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The influence of advection on the propagation
phenomena of reaction-diffusion equations with
KPP-bistable nonlinearity

Xing Liang® Lei Zhang' and Mingmin Zhang?

Abstract

This paper is devoted to propagation phenomena for reaction-diffusion-advection equations in
one-dimensional heterogeneous environments, where heterogeneity is reflected by the nonlinearity
term - being KPP type on (—oo,—L] and being bistable type on [L,+oc0) for some L > 0. A
comprehensive analysis is presented on the influence of advection and heterogeneous reactions,
based on various values of the advection rate c¢. Denote by ¢, the minimal wave speed of KPP
equation and by ¢, the unique wave speed of bistable equation, respectively. When ¢ > —c¢,,, it
is shown that propagation can always occur with leftward spreading speed c¢,, + ¢ and rightward
spreading speed min (max(cb —¢,0),¢m — c). Moreover, a logarithmic delay of the level sets in the
left direction is discovered. When ¢ < —¢,,, propagation phenomena are determined by the initial
data and by the sign of ¢,. In particular, when ¢, > 0, the leftward propagation speed is ¢, + ¢ if
the initial population is “large enough”; whereas extinction occurs if the initial value is located in
the bistable region and is “relatively small”. In addition, the attractiveness of the bistable traveling
wave is obtained when the leftward spreading speed is ¢, 4+ ¢ and/or when the rightward spreading
speed is ¢, — c.

Mathematics Subject Classification (2020): 35B40; 35K57; 35B35; 92D25.
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1 Introduction and main results

We address in this paper the propagation phenomena for reaction-diffusion-advection equations in
a heterogeneous framework. The heterogeneous character arises in the equation through continuously
varying (in space) reaction term between KPP (for Kolmogorov, Petrovsky and Piskunov) type and
bistable type. The type of equations we consider here is:

Up — Ugy — CUy = f(x,u) t>0, x €R, (1.1)

in which u(t, z) denotes the species density at time ¢ and location x, the constant ¢ € R is advection
rate, f(z,u) describes population dynamics. From the biological point of view, advection can arise
either from the behavior of individuals or from physical transport processes, such as winds, currents
in rivers, for which the population may have a tendency to move along or against the gradient of u.
Our paper is intended to understand the influence of the advection on propagation phenomena in the
face of a heterogeneous environment of KPP-transition-bistable type.

Throughout this work, we assume that the function f(y,s): R x Ry — R is of class C?(R x R,),
and s — f(y,s) is locally Lipschitz continuous uniformly for y € R. Moreover, f satisfies

VyeR, f(y,0)=f(y,1) =0, 0s5f(y,1) <0and f(y,s) <0 fors>1,
Vs € R-h JL> 07 f(y75) = fm(s) for Y€ (_007 _L]7 f(wa?) = fb(s) for /RS [L7+OO)7 (12)
Vs € Ry, f(y,s) is decreasing in y € [-L, L].

Here, f,;, denotes the KPP nonlinearity:
fm(0) = fm(1) =0, 0 < fin(s) < f1,(0)s in (0,1), f5,(1) <0, fr <O0in (1,400),  (L.3)
while fp, represents bistable reaction:

f5(0) = fp(8) = fp(1) = 0 for some 0 € (0,1),

£(0)<0, f(0)>0, fi(1)<0, fp>01in (0,1), f»<0 in (0,0)U(1,+00). (14)

We then refer to (—oo, —L] as the KPP region, while [L, +00) would be regarded as the bistable region.
The spatial-temporal dynamics for (1.1) with nontrivial nonnegative continuous and compactly
supported initial data shall be investigated in the following sense:

o extinction: u(t,z) — 0 as t — 400 uniformly in z € R;

e rightward (resp. leftward) blocking: u(t,z) — 0 as x — 400 (resp. © — —o0) uniformly in ¢ > 0;
Here, we can easily see that extinction is a special case of (leftward and rightward) blocking.



o propagation: there exist ¢ > 0 and a family of interval [a(t),b(t)] C Sc such that t_lgrn (b(t) —
a(t)) = +oo, where S:(t) := {x € R : u(t,z) > €} for any t > 0. Furthermore, leftward

(resp. rightward) propagation occurs, if lim a(t) = —oo (resp. lim b(t) = 400); complete
t——+oo t——+oo
propagation occurs, if t£+moo a(t) = —oo and t£+moo b(t) = +oo.

When propagation occurs, we can further consider the possible asymptotic spreading speeds.
Specifically, if there exist two constants ¢, and ¢; such that for € > 0 small enough,

lim inf u(t,z) >0 lim su u(t,z) =0= lim su u(t,
t=r+00 — (¢ —e)t<a<(cr—e)t ( , ) ’ t_>+oox§—(cf)+a)t ( ’ ) t_>+oox2(crl—§)—£)t ( , )’

then ¢, and ¢; are called the rightward and leftward spreading speeds, respectively.

Based on the definition of propagation, one can see that lim; 4 sup,cr u(t,z) > 0. Combining
this and limy— 4o SUPg< (¢4 U(t; ) = 0 = limys 00 SUP> (¢, 4oy U(t, @), it yields that ¢ + ¢, > 0.
In the special case where ¢; + ¢, = 0, the interval [—(¢; — e)t, (¢, — €)t] is empty for any € > 0 and
t > 0, then limy oo inf_ (o, _oy<p<(e,—eye u(t, ©) = +00 > 0 is satisfied automatically. Moreover, we
remark that complete propagation occurs when ¢; > 0 and ¢, > 0, whereas propagation with rightward
blocking takes place when ¢; > 0 and ¢, < 0. However, either of two situations may occur when ¢; > 0
and ¢, = 0.

Before stating our main result, let us review the fundamental results on the classical homogeneous
reaction-diffusion equation

Ut = Ugy + f(u), t>0, zeR, (1.5)

where f is a C'(R) function satisfying f(0) = f(1) = 0. This equation has been extensively studied
in the mathematical, physical and biological literature since the pioneering works of Fisher [23] and
Kolmogorov, Petrovskii and Piskunov [34].

With the KPP reaction f = f,, in (1.5), it is shown in [34] that (1.5) admits traveling front
solutions u(t, ) = ¢, (x - e — vt) where e = 1 denotes the direction of propagation and v is the wave
speed, with ¢, : R — (0,1) and ¢, (—0c0) = 1, ¢, (+00) = 0, if and only if v > ¢, := 24/ f! (0). For
each v > ¢, the wave profile ¢, satisfies

o +rve,+ fle,) =0inR, ¢, <0inR, ¢, (—0)=1, ¢,(+00) =0, (1.6)
and has translation invariance. Moreover, ¢, has the following asymptotics:

A .
Ae o if v > ¢,

v ~ 1.
ov(s) s—+00 { Afse™s if v = ¢y, (L)

where A, A* are positive constants and the decay rate A\, > 0 is obtained from the linearized equation
Ut = Ugy + [}, (0)u and is given by A, = (v — \/v2 — 4f7,(0)) /2. It was proved in [30,36,46] that the
front with minimal speed ¢,, attracts, in some sense, the solutions of the Cauchy problem (1.5) asso-
ciated with nonnegative bounded nontrivial compactly supported initial data ug in R. Furthermore,
Aronson and Weinberger [4] proved the spreading property, stating that the solution u to the Cauchy
problem (1.5) with a nontrivial nonnegative compactly supported initial datum uy in R admits an
asymptotic spreading speed ¢, = 24/ f/ (0), in the following sense:

{ SUP|g|>wt U(t, ) — 0, if w>cp, as -5 +oo. (18)

inf| < u(t,z) — 1 if0<w < e,

The minimal traveling wave speed ¢, for (1.5) can therefore also be considered as the asymptotic
spreading speed for the Cauchy problem associated with (1.5).



In contrast, when the reaction is of bistable type, i.e. f = f3, equation (1.5) has a unique (up to
translation) traveling front solution w(t,z) = ¢(x - e — cpt), where ¢ : R — (0,1) and satisfies (1.6),
e = =£1 is the direction of propagation, and ¢, € R is the wave speed (has the sign of fol fo(s)ds),
depending only on f;, [4,22]. It is known [22] that

ape”** < P(s) < are”*?, s >0, (1.9)
boe®* <1 —¢(s) < be”, s<0, '

where ag, a1, by and by are some positive constants, o and j3 are given by o = (¢p+4/c2 — 4f1(0))/2 > 0

and 8 = (—cp + \/c2 —4f/(1))/2 > 0.

Throughout this paper, we denote by ¢, (x—vt) the KPP traveling front satisfying (1.6) with f = f,
and with wave speed v > ¢p,, whereas by ¢(x — cpt) the unique bistable traveling front satisfying (1.6)
with f = fy, with ¢, replaced by ¢, with wave speed v = ¢, and with the normalization ¢(0) = 6. Let
us stress that c,, > cp, which is shown in Lemma 2.1. Finally, we always denote by u the solution to
(1.1) with a nontrivial nonnegative continuous and compactly supported initial datum .

Main results. First of all, let us provide some intuition regarding the propagation dynamics of
(1.1). Compared with the case of ¢ = 0, the appearance of the advection now forces the solution u
towards the left direction with an extra speed ¢ € R. Therefore, the large-time dynamics of (1.1) in
principle is dominated by the KPP region when ¢ >> 1, by the bistable region when ¢ < —1, and by
the KPP plus the bistable regions when |c| is intermediate. One may already have a global picture
in mind for each situation, based on the known results in [4,22,29]. Although, let us propose the
following fundamental questions with respect to the large-time dynamics of (1.1):

e when ¢ > 1, the environment is almost the KPP region for large times, however the bistable
region still remains on the right. Then, we wonder whether the bistable region can be negligible?
In other words, what is the influence of the bistable region?

e when ¢ < —1, the environment is asymptotically governed by the bistable region, but there is
still the KPP region on the left. Similar as above, will the KPP region make any difference?

o when || is intermediate, the environment is composed of KPP-transition-bistable regions. Sup-
pose the bistable region is unfavorable, i.e. fol fo(s)ds < 0, will the solution be blocked in the
right direction?

As a matter of fact, it is not easy to give immediate answers without a serious thinking, in that, very
different from homogeneous monostable or bistable setting, the effect of advection here significantly
complicates the long-time dynamics of (1.1). Our goal is to give a comprehensive analysis for (1.1)
for large times according to different ranges of the advection ¢, from which we expect to understand
as much as possible the above-mentioned questions.

Propagation with rightward blocking when c € [¢,,, +00)

We begin by showing the propagation with rightward blocking result when ¢ > ¢,,.

Theorem 1.1 (Propagation with rightward blocking). Assume that ¢ > ¢,,. Then, u propagates to
the left with speed c,, + ¢ and to the right with speed c,, — c, in the sense that

ve>0, lim ( sup u(t,a)) =0,
t—+00 2€(—00,—(cm~tc+e)t]U[(em—c+e)t,+00) (110)
Ve € (0.cn), lim ( sup u(t, z) — 1!) =0.

—(em~+c—e)t<ax<(cm—c—e)t

4



Complete propagation vs. rightward blocking when ¢ € (—c¢,,, ¢,,)

When ¢ € (—¢p, ¢ ), we shall prove that the solution can always spread to the left, whereas rightward
propagation or rightward blocking are both possible, depending on the sign of ¢, — ¢. Let us point out
that at this stage there is no further requirements on ug.

e Leftward propagation when c € (—c¢,, ¢p)

Theorem 1.2 (Leftward propagation). Assume that ¢ € (—cp,cm). Then, u propagates to the left
with speed ¢, + ¢ > 0 in the sense that

VYe>0, lim ( sup u(t, x)) =0,
t—+00 r<—(cm+cte)t (1 11)

Vee (0,¢+c¢), V6>0, a1 < —L, limsup< sup \u(t,w)—l|> <.
t—=+00 N —(¢pmtc—e)t<z<z

In particular, sup_ ;<< e |u(t, ) — 1] = 0 as t — 400 for every 0 < cy <cx < e +ec.

e Rightward propagation vs. rightward blocking with speed zero when c € (—c¢;,, ¢p,)

We will distinguish our analysis into two cases: either ¢ > ¢ or ¢ < ¢, where the former means
max(cp, —Cpy) < ¢ < ¢, and for the latter it suffices to consider the situation when —¢,;, < ¢, and
¢ € (—¢m, ), in that the case of ¢ < ¢;, < —¢yy, is outside the range (—cp,, ).

Theorem 1.3 (Rightward blocking with speed zero). Assume that ¢ € (—cpm, cm) and ¢ > c,. Then,
u is blocked in the right direction, that is,

u(t,z) = 0 asx — +oo, uniformly int > 0. (1.12)

Furthermore, u satisfies
u(t,-) —U — 0 ast— 400, locally uniformly in x € R, (1.13)
where U is the unique positive bounded stationary solution of (1.1) such that U(—oc0) = 1 and

U(+o0) =0, given in Proposition 4.1.

Theorem 1.4 (Rightward propagation). Assume that —cy, < ¢y andc € (—cp, cp]. Then, u propagates
completely, namely,
u(t,z) -1 ast— +oo, locally uniformly in x € R. (1.14)

Furthermore,

(i) if ¢ € (—cm, ), then u propagates to the right with speed ¢y —c > 0. Moreover, there exist X > L
and £ € R such that

tim_(‘sup [u(t,) = 6(x — (e — )t + )] ) =0,

t——+o0 >X
where ¢ is the unique bistable traveling wave profile;

(ii) if ¢ = cp, then u propagates to the right with speed zero, in the sense that (1.14) holds and
SUp,>,¢ u(t,x) — 0 ast — +oo for every v > 0.

Remark. Combining the above three theorems, we can conclude that complete propagation occurs
when ¢ € (—¢p,, ¢p) provided that —¢,, < ¢, and propagation with rightward blocking takes place when
¢ € (—¢m,cm) and ¢ > ¢. Moreover, Theorems 1.3-1.4 demonstrate that the rightward propagation
phenomena is totally determined by the sign of ¢, — ¢, provided that ¢ € (—¢p, ).



e Theorem 1.3: We notice that ¢,, > ¢ > ¢, which means on the one hand the advection pushes
the solution to leave the bistable region, but on the other hand the solution grows in the KPP
region and invades towards the right direction. Thus a saturation state - blocking in the right
direction - is formed, in the sense that the solution eventually converges to a positive steady
state U. This implies that the sign of ¢, (equivalently whether the bistable region is favorable
or not) is not important, and it is the effect of advection plus the power of the KPP region that
leads to the only possibility - blocking.

e Theorem 1.4: In the particular case ¢ = 0 < ¢, this result coincides, among other things, with
that of [29, Theorem 2.13], which means that propagation is due to the favorableness of the
bistable region. However, we find that here it is not the case in general. Again, the sign of
¢p does not matter. Propagation may occur even when the bistable region is unfavorable, no
matter how small the initial datum wg is. This reflects the power of both the advection and the
KPP region.

Conditional complete propagation vs. extinction when ¢ € (—oo, —c¢,,]

Eventually, let us deal with the case that ¢ < —¢,, . Here, the bistable region dominates the environ-
ment, therefore whether the bistable region is favorable or not, i.e. sign of ¢, really matters now. It
turns out that propagation phenomena are determined by the sign of ¢, and/or by the size and the
location of wy.

e Conditional complete propagation

In the case where ¢ < —c¢,;, and ¢, > 0, the bistable region can be either favorable or unfavorable
depending on the initial data. Our following result says that for initially “large enough” localized
population set in bistable region, the species can persist and spread. Furthermore, we show that u
eventually approaches two diverging bistable traveling waves with speeds c; +c and ¢, — ¢, respectively.

Theorem 1.5 (Conditional complete propagation). Assume that ¢ < —cy, and ¢, > 0. Then for any
n > 0, there is L* > 0 such that the following holds: for any nonnegative continuous and compactly
supported initial datum® satisfying ug > 0 +n on an interval of size L*, the solution u of (1.1) with
initial datum ug propagates to the right with speed ¢, — ¢ and to the left with speed ¢, + c¢. Moreover,
there are X > L and z; € R (i = 1,2) such that

t_lginoo (xzs;[ict lu(t,z) — ¢z — (cp — )t + zl)|) = 0. (1.15)
and
t£+moo <x§S)l(1'I—)ct lu(t,z) — ¢p(—z — (cp + )t + z2)|) =0, (1.16)

where ¢ is the bistable traveling wave profile.

Let us comment that the rightward convergence result (1.15) is indeed in the same spirit as [22,29],
where the bistable region can be analyzed somehow in a standard way. In contrast, the study of the
leftward propagation phenomena needs much effort in that the KPP region still exists on the left side
of the environment, as already pointed out at the very beginning. The challenge of our analysis is
therefore a simultaneous consideration of both the KPP region and the bistable region. Our conclusion
(1.16) implies that, although the KPP region cannot be ignored in the proof, essentially it does not
affect the leftward front position at all.

Here we do not restrict the location of the initial datum wo. In fact, this theorem is still true, when such w is fully
set in the bistable region.



e Conditional extinction
In the end, we provide some sufficient conditions for extinction under the assumption that ¢ < —¢,,.

Theorem 1.6 (Conditional extinction). Assume that ¢ < —c¢,,. Then, u will extinct, namely,
u(t,x) = 0 as t — +oo uniformly in x € R, provided one of the following conditions is satisfied:

(Z) cp <0y
(ii) spt(uo) is included in the bistable region and |[ugl| oo (r) < 6.

Now that Theorem 1.6 is parallel to the standard result for the classical bistable equation, one
may wonder what is the trouble of the advection and of the KPP region here? Roughly speaking, in
the course of building upper barriers, it is necessary to distinguish ¢ > ¢, ¢ = ¢, and ¢ < ¢, under
the assumption (i); while when assuming (ii), the KPP region cannot be overlooked so that part of
the supersolution has to work in the KPP region, which reflects the concern of the advection and of
the KPP region. Moreover, a discussion on Theorem 1.6 (ii) is that we believe it can be relaxed but
somehow it is not easy to find an optimal one. A heuristic explanation is the following: suppose that
spt(uo) is large enough and fully located in the KPP region, i.e., far to the left, and |luol|z®) < 0,
the solution may have a chance to persist with w(7’,-) > 6 +n on an interval of size L* for some large
T > 0, which will lead to propagation provided that ¢, > 0, due to Theorem 1.5.

