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Abstract1

White adipose tissue, composed of adipocyte cells, primarily stores energy as2

lipid droplets. The size of adipocytes varies signi�cantly within the tissue due to3

the amount of stored lipids, and their size distribution is uniquely bimodal, lacking a4

characteristic size. Previous modeling e�orts to understand these characteristics fall5

into two categories. On the one hand, models that aim at replicating bimodality using6

general parameters: their broad nature makes it hard to associate with physiological7

mechanisms. On the other hand, mechanistic models are usually based on lipid8

exchanges and neglect cell renewal assuming adipocyte turnover is low.9

We propose a novel dynamical model, based on a partial di�erential equation,10

where adipocytes are constantly growing in size, and when growth is slowed for a11

certain size, cells tend to accumulate at this size. In addition, it includes a recruitment12

and a death rate accounting for turnover. This model admits a unique stationary13

solution, locally asymptotically stable, for a wide choice of problem functions. The14
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stationary solution is parameterized with 3 parameters, that are uniquely estimated15

with measured cell size distributions. This explicit function gives a new way to �t16

adipocyte size distributions with only three parameters, which is a novel approach17

and gives results in good agreement with available data.18

keywords: partial di�erential equation modeling, adipocyte size distribution, white19

adipocyte tissue, parameter estimation, stationary solution20

1 Introduction21

The global public health challenge posed by obesity has drawn signi�cant interest22

from the scienti�c community. De�ned as an excessive accumulation of white adipose23

tissue, obesity is associated with an increased risk of comorbidities such as type24

2 diabetes, cardiovascular diseases, and certain cancers [23]. These obesity-related25

diseases are the consequences of white adipose tissue dysfunctions. A chronic energy26

imbalance results in lipid accretion in cells dedicated to storage: the adipocytes.27

This accumulation is enabled by two mechanisms: increasing the adipocyte number28

(hyperplasia) and increasing the adipocyte size (hypertrophy). In fact, adipocytes29

exhibit singular size properties with radii ranging from 7µm to 150µm and displaying30

a bimodal distribution with a peak around 10 − 12µm and a second one around31

50− 60µm [27]32

An abnormal size of those cells may be the onset of a complete tissue impairment33

as it correlates with drastic physiological changes. First, at the cell scale: lipoly-34

sis, lipogenesis activity, adrenoceptor expression, insulin sensitivity, senescence are35

altered [13, 20, 27, 41]. Then, at the tissue scale through permanent crosstalk and36

interactions with the stroma-vascular fraction: macrophage in�ltration, reduced an-37

giogenesis, hypoxia and �brosis [39, 40]. Finally, alterations are observed at a systemic38

scale: low-grade in�ammation, glucose metabolism impairment, altered adipokine se-39

cretion and liver steatosis [32, 27, 22, 24, 33]. Thus, the size and number of adipocytes40

are key parameters in obesity. Whether they are drivers leading to the pathological41

state or indicators of it is not yet clear. However, it makes consensus that they play42

a pivotal role in the emergence and persistence of obesity.43

In order to better understand these dynamics, few mathematical models have44

tried to address the issue of adipocyte size. In [17, 16, 18], the authors have pro-45

posed models based on partial di�erential equation to adipocyte size distributions in46

rats under various dietary conditions. They have assumed cell turnover and a size-47

dependent rate described by an imposed function where the associated parameters are48

di�cult to relate to physiological processes. The adipocyte modeling in [25] is based49
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on three compartments and has been developed to describe small, medium and large50

adipocytes. The cell size evolution depends on lipid �uxes that are related to protein51

concentration controlling lipotoxicity � a cellular dysfunction due to lipid accumu-52

lation in non-adipose tissue. All these models provide studies of the adipose tissue53

growth dynamic and its bimodality through cell hyperplasia and/or hypertrophy, but54

the mechanisms governing lipid �uxes involved in adipocyte hypertrophy have not55

been considered and the models rely on large numbers of general parameters. More56

recently, authors in [1] have proposed a statistical approach to extract characteristics57

of cell size distribution for several participants before and after caloric restriction.58

We previously have proposed mechanistic models based on lipid �uxes [36, 35,59

9, 28, 6]. These models share common assumptions: a) there is only one adipocyte60

population type, b) cell's size is determined by lipid �uxes, c) the in�ow and out�ow61

are proportional to the surface area of the cell, d) cells do not experience apoptosis62

and no recruitment is accounted for, therefore the number of cells is constant. They63

di�er on assumptions regarding the size di�erences between cells: in [9] and [28], we64

have considered partial di�erential equation models where a di�usion term is used65

to mimic cell population heterogeneity, whereas in [36] and [6] models are based on66

ordinary di�erential equations and intrinsic di�erences between cells are considered67

(by distributing some parameters over the cell population). The previous models do68

not take into account cell renewal (recruitment and death) and they strongly rely on69

a slow turnover of adipocytes (in humans 10% of fat cells are renewed annually [37]).70

However, it has been reported that 0.6% to 1.5% adipocytes are replaced each day71

for lean mice ad libitum [30, 29, 19]. It leads to re-evaluate the hypothesis of slow72

turnover of adipocyte cells in rats (the measurements considered previously and in73

this paper are measured in rats).74

In this work, we propose a new mathematical model, based on a partial di�erential75

equation, that aims at modeling adipocyte size distributions taking into account cell76

turnover (cell �death� and �recruitment�). Adipocytes are �recruited� at a constant77

rate, with a common minimal radius. Cell size over time is related to lipid uptake78

assuming out�ow of lipids can be neglected. Based on previous mechanical considera-79

tions, the magnitude of the uptake depends on the amount of extracellular lipids and80

on the radius on the cell, linking the growth rate to the lipid in�ux. More precisely81

this growth rate will be slow for small cells - since lipid in�ux depends on size - and is82

decreased for high radius due to tissue constraints. Since the growth rate is variable,83

cell will accumulate for size where the cells grow slowly. Assuming a constant death84

term prevents cells from accumulating at higher size. These properties allow us to85

obtain bimodal cell size distribution. The modeling assumptions and equations are86

described in section 2.1. The stationary solution is introduced in section 2.2. We87

show that this model admits a unique stationary solution, locally asymptotically sta-88

ble (section 3.1). Numerical simulations are performed to explore the model output89
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sensitivity to parameters (section 3.2). Next, with adipocyte size distributions mea-90

sured in rats, the model parameters are estimated (section 3.3), showing that the91

measurements are well reproduced (with only 3 parameters to estimate). Finally we92

conclude this paper with a discussion in section 4.93

2 Model and Methods94

2.1 Model for adipocyte size distribution95

We present a new model of dynamics of adipocytes' size. It assumes that adipocytes96

are �recruited� at a constant rate ρ (cell.time−1) and submitted to apoptosis at rate97

σ (time−1), independent of age or size. Whenever a new adipocyte enters the popu-98

lation, it has a radius of rmin (µm) and incorporates lipids (and thus grows in size)99

at a speed that depends on its radius r and on the amount of extracellular lipid L100

(nmol). We assume that the growth speed has a separable form, de�ned as:101

V (r, L) = f(L)g(r),

with f an increasing function of the extracellular lipid L, and g a positive continuous102

function of radius. This means that lipid availability and cell size in�uence lipid103

uptake independently and in a multiplicative manner, see Theorem 3 for more precise104

assumptions and Eq. (11) for a concrete modeling choice for parameter estimation.105

The extracellular amount term L is assumed to be pumped from the medium. The106

redistribution of lipids happens when a cell goes into apoptosis. It releases its lipid107

content in the medium and the cell is taken out from the pool.108

We obtain a �ow equation, that describes the evolution of the cell density u(t, r)109

at time t ∈ R+ with radius r ∈ [rmin; +∞[:110

∂

∂t
u(t, r) +

∂

∂r
(V (r, L(t))u(t, r)) = −σu(t, r) (1)

with boundary condition on r = rmin,111

V (rmin, L(t))u(t, rmin) = ρ. (2)

The extracellular (available) lipid quantity L depends on time t: it is increased when-112

ever a cell dies and decreased when cells grow. The decrease depends on the amount113

of variation of the lipid content of a cell, denoted by l(r) a function of cell radius r.114

The assumption that lipids are redistributed when cells exit the system leads to a115

conservation equation of total lipids. Therefore the content of lipids inside all cells116

(intracellular) Lint(t) at time t being117

Lint(t) :=

∫ ∞

rmin

l(s)u(t, s)ds , (3)
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we obtain that the total amount of lipids, L0 (nmol), is constant at all times t:118

L(t) + Lint(t) = L0 for all t ≥ 0. (4)

Di�erentiating in time, we obtain in particular that,119

d

dt
L(t) = −

∫ ∞

rmin

V (s, L(t))l′(s)u(t, s)ds+ σ

∫ ∞

rmin

l(s)u(t, s)ds

= −f(L(t))
∫ ∞

rmin

g(s)l′(s)u(t, s)ds− σL(t) + σL0 .

