the simplest one when
considering the quasi-neutrality problem. Indeed for the FKE model, the quasi-neutrality equation reads

−∇∇∇⊥ ·
(
α∇∇∇⊥ϕ

FKE
)
= P

(∑
i

eiδn̄i − eδn̄e

)
(12)

A drawback of the FKE model is that it often requires a small time step and the inclusion of electromagnetic
effects, to avoid the so-called ωH mode which is a high frequency mode corresponding to the electrostatic limit
of the kinetic Alfven wave. For these reasons FKE simulations are the most expensive numerically.

To limit the numerical cost of simulations while keeping a part of the electron physics, especially to include
the trapped electron modes instability, a third model considering only trapped electrons to have a kinetic
response while passing electrons have an adiabatic response (for non axisymmetric modes). Two propositions
were done for the treatment of axisymmetric modes. In the historical one [16], all axisymmetric modes are
computed using the FKE model, but only the flux surface average ⟨ϕFKE⟩FS is kept in the end, so that
ϕHKE
old = ϕTKE

n ̸=0 + ⟨ϕFKE⟩FS , where ϕTKE is computed by assuming passing electrons as adiabatic. This allows
to ensure ambipolarity and conservation of toroidal momentum. But the dynamics of Geodesic Acoustic Modes
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(GAMs) is significantly affected by this model. This model has been upgraded in [20] to improve the GAM
dynamic by keeping also the contribution of the modes m ̸= 0, n = 0 which are computed assuming an adiabatic
response for passing electrons, hence ϕHKE

new = ϕTKE − ⟨ϕTKE⟩FS + ⟨ϕFKE⟩FS . In GYSELA, we use this
improved HKE model.

The HKE algorithm is done in three steps. The first step is to solve the FKE potential via eq. (12) and then
compute its flux surface average which is put on the right and side of eq. (13), corresponding to the case where
the passing electrons are treated adiabatically while trapped electrons are treated kinetically

−∇∇∇⊥ ·
(
α∇∇∇⊥ϕ

TKE
)
+ P

(
βTKEϕTKE

)
= P

(∑
i

eiδn̄i − eδn̄e,trap. + βTKE⟨ϕFKE⟩FS

)
(13)

with βTKE = e2
⟨ n̄e,pas. ⟩FS

⟨ Te ⟩FS
where n̄e,pas. (respectively n̄e,trap.) is the density of passing (respectively trapped)

electrons.
Once eq. (13) solved, the final step for the HKE model consists in replacing the flux surface average of this

equation by the one computed by the FKE model.

ϕHKE = ϕTKE − ⟨ϕTKE⟩FS + ⟨ϕFKE⟩FS (14)

Note that by injecting eq. (12) in eq. (13), and defining δϕ = ϕTKE − ϕFKE on gets

−∇∇∇⊥ · (α∇∇∇⊥δϕ) + P
(
βTKEδϕ

)
= P

[
eδn̄e,pas. − βTKE

(
ϕFKE − ⟨ϕFKE⟩FS

)]
= P

(
eδn̄res.

e,pas.

)
(15)

The interpretation of eq. (15) is that the difference between ϕTKE and ϕFKE comes from the non adiabatic
response of passing electrons, denoted n̄res.

e,pas., as expected.

2.3 Impact of the magnetic geometry

While the general expression of the quasi-neutrality equation is unchanged when passing from a circular geometry
to an arbitrary geometry, the differential operators are modified. In this work, we assimilate the parallel direction
with the toroidal direction, i.e. e∥ = eφ. With this assumption, the differential operators read

∇∇∇⊥ϕ =
∂ϕ

∂xj
gjkek =

(
∂ϕ

∂r
grr +

∂ϕ

∂θ
gθr
)
er +

(
∂ϕ

∂r
grθ +

∂ϕ

∂θ
gθθ
)
eθ (16)

and

∇∇∇ ·X⊥ =
1√

|det gab|
∂

∂xj

(√
|J |Xj

)
=

1√
|J |

∂

∂r

(√
|J |Xr

)
+

1√
|J |

∂

∂θ

(√
|J |Xθ

)
(17)

where g is the metric tensor for the coordinates of the poloidal cross-section and J the associated Jacobian.
Using these expressions, it can be shown that:

∇∇∇⊥ · (F∇∇∇⊥G) = grr
∂F

∂r

∂G

∂r
+ grθ

(
∂F

∂r

∂G

∂θ
+

∂F

∂θ

∂G

∂r

)
+ gθθ

∂F

∂θ

∂G

∂θ

+
F√
|J |

(
∂gθθ
∂r

∂G

∂r
− ∂grθ

∂r

∂G

∂θ
− ∂grθ

∂θ

∂G

∂r
+

∂grr
∂θ

∂G

∂θ

)
+F

(
grr

∂2G

∂r2
+ 2grθ

∂2G

∂r∂θ
+ gθθ

∂2G

∂θ2

)
(18)

2.4 Modification of the quasi-neutrality in presence of a limiter

In presence of a limiter, the AE quasi-neutrality equation is modified to take into account the fact that in the
scrape-off layer, the potential should scale as ϕ = ΛTe where Λ is defined as

Λ = −1

2
ln

[
2π

me

mi

(
1 +

Ti

Te

)]
(19)

The modified AE equation has been presented in [7]. It reads:

−∇∇∇⊥ ·
(
α∇∇∇⊥ϕ

AE
)
+ P

[
βAE

(
ϕAE −

(
1−MSOL

)
⟨ϕAE⟩FS

)]
=

P

(∑
i

eiδn̄i + βAE
[
Λ
(
MSOL −Mmat

) (
⟨ Te ⟩FS − T b.c.

e

)
+
(
Mmat −Mwall

)
ϕbias

])
(20)
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The different masks for a circular cross-section are represented in Fig.1. Here T b.c.
e refers to the electron

temperature at the outer boundary of the simulation domain. ϕbias is added to be able to model a biased
limiter.

When the electron distribution function is solved in the scrape-off layer, one needs to use the FKE model.
Indeed, it has been realized that only the full kinetic electron model allows to fulfill the parallel force balance
in the scrape-off layer (see section 5.6.1 of [24]). For this reason, for the HKE model in presence of a limiter,
one needs to modify the computation of ϕTKE , i.e. eq.(13) which becomes

−∇∇∇⊥ ·
(
α∇∇∇⊥ϕ

TKE
)
+ P

[(
1−MSOL

)
βTKEϕTKE

]
= P

(∑
i

eiδn̄i

)
− eP

[(
1−MSOL

)
δn̄e,trap. +MSOLδn̄e

]
+ P

[(
1−MSOL

)
βTKE⟨ϕFKE⟩FS

]
(21)

Note that with this model, the presence of the limiter is not taken into account in the quasi-neutrality
equation. This modified HKE model allows to run simulations with a simplified limiter which uses a Krook
term to penalize both ion and electron distribution functions (see section 4.2). One might need to change this
equation with ’sheath’ type boundary conditions. This is left for a future work.

Figure 1: Representation of the different masks present in the code.

3 Numerical resolution of the quasi-neutrality equation

For its main computation, the spline-based solver uses a linear algebra library implemented in Selalib [2] which
can solve 2D equations equations of the form

−∇⊥ · (F1 (r, θ)∇⊥ϕ)−∇⊥ · (V (r, θ)ϕ) + F2 (r, θ)ϕ = RHS (r, θ) (22)

where the Fi are smooth scalar fields and V is a vector field on the poloidal plane. The solver assumes ϕ = 0
on the edge of the domain. The differential operator described in the section 2.3 is used.

The linear solver uses a finite element-like approach to solve the equation in a weak form using a conjugate
gradient method. To optimize the numerical efficiency, the solution of the previous time step is used as a initial
guess for the current time step. An important remark is that the solver assumes that the domain on which the
solver is applied includes the pole (r = 0). For more details on this solver, see [2].

In GYSELA, eq.(22) is solved independently for each poloidal cross section as fluctuations of the gyrocenter
densities used in the RHS of the QN equation are a priori 3D functions. On the other hand, we use toroidally
averaged densities and temperatures for computing α, β and κ on the left hand side of the QN equation,
assuming that fluid moments can be separated between a large axisymmetric component and small fluctuations,
i.e.

X̄ (r, θ, φ) = ⟨X̄⟩φ (r, θ) + δX̄ (r, θ, φ) (23)
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with ∥δX̄∥ ≪ ∥⟨X̄⟩φ∥. This scale separation allows to lighten the memory footprint of the quasi-neutrality
solver as the matrix system to be solved, using only toroidally averaged quantities, is constructed and stored
only once instead of Nφ times, where Nφ is the number of grid points in the toroidal direction.