Sharp estimate of the level sets in the left direction when ¢ € (—c¢,,, +o0)
Given g € (0,1), define the level set E, (t) = inf{z € R|u(t,r) = o} for any ¢ > 0.

Theorem 1.7. Assume that ¢ > —c¢,,. Then, u propagates to the left with speed ¢, + ¢, thanks to
Theorems 1.1-1.2, and for every o € (0,1),

_ 3
EQ (t) = —(Cm + C)t + 27>\* Int + Otﬁ+oo(1)

with A* = ¢, /2.

This theorem demonstrates that whenever the KPP region plays a role as (part of) the habitat,
the leftward propagation will be very similar to the homogeneous KPP case in the sense that the same
logarithmic correction appears regarding the asymptotic position of the level sets in the left direction,
which means that the effect of the bistable region is rather weak. Then, one can ask whether such
logarithmic delay of the level sets remains true in terms of the rightward propagation with speed ¢, —c
when ¢ > ¢,,7 As a matter of fact, assume that ¢ > ¢,,, by defining E;r(t) = sup{z € R|u(t,z) = o}
for any ¢ > 0 and for any ¢ € (0, 1), one readily observes that EJ (t) < (cp — )t —3/(2X*)Int 4 C for
some C € R, since equation (8.1) with f,,(v) instead of f(y — ct,v) produces such an upper bound.
This means that there exists at least a logarithmic delay for the level sets in the rightward propagation.
However, how to catch a lower bound of E; (t) is far from clear, which also strongly rests on the effect
of the bistable region. This is beyond the scope of this work and is left as an open question.

We are now in a position to comment on the aforementioned questions in order:

e when ¢ > ¢, the environment is almost the KPP region for large times, the solution behaves
the KPP property globally, see Theorem 1.1. Moreover, the famous Bramson’s result in O(1)
precision remains true when considering the leftward front position (actually this is true when
¢ > —cp), see Theorem 1.7, which means that the bistable region, if makes any difference for the
leftward position of the level sets when ¢ > —¢;,, is at most of O(1) order. Nevertheless, we are
still unclear about the influence of the bistable region on the precision position in the rightward
direction when ¢ > ¢,,.



e when ¢ < —¢,,, the bistable region dominates the environment, and the propagation phenomena
are similar to the standard results for classical bistable equation, see Theorems 1.5-1.6. Unlike
the situation mentioned above, we are fortunate to be able to simultaneously address both the
KPP and bistable regions when analyzing convergence in the left direction. At this time, the
KPP region, although exists on the left and causes challenging difficulties in the course of our
analysis, does not affect global dynamics of the solution.

o when ¢ € (—¢pm,cm), the environment is composed of KPP-transition-bistable regions. The
rightward propagation phenomena - either blocking or propagation - are actually determined by
the sign of ¢, — ¢, see Theorems 1.3-1.4. Even though the bistable region is assumed unfavorable,
the KPP region plus the effect of the advection can drive the solution to propagate towards the
right direction. For more careful discussion in this situation, we refer to the remark right after
Theorem 1.4.

In addtion, it is also noteworthy that our results, in the specific case ¢ = 0, align with those in [29]
which indeed provides foundational insight for our work.

Compared with existing literature for analyzing the effect of heterogeneous advection on nonlin-
ear spreading and propagation phenomena for reaction-diffusion equations with a single dynamical
mechanism (either KPP or bistable or combustion type) of the form

ug — V- (A(x)Vu) + q(z) - Vu = f(x,u), (1.17)

with diffusion matrix A(z) and drift g(z) [5,6,10-12,19,26-28, 33,41-44], here we consider the sim-
ple constant advection mode for the reaction-diffusion-advection equation (1.1) in a heterogeneous
environment of KPP-transition-bistable type, and investigate all the possibilities of propagation phe-
nomena by exhausting different values of the advection. To the best of our knowledge, our work is the
first to address the possible effects of the advection on the propagation phenomena and the speeds
of propagation in such a heterogeneous dynamical setting. More generally, our problem can be easily
generalized to a high dimensional situation:

up — Au+ auy = f(x,u), in Q,

where Q C RY is a straight cylinder and g(x) = ae; represents a shear flow, which can be studied in
a similar way but one needs to pay attention to the effect of the geometry of the domains.

Organization of the paper. The main body of the paper is devoted to the proofs of theorems in
this section.

2 Preliminary results

Lemma 2.1. There holds ¢, > ¢p.

Proof. Let w and z be respectively the solution to the Cauchy problem (1.5) in Ry xR with f replaced
by fm and f3, associated with the same initial data. First of all, one readily infers from the comparison
principle that w(t,z) > z(t,z) for t > 0 and = € R, which implies ¢,, > ¢.

Assume towards contradiction that ¢, = ¢. Let us focus on the region x > 0. It follows from [22,
Theorem 3.2], there exists £ € R such that sup,~¢|2(t,z) — ¢(z — cpt + 5)} — 0 as t = +o00. This
implies that the level sets of z is asymptotically ¢yt + Oy 100(1). On the other hand, it is known
from [30] that the level sets of w behave asymptotically as ¢t —3/(2A*) Int + O, 15 (1), which move
apprently slower than the front propagation of z. This is a contradiction. We then conclude that
Cm > Cp. ]



Lemma 2.2. The solution u to (1.1) satisfies

supu(t,z) <1 as t — +oo.
zeR

Namely, for any € > 0, there exists T > 0 such that sup,cpu(t,z) < 1+¢€ forallt > T.

Remark. Based upon Lemma 2.2, we observe that the solution of (1.1) will eventually be bounded
from above by 1 for large times albeit with a small nuance, no matter how large the L* norm of g
is. Therefore, we assume with no loss of generality that the initial condition ug is nontrivial such that,
for any ¢ > 0, there holds 0 < ug(z) < 1+ ¢ for x € R throughout this paper.

Proof. Let £ be the solution to the ODE &'(¢t) = f,(£(t)) for ¢ > 0 with initial condition £(0) =
max (1, [[uol oo (r)), it follows that £(£) \, 1 as t — +o0. By the comparison principle, one has 0 <
u(t,z) < £(t) for all (t,z) € (0,400) x R, which implies that u(t,z) < 1 as ¢ — +oo uniformly for
x € R. This completes the proof. O

The following lemma provides the Gaussian upper bounds for the solution u to (1.1).

Lemma 2.3. Let L1 > 0, Ly > 0, and let u be the solution to the Cauchy problem u; = ugy+cuy+ f(u),
with a nonnegative continuous and compactly supported initial datum ug satisfying spt(ug) C [—L1, La],
where the C*(Ry) function f is assumed to satisfy f(s) < Ks for all s > 0 with some constant K > 0.
Then there holds, for allt > 0,

(xtct+Lp)> (z+ct—Lo)2
u(t,z) < MeKte=—1 forallz < —ct—Ly, and u(t,x) < MeKte———a > for all x > Lo —ct,

with M := max(1, [|ug|| g (r))-
Proof. Set z = x + ct and v(t, z) = u(t, z — ct), then v(t, z) satisfies
v =0+ f(v) t>0, z€R,
with initial condition wg satisfying spt(ug) C [—L1, L2]. By the comparison principle, for any z € R

and t > 0, .
(z—y)?

u(t,z) < — ~ S ug(y)dy =

e
Vart Jr

ekt L2 2

e 1t u dy.
Vant L o(y)dy

This gives that for ¢t > 0,

(z+L1)?

(z—Lg)?
v(t,z) < MeHte=—% — forall 2 < —L;, and v(t, z) < MeKte™ o for all z > Lo,

Turning back to the function u, the conclusion immediately follows. O

Lemma 2.4. Assume that ¢ € (—c¢pm, ). Then u(t,x) is semi-persistent, that is, for every T € R,

inf (lim infu(t,x)) > 0.

z<Z \ t—+o0

Moreover, (1.1) admits positive stationary solutions, and any positive stationary solution p of (1.1)
satisfies p(—oo) = 1.

Proof. For any 0 < ¢ < %(c?n — c?), one can choose R > 0 large enough such that



Then, define ¥ : R — R as

_<y K .
() = e 2% cos (QR:U) in [-R, R], (2.2)
0 elsewhere.

Then there exists 79 > 0 such that —(n¥)” —c(n¥) < f,(n¥) in (=R, R) for all 0 < n < np. Fix now
any o < —L — R and pick n € (0,n0] such that n¥(- — x¢) < u(1,-) in R.

Let z be the solution to (1.1) with initial datum z(0,-) = n¥(- — xp) in R. The strong maximum
principle applied in (0,+00) x [-L — 2R, —L] yields that z(t,z) > 2(0,2) = n¥(z — zo) for t > 0
and ¢ € [-L — 2R, —L]. Therefore, z(t + h,-) > z(t,-) in R for every h > 0 and ¢ > 0. Namely, z is
increasing with respect to ¢t. Moreover, the comparison principle implies that 0 < z(¢,z) < u(t + 1, x)
for all t > 0 and = € R. It then follows from parabolic estimates that z(t,-) converges as t — +o0,
locally uniformly in R, to a positive bounded stationary solution p of (1.1). Clearly, p(z) > z(t,z) > 0
for t > 0 and x € R. Furthermore, together with Lemma 2.2, it follows that

0 < p(z) <liminfu(t,z) < limsupu(t,z) <1, locally uniformly for z € R. (2.3)
t—+00 t——+o00

Since p is continuous and positive in R, one gets from (2.3) that, for any given T > x,

liminf u(t,z) > min p > 0 for all z € [z, Z]. 2.4
ginﬁgou( x)i[rxr(ljl%p or all z € [z,7] (2.4)

In view of (2.4), to prove the semi-persistence result, it suffices to show

inf liminfu(t,z) > 0. (2.5)
r<xg t—-+o00
Notice also that p(z) > z(0,z) for € R. By continuity of p and 2(0,-), there is & > 1 such that
p > nVU(- — kxo) in [Kxo — R, kzo + R] for all k € [1, &]. Define

K :=sup {k >1:p>n¥(-— Rao) in [kzg — R, Kz + R] for all K € [1,k]}.

It follows that k* > & > 1. We only need to prove k* = +00. Assuming by contradiction that x* <
+00, we see from the definition of k* that p > n¥(- — k*zg) in [K*x0 — R, k*zo + R] and there is
z* € [k*zg — R, k*x0 + R] such that p(z*) = n¥(z* — k*xg). Since p > 0 in R and V(- — k*xp) = 0
at k*xo £ R, one has z* € (k*z¢g — R, k*x9 + R). Then the strong elliptic maximum principle implies
that p = n¥(- — k*xo) in (k*zg — R, k*xo + R) and then in [k*xo — R, k*z¢ + R| by continuity, which
is impossible. Thus, k* = 400 and p > nVU(- — kxp) in [kzo — R, kxo + R] for all k > 1. This implies
particularly that p(z) > n¥(0) = n for x < zp. It follows from (2.3) that liminf, .4 u(t,z) >
n for all z < zp, and hence, (2.5) holds. We then obtain the semi-persistence result, as well as the
existence of positive stationary solutions to (1.1).

Assume that p is a positive stationary solution of (1.1) in R, let us show that p(—oc0) = 1. Fix
xr1 < —L—R. Since the function ¥ given in (2.2) is compactly supported in R, we can choose 1 € (0, 7]
such that n¥(- — z1) < p in R. By repeating the arguments to obtain the semi-persistence result, we
have n¥(- — Z) < p in R for any & < —L — R, which further implies that liminf, ,_ . p(z) > 0. We
now claim that

liminfp(z) >0 = p(—o0)=1.
T—r—00

Indeed, let us consider an arbitrary sequence (p)nen in R diverging to —oo as n — 400 and define
pn = p(- + z,) in R for each n € N. By standard elliptic estimates, the sequence (p,)nen converges
as n — +00o, up to extraction of some subsequence, in C’IQOC(R) to a bounded function p,, which solves
P+ vl + fi(Peo) = 0 in R. In view of liminf,_,_ p(z) > 0, we have infg po, > 0. Notice that
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fm >01in (0,1) and f,, < 0in (1,+00), it then follows that the equilibrium 1 attracts all solutions of
&' (t) = fm(£(¢)) with any positive initial data £(0). Therefore, a comparison argument implies po = 1
in R. That is, p, — 1 as n — 400 in C?_(R). Since the sequence (z,,)nen Was arbitrarily chosen, we
conclude that p(z) — 1 and p'(z) — 0 as © — —oo. Our claim is achieved. This completes the proof

of Lemma 2.4. O

Lemma 2.5. Assume that ¢ < —¢,,. Then, for any x¢ € R,

lim w(t,x) =0, wuniformly in x < —(cm + ¢)t + xo. (2.6)

t——400
In particular, lim;_, 4o u(t,x) = 0 uniformly for x < xy.
Proof. Let w be the solution of wy = wg, + cwy + f1,(0)w for t > 0 and z € R, associated with initial
condition w(0,-) = ug in R. Then,
efy/n(o)t _ [a:Jr(chrc)thmtfy]Q
4t

e U d
Vint Je o(y)dy

t

w(t,z) =

c

e

2
m
4

_ et (em+o)t—y)2—2[z+(em+)t—y](emt)+(emt)?
e 1 uo(y)dy
R

47t

1 2[z+(cm+e)t—yl(emt)
< / e a uo(y)dy
R

VArt
1 [z+(cm~+c)tlem —cm
oL et / g (y)dy
R

VAt

from which we deduce that sup,<_(c,, +¢)t+a W(t;2) = 0 as t — 400, for any zo € R. This, together
with the comparison principle, implies (2.6). Ol

3 Propagation in the KPP region when ¢ > ¢,, and when ¢ € (—c¢,,, ¢;,):
Proofs of Theorems 1.1-1.2

We now give the proofs of Theorem 1.1 — describing the complete propagation when ¢ > ¢, and of
Theorem 1.2 — concerning the spreading property in the left direction when ¢ € (—¢p,, ¢n).-

Proofs of Theorems 1.1-1.2. Assume that ¢ > —¢,,. The conclusion can be easily reached by compar-
ison arguments.

Let g(z,s) : R x Ry + R be a C! function. Moreover, we also require that g satisfies g(x,0) =
g(xz,1) = 0 for each x € R, and g(z,s) < f(z,s) for (z,s) € R x Ry, g(x,s) = f(s) for z €
(—o0,—L], g(x,s) = —rsfory € [L,+00), g(x,s) is nonincreasing in x € R for each s € R;. Let z
be the solution to problem z; = 2,5 + ¢z, + g(z, 2) starting with initial value zp = up in R. Notice
that z behaves as a lower barrier and it is known from, for instance, Theorem 1.3 (ii) and (iii) of [24]
that z satisfies (1.10)—(1.11) when ¢ > ¢, and when ¢ € (—¢,, ¢n), respectively.

On the other hand, define by w the solution of wy = wgy + cwy + frn(w) in Ry x R with initial
datum wy = up in R, it follows from [3] that w satisfies property (1.10). By the comparison priniciple,
we have z(t,z) < u(t,z) < w(t,z) for (t,z) € Ry x R. As a consequence, taking into account the
properties satisfied by z and w, the conclusion in Theorems 1.1-1.2 immediately follows. O

4 Blocking in bistable region when ¢ € (—¢,, ¢;,) and ¢ > ¢;: Proof of
Theorem 1.3

As preliminaries, we first show the existence and uniqueness of positive bounded stationary solutions
for the above two cases respectively, which will play crucial roles in the course of our investigation.
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Proposition 4.1. Assume that ¢ € (—cpm, ¢p) and ¢ > ¢p. Then problem (1.1) admits a unique positive
bounded stationary solution U such that U(—o0) = 1 and U(4+00) = 0. Such U satisfies 0 < U < 1
and U <0 in R.

Based on Proposition 4.1, we point out that if ug satisfies 0 < ug < U in R, then the comparison
principle immediately implies that the associated solution u of the Cauchy problem (1.1) will satisfy
0 <u(t,x) <U(x) for all (t,xz) € Ry x R, hence it is blocked in the bistable region.

Proof. We divide our proof into four steps.
Step 1. Existence. For € € (0, (1 —6)/2), let f,. be a C}(R) function such that
{ Foe(0) = foe(0) = foe(1+) =0, f.(0) <0, f;.(1+¢) <0, 1)

fo.e >0in (—00,0)U (0,1 +¢), fr<0in (0,0)U(1+¢,+00).

Moreover, we assume that fp. > fp in R, fp- = fp in (0,1 —¢), and fp. is decreasing in [1 —&,1 4+ €.
For each € € (0, (1 —0)/2), let ¢, be the unique traveling front profile of u; = uzy + fpo(u) such that

br + Chet+ foe(d) =0mR, ¢.<0inR, ¢ (L) =1, .(—0)=1+¢, ¢.(+00)=0, (4.2)

with speed ¢ .. It is standard to see that ¢. — ¢ in C’IQOC(R) and ¢, — ¢, as € — 0. Since ¢, < ¢, we
can fix € € (0, (1 — #)/2) small enough such that ¢ is close enough to ¢, and ¢, < c.
Let @ be the solution of (1.1) in R} x R with initial condition

Up(z) = min (¢.(x),1) for z €R. (4.3)

We observe that g = 1 in (—oo,L] and g = ¢, in (L,+oc0). As long as g = ¢. < 1, since
b, + e+ fo(@.) = bp + Coebn + foe (D) + (¢ — cbe)dr + fo(2) — foe(d.) < 0 in R, it follows that T
is a stationary supersolution of (1.1) in R.

