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The influence of advection on the propagation
phenomena of reaction-diffusion equations with

KPP-bistable nonlinearity

Xing Liang∗, Lei Zhang† and Mingmin Zhang‡

Abstract

This paper is devoted to propagation phenomena for reaction-diffusion-advection equations in
one-dimensional heterogeneous environments, where heterogeneity is reflected by the nonlinearity
term - being KPP type on (−∞,−L] and being bistable type on [L,+∞) for some L > 0. A
comprehensive analysis is presented on the influence of advection and heterogeneous reactions,
based on various values of the advection rate c. Denote by cm the minimal wave speed of KPP
equation and by cb the unique wave speed of bistable equation, respectively. When c > −cm, it
is shown that propagation can always occur with leftward spreading speed cm + c and rightward
spreading speed min

(
max(cb − c, 0), cm − c

)
. Moreover, a logarithmic delay of the level sets in the

left direction is discovered. When c ≤ −cm, propagation phenomena are determined by the initial
data and by the sign of cb. In particular, when cb > 0, the leftward propagation speed is cb + c if
the initial population is “large enough”; whereas extinction occurs if the initial value is located in
the bistable region and is “relatively small”. In addition, the attractiveness of the bistable traveling
wave is obtained when the leftward spreading speed is cb + c and/or when the rightward spreading
speed is cb − c.

Mathematics Subject Classification (2020): 35B40; 35K57; 35B35; 92D25.

Key words: Reaction-diffusion-advection equations; Propagation phenomena; Shifting environment;
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1 Introduction and main results
We address in this paper the propagation phenomena for reaction-diffusion-advection equations in

a heterogeneous framework. The heterogeneous character arises in the equation through continuously
varying (in space) reaction term between KPP (for Kolmogorov, Petrovsky and Piskunov) type and
bistable type. The type of equations we consider here is:

ut − uxx − cux = f(x, u) t > 0, x ∈ R, (1.1)

in which u(t, x) denotes the species density at time t and location x, the constant c ∈ R is advection
rate, f(x, u) describes population dynamics. From the biological point of view, advection can arise
either from the behavior of individuals or from physical transport processes, such as winds, currents
in rivers, for which the population may have a tendency to move along or against the gradient of u.
Our paper is intended to understand the influence of the advection on propagation phenomena in the
face of a heterogeneous environment of KPP-transition-bistable type.

Throughout this work, we assume that the function f(y, s) : R× R+ → R is of class C2(R× R+),
and s 7→ f(y, s) is locally Lipschitz continuous uniformly for y ∈ R. Moreover, f satisfies

∀ y ∈ R, f(y, 0) = f(y, 1) = 0, ∂sf(y, 1) < 0 and f(y, s) ≤ 0 for s ≥ 1,

∀s ∈ R+, ∃ L > 0, f(y, s) = fm(s) for y ∈ (−∞,−L], f(y, s) = fb(s) for y ∈ [L,+∞),

∀s ∈ R+, f(y, s) is decreasing in y ∈ [−L,L].
(1.2)

Here, fm denotes the KPP nonlinearity:

fm(0) = fm(1) = 0, 0 < fm(s) ≤ f ′m(0)s in (0, 1), f ′m(1) < 0, fm < 0 in (1,+∞), (1.3)

while fb represents bistable reaction:

fb(0) = fb(θ) = fb(1) = 0 for some θ ∈ (0, 1),

f ′b(0)<0, f ′b(θ)>0, f ′b(1)<0, fb>0 in (θ, 1), fb<0 in (0, θ)∪(1,+∞).
(1.4)

We then refer to (−∞,−L] as the KPP region, while [L,+∞) would be regarded as the bistable region.
The spatial-temporal dynamics for (1.1) with nontrivial nonnegative continuous and compactly

supported initial data shall be investigated in the following sense:

• extinction: u(t, x) → 0 as t→ +∞ uniformly in x ∈ R;

• rightward (resp. leftward) blocking: u(t, x) → 0 as x→ +∞ (resp. x→ −∞) uniformly in t ≥ 0;
Here, we can easily see that extinction is a special case of (leftward and rightward) blocking.
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• propagation: there exist ε > 0 and a family of interval [a(t), b(t)] ⊂ Sε such that lim
t→+∞

(b(t) −
a(t)) = +∞, where Sε(t) := {x ∈ R : u(t, x) ≥ ε} for any t ≥ 0. Furthermore, leftward
(resp. rightward) propagation occurs, if lim

t→+∞
a(t) = −∞ (resp. lim

t→+∞
b(t) = +∞); complete

propagation occurs, if lim
t→+∞

a(t) = −∞ and lim
t→+∞

b(t) = +∞.

When propagation occurs, we can further consider the possible asymptotic spreading speeds.
Specifically, if there exist two constants cr and cl such that for ε > 0 small enough,

lim
t→+∞

inf
−(cl−ε)t≤x≤(cr−ε)t

u(t, x) > 0, lim
t→+∞

sup
x≤−(cl+ε)t

u(t, x) = 0 = lim
t→+∞

sup
x≥(cr+ε)t

u(t, x),

then cr and cl are called the rightward and leftward spreading speeds, respectively.

Based on the definition of propagation, one can see that limt→+∞ supx∈R u(t, x) > 0. Combining
this and limt→+∞ supx≤−(cl+ε)t u(t, x) = 0 = limt→+∞ supx≥(cr+ε)t u(t, x), it yields that cl + cr ≥ 0.
In the special case where cl + cr = 0, the interval [−(cl − ε)t, (cr − ε)t] is empty for any ε > 0 and
t > 0, then limt→+∞ inf−(cl−ε)t≤x≤(cr−ε)t u(t, x) = +∞ > 0 is satisfied automatically. Moreover, we
remark that complete propagation occurs when cl > 0 and cr > 0, whereas propagation with rightward
blocking takes place when cl > 0 and cr < 0. However, either of two situations may occur when cl ≥ 0
and cr = 0.

Before stating our main result, let us review the fundamental results on the classical homogeneous
reaction-diffusion equation

ut = uxx + f(u), t > 0, x ∈ R, (1.5)

where f is a C1(R) function satisfying f(0) = f(1) = 0. This equation has been extensively studied
in the mathematical, physical and biological literature since the pioneering works of Fisher [23] and
Kolmogorov, Petrovskii and Piskunov [34].

With the KPP reaction f = fm in (1.5), it is shown in [34] that (1.5) admits traveling front
solutions u(t, x) = φν(x · e− νt) where e = ±1 denotes the direction of propagation and ν is the wave
speed, with φν : R → (0, 1) and φν(−∞) = 1, φν(+∞) = 0, if and only if ν ≥ cm := 2

√
f ′m(0). For

each ν ≥ cm, the wave profile φν satisfies

φ′′
ν + νφ′

ν + f(φν) = 0 in R, φ′
ν < 0 in R, φν(−∞) = 1, φν(+∞) = 0, (1.6)

and has translation invariance. Moreover, φν has the following asymptotics:

φν(s) ∼
s→+∞

{
Ae−λνs if ν > cm,

A∗se−λνs if ν = cm,
(1.7)

where A, A∗ are positive constants and the decay rate λν > 0 is obtained from the linearized equation
ut = uxx + f ′m(0)u and is given by λν =

(
ν −

√
ν2 − 4f ′m(0)

)
/2. It was proved in [30, 36, 46] that the

front with minimal speed cm attracts, in some sense, the solutions of the Cauchy problem (1.5) asso-
ciated with nonnegative bounded nontrivial compactly supported initial data u0 in R. Furthermore,
Aronson and Weinberger [4] proved the spreading property, stating that the solution u to the Cauchy
problem (1.5) with a nontrivial nonnegative compactly supported initial datum u0 in R admits an
asymptotic spreading speed cm = 2

√
f ′m(0), in the following sense:{

sup|x|≥ωt u(t, x) → 0, if ω > cm

inf |x|≤ωt u(t, x) → 1 if 0 ≤ ω < cm,
as t→ +∞. (1.8)

The minimal traveling wave speed cm for (1.5) can therefore also be considered as the asymptotic
spreading speed for the Cauchy problem associated with (1.5).
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In contrast, when the reaction is of bistable type, i.e. f = fb, equation (1.5) has a unique (up to
translation) traveling front solution u(t, x) = ϕ(x · e − cbt), where ϕ : R → (0, 1) and satisfies (1.6),
e = ±1 is the direction of propagation, and cb ∈ R is the wave speed (has the sign of

∫ 1
0 fb(s)ds),

depending only on fb [4, 22]. It is known [22] that{
a0e

−αs ≤ ϕ(s) ≤ a1e
−αs, s ≥ 0,

b0e
βs ≤ 1− ϕ(s) ≤ b1e

βs, s ≤ 0,
(1.9)

where a0, a1, b0 and b1 are some positive constants, α and β are given by α = (cb+
√
c2b − 4f ′b(0))/2 > 0

and β = (−cb +
√
c2b − 4f ′b(1))/2 > 0.

Throughout this paper, we denote by φν(x−νt) the KPP traveling front satisfying (1.6) with f = fm
and with wave speed ν ≥ cm, whereas by ϕ(x− cbt) the unique bistable traveling front satisfying (1.6)
with f = fb, with φν replaced by ϕ, with wave speed ν = cb and with the normalization ϕ(0) = θ. Let
us stress that cm > cb, which is shown in Lemma 2.1. Finally, we always denote by u the solution to
(1.1) with a nontrivial nonnegative continuous and compactly supported initial datum u0.

Main results. First of all, let us provide some intuition regarding the propagation dynamics of
(1.1). Compared with the case of c = 0, the appearance of the advection now forces the solution u
towards the left direction with an extra speed c ∈ R. Therefore, the large-time dynamics of (1.1) in
principle is dominated by the KPP region when c � 1, by the bistable region when c � −1, and by
the KPP plus the bistable regions when |c| is intermediate. One may already have a global picture
in mind for each situation, based on the known results in [4, 22, 29]. Although, let us propose the
following fundamental questions with respect to the large-time dynamics of (1.1):

• when c � 1, the environment is almost the KPP region for large times, however the bistable
region still remains on the right. Then, we wonder whether the bistable region can be negligible?
In other words, what is the influence of the bistable region?

• when c � −1, the environment is asymptotically governed by the bistable region, but there is
still the KPP region on the left. Similar as above, will the KPP region make any difference?

• when |c| is intermediate, the environment is composed of KPP-transition-bistable regions. Sup-
pose the bistable region is unfavorable, i.e.

∫ 1
0 fb(s)ds < 0, will the solution be blocked in the

right direction?

As a matter of fact, it is not easy to give immediate answers without a serious thinking, in that, very
different from homogeneous monostable or bistable setting, the effect of advection here significantly
complicates the long-time dynamics of (1.1). Our goal is to give a comprehensive analysis for (1.1)
for large times according to different ranges of the advection c, from which we expect to understand
as much as possible the above-mentioned questions.

Propagation with rightward blocking when c ∈ [cm,+∞)

We begin by showing the propagation with rightward blocking result when c ≥ cm.

Theorem 1.1 (Propagation with rightward blocking). Assume that c ≥ cm. Then, u propagates to
the left with speed cm + c and to the right with speed cm − c, in the sense that

∀ ε > 0, lim
t→+∞

(
sup

x∈(−∞,−(cm+c+ε)t]∪[(cm−c+ε)t,+∞)
u(t, x)

)
= 0,

∀ ε ∈ (0, cm), lim
t→+∞

(
sup

−(cm+c−ε)t≤x≤(cm−c−ε)t
|u(t, x)− 1|

)
= 0.