3.1 Time evolution of the parameters of the QN equation

The scale separation described by Eq.(23) also allows a time scale separation. Indeed if we define τ−1 =
∂ ln ∥⟨X̄⟩φ∥/∂t, then τ represents the typical evolution time for the evolution of the profiles. This is typically a
transport time scale which is way larger than the time step used in gyrokinetic codes ∆t ≪ τ . This time scale
separation allows to compute the matrix system to be solved in the QN equation not at each time step but
instead every Nupdate time steps, reducing dramatically the numerical cost as the construction of the matrix
system is quite expensive. One has to make sure that Nupdate ≪ τ

∆t . In practice, for the case described for
instance in section 4.2.1, the difference between not updating the coefficients, and updating every ten time
steps results in a modest 10% increase of the numerical cost of solving the quasi-neutrality. As the solving
quasi-neutrality itself represents only a fraction of the overall cost of the simulation, the cost of updating the
coefficient is low.

3.2 Treatment of the zonal mode in the adiabatic electron model

For the FKE model eq.(12), the spline solver eq.(22) can directly be used to compute the electric potential
without difficulty. For the HKE model, the flux surface average of the potential needs to be computed to get
the adiabatic response of passing electrons. Fortunately, the zonal mode is obtained via the FKE model eq.(12)
so that when computing the ϕTKE in eq.(13) (or eq.(21) in presence of a limiter), the flux surface average
appears in the RHS of the equation and is already computed. So the procedure proposed in section 2.2 allows
to use directly the spline solver eq.(22).

The AE model eq.(11) (or eq.(20) in presence of a limiter) is more difficult to treat with the spline solver
as the flux surface average appears on the LHS of the equation. To compute the electric potential within this
model, a fixed-point method is therefore proposed. There is no proof of convergence of this method in the
general case, but a proof can be derived in the specific case of a circular cross section, in the large aspect ratio
limit and with constant coefficients α and β. In the rest of this subsection, the fix point method algorithm is
presented for the long wavelength approximation first and then generalised for the Padé version.

3.2.1 Fixed-point method in the long wavelength approximation

The quasi-neutrality equation in presence of adiabatic electrons contains an extra term compared with the
Selalib solver eq. (22). To circumvent this issue while also making use of the linear solver, a fixed-point scheme

combining two equations is used to compute the toroidal average of the potential ϕ̂ =
∫
ϕAEdφ from which the

flux surface averaged potential
〈
ϕAE

〉
FS

=
〈
ϕ̂
〉
FS

is computed and moved to the RHS of eq.(11) (or eq.(20)

in presence of a limiter). The equation for ϕ̂ is obtained by computing the toroidal average of eq. (20)

−∇∇∇⊥ ·
(
α∇∇∇⊥ϕ̂

)
+
[
βAE

(
ϕ̂−

(
1−MSOL

)
⟨ϕ̂⟩FS

)]
= ρ̄ (24)

where
ρ̄ =

∑
i

ei⟨δn̄i⟩φ + βAE
[
Λ
(
MSOL −Mmat

) (
⟨ Te ⟩FS − T b.c.

e

)
+
(
Mmat −Mwall

)
ϕbias

]
(25)

The two equations that are solved for the fixed-point method are

−∇⊥ ·
(
α∇⊥ϕ̂

n+1
)
+ βAEMSOLϕ̂n+1 = ρ̄− βAE

(
ϕ̂n −

(
1−MSOL

) 〈
ϕ̂n
〉
FS

)
(26)

which is efficient at converging low radial modes, and

−∇⊥ ·
(
α∇⊥ϕ̂

n+1
)
+ βAEϕ̂n+1 = ρ̄+ βAE

(
1−MSOL

) 〈
ϕ̂n
〉
FS

(27)

which is efficient for high ones.
The Selalib solver can be used to solve both eq.(26) and eq.(27). The procedure is then:

1. Initialise by solving −∇⊥ ·
(
α∇⊥ϕ̂

0
)
+ βAEMSOLϕ̂0 = ⟨ ρ̄ ⟩FS using solver A

2. Call solver A to solve eq. (26) once

3. Call solver B to solve eq. (27) twice
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4. Return to step 2

The condition to stop the iterative scheme is ∥ ⟨ ϕnew ⟩FS −
〈
ϕold

〉
FS

∥ ≤ tol · ∥ ⟨ ϕnew ⟩FS ∥, where ϕnew and

ϕold correspond respectively to the latest solution and the previous solutions of solver B eq. (27). The reason
for repeating the first step twice is purely based on tests, which showed that this numbers allows for the fastest
convergence.

