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Efficient computation of almost invisible inputs
for linear input redundant systems

J. Kreiss, M.F. Shakib, and M. Jungers

Abstract— Input redundant systems have more inputs than
needed to control the output and offer advantages such as
fault tolerance and improved performance. However, identifying
such redundant inputs in high-dimensional systems can be
computationally intensive and is prone to inaccuracies. This
article proposes an approach that uses model reduction by
balanced truncation to simplify input redundancy analysis. By
reducing the system order, we identify “invisible inputs” for the
reduced-order model and design a reduced order state feedback
mechanism to decouple them from the ‘“visible inputs.” Then,
error bounds from balanced truncation provide guarantees for
applying this decoupling to the original system, as a feedforward
input. The approach offers significant computational savings,
as demonstrated in numerical examples.

I. INTRODUCTION

Many engineering and control systems are designed with
more inputs than strictly necessary to control the system out-
put [1], resulting in what is known as an input redundant (IR)
system [2]. This redundancy offers several advantages, such
as failure resilience, improved performance, and improved
managing of the state-of-health [1], [3], [4], [5].

A recent study has provided a comprehensive character-
ization of input redundancy in linear time-invariant (LTI)
systems [2]. The approach relies on geometric control the-
ory tools [6], particularly controlled-invariant and output-
invisible subspaces, which are central to the understanding of
input redundancy. Controlled-invariant subspaces can be kept
invariant using appropriate control inputs, meaning the state
of the system remains within these subspaces once entered
inside. This is achieved through state feedback, commonly
referred to as a friend of the subspace, which plays a crucial
role in the analysis and design of input redundant systems.

While input redundancy provides significant benefits,
adding extra inputs also increases the complexity of system
analysis and control. Identifying which inputs are redun-
dant becomes essential for reducing complexity and im-
proving system efficiency, especially in large-scale systems
like batteries, multicell converters, and supercapacitor sys-
tems [7], [8], [9]. In such cases, applying the characteriza-
tion from [2], however, presents significant computational
challenges. In particular, the computation of the controlled-
invariant, output-invisible subspaces, and the friend neces-
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sary for state feedback, not only demands significant time
and computational resources but is also prone to numerical
inaccuracy. The latter is due to inevitable finite-precision
arithmetic, subspace computation sensitivities, and loss of
numerical rank [10]. As a result, some inputs are incorrectly
identified as ‘invisible’ when they are not, leading to in-
evitable performance degradation and potentially harming the
system.

In this context, this article aims to analyze input redun-
dancy in large-scale systems using model order reduction
techniques. Among the multitude of reduction techniques, we
focus here on balanced truncation [11]. Balanced truncation
operates by first bringing the system in a so-called balanced
form in which the transformed states are ordered in terms
of their controllability and observability. Then, by retaining
only the most controllable and observable states, a reduced-
order model is constructed that closely approximates the
original system. This reduced model, easier to manipulate,
is key to identifying redundant inputs, as it preserves the
essential dynamics of the system while simplifying its state
space representation. Based on the reduced-order model, we
compute the friend state feedback so that specific inputs do
not influence the output of the closed-loop reduced-order
model. Once these inputs are identified, we apply them
to the original system, as feedforward inputs. Through a
careful error analysis based on the well-known balanced
truncation error bound, we demonstrate that these inputs
yield an almost zero output in the original system and are
thus almost invisible to the original system. This leads to a
novel control architecture that decouples the visible inputs
from the almost invisible ones.

This novel combination of balanced truncation and the
state-feedback friend offers a powerful framework for input
redundancy analysis. By utilizing the reduced-order model
to determine redundant inputs and analyzing their effect
on the original system, we provide a systematic approach
to simplifying complex systems while maintaining their
core functionality. Our results offer significant computational
savings and open new avenues for designing and controlling
more efficient and more robust input-redundant systems.

The rest of this article is organized as follows. Section II
introduces preliminaries on input redundant systems and
defines the problem addressed in this article. Section III
presents the proposed approach based on model reduction
by balanced truncation. In Section IV, we present numerical
examples to demonstrate the effectiveness of our approach.
Finally, Section V closes with concluding remarks.

