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Boundary output feedback stabilization of a cascade of N
heat equations

Hugo Lhachemi, Christophe Prieur, and Emmanuel Trélat *i*

Abstract

This paper solves the problem of output feedback stabilization for a cascade of N heat
equations that are coupled at the boundary, the input being a scalar boundary control applied
to the first heat equation of the cascade, and the scalar output being either a distributed or
a pointwise in-domain measurement done on the last equation of the cascade. Two different
configurations are studied in details. The first one consists of a cascade of N heat equations
with totally disconnected spectra. The second one consists of a cascade of N identical heat
equations, inducing eigenvalues of multiplicity N. In both cases, the problem is solved thanks
to a spectral analysis and a study of the modal controllability and observability properties.
The key point is that the generalized eigenvectors form a Riesz basis of the state space. The
stabilization property is established in L? and H' norms.

1 Introduction

The design of control strategies for partial differential equation (PDE) cascades remains chal-
lenging. The case of coupled hyperbolic-parabolic PDE systems has been studied in [5, 9] using
backstepping transformations. Control of a heat-wave PDE boundary coupling has been investi-
gated in [27, 16]. Boundary null controllability of two coupled parabolic PDEs has been studied
in [3]. Hyperbolic-elliptic couplings have been studied in [6, 17]. Cascades of heat-heat equations
have been reported in [24, 11, 20, 21, 15]. The situation becomes even more stringent for cascades
of N PDEs. In [1, 2] the authors deal with cascades of N interconnected hyperbolic systems using
backstepping-based methods.

To our knowledge, few contributions have addressed the topic of an arbitrary number N of
coupled heat equations. The observer design for a system of N heat equations with in-domain and
boundary couplings has been studied in [4]. The state-feedback boundary control of N in-domain
coupled heat equations, by means of N boundary controls, has been reported in [23]. Finally, the
state-feedback boundary control of a chain of N heat-ODE cascades has been studied in [25] for
PDEs that cascade into the ODEs through bounded operators.

The present paper reports one of the first contributions regarding the boundary output feedback
stabilization of a cascade of N heat equations by means of one scalar boundary control and one
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scalar measurement. We consider the system

yg:ygx+ajyj7 ]-SJSNv (1&)
yl(t,0) =y (¢, 1), yi(t,1)=0, 1<j<N-1, (1b)
yN (t,0) = u(t), yN(t1)=0, (Lc)
¥ (0,2) = yj(z), 1<j<N, (1d)

where ay,...,any € R. Here, u(t) stands for the control input at time ¢, and yé € L?(0,1),
1 < j < N, represent the initial conditions. Two different configurations are studied. The
first one consists of a cascade of N heat equations with two-by-two distinct eigenvalues. At the
opposite, the second one consists of a cascade of IV identical heat equations, inducing eigenvalues
of multiplicity N. In both cases, the problem is solved by developing spectral reduction techniques
(see [18, 7, 14, 22]) thanks to a full characterization of the eigenelements of the underlying operator.
A key point of our approach is that the study of the eigenelements is not done for each component
of the cascade individually, but directly for the full cascade seen as one single system (see [10]).
We show that the generalized eigenvectors of the system form a Riesz basis of the state space,
allowing us to study the modal controllability and observability properties of the cascade. Based
on these results, output feedback control strategies are designed. The output, that can take the
form either of a distributed or of a pointwise measurement, is done solely on the last equation of
the cascade (described by y! in (1)). We establish stabilization results in L? and H' norms.

The paper is organized as follows. The configuration of the PDE cascade (1) with two-by-two
distinct eigenvalues is studied in Section 2. The case of N identical heat equations, inducing eigen-
values of multiplicity N, is reported in Section 3. Concluding remarks are provided in Section 4.

2 N heat equations with two-by-two distinct eigenvalues

In this section, we make the following standing assumption, meaning that the spectra of the coupled
heat equations are totally disconnected.

Assumption 1. Setting \; ,, = a; — k?m? and A; = {\ix | K € N} for all1 <i < N and k € N,
we assume that i # j = A; N A; = 0.

2.1 Spectral properties

We define the real Hilbert space
10 = (L2(0,1))" (2a)

endowed with its usual inner product
. . N 1 . .
(Fnsjen: (P hziew) =3 [ Fa)g @) (20)
j=1"0
We define the unbounded operator A : D(A) — H" on

DA ={(Phsjen €M | (Phsien € (B0.0)Y, (FVY(0) = (7YY (1) =0,
(F1)(0) = F71(1),  (FY(1) =0, 1§j§N—1} (3)

by A(fhgjen = ((F)" +a;f7)

1<G<N'



Lemma 1. Under Assumption 1, the eigenvalues of A are given by
Nik =a; —k*7%, 1<i<N, keN, (4)

with associated eigenvectors ¢, = (¢g7k)1§j§N € D(A) given by

ki .

E )., i cosh(r! (1 —=x)) if 1<j<i-—1,
i—1 3 . j i,k

; [I;=; 7 sinh(r;,)

Lk (T) = (5)

or(x) = py, cos(kma) if j=1,
0 if i+1<j<N,

1 if k= ;
where p = { NG ZZ N (1) and rik is one of the two square Toots of A\; i, — a;.

Proof. For a given ¢ # 0, let us first compute the solution of f” + af = Af such that /(1) =0
and f’(0) = ¢ when \ — a # —k?n? for any k € N. Denoting by 7 one of the two square roots of
A—a#0, we have f(x) = ae™ + e~ for some «, 8 € C. The boundary conditions imply that

e 5B =)

The square matrix is invertible if and only if 72 sinh7 # 0, that is r # ik for any k € Z. This is

satisfied based on our assumption that r?> = A —a # —k?7? for any k € N. Hence a = — e
and 3 = —5—=—e", implying that f(z) = — =5 cosh(r(1 — z)). The proof of the lemma then
follows by using an induction argument. O

In order to establish that the set ® = {¢; 1, | 1 <i < N, k € N} of eigenvectors of A is a Riesz
basis of H, we first compute the eigenvectors of the adjoint operator A* of A, which is given by

*((J . — J\! ) 3
A*((¢7)1<i<n) ((g )+ ajg )1§j§N on the domain

DA = {(¢nsisn € KO | (¢gyen € (H2O, 1], (41)(0) = (9 (1) =0,
(¢7)'(0) =0, (¢")(1) = =g’ 1(0), 2<j < N}. (6)

Lemma 2. Under Assumption 1, the eigenvalues of A* are \; j, with associated eigenvectors 1; j, =
] € D(A*) given b
(k). € DA given by

0 if 1<j<i—1,
or(x) = uk‘cqs(k'mc) if j =1,

J _
m(x) = —1)i—1 )
. ( )., Hi —cosh(r! x) if i+1<j<N.
[Ty 7 sinh(r] ) ik
J'=i+1 "4, %,

(7)

Proof. Given ¢ # 0, let us compute the solution of ¢” + ag = Ag such that ¢’(0) =0 and ¢'(1) = ¢
when X\ — a # —k?n? for any k € N. Denoting by r one of the two square roots of A\ — a # 0, we
have g(z) = ae™ + Be " for some «a, 8 € C. The boundary conditions imply that

e B =L



The square matrix is invertible if and only if 72 sinh7 # 0, that is r # ik for any k € Z. This is
satisfied based on our assumption that 72 = A —a # —k?72 for any k € N. Hence o = 3 = 5—=

2r sinhr’
implying that g(z) = —5— cosh(rz). The proof of the lemma then follows by using an induction
argument. O

Lemma 3. ® ={¢,, | 1 <i <N, k € N} is a Riesz basis of HO, of dual Riesz basis ¥ = {1, 1. |
1 <4 <N, k eN}. Moreover A generates a Cy-semigroup.

Proof. We start by noting that & and ¥ are biorthogonal ie (qﬁzk,wz/ k) = Ok, (ir k). In-

deed, from their expressions, we have (¢; x, ;1) fo x)dr = fo op(r)?de = 1. If
(i,k) # (i',k') then \jx # Air s, hence )\i,k<¢z,kawz’,k’> <~A¢z,kawz/,k’> <¢z,kw4*¢i/,k/> =
Ait ke <¢i,k7 ¢i’,k’> implying that <¢i,k7 ’(/Jif’kr> =0.