Let u be the solution of (1.1) with initial condition uy = n¥(- —xg) given in (2.2) for o < —L— R
with R > 0 given in (2.1). We can choose n > 0 sufficiently small such that uy < @y in R. The
comparison principle implies that

0 <u(t,r) <u(t,r) <up(zr) forall t>0andzecR. (4.4)

Moreover, u is increasing with respect to ¢ and @ is decreasing with respect to ¢ in Ry x R. From
standard parabolic estimates, u(t, -) and w(¢, -) converge as t — +o00, locally uniformly in R, to classical
positive stationary solutions p and ¢ of (1.1), respectively. The comparison principle implies that

0 <u(t,r) <p(zr) <q(r) <uy, fort>0, zeckR. (4.5)

Moreover, since max(—cy,, ¢) < ¢ < ¢y, we infer from Lemma 2.4 that p(—oc0) = g(—o0) = 1. On the
other hand, since lim,_,~ Ug(z) = 0, we deduce from (4.5) that p(4+00) = g(+00) = 0. Therefore,
we have shown the existence of positive bounded stationary solution U of (1.1) such that U(—oc0) =1
and U(4o00) = 0.

Step 2. 0 < U < 1 in R. Let now U be a positive stationary solution of (8.1) such that U(—o0) =1
and U(+o0) = 0. Indeed, (4.5) implies that U > 0 in R. It suffices to show that U < 1 in R.
To do so, we first suppose that there is & € R such that U(#) = maxg U > 1. Hence, U'(Z) = 0
and U”(Z) < 0. We then observe that 0 = U”(z) + cU'(2) + f(2,U(2)) < 0, which is impossible.
Therefore, U < 1 in R. If there is € R such that U(Z) = 1, then it is necessarily a local maximum of
U, whence U'(Z) = 0. The Cauchy-Lipschitz theorem implies that U = 1 in [Z,400). This contradicts
U(+00) = 0. Consequently, 0 < U < 1 in R.
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Step 8. Uniqueness. Suppose that U and W are two distinct positive bounded stationary solutions of
(1.1) connecting 1 and 0. We notice that U and W have the same decay rate at oo, that is,

1-U(z)=0("™)=1-W(z)as z — —oco, U(z)=0(e%) =W(x) as x — +00 (4.6)

with n = (—c+ /2 —4f/,(1))/2 > 0 and ¢ = (¢ + /c? — 4f;(0))/2 > 0. Therefore, one can choose
ko > 0 sufficiently large such that W > U(- + ko) in R, thanks to (4.6). Define

k*=inf{k e R: W > U(- + k) in R}.

We observe that —oco < k* < kg. Set w:= W — U(- 4+ k*). By continuity, it follows that the function
w is nonnegative in R and vanishes at some point xg € R. Moreover, w satisfies

—w'(z)—cw'(x) = f(z, W(2))—f(a+r" U(z+r")) = f(z, W(2))—f(z,U(z+r")) = y(x)w(z) z€R,

for some bounded function 7 in R. Since w(xg) = 0, the strong maximum principle implies that w = 0
in R. That is, W(z) = U(z + £*) for € R. Suppose that * > 0, then we derive that both U and
U(- + k*) are stationary solutions of (1.1), which is impossible since

0=U"(z+r*)+cU' (x+*)+ f(z,U(z+r")) Z U (2+K")+cU (z+£*)+ f(z+K*, U(z+£*)) =0 for z € R,

contradiction, thanks to the hypothesis (1.2) on f. Similarly, we also exclude the case that k* < 0.
Therefore, k* = 0, which simply means that W = U in R. Consequently, such stationary solution of
(1.1) connecting 1 and 0 is unique.

Step 4. U’ < 0 in R. Assume by contradiction that the unique positive stationary solution of (8.1)
such that U(—oc0) = 1 and U(400) = 0 is not strictly decreasing in R, there then exists a > 0 such
that U > U(- 4 a) in R and U(2*) = U(a* 4 a) for some z* € R. In particular, the functions U and
U(- + a) are strictly separated and ordered for all |z| large enough. Define z := U — U(- + a) in R, it
follows that z > 0 in R and z(2*) = 0. Moreover, z satisfies

—2"(2) = ¢ (2) = f(2,U(x)) = f(z+a,U(z +a)) = f(2,U(2)) - f(2,U(z +a)) = p(x)2(z), z€R,

for some bounded function g in R. Since z(z*) = 0, the strong maximum principle implies that z = 0
in R. With the same reasoning as in Step 3, we arrive at a contradiction. Consequently, U is strictly
decreasing in R. The proof of Proposition 4.1 is complete. ]

We now carry out the proof of Theorem 1.3. The proof, among other things, is based on a
comparison with a traveling front with zero speed as a barrier.

Proof of Theorem 1.3. The strategy of the proof consists in constructing a supersolution which blocks
the solution (¢, x) for all times ¢t > 0 as © — +o0.
Step 1. Blocking. Set M = max(||uo|| o), 1) + 1. For any e € (0,(1 — 6)/2), let f,. € C*(R) be
defined as in the beginning of the proof of Proposition 4.1, with M this time instead of 1 + . There
is then a decreasing front profile ¢, solving (4.2). It is seen that ¢, — ¢ in C7_(R) and ¢, — ¢
as ¢ — 0. We then fix ¢ € (0,(1 — 6)/2) small enough such that ¢,. is close enough to ¢, and
¢pe < c. One can choose A > 0 sufficiently large such that max(ug(z),1) < ¢.(—A) for all < L and
ug(r) < ¢p.(x — A—L) for all z > L.
Define @ by?
¢.(—A) ifx <L,

) = { b.x—A—L) ifz>L (4.7)

2We remark here that the construction of @ relies only on the assumption that ¢ > cj.
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For x < L, due to u(x) = ¢.(—A) > 1, one has that f(z,é.(—A)) < 0. Moreover, since u(r) =
¢.(x — A —L) for x > L, it is observed that

— — — . 1 —/ — —! —/ - —

Ut — Uggy — CUg — f(xvu) = _¢5 - C¢s - fb(¢a) > _¢s - cb,€¢€ - fb,£(¢a) =0, z2>1L, (48)
by noticing that 5’5 <0,c>cpe and fp < fi o in R. Therefore, % is a stationary supersolution of (1.1)
in R, with up < @ in R. The comparison principle implies that u(t,z) < u(x) for t > 0 and = € R.
Consequently, u will be blocked. That is,

u(t,z) - 0 as x — +oo, uniformly in ¢ > 0.

Step 2. Convergence to the stationary solution U. We denote by u; the solution to the Cauchy problem
(1.1) with initial datum ;(0,-) = @ in R with @ given in (4.7) such that u;1(0,-) > up in R, and by us
the solution to the Cauchy problem (1.1) with initial condition uy(0,-) = n¥(- —xg) < u(1,-) in R for
n > 0 small enough and for some z9p < —L — R, where R > 0 and ¥ are given as in (2.1)—(2.2). The
comparison principle implies that

0 <ug(t,z) <u(t+1,2) <ui(t+1,2) <ui(0,z) =u(zr) forall t>0andzeR. (4.9)

Moreover, ug is increasing with respect to ¢ and u; is decreasing with respect to ¢ in (0, +00) x R.
From standard parabolic estimates, ua(t,-) and u;(¢,-) converge as t — +o0, locally uniformly in R,
to classical stationary solutions p and ¢ of (1.1), respectively. Moreover, there holds
0 < p(z) <liminfu(t,z) < limsupu(t,z) < q(z) < u(z), (4.10)
t—+o0 t—-+00
locally uniformly for x € R.

In view of max(—cm, ) < ¢ < ¢, by Lemma 2.4, we eventually arrive at p(—oo) = ¢(—o0) = 1.
On the other hand, since u is nonnegative and ¢ (4+00) = 0, one also derives that p(+o00) = q(+00) = 0.
Furthermore, it follows from Proposition 4.1 that p = ¢ = U in R. Therefore, the local uniform
convergence of u(t,-) to U as t — +oo follows immediately from (4.10). The proof of Theorem 1.3 is
therefore complete. O

5 Propagation in bistable region when —c¢,, < ¢, and ¢ € (—c¢,, ¢t
Proof of Theorem 1.4

In this section, we study the rightward spreading speed and the attractiveness of the bistable traveling
wave when —¢,, < ¢, motivated by [22,29].

Proposition 5.1. Assume that —c,, < ¢, and ¢ € (—cm, ), then V. = 1 is the unique positive
stationary solution of (1.1).

Proof. Suppose that V is a positive bounded stationary solution of (1.1). Since ¢, < ¢, we have
¢ € (—Cm, ¢ ). 1t then follows from Lemma 2.4 that V' (—oo0) = 1. We prove now that V <1 in R. In
fact, let £(t) be the solution of the ODE ¢'(t) = f,,(§(t)) for t > 0 associated with £(0) = [|V|| oo () +1.
We notice that £(t) N\, 1 as t — +o00. By comparison principle, there holds V' (z) < &(¢) for ¢ > 0 and
x € R, whence V(z) <1 for x € R. To complete the proof, it remains to prove that V' > 1 in R. In
the sequel, we deal with the case that ¢ < ¢, and ¢ = ¢, respectively.

Step 1. The case that ¢ < ¢,. To show that V' > 1 in R, we build a subsolution as a lower barrier
which moves to the right with speed § > 0. To be specific, for € € (0, min(6,1 — 0)/2), let f, . be a
C*(R) function such that

fb,€<_€) = fb,s(e) = fb,s(l —¢g)=0, fé,g(_g) <0, f(ig(l —¢) <0,
foe=foin (6,1 —2¢), fr>0in (—oco,—c)U (0,1 —¢), fro<0in (—¢,0)U(1—¢,+00).
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We further assume that f, . < f, in R and that f; . is decreasing in [—¢,¢] and in [1 — 2¢,1]. For each
e € (0,min(#,1 — 6)/2), let ¢. be the unique traveling front profile of u; = uzy + fp-(u) such that

O+ CpeOl + fre(de) =0 R, ¢L<0inR, ¢.(0)=0, ¢e(—00)=1—¢, ¢e(+00)=—¢, (5.1)

with speed ¢, .. It is standard to see that 55 — ¢ in CZQOC(R) and ¢, — ¢, as € — 0. We then fix
¢ € (0,min(#, 1 — 0)/2) small enough such that ¢, > c.

Since V(—oco) =1 and V > 0 in R, one can choose zy € R such that ¢.(- — z¢) < V in R. Fix now
0 <6 < cpe — ¢, and define

u(t,r) = max (ggs(:n — 0t — xg),O), t>0, zeR (5.2)

Let us now check that u is a subsolution to (1.1) in Ry x R. To do so, it suffices to check the situation
of u(t,z) = ¢e(x — 0t — x9) > 0, where we have

Uy — Uy — cuy — f(z,u) < =0 — (c+0)dL — fio(pe) < —0L — o bl — foe(62) = 0,

due to the fact that f(x,s) is nonincreasing with respect to = for each s > 0, and that ¢+ ¢ < ¢,
and fp. < fp. Therefore, u is a subsolution to (1.1) for t > 0 and = € R. By comparison principle, it
follows that

u(t,z) <V(zx), t>0, zeR. (5.3)

However, we observe that such a subsolution u moves to the right with speed § > 0, which implies
that sup, 5, u — 1 —€ as t — 400. Since € > 0 is arbitrarily chosen and small enough, together with
(5.3), we exclude the possibility that V' < 1 somewhere in R. Thus, V' > 1 in R. Consequently, we
have achieved V' =1 in the case of ¢ € (—c¢m, ).

Step 2. The case that ¢ = ¢,. Assume by contradiction that V(zp) < 1 for some point xp € R. Let ¢
be the bistable traveling wave profile such that

¢,/ =+ Cb¢/ + fb(gb) =0in Ra ¢(O) = 97 ¢(_Oo) =1, gb(—i-OO) =0.

By observing that ¢(x) satisfies
—¢" — ' — f(z,0) < —¢" —ad’ — fo(¢) =0 In R,

it follows that ¢ is a stationary subsolution of (1.1) in R. Moreover, we observe that V(z) > O(e™**) =
#(z) as x — 400, with a given in (1.9), whereas as  — —oc one has 1 —¢(z) = O(e®) and 1 -V (z) =
O(e") with B given in (1.9) and v = (—¢, + /i — 4f,(1))/2 > B, due to f),(1) < fi(1) < 0. It

follows that 1 — V' (z) decays faster than 1 — ¢(z) as  — —oo. There then exists 79 € R such that
V > ¢(-+np) in R. Now define

n*=inf{n e R: V > ¢(- +no) in R}.

One has that —oo < n* < 1y by noticing that V(zg) < ¢(—o0) = 1 in R, as assumed. By continuity,
the function w := V — ¢(- + n*) is nonnegative, nontrivial and vanishes somewhere. Namely, there is
zo € R such that w(zg) = 0 and w satisfies

—w'(z) — qpu'(z) = f(2,V) = fild(z +77) = (V) = fid(z +77) =r(z)w(z), =R,

for some bounded function r in R. The strong maximum principle implies that w = 0 in R, i.e.
V = ¢(- +n*) in R. This is impossible, contradicting the asymptotic behaviors of V' and ¢ as
x — —o00. We have proven that V > 1 in R, whence V' = 1 also holds true in the case of —¢,, < ¢ = ¢.
The proof of Proposition 5.1 is complete. O
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Proof of Theorem 1.4. Proposition 5.1 gives that V' = 1 is the unique positive bounded stationary
solution of (1.1). The comparison principle then implies that 0 < u(t,z) < M := max(1, [lug||re~(w))
for all t > 0 and x € R.

Let z be the solution to the Cauchy problem (1.1) with initial condition z(0, ) = n¥(-—xz¢) < u(1,-)
in R for > 0 small enough and for any arbitrary zo < —L — R, where R > 0 and ¥ are given
as in (2.1)—(2.2), thanks to the condition that ¢ € (—c¢m,cp] C (—Cm,cm); while let w denote the
solution to (1.1) with initial condition w(0,-) = M in R. The comparison principle implies that
0<z(t,r) <u(t+1,2) <w(t+1,2) < M for all t > 0 and z € R. Moreover, z is increasing with
respect to ¢t and w is nonincreasing with respect to ¢ in Ry x R. From parabolic estimates, z(t,-) and
w(t,-) converge as t — 400, locally uniformly in R, to positive classical stationary solutions p and ¢
of (1.1), respectively. Moreover, there holds

0 <p <liminfu(t, ) <limsupu(t,-) < ¢ < M, (5.4)
t—+oo t—+00
locally uniformly in R. Based on Proposition 5.1, it is immediate to see that p = 1 = ¢ in R.

Consequently, it follows that u(t,x) — 1 as t — +o0, locally uniformly for 2 € R. This proves (1.14).
Next, we shall prove Theorem 1.4 (i), which relies on three preliminary lemmas.

Lemma 5.2. Assume that ¢ < cp. The following holds true for some p > 0 and § > 0:

(i) there exist X1 > L, Ty > 0, z1 € R such that
u(t,z) < ¢z — (cpy— ) (t —T1) +21) + 00T 4 5o r@=XD) for allt > Ty and 2 > X1, (5.5)
(ii) assume further that —c,, < ¢y and ¢ € (—cpm, ¢p), there exist Xo > L, Ty > 0, z9 € R such that
w(t,z) > ¢z — (cp— ) (t —Th) + z9) — be 012 _ 5e=r(==X2) for gllt > Ty and z > Xo, (5.6)

where ¢ is the unique bistable traveling front profile solving (1.6) with fy instead of f, with speed
v = ¢, and with ¢(0) = 6.

Proof. We first introduce some parameters. Choose p > 0 such that

max(_gs14926] | f| 1

0<u<min< 7<c+ \/c2+2min(|fl;(0)|,|f,;(1)|))>. (5.7)

Cm 92

Then we take § > 0 such that

0 < é < min (#(Cb — o), é, |£5(0)] ’fé(1)|>,

f4(0) N )
fiy< 7 in [226,30], fy < in [L— 36,1420,
Let C' > 0 be such that
$»>1-06/2in (—oo,—C] and ¢ <4 in [C,+0). (5.9)
Since ¢’ is negative and continuous in R, there is x > 0 such that
¢ < -k <0in[-C,C]. (5.10)
Finally, pick w > 0 so large that
kw > 20+ max _|f}], (5.11)

[—26,1+26]
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and B > w such that

/ 2 —uB / 2 —u(B-w) <
(s, o1+ w2 =) < (max 5] 4+ 1% —cu)e <. (5.12)

Step 1: proof of (5.5). First of all, it follows from Lemma 2.2 that there are X; > L and 77 > 0 such
that

u(t,z) < 1—}—% forall t > T} and =z > X;. (5.13)

Moreover, since u(t,x) has a Gaussian upper bound at each fixed ¢ > 0 for all |z| large enough by
Lemma 2.3, whereas ¢(s) decays exponentially to 0 as s — 400 by (1.9), there is A > B such that

u(Ti,z) < ¢z — X1 —A—-C)+9 forall z > X;. (5.14)
For ¢t > T7 and = > X1, let us define
a(t,2) = G(E(t ) + Ge 00T 4 g

where
Etr)=ax—X1 —(cp— )t —T)) +we 0T A

Let us check that u(t, x) is a supersolution to uy = gy +cuy+ fp(u) for t > T and = > X;. At time T,
one has u(Ty, x) > ¢(x—X1—A—C)+3 > u(Ty, ) for all x > X1, by (5.14). Moreover, since £(¢, X7) <
—A—C < —C fort > Ty, one gets that T(t, X1) > 1—3/2+6e 0T 1§ > 146/2 > u(t, X1) by (5.9)
and (5.13). Thus, it remains to check that Nu(t, x) : =0 (t, x) — gy (t, ) — cuy(t, 2)— fo(u(t, x)) >0 for
all t > Ty and = > X;. After a straightforward computation, one derives

Nu(t,z) = fo(¢(E(t, 7)) = folt(t, ) — ¢/ (E(t, 2)))wde 2T — 52 20T) — (42 — ¢pu)se =X,

We distinguish three cases:

o if £(t,2) < —C, one has 1 —§/2 < qb(g( x)) < 1 by (5.9), hence 1+ 20 > u(t,z) > 1—4§/2; it
follows from (5.8) that f,(¢(E(t,2))) — fo(u(t,x)) > —(f(1)/2) (56_5(t_T1) + (56_“(96_)(1)) and it
then can be deduced from (5.7)—(5.8) as well as the negativity of ¢’ and f;(1) that
Nt z) > _féél) (5675@41) _’_567;1(17)(1))  8260T) (2 ) e la—XD)
_ha

= ( fé) — 5) Se0(=T) 4 (— f,;él) —p?+ c,u> Se HE—X1) - 0;

o if £(t,z) > C, one derives 0 < ¢(£(t,x)) < & by (5.9), and then 0 < u(t,r) < 36; it follows
from (5.8) that f,(¢(E(t,2))) — fo(u(t, ) > —(£1(0)/2)(5e 0T + ge=#==X); by virtue
of (5.7)—(5.8) and the negativity of ¢’ and f;(0), there holds

Nﬂ(t,$) > _fééo) ((5676(1‘/*711) + 56*/1«(17)(1)) _ 52675(1‘/7’111) _ (MQ _ cu)&eﬂ‘(x’Xl)

_ f3(0) —5(t—T) f0) —p@—X1) - Q.
_(—T—5>5e +(_T_“ +c,u>5e > 0;

o if —C < €(t,z) < C, it turns out that z — X1 > (¢ — ¢)(t — T1) —we0CT) L+ 4 >
(cp — ¢)(t — T1) + B, whence e #@=X1) < ¢=#lla=)t=T)+B) By (5.8) and (5.10)—(5.12), one
infers that

Nu(t,z) > — max |fj (56_5(t_T1)—|—6e_”($_X1)>+/1w56_5(t_T1)—526_6(t_T1)—(u2 — cp)deHE=X)

[—26,1+26]
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> (e — 5 — —6(t=Ty) _ _ u((ey—c)(t=T1)+B)
> (ch 0 . gg?f%]!fb!)ée ([ X | f3l + 1 cu)ée

> — 92§ — —6(t=T1) >
> (mu 20 - Qrgl?i(% |fb|>5e 0.