Notation: The symbols R, R, C, and C~ denote the sets



of real numbers, non-negative real numbers, complex num-
bers, and complex numbers with strictly negative real parts,
respectively. A square real-valued matrix is called Hurwitz
if all its eigenvalues have a strictly negative real part. The
class L(T) represents the class of functions z : 7 — R™
for some 7" C R which are bounded as [ |2(t)|*dt < oo.
The corresponding L5* signal norm is denoted by ||z||, and
defined by ||:c||§ = [ |z(t)|*dt. For a transfer-function
matrix G defined on C, with all its poles in C™, its Ho-
norm is defined by [|G||;, = sup,¢jo,o0) P(G(jw)) with p
the maximum singular value of G and j := \/—1. Given a
set S C R™ and a real-valued matrix B € R™"*™, the set
B~1S is defined as {u € R™ : Bu € S}.

II. PROBLEM STATEMENT

This section first reviews key concepts from geometric
control theory and the property of input redundancy. We then
explain how we can decouple input trajectories in output
visible and invisible ones for IR systems. Finally, we outline
the specific problem addressed in this article. Throughout
this article, we consider the LTI system Y governed by the
following equations:

& = Az + Bu, z(0) ==z € R",
y = Cx + Du,

(1a)
(1b)

where A, B,C, and D are matrices of appropriate dimen-
sions. Here, . : RT — R™, 2z : RT — R", andy : RT — RP
represent the input, the state, and the output, respectively.

A. Background on geometric control theory

To analyze the input redundancy property of a system,
we introduce some key concepts from geometric control
theory. A subspace V C R" is called controlled-invariant
and output-invisible if it satisfies the following conditions:

AV CV+Im{B}, CV CIm{D},
or equivalently, if there exists a matrix /' € R™*" such that
(A+ BF)YCV, (C+DF)V =0.

Such a matrix F' is referred to as a friend of V. Note that
in general, a subspace V' does not have a unique friend. The
set of friends of V is denoted by F(V).

The subspace V*, known as the weakly unobservable sub-
space, is the largest controlled-invariant and output-invisible
subspace of Y. It represents the set of initial conditions zy €
R™ for which there exists an input v : RT — R™ such that
vVt € RT, z(t) € V* and y(t) = 0. Note that this subspace
can be computed in a finite number of steps using only the
system matrices A, B,C, and D (see [6, Th. 7.12]). The
subspace R* called the controllable weakly unobservable
subspace, corresponds to the largest controllable subspace
within V*.

B. The notion of input redundancy

We now recall the definition of input redundancy as
presented in [2].

Definition 1: System X is said to be input redundant (IR)
if there exists an output y which can be produced by (at
least) two distinct inputs for some xy € R"™, i.e., there exists
xo € R™ such that

(w1, y1), (u2,y2) : w1 # u2, Y1 = Ya. 2

It is important to note that in the context of LTI systems,
the input redundancy property is uniform with respect to the
initial condition. That is, if there exists an initial condition
o9 € R"™ such that condition (2) holds, then it holds for
all o € R™. Therefore the input redundancy property can
be derived to the quadruple (A, B,C, D) in the following
way: the system defined by the matrices A, B, C, and D
is considered IR if, for any initial condition xy € R”, the
system exhibits input redundancy.

Next, we recall the geometric characterization of Defini-
tion 1, summarized in the following theorem [2, Th. 3.1].

Theorem 1: Let N' := B~'V* N Ker{D} be an input
subspace and define p as its dimension, i.e., p := dimN.
The following statements are equivalent:

e Y is IR;

o dimAN > 0. O

It is emphasized that, unlike earlier characterizations of
this concept [1], the input redundancy characterization here
is not solely based on the kernel of B and D. Instead, it relies
on deeper geometric properties that involve the underlying
structure of the input-to-output map of the system.

C. Input decomposition

For LTI systems (1), as shown in [6, Th. 7.11], the output
resulting from an input v and an initial condition xq is zero
if and only if x¢p € V* and the input v is given by

uw= Fx+ Lb, 3)

where F € F(V*), L € R™*# is a linear map such that
Im {I:} =N, and ¥ : RT™ — R* is any arbitrary function.
In line with the definition of IR systems, we are interested
in different inputs that lead to the same output, starting
from the same initial condition. An incremental analysis
can demonstrate that this problem can be reduced to the
existence of invisible inputs, starting with the zero initial
condition xy = 0. Since V* is a subspace of R", it follows
that zo = 0 € V* and we are typically concerned with
invisible inputs whose expression is given by (3).