Note that all the solvers are seeded with the solution of their last call as initial guess, allowing their conjugate
gradient to converge much faster.

3.2.2 Fixed-point method in the Padé approximation

The method is similar to the one developed for the LWA case but with more terms. It can be shown that
eq. (20) is equivalent to

−∇⊥ · [(α+ κβ)∇⊥ϕ]−∇⊥ · (κϕ∇⊥β) + βϕ

= ρ−∇⊥ · [κ∇⊥ρ]−∇⊥ ·
[
κ∇⊥

(
β
(
1−MSOL

)
⟨ ϕ ⟩FS

)]
+ β

(
1−MSOL

)
⟨ ϕ ⟩FS (28)

The general solver eq.(22) can therefore be used at the condition to be able to compute

−∇⊥ ·
(
κβ
(
1−MSOL

)
∇⊥ ⟨ ϕ ⟩FS

)
−∇⊥ ·

[
κ ⟨ ϕ ⟩FS ∇⊥

(
β
(
1−MSOL

))]
+ β

(
1−MSOL

)
⟨ ϕ ⟩FS (29)

To do so, a fixed point approach, similar approach to the one used in the LWA case is applied. The two equations
solved are:

−∇⊥ ·
[(
α+ κβMSOL

)
∇⊥ϕ̂

n+1
]
−∇⊥ ·

{
κϕ̂n+1∇⊥ [β (1− γ)]

}
+ β (1− γ) ϕ̂n+1

= ρ−∇⊥ · [κ∇⊥ρ]− β
(
ϕ̂n −

(
1−MSOL

) 〈
ϕ̂n
〉
FS

)
(30)

−∇⊥ ·
[
(α+ κβ)∇⊥ϕ̂

n+1
]
−∇⊥ ·

[
κϕ̂n+1∇⊥β

]
+ βϕ̂n+1 = ρ−∇⊥ · [κ∇⊥ρ] + β

(
1−MSOL

) 〈
ϕ̂n
〉
FS

(31)

The Selalib solver can be used to solve both eq.(30) and eq.(31). The procedure is then:

1. Initialise by solving

∇⊥ ·
[(
α+ κβMSOL

)
∇⊥ϕ̂

0
]
−∇⊥ ·

{
κϕ̂0∇⊥ [β (1− γ)]

}
+ β (1− γ) ϕ̂0 = ⟨ ρ−∇⊥ · [κ∇⊥ρ] ⟩FS

using solver A

2. Call solver A to solve eq. (30) once

3. Call solver B to solve eq. (31) twice

4. Return to step 2

The condition to stop the iterative scheme ∥ ⟨ ϕnew ⟩FS −
〈
ϕold

〉
FS

∥ ≤ tol · ∥ ⟨ ϕnew ⟩FS ∥, where ϕnew and ϕold

correspond respectively to the latest solution and the previous solutions of solver B eq. (31). Once the solver

converged to ϕ̂conv, one can compute the RHS of eq.(28) which is then used to compute the 3D electric potential.

4 Numerical tests

4.1 Geodesic Acoustic Modes (GAMs) dynamics

GAMs are axisymmetric and oscillating modes of the electric potential in tokamak plasmas. Checking their
properties (frequency, damping rate) is a standard test for gyrokinetic codes [1], as theoretical predictions and
benchmarks are well documented. We perform only a subset of the tests that exist in the literature to check
that the Poisson solver is well implemented.