As a consequence, we have proven that Nu(t, z) := s (t, &) — Upe (t, ) — cuz(t,x) — fo(u(t,x)) >0
for all £ > 177 and = > X;. The maximum principle implies that

ut,z) <a(t,x) = ¢z — X1 — (cp — ) (t — T1) +we T — ) = A — O) 4 57000 1 genl@=X1)
for all ¢ > T1 and = > X3, whence (5.5) is achieved by taking 7} = X; and z; = - X; —w - A —-C,
since ¢ is decreasing.

Step 2: proof of (5.6). Assume that —c¢,, < ¢ and ¢ € (=, ¢p). Since u(t,-) — 1 as t — 400 locally
uniformly in R by (1.14), one can choose T> > 0 large enough and Xy > L such that

u(t,z) >1—4¢ forall t > T, and for all x € [Xo, Xo + B + 2C]. (5.15)
For t > T and = > X5, we set
u(t,x) = G(E(t, x)) — e 20T — gemnlr=2),
in which
Etx) =2 —Xo— (cp— )t —Tp) —we 1) L B C.

We shall check that u(t,x) is a subsolution to u; = gy + cuy + fi(u) for all ¢ > T and = > Xo. At
time ¢t = T5, one has u(T,z) <1—§ — fe ma—X2) <1 _§< u(Ty, x) for Xo <z < X9+ B+ 2C due
0 (5.15). For x > Xo+B+2C, one infers from {(T3, ) > Xo+B+2C—-Xo—B—C = C and (5.9) that
P(&(Ta, ) < 6, hence u(Ty, ) < 6 — 6 — de H==X2) < (0 < u(Ty,z). In conclusion, u(Ty, z) < u(T, )
for all z > Xy. At x = Xo, we have u(t, Xo) < 1 — de0t-T2) _ § < u(t, Xo) for all t > T5, owing
o (5.15). It thus suffices to check that Nu(t, z) := u,(t,x) — u,, (t,x) — cu, (t,x) — fo(u(t,z)) <0 for
all t > T5 and = > Xs. By a straightforward computation, one has

Nu(t,z) = fo((E(t,2))) — folu(t,z)) + ¢ (E(t, x))wde T2 4 62e700=T2) 4 (1% — cpp)er@=X2)
By analogy to Step 1, we consider three cases:

o if {(t,x) < —C, then 1 —§/2 < ¢(£(t,x)) < 1 by (5.9) and thus 1 > u(t,z) > 1 — 30; thanks

)
0 (5.8), one has fy(¢(£(t, 7)) — folu(t, x)) < (£(1)/2)(5e2E=T2) 4 Gemr@=X2)); therefore, by
using (5.7)—(5.8) as well as the negativity of ¢’ and f;(1), it comes that

/\/’g(t, x) < fl;él) (56—5(t—T2) + 5e—u(x—Xz)> + 526—5(t—T2) + ('uz . cu)ée‘“(x_)@

fi(1) Sst—m) (D) | o Cp(—X2) _ Q.
< 5 —|—5>6 —i—(T—i-,u —cu)&e < 0;

o if {(t,z) > C, then 0 < ¢({(t,x)) < d by (5.9) and thus —26 < u(t,z) < 0; it follows from (5.8)
that fo(o(E(t, ) — folu(t, ) < (f1(0)/2)(6e0t=T2) 4 ge=#@=X2)): therefore, owing to (5.7)—
(5.8) as well as the negativity of ¢’ and f{(0), one infers that

Ng(t,x) fb( )( 6—5t T2) + Je —p(z— Xg)) +526—5(t—T2) + (,LLQ _C,u)(se—,u,(:v—Xg)

_ fb( ) “st—m) , ($300) | —u(a—X2) _ (.
—<T—|—(5>5e —|—< 2 +u —cu)c?e < 0;
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o if -C <{(t,x) < C,onehasz—X3 > (cp—c)(t—To)Fwe 0T) 4+ B > (¢p—c)(t—Tp) —w+B,
whence e~ #(#=X2) < e=pl(e=0)(t=T2)+B-w). 1y (5.8) and (5.10)—(5.12), one deduces that

Nu(t,z) < max |fy (56_5(t_T2) + 56_“(1_)(2)) — kwde 0T 4 §2e700=T2) o ()2 — ¢p)gem (T X2)
[—25,1+25]

< "o —(t—T7») / 2 —p((ep—c)(t—T2)+B—w)
< ([_532113526] |fy] — kw + 5) de + ([_QIR?:)L(%] | fol + 1 c,u)ée

< A 9 —4(t—T7») < 0.
< ([752?3525] |fp] — kw + 5)56 <0

Consequently, one has Nu(t,z) := w,(t,x) — u,, (t,x) — cuy(t,x) — fp(u(t,z)) < 0 for all ¢t > Ty
and x > X3. The maximum principle implies that

u(t,z) > u(t,z) = ¢z — Xo — (cp — ¢)(t — Tp) — wetT2) Ly - B — C) - se0U=T2) _ §omn(z—X2)

for all t > T, and = > Xy. Therefore, (5.6) is proved by taking zo = —Xs +w — B — C, since ¢ is
decreasing. The proof of Lemma 5.2 is thereby complete. 0

More general than Lemma 5.2, we have:

Lemma 5.3. Assume that ¢ < ¢,. Then for any € > 0,
(i) there exist X1, > L, Th. > 0 and z1 . € R such that

u(t,z) < p(x—(cp—¢)(t—Tio)+z10)+ee 0 Te) peemnl@=Xae) -y > 2> X, (5.16)

(i1) assume further that —c,, < ¢, and ¢ € (—cpm,cp), there exist Xoo > L, To. > 0 and 22, € R
such that

u(t,z) > plx—(cp—c)(t—Tare)+22¢) — e 0t T2e) —56_“(”_){275), t>To., > Xo., (5.17)

with p >0, § > 0 as given in Lemma 5.2.

Remark. A straightforward consequence of Lemmas 5.2-5.3 is that (5.5)—(5.6) and (5.16)—(5.17) hold
true under the assumption of Theorem 1.4 (i), i.e. when —¢,, < ¢ and ¢ € (—cm, ).

Proof. Let > 0,0 >0, C >0, k > 0 and w > 0 be defined as in (5.7)—(5.11) (notice that these
parameters are independent of £). It is immediate to see from Lemma 5.2 that, when ¢ > §, the
conclusion of Lemma 5.3 holds true with X; . = X, T; . = T; and z; . = 2;, for ¢ = 1,2. It remains to
discuss the case

0<e<o.

For convenience, let us introduce some further parameters. Pick C. > C > 0 such that
€
p>1-— 3 in (—oo,—C¢] and ¢ <c¢ein [C;,+00).

Define

we := 5 > 0. (5.18)

Finally, let B. > w, be large enough such that

max ey — )e_“BE < ( max I+ pu?—c )e_“(BE_‘*’E) <.
([_mH%]Ifbl pe—cp [_25,1+25]|f”| po—cp <
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Step 1: proof of (5.16). By repeating the arguments used in the proof of (5.13)—(5.14) in Step
1 of Lemma 5.2 and by replacing ¢ with ¢, there are T;. large enough and X;. > L such that
u(t,X1.) <1+¢g/2forallt>T . and u(Tic,z) < ¢p(z — X1 — A — Ce) + ¢ for all x > X, for
some A; > B.. Define

Uo(t,x) = G(E(t,x)) + ee 00 Te) 4 e r(@=X1) for ¢ > Ty . and & > X,

where
E(tr)=2— Xie—(p—c)(t—Tie) + wge_‘s(t_TlvE) —w, — Ae — C..

Following the same lines as in Step 1 of Lemma 5.2, one has @, (X1 ., z) > u(Xi ., z) for all z > X .,
Ue(t,X1¢) > u(t,Xq,) for all t > Ty ., and it can be deduced that w.(¢,x) is a supersolution to
Ut = Ugg + cuy + fp(u) for all ¢ > T; . and x > X ., by dividing the calculations into three cases:

o if{(t,z) < —C,then1-6/2 < ¢({(t,x)) < 1by (5.9), hence 1420 > 1+2¢ > u.(t,z) > 1-5/2;
therefore, by using (5.7)—(5.8) and the negativity of ¢’ and f{(1), it follows that

/
Nug(t,x) > —fbél) (z-:e_‘s(t_Tl’E) + Ee_“(x_Xl’f)) — e 00t The) _ (12 — cp)eeHEX1e)
At —S(t—Th.0) H1) —u(e=X12) - Q.
_<— 5 —6)56 +(—T—u +cu)ee > 0;
o if {(t,x) > C, then 0 < ¢(£.(t,x)) < 6 by (5.9) and thus 0 < w(t,z) < 38; therefore, owing
to (5.7)-(5.8) as well as the negativity of ¢’ and f;(0), it follows that
/
Nug(t,z) > —fbéo) (Ee*‘s(t’Tlﬂ‘f) + Ee*“(z’xl’f)) — e 00 The) _ (12 — cp)ee M X1e)
£(0) CS(t—Ty.) f0) —p(r—X1.0)
— _JObN NS € __Jo\N"/ ) >0
( 5 6)56 + ( 5 w4+ cu)se > 0;

o if -C <€ (t,x) <C,onehasx— X1 > (cp—c)(t —Tie) —wee 0ETe) o, + A+ C. —C >
(cp — ¢)(t — T1e) + B:, hence e #@=X1e) < e=#ll=e)(t=Tic)+Be): gince w. = ew/d, one infers
from (5.8), (5.10)—(5.11) and (5.21), that

Nug(t,z) > — : max 5 | f2] (6e_§(t_T1’E) + 6€_M(x_X1’€)) + ke e O TLe)
—26,1+42

—ede0t="Te) (M2 — c,u)se_”(x_les)

> (_ / _ —5(t—T1 ) _ ' 2 —u((cp—c)(t—T1,e)+Be)
> ( [_$§525]\fb\+ﬁw 5)66 ([_%}‘i)beé]\fbHu cu)ée

> ( max _|f]| — kw + 25)66_6(t_T1’5) > 0.
[—26,1426)
Therefore, the maximum principle implies that

u(t,z) < ¢p(o — X1 e — (ap— )t — T o) + wee0TLe) A, — C.) + ge 0=The) 4 gempl=X1e)

for all ¢ > T1 . and x > X; .. Consequently, (5.16) follows by choosing 21, = —X; . —w. — A. — C..

Step 2: proof of (5.17). Using the same argument as for the proof of (5.15) with d replaced by &, one
infers that there exist Xo. > L and T3, > 0 sufficiently large such that

u(t,z) >1—¢ forallt>T,, and z € [Xo., Xo. + B: + 2C;].
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Then we set

uc(t,z) = o(E_(t, ) — ge 0 Tee) _ gomme=X2e)  for ¢ > Tr. and x > X,
in which
E(ta) =2 — Xoc— (o — c)(t — Toe) —wee *"T29) 4w, — B, — CL.

As in the proof of (5.6), one can show that u_(To.,x) < u(Tp e, x) for all x > Xy ., that u_(t, Xa.) <

u(t, Xo) for all t > Ty ., and that u_(¢,z) is a subsolution of u; = Uy + cuy + fi(u) for all t > Th .
and x > X5 .. By the maximum principle, one derives that

u(t,z) > ¢z — Xoe — (cp — ¢)(t — To) — wee 0tT2e) Ly — B, — C.) — ge 0t The) _ gomhl@—X2e)

for all ¢ > T5 . and © > X3 .. Then (5.17) follows by taking zo . = =X +w. — B: — C¢, since ¢/ < 0.
The proof of Lemma 5.3 is thereby complete. O

Based on Lemmas 5.2 and 5.3, we now provide the stability result of the bistable traveling front
d(x — (cp — ¢)t) in the bistable region, under the assumption of Theorem 1.4 (i), i.e. when —c¢,, < ¢
and ¢ € (—cpm, ).

Lemma 5.4. Assume that —c,, < ¢, and ¢ € (—¢p, ). Let £ >0,0>0,C >0, k>0 and w > 0 be
as in (5.7)—(5.11) in the proof of Lemma 5.2. If there exist ¢ € (0,4], to > 0, xg > L and £ € R such
that

sup |u(to, z) — ¢(x — (cp — c)to + &)| <&, (5.19)
r>x0
1—e<u(t,zo) <1+ % for all t > ty, (5.20)
€
$lazo — (e —c)to +€) 21—,
and
/ 2 _ —ul(cp—c)to—wo—we—£—C) 91
([Jgg%]lfbﬁru cu)e <9 (5.21)

with we = ew/d, then there exists M > 0 such that the following holds true:

sup ‘u(t,:n) — ¢z — (cp — )t + 5)‘ < Me for all t > t.
T>x0
Proof. We first claim that
Ut x) = dp(x — (cp — &)t + wee 00—y 4 €) 4 ge™0(t0) 4 gemp(@—20)
and
u(t,z) = ¢(x — (cp — )t — wee 070 oy 4 €) — ge0(tt0) _ gompla—w0)

are, respectively, a super- and a subsolution of u; = Uz, + cuy + fp(u) for t >ty and = > xg. We just
check that u(t,z) is a subsolution in detail (the supersolution can be handled in a similar way).

At time t = to, one has u(ty, z) = ¢(x—(cp—c)tg+E€) —e—ee HT=%0) < y(ty, z) for all z > xo thanks
to (5.19). Moreover, u(t, zg) = ¢(xo— (cp — )t —wee 0=t0) 4o, +&)— ge 0t—t) _ e < 1—¢ < ult, x0)
for all t > to, owing to (5.20). It then remains to show that Nu(t, z) := u, (¢, x) —u,, (t, ) — cu, (t,x) —
fo(u(t,z)) <0 for all t > tg and x > xy. For convenience, we set

(t,x) =2 — (¢ — o)t — wee 00t0) 4y g,
By a straightforward computation, one has

Nu(t,z) = fo(o(&(t, x))) — folu(t,x)) + ¢'(§(t,x))w€5675(t7t0) + ede0—to) 4 (,u2 — cu)ae*“(“ﬂ”o).

We divide our analysis into three cases:
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o if§(t,r) < —C, then 1-6/2 < ¢(&(t,x)) < 1by (5.9), hence 1 > u(t,r) > 1-6/2—2¢ > 1-36;
therefore, by using (5.7)—(5.8) and the negativity of ¢’ and f}(1), it follows that

!