For IR systems, it is evident that ;1 > 0 implies that the
matrix L is non-empty and non-zero. Therefore, it is always
possible to construct non-zero inputs that result in zero out-
puts. We define L € R™*(™~#) guch that Im { [ﬁ E]} =
R™, thereby completing the input space. This allows us
to isolate the component v of the input that has an actual
influence on the output y through the matrix L. Thus, we
decompose the inputs into © which has no effect on the
output, and v which has a direct effect. The corresponding



Fig. 1: Input decomposition scheme with control law (4).

scheme is depicted in Figure 1. The state feedback law with
the decomposed inputs is then described by

u=Fz+ Lv, 4)

where L = [ﬁ L] e R™ p = [T ﬁT}T

invisible for the output .

, and U is

D. Problem formulation

The input decomposition discussed in the previous section
is highly valuable in many control [1], fault-detection [12],
and fault-tolerance [13] applications. However, it relies on
knowledge of V*, F, and N, which can be challenging to
compute numerically for large-scale systems, both in terms of
computation time and accuracy. In particular, computational
inaccuracies combined with modeling uncertainties can dis-
tort the feedback law (3), potentially leading to non-zero
output trajectories even if v = 0.

To illustrate these computational challenges, we generate
random systems (1) with parameters m = 3, p = 1, and n
varying from 20 to 400 with increments of 20. The systems
are generated using the MATLAB 2024a rss command. The
elements V*, N, and F' are computed using MATLAB 2024a
with the aid of the geometric control toolbox [14]. The cor-
responding computation times, denoted as Aty«, Aty, and
At p, respectively, are plotted as a function of n in Figure 2.
These results clearly demonstrate how the computation time
scales with the state dimension n of the system.

In addition to the extensive computation times, accuracy
issues may also arise when computing invisible inputs. For
instance, consider a (Matlab 2024a rss) random system (1)
with m = 3, n = 200, and p = 1. We apply an invisible
input (3) where 9(t) € R? consists of block-wave signals
with random magnitudes between -1 and 1. Both the input
signal © and the resulting output y are shown in Figure 3.
It is evident that the output is not zero. In fact, it exhibits
a large magnitude (exceeding 50). This is mainly due to
computational inaccuracies in computing the friend F' and
the matrix L.

Given the numerical challenges and inherent modeling
uncertainties, achieving strictly zero output with “invisible
inputs” is often impractical. However, exact invisibility is
rarely necessary in applications. Instead, achieving a small-
gain energy transfer from input to the output can suffice
to create almost-invisible inputs, as illustrated in control
applications for power converters [15]. This need underscores
the importance of a robust input decomposition method that
achieves almost-invisibility without requiring the computa-
tion of V*, F, or N. This article aims to address this
challenge, focusing specifically on the following problem.

time (s)

20 50 100 200 400

Fig. 2: Evolution of the computation time with respect to n
on a log-log plot.

1 100

:
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Fig. 3: Due to inaccurate computations, the “invisible” input
N TAT ~T1 T . .
D= [vl Dq ] (left) results in a non-zero output (right).

Problem 1: For system ¥ in (1), find a control architecture
that can decouple inputs that are almost invisible from
those that are visible in the output, without requiring the
computation of V*, F, or N for system .

III. A CONTROL ARCHITECTURE FOR INPUT
REDUNDANCY THROUGH REDUCED-ORDER MODELING

This section proposes a control architecture that achieves
approximate decoupling between visible and invisible inputs
for input redundant systems. We first define the notion of
almost invisible inputs in Section III-A. Then, we show in
Section III-B how balanced truncation [11] can be used to
characterize such inputs. By leveraging the error bounds of
balanced truncation, we ensure that the decoupling achieved
on the reduced-order model can be extended back to the
original system, providing guarantees on its approximate
decoupling properties. Finally, we propose a control archi-
tecture that approximately decouples the visible and invisible
parts of the input for the original system in Section III-D.