For all the simulations in this section, the aspect ratio is A = 10 and ρ⋆ = ρi/a = 1/160 with the Larmor
radius defined as ρi = vTi

ωci
where ωci is the cyclotron frequency. The simulation are done with flat density,

temperature and safety factor profiles and without collisions. There is an initial perturbation of the form
ϕ00 (t = 0) = 1 − cos (krr) with kr = 2π/a, which corresponds to krρi = 0.039 which is the same value as the
one used in [1, 13]. Note that there is an apparent factor

√
2 when comparing with [1] which comes from the
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definition of the Larmor radius. We can therefore extract some results from [1]. This in particular the case
for results coming from the codes ORB5 [21] and GENE [14]. For the tests performed in this section, we use
’Culham’ equilibria [6] without Shafranov shift. Note that this choice is different from the one used in ORB5
and GENE which both use numerical equilibria generated by CHEASE [22]. It might explain the small but
non negligible difference of results observed when performing the elongation scan Fig. 4, 5. The numerical
discretization for the numerical tests in this section are Nr = 64, Nθ = 128, Nφ = 8, Nv∥ = 512 and Nµ = 64.
The velocity grid is uniform with v∥,max = 7 and µmax = 12. The radial grid span the entire plasma volume
[0, a].

4.1.1 Adiabatic electrons

The literature on GAMs with adiabatic electrons is plentiful. We will perform two tests. The first one is a
safety factor scan for a circular concentric geometry. The second test is an elongation scan. The two tests are
done in the case of a broad radial structure krρi ≪ 1.

For the scan in safety factor, the theoretical prediction of reference is the one derived by Sugama [27, 28].
The prediction of the GAM frequency reads

ωSugama
GAM

qωTi
=

√
fT

[
1 +

fS1

q2f2
T

]
(32)

with ωTi =
√
2vTi

qR0
the thermal transit frequency of ions, vTi =

√
Ti

mi
the thermal velocity of ions, fT = 7

4 + τe,

fS1 = 23
8 + 2τe +

1
2τ

2
e and τe =

TE

Ti
. The prediction for the damping rate reads

γSugama
i

qωTi
= −

√
π

2
q3fT

[
exp

(
−ŵ2

) (
ŵ2 + 2τe + 1

)
+

(qkrρi)
2

2
exp

(
− ŵ2

4

)(
ŵ4

128
+ fS2ŵ

2 + fS3

)]
(33)

where fS2 = 1+τe
16 , fS3 = 3

8 + 7τe
16 + 5τe

32 and ŵ = ωGAM

ωti
. Note that there is an apparent factor

√
2 when

comparing with [27, 28] which comes from the different definition of the Larmor radius.
For the scan in elongation, the theoretical prediction of reference is the one derived by Gao [10]. This

prediction takes into account corrections due to the shear of the elongation sκ = r
κ

∂κ
∂r . But for all the equilibria

in this paper sκ < 2 · 10−3. Therefore we take sκ = 0 in the theoretical prediction for the sake of simplicity.
The same choice was also done in [1]. With this assumption, the GAM frequency is given by

ωGao
GAM

qωTi
=

√
2fT

κ2 + 1

(
1 +

κ2 + 1

4

fS1

q2f2
T

)
(34)

and the damping rate is given by

γGao
i

qωTi
= −

√
π

2

ŵ6

qfT
exp

(
−ŵ2

)
(35)

Note that there is a typo in the original paper [10] which was corrected in [1].
For the simulations with adiabatic electrons presented in this subsection, we use a time step ∆t = 25ω−1

ci .
In Fig.2 the GAM frequency as a function of the safety factor is compared between GYSELA results and the
two theoretical predictions eq.(32),(34). A really good match is found, especially with Gao’s prediction at low
safety factor that seems to fit better numerical results. In Fig.3 the GAM damping rate as a function of the
safety factor is compared between GYSELA results and the two theoretical predictions eq.(33),(35). A really
good match is found, with Sugama’s prediction for safety factors below 3. Above this value, the numerical
results display a higher damping rate as the one predicted theoretically. But this was already reported in Fig.1
of [1] for GYSELA, ORB5 and GENE.

In Fig.4 the GAM frequency as a function of the elongation is compared between GYSELA results, GENE
and ORB5 results extracted from [1] and the theoretical prediction by Gao, eq.(34). The trend is retrieved with
GYSELA. The numerical results between the three codes increase when the elongation increase. We think this
is the consequence of using a different magnetic geometry. Indeed ORB5 and GENE use magnetic equilibria
generated by CHEASE, whereas GYSELA uses the ’Culham’ model to generate its magnetic equilibria. Both
models are expected to diverge when shaping increase. In Fig.5 the GAM damping rate as a function of
the elongation is compared between GYSELA results, GENE and ORB5 results extracted from [1] and the
theoretical prediction by Gao, eq.(35). Again the trend is found in good qualitative agreement between the
three gyrokinetic codes, but the deviation between the codes increase with shaping for the same reason.
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Figure 2: GAM frequency as function of the safety factor.