Based on [26, Chap. 1, Thm. 9], it suffices to show that span ® and span ¥ are dense in H°,
and that each of ® and ¥ form a Bessel sequence’.

Let us show that span ® is dense if H. Let f = (f")1<i<y € H° be such that (f,¢;x) = 0
for all integers 1 <4< Nandk € N. Let us prove that f = 0. For ¢« = 1 we have (f, ¢1) =
fo z)dz = 0 for all k € N. Since (¢x)r>0 forms a Hilbert basis of L?(0,1), we infer that
ft= O Assume next we have shown that f1 fP=---=fl=0forsomel<I<N —1. Then
for i = 1+ 1 we have (f,p1114) = 25“1 o fi(x) {+Lk(x) de = [y 7 (x)pr(z) dz = 0 for all
k € N. As before, this implies that f'*1 = 0. By induction, we infer that f = 0, giving the claimed
conclusion. A similar argument is employed to show that span ¥ is dense if H°.

In order to prove that ® and ¥ are Bessel sequences, we first establish asymptotic estimates
of qﬁj for 1 <j <i—1 and of zlﬂ fori+1<j < N as k — +oo. All the asymptotic estimates
derlved below hold for & — +o0, unlformly with respect to 4,7 and « € [0,1]. Recalling that
(rfk) =Nk — Q5 = —0 5 — k272 with o j = aj — a;, for all sufficiently large integers k we have

’/’ij = Z\/m with k22 + ;5 € R. Hence

Oliy' . ;
\/ kzﬂ.]z = i(km + ﬁzjk) (8a)

where _
= 2];] +O(1/k%) € R. (8b)
We thus infer that sinh(r'z’k) = i(—1)*sin(B} k) = z(lz)k% + O(1/k?). Combining the two latter
asymptotic expansions, we have rik sinh(ri,k) = % + O(1/k?), yielding
1 1 (—1)F+12 9
- — = = + O(1/k%). 9
7] sinh(r] ) % +0(1/k2) Q. j (/K5 ©)

By the definition (5) of ¢J for 1 <j <i—1, we deduce from (9) that

i—l —1 1)k+12 9i—34 (_1)(k+1)(i~5)
H = H ( 0(1/k2)) = (@ 3 +O(1/k?). (10)
i Tk sinh(r Q4,5 HJ'—J Q50

In view of (8a) we get cosh(rf-’k(l—x)) = (=1)¥ cos(kmx) cos(ﬁfﬁk(l—x))—i-(—l)k sin(kmz) sin(ﬂik(l—
x)). Recalling (8b), we have

cos(Bl,(1— ) =1+0(1/k%),  sin(B,(1-2)) = (1 — ) + O(1/k%), (11)

2k

LA sequence (¢n)n>0 of a separable Hilbert space X is said to be a Bessel sequence if ({f, ¥n))n>0 € £2(N) for
all f € X.




hence
cosh(r! , (1 — z)) = (—=1)* cos(kmz) + O(1/k).

Since puy = v/2 for k > 1, we deduce from (5) (for 1 < j <i—1) that

. _1\k+i—J ) i—j(_1)\k(i—7)
(@) = =T o] (1 - a)) = 2 B os(ina) + O(1/K)

. i—1
[T =; 7], sinh(r],) | PR

= Al jor(z) + Rel () (12)

27?*](_1)’@(7?*]')

I, 2y
Gl=5 tJ

with AZk = and

R¢!,(z) 2 ¢l () — AL, pi(z) = O(1/k). (13)

We are now in a position to prove that ® is a Bessel sequence. Let f = (fj)lngN be fixed. For
an arbitrary integer 1 < i < N, we infer from (5) (for i+ 1 < j < N) and (12) that

i—1 ) 1 ) 1—1 1 ‘ ) 1 ‘
o =34, [ Potos S [ prel o [ o
j=1 j=1

Since (pk)k>0 is a Hilbert basis of L2(0, 1), we get that (fol o dx)k . € (?(N) forall 1 < j <.
€

Furthermore, since |A{k| = % is independent of k, we deduce that (Af)k fol ok dsc) ren €
3'=3 ¥

¢%(N) for all 1 < j < i — 1. Finally, since R¢g7k(m) = O(1/k), we infer that
1 . : . .
| [ £R6] o] < 7o 22 = O /0,
0

hence (fol ijqﬁg,k da:)kEN € (2(N) for all 1 < j < i — 1. This shows that ((f, ¢i))

This result holds for all 1 <7 < N, hence ((f, ¢i7k>)

sequence. 4
It remains to show that W is also a Bessel sequence. Recalling the definition (7) of v}, for

i+1<j <N, we infer from (9) that ,

ﬁ I ﬁ ((—Uk“? +O(1/k2)> _2TEDEOT ey,

- J’ s J .
i T sinh(r) 2 B3’ [ =i i

ren € £(N).

1<i<NkeN € ¢%(N), showing that ® is a Bessel

Owing to (8a), we have COSh(TZ{kl‘) = cos(kmz) cos(ﬁfﬁkx) — sin(knz) sin(ﬁg’kx). Recalling (8b),
we infer that Cos(ﬁgvkx) = 1+ O(1/k?) and sin(ﬁikx) = Sl + O(1/k?), hence cosh(rikx) =
cos(kmx) + O(1/k). Since py = v/2 for k > 1, we deduce that

) 2j*i(_1)k(j*i) ) ,
T e(a) = j—\@cos(kmc) +O0(1/k) = A or(x) + Ry} (2)
Hj’:i—‘rl aiijl

with Aik = 217_[_1(771)“#) and R@bfk(x) = ]k(:c) - Agkgak.(x) = O(1/k). Following now the same
=it oG gt ) ) )

procedure as in the previous paragraph, we infer that W is a Bessel sequence.
Hence @ is a Riesz basis, of dual Riesz basis ¥. Using (4), since A is closed, we infer that A4 is
a Riesz spectral operator that generates a Cy-semigroup (see [8]). O



The previous result is instrumental for studying the solutions in L? norm, that is, in the Hilbert
space HC. The following result will be useful for studying the solutions in H' norm, that is in the
Hilbert space

= (H'(0,1))" (14a)

endowed with its natural inner product

(Fhresens (@ )1<jen) = Z / (F(@)g (=) + () (@)(¢) () de. (14b)

Lemma 4. The set ® = {&zk | 1<i<N, ke N}, where (Z)i,k = \/ﬁfbi,;ﬁ s a Riesz basis of
HL.

Proof. We define o = {(;Aﬁlk | 1<i< N, k €N} where gﬁlk = (¢A5g7k)1§j§N and

N Al po(x) if 1<j<i-—1,
k(@) =q er(@) if j=1,
0 if i+1<j<N.

We infer from (12) that [|¢? (1/k), hence 31 iy Y pso dik — dikllZo < oo
Since ® is w-linearly independent, Bari’s theorem (see [10]) implies that ® is a Riesz basis of H°.

Let A be the Neumann Laplacian operator defined by Af = f” on D(A) = {f € H?(0,1) |
f'(0) = f'(1) = 0}. Then id — A is a positive selfadjoint operator, mapping isometrically and
surjectively D(A) to L?(0,1), and thus the mapping J =+Vid—A : H(0,1) — L?(0,1) is a
surjective isometry (note that (Jfi,Jfa) = ((1 — A)f1, f2) fo "+ fi)fodz = fol(f{fé +
fif2)dz = (f1, f2)). Therefore the mapping

J _’Hl — _’HO
(fPh<isn = (Jf)igin.

is also a surjective isometry. Hence, ® = J7'® = {¢;1, | 1 <i < N, k € N} with ¢, = 3¢/,

is a Riesz basis of H!. Noting that J 1y, = mgpk, we have

y W‘Pk(fﬁ) if 1<j<i—1,
k() = (o) i =1,
0 if i+1<j<N.