Equations (1), (2) and (4) with initial distribution u(0, r) = u0(r) for all r ≥ 0120

de�ne a time-dependent size density function. Using �xed point argument on the121

function t 7→ L(t), one can show that global existence, uniqueness and non-negativity122

of solution u ∈ L1 ((rmin,+∞), (1 + l(x))dx) holds under fairly general assumption,123

see e.g. [21, 5, 2].124

We now give some explicit forms for the function l, f and g. Assuming spherical125

shape for the adipocytes, we can link l and r as:126

Vl l(r) =
4π

3
r3 − 4π

3
r3min, (5)

where Vl (µm
3.nmol−1) is a conversion constant [36]. An adipocyte captures lipids127

at a rate proportional to its surface area and cannot grow inde�nitely, so the growth128

speed decreases with the radius when the radius becomes large, hence we can choose129

g(r) =
r2

1 + rkθ−k
, (6)

for some saturating constant θ > 0 (µm) and exponent k ≥ 2. Compared to the previ-130

ous model introduced in [36], the growth speed is always strictly positive. In line with131

the previous model, adipocyte growth is proportional (via parameter α(µm−1.time−1))132

to a sublinear (michaelian) input of extracellular lipid L with constant κ (nmol), de-133

�ned as:134

f(L) = α
L

L+ κ
. (7)

2.2 Stationary solution135

This new model assumes only lipogenic activity. Compared with the previous model136

we have considered [36], there is no equilibrium between lipogenesis and lipolysis. We137

can still derive a stationary distribution and a cell number evolution.138
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Let's call N(t) the total number of cells at time t de�ned as:139

N(t) =

∫ ∞

rmin

u(t, s)ds.

By integrating Eq.(1) over r we obtain:∫ ∞

rmin

∂

∂t
u(t, s)ds+

∫ ∞

rmin

∂

∂r
(V (s, L(t))u(t, s)) ds = −σ

∫ ∞

rmin

u(t, s)ds

then
d

dt

∫ ∞

rmin

u(t, s)ds− V (rmin, L(t))u(t, rmin) = −σ
∫ ∞

rmin

u(t, s)ds

which leads to140

dN

dt
(t)− ρ = −σN(t).

From this equation, we derive the number of cells at equilibrium141

N⋆ =
ρ

σ

and calling u⋆ a stationary solution of Eq. (1), it satis�es the following equation:142

d

dr
(V (r, L⋆)u⋆(r)) = −σu⋆(r),

where L⋆ is the stationary number of extracellular lipids satisfying conservation equa-143

tion (4). Then, since V (r, L⋆) > 0 when r ≥ rmin,144

d

dr
(V (r, L⋆)u⋆(r)) = − σ

V (r, L⋆)
V (r, L⋆)u⋆(r)

and then145

V (r, L⋆)u⋆(r) = ρ exp

(
−
∫ r

rmin

σ

V (s, L⋆)
ds

)
with V (rmin, L

⋆)u⋆(rmin) = ρ.146

For the sake of clarity, we now add a dependency on L to u (resp. L⋆ to u⋆) and147

we obtain the �nal equation :148

u⋆(r, L⋆) =
ρ

V (r, L⋆)
exp

(
−
∫ r

rmin

σ

V (s, L⋆)
ds

)
, (8)
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yielding a coupled equation with the following equation for L⋆ :149

L⋆ = L0 −
∫ ∞

rmin

l(s)u⋆(s, L⋆)ds. (9)

Therefore L⋆ is a �xed point of the following function:150

F (L) = L0 −
∫ ∞

rmin

l(s)u⋆(s, L)ds (10)

with u⋆ as in Eq. (8). When a solution L⋆ is found we can insert into Eq. (8) to151

obtain a stationary solution.152

Example 1. When g ≡ 1 is constant, and l is given by (5) we obtain the explicit153

form for F154

F (L) = L0 −
4πρ

3σVl
3
f(L⋆)

σ

(
2

(
f(L⋆)

σ

)2

+ 2rmin

(
f(L⋆)

σ

)
+ r2min

)
,

which is decreasing and thus admits a unique �xed point in [0, L0] whenever f is155

increasing with f(0) = 0.156

Example 1 does not satisfy biological assumptions and we only include it to il-157

lustrate theoretical results. In Proposition 2, we generalize the previous example 1158

for broader choices of l and g (that include biologically-sound choices) to show that159

indeed a unique stationary solution exists. Note that even with a simple shape for160

V , the solution of Eq. (9) must be found numerically.161

2.3 Parameter estimation162

In order to perform parameter estimation, assuming we observe adipocyte size distri-163

bution, we set the velocity according to Eqs.(6)-(7) so that164

V (r, L) = α
L

L+ κ

r2

1 + rkθ−k
, (11)

with k ≥ 2 and from (8) the stationary solution is equal to :165

u⋆(r, L⋆) = ρ
L⋆ + κ

L⋆

1 + rkθ−k

αr2
exp

(
−σ
α

L⋆ + κ

L⋆

[
−r−1 + r−1

min +
rk−1 − rk−1

min

(k − 1)θk

])
.

(12)
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We normalize Eq. (12) to 1 (u⋆norm = u⋆

N⋆ = σu⋆

ρ
) and we note σ⋆ = σ

α
L⋆+κ
L⋆ (µm).166

The previous solution becomes167

u⋆norm(r, σ
⋆) = σ⋆

(
1 + rkθ−k

r2

)
exp

(
−σ⋆

[
−r−1 + r−1

min +
rk−1 − rk−1

min

(k − 1)θk

])
. (13)

From Eq. (13) the solution u⋆norm depends on only 3 parameters, σ⋆, θ and k.168

Note that L∗ is now considered as a parameter. Assuming L∗ or L0 as a parameter is169

similar, since by observing distribution of size u, and assuming l to be known (Eq.(5)),170

L∗ only depends on parameter L0 from Eq. (9). In addition, we notice that parameter171

σ⋆ is a combination of 4 parameters which cannot be estimated separately by only172

observing the stationary size distribution u⋆.173

We perform an approximate Bayesian computation (ABC) [38] to estimate pa-174

rameters. We use the ABC rejection sampler algorithm: �rst we draw a uniform175

distribution for the 3 parameters of interest, then we compute the L2 error between176

measured and modeled cell size distributions (with the drawn parameters). We keep177

the vector of parameters if the L2 error is lower than the chosen threshold and we re-178

ject it otherwise. We are considering normalized measured distributions, and for the179

model we use the explicit formula given by Eq. (13). This procedure is repeated 106180

times and the threshold is set to 5 10−4. The bounds of the uniform distributions for181

each parameter are the following, k ∼ U(2.1, 15), σ⋆ ∼ U(1, 15) and θ ∼ U(10, 150).182

The outcome of the algorithm is a list of vector of parameters for which the L2 error183

between measured and modeled cell size distributions is below the chosen threshold.184

3 Results185

3.1 Proof of existence, uniqueness and stability of the station-186

ary solution187

We consider here the following Partial Di�erential Equation (PDE) problem:188 

∂

∂t
u(t, r) +

∂

∂r
(V (r, L(t))u(t, r)) = −σu(t, r), r > rmin, t > 0,

V (rmin, L(t))u(t, rmin) = ρ, t > 0,

L(t) = L0 −
∫ ∞

rmin

l(s)u(t, s)ds, t > 0,

u(0, r) = u0(r), r > rmin,

(14)

and we take a general velocity under the form189

V (r, L) = f(L)g(r) . (15)
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To begin with, we study the existence and uniqueness of the stationary solution of190

system (14) de�ned by Eq.(8)-(9).191

As explained previously, we therefore look for a �xed point of function F de�ned192

at Eq. (10). In the following proposition, we prove the existence and uniqueness of the193

�xed point. Therefore, once L0 is �xed, there exists a unique value for the stationary194

extracellular quantity of lipids L⋆ and a unique stationary density u⋆.195

Proposition 2. We assume that196

� f is a di�erentiable strictly increasing function on [0, L0] with f(0) = 0,197

� g is a continuous bounded positive function on [rmin,+∞),198

� l is a continuously increasing function on [rmin,+∞) with l(rmin) = 0,199

� for all λ > 0, l/g ∈ L1 (([rmin,+∞), exp (−λχ(x)) dx), where χ(x) =
∫ x

rmin

ds

g(s)
.200

Then, for all L0 > 0, there exists a unique �xed point L⋆ ∈ (0, L0) of function201

F : [0, L0] → R de�ned by202

F (L) = L0 −
∫ ∞

rmin

l(s)
ρ

g(s)f(L)
exp

(
−
∫ s

rmin

σ

g(ξ)f(L)
dξ

)
ds.