1
Nu(t,z) < M (ce~86-10) 1 cemle=s0)) 4 pe=0tt0) 4 (42 — cpjeerem)

(fb( )+5) —8(t—to) (fb( )—I-,u —c,u)ee n@=z0) < 0.

o if {(t,x) > C, then 0 < ¢(£(t,2)) < 0 by (5.9) and thus —20 < —2¢ < u(t,z) < §; therefore,
owing to (5.7)-(5.8) as well as the negativity of ¢’ and f/(0), it follows that

/
Nu(t,z) < fbg”( 8(t=to) 4 gemmlz— ‘”0)) + ede00t0) 4 (4% — cpp)eeHE0)

fé(o) —6(t—to) fé(O) 2 —p(z—z0)
= _— — 7 — < .
( 9 +5)5€ + ( B _I_M C/.L)se 0,

o if —C <€(t,2) < C, onehasx—x9 > (¢ —c)(t—to) + (cp — )t — xo +wee 00—, —£—C >
(cp—c)(t—t0)+(cp—c)to— 20 —we — & —C, hence e~ H(@=0) < e=rlles=c)(t—to)H{er=c)to—ao—we=£=C),
since we = ew/d, one infers from (5.8), (5.10)—(5.11) and (5.21), that

< (t—to) —p(z—zo) | _ —4(t—to) —4(t—to) 2 —p(z—x0)
Nu(t,z) < _nax | f¢] (56 + ce ) Kwede +ede +(pu — cp)ee

< o —5(t—t0) /! 2 _.L"((Cb—C)(t—t0)+(cb—6)to—.’Eo—wg—ﬁ—c)
< ([_gg?f%]lfbl /f»w+5)66 +([_%?i{26}|fb|+ﬂ cu)se

< ( max _|f;| — kw + 25) ge0t=t0) < 0,
[~20,1+24]

Eventually, one concludes that Nu(t, ) := u,(t,z) — cu, (t,x) — uy, (t,z) — fp(u(t,z)) < 0 for all
t > top and z > xg. The maximum principle implies that

u(t,z) > u(t,z) = ¢(z — (cp — )t — wee ) Ly 4 €) — ge3(t=t0) _ gemn(@—20)
for all t > tg and x > x¢. For these t and z, since ¢’ < 0, one derives that

u(t, ) > ¢(z = (cp — )t + we + &) — 26 > ¢ — (& — )t + &) — we|¢'l| Lo (r) — 2.
Similarly, using especially that

_ n((ep—c)to—z0—¢—C) _ n((ep—c)to—zo—we—£—C) ~
([ g§f25]|fbl+u w)e < ([ gﬁf%]lfleru cn)e <9

by (5.21), one can also derive that u(t, z) < u(t,z) = cb(:c— (cp—c)t+w.ed(t=to) —wg—i—ﬁ) +ee0(t—to) 4
ge Ma=20) for all t >t and x > g, hence

u(t,z) < ¢z — (b — )t —w= +&) + 2 < @(x — (e — )t + &) + we |9 || Lo (m) + 2.
In conclusion, one has

sup }u (t,z) — ¢(x — (cp — )t +§)| < Welld' || poomy + 26 = Me for all t > to,

r>x0

where M := Welld' oo my /€ + 2 = w9/ || oo (m) /0 + 2 is independent of €, tg, zo and §. The proof of
Lemma 5.4 is thereby complete. O
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Now we are in a position to complete the proof of Theorem 1.4.
Proof of Theorem 1.4 (continued). We first complete the proof of property (i). Remember that
—cm < cpand ¢ € (—¢p, ). Let X9 > L, Xo >L,T1 >0,T5>0,21 €R, 20 € R, p>0and § >0
be as in Lemma 5.2, and let also C' > 0 be as in (5.9) in the proof of Lemma 5.2. For ¢t > max(T},T»)
and = > max (X, Xo) > L, Lemma 5.2 implies that

oz — (cy — ) (t — Ty) + zp) — de0t=T2) _ ge—nla—X2)

5.22
<u(t,z) < ¢plx — (cp — ) (t = T1) + 21) 4 6e 0T 4 fe—nlz=X1), (5.22)

Consider any given sequence (t,)nen such that ¢, — 400 as n — +4o00. By standard parabolic
estimates, the functions
(t,2) = up(t,z) ;= u(t + tn, 2 + (cp — ©)tyn)

converge as n — +o0o up to extraction of a subsequence, locally uniformly in (¢,z) € R x R, to
a classical solution us of (Uso)i = (Uso)zz + C(Uso)z + fo(Uso) in R x R. From (5.22) applied at
(t + tn, z + (cp — ©)ty), the passage to the limit as n — +oo gives

Pz —(cp—c)(t —T2) + 22) < uso(t,2) <z — (cp — ) (t —T1) + 21) forall (t,2) € R x R.

Then, [9, Theorem 3.1] can be adapted to yield that there exists £ € R such that us(t,2) = ¢(z —
(cp — )t + &) for all (¢,2) € R x R, whence

un(t,2) = ¢(z — (cp — )t + &) as n — 400, locally uniformly in (¢,z) € R x R. (5.23)
Consider now any ¢ € (0,d/3]. Let A > 0 be such that
¢>1— % in (—oo, ~A.] and ¢ < g in [Ae, +00). (5.24)

Set F7 := max (A\E —(ep — )11 — 21, Ac — {) and Fy := min(—A: — (¢p — ¢)Tp — 29, —Ac — 5) < FEq.
Then, it can be deduced from (5.23) that

sup  |un(0,2) — ¢(z + §)| < e for all n large enough. (5.25)
Eo<z<E;

Since t, — +00 as n — 400, (5.22) and (5.24) imply that, for all n large enough,

0 <up(0,2)<e for all z > Ej,
Cp —¢C (5.26)
1—e<uy(0,2) <1+¢e forall Fy — tn < z < Es.
Furthermore, since By > A, — & and Fs < —A. — &, one has
0<¢(z+£)§§<5 for all z > Ey,
2 (5.27)

1—5<1—§§¢(z+§)<1 for all z < Es.

Then (5.26)—(5.27) imply that, for all n large enough,

cp—C

‘un(O,z) —o(z+ f)‘ < 2e¢ forall z € |:E2 — tn,E2:| U [E1, +00).

Together with (5.25) and the definition of w, (¢, z), one has, for all n large enough,

Cp — C

[ u(tn, ) — ¢p(x — (cp — )t + §)| < 2e forall z > By + tn. (5.28)
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On the other hand, one infers from Lemma 5.3 that, for all n large enough,
1 -3 <¢(x—(cp —c)(tn —Toe) + 22¢) — ce OtnToe) _ gomm@=X2e) <t x)
< d(x — (cp — )ty — The) + 21.0) + e 0n=The) 4 comnle=X1e) <9 4 90 (5.29)

for all max(Xq, Xo, X1, Xo.) < < Ey + (¢ — ¢)t,/2, where Xy . > L, Xo. > L, T1. >0, Th. > 0,
21 € R and 23, € R were given in Lemma 5.3. Notice also that, for all n large enough,

cp—C

l—e<p(x—(cp — )ty +&) <1 forall max(Xq,Xo, X1c,Xo.) << Ey+ th. (5.30)

One deduces from (5.29)—(5.30) that, for all n large enough,

cp—cC
2

’u(tn,x) — ¢z — (cp — )ty —|—§)’ < 3e for all max(Xy, X9, X1.,Xo.) <z < Ey+ tn.

Together with (5.28), one derives that, for all n large enough,
‘u(tn,x) — ¢z — (cp — )t + f)‘ < 3e for all x > max (X1, X2, X1, Xo.).

Choose z. = max (X, Xo, X1, Xa.), then thanks to (1.14) and ¢, — ¢ > 0, it follows that for all n
large enough,

3
1—35§u(t,x5)§1+§ for all t > t,,,

and

3¢ , 9 _ OV — e e
~ (e — >1_ ¢ _ l(er—c)tn—ae—35w/6—6~C) < 5.
Pze = (v = Jta +€) 2 1= 7, ([72%}?@6] | fol + 1 cu)e <9

It then follows from Lemma 5.4 (applied with ¢ty = t,, xg = x. and 3¢ instead of ¢) that, for all n
large enough, .
lu(t,z) — ¢p(z — (b — o)t + £)| <3Me forall t > t,, and x > a.,

with M given in Lemma 5.4. Since ¢ € (0,5/3] was arbitrary, one finally infers that

tim_(‘sup u(t, z) — 6z — (o — )t +€)) =0.

t——4o0 T>Te

Therefore, property (i) is achieved.

It now remains to prove property (ii). Assume now that —c,;, < ¢ = ¢;. Our goal is to show that
sup,s,; u(t,z) — 0 ast — +oo for every v > 0. So let us fix v > 0 in the sequel. For € € (0, (1—-0)/2),
let fy be a C'(R) function such that

foe(0) = foe(0) = foe(l+e)=0, f;.(0)<0, f;.(1+¢)<0,
foe=fpin (—o0,1—¢), fo>0in (0,1+¢), for<0in (1+¢,+00).

We can also choose fp. so that f,. > f; in R, so that fj. is decreasing in [1 —¢,1 + ¢]. For each
e €(0,(1—0)/2), let ¢. be the unique traveling front profile of u; = uzz + fp-(u) such that

Y+ pedl+ foe(de) =0in R, ¢L<0inR, ¢.(0) =6, ¢.(—x)=1+4¢, ¢(+o0)=0,

with speed ¢y > ¢. It is standard to see that ¢. — ¢ in CfOC(R) and ¢y — ¢ as € — 0. We then fix
e € (0,(1 —60)/2) small enough such that 0 < ¢, — ¢ < v.

By Lemma 2.2, there are large enough 7' > 0 and X > L such that u(t,z) <1+¢/2forallt>T
and z > X. Since u(t,x) has a Gaussian upper bound as x — 400 at each fixed ¢ > 0 by Lemma 2.3,
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whereas ¢.(s) has an exponential decay (similar to (1.9)) as s — 400, it follows that there is A > 0 such
that u(T,z) < ¢-(z—(cpe—cp)T —A) for all x > X, and u(t, X) < ¢ (X —(ep e —cp)t—A) forall t > T
(here we also use the fact ¢, > ¢ and ¢.(—00) = 1+¢). By setting u(t, ) := ¢e(z — (cpe — cp)t — A)
for t > T and x > X, a direct computation yields that

Ut — e — oy — fo(0) = —(cpe — co)L(E(t, @) — SL(E(t 7)) — e (E(t, ) — fol@e(£(t, )
= foe(9e(€(t, @) — fo(de(€(t, @) 20, t=T, 2= X,
with {(¢,2) :=  — (cpe — )t — A, since f. > fp in R. The comparison principle implies that 0 <

u(t,r) < ¢e(x — (cpe —cp)t — A) for all t > T and 2 > X, hence sup,~,; u(t,r) — 0 as t — 400, since
e —c < v and ¢-(+00) = 0. This completes the proof of Theorem 1.4. O

6 Conditional complete propagation vs. extinction when ¢ € (—o0, —c¢,,]

6.1 Conditional complete propagation: Proof of Theorem 1.5

In this subsection, we investigate the leftward propagation properties when ¢ € (—oo, —¢;,] for “large
enough” initial data, inspired by [22,29]. This is notably different from the preceding section. Here,
we must consider both the KPP region and the bistable region simultaneously, leading to a more
intricate analysis compared to the sections above.

Lemma 6.1. Assume that ¢ < —c¢,,. Then there exist T3 >0, X3 > L, z3 € R, u > 0 and 6 > 0 such
that

u(t,z) < ¢(—z— (cp+c)(t —T3) + 23) + 6e0WT) e r(=X8)  fort > Ty and 2 > X3, (6.1)

Proof. We recall that ¢, < ¢, which is already proved in the introduction. It implies that —c,, < —cp,
whence ¢ < —¢p, namely ¢+ ¢ < 0.
We first introduce some parameters. Choose ;1 > 0 such that

0<p< g (/e +2min (FO] HM). (6.2)

Choose 6 > 0 such that

1 [£00)] !fé(l)\)

0<5<min(—,u(cb+0),57 9 7 9

fzgﬁfégo)in [0, 3], fégfégl)in [1—6,1+20]. o
Let C' > 0 be such that
$»>1—6/2in (—oo,—C| and ¢ <4 in [C,+00). (6.4)
Since ¢’ is negative and continuous in R, there is x > 0 such that
¢ <—k<0in[-C,C]. (6.5)
Finally, pick w > 0 so large that
Kw > 28 + [01,111-%}2{6} If2]- (6.6)
and A > w + C such that (recall that ¢ < 0)
(g )0 o7
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By Lemma 2.2, we derive that there exists T3 > 0 large enough such that
u(T3,2) <1+ 0/2 uniformly for x € R. (6.8)
Fix X3 > L and X3 = X3+ A + C. We infer from Lemma 2.5 that, up to increasing 73,
u(t,z) <8 fort > T, z € [X3, X3). (6.9)
When z > X3, we observe that —x + X3 + A < —C and thus
¢(—r+ X3 +A)>1-6/2 forx> X3. (6.10)
For t > T3 and = > X3, let us now define
a(t,z) = p(E(t, x)) + 6e 0T 4 genla=Xs)

where B
Et,x) = —z + X3 — (cp + ¢)(t — T3) + we 0T 4 A,

Let us check that w(t,x) is a supersolution to (1.1) for ¢ > T3 and x > X3. At time ¢ = T3, one has
w(Ts,2) > ¢(—2+ X5+ A)+6>1-3/2+6=1+3/2 > u(Ts,z) for x > X3, by (6.8) and (6.10).
Thanks to (6.9), we have u(T3,z) > § > u(T3, ) for z € [X3, X3]. This implies that w(T3, x) > u(T3, x)
for x > X3. Moreover, for ¢t > T3, it is obvious that w(t, X3) > 6 > u(t, X3), due to (6.9). Therefore,
it remains to check that Nu(t, z) :=u(t, x) — Uy (t, x) — Uy (¢, 2) — fp(u(t,z)) >0 for all ¢ > T5 and
x > X3. To this end, one derives from a straightforward computation that for ¢ > T3 and = > X3,

Nu(t,x) = fy(@(E(t,2))) = fo(u(t,z)) — ¢ (€(t, 2)))wde T — 62700 — (12 — ep)sere=),

We distinguish three cases:

o if £(t,7) < —C, one has 1 — §/2 < ¢p(£(t,x)) < 1 by (6.4), hence 1 — /2 < u(t,xz) < 1+ 26; it
follows from (6.3) that f,(¢(£(t,2))) — fo(@(t,z)) > —(f1(1)/2) (6e =T 4 §e=#(==X3)) and it
then can be deduced from the negativity of ¢’ and f;(1) as well as (6.2)—(6.3) that

Nu(t,z) > < - fbél) - 5) e~ 00=Ts) 4 ( féél) p? + cu) e~ z=Xs) > 0,
o if £(t,2) > O, one derives 0 < gf)( (t,x))

<
from (6.3) that fy(¢(£(t,2))) — fu(@(t,z)) = —(
the negativity of ¢/ and f/(0) as well as (6.2)—(6.

0 by (6.4), and then 0 < wu(t,z) < 39; it follows
£(0 )/2)(5675“ Ts) 4 ge—mla— XS)); by virtue of
3), there holds

/ /
Nu(t,z) > (— fbéo) - 5)5€_§(t_T3 + ( fb 0) —u?+ cu)ée_”‘(w_X?’) > 0;

o if —C < ¢(t,x) < C, then 0 < u(t,r) < 1+ 26. By noticing that z — X3 > —(cp + ¢)(t — T3) —
w+ A—C, we have e ##=X3) < ¢=nl= (Cb o)(t=Ts)~w+A=C) = One infers from (6.3) and (6.5) —
(6.7) that

Nu(t,z) > — max |f; |((5e_5(t ) 4 gl X3)) + kwde 0ETs) _ §2=00=Ts) _ (12 _ ¢pp)per(@=Xs)

[0,1+24]

_ — —6(t=Ts) _ _ p(z—X3)
(= gy M1 = 0) 0770 = (g ] 4 — )

V

_ B S(t—T3) B —u(—(ep+e) (t-T3)~w+A-0C)
2 (1= g 148301 = (a1 4 an)oe

v

(/-ﬁw — Jax |fb| - 25) Se0t=T5) > .
0,1+
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As a consequence, we have proven that Nu(t, z) = u(t, x) — Uy (t, ) — cug(t, z) — fo(u(t,x)) >0
for all t > T3 and z > X3. The comparison principle yields that

u(t,z) <u(t,z) =¢(—x+ Xz — (cp + ) (t — T) + we 0T _ (4 A) + 5e00=T) 4 e r(z=Xs)
for all t > T3 and x > X3. By picking z = A — w + X3, the conclusion follows. O

Proof of Theorem 1.5. Assume now that ¢ < —¢,;, and ¢, > 0. Remember that w is the solution of (1.1)
with any nonnegative continuous and compactly supported initial datum wug satisfying ug > 6 + n for
any n > 0 on an interval of size L*.

Step 1. Propagation. Let us look at the Cauchy problem (8.1) with initial datum vy = ug in R.

First of all, according to the hypothesis (1.2) of f, the solution v of (8.1) will be bounded from
below by the function w which solves w; = wy, + fi(w) (the mass of f, is positive, since ¢, > 0) for
t > 0 and x € R with initial condition wg = vg in R, thanks to the comparison principle. By virtue of
Theorem 3.2 in Fife and McLeod [22], there exist some constants £ € R, & € R, M > 0 and n > 0
such that

sup [w(t,y) — ¢(—y — et + &)| +sup |w(t,y) — oy — et + &)| < Me™™ for t > 0. (6.11)
y<0 y>0

This implies that the function w develops into a pair of diverging fronts, moving in opposite directions.
Since w plays the role of a lower barrier for the function v, one concludes that v indeed propagates to
the right and to the left, with propagation speeds no smaller than ¢, > 0.

Thanks to the upper barrier of u constructed in Lemma 5.2 (i) (by noticing ¢ < ¢3), one uses the
transformation v(t,y) = u(t,y — ct) for (t,y) € Ry x R and immediately deduces that there exist
X1 >L, T >0, 7 €R, i>0and 6 > 0 such that

v(t,y) < oy —ept +11) + §e00=T1) 4 §e=Rlu=ct=X1) for a1l ¢ > T} and y > Xp + ct, (6.12)
The remaining part of the proof will rely on the following several lemmas.

Lemma 6.2. Assume that ¢ < —c¢,, and ¢ > 0. Let v be the solution of (8.1) with any nonnegative
continuous and compactly supported initial datum v = ug in R, with ug as given in Theorem 1.5.
Then there exist Xo > L, X4 > L,T5 >0,Ty >0, 2 €R, z4 € R, u >0 and 6 > 0 such that

v(t,y) > ¢y — ot + 12) — 6e 0T — gemrW=X2) for all ¢ > Ty and y > Xo, (6.13)
v(t,y) > d(—y — et + 24) — 6e 0T — 5= XaV) for all t > Ty and y < X (6.14)
Remark. Let u be as given in Theorem 1.5. It is obvious that (6.14) is equivalent to
w(t,z) > ¢(—x — (cp + )t + z4) — e 0T _ gemmXa=2=c) for all t > Ty and & < Xy — ct, (6.15)
which will be more convenient in the investigation of leftward propagation of Theorem 1.5 later on.

Proof. We first introduce some parameters. Let > 0, > 0, C' > 0, k > 0 and w satisfy (5.7)—(5.11)
and (6.2)-(6.6). We further assume that

0o (0L DT 610

9

0< 5 < min (pey, 2,
<<mln,ucb52 5

fi < fééo) in [-2§,0], f, < féél) in [1-30,1],

1 |£(0)] !fé(l)!)
’ (6.17)
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and
Kw > 2§ + [Erlz%ﬁ] |fi]- (6.18)

We also choose some constant B > w such that

/ 2) ,—m(B-w) <
<[£rl2%§] | fol + )e <. (6.19)

Step 1. Proof of (6.13). First, (6.11) implies that v(t,y) > w(t,y) > ¢(y — cpt + &) — Me " for t > 0
and y > 0. In particular, there exist Xy > L and T5 > max(—1In(6/(2M))/n, (Xo+B+3C+&2)/cp) > 0
such that for Xo <y < Xo+ B+ 2C and t > T5, there holds

vt y) > wit,y) > ¢y — cpt + &) — Me™

o (6.20)
> ¢(Xo+ B+2C —Ta+ &) — Me "2 > ¢(-C) = 5/2>1-0.