To conclude the proof, we apply Bari’s theorem by comparing ® to the Riesz basis ® of H'. Since
® is w-linearly independent, it remains to show that

Yo D bk —dinllia= Do D DNl —dlulin

1<i<N keN 1<i<N 1<j<i—1 keN

=Y Y S rmalRelli < (5)

1<i<N 1<j<i—1keN

where we have used (12). Again, all the asymptotic estimates derived below hold for & — 400,
uniformly with respect to i, j and = € [0,1]. We know that R¢] ,(z) = O(1/k), hence ||R¢] |17, =



O(1/k?). Hence it suffices to analyze the asymptotic behavior of ||(R¢?,)’[|2,. For integers 1 <
j <i—1, using (5), we have

i (_1)k+i_j+1/ik7ﬂjk ;
7 ) (x) = — _ 52 sinh(r?, (1 — ). 16
(a0 = o b b, (1) ()

From (8a) we deduce that

sinh(r! (1 — 2)) = —i(=1)" sin(krx) cos(87 (1 — )) + i(—1)* cos(kmz) sin(B! (1 — x))
= —i(=1)*sin(krz) + O(1/k)
where the last equality is inferred from (11). Combining the latter asymptotic behavior with (8a),
we have ry; sinh(r] (1 —2)) = (—=1)*Ekr sin(kmz) +O(1). Using this result and (10), we infer from
(16) that , '
(@74) () = A i () + O(1), (17)
hence, in view of (13), (R¢? )’ (x) = (¢ ,)'(x) — Al ¢} (x) = O(1). This shows that [|(Re] ) |2 =

O(1), and thus, recalling that HR(bg’kH%Q = O(1/k?), we have ||qufk|\12ql = O(1). Hence (15) holds
true. This completes the proof. O

2.2 Spectral reduction of the system

We define the function ¢(z) = —1(1 — )2, so that (1) = ¢/(1) = 0 and ¢’(0) = 1. Making the
change of variable

gV (t,z) = yN (t, x) — p(z)u(t), (18)
we infer from (1) that
W=kt agy’, 1SGEN -1 (192)
9 = gn, +ang™ + (¢ + anp)u — o (19b)
J+1 y _
vi(t,1) =0, 1<j<N-1 (19d)
g2 (t,0) = gy (¢,1) = 0. (19¢)

Defining the states X = (y7)1<;j<n (original coordinates) and X = (¥)1<j<n—1,5") (homoge-
neous coordinates), we infer from (18) that

X =X+ fu (20)

and (19) is written as
U= (21a)
% = AX + au + Bv (21b)

where a = (0,...,0,¢" +any) and = (0,...,0,—¢p).
We now define

Tip = (X, 0i), Tig = (X, k), ik = {(a,ir), Bix= (B, Vik) (22)



By the Riesz basis property established in Lemma 3, we have
N

X(t) = (yl(tv ')7 y2(t7 ')7 s 7yN_1(ta ')7 gN(ta )) = Z Z jz,k(t)¢l,k (23)
i=1 keN

The change of variable formula (20) implies that ; » = x; % + Biru, while the projection of the
system dynamics in homogeneous coordinates (21) gives

Tik = NigZig + g+ Bigo. (24)
Combining the two latter equations, we infer that
Ti ke = N kTik + My kU, (25)

where m; ,, = a; k + Ai kBi k. Since all eigenvalues are simple, the controlled equation (25) (mode
Ai k) is controllable if and only if m; ,, # 0. The coeflicients m; j, are characterized by the following
lemma.

Lemma 5. We have

—Hk if i=N,

. N o _1\N—1i
mig =~V =9 __ DT e oy

N T ‘
Hj/:i+1 Tg,k smh(rka)

In particular, m; ;; # 0 for all1 <i < N and k € N.

Proof. Using the definition (22) of «; ; and using integrations by parts, we have

1 1
1
Qj k= /0 (" + an@)ﬁ)g’k dzr = [@“/’f?lk —¢( ﬁk)/]o JF/O o(( fYk)” + and’f?’k) dx

= =% (0) = (B, A*i k) = —¢1.(0) — i kBi ks
where we have used that ¢(1) = ¢'(1) =0, ¢'(0) =1, and ( z%)’(0) =0. O

Corollary 1. Under Assumption 1, each mode \; 1 of the PDE cascade (1) is controllable.

2.3 Output feedback control strategy

Given ¢ € L?(0,1), we consider the following distributed output, measured on the last component
y! of the PDE cascade (1):

z(t):/o c(x)y'(t,z) dz (26)

Our objective is to design an output feedback control strategy for (1) based on the measurement
z().

Note that the measurement must be done on the last component y' of the cascade; indeed a
measurement done on an intermediate component of the cascade (say y; for some 2 < i < N)
would not allow to reconstruct the dynamics of the last components of the cascade (say y;s for
1 < 3" <j—1): observability would fail.

Let 6 > 0 be the targeted exponential decay rate for the closed-loop system. Using (4), we
choose, for any 1 < i < N, a sufficiently large integer ng; € N such that \;,,, < —4, implying



that A\jr < Ain,, < —0 for all integers k > ng ;. We now write a finite-dimensional dynamics that
captures the ng; first modes, for 1 <14 < IV, as follows. Defining the state vector

_ ~ _ T )
X1i= %o %1 ..o FTing,-1] ,» 1<i<N,
X1 =col(X1,1,X1,2,.. -, X1n)s

we infer from (24) that

X1i=A41:X1,+Biuu+Bi,wv, 1<i<N,

where
Ay =diag(Xios Aists -5 A1)y Blug = [0 ain ... Oéz',no,i—1]T,
Biai=[Bio Bix - 5¢,n0,i—1f ;
yielding )
X1 = A1 X1+ By yu+ By v (27)
where

A1 = diag(ALl, 141727 e 7A1,N)a Bl,u = COI(BLuJ, B17u,2, ey Bl,u,N)7
By, = col(Bi,v,1,Biw,2,- -, BiunN)-

Recalling that v = u, we define the augmented state vector X1 , = col(X1, u), yielding the dynamics

Xl,a = Al,aXl,a + BLav (28)
where N
Bi. Bi,
Al,a = |:01 (1)’ :| ) Bl,a = |: 17 :| . (29)

Under Assumption 1 that ensures that the eigenvalues are all simple, the Hautus test implies that
the pair (A1,q,B1,4) is controllable if and only if m; = o + XigBix # 0 forall 1 <i < N and
all 0 <k <mng; —1. Lemma 5 implies the following result.

Lemma 6. Under Assumption 1, the pair (A1 q,B1,q) ts controllable.

Remark 1. At this step, it is possible to design a state-feedback control strategy, as follows. By
the above lemma, there exists a matriz K such that Ay, — B1 K has a spectral abscissa less that
—6 < 0, and we set the feedback control v = —KX; ,. The stability of the resulting closed closed-
loop system (1) is established in H° norm, as defined by (2), thanks to the Lyapunov functional

N
V=X PXia+7Y. Y @2,

i=1 an(M-

where P > 0 is the solution of the Lyapunov equation (Ay,4 — BLQK)TP + P(A1,4 — B1 oK) +
26P + 1 =0 and v > 0 is chosen small enough so that V + 26V < 0. For classical solutions, the
stability can also be established in H' norm, as defined by (14), thanks to the Lyapunov functional

N ~
V= X{ o PX1a+72000 Yoo, (LT,



In order to define our output feedback control strategy, using (23), we infer from (26) that

N

N
2(t) = Z Z CikZik(t) = C1X1(t) + Z Z Ci kT k(1) (30)

i=1 keN =1 k>ng,;

where .
ch:/ c(x) %,k(x)dx (31)
0

and Ch; = [Cz}O Cil .- ci,no,i,l] and Ch = [Cl,l Cia ... CLN]. Since the eigenvalues
are simple, the Hautus test implies that the pair (A;,C1) is observable if and only if ¢; ;, # 0 for
all 1 <i< N and 0 <k < mng,; — 1. Using the definition (31) of ¢; , and the expression of ¢;
given by (5), we infer the following result.

Lemma 7. Under Assumption 1, the pair (A1, C1) is observable if and only if
1
/ c(x) cos(kmx) dx # 0 if i=1, (32a)
0

/1 c(x) cosh(r},k(l —z))dr #0 if 1>2, (32b)
0

foralll<i< N and 0 <k <ng,; —1. Recall that ril’k is one of the two square roots of A — a1.