203

Note that functions l, f, g given by (5)-(7)-(6) satisfy the hypotheses of Proposition204

2. The proof of Proposition 2 relies on the intermediate value theorem and the fact205

that F is a decreasing function of L. We will make a repetitive use of the following206

notation207

χ(x) :=

∫ x

rmin

1

g(s)
ds (16)

By assumption, χ de�nes a di�eomorphism from [rmin,∞) to [0,∞), and we de�ne208

p(x) := l ◦ χ−1(x) . (17)

Proof. Thanks to notation (16), we rewrite F as:209

F (L) = L0 −
ρ

f(L)

∫ ∞

rmin

l(s)

g(s)
exp

(
−σ χ(s)

f(L)

)
ds .

By assumption, and from Lebesgue integration theorem, F is a well de�ned continuous210

di�erentiable function and211
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� lim
L→0

F (L) = L0 and212

� lim
L→L0

F (L) = L0 −
ρ

f(L0)

∫ ∞

rmin

l(s)

g(s)
exp

(
−σ χ(s)

f(L0)

)
ds < L0.213

Thanks to notation (17), and using the change of variable x = χ(s), we obtain:214

F (L) = L0 −
ρ

f(L)

∫ ∞

0

p(x) exp

(
−σ x

f(L)

)
dx.

Computing its derivative with respect to L, we have that215

F ′(L) = ρ
f ′(L)

f(L)2

∫ ∞

0

p(x)

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx.

By assumption, f ′(L) > 0 for all L > 0, therefore F ′ has the same sign as216 ∫ ∞

0

p(x)

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx. We can verify that for every L,217

∫ ∞

0

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx = 0 .

As p is increasing, we can cut the integral below in two parts according to the sign218

of 1− σ
x

f(L)
:219

∫ ∞

0

p(x)

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx

=

∫ f(L)
σ

0

p(x)

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx

+

∫ ∞

f(L)
σ

p(x)

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx

≤ p

(
f(L)

σ

)∫ f(L)
σ

0

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx

+ p

(
f(L)

σ

)∫ ∞

f(L)
σ

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx

≤ p

(
f(L)

σ

)∫ ∞

0

(
1− σ

x

f(L)

)
exp

(
−σ x

f(L)

)
dx = 0.

We deduce that F ′(L) ≤ 0, F is continuous nonincreasing, F (0) > 0 and F (L0) < L0,220

therefore F has a unique �xed point L∗ ∈ (0, L0).221
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Now, we prove that the unique stationary solution we found is locally stable for222

PDE system (14), which means that the stationary solution would be the asymptotic223

pro�le of the system provided that the initial datum is taken close to the stationary224

solution.225

Theorem 3. We assume that :226

(H1) f ∈ C1([0, L0]) is strictly increasing and f(0) = 0.227

(H2) g ∈ C1([rmin,+∞)), g > 0 and g and g′ are bounded,228

(H3) l ∈ C1([rmin,+∞)), l is increasing with l(rmin) = 0, and l′

1+l
is bounded,229

Furthermore, there exist x0 > 0 and K > 0 such that for all x, y ≥ x0,230

l(x+ y) ≤ Kl(x)l(y),231

(H4) for all λ > 0, both l/g and l′ belong to L1([rmin,+∞), (exp(−λχ(x))dx).232

Then the unique stationary solution of system (14) is locally asymptotically stable in233

the space L1([rmin,+∞), (1 + l(x))dx).234

Functions f, g, l given by (7)-(6)-(5) satisfy the hypotheses. We sketch here the235

general idea of the proof, all the details and intermediate computations are given in236

A.237

Proof. Thanks to the separable form of the growth speed V (r, L) = f(L)g(r), and238

using the change of variable v(τ, ·) = u(t, ·) with τ(t) =
∫ t

0

f(L(θ))dθ, we can show239

that the PDE system (14) is asymptotically equivalent to the following semilinear240

PDE :241 

∂

∂τ
v(τ, r) +

∂

∂r
(g(r)v(τ, r)) +

σ

f(L(τ))
v(τ, r) = 0, r > rmin, τ > 0

g(rmin)f(L(τ))v(τ, rmin) = ρ, τ > 0,

L(τ) = L0 −
∫ ∞

rmin

l(r)v(τ, r)dr, τ > 0

v(0, r) = u0(r), r > rmin

(18)

Eq. (18) can be written as an abstract semilinear Cauchy problem on the Banach242

space X := R× L1([0,+∞), ω(x)dx) for some suitable weight function ω. Then, the243

principle of linearized stability (Prop. 5.7.1. and 5.7.4. in [26]) allows us to reduce the244

stability analysis to the study of the asymptotic behaviour of the linearized problem245

around the stationary solution. The study of the linearized problem around (u⋆,L⋆),246

11



leads to the study of the following characteristic function ∆ (see the derivation of ∆247

in A)248

∆(λ) = 1 + ρ
f ′(L⋆)

f 2(L⋆)

1

λ

∫ ∞

0

p(x)e−
σ

f(L⋆)
x

(
σ

f(L⋆)
− e−λx

(
λ+

σ

f(L⋆)

))
dx ,

where we recall that p is de�ned in notation (17). Finally, we show that if the249

characteristic function ∆ has no root with non-negativereal part, then the unique250

stationary solution of (14) is locally asymptotically stable. Now, let us remark that251

λ ̸= 0 and ∆(λ) = 0 is equivalent to:252

λ = ρ
f ′(L⋆)

f 2(L⋆)

∫ ∞

0

p(x)e−
σ

f(L⋆)
x

(
e−λx

(
λ+

σ

f(L⋆)

)
− σ

f(L⋆)

)
dx . (19)

For the sake of brevity, we set λ0 :=
σ

f(L⋆)
. Then Eq. (19) can be rewritten as:253

f 2(L⋆)

ρf ′(L⋆)
λ =

∫ ∞

0

p(x)e−λ0x
(
e−λx (λ+ λ0)− λ0

)
dx

=

∫ ∞

0

p(x)e−(λ0+λ)x (λ+ λ0) dx− λ0

∫ ∞

0

p(x)e−λ0xdx .

By integration by parts (and using p(0) = 0 by (H3)), we get:254

f 2(L⋆)

ρf ′(L⋆)
λ =

∫ ∞

0

p′(x)e−(λ0+λ)xdx−
∫ ∞

0

p′(x)e−λ0xdx

=

∫ ∞

0

p′(x)e−λ0x
(
e−λx − 1

)
dx .

Using the complex decomposition of λ = ℜ(λ) + iℑ(λ), and taking the real part of255

the later equation, we obtain:256

f 2(L⋆)

ρf ′(L⋆)
ℜ(λ) =

∫ ∞

0

p′(x)e−λ0x
(
cos(ℑ(λ)x)e−ℜ(λ)x − 1

)
dx .