For t > Ts and y > X, we define
u(t,y) = d(E(t,y)) — de 00T — gemnlu=X2),

with £(t,y) = y—Xo—cp(t—T2)—we*¢=T2) 4 ,— B—C. We are going to verify that v is a subsolution for
(8.1) fort > Th and y > Xa. At t = Ty, we notice that v(Tz,y) < 1-0 < v(Ts,y) for Xy <y < Xo+B+
2C by virtue of (6.20), while in the region where y > Xo+ B+2C, since {(T,y) > B+2C—-B—-C =C,
it follows that v(Ty,y) < 6 — & — de *¥=X2) < 0 < v(Ty,y). Therefore, we have v(Ts,y) < v(Th,y)
for y > X5. Moreover, we also observe from (6.20) that v(t, Xs) < 1 — Je0t-1T2) _§ < v(t, Xo) for
t > Ty. It remains to check that v,(t,y) — v,,(t,y) — f(y — ct,v(t,y)) < 0 for t > Th and y > Xo.

By noticing that v,(t,y) — v, (t,y) — f(y — ct,v(t,v)) < v(ty) — vy, (8 y) — folv(t,y) =: Lo(t,y) for
t >0 and y € R, it suffices to prove that Lu(t,y) < 0 for t > T and y > Xy. After a straightforward
computation, one derives

Lo(t,y) = fildE(t,y)) — folult,y)) + & (E(t,y))wde 20T 4 §2e700T2) 4 25e—nlu=X2),

By doing the analysis according to three cases, namely, {(t,y) < —C, &(t,y) > C and —C < {(t,y) < C
based on the choices of the parameters above, eventually we obtain that Lv(t,y) = v,(t,y) —v,, (t,y) —
fo(v(t,y)) <0 for t > Th and y > Xo. The comparison principle then implies that for ¢ > T, and
y > Xo

o(t,y) > oy — Xo — cp(t —T) —we 1) 4y — B— ) — ge700T2) _ gemnly=X2),

By taking 7 = — X5 + ¢,T2 + w — B — C, we then reach (6.13), as stated.

Step 2. Proof of (6.14). Fix X4y > L+ B + C. We infer from (6.11) that v(t,y) > w(t,y) >
d(—y —cpt+ &) — Me " for t > 0 and y < 0, and that v(t,y) > w(t,y) > ¢(y — cpt + &) — Me ™ for
t > 0and y > 0. Then, there exists Ty > max ((2C +&)/cp, —(1/1) In(6/(2M)), (C+ X4+ &) /) > 0
such that
(t,y) > w(t,y) > ¢~y — cpt + &) — Me™™
> ¢(C — Ty + &) — Me " > ¢(~C)—§/2>1-6, t>Ty, —C<y<0,

and

v(t,y) > wit,y) > ¢y — et + &a) — Me™™
> p(Xs— Ty +&)— Me ™ > ¢(-C)—6/2>1-46, t>Ty, 0<y< Xy
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Combining the above two inequalities, it follows that
v(t,y) >1—06 for t>T, and — C <y < Xy. (6.21)
For t > Ty and y < X4, set now
W(t,y) = $(C(ty)) — s 07T — gemntXay),

with {(t,y) = —y+Xs—cp(t—Tx) —we%t=T4) 4 y— B—(C. We are going to show that ¥ is a subsolution
for (8.1) for t > Ty and y < X4. Indeed, at time ¢t = T}, we notice that (T}, y) < 1—6 —de #Xa—v) <
v(Ty,y) for —C < y < X4 by virtue of (6.21), and moreover, the observation that ((7y,y) > C for
y < —C implies that 9(Ty,y) < 6 —0—de MXa=v) <0 < v(Ty,y) for y < —C. Thus, 9(Ty,y) < v(Ty,y)
for y < X4. On the other hand, (6.21) also implies that v(t, X4) > 1 — 3§ > 0(t, X4) for t > Ty. The
remaining parts can be proved similarly to those in Step 1 with z4y = X4+ Ty +w — B — C. 0

At this stage, let us combine (6.12) and (6.13), by repeating the lines as in the proof of Theorem 1.4
(together with parallel results to the technical Lemmas 5.3-5.4 and with [9, Theorem 3.1]), eventually
we reach the following stability result: there exist X > L and some constant z; € R such that

sup [v(t,y) — p(y — eyt + 21)] = 0 as t — +o0,
y>X

Equivalently,

sup |u(t,z) —p(x — (ep — )t + 21)] = 0 ast — 4oo. (6.22)
z>X—ct

This proves the stability result (1.15) in Theorem 1.5, which also demonstrates that the rightward
propagation speed is ¢, — c.

From now on, we will focus on the proof of the “leftward” propagation with speed ¢, + ¢ < 0. To
start with, we give a stronger estimate than (6.1) in Lemma 6.1.

Lemma 6.3. Assume that ¢ < —c,, and ¢, > 0. Then for any € > 0, there exist X3, > L, T3, > 0
and z3. € R such that

u(t,x) < qb( —z—(ep+c)(t —T3c) + 23,5) +ee 00Tse) 4 gommla=Xse) ¢ > T3, > X3., (6.23)

with >0 and § > 0 as given in Lemma 6.2.

Proof. Let p > 0,6 > 0, C > 0, K > 0 and w > 0 be defined as in the proof of Lemma 6.2 (all
independent of €). It follows from Lemma 6.1 that the conclusion of Lemma 6.3 immediately holds
true when € > ¢, with 23 . = X and T3, =T It is left to deal with the case where

0<e<i.
Let us introduce for convenience further parameters. Fix C; > C > 0 such that

6>1— g in (—o00,—C.], ¢<< inlCs +o0). (6.24)

Do M

Denote cw
we 1= (6.25)

Finally, we choose A. > w. + C- such that (notice that u? — cp + max(g 1426 | /] > 0)

2_ /) #Aewe=Ce) . 6.26
(1 cu+[01}113§5]!fb!)6 < (6.26)
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We simply repeat the arguments used in the proofs of (6.8) and (6.9) by replacing ¢ with e. Lemma
2.2 gives the existence of T3, > 0 large enough such that

w(Tze,x) <1+ % uniformly for z € R. (6.27)

Fix X3, > L and Y&E = X3+ A. + C.. We deduce from Lemma 2.5 that, up to increasing T3,
u(t,z) <e fort >Ts. and z € [X3., X3.]. (6.28)
Define now for ¢t > T3, and =z > X3,
Ut ) = ¢(E(t, x)) +ee 0 D) 4 gomr@=Xae)

with
E(t,x) = —x + Xse—(p+co)(t—T3¢) + wse_é(t_Ti’”E) —we + Ae.

We now check that u is a supersolution to (1.1) for t > T3, and = > X3 .. In fact, at time T3 ., we
infer from (6.28) that

u(T3e,x) > e >u(Tze,x) for X5, <x < X3,.

On the other hand, in the case where z > X3, that is, —z + X3 + 4. < —C., (6.24) and (6.27)
imply
€
u(T3e,x) > (- + X3+ A) +e>¢(—Co)+e>1+ 3 > u(T3e, ).

Moreover, at z = X3, it is easy to see that u(t, X3.) > ¢ > u(t, X3.) for all t > T3 . due to (6.28). It
is then left to check that Nu(t,x) := i (t, &) — Uga (t, x) — cug(t,x) — fr(u(t,x)) > 0 for t > T3, and
X Z X375.

After a straightforward computation, we arrive at

Na(t,z) = fo(3(€(t, ) — fo(@(t,x)) — Swee T8¢ (E(t, 2)) — dee™T0) 4 (cp — pP)ee o= Xoe),

We divide into three cases.

o if&(t,2) < —C, one has 1 —¢/2 < ¢(&(t,z)) < 1, therefore 1 —§ <1 —¢/2 <u(t,r) <1+2e <
1+ 2§. Thus, it follows from (6.2)—(6.3) that
/(1 /(1
Nt z) > ( _ fbé) _ 5) e d(t-Ts0) | <_ fb;) e cu)ge—m—x&s) > 0;

o if £(t,z) > O, one derives 0 < ¢(£(t,2)) < &/2 < §, and then 0 < u(t,x) < 3¢ < 35. Together
with (6.2)—(6.3), there then holds

!/

/
Natt.a) > ( - fbéo) — §)eeiTe) 1 (- fbéo) — 4 ) e X0) S g

o if —C < £(t,x) < C, then 0 < u(t,z) < 1+ 2 < 1+ 26. By noticing that z — X3,
—(p+ )t —Tse) —we + Ac — C > —(cp + ) (t — Ts) — we + Ac — Ce, we have e H(#=Xs.)

67“(*(Cb%)(t*Ts,a)*WﬁAE*CE). One then infers from (6.3), (6.5), (6.6) and (6.26) that

IN IV

Nu(t,z) > — [0{?-%?5] ¥A (56—5(t—T3,s) + 5€—u(w—X3,e)) + kw.de 0t Tse)
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:(/w — max_|fj| — 5)56*5(15*1"»,5) _ ( max_|fy| + p? — cu)se*“(‘”’xh)
[0,1+2] [0,1+24]

- - e —H\— - e)—we+A:—Ce
2 (1 = gy V= e = (g 1] 42 e e T

Z(Rw — max_|f]| — 25)66_6(t_T3’5) > 0.
[0,1+24]

Consequently, we have shown that Na(t,z) = W(t,2) — Uy (t,2) — cuy(t,z) — fo(u(t,z)) > 0 for
t > T3, and © > X3,.. The maximum principle implies that

u(t,z) <u(t,z) = ¢(—z+ Xz —(cp+c)(t—Th) +wee 00 Tse) g, +A.) tee 0 Tse) 4 gemrl@—Xae)

for t > T3, and = > X3.. Thus, (6.23) is achieved by taking z3. = X3. — w. + A.. This completes
the proof of Lemma 6.3. O

In the same spirit of Lemma 6.3, we give below a strong version of (6.14) in Lemma 6.2, which
concerns the lower estimate of the leftward propagation front.

Lemma 6.4. Assume that ¢ < —cy, and ¢, > 0. Let v be as given in Lemma 6.2. Then for any e > 0,
there exist X4 > L, Ty > 0 and 24, € R such that

v(t,y) > ¢(—y — cp(t — Tue) + 2a¢) — ce 0tTae) _ con(Xae—y) fort >Ty. andy < X4, (6.29)
with p >0 and § > 0 as given in Lemma 6.2.
Let u be as given in Theorem 1.5. It turns out that (6.29) is parallel to the following estimate of
ufort>T,, and v < Xy, — ct,
u(t,z) > ¢(—x — (c+ cp)(t — The) — ¢The + 24.) — e O0T0e) _ gemn(Xaema—ct) (6.30)
with © > 0 and 6 > 0 as given in Lemma 6.2.

Proof. The proof is essentially very similar to that of Lemma 6.3. We sketch the details for the sake
of completeness.

Let 4> 0,6 >0,C >0,k >0and w > 0 be defined as in the proof of Lemma 6.2 (independent of
). We first notice that the case of £ > ¢ is done in Lemma 6.2. Therefore, it is sufficient to consider
the case of 0 < ¢ < §. As before, we introduce parameters C. > 0 and w, > 0 as in (6.24)—(6.25) for
convenience.

Fix X4, > C; + we + L such that

! 2\, — (X4, —Ce—we)
([3112%?] |fol + 1 )e < 4. (6.31)

We infer from (6.11) that v(t,y) > w(t,y) > ¢(—y — cpt + &) — Me ™™ for t > 0 and y < 0,
and that v(t,y) > w(t,y) > ¢y — cpt + &) — Me " for t > 0 and y > 0. We can then choose
Ty > max ((2C: + &1)/cv, (Ce + Xae + &) /b, —(1/n) In(e/(2M))) > 0 such that

v(t,y) = w(t,y) > ¢~y — eyt + &) —Me™™

> (Ce — cpThe + &) — Me e > gb(—Ce)—g >l-e, t>Th., —C-<y<0,

and
o(t,y) > w(t,y) > ¢y — eyt + &) —Me™™

> ¢(X4,E - CbT4,5 + 52)_M€—77T4,5 > ¢(_Ce) - g >1l-e, t2> T4,67 0<y< X4,s'
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Combining the above two inequalities, we obtain that
v(t,y) >1—¢ for t>Ty, and —C: <y < Xy.. (6.32)

Fort > Ty, and y < X4, let us define

o(t,y) = H(C(L,y)) — et Tre) _ gemn(Xac—y),

with ¢(t,y) = —y — cp(t — Tye) — wee ¢ Tae) 4 .. We shall prove that v is a subsolution for (8.1)
for t > Ty and y < Xy .. Indeed, at time ¢ = T} ., we notice that v(Ty.,y) <1 —€ —ce —H(Xae—y) <
v(Tye,y) for —C: <y < Xy by virtue of (6.32). For y < —C., the observation that {(Ty.,y) > C:
implies that v(Ts.,y) <0 < v(Tye,y) for y < —C.. Consequently, we derive that v(Ty.,y) < v(Tae,y)
for y < Xy .. At x = Xy, (6.32) implies that v(t, X4.) > 1—¢ > v(t, X4.) for all t > Ty .. Therefore,
it remains to verify that v,(t,y) — v, (t,y) — f(y — ct,v(t,y)) < 0for t > Ty, and y < X4.. Since

vt y) — vy (Ly) — fly — et u(t y) S vt y) — vyt y) — folu(t,y) =: Lo(t,y) for t > 0 and y € R,
it is therefore sufficient to check that Lv(t,y) <0 for ¢t > Ty . and y < X4 .. By a direct computation,
we have that for ¢ > Ty . and y < Xy,

Lo(t,y) = filld(C(t,y))) — folu(t,y)) + &' (C(¢, y))wede%(t*ﬂ’g) + dee 0 Tue) 4 2ge M Xaemy),
Again, we distinguish between three cases:

o if((t,y) < —-C,1>¢(((t,y)) >1—¢/2and 1 > v >1—3e. One infers from (6.16)—(6.17) that

Lo (fbé ) +5> ~3(t-Tue) | (fbé ) ny ) —n(Xee=9) < .

o if {(t,y) > C, we have ¢ > ¢({(t,y)) > 0 and € > v > —2¢. Thanks to (6.16)—(6.17), one has

Lo < (fb( ) +5) —0(t=Tue) 4 (fbé ) iy ) cerXae=y) < .

o if —C < ((t,y) < C, it follows that —y + Xy > cp(t — Thae) + Xae —we — C > cp(t —Tue) +
X4 —we — Ce. One deduces from (6.17)-(6.18) and (6.31) that

o [72671]

max |fy| +0 — fﬁw)&e_&(t_n’a) + ( max_|fy| + p > ce M X1e—y)

( [—26,1] [—26,1]
(

max_|f7| +d — mu) ce 0t Tue) 4 ( max_|fy| + p )Ee*“(cb(t*T‘*’eHx‘*’f*“’E*CE)
[-26.1] [—26,1]

S( max_|fj|+ 2 — mJ)se_‘;(t_T“’E) <0.
[_2671]
We conclude that Lv(t,y) <0 for t > T, and y < X4 ., which implies that v is a subsolution of (8.1)
for t > Ty . and y < X4 .. The comparison principle then gives that for ¢ > T, . and y < X4,
U(t, y) Z Q(ta y) = ¢(_y - Cb(t - T4,5) - wse_é(t_T‘l’E) + ws) - 56_6(t_T4’5) - 56_#(X4’€_y)-

Therefore, (6.29) is achieved by taking z4 . = w. and by noticing that ¢’ < 0 in R. This completes the
proof. O
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Lemma 6.5. Assume that ¢ < —c¢my and ¢y > 0. Let 41 >0, >0, C >0, Kk > 0 and w > 0 satisfy
(6.2)~(6.6) and (6.16)—(6.18). If there exist € € (0,0], t1 >0, 1 > L and § € R such that

sup (u(tl,x) —¢(—z — (cp + o)1 + §1)) <eg, (6.33)
r<x1—cty

sup u(t,z) <e and u(t,ry—ct) <1+¢/2 fort > ty, (6.34)

x<xq
gb(—xl — cpty + 51) >1—- 6/2, (6.35)

and
_ u(=(epte)ti —r1—we +£1-0) —p(eptrita1—6-0)

([Onlﬂagﬂ [ fol + 12 cu)e + ([Onllaf;é] | fol + 1 ) <4 (6.36)

with we = ew/d, then there exists My > 0 such that the following holds true:

sup (u(t,x) —¢(—x — (cp + o)t + 51)> < Me forallt>t;.

r<x1—ct

Proof. The proof is based on a comparison argument. First of all, we observe that sup,<,, (u(t, x) —
¢(—x — (cp + )t + &1)) < e for all ¢ > ¢y, thanks to (6.34). Let us now consider ¢ > ¢; and
1 <z <z — ct. Define

U(t,x) = p(—x — (cp + )t +wee 21— 4 €1) e U0) pgemplamen) 4 gempl@r—ct—a)

for t > t; and 1 < x < w1 — ct. Let us prove that @ is a supersolution of (1.1) for ¢ > ¢; and
1 <zx <z —ct

In fact, at time ¢ = t1, one infers from (6.33) that u(t1,z) > ¢(—x — (cp + )t1 + &) + € > u(ty, x)
for all 21 <z < x1 — ¢t;. On the other hand, at = x1, it follows from (6.34)—(6.35) that u(t,xz1) >
e > u(t,ry) and a(t,xy —ct) > ¢p(—x1 —cpt1 + &) +e > 1+¢/2 > u(t,xy —ct) for all t > ¢;. It
then remains to show that Nu(t, z) :=w;(t, ) — Uy (¢, ) — Uy (t, x)— fo(u(t,x)) >0 for all ¢t > ¢; and
x1 < x <z — ct. For convenience, we set

£t x) = —x — (cp + )t + wee 01—y ¢,
A straightforward computation implies that
Na(t, z) = fo(¢((t, ) — fo(@(t,z)) — ¢ (§(t, z))wede 20~1) — fee=00—1)
o ('u2 o Cu)ge—y(m—xl) - 'u256—,u(x1—ct—x)‘

