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Abstract: The Hs; norm is a fundamental design metric in many control applications and
it is therefore important to evaluate how it is affected by uncertainties in the model. In the
space domain, the Hy norm is particularly significant when the Pointing Error Source (PES)
of a satellite can be approximated by a white noise, which is often the case for microvibrations
and acoustic disturbances. The present paper discusses a new method to identify a set of real
parametric uncertainties which maximizes (resp. minimizes) the finite-frequency Hs norm of
an uncertain Multiple-Input Multiple-Output (MIMO) linear system. To do so, the analytical
expression of the finite-frequency Hs norm is first approximated as a sum of contributions on
a discrete frequency grid. A constrained nonlinear optimization is then performed to maximize
(resp. minimize) the so-obtained function. The proposed worst-case finite-frequency Hz-norm
analysis paves the way to a wide range of possible applications, specially when integrated
into the Verification and Validation (V&V) process of space missions requiring high pointing
performances. The theoretical results derived in the paper are implemented and successfully

tested on models of increasing complexity.

Keywords: Hy norm; uncertain systems; robustness analysis; constrained nonlinear
optimization; worst-case uncertainty; space applications.

1. INTRODUCTION

The H> norm represents a pivotal design metric in many
control applications (see e.g. Garulli et al. (2013) and
references therein). This norm, in fact, corresponds to the
f5 norm of the impulse response and to the Root Mean
Square (RMS) norm of the system’s output when the
input is a white noise. In space applications, the Hs norm
becomes a relevant metric when the Pointing Error Source
(PES) of a satellite can be approximated by a white noise,
which is often the case of microvibrations and acoustic
disturbances. In this context, furthermore, the increasing
need for high pointing performance missions with reduced
development times requires efficient Verification and Val-
idation (V&V) techniques to assess the robustness of the
Attitude and Orbit Control System (AOCS) as early as
possible in the design procedure. It is therefore important
to evaluate how the Hs norm is affected by uncertainties
in the model.

Different approaches have been discussed in the literature
to compute a guaranteed upper bound on the Hy norm
that can be reached by an uncertain linear system. In this
field, a relevant method was proposed by Paganini (1999)
based on SemiDefinite Programs (SDPs) subject to Linear
Matrix Inequalities (LMIs). In practice, the problem was
solved on a finite frequency grid and a Hamiltonian-based
technique inspired by Ferreres (1998) was then used by
Garulli et al. (2013) to validate the results on the entire

frequency range. A similar approach was also proposed by
Casati et al. (2024) to compute guaranteed lower bounds
on the robust finite-frequency Hs norm of an uncertain
system. All these methods, however, only provide guaran-
teed bounds on the performance, which do not correspond
to feasible configurations of the uncertain system. On the
contrary, the worst-case finite-frequency Ho-norm analysis
aims to determine the combinations of uncertainties for
which the finite-frequency Hy norm of a model is maxi-
mum. Such an analysis would entail remarkable benefits
when integrated into the V&V process of space missions
requiring high pointing performances. A fast detection of
worst-case finite-frequency Hs-norm conditions could in
fact guide Monte Carlo simulations towards critical config-
urations, increasing the effectiveness of the test campaigns
and lightening the validation procedure. Furthermore, a
robust multimodel design of the AOCS could be tackled
yet in the early phases of the control synthesis by im-
posing an Hs-norm performance requirement directly on
the system realization with the worst-case combination of
uncertainties.

In this context, an interesting approach was proposed
by Patartics et al. (2023) to construct worst-case un-
certainties such that the gain of a system is maximized
at multiple frequencies. The method can deal with both
dynamic uncertainties, constructed through the boundary
Nevanlinna—Pick interpolation, and parametric uncertain-



ties. The optimization was performed by a standard in-
terior point algorithm implemented in the function fmin-
con from the Matlab Optimization toolbox. The objective
function was defined so as to maximize the largest singular
value of the transfer function on a grid of frequencies. This
research, however, was not specifically conceived for Hs-
norm analysis and it cannot be directly used to assess the
robust Hy performance of Multiple-Input Multiple-Output
(MIMO) systems. Similar optimization-based techniques
were also used by Biannic et al. (2016) in the context of
p-analysis to compute worst-case perturbations. The prob-
lem was formulated as a constrained nonlinear optimiza-
tion (see e.g. Brito and Kim (2010); Yazic1 et al. (2011)),
which can be solved with standard tools such as fmincon.
Martin et al. (2021), furthermore, proposed a sampling-
based technique to identify the worst-case Hy norm of an
uncertain system. This approach, however, becomes time-
consuming when the number of uncertainties increases and
may fail to detect rare events.