We are now in a position to define our output feedback control strategy. Let n; > ng; be
integers to be chosen large enough, later on. We define the following controller dynamics (see [19]):

U=v (33a)
s . . N ng
X1 =A X1 +Brau+Biyo—L{CiXi+Y Y cindip—2 (33b)
i=1 k:noﬂ'
Tik = NigpFig +aigut figy, 1<i< N, ng,<k<mn (33c)
v=—K X1 — kyu (33d)

where, setting ng = Zil ng,i, ky € Rand K, € R!*70 are the feedback gains while L € R™ is
the observer gain.

Theorem 1. Let ay,...,ay € R be such that Assumption 1 holds and let ¢ € L?(0,1). Let § > 0
be arbitrary. For any 1 < 1 < N, let ng; € N be such that \;n,, < —0. Assuming that the
observability assumption (32) holds, let K = [K, k,] € Rt and L € R™ be such that
Aiq — B1,oK and Ay — LCy are Hurwitz with spectral abscissa less than —6.

Then, for large enough integers n; > ng;, 1 < i < N, there exists C > 0 such that, for all
wnitial conditions yg € L?(0,1), 1 < j < N, u(0) = ug € R, Xl(O) € R™, and &; 1(0) € R, the
solutions of the closed-loop system consisting of the PDE cascade (1), the output (26) and the
controller (33) satisfy

H(yﬂ'<t7->>1<j<Nuy+|u<t>|+|X1<t>||+i S [alt)

=1 k:no,i

N n;
<O | sy, + ol + 1X001+ Y2 Y )] (3)

i=1 k:no,i
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for every t > 0, with Y = H° defined by (2).

If the initial condition is such that yj € H*(0,1) with (y7)'(0) = yT(1) and (y7)' (1) = 0 for
all1 <j <N —1 and (yV)'(0) = u(0) and (y™)'(1) = 0, the conclusion of the theorem holds with
Y = H' defined by (14).

Proof. Define e; = &;  — &; 1 and

Elﬂ' = [61‘,0 61',1 e €i,n0,i,1} s E1 = COl(ELl, ELQ, ey El,N)a
Xo; = [Zimos Fimout1 - Fim Xo = col(Xo1,X22,...,Xon),
EQ,Z‘ = [(TLOJ' =+ 1)“6,’7"071. L. (n,’ + 1)“ei,m] , FEy= COl(Eg’l, E2’27 - ,EQ’N)7

Xi0=col(XYu), X =col(X14,E1, Xy, Ey).

In this proof we set k = 0. Different values will be set later on in the proofs of Theorems 2 and 3.
Combining (24), (27), (28), (30) and (33), we obtain

N

X=FX+L) ¢ (35)
i=1

where the measurement residues are defined by

G= > cigir, 1<i<N, (36)

k>n;+1
and
Al,a - Bl,aK Lacl 0 LaC2
B 0 Ay —LC; 0 —LCy B
F= (0 By.u] — BaoK 0 Ay 0 , L =col(L,,—L,0,0),
0 0 0 Ay

where

K=K, ky, Lg=col(L,0),
Az = diag(Ning ;s Nivngi+1> -+ - s Nign, ), Ag = diag(Ag 1, Az2,..., A2 N),

-
Boui=|Cing: Qimo.+1 --- Qini] s
-
BQ,u = CO](BZ,u,lv BQ,u,Q» ey B2,u,N)7 B2,v,i = [ﬁi,no,i ﬁi,no,i-i-l v /Bz,nb] y
By = col(Baw.1,B2,2,...,Baw.N),
. Cing ; Cing ;+1 Cin, _
Coi = [Gumtie ootiape - ofly], G=[Co1 Caz ... Can].

We recall that x = 0, which ensures that ||Cz;|| = O(1) as n; — +oco. Finally the input u and its
time derivative v are
u=FEX,=EX, v=-KX ,=-KX, (37)
where E=[0 ... 0 1],E=[E 0 0 O ,and K=[K 0 0 0].
To establish the claimed stability estimate (34) in H° norm, we define the Lyapunov functional
candidate

N
V=X"PX+> Y &, (38)

i=1 k>n;+1
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for some matrix P = 0. The equivalence between (38) and the (squared) H° norm holds true
by Lemma 3. In case of classical solutions, establishing the stability estimate (34) in H! norm is
obtained thanks to the Lyapunov functional candidate

N
V=XTPX+> Y (1+k)i7, (39)
i=1k>n;+1

for some matrix P = 0. The equivalence between (39) and the ! norm holds true by Lemma 4.
Indeed, using (23), we have

N
- —. 1

This series converges a priori in H° norm. But, based on Lemma 3, the series also converges
in %' norm for classical solutions because X (t,-) € D(A). Using again Lemma 3, we infer that
|X(t, I3, is equivalent to Zfil > eso(1+ k?)Z; 1 (t)%. This justifies the definition (39) for V.

Establishing the stability in H" or in H! norm now follows a similar reasoning, and we focus
on the H! norm. The computation of the time derivative of V defined by (39) along the solutions
of (24) and (35), combined with the use of Young’s inequality, gives

FTP+PF+25P PL ... PL
) - LTP 0 ... 01 .
V+20V=X" . . X
LTP 0 ... 0

N N
+2) 3 A+ RNk + 03, +2> Y (L4 E)E k(i s + Bixv)

i=1 k>n;+1 i=1k>n;+1
©.. PL ... PL
__|£"TP 0 ... 0| N 1+ k2
<XxT X IR i
= : S +QZ > (1+k)()‘z,k+ - +5>%k
LTP 0 0 =1 k>n;+1

for any € > 0, with X = col(X, (1, Ca,...,¢n) and

N N
©11=F P+ PF+20P+e (Z Seim ETE + Z S,gi,nj(Tf(>

1=1 1=1

where we have used (37) and we have defined S, n; = Y p>p, 41 g < 00and Sg, n, = D psp 11 Big <
oo. Using (36) and the Cauchy-Schwarz inequality, we infer that B

2 2 ~2
G < E Cik E L5k

k>n;+1 k>n;+1
S —
=S¢, ,n; <00

Combining the two latter estimates, we get

N
V42V <XTOX+> D (1+k)ixi, (41)
i=1 k>n;+1

12



where

©.1 PL ... PL
LTP - e 0
0, = . . R (42a)
ﬁTP 0 e —nNN
14+ k2 771'5(‘ n; 1 1 7]284 n
I =2 )\ 5 —rt =9 —k2 2_ - . 6 _ i1 42b
ik <1,,k+ c +>+1+k2 m . +a; + +€ +71+k2 (42b)
for any €,7m1,...,nn > 0. In particular, for all € > 1/7%, we have I';  <T';,,, 41 for all k > n; + 1.

We thus infer that

V4+2V<X"0,X + Z Tin,+1 Z 1+ k2)@?,k
1<i<N k>ni+1

for all e > 1/72 and all 7y, ...,nx > 0. Hence V + 28V <0, giving the claimed stability estimate
(34), provided that there exist integers n; > ng; + 1, real numbers € > 1/72 and ny,...,ny > 0,
and a matrix P > 0 such that

0120, Tip4+1<0, 1<i<N.

Let us prove the feasibility of these constraints. Recall that F' is Hurwitz with spectral abscissa
less than —¢. Note also that ||Cs| = O(1), ||B2u| = O(1), and || Bz = O(1) as (ni)i<i<n —
+00. Hence, the application of the lemma in Appendix of [13] shows that the solution P > 0 to
FTP+ PF +26P = —I is such that ||P|| = O(1) as (n;)1<i<y — +00. We now arbitrarily fix the
constant € > 1/72 and we define

n; otherwise

1 .
if Se, n, #0
m:{ A PP

We then infer that, for all 1 < ¢ < N, I'; ,,41 — —oo as n; — +oo. Moreover, the Schur

complement shows that ©; < 0 for ny,ns,...,ny selected sufficiently large. The last claim uses
the facts that ||E|| = 1, |[K| = | K|, and ||£]| = v2|L|| are constants not depending on n;
while ||P|| = O(1) as (n;)1<i<n — +oo and that S, n,,S8,n;, — 0 as n; — +o0o. The proof is
complete. O

2.4 Extension to pointwise measurements
2.4.1 Pointwise measurement of y'

In this section, we briefly show how to adapt our previous result to the case of a pointwise mea-
surement of y! of the form:

2(t) = y' (1, &) (43)
for some &, € [0,1]. Using (23), the series expansion (30) still holds true but with ¢; = ¢; (&)
Similarly to Lemma 7, and in view of the expression of (bzlk provided by (5), the pair (A, C1) is
observable if and only if:

cos(kmép) #0, 1<k <Ny;—1, (44a)
cosh(r},(1—&)) #0, 2<i<N,0<k<mngy;—1, (44b)

where Tz-lk is one of the two square roots of A; , — a;.
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Theorem 2. Considering the pointwise measurement (43) for some &, € [0,1], replacing the
observability condition (32) by (44), the same statement as Theorem 1 holds true for the Hilbert
space Y = H° defined by (2).