We distinguish three cases:

o ifé(t,x) < —C,then1-§/2 < ¢(&(t,x)) < 1by (6.4), hence 1—9/2 < u(t,x) < 1420; therefore,
by using (6.2)—(6.3) and (6.16), along with the negativity of ¢’ and f/(1), it follows that

Nu(t, z) Z(—m—5)se‘5(t“)+( h_, 24 cp) o)

2 2
1
( fb; ) M2>Ee—u(;r1—ct—m) > 0;

. 1f E(t,z) > C, then 0 < ¢(&(t,x)) < § by (6.4) and thus 0 < w(t,z) < 36; therefore, owing
to (6.2)(6.3) and (6.16) as well as the negativity of ¢’ and f;(0), it follows that

Nu(t,z) > (—fl;;) 5) —o(t— t1)+< fb( ) —u +Cu>€6 p(z—=1)

fb(o) 2 —p(x1—ct—x) .
_|_<_72 —u)ee > 0;
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o if —C <E(t,z) < C,onehasz—x1 > —(c+)(t—t1) — (c+cp)t1 —x1 +wee 00—y 46 —C >
—(ep4c)(t—t1)—(cp+e)t —z1 —we+E —C, hence e—H(z—z1) < e—H(=(eote)(t—t1)—(cpto)t1i—z1—we+£6—C)
On the other hand, 1 —ct —x > 1 —ct+ (cp + )t —wee 0 p oy 6 —C > tat—E& —C,
which implies that e~#(@1=ct=2) < g=plalt-t)+ehita—4-C) Iy view of w, = ew/d, one infers
from (6.3), (6.5), (6.6), (6.17) and (6.1), that

Nu(t,z) > — max |f}] <€€_§(t_tl) + geHE—T1) 4 66_“(”1_“_9”)) + kwee 00—t
[0,1424]

_ 586_5(t_t1) _ (MQ _ Cﬂ)ee—u(m—ml) _ M2€6—,u(m1—ct—m)

= — /| _ —6(t—t1) _ / 2 —p(x—xz1)
(Fow s | £l 5) ge ([0{111_&35] |fol + 1 cu) ge

o / 2 —p(z1—ct—2x)
<[0{1113§5] |fol + 1 )66

> (nw — max_|f} —5)66_6(t_t1) —( ma, )|+ 2)se_“(cb(t_t1)+cbt1+x1_51_0)
o [0,1+24] 5l [O,l-i-;(&] ol +m

o ( max |fé| + /112 o CM)gefu(7(cb+c)(t7t1)f(cb+c)t17117w5+£170)
[0,1+2]

> o /I 75(157151) > .
> (nw [017111%%%] | 3] 25)56 >0

We then obtain that Nu(t,z) = U (t, ) — Uy (t, ) — cUz(t, ) — f(u(t,z)) > 0 for all t > ¢; and
1 < x < 1 — ct. The comparison principle implies that

w(z,t) <Tu(t,x) = ¢(—x — (¢ + )t + wee 21— 4 &) e ) L gempl@—21) | gomnlzi—ct=o)
for t > t; and x1 < o < 21 — ct. For these t and z, since ¢’ < 0, one derives that
u(z,t) < op(—z— (p+ o)t —w-+ &)+ 3 < d(—x— (e + )t + &1) + w€H¢’HLoo(R) + 3e.

In conclusion, one has

sup (u(t,m) — ¢(—x — (ep + 0)t1 + 51)> < Mie forallt > t,

x1<x<zxi—ct

where My := we||¢'|| oo (r) /€ + 3 = W||¢'|| oo (r) /0 + 3 is independent of €, ¢, 1 and §;. Lemma 6.5 is
therefore achieved, with M; chosen above. ]

Lemma 6.6. Assume that ¢ < —c¢my and ¢y > 0. Let 4> 0,6 >0, C >0, Kk > 0 and w > 0 satisfy
(6.2)(6.6) and (6.16)—(6.18). If there exist € € (0,6], t2 > 0, x2 € R and & € R such that

—e < swp (vlta) — -y — e + ), (6.37)
1 —e<w(t,xza) forall t>ta, (6.38)

and
(s Ui 2 Je itz < g (6:39)

with we = ew/d, then there exists My > 0 such that the following holds true:

—Mse < sup (v(t,y) —¢(—y — et + 52)) for allt > ts.
y<z2
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Proof. We first claim that
v(t,y) = ¢(—y — eyt — wee 00=12) oy o &) — ce0t=t2) _ _o—p(z2—y)

is a subsolution of (8.1) for t > t3 and y < x9, for which it is sufficient to show that ¥ is a subsolution

to vy = vyy + fio(v) for t >ty and y < z».
At time ¢t = tg, one has v(t2,y) <

0 (6.37). Moreover, v(t,z2) < 1—¢e < v(t,

t
Nu(t,y) == v, (t,y) = vy, (6 y) — fo(ult )

nt,y) = —y — cpt —we ) Lo 4 g

O(—y — cpta + &) — e < wv(ta,y) for all y < z9, thanks
for all t > t5, owing to (6.38). It remains to show that

9(
2)
<0 for all t > t9 and y < z9. For convenience, we set

By a straightforward computation, one has

No(t,y) = ful(d((t,))) = Fo(u(t,y) + ¢ (n(t,y))wede 207 4 ege00712) 4y 2eeplr2—y),
We divide our analysis into three cases:

o ifn(t,y) < —C, then 1—-6/2 < ¢(n(t,y)) < 1by (6.4), hence 1 > v(t,y) > 1—3§/2—2¢ > 1—30;
therefore it follows from (6.16)-(6.17), together with the negativity of ¢’ and f;(1), that

/\/’y(t,y) < fl;él) (66—6(t—t2) + Ee—u(m—y)) + 556—5(t—t2) + M25€—M($2—y)
/
_ b(l) —4(t—t2) fb( ) —p(z2—y) < 0:
7( 5 —|—5>€e ( —l—,u) <0;

o if n(t,y) > C, then 0 < ¢(n(t,y)) < by (6.4) and thus —20 < —2¢ < v(¢t,y) < J; therefore,
owing to (6.16)—(6.17) as well as the negativity of ¢’ and f}(0), it follows that

<

Nu(t,y) < o(0) (567‘5("*”) + ee*“(”*y)) + ede 00t 4 u2€e*“(x2*y)

/
0 +6)86_§(t_t2) + (fbéo) +M2)6e—u(w2—y) <0:

— ?

N
St
DN | —~
S~—

o if —C < n(t,y) < C, one has z3 —y > ¢(t — to) + cpto + 29 + wee 0t —( — & — C >
cp(t — t2) + cpto + To — we — & — C, hence e #M727Y) < erlalt—ta)tatatre—w—6&=C). gince
we = ew/d, one infers from (6.5)—(6.6), (6.17)—(6.18) and (6.39) that

Nou(t,y) < [mz%}i FA (56—5(15—752) + ge—u(wz—y)) _,{wg(;e—é(t—h)+55€—5(t—t2)+#25€—u(w2—y)

< ([m;;x |fi] — kw + 25) —it=t2) <,

Eventually, one concludes that Nu(t,y) = v,(t,y) — v,,(t,y) — fo(v(t,y)) < 0 for all £ > ¢
and y < zg. The maximum principle implies that

u(t,y) = vt y) = ¢ —y — et — wee ) pw, + &) —ee 0T — gemplr2y)
for all t >ty and y < x9. For these ¢t and v, since ¢’ < 0, one derives that

v(t,y) > ¢(—y — et + we + &) — 26 > G(—y — eyt + &2) — we|¢'[| Lo () — 2.
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In conclusion, one has

—Mse < sup (v(t,y) — ¢(—y — cpta + Eg)) for all ¢ > to,
y<wz2

where My := we||¢'|| Loo(m)/€ +2 = W||¢'|| Loo(r)/d + 2 is independent of ¢, t2, 29 and 3. The proof of
Lemma 6.6 is thereby complete. O

Lemma 6.6 can be equivalently written as:

Lemma 6.7. Assume that ¢ < —c¢p, and cp > 0. Let p > 0,5 >0, C >0, k >0 and w > 0 satisfy
(6.2)—(6.6) and (6.16)—(6.18). If there exist € € (0,6], ta > 0, x2 € R and & € R such that

—e<  sup (u(tg, z) —¢(—x — (cp + )ta + 52)), (6.40)

x<xo—cto
1—e<u(t,xe —ct) forall t > to, (6.41)

and
( max_|f;| + /ﬂ) e Heptatr—we—6-C) < §
[—26,1]

with we = ew/d, then there exists My > 0 such that the following holds true:

—Mse < sup (u(t,:):) —¢(—x — (cp + o)t + fg)) for all t > to.

r<xo—ct

We are now in a position to finish the proof of Theorem 1.5, by Lemma 6.5 and Lemma 6.7.

End of proof of Theorem 1.5. Let X3 > L, T3 > 0, z3 € R be given as in Lemma 6.1, and let Xy > L,
Ty >0,z € R, p>0and d > 0 be given as in the proof of Lemma 6.2. It follows from (6.1) and
(6.15) that, for ¢ > T := max(T3,Ty) such that X3 < Xy — T and for X3 < x < Xy — ct,

d(—x — (cp+ )t + 24) — be OU"T1) _ ge—p(Xama—ch)

6.42
<u(t,z) <Pp(—x—(cp+o)(t —T3) +23) + Se0Ts) 4 e nlz=Xs), (6.42)

Consider any sequence (t,)nen in R such that ¢, — 400 as n — +o00. From parabolic estimates, the
functions
(t,2) € R? s up(t, 2) := u(t 4 tn, 2z — (cp + €)tp)

converge as n — +00, locally uniformly in R?, to a classical solution s, of (too )t = (Uoo )2z + (oo ) > +
fo(uso) in R2. By applying (6.42) at (t +t,, z — (cp + ¢)t,) and then passing to the limit as n — +oo,
it follows that

H(—z— (cp + )t + 24) < uoso(t,2) < p(—2z — (cp + ¢)(t — T3) + 23)  in R% (6.43)
Then, [9, Theorem 3.1] implies that there exists 7 € R such that
Uso(t, 2) = p(—z — (e + )t +1n)  for (t,2) € R?. (6.44)
whence
un(t,z) = ¢(—z — (cp + )t + 1) as n — +oo locally uniformly in (¢,2) € R x R. (6.45)
Consider now any ¢ € (0,6/3]. Let B. > 0 be such that

p>1-— g in (—oo, —B¢] and ¢ < g in [Be, +00). (6.46)
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Set Fq := min (— B.+n,—B:+ (cp+¢)T5+ 23) and Ey := max (BE +n, B+ 24) > F1. It then follows
from (6.45) that
sup  [un(0,2) = $(—z + )| < ¢ (6.47)
E1<z<FEj
for all n large enough. In view of ¢, — 400 as n — +o00, (6.42), (6.46) and the definition of F; and
Fs, we then have

0 <up(0,2) <e for all z < Ej,
Cp (6.48)
1—e<u,(0,2) <14e forall By <z SEQ—‘FEtn,
for all n large enough. Furthermore, since Fs > B. +n and 1 < —B; + 1,
O<¢(—z+n)§§<5 for all z < Ej,
e 2 (6.49)
1—5<1—§§¢(—z+77)<1 for all z > E».
It then follows from (6.47)-(6.49) that, for all n large enough
un(0,2) — d(—z +1)| < 2 forall z< Ey+ %tn.
Due to the definition of u,(t, z), one has
lu(tn,z) — o(—x — (cp + )tn + 1) <2 forall x < Ey — %tn — cty. (6.50)

On the other hand, one infers from (6.23) and (6.30) that for all n large enough,

1—3e < p(—x — (o4 €)(tn — Tae) — Tye + 24,.) — ce 0tn=Tae) _ gemu(Xaema—ctn)

< U(tna :E) < ¢( - = (Cb =+ C)(tn - TS,E) + 23,5) + 56_6(tn_T3’5) + Ee_u(x_XB’E) <1+2

for By — 2t, —ctp <o < Xy — ctp, where X3, > L, Xge > L, T3, >0, Ty >0, 23 €R, 24, €R
were given in Lemmas 6.3-6.4. Notice also that for all n large enough

l—e<¢(—z—(p+)tn+n) <1 forall FE,-— %tn —ctp <o < Xy —cty.
Combining the above two inequalities yields that for all n large enough,
‘u(tn,x) — ¢(—x — (cp + )ty + 77)‘ <3¢ forall z € |:E2 — %tn — Ctp, Xae — ctn] .
Together with (6.50), one derives that for all n large enough,

sup | u(tn, ) — ¢(—x — (cp + )tn + )| < 3e.
ISX4,E_Ct7L

We are now in a position to prove (1.16) by applying Lemmas 6.5 and 6.7. Let 21 = 23 = Xy
and & = & = n. We infer from Lemma 2.2 and (6.11) that for all n large enough,

1—5§u(t,X475—ct)§1+% for t>t,.

Moreover, one has for all n large enough that sup,<x, - u(t,z) < ¢ for all t > ¢, by Lemma 2.5, and
¢(—Xu,e — ety +1) > 1 = 5, thanks to ¢, > 0, and that

/ 2 —p(—(cpFC)tn—X4,e —we+n—C) / 2\ —plcptn+Xa.e—we—n—C)
max +u°—c )e K , —I—( max + )e , <9
([—25,1+25] ol p7 = e [—26,1+26] ol + 1
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It then follows from Lemmas 6.5 and 6.7 (applied with t; =ty =t,, 1 =22 = Xy, and §; =& =1
and 3e instead of ¢) that for n large enough,

‘u(t,:ﬁ) —¢(—z — (e + o)t + 52)‘ <3Me forallt>t, and z < X4, —ct,

for M := max(Mj, Ms), where M; and M, were given in Lemmas 6.5 and 6.7 respectively. Since
e € (0,6/3] was arbitrarily chosen, one eventually infers that

sup  |u(t,z) — ¢(—x — (cp+ )t + &) = 0 ast — +oo.
<Xy —ct

Thus, (1.16) is achieved, with zo = £. This completes the proof of Theorem 1.5. O

6.2 Extinction: Proof of Theorem 1.6
Proof of Theorem 1.6. Remember that ¢ < —cp,.

Step 1: proof under condition (i). We first consider the case where ¢, < 0. Our proof includes two
parts: ¢, < —¢, and ¢ € (¢, —¢]; ¢p < 0 and ¢ < min(—cy,, ).

Step 1.1. Assume that ¢, < —c¢y, and ¢ € (¢p, —¢p). Since ¢, < ¢, we can construct @ as in (4.7) in the
proof of Theorem 1.3 (which relies only on ¢, < ¢). We readily check that @ is a supersolution such
that the solution u is blocked in the right direction, i.e., u(t,z) — 0 as  — +oo uniformly in ¢ > 0.
Then, for any ¢ € (0, 0), there exists xg > L sufficiently large such that

0 < sup u(t,z) <e fort>0.

xr>x0

On the other hand, since ¢ < —c¢,;,, we infer from Lemma 2.5 that there exists ty > 0 large enough
such that

0 < sup u(t,z) <e fort > t.

<z
Therefore, one concludes that u(t,x) — 0 as t — +o0, uniformly for x € R.

Step 1.2. Assume that ¢, < 0 and ¢ < min(—c¢,,, ¢;). We divide into two cases.
Case 1. Assume that ¢ < —c,, and ¢ < ¢. Choose gp € (0, —¢p). Lemma 6.1 immediately implies that
there exists X > L such that

lim sup sup u(t,x) = 0. (6.51)
l—=+00 X<z<—(cp+cteo)t

On the other hand, it follows from (5.5) in Lemma 5.2 (i) that

limsup  sup  u(t,z) =0. (6.52)
l—=+00 x>(cp—cteo)t

Combining (6.51)—(6.52), along with the fact that ¢, — ¢+ 9 < —¢p — ¢ — €g as well as Lemma 2.5,
one reaches limy_, ;o u(t,z) = 0 uniformly in =z € R.
Case 2. Assume that ¢ = ¢, < —cp,. For any ¢ € (0,0/2), let fy,. be a C1(R) function such that
foe > fo in R, and

foe(0) = fo.e(0 =€) = foe(1) =0, f;.(0) <0, f;.(0)>0, f; (1)<0,

foe <0in (0,6 — &), foe>0in (8 —e,1), [5 fre(s)ds < 0.

For each ¢ € (0,6/2) small enough, let ¢, be the unique traveling front profile of u; = uzy + fp ()
such that

(ZSIEI + Cb,€¢/€ + fb,z—:((;sa) = 0 in Ra ¢€(O) = 97 ¢8(_OO) = 17 ¢€(+OO) = 07
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with speed ¢, > ¢,. Then, ¢: — ¢ in C? (R) and ¢, — ¢, as € — 0. We then fix € € (0,60/2) small
enough such that ¢, < ¢, < 0.

Let now u. be the solution to the Cauchy problem (1.5) with f(x, s) instead of f(z,s) for (z,s) €
R x R, starting from the initial condition wug, where we assume that f.(z,s) = f(z,s) for (z,s) €
(—oo, L] x Ry, while f(z,s) = fic(s) for € [L,+00). By the comparison principle, we have that
ue(t,x) > u(t,z) for t > 0 and z € R. We now claim that u. extincts, therefore so does u.

In fact, we notice that ¢ < —¢,, and ¢ < ¢ .. On the one hand, since ¢ < —c¢,,, we apply Lemma
6.1 and derive that there exist T'> 0, X > L, z € R and ¢ > 0 such that

u(t,z) < ¢e(— x4+ X — (e +0)(t—T) +2) + 5e7 0T fort > T and z > X.
This implies that limy— oo SUPx <ge— (¢, .+t Ue(t, ¥) = 0. Together with Lemma 2.5, we then obtain

lim sup  ug(t,z) =0 (6.53)

t—=+oo 4o —(cpe+0)t

On the other hand, due to ¢ < ¢, we adapt Lemma 5.2 (i) and deduce that there exist X; > L,
Ty >0, z1 € R, ug > 0 and d; > 0 such that

us(t,x) < ¢ — (cpe —c)(t —T1) + 21) + Sre 0T 4 5 emm(@=X) forall t > T and z > X,

which yields that
lim sup  ug(t,z) =0. (6.54)
t—+o0 z>(cpe—c)t :
Combining (6.53)—(6.54), along with the fact that ¢; . < 0, we immediately get sup,cp ue(t, ) — 0 as
t — +o00. That is, u. goes extinction.