(1.10)
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Complete propagation vs. rightward blocking when c ∈ (−cm, cm)

When c ∈ (−cm, cm), we shall prove that the solution can always spread to the left, whereas rightward
propagation or rightward blocking are both possible, depending on the sign of cb− c. Let us point out
that at this stage there is no further requirements on u0.

• Leftward propagation when c ∈ (−cm, cm)

Theorem 1.2 (Leftward propagation). Assume that c ∈ (−cm, cm). Then, u propagates to the left
with speed cm + c > 0 in the sense that

∀ ε > 0, lim
t→+∞

(
sup

x≤−(cm+c+ε)t
u(t, x)

)
= 0,

∀ ε ∈ (0, cm + c), ∀ δ > 0, ∃x1 < −L, lim sup
t→+∞

(
sup

−(cm+c−ε)t≤x≤x1

|u(t, x)− 1|
)
< δ.

(1.11)

In particular, sup−c2t≤x≤−c1t |u(t, x)− 1| → 0 as t→ +∞ for every 0 < c1 ≤ c2 < cm + c.

• Rightward propagation vs. rightward blocking with speed zero when c ∈ (−cm, cm)

We will distinguish our analysis into two cases: either c > cb or c ≤ cb, where the former means
max(cb,−cm) < c < cm, and for the latter it suffices to consider the situation when −cm < cb and
c ∈ (−cm, cb], in that the case of c ≤ cb ≤ −cm is outside the range (−cm, cm).

Theorem 1.3 (Rightward blocking with speed zero). Assume that c ∈ (−cm, cm) and c > cb. Then,
u is blocked in the right direction, that is,

u(t, x) → 0 as x→ +∞, uniformly in t ≥ 0. (1.12)

Furthermore, u satisfies

u(t, ·)− U → 0 as t→ +∞, locally uniformly in x ∈ R, (1.13)

where U is the unique positive bounded stationary solution of (1.1) such that U(−∞) = 1 and
U(+∞) = 0, given in Proposition 4.1.

Theorem 1.4 (Rightward propagation). Assume that −cm < cb and c ∈ (−cm, cb]. Then, u propagates
completely, namely,

u(t, x) → 1 as t→ +∞, locally uniformly in x ∈ R. (1.14)

Furthermore,

(i) if c ∈ (−cm, cb), then u propagates to the right with speed cb−c > 0. Moreover, there exist X > L
and ξ ∈ R such that

lim
t→+∞

(
sup
x≥X

|u(t, x)− ϕ(x− (cb − c)t+ ξ)|
)
= 0,

where ϕ is the unique bistable traveling wave profile;

(ii) if c = cb, then u propagates to the right with speed zero, in the sense that (1.14) holds and
supx≥νt u(t, x) → 0 as t→ +∞ for every ν > 0.

Remark. Combining the above three theorems, we can conclude that complete propagation occurs
when c ∈ (−cm, cb] provided that −cm < cb and propagation with rightward blocking takes place when
c ∈ (−cm, cm) and c > cb. Moreover, Theorems 1.3–1.4 demonstrate that the rightward propagation
phenomena is totally determined by the sign of cb − c, provided that c ∈ (−cm, cm).
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• Theorem 1.3: We notice that cm > c > cb, which means on the one hand the advection pushes
the solution to leave the bistable region, but on the other hand the solution grows in the KPP
region and invades towards the right direction. Thus a saturation state - blocking in the right
direction - is formed, in the sense that the solution eventually converges to a positive steady
state U . This implies that the sign of cb (equivalently whether the bistable region is favorable
or not) is not important, and it is the effect of advection plus the power of the KPP region that
leads to the only possibility - blocking.

• Theorem 1.4: In the particular case c = 0 ≤ cb, this result coincides, among other things, with
that of [29, Theorem 2.13], which means that propagation is due to the favorableness of the
bistable region. However, we find that here it is not the case in general. Again, the sign of
cb does not matter. Propagation may occur even when the bistable region is unfavorable, no
matter how small the initial datum u0 is. This reflects the power of both the advection and the
KPP region.

Conditional complete propagation vs. extinction when c ∈ (−∞,−cm]

Eventually, let us deal with the case that c ≤ −cm . Here, the bistable region dominates the environ-
ment, therefore whether the bistable region is favorable or not, i.e. sign of cb, really matters now. It
turns out that propagation phenomena are determined by the sign of cb and/or by the size and the
location of u0.

• Conditional complete propagation

In the case where c ≤ −cm and cb > 0, the bistable region can be either favorable or unfavorable
depending on the initial data. Our following result says that for initially “large enough” localized
population set in bistable region, the species can persist and spread. Furthermore, we show that u
eventually approaches two diverging bistable traveling waves with speeds cb+c and cb−c, respectively.

Theorem 1.5 (Conditional complete propagation). Assume that c ≤ −cm and cb > 0. Then for any
η > 0, there is L∗ > 0 such that the following holds: for any nonnegative continuous and compactly
supported initial datum1 satisfying u0 ≥ θ + η on an interval of size L∗, the solution u of (1.1) with
initial datum u0 propagates to the right with speed cb − c and to the left with speed cb + c. Moreover,
there are X > L and zi ∈ R (i = 1, 2) such that

lim
t→+∞

(
sup

x≥X−ct
|u(t, x)− ϕ(x− (cb − c)t+ z1)|

)
= 0. (1.15)

and
lim

t→+∞

(
sup

x≤X−ct
|u(t, x)− ϕ(−x− (cb + c)t+ z2)|

)
= 0, (1.16)

where ϕ is the bistable traveling wave profile.

Let us comment that the rightward convergence result (1.15) is indeed in the same spirit as [22,29],
where the bistable region can be analyzed somehow in a standard way. In contrast, the study of the
leftward propagation phenomena needs much effort in that the KPP region still exists on the left side
of the environment, as already pointed out at the very beginning. The challenge of our analysis is
therefore a simultaneous consideration of both the KPP region and the bistable region. Our conclusion
(1.16) implies that, although the KPP region cannot be ignored in the proof, essentially it does not
affect the leftward front position at all.

1Here we do not restrict the location of the initial datum u0. In fact, this theorem is still true, when such u0 is fully
set in the bistable region.
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• Conditional extinction

In the end, we provide some sufficient conditions for extinction under the assumption that c ≤ −cm.

Theorem 1.6 (Conditional extinction). Assume that c ≤ −cm. Then, u will extinct, namely,
u(t, x) → 0 as t→ +∞ uniformly in x ∈ R, provided one of the following conditions is satisfied:

(i) cb < 0;

(ii) spt(u0) is included in the bistable region and ‖u0‖L∞(R) < θ.

Now that Theorem 1.6 is parallel to the standard result for the classical bistable equation, one
may wonder what is the trouble of the advection and of the KPP region here? Roughly speaking, in
the course of building upper barriers, it is necessary to distinguish c > cb, c = cb and c < cb, under
the assumption (i); while when assuming (ii), the KPP region cannot be overlooked so that part of
the supersolution has to work in the KPP region, which reflects the concern of the advection and of
the KPP region. Moreover, a discussion on Theorem 1.6 (ii) is that we believe it can be relaxed but
somehow it is not easy to find an optimal one. A heuristic explanation is the following: suppose that
spt(u0) is large enough and fully located in the KPP region, i.e., far to the left, and ‖u0‖L∞(R) < θ,
the solution may have a chance to persist with u(T, ·) ≥ θ+ η on an interval of size L∗ for some large
T > 0, which will lead to propagation provided that cb > 0, due to Theorem 1.5.

Sharp estimate of the level sets in the left direction when c ∈ (−cm,+∞)

Given ϱ ∈ (0, 1), define the level set E−
ϱ (t) = inf{x ∈ R|u(t, x) = ϱ} for any t > 0.

Theorem 1.7. Assume that c > −cm. Then, u propagates to the left with speed cm + c, thanks to
Theorems 1.1–1.2, and for every ϱ ∈ (0, 1),

E−
ϱ (t) = −(cm + c)t+

3

2λ∗
ln t+Ot→+∞(1)

with λ∗ = cm/2.

This theorem demonstrates that whenever the KPP region plays a role as (part of) the habitat,
the leftward propagation will be very similar to the homogeneous KPP case in the sense that the same
logarithmic correction appears regarding the asymptotic position of the level sets in the left direction,
which means that the effect of the bistable region is rather weak. Then, one can ask whether such
logarithmic delay of the level sets remains true in terms of the rightward propagation with speed cm−c
when c ≥ cm? As a matter of fact, assume that c ≥ cm, by defining E+

ϱ (t) = sup{x ∈ R|u(t, x) = ϱ}
for any t > 0 and for any ϱ ∈ (0, 1), one readily observes that E+

ϱ (t) ≤ (cm − c)t− 3/(2λ∗) ln t+C for
some C ∈ R, since equation (8.1) with fm(v) instead of f(y − ct, v) produces such an upper bound.
This means that there exists at least a logarithmic delay for the level sets in the rightward propagation.
However, how to catch a lower bound of E+

ϱ (t) is far from clear, which also strongly rests on the effect
of the bistable region. This is beyond the scope of this work and is left as an open question.

We are now in a position to comment on the aforementioned questions in order:

• when c ≥ cm, the environment is almost the KPP region for large times, the solution behaves
the KPP property globally, see Theorem 1.1. Moreover, the famous Bramson’s result in O(1)
precision remains true when considering the leftward front position (actually this is true when
c > −cm), see Theorem 1.7, which means that the bistable region, if makes any difference for the
leftward position of the level sets when c > −cm, is at most of O(1) order. Nevertheless, we are
still unclear about the influence of the bistable region on the precision position in the rightward
direction when c ≥ cm.
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• when c ≤ −cm, the bistable region dominates the environment, and the propagation phenomena
are similar to the standard results for classical bistable equation, see Theorems 1.5-1.6. Unlike
the situation mentioned above, we are fortunate to be able to simultaneously address both the
KPP and bistable regions when analyzing convergence in the left direction. At this time, the
KPP region, although exists on the left and causes challenging difficulties in the course of our
analysis, does not affect global dynamics of the solution.

• when c ∈ (−cm, cm), the environment is composed of KPP-transition-bistable regions. The
rightward propagation phenomena - either blocking or propagation - are actually determined by
the sign of cb−c, see Theorems 1.3-1.4. Even though the bistable region is assumed unfavorable,
the KPP region plus the effect of the advection can drive the solution to propagate towards the
right direction. For more careful discussion in this situation, we refer to the remark right after
Theorem 1.4.

In addtion, it is also noteworthy that our results, in the specific case c = 0, align with those in [29]
which indeed provides foundational insight for our work.

Compared with existing literature for analyzing the effect of heterogeneous advection on nonlin-
ear spreading and propagation phenomena for reaction-diffusion equations with a single dynamical
mechanism (either KPP or bistable or combustion type) of the form

ut −∇ · (A(x)∇u) + q(x) · ∇u = f(x, u), (1.17)

with diffusion matrix A(x) and drift q(x) [5, 6, 10–12, 19, 26–28, 33, 41–44], here we consider the sim-
ple constant advection mode for the reaction-diffusion-advection equation (1.1) in a heterogeneous
environment of KPP-transition-bistable type, and investigate all the possibilities of propagation phe-
nomena by exhausting different values of the advection. To the best of our knowledge, our work is the
first to address the possible effects of the advection on the propagation phenomena and the speeds
of propagation in such a heterogeneous dynamical setting. More generally, our problem can be easily
generalized to a high dimensional situation:

ut −∆u+ αux = f(x, u), in Ω,

where Ω ⊂ RN is a straight cylinder and q(x) = αe1 represents a shear flow, which can be studied in
a similar way but one needs to pay attention to the effect of the geometry of the domains.