Figure 3: GAM damping rate as function of the safety factor.

4.1.2 Full kinetic electrons

On top of the ion contribution reported in the previous subsection, there is a non-negligible contribution of elec-
trons to the damping rate of GAMs due to a resonance between barely trapped/passing electrons bounce/transit
frequency and the GAM pulsation. This contribution takes the form [9]:
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Figure 4: GAM frequency as function of the elongation.

Figure 5: GAM damping rate as function of the elongation.

γe
qωTi

≃ − (0.315 + 0.30ϵ)

(
1 +

2 + τe
2ŵ2

)2

q

√
τe
2

me

mi
D (σ⋆, ϵ) (36)
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where σ⋆ = ω̂
√

2me/ (miϵτe) and D (σ⋆, ϵ) is a priori an unknown function. To evaluate the function D (σ⋆, ϵ)
we perform a mass ratio scan at constant safety factor q = 3.5 and temperature ratio τE = 1.0, a scan in
temperature ratio τE at constant safety factor q = 2.0 and mass ratio mi/me = 1600, a scan in safety factor at
constant temperature ratio τE = 1.0 and mass ratio mi/me = 1600. The results of these scans are presented on
Fig.6. To evaluate the function D, we use the following expression

DGY S =
γGY S − γSugama

i

qωTi

[
(0.315 + 0.30ϵ)

(
1 +

2 + τe
2ŵ2

GY S

)2

q

√
τe
2

me

mi

]−1

(37)

Figure 6: Evaluation of DGY S , based on Eq.(37). The data come from a mass ratio scan at q = 3.5 and τE = 1 (red
dots), a temperature ratio scan at constant q = 2.0 and mi/me = 1600 (green dots) and a safety factor scan at constant
τE = 1 and mi/me = 1600 (orange dots).

Based on the various scans performed to obtain Fig.6, we propose a polynomial fit of the form

Dfit
GY S (σ⋆) = 1.61σ5

⋆ − 10.7σ4
⋆ + 26.3σ3

⋆ − 29.4σ2
⋆ + 14.4σ⋆ − 0.388 (38)

This fit is reported on Fig.6. As one can see, this fit is not perfect, especially for the scan in τE . This could
come from the fact that the scan in τE has been performed at an intermediate safety factor value q = 2.0, for
which ion and electron contributions to GAM damping are of the same order of magnitude, thus reducing the
accuracy of the method proposed to compute D with the formula Eq.(37). We also removed the points with the
lowest safety factor (q < 2.0) in the safety factor scan for the same reasons. Despite this, we will use Eq.(38)
in Eq.(36) for the safety factor scan represented in Fig.7. Note that the average value of D in the range of σ⋆

tested is around 1.9. This value seems roughly twice larger than the one given in [13]. But there is a factor 2
error in Eq.19 of [13] so that the two studies are consistent.

The results of a safety factor scan is represented in Fig.7. For this scan, a constant mass ratio mi/me = 1600
and temperature ratio τE = 1 were used. A pretty good match is found with the theoretical prediction when
summing the ion contribution, given by Eq.(33), and the electron contribution, given by Eq.(36), to compute
the theoretical GAM damping rate prediction.

Note that the frequency of the GAM is expected to be almost not changed when adding electrons as reported
numerically [1, 13]. This result is also found with this new solver. We do not plot this as the result is really
close to the one obtain in Fig.2.

All the tests performed in this section prove that the quasi-neutrality solver is correctly implemented.
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Figure 7: GAM damping rate as function of the safety factor for the FKE model.

4.2 Impact of updating coefficients in presence of a limiter and kinetic electrons

In this section, we will show how the update of the coefficients α and β in the quasi-neutrality equation impacts
the results of the simulation. We will concentrate on two pairs simulations with the hybrid electron model.
Indeed the hybrid electron model is the most difficult in terms of quasi-neutrality equations and is rich enough
to illustrate the impact of updating the coefficients in the quasi-neutrality equation.