Proof. The proof follows the one of Theorem 1 except for the estimation of the measurement
residues (; defined by (36). Recall that for the pointwise measurement (43) we have defined
Cik = ¢; 1 (§p). In view of (5) in the case i = 1 and (12) in the case 2 < i < N, we have ¢; ; = O(1)

as k — +oo. Consequently we set k = 1 so that we have ||Cy;|| = O(1) as n; — 400, hence
|Call = O(1) as (n;)1<i<n — +00. Moreover we have
2 i 9N =9
7, ~
<D TE 2
:Sci,ni <o

We thus infer that (41) holds with

1+ k2
€

1 1
Pi,k =2 (Az,k + + 5) + 7)iS§,;,ni =2 <k2 <7T2 — 6) +a; + 6+ 6> + 771‘5(1',117;
while ©4 is still given by (42a). The end of the proof follows the arguments of the proof of
Theorem 1. 0

2.4.2 Pointwise measurement of y!

The case of a pointwise measurement of y! of the form:

2(t) = Yo (£, &), (45)

for some &, € [0, 1], is more stringent. This is due to the fact that the system consisting of the PDE
cascade (1) and the output (45) is not observable. Indeed, consider the initial condition y}(x) = 1
and yi(x) = 0 for 2 < i < N. We infer that the solution of (1) is y'(t,z) = e®! and y(¢t,z) = 0
for 2 < ¢ < N. In particular, (45) gives an identically zero measurement z = 0 for a nontrivial
state trajectory. This remark highlights the fact that if a; > 0, which corresponds to the case of
a cascade (1) that is not open-loop exponentially stable since A1 9 = a3 > 0, then the pointwise
measurement of y, cannot be used to design an output feedback control strategy for stabilizing
the PDE cascade (1).

However, the approach developed in this paper still presents some merits in the case of the
pointwise measurement (45) if we assume moreover that the last component of the PDE cascade
(1), described by 3!, is open-loop exponentially stable. Indeed, assume that a; < 0 and let us
choose the targeted exponential decay rate for the closed-loop system trajectories as § € (0, —ay).
Then, following the construction reported in the previous subsection, no mode A;j has to be
included in the construction of the matrices to buid the finite-dimensional dynamics (27). This is
achieved by setting Ny 1 = 0. Then, using (23), the series expansion (30) still holds true but with
cik = (¢i1) (&) Now, similarly to Lemma 7 and in view of the expression of ¢;, provided by
(5), the pair (A, Cy) is observable if and only if:

sinh(r}  (1-¢,)) #0, 2<i<N, 0<k<ng,—1, (46)

where ril’ & is one of the two square roots of A; , —a;. Note that Assumption 1 implies that ril’ x 70
for ¢ > 2.

Remark 2. The fact that the mode A1 o = a1 is never observable for the pointwise measurement

(45) is reflected by the fact that QS%)O(QE) =1, hence c19 = (gﬂ’o)’(fp) =0.
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Theorem 3. In the setting of Theorem 2, we further assume that a; < 0 and we choose § €
(0, —a1), we set No1 = 0, the observability assumption (44) is replaced by (46), the system output
(43) is replaced by the Neumann measurement (45). Then the statement of Theorem 2 holds true.

Remark 3. The constraint 6 € (0, —ay) reflects the fact that, in the context of an output feedback,
the exponential stability of the closed-loop system, in the sense of (34), is associated with an
exponential decay rate § that cannot be faster than the slowest unobservable mode A\ o = a; < 0.

Proof. The only difference with the proof of Theorem 2 is in the estimation of the measurement
residues ¢; defined by (36). For the pointwise measurement (45) we have defined ¢; , = ( z1716)'(510).
Based on (5) in the case ¢ = 1 and (17) in the case 2 < i < N, we note that ¢;, = O(1) as
k — +oo. Thus, we set k£ = 7/4 so that we have ||Cy ;|| = O(1) as n; — 400, hence ||Cs|| = O(1)
as (n;)1<i<ny — +00. We also have

2
Cik -
C< Y A oL R

2

=S<i ng <oo

Therefore, we infer that (41) holds with

1+ k?
Ty =2 (Ai,k TE L 6) + (LK) iS¢, i,
of 2 1 1 2\3/4
=2k (7 = - a4 - )+ (LR S,
while ©1 is still given by (42a). The proof then follows the same arguments as before. O

3 Cascade of N identical heat equations
In this section, we address the case of N identical heat equations and we make the following
standing assumption:

. A
Assumption 2. a=a;=ay=...=ap.

3.1 Spectral properties

In the Hilbert space H" defined by (2), we consider the unbounded operator A((f7)1<j<n) =
((f7)" + af?)1<j<n on the domain defined by (3). We start by studying the generalized eigenele-
ments of A.

Lemma 8. Let k € N, v € R, and go,g1 € L*(0,1) be such that fol cos(kms)gi1(s)ds # 0. Then,
the functions f : [0,1] — R and real numbers v € R that satisfy f" + k*>7%f = go +vg1, f'(0) =,
(1) =0, are given by
1
Y+ Jo 9o(s)ds ’
v= —#’ fx) =C+7$+/ (z = 5)(g0(s) + vg1(s)) ds, (47)

fo g1(s)ds 0

if k=0, and by
_ ot fol cos(kms)go(s) ds
fol cos(kms)gy(s)ds

f(z) = cvV2cos(kmx) + X sin(krzx) + L /01 sin(km(x — $))(go(s) + vg1(s)) ds,

)

km km
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if k > 1, where c € R is an arbitrary constant that corresponds to the solutions to the homogeneous

ODE (}7), i.e., when go = g1 =0 and v = 0.
Lemma 9. We define a sequence of functions as follows. For k =0, we first set
op(z) = 1. (48a)

Then, we iteratively define, for integers n > 2,

n—1

op(x) =of M (D)x + Z vy /Oz(a: — s)op " (s)ds. (48b)

where ,
n— 1
vt =g ) = D v / oy~ (s) ds. (48c)
i=1 0

For positive integers k > 1, we first set

op(z) = V2 cos(knx). (49a)
Then, we iteratively define, for integers n > 2,
Unfl(l) 1 n—1 x )
op(x) = kkﬂ' sin(kmz) + = zzzl 7 /0 sin(km(z — s))op " (s) ds. (49b)

where
n—2 ) 1 )
vt = V2 (02_1(1) + Z 1/,2/ cos(kms)oy " (s) ds) . (49c¢)
i=1 0
Then we have, for n =1 and for all k € N,
(o) + k1?0 =0, (03)'(0) = (03)'(1) =0, (50a)

while, for all integers n > 2 and for all k € N,

(o) + k*m?o = "Zl viap ", (50b)
i=1
(08)'(0) = o (1), (o) (1) =0. (50¢)
In particular,

lokllze = O1) and v = O(1) if n=1, (51a)
ok || = O(1/k) if n>2, (51b)

as k — +o00. Finally,
o () = P (x) cos(kma) + QF (x) sin(kmx). (52)

for some polynomials Py, Qn € R[X].
Proof. First, (50a) follows from the definitions (48a) and (49a) of oi. The proof now consists, for

n > 2, of applying iteratively Lemma 8 by setting go(x) = Z;:lz V,iag_i and g1(z) = o} while
taking ¢ = 0. It has only to be checked that fol cos(kms)g1(s) ds # 0. This is satisfied because for
k = 0, due to (48a), fol ot(s)ds = 1 and, for k > 1, due to (49a), fol cos(kms)al(s)ds = V2/2.
Finally, (51) and (52) are obtained by an induction argument based on (48) and (49). This
completes the proof. O
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Remark 4. The functions o} can be iteratively computed using (48) and (49), adequately tuning
the quantities v} so as to satisfy the first boundary condition of (50c). For a given number N
of heat equations in the PDE cascade (1), we will see next that only the computation of of for
1 < n < N is required. The first four computations give

op(z) =1,
1‘2
03(33) =T + z,
3 .134 .133 .132
=51 % 2ty
4 g xd xt a3 1722 Tx
0@ =" Tt T 9 0 T ar

with v} = —1, 113 = —1/6, v3 = —17/360, v = —31/1890, and, for k > 1,

oi(z) = V2cos(kmz),
(=1)*Vv2

oip(x) = T(l — z) sin(krx),

Y V2

op(z) = m(aj — 1) sin(krz) + Ww@ — z) cos(kmz),
3—z—-322+23 2-2 2
oi(z) = (-1)*V2 ( kaS:S Rk + k57r5x> sin(kmrx) + (—1)’%/5% cos(kmx)
with v} = 2(=1)k1 12 = Lo )8 = (—1)k+! ’f;gfgﬁ, v = ’ﬁ;,f;?
Lemma 10. Under Assumption 2, the eigenvalues of A are given by
M =a—Kk*7?, k>0. (53)