The present paper proposes a new approach to perform
the worst-case finite-frequency Hs-norm analysis of un-
certain linear systems in the presence of real parametric
LTT uncertainties. In practice, the analytical expression
of the finite-frequency Hy norm is first approximated as
a sum of contributions computed on a frequency grid.
Then, a constrained nonlinear optimization technique is
adopted to search for a maximum of the so-obtained func-
tion with respect to a set of real parametric uncertain-
ties. The proposed approach is particularly interesting for
different reasons. First, differently from Patartics et al.
(2023), the optimization is performed on the trace of
the system’s transfer matrix (and not on its maximum
singular value). This makes our method equivalently valid
for both Single-Input Single-Output (SISO) and MIMO
systems. Furthermore, despite the fact that the resulting
maxima may be only locally optimal, the implemented al-
gorithm always yields a feasible realization of the uncertain
system. Eventually, the proposed approach can easily be
extended to compute best-case finite-frequency Hs-norm
conditions, namely to identify a set of uncertainties for
which the finite-frequency Hy norm of an uncertain system
is minimum. The so-obtained worst and best-case finite-
frequency Hs-norm values may therefore be respectively
compared with the guaranteed upper and lower bounds
of Casati et al. (2024), providing precious information on
their accuracy.

The paper is organized as follows. Some preliminaries
to the worst-case finite-frequency Hs-norm performance
problem are first discussed in Section 2. Analytical expres-
sions for the gradient and the Hessian matrix of the finite-
frequency Hs norm with respect to a set of real parametric
uncertainties are then presented in Section 3. Eventually,
the theoretical results are implemented in Section 4 and
applied to examples of increasing complexity in Section 5.

Notation

The notation used in the paper is standard. Bold font is
adopted for vectors and matrices, whereas roman charac-
ters indicate scalars. Given a matrix A, A™ is its conjugate
transpose and tr (A) its trace. I stands for the identity
matrix. Given n matrices {A;}i=1,. ., diag(Aq,..., A,)

denotes the standard block-diagonal augmentation. || ||~
and || - ||2 indicate the Ho, norm and the Hs norm re-
spectively. Open intervals are delimited by parentheses (),
whereas closed intervals are bounded by brackets [-]. The
absolute value of a number is denoted by abs.

2. PRELIMINARY CONSIDERATIONS
2.1 Definitions

Consider the uncertain continuous-time robustly-stable
MIMO linear system of Fig. 1, where the transfer matrix
between w, of size r, and y, of (possibly) different size
[, corresponds to the upper well-posed Linear Fractional
Transformation (LFT) F, (M (s),A).

A <
a(s) p(s)
> M11 (S) M12 (S)
M (s) =
u(s) [Mm (s) My (S)} > y(s)

Fig. 1. LFT representation of an uncertain continuous-time
MIMO system.

M (s) = [%; Eig %;z giﬂ is a continuous-time, stable
and proper real-rational transfer function representing the
nominal closed-loop system. A = diag (Aq,...,A,,) is
a structured diagonal LTI operator which gathers all n,,
model uncertainties. Each A;, furthermore, is assumed to
be a diagonal matrix A; = §;I,,, of size m; x m; where
d; is a real parametric uncertainty and m; its number of
occurrences (Roos, 2018). Let DA be the set of admissible
uncertainties, i.e. the set of all uncertainties A with the
size and structure defined above. Let then Bo = {A €
Dj : ||Allee < 1} be the associated unit ball. For any
admissible A € D, the finite-frequency Hs norm of the
transfer matrix F,, (M (s),A) is defined as

1, (M 6). 8) B = [ 0r (£ () (o)) 22
(1)

where F, (jw) is written instead of F, (M (jw),A) to
simplify the notation and @ € [0, +00) (Garulli et al.,
2013). If @ = 400, the classical definition of Hy norm
is obtained, in which case F, (M (s), A (s)) is assumed
strictly proper. Note that in practical applications, the
identified models are usually valid at low frequencies
until a given threshold. The finite-frequency Hs norm
therefore captures the uncertain system’s behavior in its
representative region.