A. d-Almost invisible inputs

For IR systems, it is possible to perturb the input tra-
jectory u without affecting the output trajectory y, i.e.,
I(u, du,y,0y) : u # u+ du,y = y + dy. In some cases,
however, achieving exactly oy = 0 is not required and a finite
energy transfer is sufficient, i.e., a ‘small’ dy is sufficient. In
this light, we define the notion of J-almost invisible inputs.

Definition 2: For a given 0 € [0,00), an input v € L3" is
d-almost invisible for system Y if the corresponding output
y for the initial condition x¢ = 0 satisfies

ylly <6 lully- (5)

The definition of a J-almost invisible input is used in the

remainder of this section to provide an input decoupling

architecture that, for a perturbed input, produces almost the

same output. This architecture is built based on reduced-order
modeling as described next.



B. Reduced-order modeling through balanced truncation

We consider the scenario in which the system (1) is too
complex for analysis (and control design). As a replacement
for this system X, we consider the class of order  models X,
described by the equations

& = Arxy + Bru, 2,.(0) == 2,0,
Yr = Cray + D,u,

(6a)
(6b)

where r < n, the matrices A,,B,,C,, and D, have
appropriate dimensions, and z, : RT — R" is the state,
u: Rt — R™ is the input, and y, : RT — RRP is the output.

We consider model reduction by balanced truncation to
obtain the reduced-order model (6) from the original sys-
tem (1). Balanced truncation is a two-step procedure [11]. In
the first step, the system is brought into a balanced form. Let
P e R"™ ™ and @ € R™*"™ be the solutions to the following
Lyapunov equations

AP+ PAT +BBT =0, ATQ+QA+CTC =0, (7

respectively, where P and () are called the controllability and
observability Gramians, respectively. Under the assumption
that A is Hurwitz, the pair (A, B) is controllable, and the pair
(A, C) is observable, the solutions P and () are unique, sym-
metric, and positive-definite matrices. Applying a Cholesky
factorization on @ and P, we write Q = QQ' and P =
PPT, where Q and P are invertible matrices. Let ZUY "
be the singular value decomposition of PTQ, ie., PTQ =
ZUY T with ¥ = diag{01]m17021m27...,aq1mq}, where
oi,i € {1,...,q}, are the Hankel singular values of sys-
tem X, and Z and Y are unitary matrices. Suppose that the
Hankel singular values satisfy the ordering o; > 09 > -+ >
o4 > 0 and their multiplicities m;,¢ € {1,..., ¢}, add up to
n, i.e., mi +---+mg = n. Then, the matrices of a balanced
realization of system X are given by

T-'AT | T7'B
cr | D |’ ©

where 71 = ¥=1/2yTQT and T = PZU /2.

To reduce the system, in the second step of balanced
truncation, take the order 7 such that there exists an integer
k that satisfies mi + --- + my = r. Then, we can use the
following partitioning:

T~'AT | T7'B A A | By
T ‘ D =| Ao A | By |, (9
C, Cy ‘ D
in which A7 € R™" A, € Rrx(nfr)’A21 €

R(nfr)xr’A22 c R(nfr)x(nfr)’Bl c Rrxm,B2 c
R=m)xm e RPX" and Cy € RP*(™=7) Now, the
matrices of the reduced-order model (6) are defined by
truncating the matrices in (9), leading to

[ATBT}:{AH&}

C. | D, Ci | D

(10)

It is well-known that the transfer function of the model (6)
with the matrices (10) does not achieve a match at O with the

transfer function of the original system (1). To obtain such
a match, the matrices of the reduced-order model (6) are
selected according to the singular perturbation approach [16]:

1] -

{ A — A12A§21A21 ‘ By — A12A52132
C1— CoAzy Asy | D—C2A3 By

The reduced-order model (6) with matrices (11) matches
the steady-state gain of the original system. We refer to the
reduced-order model (6) obtained by balanced truncation if
its matrices satisfy either (10) or (11). In both cases, such
a reduced-order model enjoys several properties, which are
recalled next.