4.2.1 Simulation with a uniform boundary conditions

In this section, we compare two simulations using the hybrid electron model Eq.(12),(13),(14). A uniform Krook
term is applied in the outer part of the simulation ρ ≥ 1. To reduce the cost of the simulation, we use an artificial
mass ratio ofmi/me = 100. The ion Larmor radius at mid radius r/a = 0.5 normalized to the minor radius of the
tokamak is ρ⋆ = 1/150. The ion collisionality at mid radius is ν∗ = 0.1. We simulate a shaped plasma (see Fig.10)
to highlight the capacity of the code to simulate such magnetic geometries. But the results are qualitatively the
same with circular geometries. The numerical resolution is Nr×Nθ×Nφ×Nv∥ ×Nµ = 256×256×64×128×64.
We simulate half a torus and the radial domain ranges from the magnetic axis to rmax/a = 1.2. The time step
is ∆t = 5ω−1

c0 , where ωc0 is the main ion cyclotron frequency on the magnetic axis. The only difference between
the two simulations is that one uses constant coefficients in the quasi-neutrality equation whereas the other
one uses coefficients which are updated every 10 time steps, i.e. ∆tupdate = 50ω−1

c0 . To reduce the length of
the simulation, we perform a decaying turbulence simulation, i.e. a simulation without sources. Due to this
choice, we expect a relatively rapid diminution of temperature profiles. Despite being a bit symptomatic, this
configuration can also represents a flux driven simulation for which the initial profiles are far from the steady
state ones. The total time of the simulation is tfinal = 5 · 104ω−1

c0 which corresponds roughly to five time the
time to reach the non linear regime in the simulation. This time is enough to observe a significant evolution of
profiles.

The ion density profiles at the beginning and the end of the simulations are represented on Fig.8. The
electron density profiles are qualitatively the same as expected from the quasi-neutrality condition. We see on
this figure that the density did not evolve much and no significantly poloidal asymmetry is displayed. Therefore
we expect that the polarisation coefficient α in the quasi-neutrality equation is more or less the same in both
simulations.

The electron temperature profiles at the beginning and the end of the simulations are represented on Fig.9.
As previously, no significant poloidal asymmetry is observed. On the other hand, the flux surface average profile
evolved significantly due to the lack of a heat source to compensate the energy transport. We therefore expect a
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(a) No update (b) With update

Figure 8: Ion density profile in an hybrid electron simulation without limiter.

significant evolution of the coefficient βTKE in Eq. (13) which corresponds to the adiabatic response of passing
electrons. Note that the profiles at the end of the simulation are more or less the same in both simulations.

(a) No update (b) With update

Figure 9: Electron temperature profile in an hybrid electron simulation without limiter.

We now turn our attention on the fluctuation of the electric potential ϕ (R,Z, φ = 0) − ⟨ϕ (R,Z)⟩φ where
⟨ϕ (R,Z)⟩φ is the toroidal average of the electric potential. This quantity at the end of the two simulations
is represented in Fig.10. The turbulence intensity is 40% lower for the simulation with updating coefficients
compared to the simulation without update. Due to this large difference, a smaller heat flux is expected when
updating the coefficient (in this specific case only). Therefore, if we continued the simulation, we expect a
difference in temperature profiles between the two simulations that will increase with time.

This pair of simulation illustrates why it is mandatory to update the coefficients in the quasi-neutrality
equation for relatively long flux-driven simulations. As the background profiles are free to evolve, they can
deviate significantly from initial profiles. The update of the quasi-neutrality coefficients then leads to significant
change in the level of turbulence predicted by the simulation.

4.2.2 Simulation with a limiter

In the previous section, we showed that updating the quasi-neutrality coefficients is mandatory for relative long
flux driven simulations in the case of poloidally symmetric boundary conditions. In this section, we will show
that this update is far more critical when poloidally localised boundary conditions are used.

In the pair of simulations presented in this section an infinite penalization for both ions and electrons is
used in a poloidally localized region depicted on Fig.1, which models a limiter. To simplify the handling of the
limiter, we chose to use a circular outer boundary. The target distribution function on which the distribution
function is forced to relax in the limiter is an unshifted Maxwellian of temperature equal to the initial outer
edge temperature, and the actual density. Therefore this penalization acts as a momentum (in absolute value)
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(a) No update (b) With update

Figure 10: Electric potential fluctuations in an hybrid electron simulation without limiter.

and an energy sink but let the density evolve freely. Concerning the quasi-neutrality equation, we use the
model proposed in section 2.4, i.e. an hybrid electron model in the core (r < a) and a full kinetic electron
model in the Scrape-off layer (r > a). The actual set of equation used for computing the electric potential are
Eq.(12),(21),(14).