From (H1), since L⋆ ̸= 0,
f 2(L⋆)

ρf ′(L⋆)
> 0.257

If ℜ(λ) > 0, by (H2) and (H3), p is increasing, thus:258 ∫ ∞

0

p′(x)e−λ0x
(
cos(ℑ(λ)x)e−ℜ(λ)x − 1

)
dx ≤ 0 ,

leading to a contradiction.259

If ℜ(λ) = 0, the equation above leads to ℑ(λ) = 0 which is impossible since λ ̸= 0.260

Therefore, there is no root with non-negative real part.261

262
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3.2 Numerical simulations263

We perform now several numerical experiments, using the presented model with func-264

tions l, f, g given by (5)-(7)-(6). First, we explore the e�ect of the total lipid quantity265

L0 by computing the stationary solution de�ned by the coupling (9)-(12). In the left266

panel of Fig. 1, we represent distributions for three values of L0. To be able to com-267

pare the di�erent graphs, we start the radius value at 25µm in the plots. An increase268

in total lipids L0 increases the lipid volume inside cells whereas the distribution of269

size remains bimodal.270

Fig. 1 right panel displays a log-log plot of the extracellular lipids L⋆ and of the271

stationary amount of intracellular lipids L⋆
int

:=
∫∞
rmin

4π
3Vl

(s3 − r3min)u
⋆(s)ds (see Eq.272

(3)), as a function of L0. For low values of L0, the resulting extracellular lipid quantity273

L⋆ is small and almost constant. Moreover, the amount of lipids inside the cells L⋆
int

274

increases linearly with respect to L0 and also L⋆, since L0 = L⋆ + L⋆
int
. Thanks to a275

linear regression we compute the coe�cient of this linear increase and we �nd it equal276

to 1. Thus, the uptake of lipids by the cells occurs proportionally to the amount of277

available lipid L0. We notice that above a certain value of L0, a plateau is reached for278

the intracellular lipids amount, corresponding to the maximal lipid amount the tissue279

can store. For values above this threshold value of L0, the intracellular lipid amount280

does not increase any more and therefore the extracellular lipids start to accumulate281

(increase of L⋆).282

Now, we will perform in Section 3.3 a data �tting procedure using the normalized283

stationary solution (13) and we will estimate the 3 parameters: k, θ and σ⋆. Therefore,284

in Fig. 2, we show the e�ect of varying these 3 parameters on the shape of the285

normalized stationary solution (13). The top left panel of Fig. 2 shows the dependency286

on k coe�cient which impacts mostly the right hand mode. It plays a role on the287

position and the height of the right hand mode. For the chosen parameters, we can288

see that k = 3 is not su�cient to obtain bimodality and this is a notable di�erence289

with the previous model proposed in [36]. Fig. 2 top right panel shows the in�uence290

of parameter θ on the size distribution. Similarly to k it impacts the position and291

height of the right mode. We can say that parameter θ mostly represents the nadir292

(lowest point between the two modes) of the size distribution. Finally, Fig. 2 bottom293

left panel shows the dependency with respect to σ⋆. It has a huge overall impact on294

the distribution since σ⋆ corresponds to the ratio between the cell death rate σ and295

the growth rate coe�cient α L⋆

L⋆+κ
. Parameter σ⋆ impacts both small and large size296

frequency.297
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Figure 1: E�ect of total lipid quantity on stationary solution. Left panel: plot of
stationary solution (9)-(12) for three values of L0 (to obtain visually comparable
graphs the radii r start at 25µm). Right panel: log-log plot of the extracellular lipid
L⋆ (orange) and intracellular lipid amount L⋆

int
(blue) with respect to L0. Parameters

are: Vl = 1.091.106µm3.nmol−1, α = 10−4µm−1.time−1, θ = 50µm, σ = 5.10−4

time−1, ρ = 1cell.time−1, k = 6, κ = 10−2 nmol, rmin = 10µm.

3.3 Comparison between modeled and measured cell size dis-298

tributions299

A general �tting approach is not the goal of this article. Instead, we want to assess if300

this new model produces accurate distributions. We randomly select four adipose size301

distributions from our database: retro-peritoneal adipose tissue of male Wistar rats302

from di�erent experiments [15, 35]. The code and the data �les to perform the esti-303

mations are available here: https://plmlab.math.cnrs.fr/audebert/adipocyte_304

rapid_turnover_modeling.305

The ABC rejection sampler algorithm is applied to each selected data set. The306

selection rates are low, as expected with this method [38], and the number of selected307

parameter vectors varies from 52 to 1524. The posterior distributions have a Gaussian308

shape and are far from the bounds of the prior uniform distributions (Fig. 5). The309

estimated parameters are chosen as the mean of the selected list of parameters, we310

also computed the standard deviation. Table 1 sums up the estimated values for the311

four animals. The small standard deviations show the robustness of the parameter312

estimation. In addition, the estimated parameters do not vary wildly between data313

sets. Fig. 3 shows that the model can well approximate measured distributions.314

Considering that adipocyte death follows a linear decay with parameter σ in
Eq. (1), individual adipocyte turnover time is therefore on average equal to 1/σ.

14

https://plmlab.math.cnrs.fr/audebert/adipocyte_rapid_turnover_modeling
https://plmlab.math.cnrs.fr/audebert/adipocyte_rapid_turnover_modeling
https://plmlab.math.cnrs.fr/audebert/adipocyte_rapid_turnover_modeling


20 40 60 80 100 120 140
Radius ( m)

0.00

0.01

0.02

0.03

0.04

0.05

No
rm

al
ize

d 
ce

ll 
siz

e 
di

st
rib

ut
io

n 
(

m
1 )

k=3
k=4
k=5
k=6
k=7
k=8
k=9
k=10

20 40 60 80 100 120 140
Radius ( m)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

No
rm

al
ize

d 
ce

ll 
siz

e 
di

st
rib

ut
io

n 
(

m
1 )

= 20 m
= 30 m
= 40 m
= 50 m

20 40 60 80 100 120 140
Radius ( m)

0.00

0.02

0.04

0.06

0.08

0.10

No
rm

al
ize

d 
ce

ll 
siz

e 
di

st
rib

ut
io

n 
(

m
1 )

=2 m
=5 m
=7 m
=10 m

Figure 2: Sensitivity to parameters of stationary solution de�ned in equation (13).
Top left : dependency of the stationary solution with respect to parameter k. Top
right: impact of θ parameter on the stationary solution. Bottom left: impact of σ⋆

parameter on the stationary solution. Default parameters are: k = 8, θ = 40µm,
σ⋆ = 5µm, rmin = 10µm.

animal σ⋆ θ k
(µm) (µm)

rat 1 6.24± 0.6 33.7± 2.15 6.08± 0.7
rat 2 7.58± 0.81 30.33± 4.37 3.82± 0.72
rat 3 5.28± 0.24 43.07± 0.78 9.26± 0.38
rat 4 6.03± 0.73 42.87± 3.09 7.55± 1.06

Table 1: Estimations obtained with ABC rejection sampler. The mean and standard
deviation of the selected list of parameters are presented for each animal. The pro-
cedure is repeated 106 times and the threshold is set to 5 10−4.
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Figure 3: Model compared to measurements for four di�erent male Wistar rats cell
size distributions [15, 35]. Table 1 sums up the parameters, and the model is described
by Eq. (13). Data are represented with histograms and the model output with solid
lines.

16



animal α⋆
115 V̄115 α⋆

45 V̄45
(µm−1.day−1) (µm.day−1) (µm−1.day−1) (µm.day−1)

rat 1 0.0014 0.2897 0.0036 0.7403
rat 2 0.0011 0.2859 0.0029 0.7308
rat 3 0.0016 0.3537 0.0042 0.9039
rat 4 0.0014 0.3585 0.0037 0.9162

Table 2: Lipid uptake rate and average velocity. Parameter α⋆ and average velocity
(
∫ rmax

rmin
V (x)u⋆norm(x)dx) are computed with estimations from literature for 1/σ and

ABC rejection algorithm for the other parameters (Table 1). The subscript .115 cor-
responds to the computation for a turnover of 115 days and .45 for a turnover of 45
days.

We know from literature that 0.6% to 1.5% adipocytes are replaced each day for lean
mice ad libitum [30, 29, 19]. This corresponds to a turnover ranging from 45 days to
115 days. Those estimations enable also to �x the time unit to day (before it was an
arbitrary time unit). From the estimated values for σ⋆ we can compute an estimate
of the velocity rate α⋆, de�ned by

α⋆ = α
L⋆

L⋆ + κ
=

σ

σ⋆
µm−1.day−1.