Theorem 2 ([17, Theorems 2.8 and 2.9]): Let system (1)
be asymptotically stable and in a balanced realization, and
let (6) be a reduced-order model obtained by balanced
truncation. Assume that r is chosen such that there exists an
integer k satisfying mj+- - -+my = r. Then, the model (6) is
balanced and asymptotically stable. Furthermore, the bound

12)

(1)

12 =2 lly. <2(0k41+ -+ 0g) = &p,

holds, where ojy1,...,0,4, can be read off the diagonal
entries of the matrix W. O

Balanced truncation thus preserves asymptotic stability
and is equipped with the error bound (12). This error
bound implies a time-domain error bound, i.e., for the initial
conditions o = 2,9 = 0, and any input v € L3*, the bound

ly = wrlly < erllully, (13)

holds, where y and y, are corresponding responses of the
system (1) and of the reduced-order model (6), see, e.g., [18].
Based on this error bound, we establish a set of J-almost
invisible inputs for system (1) in the next section.

C. Invisible inputs for the reduced-order model

Let us assume that r is sufficiently small to efficiently and
accurately compute V), F., and N, for the reduced-order
model (6), and suppose that y,. := dim N,. > 0. Furthermore,
let the decoupling matrix L, € R™*™ play the role of L.
Then, similar to (4), the input can be decomposed into a
part that is invisible to the output and a part that affects the
output. Let us decompose the matrix L, and the input v as
follows:

L.=[L, L], T, a4

where ﬁ,. e Rm*pr [, e Rm*(m—pr) (t) € R¥r, and
0(t) € R™ #=. Then, any input ¢ € L5, © = 0 is invisible
for the reduced-order model (6), i.e., y, = 0.

We now present a result in which we bound the signal u in
the scheme in Figure 4. Hereto, note that the transfer function
from v to u can be written as

Guo(s) = (I — F.(sI — A,)"'B,)"'L,,

v:[ﬁ—r D)

seC, (15)

whereas the transfer function from © to u reads as follows:

Guo(s) = — Fu(sI — A,)"'B,)"'L,, seC. (16)



Fig. 4: Input decoupling for the reduced-order model (6).

Lemma 3: Consider the model X, in (6), a friend F., the
decoupling matrix matrix L,, and the feedback law u =
F,.x,.+ L,v. Suppose that A, + B, F,. is Hurwitz. Then, for
any bounded input v € L3* and the initial condition z, o = 0,
the signal v is in L5" and satisfies

[ully < Guv($)lla, [10]l5 (17)
—_——

=T

where 7, € [0,00). Furthermore, consider the decomposi-
tion (14). Then, for any 0 € Lg", v = 0, and the initial
condition x,. o = 0, the signal u is in L3* and satisfies

[ully < [Guo ()3 0]l (18)
ﬂ_/
=y
where 4, € [0, Yy O

We note that, in general, neither v, nor 4, are small
valued, even if the reduced-order model is input redundant.
This leads to the input u to the reduced-order model being
generally not small in L5*-norm.

D. §-Almost invisible inputs for the original system

While any input ¢ € L4", o = 0 result in y, = 0, applying
the corresponding input w to the original system X does not
necessarily result in y = 0, but rather in a non-zero trajectory
for y. In this section, we derive a bound for the L5-norm of y.

To solve Problem 1, we propose the architecture depicted
in Figure 5. Here, the input v is decoupled based on the
reduced-order model, similar to the architecture in Figure 4.
Then, the input u is applied to the system Y. The state-space
description of this interconnection is described by:

Ty A+ By F. 0] |z, B, 0
R R I R
Ty 0
y= [DFT C’] [m} + DL, LNJ , (19b)
where v(t) € R™, [z, (1) :cT(t)]T € R™", and y(t) € R?
are the input, the state, and the output at time ¢, respectively.

We analyze §-almost invisible inputs for system X in (1)
next. The main result of this article presents a bound for the
output y of the original system X in (1) and characterizes a
set of d-almost invisible inputs Us, without computing V*,
F, or N of the original system X.