2.2 Problem Formulation
A method is proposed to identify a feasible combination of

uncertainties that yields the largest (resp. lowest) finite-
frequency Hs norm of an uncertain linear system. For-



mally, this corresponds to compute A,,. (resp. Ap.) such
that

Ay =argmax || F, (M (s),A) |2z (2)
A€EBAa

Ay, = argmin||F, (M (s),A) |2z (3)
AEBA

3. GRADIENT AND HESSIAN OF THE
FINITE-FREQUENCY H; NORM

Before discussing the implemented method to perform
the constrained nonlinear optimization of (2) (resp. (3)),
this section introduces analytical expressions for both the
gradient and the Hessian matrix of the finite-frequency Ho
norm with respect to a set of real parametric uncertainties.
Letting A = (I — MllA)_l and recalling (1), the finite-
frequency Hs norm of the LFT represented in Fig. 1 can
be expressed as

1Fu (M (s), A)|3s = / tr((Mas + Moy AAM 1)

0
« dw
(May + Mo AAM 15) )7

Note that for the properties of transpose conjugation,
the relation A* = (I — AM?,)”" holds. Let now A; =

95 A be the derivative of A with respect to an un-
cerltainty 0;. As all the uncertain parameters are as-
sumed independent of each other, it holds that A; =
diag (Om1 yoresdmgy oo Om,, ) By computing the deriva-
tive of (1) with respect to each uncertainty, it is then pos-
sible to construct the gradient V (||F, (M (s),A)||2z)
of the finite-frequency Hs norm as

V ([[Fu (M (s),A)l22)
a5, 1F« (M (s), A)[lom

0
0dp,

The Hessian matrix H (||F,, (M (s), A) ||2,z) of the finite-
frequency Hs norm can successively be derived as

H (||F. (Ma(;) A [l23)
af(;%llfu (M (s), A) [z

[|[Fu(M(s),A)|l2z

= diag
82
902
The gradient and the Hessian matrix of (1) are then

used in Section 4 to perform the constrained nonlinear
optimization of (2) (resp. (3)).

1Fu (M (s), A) |2z

4. IMPLEMENTED ALGORITHM

The rigorous computation of the finite-frequency Hs norm
and its derivatives requires solving an integral between 0
and w. In practice, the optimization is performed using the
finite-frequency Hs-norm approximating function f (A)
such that

1F. (M (), A) 3~ f (A)

N
=3 b (Fu (o) Fo (o)) 2R (1)
k=1

™

where {wi},_; y is a set of N frequency grid points
and I (wy) are N disjoint frequency intervals such that
wr € I(wg) and Uivzll(wk) = [0, w]. Similarly, the
derivative of the finite-frequency Hs norm with respect

to an uncertainty J; is approximated as the derivative of
f (A) with respect to d;:

) , 0
aTSiH}-“ (M (s),A) |25~ afézf(A)

N
“Y o (8‘9& (Fu (joor) Fu (M)*)> length (7 (wr))
k=1 g

T

(4)
The same consideration holds for the second derivative of
the finite-frequency Hs norm with respect to d;:

O F (M (). 8) |2 ~ 2 F ()
poz2 17T IR R 2E = G5

N 2 €en w
=St (8852 (Fu (Gor) Fu (jwk)*)> length (7 (wr))
k=1 g

7r
(5)

A constrained nonlinear optimization problem is then
solved to find a feasible set of uncertainties A,. for
which the approximated finite-frequency Hs norm of an
uncertain system is maximum:

Ay = arg maxf (A) (6)

A€Ba

Analogously, the best-case analysis aims to determine a
feasible set of uncertainties Ap. for which the approxi-
mated finite-frequency Hs norm of an uncertain system is
minimum:

Ay, = argmin f (A) (7)

AEeBA

The constrained nonlinear optimization can be performed
using the MATLAB built-in function fmincon. In the
following, however, another simple algorithm is proposed
in addition to fmincon. As highlighted in Section 5, the
main advantage of this additional method is that it yields
the same results as frmincon in a lower computational time.
This fact is particularly significant in the perspective of
the algorithm being included into a Branch and Bound
(B&B) scheme to perform probabilistic Ho-norm analysis.
In this case, in fact, the computation of worst (resp. best)
conditions may be repeated thousands of times, causing
an exponential increase in the computational burden.