Organization of the paper. The main body of the paper is devoted to the proofs of theorems in
this section.

2 Preliminary results
Lemma 2.1. There holds cm > cb.

Proof. Let w and z be respectively the solution to the Cauchy problem (1.5) in R+×R with f replaced
by fm and fb, associated with the same initial data. First of all, one readily infers from the comparison
principle that w(t, x) > z(t, x) for t > 0 and x ∈ R, which implies cm ≥ cb.

Assume towards contradiction that cm = cb. Let us focus on the region x > 0. It follows from [22,
Theorem 3.2], there exists ξ ∈ R such that supx>0

∣∣z(t, x) − ϕ(x − cbt + ξ)
∣∣ → 0 as t → +∞. This

implies that the level sets of z is asymptotically cbt + Ot→+∞(1). On the other hand, it is known
from [30] that the level sets of w behave asymptotically as cmt− 3/(2λ∗) ln t+Ot→+∞(1), which move
apprently slower than the front propagation of z. This is a contradiction. We then conclude that
cm > cb.
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Lemma 2.2. The solution u to (1.1) satisfies

sup
x∈R

u(t, x) ≤ 1 as t→ +∞.

Namely, for any ε > 0, there exists T > 0 such that supx∈R u(t, x) ≤ 1 + ε for all t ≥ T .

Remark. Based upon Lemma 2.2, we observe that the solution of (1.1) will eventually be bounded
from above by 1 for large times albeit with a small nuance, no matter how large the L∞ norm of u0
is. Therefore, we assume with no loss of generality that the initial condition u0 is nontrivial such that,
for any ε > 0, there holds 0 ≤ u0(x) < 1 + ε for x ∈ R throughout this paper.

Proof. Let ξ be the solution to the ODE ξ′(t) = fm(ξ(t)) for t ≥ 0 with initial condition ξ(0) =
max

(
1, ‖u0‖L∞(R)), it follows that ξ(t) ↘ 1 as t → +∞. By the comparison principle, one has 0 <

u(t, x) ≤ ξ(t) for all (t, x) ∈ (0,+∞) × R, which implies that u(t, x) ≤ 1 as t → +∞ uniformly for
x ∈ R. This completes the proof.

The following lemma provides the Gaussian upper bounds for the solution u to (1.1).

Lemma 2.3. Let L1 > 0, L2 > 0, and let u be the solution to the Cauchy problem ut = uxx+cux+f(u),
with a nonnegative continuous and compactly supported initial datum u0 satisfying spt(u0) ⊂ [−L1, L2],
where the C1(R+) function f is assumed to satisfy f(s) ≤ Ks for all s ≥ 0 with some constant K > 0.
Then there holds, for all t > 0,

u(t, x) ≤MeKte−
(x+ct+L1)

2

4t for all x ≤ −ct−L1, and u(t, x) ≤MeKte−
(x+ct−L2)

2

4t for all x ≥ L2−ct,

with M := max(1, ‖u0‖L∞(R)).

Proof. Set z = x+ ct and v(t, z) = u(t, z − ct), then v(t, z) satisfies

vt = vzz + f(v) t > 0, z ∈ R,

with initial condition u0 satisfying spt(u0) ⊂ [−L1, L2]. By the comparison principle, for any z ∈ R
and t > 0,

v(t, z) ≤ eKt

√
4πt

∫
R
e−

(z−y)2

4t u0(y)dy =
eKt

√
4πt

∫ L2

−L1

e−
(z−y)2

4t u0(y)dy.

This gives that for t > 0,

v(t, z) ≤MeKte−
(z+L1)

2

4t for all z ≤ −L1, and v(t, z) ≤MeKte−
(z−L2)

2

4t for all z ≥ L2,

Turning back to the function u, the conclusion immediately follows.

Lemma 2.4. Assume that c ∈ (−cm, cm). Then u(t, x) is semi-persistent, that is, for every x ∈ R,

inf
x≤x̄

(
lim inf
t→+∞

u(t, x)
)
> 0.

Moreover, (1.1) admits positive stationary solutions, and any positive stationary solution p of (1.1)
satisfies p(−∞) = 1.

Proof. For any 0 < ε < 1
4(c

2
m − c2), one can choose R > 0 large enough such that

π

2R
<

√
f ′m(0)− ε− c2

4
. (2.1)
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Then, define Ψ : R → R as

Ψ(x) =

{
e−

c
2
x cos

( π

2R
x
)

in [−R,R],

0 elsewhere.
(2.2)

Then there exists η0 > 0 such that −(ηΨ)′′− c(ηΨ)′ ≤ fm(ηΨ) in (−R,R) for all 0 < η ≤ η0. Fix now
any x0 ≤ −L−R and pick η ∈ (0, η0] such that ηΨ(· − x0) < u(1, ·) in R.

Let z be the solution to (1.1) with initial datum z(0, ·) = ηΨ(· − x0) in R. The strong maximum
principle applied in (0,+∞) × [−L − 2R,−L] yields that z(t, x) > z(0, x) = ηΨ(x − x0) for t > 0
and x ∈ [−L − 2R,−L]. Therefore, z(t + h, ·) > z(t, ·) in R for every h > 0 and t ≥ 0. Namely, z is
increasing with respect to t. Moreover, the comparison principle implies that 0 < z(t, x) < u(t+ 1, x)
for all t > 0 and x ∈ R. It then follows from parabolic estimates that z(t, ·) converges as t → +∞,
locally uniformly in R, to a positive bounded stationary solution p of (1.1). Clearly, p(x) ≥ z(t, x) > 0
for t > 0 and x ∈ R. Furthermore, together with Lemma 2.2, it follows that

0 < p(x) ≤ lim inf
t→+∞

u(t, x) ≤ lim sup
t→+∞

u(t, x) ≤ 1, locally uniformly for x ∈ R. (2.3)

Since p is continuous and positive in R, one gets from (2.3) that, for any given x > x0,

lim inf
t→+∞

u(t, x) ≥ min
[x0,x]

p > 0 for all x ∈ [x0, x]. (2.4)

In view of (2.4), to prove the semi-persistence result, it suffices to show

inf
x≤x0

lim inf
t→+∞

u(t, x) > 0. (2.5)

Notice also that p(x) > z(0, x) for x ∈ R. By continuity of p and z(0, ·), there is κ̂ > 1 such that
p > ηΨ(· − κx0) in [κx0 −R, κx0 +R] for all κ ∈ [1, κ̂]. Define

κ∗ := sup
{
κ ≥ 1 : p > ηΨ(· − κ̃x0) in [κ̃x0 −R, κ̃x0 +R] for all κ̃ ∈ [1, κ]

}
.

It follows that κ∗ ≥ κ̂ > 1. We only need to prove κ∗ = +∞. Assuming by contradiction that κ∗ <
+∞, we see from the definition of κ∗ that p ≥ ηΨ(· − κ∗x0) in [κ∗x0 − R, κ∗x0 + R] and there is
x∗ ∈ [κ∗x0 − R, κ∗x0 + R] such that p(x∗) = ηΨ(x∗ − κ∗x0). Since p > 0 in R and Ψ(· − κ∗x0) = 0
at κ∗x0 ±R, one has x∗ ∈ (κ∗x0 −R, κ∗x0 +R). Then the strong elliptic maximum principle implies
that p ≡ ηΨ(· − κ∗x0) in (κ∗x0 −R, κ∗x0 +R) and then in [κ∗x0 −R, κ∗x0 +R] by continuity, which
is impossible. Thus, κ∗ = +∞ and p > ηΨ(· − κx0) in [κx0 − R, κx0 + R] for all κ ≥ 1. This implies
particularly that p(x) > ηΨ(0) = η for x ≤ x0. It follows from (2.3) that lim inft→+∞ u(t, x) >
η for all x ≤ x0, and hence, (2.5) holds. We then obtain the semi-persistence result, as well as the
existence of positive stationary solutions to (1.1).

Assume that p is a positive stationary solution of (1.1) in R, let us show that p(−∞) = 1. Fix
x1 < −L−R. Since the function Ψ given in (2.2) is compactly supported in R, we can choose η ∈ (0, η0]
such that ηΨ(· − x1) < p in R. By repeating the arguments to obtain the semi-persistence result, we
have ηΨ(· − x̃) < p in R for any x̃ < −L − R, which further implies that lim infx→−∞ p(x) > 0. We
now claim that

lim inf
x→−∞

p(x) > 0 =⇒ p(−∞) = 1.

Indeed, let us consider an arbitrary sequence (xn)n∈N in R diverging to −∞ as n → +∞ and define
pn := p(· + xn) in R for each n ∈ N. By standard elliptic estimates, the sequence (pn)n∈N converges
as n→ +∞, up to extraction of some subsequence, in C2

loc(R) to a bounded function p∞ which solves
p′′∞ + cp′∞ + fm(p∞) = 0 in R. In view of lim infx→−∞ p(x) > 0, we have infR p∞ > 0. Notice that
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fm > 0 in (0, 1) and fm < 0 in (1,+∞), it then follows that the equilibrium 1 attracts all solutions of
ξ′(t) = fm(ξ(t)) with any positive initial data ξ(0). Therefore, a comparison argument implies p∞ ≡ 1
in R. That is, pn → 1 as n → +∞ in C2

loc(R). Since the sequence (xn)n∈N was arbitrarily chosen, we
conclude that p(x) → 1 and p′(x) → 0 as x → −∞. Our claim is achieved. This completes the proof
of Lemma 2.4.

Lemma 2.5. Assume that c ≤ −cm. Then, for any x0 ∈ R,

lim
t→+∞

u(t, x) = 0, uniformly in x ≤ −(cm + c)t+ x0. (2.6)

In particular, limt→+∞ u(t, x) = 0 uniformly for x ≤ x0.
Proof. Let w be the solution of wt = wxx + cwx + f ′m(0)w for t > 0 and x ∈ R, associated with initial
condition w(0, ·) = u0 in R. Then,

w(t, x) =
ef

′
m(0)t

√
4πt

∫
R
e−

[x+(cm+c)t−cmt−y]2

4t u0(y)dy

=
e

c2mt

4

√
4πt

∫
R
e−

[x+(cm+c)t−y]2−2[x+(cm+c)t−y](cmt)+(cmt)2

4t u0(y)dy

≤ 1√
4πt

∫
R
e

2[x+(cm+c)t−y](cmt)
4t u0(y)dy

=
1√
4πt

e
[x+(cm+c)t]cm

2

∫
R
e

−cmy
2 u0(y)dy

from which we deduce that supx≤−(cm+c)t+x0
w(t, x) → 0 as t → +∞, for any x0 ∈ R. This, together

with the comparison principle, implies (2.6).

3 Propagation in the KPP region when c ≥ cm and when c ∈ (−cm, cm):
Proofs of Theorems 1.1–1.2

We now give the proofs of Theorem 1.1 – describing the complete propagation when c ≥ cm and of
Theorem 1.2 – concerning the spreading property in the left direction when c ∈ (−cm, cm).

Proofs of Theorems 1.1–1.2. Assume that c > −cm. The conclusion can be easily reached by compar-
ison arguments.

Let g(x, s) : R × R+ 7→ R be a C1 function. Moreover, we also require that g satisfies g(x, 0) =
g(x, 1) = 0 for each x ∈ R, and g(x, s) ≤ f(x, s) for (x, s) ∈ R × R+, g(x, s) = fm(s) for x ∈
(−∞,−L], g(x, s) = −rs for y ∈ [L,+∞), g(x, s) is nonincreasing in x ∈ R for each s ∈ R+. Let z
be the solution to problem zt = zxx + czx + g(x, z) starting with initial value z0 = u0 in R. Notice
that z behaves as a lower barrier and it is known from, for instance, Theorem 1.3 (ii) and (iii) of [24]
that z satisfies (1.10)–(1.11) when c ≥ cm and when c ∈ (−cm, cm), respectively.