They are of geometric multiplicity 1 and of algebraic multiplicity N with associated generalized
etgenvectors , o
¢i,k = (¢Z k)lﬁjSN = (0',7;, 0'12_1, Ce ,O'i, 0,... ,O) S D(A) (54)
’ —_—

i elements N —i times

for integers 1 < i < N and k € N, that satisfy

i1
Adi 1 = Mdi e + Z vy 7 gk (55)

j=1

Hence, in (¢ir)1<i<n, the matriz of (the restriction of ) A is given by

By V,i V,% l/,i’ e V,ivfl_
0 M vi o vio... V}ng—g
0 0 )\k l/1 . .
M, = L (56)
0 0 0 X - v
0 0 ... 0 0 ) |

which has M\, as unique eigenvalue, of geometric multiplicity 1 and of algebraic multiplicity N .
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Remark 5. Lemma 9 is derived by iteratively applying Lemma 8 with ¢ = 0 at each step. This
choice is arbitrary: a different value of ¢ could be chosen at each step of the iteration. This would
change the eigenelements ¢; . defined in Lemma 10. This reflects the fact that there is one degree
of freedom? in the definition of each of the generalized eigenvectors ¢, for 2 < i < N. This
degree of freedom corresponds to the fact that a generalized eigenvector translated by an eigenvector
associated with the same eigenvalue remains a generalized eigenvector. Since constants ¢ # 0 would
make the expressions of ¢, more complex, there is no technical benefit of choosing ¢ # 0. Note
however that this choice fixes the corresponding constants in the dual construction (see Remark 7).

Remark 6. Since My has one single eigenvalue, of geometric multiplicity 1, My, is similar to a
Jordan block.

Lemma 11. ® = {¢;; | 1 <i < N, k € N} is a Riesz basis of H'. Moreover, A generates a
Cy-semigroup.

Proof. Define & = {i | 1 <i < N, k€ N} with $, = (¢ )1<;<n where ¢ () = 5i ;o1 ()
and @y, is defined as in (5) for j = 4. Here §;; = 1 while ¢; ; = 0 whenever ¢ # j. It is easy to see
that @ is a Hilbert basis of H°. Hence, noting that o} = ¢ and invoking (51b), we infer that

N N i—1 ‘ N i _
DN Mk = Gikllio =D D D MLl =D DD lotllze < oo
i=1 k>0 i=1 j=1 k>0 i=1 j=2 k>0

Since ® is w-linearly independent, Bari’s theorem implies that ® is a Riesz basis of H°. Finally, a

similar approach to [12, Lem. 2.1] shows that A generates a Cy-semigroup because ||e™*|| < g(t)
for all £ € N and for some real-valued continuous function g (see the beginning of the proof of
Theorem 4). O

The previous lemma provides a suitable framework for studying the solutions in L? norm. The
tool for studying the solutions in H' norm is provided by the following lemma.

Lemma 12. & = {q@zk | 1 <i< N, ke N}, where <;~SM = ﬁéf)i,k, is a Riesz basis of H!
(defined by (14)).

Proof. Define ® = {¢;p | 1 < i < N, k € N} with ¢;; = (qvbzyk)lngN where qvﬁzk(as) =
ﬁéi’jwk(x). We know that ® is a Riesz basis of H'. We apply Bari’s theorem by com-

paring ® to the Riesz basis ®. Since P is w-linearly independent, it remains to show that

N i1 N i
- s 1 4 1 4
Z Z ik — Gikllzn = ZZZ m”%,k”?{l = ZZZ m”d”?{l < 0.
1<i<N k>0 i=1 j=1 k>0 i=1 j=2 k>0

(57)
Based on (51b), we already know that, for any fixed n > 2, |||z = O(1/k) as k — +oo. It
remains to study the terms [|(6})’|| 2 for n > 2 as k — +o00. We infer from (49b) that

n—1 T
(o) (w) = o' (1) cos(kma) + Z u}i/o cos(km(z — s))op " (s)ds.

Based on (51a), we thus infer that ||(6}})’| L~ = O(1) as k — 400 for any given n > 2. Hence (57)
holds true, which concludes the proof. O

2The number of degrees of freedom coincides with the geometric multiplicity of the associated eigenvalues, which
is 1 in our case.
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In order to compute the dual Riesz basis of ®, we introduce the adjoint operator A*((¢/)1<j<n) =
((¢9)" + ag’)1<;j<n defined on the domain (6).

Lemma 13. Let k € N, v € R, and g9, g1 € L*(0,1) be such that fol cos(kms)g1(s)ds # 0. Then,
the functions f : [0,1] — R and real numbers v € R that satisfy f" + k*x%f = go +vg1, £'(0) =0,
f'(1) =, are given by

U= M f(z)=c+ /Ox(m —8)(go(s) +vg1(s)) ds,

f01 g1(s)ds
if k=0, and by
. (—1)Fy — fol cos(kms)go(s)ds
fol cos(kms)gr(s) ds
f(x) = cv2cos(kmx) + % /0 sin(km(x — $))(go(s) + vg1(s)) ds,

if k > 1, where ¢ € R is an arbitrary constant.

Lemma 14. We define a sequence of functions as follows. For k =0, we first set
o (z) = 1. (58a)

Then, we iteratively define for integers n > 2

n—1 T
0 (z) = ¢ + Z 7 / (x—s)1y "(s)ds. (58b)
=1 0
:T(?,o(z)
where
n—2 ] i )
B =)= Yo [ ) ds, (380)
i=1 0
and
n_l 1 . . 1
o =— Z/o 087”1(3)7'5(5) ds —/0 o(l)(s)rgfo(s) ds. (58d)
i=1

For integers k > 1, we first set
H(x) = V2 cos(knz). (59a)

Then, we iteratively define for integers n > 2

1

1= [F :
i (x) = cf V2 cos(kmx) + T 17,2/0 sin(km(x — s))7; " "(s)ds (59b)
i=1
:TI?,O("”)
where )

n— 1
et = _\/5((_1)’“7—]?1(0) + Z 17,2/ cos(kms)m " (s) ds) (59¢)

i=1 0
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and

- 1
;/ ot (s)1i (s) ds—/O or(s )Ty o(s) ds. (59d)

Then we have, for all k € N,
()" +k*m’m =0, (1)'(0) = (7)'(1) = 0, (60a)
and

()" + K’y = Z nr = (@)'(0) =0, ()'(1) = =77 H(0), (60b)

for all n > 2. Furthermore we have the biorthogonality condition:

n_ooel
> / ol T (s)Ti(s)ds =0 Vn>2. (61)
i=170
Finally, ! can be expressed as
7 (z) = PP (x) cos(kmx) + QR (x) sin(krx). (62)

for some polynomials ]3,?, Qg € R[X].