The implemented iterative procedure, based on the New-
ton’s method, computes new guesses 6NEW i =1,... n,
from the previous-iteration set of uncertainties ACLD —
diag (60LP I, ..., 69FPT,,,, ..., 69FPT,, ). To do so,
at each iteration the following Newton’s step is consecu-
tively evaluated n, times, once for each uncertain param-
eter §;, assumed independent of the others:

02 -

—| ==f(A A

(3512f( )‘AzAOLD> 85Zf( )‘A_AOLD
62

If —=f(4A) is not invertible, (8) is replaced

99 A=AOLD

by a gradient step. The algorithm stops when either
the gradient of f(A) is sufficiently close to 0 or a
corner of the uncertainty domain is reached. Indicating
with ANEW the new set of uncertainties and letting

(8)




€ be a positive scalar, the first condition can be ex-

0
A
""" 8(52f( )‘AZANEW>
Supposing that the uncertainties are normalized, fur-
thermore, the second condition can be formulated as

min;—i, . p, abs (@NEW) =1

< €.

Remark 1. The presented approach cannot distinguish
between maxima and minima. In order to avoid this
issue, a further operation is introduced. If the direc-
tion of the Newton’s step decreases (resp. increases)
f(A) when maximization (resp. minimization) is re-

0 f(A) ) (resp.
A—AOLD

quired, 0VEW is set to sgn | ——
06;
) ), where sgn indicates the sign
A=AOLD

RENIN

function. This is reasonable as the worst (resp. best) con-
ditions are usually found in the corners of Ba.

Remark 2. Differently from the H,, norm, the Hs norm
of an uncertain system is smooth with respect to the
uncertain parameters. No technique is therefore included
in the algorithm to treat non-smooth optimizations.

The output of the optimization procedure is a feasible
combination of the uncertain parameters. Given a state-

space representation of F, (M (s) ,ANEW> = {%‘E}

the maximized (resp. minimized) finite-frequency Ho norm
of the LFT transfer matrix F, (M (s),A) can eventually
be computed as

= (a0, 2=

= tr (BTWOB) 9)
2,5

where W, is the frequency-limited observability Gramian
of the system (see e.g. Garulli et al. (2013)). Even though
the algorithm may not converge to the global maximum
(resp. minimum) of the objective function, it nonetheless
yields a feasible combination of the uncertainties, which
corresponds to an inner estimate of the worst (reps. best)
finite-frequency Hs norm. The aforementioned considera-
tions are summarized in Algorithm 1, which is tested on
different applications in Section 5.

5. APPLICATIONS

All results have been obtained with MATLAB on a Win-
dows 10 laptop with a 13" Gen Intel(R) Core(TM) i5-
1345U as CPU and 16 GB of RAM.

5.1 Validation FExample

Algorithm 1 is first validated on a SISO continuous-time
system taken from Garulli et al. (2013). The LFT has a
single normalized real parametric uncertainty with two
occurrences in A and the state-space matrices of M (s)
are as follows:

-25 05 0 =50 O 0.25 =050

0 —-105 0 0 0 0 5

A= 0 —-050 O 0, B=]0 0 0
0 0 0 =5 100 0 0 0

0 0 0 —100 O 0 0 5

Algorithm 1: Worst-case finite-frequency Hs-norm
analysis of uncertain MIMO linear systems.

Set an initial grid of frequencies {wy},_;  y, with
the corresponding I (wy), k=1,..., N;
Set an initial guess for A, (resp. Ay);

0
while max;—1 ., abs f (A)‘ > € or
T 861 A:ANEW
mini=17.,_,nu abs (6ZNEW) <1ldo
for each 6;,1=1,...,n, do
0
Compute f(a) and
851 A=AOLD
82
=/ (A)’ with (4) and (5)
851 A=AOLD
respectively;
Compute §NEW with (8);
end
end
Compute the finite-frequency Hs norm of
Fu (M (5) ,ANEW) with (9).
10000 000
C:[OOOOO], D:[lOO]
10000 000
Choosing @ = 50rad/s and setting {wx},—, n to be
the middle frequencies of N = 10 equispaced intervals

I (wy) between Orad/s and @, fmincon and Algorithm 1 are
run twice to compute both the worst and best-case finite-
frequency Hy norm of the uncertain system. Imposing an
initial guess for d equal to 0, Table 1 reports the results
yielded by the trust-region-reflective algorithm of fmincon
and Algorithm 1. With equal accuracy, Algorithm 1 runs
faster than fmincon.