On the other hand, define by w the solution of wt = wxx + cwx + fm(w) in R+ × R with initial
datum w0 = u0 in R, it follows from [3] that w satisfies property (1.10). By the comparison priniciple,
we have z(t, x) ≤ u(t, x) ≤ w(t, x) for (t, x) ∈ R+ × R. As a consequence, taking into account the
properties satisfied by z and w, the conclusion in Theorems 1.1–1.2 immediately follows.

4 Blocking in bistable region when c ∈ (−cm, cm) and c > cb: Proof of
Theorem 1.3

As preliminaries, we first show the existence and uniqueness of positive bounded stationary solutions
for the above two cases respectively, which will play crucial roles in the course of our investigation.
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Proposition 4.1. Assume that c ∈ (−cm, cm) and c > cb. Then problem (1.1) admits a unique positive
bounded stationary solution U such that U(−∞) = 1 and U(+∞) = 0. Such U satisfies 0 < U < 1
and U ′ < 0 in R.

Based on Proposition 4.1, we point out that if u0 satisfies 0 ≤ u0 ≤ U in R, then the comparison
principle immediately implies that the associated solution u of the Cauchy problem (1.1) will satisfy
0 ≤ u(t, x) ≤ U(x) for all (t, x) ∈ R+ × R, hence it is blocked in the bistable region.

Proof. We divide our proof into four steps.
Step 1. Existence. For ε ∈ (0, (1− θ)/2), let fb,ε be a C1(R) function such that{

fb,ε(0) = fb,ε(θ) = fb,ε(1 + ε) = 0, f ′b,ε(0) < 0, f ′b,ε(1 + ε) < 0,

fb,ε > 0 in (−∞, 0) ∪ (θ, 1 + ε), fb,ε < 0 in (0, θ) ∪ (1 + ε,+∞).
(4.1)

Moreover, we assume that fb,ε ≥ fb in R, fb,ε = fb in (0, 1− ε), and fb,ε is decreasing in [1− ε, 1 + ε].
For each ε ∈ (0, (1− θ)/2), let ϕε be the unique traveling front profile of ut = uxx + fb,ε(u) such that

ϕ
′′
ε + cb,εϕ

′
ε + fb,ε(ϕε) = 0 in R, ϕ

′
ε < 0 in R, ϕε(L) = 1, ϕε(−∞) = 1 + ε, ϕε(+∞) = 0, (4.2)

with speed cb,ε. It is standard to see that ϕε → ϕ in C2
loc(R) and cb,ε → cb as ε→ 0. Since cb < c, we

can fix ε ∈ (0, (1− θ)/2) small enough such that cb,ε is close enough to cb and cb,ε < c.
Let u be the solution of (1.1) in R+ × R with initial condition

u0(x) = min
(
ϕε(x), 1

)
for x ∈ R. (4.3)

We observe that u0 ≡ 1 in (−∞, L] and u0 = ϕε in (L,+∞). As long as u0 = ϕε < 1, since
ϕ
′′
ε + cϕ

′
ε + fb(ϕε) = ϕ

′′
ε + cb,εϕ

′
ε + fb,ε(ϕε) + (c− cb,ε)ϕ

′
ε + fb(ϕε)− fb,ε(ϕε) < 0 in R, it follows that u0

is a stationary supersolution of (1.1) in R.
Let u be the solution of (1.1) with initial condition u0 = ηΨ(·−x0) given in (2.2) for x0 ≤ −L−R

with R > 0 given in (2.1). We can choose η > 0 sufficiently small such that u0 < u0 in R. The
comparison principle implies that

0 < u(t, x) < u(t, x) < u0(x) for all t > 0 and x ∈ R. (4.4)

Moreover, u is increasing with respect to t and u is decreasing with respect to t in R+ × R. From
standard parabolic estimates, u(t, ·) and u(t, ·) converge as t→ +∞, locally uniformly in R, to classical
positive stationary solutions p and q of (1.1), respectively. The comparison principle implies that

0 < u(t, x) < p(x) ≤ q(x) < u0, for t > 0, x ∈ R. (4.5)

Moreover, since max(−cm, cb) < c < cm, we infer from Lemma 2.4 that p(−∞) = q(−∞) = 1. On the
other hand, since limx→+∞ u0(x) = 0, we deduce from (4.5) that p(+∞) = q(+∞) = 0. Therefore,
we have shown the existence of positive bounded stationary solution U of (1.1) such that U(−∞) = 1
and U(+∞) = 0.
Step 2. 0 < U < 1 in R. Let now U be a positive stationary solution of (8.1) such that U(−∞) = 1
and U(+∞) = 0. Indeed, (4.5) implies that U > 0 in R. It suffices to show that U < 1 in R.
To do so, we first suppose that there is x̂ ∈ R such that U(x̂) = maxR U > 1. Hence, U ′(x̂) = 0
and U ′′(x̂) ≤ 0. We then observe that 0 = U ′′(x̂) + cU ′(x̂) + f(x̂, U(x̂)) < 0, which is impossible.
Therefore, U ≤ 1 in R. If there is x̄ ∈ R such that U(x̄) = 1, then it is necessarily a local maximum of
U , whence U ′(x̄) = 0. The Cauchy-Lipschitz theorem implies that U ≡ 1 in [x̄,+∞). This contradicts
U(+∞) = 0. Consequently, 0 < U < 1 in R.
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Step 3. Uniqueness. Suppose that U and W are two distinct positive bounded stationary solutions of
(1.1) connecting 1 and 0. We notice that U and W have the same decay rate at ±∞, that is,

1− U(x) = O(eηx) = 1−W (x) as x→ −∞, U(x) = O(e−ζx) =W (x) as x→ +∞ (4.6)

with η = (−c +
√
c2 − 4f ′m(1))/2 > 0 and ζ = (c +

√
c2 − 4f ′b(0))/2 > 0. Therefore, one can choose

κ0 > 0 sufficiently large such that W > U(·+ κ0) in R, thanks to (4.6). Define

κ∗ = inf{κ ∈ R :W > U(·+ κ) in R}.

We observe that −∞ < κ∗ ≤ κ0. Set w := W − U(·+ κ∗). By continuity, it follows that the function
w is nonnegative in R and vanishes at some point x0 ∈ R. Moreover, w satisfies

−w′′(x)−cw′(x) = f(x,W (x))−f(x+κ∗, U(x+κ∗)) ≥ f(x,W (x))−f(x, U(x+κ∗)) = γ(x)w(x) x ∈ R,

for some bounded function γ in R. Since w(x0) = 0, the strong maximum principle implies that w ≡ 0
in R. That is, W (x) = U(x + κ∗) for x ∈ R. Suppose that κ∗ > 0, then we derive that both U and
U(·+ κ∗) are stationary solutions of (1.1), which is impossible since

0=U ′′(x+κ∗)+cU ′(x+κ∗)+f(x, U(x+κ∗)) ≩ U ′′(x+κ∗)+cU ′(x+κ∗)+f(x+κ∗, U(x+κ∗))=0 for x ∈ R,

contradiction, thanks to the hypothesis (1.2) on f . Similarly, we also exclude the case that κ∗ < 0.
Therefore, κ∗ = 0, which simply means that W ≡ U in R. Consequently, such stationary solution of
(1.1) connecting 1 and 0 is unique.
Step 4. U ′ < 0 in R. Assume by contradiction that the unique positive stationary solution of (8.1)
such that U(−∞) = 1 and U(+∞) = 0 is not strictly decreasing in R, there then exists a > 0 such
that U ≥ U(· + a) in R and U(x∗) = U(x∗ + a) for some x∗ ∈ R. In particular, the functions U and
U(·+ a) are strictly separated and ordered for all |x| large enough. Define z := U − U(·+ a) in R, it
follows that z ≥6= 0 in R and z(x∗) = 0. Moreover, z satisfies

−z′′(x)− cz′(x) = f(x, U(x))− f(x+ a, U(x+ a)) ≥ f(x, U(x))− f(x, U(x+ a)) = µ(x)z(x), x ∈ R,

for some bounded function µ in R. Since z(x∗) = 0, the strong maximum principle implies that z ≡ 0
in R. With the same reasoning as in Step 3, we arrive at a contradiction. Consequently, U is strictly
decreasing in R. The proof of Proposition 4.1 is complete.

We now carry out the proof of Theorem 1.3. The proof, among other things, is based on a
comparison with a traveling front with zero speed as a barrier.

Proof of Theorem 1.3. The strategy of the proof consists in constructing a supersolution which blocks
the solution u(t, x) for all times t ≥ 0 as x→ +∞.
Step 1. Blocking. Set M = max(‖u0‖L∞(R), 1) + 1. For any ε ∈ (0, (1 − θ)/2), let fb,ε ∈ C1(R) be
defined as in the beginning of the proof of Proposition 4.1, with M this time instead of 1 + ε. There
is then a decreasing front profile ϕε solving (4.2). It is seen that ϕε → ϕ in C2

loc(R) and cb,ε → cb
as ε → 0. We then fix ε ∈ (0, (1 − θ)/2) small enough such that cb,ε is close enough to cb and
cb,ε < c. One can choose A > 0 sufficiently large such that max(u0(x), 1) ≤ ϕε(−A) for all x ≤ L and
u0(x) ≤ ϕε(x−A− L) for all x ≥ L.

Define u by2

u(x) =

{
ϕε(−A) if x < L,

ϕε(x−A− L) if x ≥ L.
(4.7)

2We remark here that the construction of u relies only on the assumption that c > cb.
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For x ≤ L, due to u(x) = ϕε(−A) ≥ 1, one has that f(x, ϕε(−A)) ≤ 0. Moreover, since u(x) =
ϕε(x−A− L) for x ≥ L, it is observed that

ut − uxx − cux − f(x, u) = −ϕ′′ε − cϕ
′
ε − fb(ϕε) ≥ −ϕ′′ε − cb,εϕ

′
ε − f b,ε(ϕε) = 0, x ≥ L, (4.8)

by noticing that ϕ′ε < 0, c > cb,ε and fb ≤ fb,ε in R. Therefore, u is a stationary supersolution of (1.1)
in R, with u0 ≤ u in R. The comparison principle implies that u(t, x) ≤ u(x) for t ≥ 0 and x ∈ R.
Consequently, u will be blocked. That is,

u(t, x) → 0 as x→ +∞, uniformly in t ≥ 0.

Step 2. Convergence to the stationary solution U . We denote by u1 the solution to the Cauchy problem
(1.1) with initial datum u1(0, ·) = u in R with u given in (4.7) such that u1(0, ·) > u0 in R, and by u2
the solution to the Cauchy problem (1.1) with initial condition u2(0, ·) = ηΨ(· − x0) < u(1, ·) in R for
η > 0 small enough and for some x0 ≤ −L− R, where R > 0 and Ψ are given as in (2.1)–(2.2). The
comparison principle implies that

0 < u2(t, x) < u(t+ 1, x) < u1(t+ 1, x) < u1(0, x) = u(x) for all t > 0 and x ∈ R. (4.9)

Moreover, u2 is increasing with respect to t and u1 is decreasing with respect to t in (0,+∞) × R.
From standard parabolic estimates, u2(t, ·) and u1(t, ·) converge as t → +∞, locally uniformly in R,
to classical stationary solutions p and q of (1.1), respectively. Moreover, there holds

0 < p(x) ≤ lim inf
t→+∞

u(t, x) ≤ lim sup
t→+∞

u(t, x) ≤ q(x) ≤ u(x), (4.10)

locally uniformly for x ∈ R.
In view of max(−cm, cb) < c < cm, by Lemma 2.4, we eventually arrive at p(−∞) = q(−∞) = 1.