Under these assumptions, lower (α⋆
115) and upper (α⋆

45) bounds for the rate α⋆ can315

be estimated for each rat. These estimations are summed up in Table 2. From316

the estimation of α⋆ we can also compute lower and upper bounds of velocities with317

respect to radius (Eq. (11)). Left panel of Fig. 4 shows the velocity for rat 4 assuming318

45 or 115 days for adipocyte turnover. For 45 day turnover the velocity increases faster319

and higher with respect to radius. In addition we compute the averaged velocity320

(V̄ =
∫ rmax

rmin
V (x)u⋆norm(x)dx) with lower and upper bound of α⋆ and the estimated321

parameters for each animal (Table 2). Under our assumptions, the velocity ranges322

from 0.28 to 0.9 µm.day−1. Right panel of Fig. 4 shows for rat 4 the trajectory of323

two cells with initial radius of 10µm and highest and lowest estimated velocities. It324

shows a rapid increase in size for the upper bound of the velocity that then slows325

down. Whereas the cell with the lower bound velocity shows a similar dynamics with326

a smaller velocity, and it ends with a lower cell size.327

4 Discussion328

We provided a new dynamical model of adipocyte size distributions. The model329

assumptions are di�erent from the models we previously proposed [36, 35, 28, 9, 6].330
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Figure 4: Example of velocity function V and cell radius trajectories. Left panel shows
velocity functions (Eq. (11)) with respect to radius computed for both turnover times
and with the estimated parameter values of rat 4 (Tables 1 and 2). Right panel shows
cell trajectory with velocity estimated for rat 4 with 45 and 115 days for adipocyte
turnover. Initially r(0) = 10µm and the curve is computed with explicit Euler scheme
rk+1 = rk + dtV (rk) and dt = 0.01 day. Dots point out the cell radius after 1/σ, 2/σ
and 3/σ days in each case.

Previously the transport term in the equation described lipid exchanges and the331

two modes of the stationary solution were corresponding to the equilibrium between332

lipogenesis and lipolysis (the zeros of the transport term). Here, cells are constantly333

growing in size, and when growth is slowed for a certain size, cells tend to accumulate334

at this size. This is called a �toll e�ect�, when toll gate slows down cars, leading to335

an increase of local density. The growth velocity is tailored to obtain the desired336

shape of the cell size distribution. However, we stress that this velocity remains a337

realistic description of the �uxes for adipocyte size growth. Indeed, the size velocity338

is proportional to the cell surface and starts slowly at r2 rate [35, 14, 34]. The rate339

will increase until the tissue prevents the cell growth and then velocity for large size340

drops close to zero. The resulting cell size distribution yields in bimodal distribution341

i.e accumulation around the size of low growth speed for small and large enough342

radius. The accumulation at right tail (low growth speed) is prevented by cell death.343

To conclude, with a constant in�ow of cells, cell death, and cells that continually344

increase in size we can obtain extremely realistic cell size distributions.345

We have also proved that the proposed model admits a unique stationary solution,346

locally asymptotically stable, for a wide choice of problem functions. This justi�es the347

data �tting procedure with the stationary solution. The key assumption that enables348

the study of the long-time behavior of the model is the separability of the adipocyte349
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growth speed into two distinct functions: one depending only on the extracellular350

lipid amount, and the other only on the cell radius. The mathematical analysis of351

the long-term behavior of general size-structured population models is known to be352

particularly challenging. However, when the growth rate has a separable form, an353

implicit time-rescaling transformation can be employed to eliminate the nonlinearity354

in the growth velocity. This transformation allows the model to be rewritten as a355

semilinear abstract Cauchy problem, to which well-established stability results can356

be applied [26]. To our knowledge, this strategy has been successfully applied in the357

context of erythropoiesis modeling [10, 11] and oogenesis modeling [4]. In our context,358

in addition to the separability assumption, the existence of a unique locally stable359

steady state mainly relies on two biologically natural assumptions: (i) adipocytes360

grow faster when more extracellular lipid is available, and (ii) the amount of lipids361

stored in an adipocyte increases with its size.362

The measured and simulated cell size distributions are in good agreement. The363

proposed model reproduces most of the features we expect to obtain: bimodal distri-364

bution, cell size spanning, large cell modes increasing with increased lipid input. We365

obtain the same properties as the previous model [36, 6], a maximum storage volume366

for the tissue. When this maximum volume is reached extracellular lipids accumulate367

as it did in the previous model. Our modeling assumption presents some limitations.368

The death rate is constant and does not depend on cell size, which might be unreal-369

istic. Indeed, increased death rate has been associated with increased adipocyte size370

and in obesity an increased turnover has been reported [3, 12]. The proposed model371

only considers a constant recruitment of new adipocytes. Assuming the recruitment372

of adipocytes is varying with for example time, extracellular lipids or intracellular373

lipids may enable to explore the trade-o� between hyperplasia (increase cell number)374

and hypertrophy (increase cell size) to manage lipid storage [31].375

Other authors have proposed models with adipocytes continually increasing in376

size [17, 16]. However, the growth velocity and the death terms are more complex, not377

mechanically related and described by several parameters. One of the true advantages378

of the model proposed here is the explicit form for a normalized stationary solution379

that is parameterized by three parameters. The �t with the three parameters function380

that we proposed is robust, and well-posed in the sense that a �t will lead to a unique381

set of parameters. In addition, one of the parameters (θ) automatically gives an382

estimate of the nadir. We have performed an ABC rejection algorithm that can be383

computationally costly if the cost function is slow to compute. Here, with the explicit384

form of u⋆norm (Eq. (13)) the estimations were very fast. This explicit function gives385

a new way to �t adipocyte size distributions with only three parameters, whereas,386

in past works, distributions of adipocyte sizes have been �tted with two exponential387

functions and a Gaussian, yielding in at least 6 parameters [27, 17, 35].388

This model presents a novel and simple view of the adipocyte size distribution as389
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a stationary distribution of ever growing (albeit dying) cells. In accordance with our390

previous models, it does not suppose any cell subpopulations, but does not need any391

individual cell variation [36, 6] or di�usion term [9, 28]. Compared to the previous392

models where age structure was not related to size, this model links the age of the393

cells and their size. This hypothesis could certainly be tested with real experiments394

to distinguish between the two models.395
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A Proof of theorem 3399

We will �rst show that Eq. (18) can be written as an abstract non-densely de�ned400

semilinear Cauchy problem on the Banach space X := R × L1([0,+∞), ω(x)dx) for401

some suitable weight function ω. Then, the principle of linearized stability, stated in402

[26] (see Prop. 5.7.1. and Prop. 5.7.4.) for these problems, allows us to reduce the403

stability analysis to the study of the asymptotic behavior of the linearized problem404

around the stationary solution, under some regularity hypothesis on the model pa-405

rameters. We then study the asymptotic behavior of the linearized problem thanks406

to arguments from linear semigroup theory.407

For the reader's convenience, we recall here the assumptions (H1)-(H4) of Theorem408

3 :409

(H1) f ∈ C1([0, L0]) is strictly increasing and f(0) = 0.410

(H2) g ∈ C1([rmin,+∞)), g > 0 and g and g′ are bounded,411

(H3) l ∈ C1([rmin,+∞)), l is increasing with l(rmin) = 0, and l′

1+l
is bounded,412

Furthermore, there exist x0 > 0 and K > 0 such that for all x, y ≥ x0,413

l(x+ y) ≤ Kl(x)l(y),414

(H4) for all λ > 0, both l/g and l′ belong to L1([rmin,+∞), (exp(−λχ(x))dx).415

From proposition 2, we know that L⋆ ̸= 0. Let ε > 0 such that L⋆ > ε. As we416

consider the local stability of the stationary solution, we can replace f by a function417

f̃ de�ned on R such that f̃ ≥ f(ε/2) > 0, f̃ ∈ C1(R) and f ≡ f̃ on [ε,+∞). This418

trick does not change the stationary solution and its local stability, and this simpli�es419

the formalization of the abstract Cauchy problem. In what follows, f̃ is denoted by420

f to ease the notation.421
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With arguments similar to those in section 3 of [4], we can check that the stationary422

solution v⋆ of (18) is equal to the stationary solution u⋆ of (14), and, as f is a423

di�erentiable strictly increasing function on [0, L0] that the local L
1([rmin,+∞), (1 +424

l(x))dx)-stability (resp. local asymptotic stability) of u⋆ is equivalent to the local425