Table 1. Results for the validation example.

Hy norm s Computational Time
fmincon | Algorithm 1
Worst-case 0.944 0.25 | ~0.41s ~ 0.07s
Best-case 0.848 -1 ~ 0.42s ~ 0.06s

The results of the table, furthermore, can be graphically
visualized in Fig. 2, where the blue curves represent
different realizations of the uncertain system and the worst
(resp. best) finite-frequency Ho-norm condition identified
by Algorithm 1 is depicted in red (resp. yellow). These
results also confirm the accuracy of the guaranteed upper
and lower bounds of Casati et al. (2024), equal to 0.950
and 0.844 respectively. The computational time for both
bounds, however, is equal to 16.1s in Casati et al. (2024),
which is much larger than the time needed for the worst-
case finite-frequency Ha-norm analysis. This is due to the
fact that the guaranteed bounds are computed by solving
time-consuming SDPs subject to LMIs.

Note eventually that similar results are obtained by choos-
ing different initial equispaced frequency grids. Setting
N =5,50,100, in fact, Algorithm 1 yields the same finite-
frequency Hs norms and § values of Table 1 with similar
computational times. In this simple case, therefore, the
algorithm is not particularly sensitive to the choice of the



Random samples
Realization with maximum H; norm
1 Realization with minimum H, norm
0.8
o
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0
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w [rad/s|

Fig. 2. Worst and best realizations: validation example.

frequency grid. For more complex cases, however, it is
reasonable to refine the frequency grid in the proximity
of the transfer function’s peaks.

5.2 Satellite Benchmark

The effectiveness of the proposed implementation is then
tested on a more demanding single-axis satellite model
taken from Roos et al. (2024). The transfer function be-
tween external disturbance and pointing angle is consid-
ered for Hy performance. The benchmark is characterized
by 17 uncertainties which can independently perturb the
corresponding parameters up to +11% their nominal val-
ues. The so-obtained LFT has 19 states and a A matrix
of size 22. The objective of the analysis is to determine a
combination of uncertainties for which the finite-frequency
Hj norm of the LFT is maximum. A preliminary p-based
H.-norm analysis identifies a peak in |5, (jw)|? of about
9 x 10* at a frequency of 2.346rad/s (see Roos et al.
(2024)). Algorithm 1 is then run initializing A,. with
the set of uncertainties corresponding to the realization
yielding the worst H,, norm. @ is set to 3rad/s and
N = 10 equispaced frequencies {wk}k:17.._7N are selected

between Orad/s and w. An additional grid point, eventu-
ally, is added in correspondence of the worst H,, peak,
namely at 2.346rad/s. Algorithm 1 yields a worst-case
finite-frequency H, norm of 5.4 x 1073, taking ~ 0.07s.
The same result is provided by the trust-region-reflective
algorithm of fmincon in ~ 0.15s. Ay, is very similar to
the set of uncertainties yielding the worst H,, norm, as the
algorithms only provide a small step before stopping in a
corner of the uncertainty domain. This result, however, is
reasonable as the worst realization of the system in terms
of finite-frequency Hs norm coincides with the worst H,
case. This can be assessed in Fig. 3, which represents some
samples of the uncertain system together with the real-
ization yielding the worst H., norm. This latter covers a
larger area with respect to the blue curves and is therefore
characterized by a higher finite-frequency Hy norm.