On the other hand, since u is nonnegative and ϕε(+∞) = 0, one also derives that p(+∞) = q(+∞) = 0.
Furthermore, it follows from Proposition 4.1 that p = q = U in R. Therefore, the local uniform
convergence of u(t, ·) to U as t → +∞ follows immediately from (4.10). The proof of Theorem 1.3 is
therefore complete.

5 Propagation in bistable region when −cm < cb and c ∈ (−cm, cb]:
Proof of Theorem 1.4

In this section, we study the rightward spreading speed and the attractiveness of the bistable traveling
wave when −cm < cb, motivated by [22,29].

Proposition 5.1. Assume that −cm < cb and c ∈ (−cm, cb], then V ≡ 1 is the unique positive
stationary solution of (1.1).

Proof. Suppose that V is a positive bounded stationary solution of (1.1). Since cb < cm, we have
c ∈ (−cm, cm). It then follows from Lemma 2.4 that V (−∞) = 1. We prove now that V ≤ 1 in R. In
fact, let ξ(t) be the solution of the ODE ξ′(t) = fm(ξ(t)) for t > 0 associated with ξ(0) = ‖V ‖L∞(R)+1.
We notice that ξ(t) ↘ 1 as t→ +∞. By comparison principle, there holds V (x) < ξ(t) for t ≥ 0 and
x ∈ R, whence V (x) ≤ 1 for x ∈ R. To complete the proof, it remains to prove that V ≥ 1 in R. In
the sequel, we deal with the case that c < cb and c = cb, respectively.
Step 1. The case that c < cb. To show that V ≥ 1 in R, we build a subsolution as a lower barrier
which moves to the right with speed δ > 0. To be specific, for ε ∈ (0,min(θ, 1 − θ)/2), let fb,ε be a
C1(R) function such that{

fb,ε(−ε) = fb,ε(θ) = fb,ε(1− ε) = 0, f ′b,ε(−ε) < 0, f ′b,ε(1− ε) < 0,

fb,ε = fb in (ε, 1− 2ε), fb,ε > 0 in (−∞,−ε) ∪ (θ, 1− ε), fb,ε < 0 in (−ε, θ) ∪ (1− ε,+∞).
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We further assume that fb,ε ≤ fb in R and that fb,ε is decreasing in [−ε, ε] and in [1− 2ε, 1]. For each
ε ∈ (0,min(θ, 1− θ)/2), let ϕ̃ε be the unique traveling front profile of ut = uxx + fb,ε(u) such that

ϕ̃′′ε + cb,εϕ̃
′
ε + fb,ε(ϕ̃ε) = 0 in R, ϕ̃′ε < 0 in R, ϕ̃ε(0) = θ, ϕ̃ε(−∞) = 1− ε, ϕ̃ε(+∞) = −ε, (5.1)

with speed cb,ε. It is standard to see that ϕ̃ε → ϕ in C2
loc(R) and cb,ε → cb as ε → 0. We then fix

ε ∈ (0,min(θ, 1− θ)/2) small enough such that cb,ε > c.
Since V (−∞) = 1 and V > 0 in R, one can choose x0 ∈ R such that ϕ̃ε(· − x0) < V in R. Fix now

0 < δ < cb,ε − c, and define

u(t, x) = max
(
ϕ̃ε(x− δt− x0), 0

)
, t ≥ 0, x ∈ R. (5.2)

Let us now check that u is a subsolution to (1.1) in R+×R. To do so, it suffices to check the situation
of u(t, x) = ϕ̃ε(x− δt− x0) > 0, where we have

ut − uxx − cux − f(x, u) ≤ −ϕ̃′′ε − (c+ δ)ϕ̃′ε − fb(ϕ̃ε) < −ϕ̃′′ε − cb,εϕ̃
′
ε − fb,ε(ϕ̃ε) = 0,

due to the fact that f(x, s) is nonincreasing with respect to x for each s > 0, and that c + δ < cb,ε
and fb,ε ≤ fb. Therefore, u is a subsolution to (1.1) for t ≥ 0 and x ∈ R. By comparison principle, it
follows that

u(t, x) < V (x), t ≥ 0, x ∈ R. (5.3)

However, we observe that such a subsolution u moves to the right with speed δ > 0, which implies
that supx<δt u→ 1− ε as t→ +∞. Since ε > 0 is arbitrarily chosen and small enough, together with
(5.3), we exclude the possibility that V < 1 somewhere in R. Thus, V ≥ 1 in R. Consequently, we
have achieved V ≡ 1 in the case of c ∈ (−cm, cb).
Step 2. The case that c = cb. Assume by contradiction that V (x0) < 1 for some point x0 ∈ R. Let ϕ
be the bistable traveling wave profile such that

ϕ′′ + cbϕ
′ + fb(ϕ) = 0 in R, ϕ(0) = θ, ϕ(−∞) = 1, ϕ(+∞) = 0.

By observing that ϕ(x) satisfies

−ϕ′′ − cbϕ
′ − f(x, ϕ) ≤ −ϕ′′ − cbϕ

′ − fb(ϕ) = 0 in R,

it follows that ϕ is a stationary subsolution of (1.1) in R. Moreover, we observe that V (x) ≥ O(e−αx) =
ϕ(x) as x→ +∞, with α given in (1.9), whereas as x→ −∞ one has 1−ϕ(x) = O(eβx) and 1−V (x) =

O(eγx) with β given in (1.9) and γ = (−cb +
√
c2b − 4f ′m(1))/2 > β, due to f ′m(1) ≤ f ′b(1) < 0. It

follows that 1 − V (x) decays faster than 1 − ϕ(x) as x → −∞. There then exists η0 ∈ R such that
V > ϕ(·+ η0) in R. Now define

η∗ = inf{η ∈ R : V > ϕ(·+ η0) in R}.

One has that −∞ < η∗ ≤ η0 by noticing that V (x0) < ϕ(−∞) = 1 in R, as assumed. By continuity,
the function w := V − ϕ(·+ η∗) is nonnegative, nontrivial and vanishes somewhere. Namely, there is
x0 ∈ R such that w(x0) = 0 and w satisfies

−w′′(x)− cbw
′(x) = f(x, V )− fb(ϕ(x+ η∗)) ≥ fb(V )− fb(ϕ(x+ η∗)) = r(x)w(x), x ∈ R,

for some bounded function r in R. The strong maximum principle implies that w ≡ 0 in R, i.e.
V ≡ ϕ(· + η∗) in R. This is impossible, contradicting the asymptotic behaviors of V and ϕ as
x→ −∞. We have proven that V ≥ 1 in R, whence V ≡ 1 also holds true in the case of −cm < c = cb.
The proof of Proposition 5.1 is complete.
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Proof of Theorem 1.4. Proposition 5.1 gives that V ≡ 1 is the unique positive bounded stationary
solution of (1.1). The comparison principle then implies that 0 < u(t, x) ≤ M := max(1, ‖u0‖L∞(R))
for all t > 0 and x ∈ R.

Let z be the solution to the Cauchy problem (1.1) with initial condition z(0, ·) = ηΨ(·−x0) < u(1, ·)
in R for η > 0 small enough and for any arbitrary x0 ≤ −L − R, where R > 0 and Ψ are given
as in (2.1)–(2.2), thanks to the condition that c ∈ (−cm, cb] ⊂ (−cm, cm); while let w denote the
solution to (1.1) with initial condition w(0, ·) = M in R. The comparison principle implies that
0 < z(t, x) < u(t + 1, x) < w(t + 1, x) ≤ M for all t > 0 and x ∈ R. Moreover, z is increasing with
respect to t and w is nonincreasing with respect to t in R+ ×R. From parabolic estimates, z(t, ·) and
w(t, ·) converge as t → +∞, locally uniformly in R, to positive classical stationary solutions p and q
of (1.1), respectively. Moreover, there holds

0 < p ≤ lim inf
t→+∞

u(t, ·) ≤ lim sup
t→+∞

u(t, ·) ≤ q ≤M, (5.4)

locally uniformly in R. Based on Proposition 5.1, it is immediate to see that p ≡ 1 = q in R.
Consequently, it follows that u(t, x) → 1 as t→ +∞, locally uniformly for x ∈ R. This proves (1.14).

Next, we shall prove Theorem 1.4 (i), which relies on three preliminary lemmas.

Lemma 5.2. Assume that c < cb. The following holds true for some µ > 0 and δ > 0:

(i) there exist X1 > L, T1 > 0, z1 ∈ R such that

u(t, x) ≤ ϕ(x− (cb− c)(t−T1)+ z1)+ δe−δ(t−T1)+ δe−µ(x−X1) for all t ≥ T1 and x ≥ X1, (5.5)

(ii) assume further that −cm < cb and c ∈ (−cm, cb), there exist X2 > L, T2 > 0, z2 ∈ R such that

u(t, x) ≥ ϕ(x− (cb− c)(t−T2)+ z2)− δe−δ(t−T2)− δe−µ(x−X2) for all t ≥ T2 and x ≥ X2, (5.6)

where ϕ is the unique bistable traveling front profile solving (1.6) with fb instead of f , with speed
ν = cb and with ϕ(0) = θ.

Proof. We first introduce some parameters. Choose µ > 0 such that

0 < µ < min

(
max[−2δ,1+2δ] |f ′b|

cm
,
1

2

(
c+

√
c2 + 2min

(
|f ′b(0)|, |f ′b(1)|

)))
. (5.7)

Then we take δ > 0 such that
0 < δ < min

(
µ(cb − c),

1

2
,
|f ′b(0)|

2
,
|f ′b(1)|

2

)
,

f ′b ≤
f ′b(0)

2
in [−2δ, 3δ], f ′b ≤

f ′b(1)

2
in [1− 3δ, 1 + 2δ].

(5.8)

Let C > 0 be such that

ϕ ≥ 1− δ/2 in (−∞,−C] and ϕ ≤ δ in [C,+∞). (5.9)

Since ϕ′ is negative and continuous in R, there is κ > 0 such that

ϕ′ ≤ −κ < 0 in [−C,C]. (5.10)

Finally, pick ω > 0 so large that
κω ≥ 2δ + max

[−2δ,1+2δ]
|f ′b|, (5.11)
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and B > ω such that(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µB <

(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ(B−ω) ≤ δ. (5.12)

Step 1: proof of (5.5). First of all, it follows from Lemma 2.2 that there are X1 > L and T1 > 0 such
that

u(t, x) ≤ 1 +
δ

2
for all t ≥ T1 and x ≥ X1. (5.13)

Moreover, since u(t, x) has a Gaussian upper bound at each fixed t > 0 for all |x| large enough by
Lemma 2.3, whereas ϕ(s) decays exponentially to 0 as s→ +∞ by (1.9), there is A ≥ B such that

u(T1, x) ≤ ϕ(x−X1 −A− C) + δ for all x ≥ X1. (5.14)

For t ≥ T1 and x ≥ X1, let us define

u(t, x) = ϕ(ξ(t, x)) + δe−δ(t−T1) + δe−µ(x−X1),

where
ξ(t, x) = x−X1 − (cb − c)(t− T1) + ωe−δ(t−T1) − ω −A− C.