Proof. First, (60a) follows from the definitions (58a) and (59a) of 7}. The proof now consists, for
n > 2, of applying iteratively Lemma 13 by setting go(z) = > i 12 Ty "~ and gl( ) = 7. It only
has to be checked that fol cos(kms)g1(s)ds # 0. For k = 0, due to (58a) fo o3(s)ds = 1 and, for

k > 1, due to (59a) fo cos(kms)oi(s)ds = v/2/2. The biorthogonality condltlon (61) holds true
by ﬁxmg the arbltrary constant ¢ appearing in Lemma 13 as (58d) and (59d). O

Remark 7. The construction of the Riesz basis ® relied on the iterative application of Lemma 8,
giwing Lemma 9. In that construction, we fixed the arbitrary constant ¢ from Lemma 8 as ¢ = 0.
Note that for the dual construction of Lemma 1/, the arbitrary constant ¢ appearing in Lemma 13
still corresponds to the solutions to the homogeneous ODE, i.e., for go = g1 = 0 and v = 0.
However, in the iterative application of Lemma 13, giving Lemma 14, c is not defined as 0 but
iteratively defined by (58d) and (59d). Such a definition of the ¢ constant is made to ensure that
the biorthogonality condition (61) holds. This latter condition will be key in the construction of the
dual Riesz basis U of ® to ensure that ® and ¥ are biorthogonal.

Remark 8. The functions 1} can be iteratively computed using (58) and (59). For a given number
N of heat equations in the PDE cascade (1), only the computation of 7' for 1 <n < N is required.
The first four computations give

o (x) =1,
x? 1
75 (2) = o T
2 1
7—03(3") = ﬂ 15’
74(33)——1:—6—|—£—|— 1722 45T
O™ 720 144 T 720 15120
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along with vy = v for1 <n <4, and, for k> 1,

H(x) = V2 cos(knz),
(—1)k+1\/§$ 4 — (_1)]6\/?

2 o .

T (x) = B sin(kmz) + DYER cos(kmz),
3V2 +4(—1)F N | 1-322 1+ (=112

(x) = ( 2k§’7r3) ) sin(kmz) + V2 T +3 (k47)r4 cos(kmz),

47\ v (=24 2%) 16+ 11V/2(—=1)kt 1\ |
T, (x) = ((—1) V2 R + Sy x | sin(knx)

8 4+ 6v/2(— 1)1 4 (=12 + 15v/2(—1)F) 2 135v/2 + 162(—1)F+1
' < 12kArt V2 12k576 cos(knz),

with v} =0 for 1 <n < 4.

Lemma 15. Under Assumption 2, the dual Riesz basis ¥ = {¢; ,| 1 <i < N, k € N} of & is
described by

Yik = (W 1<jen = (0,...,0, 74, 72, ..., 7N ) € D(AY) (63)
——
i—1 times N —i+1 elements

for integers 1 <i < N, k € N. Furthermore we have u,i = ﬂ,i and

N—1

AV = Metik + > Vitbigjin- (64)

j=1
Hence, in (¥ 1)1<i<n, the matriz of A is M, as defined by (56).
Proof. By definition of A* and the ODEs (60) satisfied by 777, we infer that

N—i
A Y = Methig + Z D itk (65)
j=1
We now show that ® and ¥ are biorthogonal, i.e., (@ x, Vi k) = (i k),(i7,k7)- Using the definitions
(54) and (63) of ¢; , and 1; x, respectively, the fact that of(z) = 74 (z) = 1 while o}.(z) = 7} (z) =
V2 cos(krx) for k € N*, and the biorthogonality property (61), we infer that (¢; k, i k) = 6i.
For k # k', the computation of the two sides of the identity (A i, Yi k') = (Gi ks A i k), for
1 <4,i < N, by using (55) and (65) shows that (¢; x, ¥ k) = 0. Hence ® and ¥ are biorthogonal.
It remains to shows that v} = ¢. This is inferred from the computation of the two sides of the

identity (A, Vi k) = (Diks A Vir k). O

3.2 Spectral reduction of the system

Consider again the change of variable (18) that gives the homogenenous representation (19). Defin-
ing the states X = (y’)1<;<n (original coordinates) and X = ((y/)1<j<n—1,7") (homogeneous
coordinates), we infer the change of variable formula (20) along with the abstract system dynamics
(21). Define the coefficients of projection (22) and the vectors

1k T1k ok B,k
Xp=1| |, Xe=| |, =] |, Be=| "

TN,k TN,k QN k BN,k
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We infer from (20) that X, = xj, + Sru while (21) gives
X, = MyX), + apu + Byv. (66)
Combining the two latter identities, we infer that
X, = Mix, + Nyu (67)

where Ny = ay + My S. Hence, the dynamics of the mode Ay is described by (67). The study of
its controllability properties relies on the following lemma.

Lemma 16. We have N = —puy [c{cv ckN_1 oo 1]T for all k € N. Here uyg = 1 and
wie = V2 for all k € N*.
Proof. By the definition (22) of «; , and using integrations by parts, we infer that

1

1
G = / (" +ap)p¥, dz = [0, — oN)] + / (M) +ape) dz = o, (0)— (B, A 1)

where we have used that ¢(1) = ¢'(1) = 0, ¢’(0) = 1, and (¥,%,)'(0) = 0. In view of (64) we
have (8, A*; k) = (Mg)r,Br where (M), denotes the i-th line of the matrix Mj, which gives
ok + (My)r,Bx = *wf?]k(o) Hence, for all 1 < i < N, we have

N == [0N0) 9 0) N, 0] == [¥0) o) .70

where we have used (63). The conclusion follows from (58)-(59). O

Noting that v} # 0 and uy, # 0, the application of the Hautus test shows that (67) is controllable
for all k£ € N.

3.3 Output feedback control strategy

Consider the output (26) measured on the last component 3! of the PDE cascade (1).

Let § > 0 be the targeted exponential decay rate for the closed-loop system. Using (53), we
choose a large enough integer ng > 0 such that A,, < —§, implying that Ay < A,, < —¢ for all
integers k > ng. We now introduce a finite-dimensional dynamics that captures the ng first modes
of the plant. Defining the state vector X; = col(X¢, X1, ...,Xn,—1), we infer from (66) that

Xl = A1X1 +Bl,uu+Bl,vU (68)
where
A1 :diag(Mo,Ml,...,Mno_l), Bl,u ZCol(Oéo,Oél,...7Ozn0_1), Bl,v 2001(6()’/817"'767“)—1)-

Recalling that v = 4, we define the augmented state vector X; , = col(X7,u), obtaining the
dynamics )
Xl,a = Al,aXl,a, + Bl,av (69)

where the matrices A; , and By , are defined by (29).

Under Assumption 2, k # I = sp(My) Nsp(M;) = (. Therefore, the application of the Hautus
test shows that the pair (A; 4, B1,4) is controllable if and only if the last entry of Ny = oy, + M Sr #
0 is not zero for all 0 < k < ng — 1. The result of Lemma 16 implies the following statement.

Lemma 17. Under Assumption 2, the pair (A1,q,B1,q) s controllable.
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Remark 9. At this step, it is possible to design a state-feedback control strategy as in Remark 1.

Proceeding as in the previous section, the measurement (26) is expanded as

N
2(t) =D Y cixdin(t) = CrX1(t) + Y cxXn(t) (70)

i=1 k>0 k>no
where ¢; 1 is defined by (31) and
C = [Cl,k k.- CN,k] ; Cl = [CO c1T ... Cnofl] .

Again, under Assumption 2, k # | = sp(M}) Nsp(M;) = (. Hence, the application of the Hautus
test shows that the pair (A;,C4) is observable if and only if ¢; , # 0 for all 0 < k <ng — 1. By
the definition (31) of ¢; ;, and the expression of ¢ given by (54), we infer the following result.

Lemma 18. Under Assumption 1, the pair (A1, Cy) is observable if and only if
1
/ c(z)cos(krx)dr #£0, 0<k<mnyg—1. (71)
0

We are now in position to define our output feedback control strategy. Let m; > ng be an
integer to be chosen large enough later on. We defined the following controller dynamics:

w=v (72a)
. 1
X, = A1 X, 4+ Byyu+ By ,v—L <C’1X1 + ) enkp - z> (72b)
k:ng
X = MypXy + agu + Bev, ng < k < ny (72¢)
v=—K, X1 — kqu (72d)

where k, € R and K, € R™™0N are the feedback gains and L € R™7¥ is the observer gain.

Theorem 4. Let a; = az = ... = ay € R (Assumption 2) and let ¢ € L*(0,1). Let § > 0 be
arbitrary. Let no € N be large enough so that A, < —9. Assuming that the observability condition
(71) holds, let K = [K, k,| € RN+ gnd [ € RN be matrices such that A1, — By oK
and A1 — LC1 are Hurwitz with spectral abscissa less than —9.