L1([rmin,+∞), (1 + l(x))dx)-stability (resp.local asymptotic stability) of v⋆. This426

time-scaling transformation removes the nonlinear part of the growth rate, so that427

the long-time behavior of (14) can be studied using results from semilinear equation428

theory.429

As g is positive, we can also do the change of space variable430

x = χ(r) :=

∫ r

rmin

1

g(s)
ds (20)

and w(τ, x) = v(τ, r) to obtain the following problem on w:431 
L(τ) = L0 −

∫∞
0
k(x)w(τ, x)dx, τ > 0

∂τw(τ, x) + ∂xw(τ, x) +
(
m(x) + σ

f(L(τ))

)
w(τ, x) = 0, x > 0, τ > 0

g(rmin)f(L(τ))w(τ, 0) = ρ, τ > 0

w(0, x) = w0(x), x > 0

(21)

where m = g′ ◦ χ−1, w0 = u0(χ
−1(x)) and k = (l ◦ χ−1) × (g ◦ χ−1). Then the432

local L1([rmin,+∞), (1 + l(x))dx)-stability (resp. local asymptotic stability) of u⋆ is433

equivalent to the local L1([0,+∞), ω(x)dx)-stability (resp. local asymptotic stability)434

of w⋆, the stationary solution of (21), given by w⋆ = u⋆ ◦ χ−1, where the weight ω is435

de�ned by :436

ω(x) := g(1 + l) ◦ χ−1. (22)

We consider the Banach space X := R×L1([0,+∞), ω(x)dx) endowed with the norm

∥(a, ϕ)∥X := |a|+ 1

ω(0)
∥ϕ∥L1((0,+∞),ω(x)dx) = |a|+ 1

ω(0)

∫ ∞

0

ω(x) |ϕ(x)| dx .

437

438

Let us remark that by (H4) and Eq. (8) we can see that u⋆ ∈ L1([rmin,+∞), (1 +439

l(x))dx), so that w⋆ ∈ L1([0,+∞), ω(x)dx) and (0, w⋆) ∈ X.440

Let us de�ne the following linear operator A : D(A) ⊂ X → X by441

A

(
0
ϕ

)
=

(
−ϕ(0)
−∂xϕ

)
, D(A) = {0} ×

(
L1([0,+∞), ω(x)dx) ∩W 1,1([0,+∞), dx)

)
(23)
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and the map G : D(A) = {0} × L1([0,+∞), ω(x)dx) → X by442

G

(
0
ϕ

)
=

(
R(ϕ)
M(ϕ)

)
.

with
R(ϕ) :=

ρ

g(rmin)f(L0 −
∫∞
0
k(x)ϕ(x)dx)

,

and
M(ϕ) = −mϕ− σ

f(L0 −
∫∞
0
k(x)ϕ(x)dx)

ϕ .

Then (21) can be written as the following semilinear abstract Cauchy problem :443 
dw(τ)
dτ

= Aw(τ) +G(w(τ)), τ > 0

w(0) =

(
0

w0

)
∈ D(A) ,

(24)

with w =

(
0
w

)
. Moreover, the map G is continuously di�erentiable around w⋆ and444

the linearized problem around stationary solution w⋆ =

(
0
w⋆

)
is given by :445

dw(τ)

dτ
= Aw(τ) +DG(w⋆)w(τ), τ ≥ 0, w(0) = w0 ∈ D(A) ,

where DG(w⋆) ∈ L(D(A), X) is the Fréchet derivative of G at w⋆, and is given446

explicitly as:447

DG(w⋆)

(
0
ϕ

)
=

 ρ
g(rmin)

f ′(L⋆)

f(L⋆)2

∫∞
0
k(x)ϕ(x)dx(

−σ f ′(L⋆)

f(L⋆)2

∫∞
0
k(x)ϕ(x)dx

)
w⋆ −

(
σ

f(L⋆)
+m

)
ϕ

 , (25)

with L∗ = L0 −
∫∞
0
k(x)w∗(x)dx.448

Proposition 4. Let assumptions (H1)-(H4) hold. Then A de�ned by (23) is a closed449

Hille-Yosida operator. Furthermore, let w⋆ a stationary solution of (24), then the450

essential growth bound of (A+DG(w⋆))D(A) is strictly negative.451

Proof. First of all, let us show that A is a Hille-Yosida operator. Consider ℜλ > 0,452

and (a, ψ) ∈ X:453

(λI− A)−1

(
a
ψ

)
=

(
0
ϕ

)
⇔

{
ϕ(0) = a

ϕ′ + λϕ = ψ

⇔ ϕ(y) = ae−λy +

∫ y

0

ψ(s)e−λ(y−s)ds, y ∈ [0,+∞).
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We can compute454 ∥∥∥∥(λI− A)−1

(
a
ψ

)∥∥∥∥
X

=

∥∥∥∥(0ϕ
)∥∥∥∥

X

= |0|+ 1

ω(0)

∫ ∞

0

∥ϕ∥L1([0,+∞),ω(x)dx)

≤ 1

ω(0)

∫ ∞

0

|a| e−λyω(y)dy +
1

ω(0)

∫ ∞

0

ω(y)

∫ y

0

|ψ(s)|e−λ(y−s)dsdy ,

≤ |a|
F (λ, 0)

∫ ∞

0

F (λ, y)dy +
1

ω(0)

∫ ∞

0

|ψ(s)|ω(s) 1

F (λ, s)

∫ ∞

s

F (λ, y)dyds ,

with F (λ, x) := ω(x)e−λx. We need the following lemma455

Lemma 5. If for some λ1 > 0, x 7→ F (λ1, x) = ω(x)e−λ1x is decreasing on [0,+∞),456

then for all λ > λ1 and all s ≥ 0,
1

F (λ, s)

∫ ∞

s

F (λ, y)dy ≤ 1

λ− λ1
.457

Proof of lemma 5. We notice that
F (λ, y)

F (λ1, y)
= e−(λ−λ1)y and by assumption, for all

y ≥ s ≥ 0,
F (λ1, y)

F (λ1, s)
≤ 1 , therefore for λ > λ1 and s ≥ 0,

1

F (λ, s)

∫ ∞

s

F (λ, y)dy ≤ e(λ−λ1)s

∫ ∞

s

e−(λ−λ1)ydy =
1

λ− λ1
.

458

Now, let us verify that x→ F (λ1, x) is decreasing for some λ1. We have ∂xF1(λ1, x) =459

ω′(x)e−λ1x − λ1ω(x)e
−λ1x, so ∂xF1(λ1, x) ≤ 0 if and only if λ1 ≥ ω′(x)

ω(x)
. With the de�-460

nition (22) of ω and (20) of χ, we have :461

ω′

ω
=

(
g′ + g

l′

1 + l

)
◦ χ−1

and by assumptions (H2) and (H3), g′ and g l′

1+l
are bounded, so we can choose λ1462

such that for all x ≥ 0, λ1 ≥ ω′(x)
ω(x)

. Finally, using lemma 5,463

∥∥∥∥(λI− A)−1

(
a
ψ

)∥∥∥∥
X

≤ 1

λ− λ1

(
|a|+ 1

ω(0)

∫ ∞

0

|ψ(s)|ω(s)ds
)

≤

∥∥∥∥(aψ
)∥∥∥∥

X

λ− λ1
.