Let us check that u(t, x) is a supersolution to ut = uxx+cux+fb(u) for t ≥ T1 and x ≥ X1. At time T1,
one has u(T1, x) ≥ ϕ(x−X1−A−C)+δ ≥ u(T1, x) for all x ≥ X1, by (5.14). Moreover, since ξ(t,X1) ≤
−A−C < −C for t ≥ T1, one gets that u(t,X1) ≥ 1−δ/2+δe−δ(t−T1)+δ ≥ 1+δ/2 ≥ u(t,X1) by (5.9)
and (5.13). Thus, it remains to check that Nu(t, x) :=ut(t, x)−uxx(t, x)− cux(t, x)−fb(u(t, x))≥0 for
all t ≥ T1 and x ≥ X1. After a straightforward computation, one derives

Nu(t, x) = fb(ϕ(ξ(t, x)))− fb(u(t, x))− ϕ′(ξ(t, x)))ωδe−δ(t−T1) − δ2e−δ(t−T1) − (µ2 − cµ)δe−µ(x−X1).

We distinguish three cases:

• if ξ(t, x) ≤ −C, one has 1 − δ/2 ≤ ϕ(ξ(t, x)) < 1 by (5.9), hence 1 + 2δ > u(t, x) ≥ 1 − δ/2; it
follows from (5.8) that fb(ϕ(ξ(t, x)))− fb(u(t, x)) ≥ −(f ′b(1)/2)

(
δe−δ(t−T1) + δe−µ(x−X1)

)
and it

then can be deduced from (5.7)–(5.8) as well as the negativity of ϕ′ and f ′b(1) that

Nu(t, x) ≥ −
f ′b(1)

2

(
δe−δ(t−T1) + δe−µ(x−X1)

)
− δ2e−δ(t−T1) − (µ2 − cµ)δe−µ(x−X1)

=
(
−
f ′b(1)

2
− δ

)
δe−δ(t−T1) +

(
−
f ′b(1)

2
− µ2 + cµ

)
δe−µ(x−X1) > 0;

• if ξ(t, x) ≥ C, one derives 0 < ϕ(ξ(t, x)) ≤ δ by (5.9), and then 0 < u(t, x) ≤ 3δ; it follows
from (5.8) that fb(ϕ(ξ(t, x))) − fb(u(t, x)) ≥ −(f ′b(0)/2)

(
δe−δ(t−T1) + δe−µ(x−X1)

)
; by virtue

of (5.7)–(5.8) and the negativity of ϕ′ and f ′b(0), there holds

Nu(t, x) ≥ −
f ′b(0)

2

(
δe−δ(t−T1) + δe−µ(x−X1)

)
− δ2e−δ(t−T1) − (µ2 − cµ)δe−µ(x−X1)

=
(
−
f ′b(0)

2
− δ

)
δe−δ(t−T1) +

(
−
f ′b(0)

2
− µ2 + cµ

)
δe−µ(x−X1) > 0;

• if −C ≤ ξ(t, x) ≤ C, it turns out that x − X1 ≥ (cb − c)(t − T1) − ωe−δ(t−T1) + ω + A ≥
(cb − c)(t − T1) + B, whence e−µ(x−X1) ≤ e−µ((cb−c)(t−T1)+B). By (5.8) and (5.10)–(5.12), one
infers that

Nu(t, x) ≥ − max
[−2δ,1+2δ]

|f ′b|
(
δe−δ(t−T1)+δe−µ(x−X1)

)
+κωδe−δ(t−T1)−δ2e−δ(t−T1)−(µ2 − cµ)δe−µ(x−X1)
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≥
(
κω − δ − max

[−2δ,1+2δ]
|f ′b|

)
δe−δ(t−T1) −

(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
δe−µ((cb−c)(t−T1)+B)

≥
(
κω − 2δ − max

[−2δ,1+2δ]
|f ′b|

)
δe−δ(t−T1) ≥ 0.

As a consequence, we have proven that Nu(t, x) := ut(t, x)− uxx(t, x)− cux(t, x)− fb(u(t, x)) ≥ 0
for all t ≥ T1 and x ≥ X1. The maximum principle implies that

u(t, x) ≤ u(t, x) = ϕ
(
x−X1 − (cb − c)(t− T1) + ωe−δ(t−T1) − ω −A− C

)
+ δe−δ(t−T1) + δe−µ(x−X1)

for all t ≥ T1 and x ≥ X1, whence (5.5) is achieved by taking T1 = X1 and z1 = −X1 − ω − A − C,
since ϕ is decreasing.

Step 2: proof of (5.6). Assume that −cm < cb and c ∈ (−cm, cb). Since u(t, ·) → 1 as t→ +∞ locally
uniformly in R by (1.14), one can choose T2 > 0 large enough and X2 > L such that

u(t, x) ≥ 1− δ for all t ≥ T2 and for all x ∈ [X2, X2 +B + 2C]. (5.15)

For t ≥ T2 and x ≥ X2, we set

u(t, x) = ϕ(ξ(t, x))− δe−δ(t−T2) − δe−µ(x−X2),

in which
ξ(t, x) = x−X2 − (cb − c)(t− T2)− ωe−δ(t−T2) + ω −B − C.

We shall check that u(t, x) is a subsolution to ut = uxx + cux + fb(u) for all t ≥ T2 and x ≥ X2. At
time t = T2, one has u(T2, x) ≤ 1− δ − δe−µ(x−X2) ≤ 1− δ ≤ u(T2, x) for X2 ≤ x ≤ X2 +B + 2C due
to (5.15). For x ≥ X2+B+2C, one infers from ξ(T2, x) ≥ X2+B+2C−X2−B−C = C and (5.9) that
ϕ(ξ(T2, x)) ≤ δ, hence u(T2, x) ≤ δ− δ− δe−µ(x−X2) < 0 < u(T2, x). In conclusion, u(T2, x) ≤ u(T2, x)

for all x ≥ X2. At x = X2, we have u(t,X2) ≤ 1 − δe−δ(t−T2) − δ < u(t,X2) for all t ≥ T2, owing
to (5.15). It thus suffices to check that Nu(t, x) := ut(t, x)− uxx(t, x)− cux(t, x)− fb(u(t, x)) ≤ 0 for
all t ≥ T2 and x ≥ X2. By a straightforward computation, one has

Nu(t, x) = fb(ϕ(ξ(t, x)))− fb(u(t, x)) + ϕ′(ξ(t, x))ωδe−δ(t−T2) + δ2e−δ(t−T2) + (µ2 − cµ)δe−µ(x−X2)

By analogy to Step 1, we consider three cases:

• if ξ(t, x) ≤ −C, then 1 − δ/2 ≤ ϕ(ξ(t, x)) < 1 by (5.9) and thus 1 > u(t, x) ≥ 1 − 3δ; thanks
to (5.8), one has fb(ϕ(ξ(t, x))) − fb(u(t, x)) ≤ (f ′b(1)/2)(δe

−δ(t−T2) + δe−µ(x−X2)); therefore, by
using (5.7)–(5.8) as well as the negativity of ϕ′ and f ′b(1), it comes that

Nu(t, x) <
f ′b(1)

2

(
δe−δ(t−T2) + δe−µ(x−X2)

)
+ δ2e−δ(t−T2) + (µ2 − cµ)δe−µ(x−X2)

=
(f ′b(1)

2
+ δ

)
δe−δ(t−T2) +

(f ′b(1)
2

+ µ2 − cµ
)
δe−µ(x−X2) < 0;

• if ξ(t, x) ≥ C, then 0 < ϕ(ξ(t, x)) ≤ δ by (5.9) and thus −2δ < u(t, x) ≤ δ; it follows from (5.8)
that fb(ϕ(ξ(t, x))) − fb(u(t, x)) ≤ (f ′b(0)/2)(δe

−δ(t−T2) + δe−µ(x−X2)); therefore, owing to (5.7)–
(5.8) as well as the negativity of ϕ′ and f ′b(0), one infers that

Nu(t, x) <
f ′b(0)

2

(
δe−δ(t−T2) + δe−µ(x−X2)

)
+ δ2e−δ(t−T2) + (µ2 − cµ)δe−µ(x−X2)

=
(f ′b(0)

2
+ δ

)
δe−δ(t−T2) +

(f ′b(0)
2

+ µ2 − cµ
)
δe−µ(x−X2) < 0;
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• if −C ≤ ξ(t, x) ≤ C, one has x−X2 ≥ (cb−c)(t−T2)+ωe−δ(t−T2)−ω+B ≥ (cb−c)(t−T2)−ω+B,
whence e−µ(x−X2) ≤ e−µ((cb−c)(t−T2)+B−ω); by (5.8) and (5.10)–(5.12), one deduces that

Nu(t, x) ≤ max
[−2δ,1+2δ]

|f ′b|
(
δe−δ(t−T2) + δe−µ(x−X2)

)
− κωδe−δ(t−T2) + δ2e−δ(t−T2) + (µ2 − cµ)δe−µ(x−X2)

≤
(

max
[−2δ,1+2δ]

|f ′b| − κω + δ
)
δe−δ(t−T2) +

(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
δe−µ((cb−c)(t−T2)+B−ω)

≤
(

max
[−2δ,1+2δ]

|f ′b| − κω + 2δ
)
δe−δ(t−T2) ≤ 0.

Consequently, one has Nu(t, x) := ut(t, x) − uxx(t, x) − cux(t, x) − fb(u(t, x)) ≤ 0 for all t ≥ T2
and x ≥ X2. The maximum principle implies that

u(t, x) ≥ u(t, x) = ϕ
(
x−X2 − (cb − c)(t− T2)− ωe−δ(t−T2) + ω −B − C

)
− δe−δ(t−T2) − δe−µ(x−X2)

for all t ≥ T2 and x ≥ X2. Therefore, (5.6) is proved by taking z2 = −X2 + ω − B − C, since ϕ is
decreasing. The proof of Lemma 5.2 is thereby complete.

More general than Lemma 5.2, we have:

Lemma 5.3. Assume that c < cb. Then for any ε > 0,

(i) there exist X1,ε > L, T1,ε > 0 and z1,ε ∈ R such that

u(t, x) ≤ ϕ(x− (cb−c)(t−T1,ε)+z1,ε)+εe−δ(t−T1,ε)+εe−µ(x−X1,ε), t ≥ T1,ε, x ≥ X1,ε, (5.16)

(ii) assume further that −cm < cb and c ∈ (−cm, cb), there exist X2,ε > L, T2,ε > 0 and z2,ε ∈ R
such that

u(t, x) ≥ ϕ(x− (cb−c)(t−T2,ε)+z2,ε)−εe−δ(t−T2,ε)−εe−µ(x−X2,ε), t ≥ T2,ε, x ≥ X2,ε, (5.17)

with µ > 0, δ > 0 as given in Lemma 5.2.

Remark. A straightforward consequence of Lemmas 5.2–5.3 is that (5.5)–(5.6) and (5.16)–(5.17) hold
true under the assumption of Theorem 1.4 (i), i.e. when −cm < cb and c ∈ (−cm, cb).

Proof. Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 be defined as in (5.7)–(5.11) (notice that these
parameters are independent of ε). It is immediate to see from Lemma 5.2 that, when ε ≥ δ, the
conclusion of Lemma 5.3 holds true with Xi,ε = Xi, Ti,ε = Ti and zi,ε = zi, for i = 1, 2. It remains to
discuss the case

0 < ε < δ.

For convenience, let us introduce some further parameters. Pick Cε > C > 0 such that

ϕ ≥ 1− ε

2
in (−∞,−Cε] and ϕ ≤ ε in [Cε,+∞).