The main physical parameters are the same as in the previous section, i.e. mi/me = 100, ρ⋆ = 1/150 and
ν∗ = 0.1. The numerical resolution is Nr ×Nθ ×Nφ×Nv∥ ×Nµ = 512× 512× 64× 128× 64. We simulate a full
torus and the radial domain ranges from the magnetic axis to rmax/a = 1.2 Note that the radial and poloidal
resolution are doubled compared to the simulation with homogeneous boundary condition. This is due to the
necessity to discretized correctly the limiter. Indeed a pair of simulation with Nr × Nθ × Nφ × Nv∥ × Nµ =
256 × 256 × 64 × 128 × 32 was performed. Qualitatively, both simulations provide the same output, but the
low resolution simulations display some features typical of a lack of spatial resolution close to the limiter. The
time step is ∆t = 0.5ω−1

c0 , where ωc0 is the main ion cyclotron frequency on the magnetic axis. This an order of
magnitude lower compared with a simulation without a limiter. The time step was reduced to avoid a numerical
instability. We checked numerically that the larger the mass ratio mi/me, the smaller the time step needs to
be for a stable simulation. At this stage, this instability is not perfectly understood. Our hypothesis is that
this instability is reminiscent of the ωH mode, known to be detrimental for the time step when using the full
kinetic electron model in electrostatic simulations. We will further investigate this instability in a future work.
The only difference between the two simulations discussed in this section is the fact that the quasi-neutrality
coefficients are updated (every 100 time steps, i.e. ∆tupdate = 50ω−1

c0 ) or not.
In Fig.11, the axisymmetric ion density is displayed for different poloidal locations. The case without

updating the quasi-neutrality coefficients Fig.11a displays a huge poloidal asymmetry at the transition between
open and closed field lines (i.e. r = a). This asymmetry grows with time until the simulation crashes. On the
other hand, the simulation with updated coefficients displays only a modest poloidal asymmetry at the same
position. This pair of simulations illustrates the reason why updating the quasi-neutrality coefficients (with
poloidal dependencies) is mandatory when simulating plasma with a poloidally localized boundary condition.
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Despite the ion density (with update) displaying only modest deviation to the initial profile, the update of
quasi-neutrality coefficients indeed allows the system to reach an equilibrium in the scrape-off layer.

(a) No update (b) With update

Figure 11: axisymmetric component of the electron density at a relatively early time of the simulation.

To highlight the fact that the simulation with updated quasi-neutrality coefficients is stable. We continued
the simulation until the beginning of the nonlinear phase. In Fig.12, the axisymmetric ion density is displayed
for different poloidal locations at the beginning of the non linear phase. Moderate ploidal asymmetries are
visible in the core, but no large poloidal asymmetries are visible at the transition between open and closed field
lines. In Fig.13, the fluctuation of the electric potential at the same time are displayed. Turbulence is clearly
visible in the core and the beginning of an instability is also appearing in the inner side of the scrape-off layer.

Figure 12: ion density
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Figure 13: Electric potential fluctuations

Conclusion

In this article we presented a new quasi-neutrality solver for the global flux driven code GYSELA. This solver
allows to run simulations with adiabatic, full kinetic or hybrid electrons. We proposed a new hybrid electron
model allowing to simulate at the same time core and scrape-off layer physics at a relatively moderate numerical
cost. The solver can use either the long wavelength approximation or the Padé approximation to compute the
polarisation term. This solver can handle shaped geometries.

The solver was successfully tested thanks to a set of simulations of the GAM dynamics (frequency and
damping rate) both with adiabatic electrons and full kinetic electrons (the two electron models having theoretical
predictions to compare with).

Finally we showed in which configuration the update of quasi-neutrality coefficients is mandatory. For
simulations with poloidally symmetrical boundary conditions, a low update rate is enough as density and
temperature profiles display moderate poloidal asymmetries and the radial profiles evolve slowly. For simulations
with poloidally localized boundary conditions, the update is far more critical as it allows to stabilise the
simulation in the scrape-off layer region.
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