~ Then, for any n1 > ng large enough, there exists C' > 0 such that, for all initial conditions
vy € L*0,1), 1 < j < N, u(0) = ug € R, Xl(O) € RN and #, 1(0) € R, the solutions of
the closed-loop system consisting of the PDE cascade (1), the output (26) and the controller (72),
satisfy (34) with Y = H° defined by (2), for all t > 0.

If the initial condition is such that y} € H*(0,1) with (y7)'(0) = y7T1(1) and (y7)'(1) = 0 for

all 1 < j < N —1 while (yV)'(0) = u(0) and (yV)' (1) = 0, the conclusion holds with Y = H*
defined by (14).

Proof. We define X7 = col(Xg,X1,...,Xn,—1), € = X — X}, and

Ey =col(ey,es,...,en,—1), Eo=col((ng+1)%eny,...,(n1+1)%ep,),

Xl,a :COI(Xl,’LL), XQ :COI()A(nO,)A(no_._l,...,)A(nl), X = Col(lea,El,XQ,EQ).

Here we set kK = 0. A different value will be set later on in the proof of Theorem 5. Combining
(66), (68), (69), (70), and (72), we obtain

X =FX+L¢ (73)
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where the measurement residue is defined by

k>ni1+1
and
Ata— B1o.K L,C4 0 L,C
— O Al - LOl 0 —LCQ -
F= [0 Bs,,] — By oK 0 A, B L = col(L,,—L,0,0),
0 0 0 Ay
where
K= [Km ku] ,  Lg =col(L,0), Ay =diag(M,,, Mpy+1,---,Mn,),
Bz’u = COl(a”O’ Qno+1--- 7an1)7 B27v = CO](/Bnov Bno-‘rla R ?IBTL])?

C _ Cng Cnp+2 Cnq
2= | (no+1)*  (no+1)F 7 (nit1)F |-

The input u and its time derivative v are expressed as (37).

Since, for k > ng, the matrix My, defined by (56) has a spectral abscissa less than —d, it follows
that Mk = My + 01 is Hurwitz. We can thus define P, = 0 as the solution of the Lyapunov
equation

M, P, + PoMy + 20P, = M, Py + PuM;, = —|\|T (75)

for all k > ng. Defining A, = P, — 31, let us prove that [|A|| = O(1/k?) as k — +oo. Using
(51a) and (56), the matrix Ry, = M}, — A\ [ satisfies || Ry|| = O(1). Substituting M, = My, + 01 =
(—=|Ak| +0)I + Ry, and P, = 11 + Ay, into (75) while using (53), we infer that [|Ag| = O(1/k?).
Hence there exist 7,,, var > 0 such that

Hpk” S YM and ’)/mI j Pk j ’YJV]I Vk Z ng + 1. (76)

Noting that R, € RM*¥ is nilpotent (because upper triangular with zeros on the diagonal),

we obtain eMktoDt — cQutd)tgRit — (Ar+o)t SN 1 Rijtl. Since ||Rk| = O(1), we infer the
existence of a polynomial function P, € Ry_1[X], not depending on k, such that ||e(Mx+oDt|| <
P (t)ePrt0t < P (1)ePnot9)t for all t > 0 and k > ng. Since \,, < —6, there exist ¢, e > 0, not

depending on nq, such that

||e(A2+5I)tH < ce_et Vit >0 an > no. (77)

We now define the Lyapunov functional candidates to establish the stability estimate (34). In H°
norm, we define
V=X"PX+ > P (78)
k>n1+1
for some matrix P = 0. The equivalence between (78) and the (squared) H° norm follows from
(76) and Lemma 11. In ! norm, we define for classical solutions

V=XTPX+ > (1+k*)i P (79)
k>n1+1

for some matrix P = 0. The equivalence between (39) and the (squared) H' norm follows from
(76) and Lemma 12 since the series expansion (40) holds.
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In what follows we focus on the H! norm. We compute the derivative of V defined by (79) along
the solutions of (66) and (73). Using the Lyapunov equations (75), the estimates (76), Young’s
inequality and (37), we obtain

T
F'P+ PF +26P P£:|X+2 Z

1+ k)&, (M) Py + Py My + 26Py) iy,

: v
V42V =X [ TP

k>n1+1

+2 Z (1+ k%)%, Pe(aru + Brv)

k>ni+1
~ S PL 2 (1+ k2 .
<XxT L%}D 0]X+2 Z (1+k?) </\k+7M(€ ))Ik|2

k>ni+1

for all € > 0, where X = col(X, () and
©11=F"P+PF+25P+e (SWHETE + Sﬂ,nlf(Tf()

where San, = D psn, 1 lakl? < oo and Spn, = R 1Bell? < oo. Using (74) and the
Cauchy-Schwarz inequality, we infer that

G Y0 el Do Nz

k>ni+1 k>ni+1
—_—
=8¢,y <00

Combining the two latter estimates, we obtain that

V+2V<XTO1X+ > (1+ )Tkl (80)
k>ni+1
where
©.1 PL
G)l |:£TP _77:| ) (81&)
2 2
Yar(1+ k%) NS¢, 2( 2 ’YM 7M NS¢

F = = — =

k 2<>\k+ - i =2 R (- ) e s (81b)

for all €, > 0. In particular, for all € > 7]2\4/71'27 we have I'y < T’y 41 for all K > n; + 1. We thus
infer that

V+20V<XTOX +Th 41 Y (L+E)|a]
k>ni+1

for all € > 43,/7% and all > 0. Hence V 4 26V < 0, giving the claimed stability estimate (34),
provided that there exists an integer ny > ng + 1, real numbers € > 72, /7% and > 0 and a matrix
P > 0 such that ©; < 0and I',, 41 <O0.

Let us prove the feasibility of these constraints. Recall that F' is Hurwitz with spectral abscissa
less than —§. Note also that |Cs|| = O(1), ||Bz,u|| = O(1) and || Bs,, || = O(1) as n; — +oo. Finally,
recall that (77) holds for some constants ¢, e > 0 not depending on n;. Hence, the application of
the lemma in Appendix of [13] shows that the solution P = 0 to F'T P+ PF + 25P = —I satisfies
| P|| = O(1) as ny — +oo. We now arbitrarily fix € > 73, /7% and define

n= { vV Slc,m if Seiny 70

ny otherwise

We infer that I, 11 — —o0 as n; — +00. Moreover, the Schur complement shows that ©; < 0 if
ny is chosen sufficiently large. This completes the proof. O
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3.4 Extension to pointwise Dirichlet measurement

Consider the case of the pointwise measurement of y! given by (43). Then the series expansion
(30) still holds true but with ¢; , = ¢} ;(&). We thus infer, similarly to Lemma 18 and in view of

the expression of zj)ll) & given by (54), that the pair (A, C1) is observable if and only if
cos(kméy) #0, 0<k<Ny;—1. (82)

Theorem 5. Considering the pointwise measurement (43) for some &, € [0,1], replacing the
observability condition (71) by (82), the statement of Theorem J holds true with Y = H° defined

by (2).
The proof follows the arguments developed in the proof of Theorems 2 and 4 by setting xk = 1.

Remark 10. In the case of N identical heat equations (Assumption 2), the pointwise measurement
of y1 given by (45) is never an appropriate output for the feedback stabilization of the PDE cascade
(1). Indeed, in view of (53), the open-loop system is unstable if and only if \g = a > 0. But
this mode is never observable for the pointwise measurement (45) because c10 = (¢ ) (&p) = 0.
Hence, an output feedback strategy based on the pointwise measurement of y. given by (45) is not
sufficient to stabilize the PDE cascade (1).

4 Conclusion

We have studied the boundary output feedback stabilization problem for a cascade on N heat
equations, with a spectral approach, using the key property that the (generalized) eigenelements
of the underlying operator form a Riesz basis. Our presentation focused on the two extreme case of
either two-by-two distinct eigenvalues or eigenvalues of multiplicity N, but the intermediate cases
can be handled similarly. Future work may address other PDE cascades.

Acknowlegment. The third author acknowledges the support of ANR-20-CE40-0009 (TRE-
COS).
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