Define
ωε :=

εω

δ
> 0. (5.18)

Finally, let Bε > ωε be large enough such that(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µBε <

(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ(Bε−ωε) ≤ δ.
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Step 1: proof of (5.16). By repeating the arguments used in the proof of (5.13)–(5.14) in Step
1 of Lemma 5.2 and by replacing δ with ε, there are T1,ε large enough and X1,ε > L such that
u(t,X1,ε) ≤ 1 + ε/2 for all t ≥ T1,ε and u(T1,ε, x) ≤ ϕ(x − X1,ε − Aε − Cε) + ε for all x ≥ X1,ε, for
some Aε ≥ Bε. Define

uε(t, x) = ϕ(ξε(t, x)) + εe−δ(t−T1,ε) + εe−µ(x−X1,ε) for t ≥ T1,ε and x ≥ X1,ε,

where
ξε(t, x) = x−X1,ε − (cb − c)(t− T1,ε) + ωεe

−δ(t−T1,ε) − ωε −Aε − Cε.

Following the same lines as in Step 1 of Lemma 5.2, one has uε(X1,ε, x) ≥ u(X1,ε, x) for all x ≥ X1,ε,
uε(t,X1,ε) ≥ u(t,X1,ε) for all t ≥ T1,ε, and it can be deduced that uε(t, x) is a supersolution to
ut = uxx + cux + fb(u) for all t ≥ T1,ε and x ≥ X1,ε, by dividing the calculations into three cases:

• if ξ(t, x) ≤ −C, then 1−δ/2 ≤ ϕ(ξ(t, x)) < 1 by (5.9), hence 1+2δ ≥ 1+2ε ≥ uε(t, x) ≥ 1−δ/2;
therefore, by using (5.7)–(5.8) and the negativity of ϕ′ and f ′b(1), it follows that

Nuε(t, x) ≥ −
f ′b(1)

2

(
εe−δ(t−T1,ε) + εe−µ(x−X1,ε)

)
− δεe−δ(t−T1,ε) − (µ2 − cµ)εe−µ(x−X1,ε)

=
(
−
f ′b(1)

2
− δ

)
εe−δ(t−T1,ε) +

(
−
f ′b(1)

2
− µ2 + cµ

)
εe−µ(x−X1,ε) > 0;

• if ξ(t, x) ≥ C, then 0 < ϕ(ξε(t, x)) ≤ δ by (5.9) and thus 0 < uε(t, x) ≤ 3δ; therefore, owing
to (5.7)–(5.8) as well as the negativity of ϕ′ and f ′b(0), it follows that

Nuε(t, x) ≥ −
f ′b(0)

2

(
εe−δ(t−T1,ε) + εe−µ(x−X1,ε)

)
− δεe−δ(t−T1,ε) − (µ2 − cµ)εe−µ(x−X1,ε)

=
(
−
f ′b(0)

2
− δ

)
εe−δ(t−T1,ε) +

(
−
f ′b(0)

2
− µ2 + cµ

)
εe−µ(x−X1,ε) ≥ 0;

• if −C ≤ ξε(t, x) ≤ C, one has x−X1,ε ≥ (cb − c)(t− T1,ε)− ωεe
−δ(t−T1,ε) + ωε +Aε +Cε −C ≥

(cb − c)(t − T1,ε) + Bε, hence e−µ(x−X1,ε) ≤ e−µ((cb−c)(t−T1,ε)+Bε); since ωε = εω/δ, one infers
from (5.8), (5.10)–(5.11) and (5.21), that

Nuε(t, x) ≥ − max
[−2δ,1+2δ]

|f ′b|
(
εe−δ(t−T1,ε) + εe−µ(x−X1,ε)

)
+κωεδe

−δ(t−T1,ε)

−εδe−δ(t−T1,ε)−(µ2 − cµ)εe−µ(x−X1,ε)

≥
(
− max

[−2δ,1+2δ]
|f ′b|+κω−δ

)
εe−δ(t−T1,ε)−

(
max

[−2δ,1+2δ]
|f ′b|+µ2 −cµ

)
εe−µ((cb−c)(t−T1,ε)+Bε)

≥
(

max
[−2δ,1+2δ]

|f ′b| − κω + 2δ
)
εe−δ(t−T1,ε) ≥ 0.

Therefore, the maximum principle implies that

u(t, x) ≤ ϕ
(
x−X1,ε − (cb − c)(t− T1,ε) + ωεe

−δ(t−T1,ε) − ωε −Aε − Cε

)
+ εe−δ(t−T1,ε) + εe−µ(x−X1,ε)

for all t ≥ T1,ε and x ≥ X1,ε. Consequently, (5.16) follows by choosing z1,ε = −X1,ε − ωε −Aε − Cε.

Step 2: proof of (5.17). Using the same argument as for the proof of (5.15) with δ replaced by ε, one
infers that there exist X2,ε > L and T2,ε > 0 sufficiently large such that

u(t, x) ≥ 1− ε for all t ≥ T2,ε and x ∈ [X2,ε, X2,ε +Bε + 2Cε].
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Then we set

uε(t, x) = ϕ(ξ
ε
(t, x))− εe−δ(t−T2,ε) − εe−µ(x−X2,ε) for t ≥ T2,ε and x ≥ X2,ε,

in which
ξ
ε
(t, x) = x−X2,ε − (cb − c)(t− T2,ε)− ωεe

−δ(t−T2,ε) + ωε −Bε − Cε.

As in the proof of (5.6), one can show that uε(T2,ε, x) ≤ u(T2,ε, x) for all x ≥ X2,ε, that uε(t,X2,ε) ≤
u(t,X2,ε) for all t ≥ T2,ε, and that uε(t, x) is a subsolution of ut = uxx + cux + fb(u) for all t ≥ T2,ε
and x ≥ X2,ε. By the maximum principle, one derives that

u(t, x) ≥ ϕ
(
x−X2,ε − (cb − c)(t− T2,ε)− ωεe

−δ(t−T2,ε) + ωε −Bε − Cε

)
− εe−δ(t−T2,ε) − εe−µ(x−X2,ε)

for all t ≥ T2,ε and x ≥ X2,ε. Then (5.17) follows by taking z2,ε = −X2,ε +ωε −Bε −Cε, since ϕ′ < 0.
The proof of Lemma 5.3 is thereby complete.

Based on Lemmas 5.2 and 5.3, we now provide the stability result of the bistable traveling front
ϕ(x− (cb − c)t) in the bistable region, under the assumption of Theorem 1.4 (i), i.e. when −cm < cb
and c ∈ (−cm, cb).

Lemma 5.4. Assume that −cm < cb and c ∈ (−cm, cb). Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 be
as in (5.7)–(5.11) in the proof of Lemma 5.2. If there exist ε ∈ (0, δ], t0 > 0, x0 > L and ξ ∈ R such
that

sup
x≥x0

∣∣u(t0, x)− ϕ(x− (cb − c)t0 + ξ)
∣∣ ≤ ε, (5.19)

1− ε ≤ u(t, x0) ≤ 1 +
ε

2
for all t ≥ t0, (5.20)

ϕ(x0 − (cb − c)t0 + ξ) ≥ 1− ε

2
,

and (
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ((cb−c)t0−x0−ωε−ξ−C) ≤ δ (5.21)

with ωε = εω/δ, then there exists M̃ > 0 such that the following holds true:

sup
x≥x0

∣∣u(t, x)− ϕ(x− (cb − c)t+ ξ)
∣∣ ≤ M̃ε for all t ≥ t0.

Proof. We first claim that

u(t, x) = ϕ(x− (cb − c)t+ ωεe
−δ(t−t0) − ωε + ξ) + εe−δ(t−t0) + εe−µ(x−x0)

and
u(t, x) = ϕ(x− (cb − c)t− ωεe

−δ(t−t0) + ωε + ξ)− εe−δ(t−t0) − εe−µ(x−x0)

are, respectively, a super- and a subsolution of ut = uxx + cux + fb(u) for t ≥ t0 and x ≥ x0. We just
check that u(t, x) is a subsolution in detail (the supersolution can be handled in a similar way).

At time t = t0, one has u(t0, x) = ϕ(x−(cb−c)t0+ξ)−ε−εe−µ(x−x0) ≤ u(t0, x) for all x ≥ x0 thanks
to (5.19). Moreover, u(t, x0) = ϕ(x0− (cb− c)t−ωεe

−δ(t−t0)+ωε+ ξ)−εe−δ(t−t0)−ε ≤ 1−ε ≤ u(t, x0)
for all t ≥ t0, owing to (5.20). It then remains to show that Nu(t, x) := ut(t, x)−uxx(t, x)−cux(t, x)−
fb(u(t, x)) ≤ 0 for all t ≥ t0 and x ≥ x0. For convenience, we set

ξ(t, x) := x− (cb − c)t− ωεe
−δ(t−t0) + ωε + ξ.

By a straightforward computation, one has

Nu(t, x) = fb(ϕ(ξ(t, x)))− fb(u(t, x)) + ϕ′(ξ(t, x))ωεδe
−δ(t−t0) + εδe−δ(t−t0) + (µ2 − cµ)εe−µ(x−x0).

We divide our analysis into three cases:
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• if ξ(t, x) ≤ −C, then 1− δ/2 ≤ ϕ(ξ(t, x)) < 1 by (5.9), hence 1 > u(t, x) ≥ 1− δ/2−2ε ≥ 1−3δ;
therefore, by using (5.7)–(5.8) and the negativity of ϕ′ and f ′b(1), it follows that

Nu(t, x) ≤
f ′b(1)

2

(
εe−δ(t−t0) + εe−µ(x−x0)

)
+ εδe−δ(t−t0) + (µ2 − cµ)εe−µ(x−x0)

=
(f ′b(1)

2
+ δ

)
εe−δ(t−t0) +

(f ′b(1)
2

+ µ2 − cµ
)
εe−µ(x−x0) ≤ 0;

• if ξ(t, x) ≥ C, then 0 < ϕ(ξ(t, x)) ≤ δ by (5.9) and thus −2δ ≤ −2ε ≤ u(t, x) ≤ δ; therefore,
owing to (5.7)–(5.8) as well as the negativity of ϕ′ and f ′b(0), it follows that

Nu(t, x) ≤
f ′b(0)

2

(
εe−δ(t−t0) + εe−µ(x−x0)

)
+ εδe−δ(t−t0) + (µ2 − cµ)εe−µ(x−x0)

=
(f ′b(0)

2
+ δ

)
εe−δ(t−t0) +

(f ′b(0)
2

+ µ2 − cµ
)
εe−µ(x−x0) ≤ 0;

• if −C ≤ ξ(t, x) ≤ C, one has x−x0 ≥ (cb−c)(t− t0)+(cb−c)t0−x0+ωεe
−δ(t−t0)−ωε−ξ−C ≥

(cb−c)(t−t0)+(cb−c)t0−x0−ωε−ξ−C, hence e−µ(x−x0) ≤ e−µ((cb−c)(t−t0)+(cb−c)t0−x0−ωε−ξ−C);
since ωε = εω/δ, one infers from (5.8), (5.10)–(5.11) and (5.21), that

Nu(t, x) ≤ max
[−2δ,1+2δ]

|f ′b|
(
εe−δ(t−t0) + εe−µ(x−x0)

)
−κωεδe

−δ(t−t0)+εδe−δ(t−t0)+(µ2 − cµ)εe−µ(x−x0)

≤
(

max
[−2δ,1+2δ]

|f ′b|−κω+δ
)
εe−δ(t−t0)+

(
max

[−2δ,1+2δ]
|f ′b|+µ2 −cµ

)
εe−µ((cb−c)(t−t0)+(cb−c)t0−x0−ωε−ξ−C)

≤
(

max
[−2δ,1+2δ]

|f ′b| − κω + 2δ
)
εe−δ(t−t0) ≤ 0.