So for all λ > λ1, ∥∥(λI− A)−1
∥∥
L(X)

≤ 1

λ− λ1
,
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hence, for all n ≥ 1,∥∥(λI− A)−n
∥∥
L(X)

≤
∥∥(λI− A)−1

∥∥n
L(X)

≤ 1

(λ− λ1)n
,

and λ ∈ ρ(A), the resolvent set of A, so A is a Hille-Yosida operator.464

From Eq. (25), we can write DG(w⋆) as the sum of two linear operators :465

DG(w⋆)

(
0
ϕ

)
= B

(
0
ϕ

)
+ C

(
0
ϕ

)
where B : D(A) → X is the bounded linear operator de�ned by466

B

(
0
ϕ

)
=

(
0

−( σ
f(L⋆)

+m)ϕ

)
and C : D(A) → X is de�ned by467

C

(
0
ϕ

)
= P (ϕ)

(
ρ

g(rmin)
f ′(L⋆)

f(L⋆)2

−σ f ′(L⋆)

f(L⋆)2
w⋆

)
, (26)

where we de�ne the linear map P : L1([0,+∞), ω(x)dx) → R by468

P (ψ) =

∫ ∞

0

k(x)ψ(x)dx, ∀ψ ∈ L1([0,+∞), ω(x)dx) . (27)

By the Riesz-Fréchet-Kolmogorov theorem, P de�ned by Eq. (27) is a compact469

bounded linear operator. As A is a Hille-Yosida operator, B is bounded linear and470

C is compact bounded linear, we can apply Th. 1.2. in [7] to state that the essential471

growth bound of (A +DG(w⋆))D(A) = (A + B + C)D(A) is less than or equal to the472

essential growth bound of (A + B)D(A). Furthermore, the essential growth bound473

(corollary IV.2.10 in [8]) of (A + B)D(A) is less than or equal to the growth bound474

of (A + B)D(A). Let us show that the growth bound of (A + B)D(A) is negative.475

Using the characteristic method, we show that (A+B)D(A) generates a C
0-semigroup476

{T(A+B)
D(A)

(t)}t≥0 on D(A) de�ned by477

T(A+B)
D(A)

(t)

(
0
ϕ

)
=

(
0

T̂(A+B)
D(A)

(t)(ϕ)

)
where :478

T̂(A+B)
D(A)

(t)(ϕ)(x) =

{
ϕ(x− t)e−

∫ x
x−t m(y)+ σ

f(L⋆)
dy if x ≥ t,

0 otherwise.
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In order to compute the norm of T(A+B)
D(A)

(t) thereafter, we need the following ex-479

pression :480

exp

(
−
∫ x

ξ

m(y)dy

)
= exp

(
−
∫ x

ξ

g′ ◦ χ−1(y)dy

)
=
g ◦ χ−1(ξ)

g ◦ χ−1(x)
, (28)

coming from the change of variable z = χ−1(y) in the integral and the expression (20)481

of χ.482

Then,483 ∥∥∥∥T(A+B)
D(A)

(t)

(
0
ϕ

)∥∥∥∥
X

=
1

ω(0)
e−t σ

f(L⋆)

∫ ∞

t

ω(x) |ϕ(x− t)| e−
∫ x
x−t m(y)dydx.

and by using expression (28) and using the de�nition (22) of ω we obtain:484 ∥∥∥∥T(A+B)
D(A)

(t)

(
0
ϕ

)∥∥∥∥
X

=
1

ω(0)
e−t σ

f(L⋆)

∫ ∞

0

ω(x+ t)
g(χ−1(x))

g(χ−1(x+ t))
|ϕ(x)| dx

=
1

ω(0)
e−t σ

f(L⋆)

∫ ∞

0

(
g(χ−1(x)) + l(χ−1(x+ t))g(χ−1(x))

)
|ϕ(x)| dx .

Let us now �nd an estimate for the integrand, considering separately [0, x1] and485

[x1,+∞), where x1 will be precised later on. In what follows, we denote by c all the486

constants (that do not depend on x or t) that may change from line to line.487

One can note that from the de�nition of χ and the mean value inequality we have
that χ−1(x+ t)− χ−1(x) ≤ tḡ where ḡ := max

x≥0
g(x), and as l is increasing:

l(χ−1(x+ t)) ≤ l(χ−1(x) + tḡ) .

For x ∈ [0, x1], from assumptions (H2)-(H4), for all λ > 0,488

g(χ−1(x)) + l(χ−1(x+ t))g(χ−1(x)) ≤ c+ cl(χ−1(x) + tḡ)

≤ c+ ceλ(χ
−1(x)+tḡ) ≤ ceλḡt.

We choose λ such that 0 < λ < σ
2f(L⋆)ḡ

and, as ω(x) ≥ minω > 0 on [0, x1], we have489

g(χ−1(x)) + l(χ−1(x+ t))g(χ−1(x)) ≤ c
ω(x)

ω(x)
e

σ
2f(L⋆)

t ≤ cω(x)e
σ

2f(L⋆)
t .

For x ≥ x1 = χ(x0) and t >
x0

ḡ
, with (H3) and (H2)-(H4):

l(χ−1(x+ t)) ≤ l(χ−1(x) + tḡ) ≤ cl(χ−1(x))l(tḡ) ≤ cl(χ−1(x))et
σ

2f(L⋆) ,
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so, we have in the end the same bound as before, using expression (22) for ω,

g(χ−1(x)) + l(χ−1(x+ t))g(χ−1(x)) ≤ cω(x)e
σ

2f(L⋆)
t .

So,

e−t σ
f(L⋆)

1

ω(0)

∫ ∞

0

(
g(χ−1(x)) + l(χ−1(x+ t))g(χ−1(x))

)
|ϕ(x)| dx ≤ ce−t σ

2f(L⋆)
1

ω(0)

∫ ∞

0

ω(x) |ϕ(x)| dx .

So �nally, for t big enough (namely t > x0

ḡ
) :490 ∥∥∥∥T(A+B)

D(A)
(t)

(
0
ϕ

)∥∥∥∥
X

≤ ce−t σ
2f(L⋆)

∥∥∥∥(0ϕ
)∥∥∥∥

X

.

Therefore the growth bound of (A + B)D(A) is negative, and, as a consequence, the491

essential growth bound of (A+DG(w⋆))D(A) is negative to.492

As the maximum between the spectral bound of (A+DG(w⋆))D(A) and its es-493

sential growth bound is equal to the maximum of the growth bound of its associated494

semigroup (corollary IV.2.11 in [8]), we can study the asymptotic of the linearized495

problem by studying the spectral bound of (A+DG(w⋆))D(A).496

Proposition 6.

σ(A+DG(w⋆)) ∩
{
λ ∈ C : ℜ(λ) > − σ

f(L⋆)

}
=

{
λ ∈ C : ℜ(λ) > − σ

f(L⋆)
and ∆(λ) = 0

}
with497

∆(λ) = 1− ρf ′(L⋆)

f 2(L⋆)

∫ ∞

0

l ◦ χ−1(x) exp

(
−
(

σ

f(L⋆)
+ λ

)
x

)
dx

+
ρσf ′(L⋆)

f 3(L⋆)

∫ ∞

0

l ◦ χ−1(x) exp

(
− σ

f(L⋆)
x

)
1

λ

(
1− e−λx

)
dx.

Proof. First, for sake of readability, for all λ such that ℜ(λ) > − σ
f(L⋆)

, we de�ne the498

function Θ ∈ L1([0,+∞), ω(x)dx) as follows :499

Θ(x) = e−
∫ x
0 λ+m(ξ)+ σ

f(L⋆)
dξ, ∀x ∈ [0,+∞) ,

and the linear map L : L1([0,+∞), ω(x)dx) → L1([0,+∞), ω(x)dx):500

L(ψ)(x) =
∫ x

0

ψ(ξ)e−
∫ x
ξ (λ+m(η)+ σ

f(L⋆)
)dηdξ, ∀ψ ∈ L1([0,+∞), ω(x)dx) ,∀x ∈ [0,+∞) .
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As501

(λI − (A+B))

(
0
ϕ

)
=

(
ϕ(0)

ϕ′ +
(
λ+m(·) + σ

f(L⋆)

)
ϕ

)
,

the resolvent operator A + B is then given by, for λ ∈ C, ℜ(λ) > − σ
f(L⋆)

(similar502

calculation as in the proof of Prop 4)503

(λI − (A+B))−1

(
a
ψ

)
=

(
0

aΘ(x) + L(ψ)

)
.