5.8 MIMO Hy Performance of a Spinning Satellite

Algorithm 1 is eventually tested on a MIMO continuous-
time system with two inputs and two outputs. To do
so, consider the model of a cylindrical satellite spinning

=10

Random samples
8t Nominal system
H -norm worst-case
7t
6 F
e
—5r
El
W4

0.5 1 1.5 2 2.5 3
w [rad/s]

Fig. 3. Worst realization of the flexible satellite model with
17 uncertainties.

around its axis of symmetry z with constant speed (2 taken
from Somers et al. (2023). Torques T, and T}, are used to
control the angular rates w, and w, around the z and y
axis respectively. Let also I, = I, and I, be the inertia
of the satellite around its x, y and z axes. The rotational
motion of the satellite is given by the following system of
equations (Somers et al., 2023):

)=o) ]+ 5 5] i)

in feedback loop with the static control law:

b=

1 T,
where a = Q(1—-2), up, = ==
I I,
b2 are two uniformly distributed uncertain parameters
representing possible variations of the control torques. The

MIMO transfer function from the references r, and r, to

T,
, Uy = I—y, and d,

1% 1 a| |w
the measurements | *| = *
vy —a 1| |wy

the analysis. Suppose that ¢ = 5 and that both §; and
02 can independently vary of 20% around their nominal
values (equal to 1). The LFT is then normalized, @ is set
to 10rad/s and {wi},_, 5 are selected as the middle
frequencies of N = 10 equispaced intervals I (wg) between
Orad/s and @. The trust-region-reflective algorithm of
fmincon and Algorithm 1 are eventually run starting from
nominal conditions (i.e. A = 0) and the obtained results
are reported in Table 2. As in the previous examples, with
the same accuracy Algorithm 1 runs faster than fmincon.

} is considered for

Table 2. Results for the spinning satellite.

Hynorm | J | = Computational Time
fmincon | Algorithm 1
‘Worst-case 5.57 -1 ~ 0.46s ~ 0.09s
Best-case 3.29 -1 ] -1 ~ 0.46s ~ 0.10s

The correctness of the identified worst and best-case
conditions is proved by Fig. 4, which represents the surface
plot of the finite-frequency Hs norm with respect to the
uncertainties in the system. This assesses the effectiveness



of the implemented algorithm also when applied to coupled
MIMO systems. Note eventually that similar results are
obtained with Algorithm 1 by setting N = 5,50, 100. Not
even in this case, therefore, is the algorithm sensitive to
the initial choice of the frequency grid.

1e

X-1
0.8|Y1

Z5.57247 52
0.6
0.4
0.2

0

2

-0.2

-1 0.5 0 0.5 1
4y

Fig. 4. Finite-frequency Hs norm with respect to the
uncertainties: spinning satellite.

6. CONCLUSIONS AND FUTURE WORK

The present paper proposes a new approach to identify
worst-case (resp. best-case) finite-frequency Ha-norm con-
ditions of linear systems in the presence of LTT real para-
metric uncertainties. The objective of the analysis is to
determine a feasible combination of uncertainties which
maximizes (resp. minimizes) the finite-frequency Hs norm
of the system. A major advantage of this approach is that
it can equivalently be applied to SISO and MIMO models.
Despite the fact that the algorithm may stop in a local
optimum, it nonetheless yields a feasible combination of
the uncertainties, which corresponds to an inner estimate
of the worst (reps. best) finite-frequency Hs norm. In order
to increase the reliability of the results, it is also possible to
run the algorithm starting from different initial conditions,
including the realization yielding the worst-case H, norm.

The results of this paper pave the way to many possi-
ble extensions and future work, specially when combined
with the study of Casati et al. (2024). Worst-case finite-
frequency Hs-norm conditions can indeed be computed
much more rapidly than guaranteed bounds, which re-
quire solving multiple time-consuming SDPs subject to
LMIs. The accuracy of the obtained upper (resp. lower)
hard bounds can therefore be rapidly assessed by com-
paring them with the maximized (resp. minimized) finite-
frequency Hs norm. Furthermore, Algorithm 1 can be
integrated into a Branch and Bound (B&B) scheme to ac-
celerate the computation of hard bounds on the probability
that the Hs performance of an uncertain system either
satisfies or violates a given requirement. The proposed
worst-case finite-frequency Hs-norm analysis can also be
extended to discrete-time systems, which is of particu-
lar interest in the context of hybrid multi-rate models
(see Biannic et al. (2024)). Moreover, the knowledge of
worst-case finite-frequency Hs-norm combinations of the
uncertainties allows for a robust multimodel design of the

AOCS yet in the early phases of the control synthesis.
Eventually, further comparisons of Algorithm 1 with other
optimization techniques should be carried out to confirm
the effectiveness of the proposed approach.
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