Theorem 4: Consider the setting of Lemma 3, where X,
in (6) is obtained through balanced truncation from the
system Y in (1). Consider the interconnected system (19) and
suppose that A and A, + B, F,. are Hurwitz matrices. Then,

Fig. 5: Decoupling of the visible and the J-almost invisible
inputs for the original system based on the interconnection
structure (19).

for any bounded input v € L5 and the initial conditions
20 = xo = 0, the signal y is in Lg and satisfies

”y_yr”Q SET’MH”HQ’ (20)

where 7, € [0,00) is defined in Lemma 3 and ¢, € [0, c0)
is defined in (12). Furthermore, for any © € LY, o = 0, and
the initial conditions x, o = zo = 0, the signal y is in L}
and satisfies

[ylly < 6 [[vl, @21

where §,. is defined as

8y = H (C(sIn —A)7'B+ D) G“ﬁ(s)|’?-[o¢ (22)
and satisfies 4, < ¢,9, and éuu(s) is as defined in (16).
Finally, any input « from the set

Us = {veLy:veLll,o=0}, (23)

is d,-almost invisible for system X in (1) with §, in (22). O

Theorem 4 shows that, for any input from the set Uf;, the
output y of the original system remains close to zero with
a computable bound. Thereby, the architecture in Figure 5
solves Problem 1. In this architecture, the input v is used
for a primary task such as regulation, while the J-almost
invisible input v is used for a secondary task such as control
allocation and fault detection.

We care to stress that the architecture in Figure 5 is
achieved by only performing computations on the matrices
of the reduced-order model. This enables the application
of IR tools to large-scale systems. In the next section, we
demonstrate the performance of the proposed architecture in
Figure 5 using numerical examples.

Remark 1: The results of Lemma 3 and Theorem 4 re-
quire A, + B, F;. to be Hurwitz. If the reduced-order model is
IR and A, is Hurwitz, then there exists a friend F, € F(R})
(where R} is the controllable weakly unobservable subspace
of X,) that ensures A, + B, F, is Hurwitz, see [6, Th. 4.18].

Remark 2: Unlike the architecture in Figure 1, the archi-
tecture in Figure 5 operates without requiring knowledge of
the system state = of the original system Y. In large-scale
systems, state estimation via an observer is challenging due
to the high state dimension and the computational limitations
of resource-constrained devices. By eliminating the need for
direct state estimation, the architecture in Figure 5 facilitates
real-time operation in such scenarios.
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Fig. 6: Time-domain simulations for the full-order system
and the reduced-order model. Each row corresponds to a
simulation with the applied input depicted in the left column
and the corresponding system response y and reduced-order
model response y, depicted in the right column.

IV. NUMERICAL EXAMPLE

We consider the so-called heat equation in a thin rod
benchmark system given in [19]. The benchmark system is
of order n = 200 and is a single-input, single-output system.
To make it an IR system, we augment the matrix B with a
column with random numbers such that the system is input
redundant. We drastically reduce this system to order r = 5
using balanced truncation with the relations (11). Then, for
the reduced-order model, we compute F,. and L,, and we
implement the architecture in Figure 5.

We perform three simulations with block-wave inputs as
depicted in Figure 6 and with zero initial conditions. For
the first simulation (top row of Figure 6), v is a block-
wave signal whereas ¥ = 0. For the second one (middle
row of Figure 6), both v and ¢ are block-wave signals
(with the same amplitude, frequency, and phase). In the third
simulation (bottom row of Figure 6), v = 0 and © is a block-
wave signal. We observe from Figure 6 that the inputs 0,
which are invisible for the reduced-order model, are J-almost
invisible for the original system. Here, we emphasize that
we reduced the system order drastically, allowing for the
efficient analysis and design of the friend F,., the decoupling
matrix L,, and auxiliary subspaces. For the original system,
the required matrices for input decoupling can be computed
within minutes, while this is a matter of seconds using the
reduced-order matrices. Such a drastic reduction of the state
order also enables the efficient online implementation of the
scheme in Figure 5 on devices with limited resources, see
Remark 2.

V. CONCLUSIONS

This article presents a control architecture for large-scale
input redundant systems using model reduction by balanced
truncation. The architecture facilitates the decoupling of
visible and almost invisible inputs, where d-almost invisible

inputs for the original system are characterized through the
application of the error bound of balanced truncation. The
proposed approach thus enables the analysis and design of
complex input redundant systems and is also an enabler
for supporting applications such as control allocation and
fault detection. Future research will explore extensions to the
taxonomy-preservation of input redundancy through model
reduction and practical applications.
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