When (λI − (A + B)) is invertible, (λI − (A + B + C)) is invertible if and only if504

I − C(λI − (A+B))−1 is invertible, and we have:505

(λI − (A+B + C))−1 = (λI − (A+B))−1
[
I − C(λI − (A+B))−1

]−1
,

and by (26), we have :

I − C (λI − (A+B))−1

(
a
ψ

)
=

(
a
ψ

)
− P (aΘ(x) + L(ψ))

(
c1

−c2w∗

)
with P de�ned in Eq. (27), c1 =

ρ
g(rmin)

f ′(L⋆)

f(L⋆)2
and c2 = σ f ′(L⋆)

f(L⋆)2
.506

Then,507

I − C (λI − (A+B))−1

(
a
ψ

)
=

(
â

ψ̂

)
⇔

{
â = a− c1P (aΘ+ L(ψ)) ,
ψ̂ = ψ + c2P (aΘ+ L(ψ))w⋆ .

(29)

By applying P ◦ L to the second equation, and by linearity, we obtain508 {
â = a (1− c1P (Θ))− c1P (L(ψ)) ,
P (L(ψ̂)) = P (L(ψ)) (1 + c2P (L(w⋆))) + ac2P (Θ)P (L(w⋆)) .

This linear system can be written as509 (
1− c1P (Θ) −c1

c2P (Θ)P (L(w⋆)) 1 + c2P (L(w⋆))

)(
a

P (L(ψ))

)
=

(
â

P (L(ψ̂))

)
.

The determinant of the matrix is given by:510

∆(λ) := (1−c1P (Θ))(1+c2P (L(w⋆)))+c1c2P (Θ)P (L(w⋆)) = 1−c1P (Θ)+c2P (L(w⋆)) .
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Therefore, if ∆(λ) ̸= 0, then I−C(λI−(A+B))−1 is invertible, so (λI−(A+B+C))511

is invertible too, which implies that:512 {
λ ∈ C : ℜ(λ) > − σ

f(L⋆)
and ∆(λ) ̸= 0

}
⊂ ρ (λI − (A+B + C))∩

{
λ ∈ C : ℜ(λ) > − σ

f(L⋆)

}
such that513

σ (λI − (A+B + C))∩
{
λ ∈ C : ℜ(λ) > − σ

f(L⋆)

}
⊂
{
λ ∈ C : ℜ(λ) > − σ

f(L⋆)
and ∆(λ) = 0

}
.

On the other hand, if ∆(λ) = 0 let us show that we can �nd

(
a
ψ

)
∈ X \ {0} such

that I −C(λI − (A+B))−1

(
a
ψ

)
= 0, which is equivalent to �nd

(
0
ϕ

)
∈ D(A) \ {0}

in the kernel of λI − (A+B + C).

Indeed, we set a ̸= 0 and ψ := −ac2P (Θ)w⋆ +
ac22
c1
P (L(w⋆))w⋆. Then, as ∆(λ) = 0,

P (L(ψ)) = −ac2P (Θ)P (L(w⋆))+
ac22
c1
P (L(w⋆))2 =

ac2
c1
P (L(w⋆)) (∆(λ)− 1) = −ac2

c1
P (L(w⋆)) ,

so514

ψ + c2P (aΘ+ L(ψ))w⋆ =
ac22
c1
P (L(w⋆))w⋆ + c2P (L(ψ))w⋆

=
ac22
c1
P (L(w⋆))w⋆ − ac22

c1
P (L(w⋆))w⋆ = 0 .

Furthermore,515

a− c1P (aΘ+ L(ψ)) = a− ac1P (Θ) + ac2P (L(w⋆)) = a∆(λ) = 0 .

Hence, from (29), I − C(λI − (A+B))−1

(
a
ψ

)
= 0, thus516 {

λ ∈ C : ℜ(λ) > − σ

f(L⋆)
and ∆(λ) = 0

}
⊂ σ (λI − (A+B + C))∩

{
λ ∈ C : ℜ(λ) > − σ

f(L⋆)

}
.

To end with this proof, we simplify the expression of ∆ (with expression (28), using517

the formula (8) for w⋆ = u⋆ ◦ χ−1 and a change of variables):518

∆(λ) = 1− f ′(L⋆)

f 2(L⋆)

∫ ∞

rmin

q(x) exp

(
−
(

σ

f(L⋆)
+ λ

)
χ(x)

)
dx

+
σf ′(L⋆)

f 3(L⋆)

∫ ∞

rmin

q(x) exp

(
− σ

f(L⋆)
χ(x)

)(∫ x

rmin

1

g(y)
exp

(
−λ
∫ x

y

1

g(z)
dz

)
dy

)
dx,
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where q(x) := ρ
l(x)

g(x)
and χ(x) :=

∫ x

rmin

1

g(s)
ds. With a change of variables in the519

integral within the second integral term, we can verify that:520

∆(λ) = 1− f ′(L⋆)

f 2(L⋆)

∫ ∞

rmin

q(x) exp

(
−
(

σ

f(L⋆)
+ λ

)
χ(x)

)
dx

+
σf ′(L⋆)

f 3(L⋆)

∫ ∞

rmin

q(x) exp

(
− σ

f(L⋆)
χ(x)

)(∫ χ(x)

0

e−λydy

)
dx,

and with the change of variable z = χ(x),recalling that p is de�ned at Eq.(17) by521

p(x) = l ◦ χ−1(x),522

∆(λ) = 1− ρf ′(L⋆)

f 2(L⋆)

∫ ∞

0

p(z) exp

(
−
(

σ

f(L⋆)
+ λ

)
z

)
dz

+
ρσf ′(L⋆)

f 3(L⋆)

∫ ∞

0

p(z) exp

(
− σ

f(L⋆)
z

)(∫ z

0

e−λydy

)
dz

= 1− ρf ′(L⋆)

f 2(L⋆)

∫ ∞

0

p(z) exp

(
−
(

σ

f(L⋆)
+ λ

)
z

)
dz

+
ρσf ′(L⋆)

f 3(L⋆)

∫ ∞

0

p(z) exp

(
− σ

f(L⋆)
z

)
1

λ

(
1− e−λz

)
dz.

523

B Figures524

On Figure 6, we show the evolution of solution to system (1)- (2)-(4) with respect525

to time. The numerical simulation presented here is performed in two steps : �rst a526

numerical resolution of PDE (1) is computed with a standard Euler explicit in time527

and upwind �nite volume scheme in space and, in a second step, the extracellular lipid528

amount is updated with the new density thanks to Eq.(4). The upwind �nite volume529

scheme is particularly easy to implement here since the velocity is always positive.530

We start from an initial cell size distribution, where all the cells are empty and531

therefore the whole quantity of lipids L0 = 10 nmol is outside cells. At early times,532

the lipids enter cells progressively, see the top left panel, until nearly no extracellular533

lipids are left. More precisely, at early times, radii are increasing and radius of534

11µm is reached at t = 100, 13µm at t = 200, 15µm at t = 300 and 17µm at535

t = 300, see on bottom left panel. Then, at around t = 900, a peak of adipocytes536

with a very small radius appears and those cells are growing until the stationary537

distribution is reached, see on bottom right panel. We notice that the extracellular538
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Figure 5: Prior and posterior parameter distributions from ABC rejection sampler
algorithm. The posterior parameter distributions are obtained with cell size distri-
bution of rat 1. The procedure was repeated 106 times and the threshold was set to
5 10−4.

quantity of lipids is oscillating before reaching the stationary value, see on top right539

panel. This is coherent with the analytical result of the article since the eigenvalues540

of the linearized system are complex with a strictly negative real part, which leads to541

oscillating behavior of the system.542
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Figure 6: Time evolution of solutions to system (1)- (2)-(4). Top left : evolution of
the extracellular lipid quantity with respect to time for early times (0 ≤ t ≤ 1000)
Top right: evolution of the extracellular lipid quantity with respect to time for large
times (1000 ≤ t ≤ 32000) Bottom left: cell size distribution with respect to radius for
di�erent early times (0 ≤ t ≤ 900). Only the left part of the distribution is displayed
(radius between 10µm and 25µm). Bottom right : cell size distribution with respect
to radius for several times (0 ≤ t ≤ 12000). Only the left part of the distribution
is displayed (radius between 10µm and 17µm). Parameters are: k = 6, θ = 50µm,
α = 10−4µm−1.time−1, σ = 5.10−4 time−1, rmin = 10µm.
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