Step 2: proof under condition (ii). Assume now that spt(uog) is and |lug||p®r) < 0. For any ¢ € (0,6),
we choose f; . € C1(R) such that f,. > f, and

foe(€) = foe(0) = fo.(1) =0, fy.(e) <0, f;.(6)>0, f, (1) <0, (6.55)
fre >01in (—o00,e) U (0,1), fre <0 in (g,0) U (1, +00). '
We now prove that there exist monostable decreasing traveling waves of
Wy = Way + foe(w), (t,2) € R?, (6.56)

connecting # and e, and moving to the left, one of which will serve as an upper barrier for the function
u. To do so, set z(t,z) = 0 — w(t,z) for (t,z) € R?, then z satisfies

2t = Zgx + g(Z), (tvx) € R27 (657)

with g(z) = — fp(0 — 2) being positive in (0,6 —¢). Then it is known that (6.57) admits traveling front
solutions ¢ (x—vt) with ¢ : R — (0,0 —¢) such that ¢"+v¢'+g(¢) =0inR, 0 < ¢ < O—¢, Pp(—o0) =6
and Y (+o00) = ¢ if and only if v > vy, for some vy, > 2, /f,;g(@). Fix vy > max(—c¢, Upin). It is
straightforward to see that 8 — ) (—x — vyt) is a decreasing traveling wave for (6.56) connecting 6 and
¢, and moving to the left with speed vg > 0.

On the other hand, one can easily verify that ¢.,, +.(—2 — (¢ + €)t) is a supersolution to (1.1) for
(t,z) € R? which has an increasing profile and moves to the left with speed ¢, + ¢ < 0.

Since spt(up) is included in the bistable region and |[ug| r®) < 0, one can fix B € R such that
0 —(—x — B) > up(x) for > L. Then, choose A € R such that ¢¢,, +c(—L+ A) =0 —¢(—L — B).

Then, one can check that

u(t,z) := min (@e,,+e(—2 — (em + )t + A),0 —p(—z — (19 + )t — B)), t>0, z €R,
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is a supersolution to (1.1) such that @(0,z) > ug(z) for z € R. The comparison principle gives that
u(t,x) > u(t,z) for t > 0 and = € R. Noticing that § — ¢(—z — (v9 + ¢)t — B) indeed moves to the
left with speed vp + ¢ > 0, it implies that sup,~ y u(t,z) < e as t — 4oo for some X > L. Since £ > 0
was arbitrarily chosen, together with sup,x a(t,m) < e ast — +oo by Lemma 2.5, it follows that
u(t,z) = 0 as t — 400, uniformly for 2 € R. This completes the proof of Theorem 1.6. O

7 Sharp estimate of the level sets in the left direction when ¢ €
(—¢m, +00): Proof of Theorem 1.7

The proof of Theorem 1.7 is highly motivated by [30]. In fact, the estimate of the level sets from
exterior (upper bound) comes from the supersolution and is a straightforward application of [30].
Regarding the estimate from interior (lower bound), the idea in [30] can be adapted with a slight
modification, so that it works for every ¢ > —c¢,,. The details will be sketched below for the sake of
completeness.

Proof of Theorem 1.7. Remember that the level set is defined as E, (t) = inf{x € R|u(t,x) = o} for
any t > 0 and for any given g € (0,1).

First of all, consider (8.1) with f,,,(v) instead of f(y —ct, v), for which let us define S,(t) = inf{y €
Rlv(t,y) = o} for t > 0 and for any ¢ € (0,1). Then it follows from [30] that S,(t) = —c¢pt +
3/2XN ) Int + Ot 100(1), with 2A\* = ¢, Correspondingly, the level sets of equation (1.1) with f,(u)
instead of f(x,u) in the left direction behave asymptotically like — (¢, +¢)t+3/(2A*) Int + Oy 100 (1).
This implies that E, (t) > —(cm +¢)t +3/(2A") Int + Cy for some C; € R. In what follows, it remains
to prove that E, (t) < —(cm + ¢)t +3/(2A") Int + Cy for some O3 € R.

Step 1. The linearized problem with Dirichlet boundary condition at —(c + ¢;,,)t. It is easy to verify
that the function w(t,z) = u(t,—(c + ¢ )t — & — L) solves

wy — Wiz — cpwz — f(—(c+em)t —3 — Lyw) =0, t>0, 2€R.

In particular, we have w; — wzz — cpuwz — f(w) = 0 for ¢ > 0 and & > 0. Consider the following
linear equation with Dirichlet boundary condition at & = 0:

2(t,0) =0, t>0. (7.1)

{Zt—Z@j—Cij—f;n(O)ZZO, t>0, >0,
In view of ¢, = 2+/f7,(0) = 2\*, the function p(t,#) = e*"*2(t,2) solves

Pt = Diz, t>07i.>07
p(t70) =0, t>0,

hence

e NE [t [ ou? (#+0)2
z(t,z) = W= /0 (e‘ @ —e 4 ) p(0,v)dv  forallt>0and z >0,

which implies that
* A 22
2(t, &) ~ Cie™ 5475 as t — +00
in the interval & € [0, /#], where C depends only on p(0, -).
Step 2. Lower bound at = —(c + ¢;,)t — O(V/t). In view of f,, € C%(]0,1]), there exists M > 0 so

that
f(s) = f!.(0)s > —Ms? for s € [0, 50) for some sp > 0.
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Notice that z(t,z) < C(t + 1)*% for t > 0. Let a(t) solve a'(t) = —CM(t + 1)7%a(t)2, t > 0. Such
a(t) can be chosen uniformly bounded from above and below: 0 < ap < a(t) < a1 < +oo. Then, the
function w(t, &) = a(t)z(t, z) satisfies

Wy, — Wiz — emWs — frn(w) =a' (t)z + a(t) (2 — 22z — emzz — f1,(0)2) + f/(0)az — f(az)
<d'(t)z + M(az)* = (d'(t) + Ma(t)*z)z = 0.

Therefore, for any o > 0, there exists 6 > 0 such that
ult, —(c+em)t — & — L) = w(t, &) > w(t, i) > dde "2 forallt>2and & € [0,0V4]. (7.2)

Step 3. The approximate traveling fronts are subsolutions of (1.1) for —(c+ ¢;,)t —O(Vt) — L <z <
pot — L with any fixed —(c+c;) < po < min(0, ¢, —¢). Fix o > 0 and let £(t) = ov/t. By the estimate
(7.2), we will construct an explicit subsolution of (1.1) on the interval —(c+c¢p,)t—£(t)—L <z < pot—L
for t large enough. This subsolution will be an approximate traveling front, moving with leftward speed
cm + ¢ > 0.

According to (7.2), there exist 4 > 0 and T3 > 0 such that

ult, —(c+ em)t — (1) — L) > w(t, (1)) > d¢(t)e €012 (7.3)
for all ¢t > T7. It follows from Theorems 1.1-1.2 that

inf  w(t,z) =1 forany — (¢m+c¢) <pr < pe <min(0,cp —c).
prt<az<pot
Given any ¢ € (0,1), fix o € (p,1). Therefore, there is To(> T3) such that wu(t, uot — L) > o for all
t> T
Let fi be a C! function such that f; < fp,, for u € [0,9], f1(0) = fi(2) = 0, f1(0) = f (0) and
fi(s) >0 on (0,9). The function f; then satisfies

f1(8) < fm(s) < f1.(0)s = f{(0)s  for all s € [0,7].

Then there exists a traveling front U, (z — ¢pt) of uy = ugzy + f1(u) such that 0 < U, < ¢ in R,
U, (—o0) =0, U, (+00) = 0 with speed ¢, = 24/ f! (0). The profile U,,, is decreasing in R and is
such that

U,

Cm

(s) ~ Bse % as s — +o0,  for some B > 0.

Let now v > 0 and fix 1 € R large enough so that B(fy + e Mo < 8. Since there exists Ty > Th
such that

2?\* Int +x; <~&(t)  fort > Ts,

we have

On the other hand, in view of U, (+00) = 0 and Minge(_(cte,)Ty—e(Ts)—LouoTs—1] W(I3,2) > 0,
there exists xo(> x1) such that

Int—+ §(t) + 5171) < Sg(t)e—/\*ﬂt)t—%, t> T3. (74)

3
Ucm(—x— (c+ cm)T5 + 2—)\*1nT3+:U2—L) < u(Ts,x)

for all x € [—(c+ )15 — £(T3) — L, uoT3 — L]. Define the subsolution u as follows

3
g(t,x):Ucm<—x—(c+cm)t—|—2—/\*lnt—|—x2—L>
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for t > T3 and = € [—(c+ cm)t — £(t) — L, pot — L.
It is easy to verify that w(Ts,z) < u(Ts,z) for all z € [—(c+ ¢n)T5 — £(T3) — L, poT3 — L]. Since
xo > x1 and U,,, is decreasing, along with (7.3)—(7.4), we have

u(t,~(c+ep)t —&(t)— L) = U, (g(t) - % Int —l—a:2> < 5E(t)e MWL <t —(c+ )t —E(E) — L)
for all ¢t > T5 > Ty. Besides, u(t, uot — L) < 0 < u(t, uot — L) for all t > T3 > T.

Lastly, since f1 < fp, in [0, 9] and since U,,, is decreasing and satisfies UCNm + chém + fi(U,) =0
for all t > T3 and = € [—(c+ cm)t — &(t) — L, pot — L], we get

3 i / 3 ,
) U (M) = U, ()€U, () = i (Uey, () = 552UL,, () <0

where n = —x — (¢ + ¢)t + 3/(2\*) Int + 29 — L. Therefore, the function u is a subsolution of (1.1)
for all t > T3 and = € [—(c+ ¢m)t — &£(t) — L, ot — L|. The comparison principle yields that

Uy~ Uy — CU, — frn(u) = (— (c+em)+

u(t,z) > u(t,z) =U,,, ( —z—(c+cem)t+ Q—i* Int +x9 — L) (7.5)

for all t > T3 and = € [—(c+ cm)t — &£(t) — L, pot — LJ.
Step4. Conclusion of the proof. The inequality (7.5) implies that for any given 2/ € R

3 3
u(t, —(c+em)t+ N Int 4+ x') > y(t, —(c+em)t+ X Int 4+ x’) =U,, (—2' +x9—L) >0
for ¢ large enough. This proves that £, (t) < —(em + )t +3/(2A%)Int + C; for some Cy € R. This
completes the proof of Theorem 1.7. 0

In addition, assume that ¢ > —¢,, it follows from the lines of [30, Theorem 1.2], one can further
show that the solution u of (1.1) approaches the family of shifted traveling waves ¢, (—x — (¢ + )t +
3/(2X*) Int+£(t)) uniformly for < [min(0, ¢, —¢) —¢]t for € > 0 small enough, where £ : (0, +00) — R
is such that |£(¢)] < C with some C > 0, and that the solution u converges along its level sets to
the profile of the minimal traveling wave, for which we refer readers to [30] and will not give further
details.

8 Discussion

In this section, we apply our main result to the shifting environment and making a comparison between
our result and the existing ones.
By setting u(t,x) = v(t,z + ct), equation (1.1) is recast as:

Ut:Uyy+f(y_Ctav), t>03 yGRa (81)

in which the parameter ¢ is understood as the shifting speed, and the shifting growth f(s,v) is assumed
decreasing in s € [—L, L], being of KPP type on the left semi-infinite region, while being of bistable
type on the right semi-infinite region. With fixed diffusion, we aim to investigate the effect of shifting
reaction. Of particular interest here is to give a full classification of the propagation phenomena
for such a model subject to KPP-transition-bistable nonlinearities with any value of shifting speeds.
The novelty is that here the strong Allee effect is taken into account with the KPP reaction as
the complement so that the whole habitat can be either favorable plus favorable, or favorable plus
unfavorable. In this sense, we can summarize the propagation dynamics for (8.1) as follows:

Theorem 8.1. The solution v of (8.1) with a nonnegative continuous and compactly supported initial
datum ug Z 0 has the following propagation phenomena:
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o When ¢, > 0, there holds

Range of ¢ (—00, —Cm) (—cm, ) (cy, Cm) [¢m, +00)
Leftward speed cp—¥k; Extinction—de Cm Cm Cm
Theorem 1.5; Theorem 1.6 | Theorem 1.2 | Theorem 1.2 | Theorem 1.1
Rightward speed cp—¥k; Extinction—de Cp c Cm
Theorem 1.5; Theorem 1.6 | Theorem 1.4 | Theorem 1.3 | Theorem 1.1

Here, the notation % represents that the localized initial condition is further assumed to be “large
enough”, while & denotes that spt(ug) is included in the bistable region and |lug||pe®) < 0.

e When —c,, < ¢p <0, there holds

Range of ¢ (=00, —Cm] (—cm, ) (cb,em) [€m, +00)
Leftward speed Extinction Cm Cm Cm
Theorem 1.6 | Theorem 1.2 | Theorem 1.2 | Theorem 1.1
Rightward speed | Extinction cp c Cm
Theorem 1.6 | Theorem 1.4 | Theorem 1.3 | Theorem 1.1
o When cp < —c¢yy, there holds
Range of ¢ (—00, ¢ (cpy —Cm] (—CmsCm) [em,, +00)
Leftward speed Extinction Extinction Cm, Cm
Theorem 1.6 | Theorem 1.6 | Theorem 1.2 | Theorem 1.1
Rightward speed | Extinction Extinction c Cm
Theorem 1.6 | Theorem 1.6 | Theorem 1.3 | Theorem 1.1

“ Moreover,

A when v is propagating in the right direction with speed c, then v converges to the unqiue forced
wave solution U where U(—o00) =1 and U(+00) =0 (see Theorem 1.3);

A when v propagates to the left with speed ¢, or propagates to the right with speed ¢y, u will
eventually converge to the unique bistable traveling wave with a constant shift, see Theorems 1.5
and 1.4;

A when v propagates to the left with speed c,,, the level sets always admit a logarithmic time delay,
see Theorem 1.7.

Given different values of the shifting speed ¢, the species might reside within the KPP and/or the
bistable regions, resulting in significantly varying propagation dynamics after a long time. Theorem
8.1 shows that, on the one hand, very similar to the non-shifting case, the population localization
and total population size can increase the possibility of persistence and propagation under a moving
climate, and, on the other hand, mobility can both reduce and enhance the ability of population to
track climate change in order for persistence and even propagation.

In 2009, Berestycki et al. [7] studied (8.1) by assuming that f(y,v) is of KPP type for 0 <y < L,
and f(y,v) < 0 for y < 0 and for y > L which embodies the assumption that the population grows
logistically in a favorable region of length L but declines exponentially outside of that region. The
authors [7] proved that the global dynamics (extinction, persistence as well as convergence to the
unique positive solution of U” + ¢U’' + f(z,U) = 0) is determined by the sign of the generalized
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principal eigenvalue of the linearized problem around zero state. Berestycki and Rossi extended
the large time dynamics result to high dimension [13] and to infinite cylindrical type domains [14],
which was then investigated by Vo [47] for more general unfavorable media at infinity. In a particular
situation f(y—ct,v) = v(r(y—ct)—v) in (8.1) with 7 : R — R continuous, bounded and nonincreasing?,
the KPP-decay case, i.e. r(—00) > 0 > r(+00), was studied by Li et al. [38] and Fang et al. [21],
showing that the species will extinct if ¢ < —c_ and persist if ¢ > —c_, and when propagation
occurs, the leftward speed is c_ and rightward speed is min(c, c_). Fang et al. [24] further considered
the spreading properties and forced waves in a time-periodic setting. Besides, the KPP-KPP case,
ie. r(—o00) > r(+00) > 0, was investigated by Hu et al. [31], and by Lam and Yu [35] in which
the spreading properties were studied, and moreover the frame of reaction-diffusion equations and
integro-differential equations with a distributed time-delay were addressed in [35].

Yet, other types of growth functions (especially Allee effect) are also interesting in the investigation
of population dynamics in moving habitats, which is known for instance in [2,45]. Bouhous and
Giletti [15] studied the propagation phenomena for (8.1) in cylindrical type domains with general
monostable reaction f (including Allee effect). Bouhours and Nadin [16] considered (8.1) when the
size of the favorable zone is bounded with general f (including monostable and bistable cases) in the
favorable zone, and proved the existence of two speeds 0 < ¢ < ¢ < +oo such that the population
persists for large enough initial data when 0 < ¢ < ¢ and goes extinction when ¢ > ¢. Recently, Li
and Otto [39] investigated forced waves for (8.1) where the favorable region, characterized by strong
Allee effect, is a bounded interval surrounded by the unfavorable ones. Beyond this, there have been
extensive investigations on questions concerning the existence and further properties of forced waves
for (8.1) of the form v(t,y) = V(y — ct) with prescribed speed ¢, see e.g. [8,14,32]. Spreading speeds
in shifting environments have also been concerned, for instance, with nonlocal feature [1,40,50], with
shifting diffusion [25], in free boundary problems [37], in systems [17,20], in abstract setting [49],
etc. We refer the readers to [18,48] for comprehensive description of recent development and open
challenging questions on reaction-diffusion problems in shifting environments.

We conclude with a brief discussion. The propagation dynamics resemble those in the KPP-
decay case [21,24,38] when ¢, < —¢,,, where the bistable environment approximates the decay one.
When ¢, € (—¢pm, ¢m), the spreading properties are dominated by the KPP region for a positive and
sufficiently large advection, i.e. ¢ > ¢p,; the propagation dynamics are determined by the sign of ¢
and by the initial value for a negative and sufficiently large advection, i.e. ¢ < —¢,,; the spreading
phenomena are characterized by the sign of ¢; — ¢ when ¢ is not large enough in either direction, i.e.

¢ € (—Cm,Cm)-
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