Eventually, one concludes that Nu(t, x) := ut(t, x) − cux(t, x) − uxx(t, x) − fb(u(t, x)) ≤ 0 for all
t ≥ t0 and x ≥ x0. The maximum principle implies that

u(t, x) ≥ u(t, x) = ϕ
(
x− (cb − c)t− ωεe

−δ(t−t0) + ωε + ξ
)
− εe−δ(t−t0) − εe−µ(x−x0)

for all t ≥ t0 and x ≥ x0. For these t and x, since ϕ′ < 0, one derives that

u(t, x) ≥ ϕ(x− (cb − c)t+ ωε + ξ)− 2ε ≥ ϕ(x− (cb − c)t+ ξ)− ωε‖ϕ′‖L∞(R) − 2ε.

Similarly, using especially that(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ((cb−c)t0−x0−ξ−C) ≤

(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ((cb−c)t0−x0−ωε−ξ−C) ≤ δ

by (5.21), one can also derive that u(t, x) ≤ u(t, x) = ϕ
(
x−(cb−c)t+ωεe

−δ(t−t0)−ωε+ξ
)
+εe−δ(t−t0)+

εe−µ(x−x0) for all t ≥ t0 and x ≥ x0, hence

u(t, x) ≤ ϕ(x− (cb − c)t− ωε + ξ) + 2ε ≤ ϕ(x− (cb − c)t+ ξ) + ωε‖ϕ′‖L∞(R) + 2ε.

In conclusion, one has

sup
x≥x0

∣∣u(t, x)− ϕ(x− (cb − c)t+ ξ)
∣∣ ≤ ωε‖ϕ′‖L∞(R) + 2ε = M̃ε for all t ≥ t0,

where M̃ := ωε‖ϕ′‖L∞(R)/ε + 2 = ω‖ϕ′‖L∞(R)/δ + 2 is independent of ε, t0, x0 and ξ. The proof of
Lemma 5.4 is thereby complete.
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Now we are in a position to complete the proof of Theorem 1.4.
Proof of Theorem 1.4 (continued). We first complete the proof of property (i). Remember that
−cm < cb and c ∈ (−cm, cb). Let X1 > L, X2 > L, T1 > 0, T2 > 0, z1 ∈ R, z2 ∈ R, µ > 0 and δ > 0
be as in Lemma 5.2, and let also C > 0 be as in (5.9) in the proof of Lemma 5.2. For t ≥ max(T1, T2)
and x ≥ max(X1, X2) > L, Lemma 5.2 implies that

ϕ(x− (cb − c)(t− T2) + z2)− δe−δ(t−T2) − δe−µ(x−X2)

≤ u(t, x) ≤ ϕ(x− (cb − c)(t− T1) + z1) + δe−δ(t−T1) + δe−µ(x−X1).
(5.22)

Consider any given sequence (tn)n∈N such that tn → +∞ as n → +∞. By standard parabolic
estimates, the functions

(t, z) 7→ un(t, z) := u(t+ tn, z + (cb − c)tn)

converge as n → +∞ up to extraction of a subsequence, locally uniformly in (t, z) ∈ R × R, to
a classical solution u∞ of (u∞)t = (u∞)zz + c(u∞)z + fb(u∞) in R × R. From (5.22) applied at
(t+ tn, z + (cb − c)tn), the passage to the limit as n→ +∞ gives

ϕ(z − (cb − c)(t− T2) + z2) ≤ u∞(t, z) ≤ ϕ(z − (cb − c)(t− T1) + z1) for all (t, z) ∈ R× R.

Then, [9, Theorem 3.1] can be adapted to yield that there exists ξ ∈ R such that u∞(t, z) = ϕ(z −
(cb − c)t+ ξ) for all (t, z) ∈ R× R, whence

un(t, z) → ϕ(z − (cb − c)t+ ξ) as n→ +∞, locally uniformly in (t, z) ∈ R× R. (5.23)

Consider now any ε ∈ (0, δ/3]. Let Aε > 0 be such that

ϕ ≥ 1− ε

2
in (−∞,−Aε] and ϕ ≤ ε

2
in [Aε,+∞). (5.24)

Set E1 := max
(
Aε − (cb − c)T1 − z1, Aε − ξ

)
and E2 := min(−Aε − (cb − c)T2 − z2,−Aε − ξ

)
< E1.

Then, it can be deduced from (5.23) that

sup
E2≤z≤E1

∣∣un(0, z)− ϕ(z + ξ)
∣∣ ≤ ε for all n large enough. (5.25)

Since tn → +∞ as n→ +∞, (5.22) and (5.24) imply that, for all n large enough, 0 < un(0, z) ≤ ε for all z ≥ E1,

1− ε ≤ un(0, z) ≤ 1 + ε for all E2 −
cb − c

2
tn ≤ z ≤ E2.

(5.26)

Furthermore, since E1 ≥ Aε − ξ and E2 ≤ −Aε − ξ, one has 0 < ϕ(z + ξ) ≤ ε

2
< ε for all z ≥ E1,

1− ε < 1− ε

2
≤ ϕ(z + ξ) < 1 for all z ≤ E2.

(5.27)

Then (5.26)–(5.27) imply that, for all n large enough,∣∣un(0, z)− ϕ(z + ξ)
∣∣ ≤ 2ε for all z ∈

[
E2 −

cb − c

2
tn, E2

]
∪ [E1,+∞).

Together with (5.25) and the definition of un(t, z), one has, for all n large enough,∣∣u(tn, x)− ϕ(x− (cb − c)tn + ξ)
∣∣ ≤ 2ε for all x ≥ E2 +

cb − c

2
tn. (5.28)
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On the other hand, one infers from Lemma 5.3 that, for all n large enough,

1− 3ε ≤ ϕ(x− (cb − c)(tn − T2,ε) + z2,ε)− εe−δ(tn−T2,ε) − εe−µ(x−X2,ε) ≤ u(tn, x)

≤ ϕ(x− (cb − c)(tn − T1,ε) + z1,ε) + εe−δ(tn−T1,ε) + εe−µ(x−X1,ε) ≤ 1 + 2ε, (5.29)

for all max(X1, X2, X1,ε, X2,ε) ≤ x ≤ E2 + (cb − c)tn/2, where X1,ε > L, X2,ε > L, T1,ε > 0, T2,ε > 0,
z1,ε ∈ R and z2,ε ∈ R were given in Lemma 5.3. Notice also that, for all n large enough,

1− ε ≤ ϕ(x− (cb − c)tn + ξ) < 1 for all max(X1, X2, X1,ε, X2,ε) ≤ x ≤ E2 +
cb − c

2
tn. (5.30)

One deduces from (5.29)–(5.30) that, for all n large enough,∣∣u(tn, x)− ϕ(x− (cb − c)tn + ξ)
∣∣ ≤ 3ε for all max(X1, X2, X1,ε, X2,ε) ≤ x ≤ E2 +

cb − c

2
tn.

Together with (5.28), one derives that, for all n large enough,∣∣u(tn, x)− ϕ(x− (cb − c)tn + ξ)
∣∣ ≤ 3ε for all x ≥ max(X1, X2, X1,ε, X2,ε).

Choose xε = max(X1, X2, X1,ε, X2,ε), then thanks to (1.14) and cb − c > 0, it follows that for all n
large enough,

1− 3ε ≤ u(t, xε) ≤ 1 +
3ε

2
for all t ≥ tn,

and

ϕ(xε − (cb − c)tn + ξ) ≥ 1− 3ε

2
,

(
max

[−2δ,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ((cb−c)tn−xε−3εω/δ−ξ−C) ≤ δ.

It then follows from Lemma 5.4 (applied with t0 = tn, x0 = xε and 3ε instead of ε) that, for all n
large enough, ∣∣u(t, x)− ϕ(x− (cb − c)t+ ξ)

∣∣ ≤ 3M̃ε for all t ≥ tn and x ≥ xε,

with M̃ given in Lemma 5.4. Since ε ∈ (0, δ/3] was arbitrary, one finally infers that

lim
t→+∞

(
sup
x≥xε

|u(t, x)− ϕ(x− (cb − c)t+ ξ)
)
= 0.

Therefore, property (i) is achieved.
It now remains to prove property (ii). Assume now that −cm < c = cb. Our goal is to show that

supx≥νt u(t, x) → 0 as t→ +∞ for every ν > 0. So let us fix ν > 0 in the sequel. For ε ∈ (0, (1−θ)/2),
let fb,ε be a C1(R) function such that{

fb,ε(0) = fb,ε(θ) = fb,ε(1 + ε) = 0, f ′b,ε(0) < 0, f ′b,ε(1 + ε) < 0,

fb,ε = fb in (−∞, 1− ε), fb,ε > 0 in (θ, 1 + ε), fb,ε < 0 in (1 + ε,+∞).

We can also choose fb,ε so that fb,ε ≥ fb in R, so that fb,ε is decreasing in [1 − ε, 1 + ε]. For each
ε ∈ (0, (1− θ)/2), let ϕε be the unique traveling front profile of ut = uxx + fb,ε(u) such that

ϕ′′ε + cb,εϕ
′
ε + fb,ε(ϕε) = 0 in R, ϕ′ε < 0 in R, ϕε(0) = θ, ϕε(−∞) = 1 + ε, ϕε(+∞) = 0,

with speed cb,ε > cb. It is standard to see that ϕε → ϕ in C2
loc(R) and cb,ε → cb as ε→ 0. We then fix

ε ∈ (0, (1− θ)/2) small enough such that 0 < cb,ε − cb < ν.
By Lemma 2.2, there are large enough T > 0 and X > L such that u(t, x) ≤ 1 + ε/2 for all t ≥ T

and x ≥ X. Since u(t, x) has a Gaussian upper bound as x→ +∞ at each fixed t > 0 by Lemma 2.3,
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whereas ϕε(s) has an exponential decay (similar to (1.9)) as s→ +∞, it follows that there is A > 0 such
that u(T, x) ≤ ϕε(x−(cb,ε−cb)T −A) for all x ≥ X, and u(t,X) ≤ ϕε(X−(cb,ε−cb)t−A) for all t ≥ T
(here we also use the fact cb,ε > cb and ϕε(−∞) = 1+ ε). By setting u(t, x) := ϕε(x− (cb,ε − cb)t−A)
for t ≥ T and x ≥ X, a direct computation yields that

ut − uxx − cbux − fb(u) = −(cb,ε − cb)ϕ
′
ε(ξ(t, x))− ϕ′′ε(ξ(t, x))− cbϕ

′
ε(ξ(t, x))− fb(ϕε(ξ(t, x)))

= fb,ε(ϕε(ξ(t, x)))− fb(ϕε(ξ(t, x))) ≥ 0, t ≥ T, x ≥ X,

with ξ(t, x) := x − (cb,ε − cb)t − A, since fb,ε ≥ fb in R. The comparison principle implies that 0 <
u(t, x) ≤ ϕε(x− (cb,ε − cb)t−A) for all t ≥ T and x ≥ X, hence supx≥νt u(t, x) → 0 as t→ +∞, since
cb,ε − c < ν and ϕε(+∞) = 0. This completes the proof of Theorem 1.4.

6 Conditional complete propagation vs. extinction when c ∈ (−∞,−cm]

6.1 Conditional complete propagation: Proof of Theorem 1.5

In this subsection, we investigate the leftward propagation properties when c ∈ (−∞,−cm] for “large
enough” initial data, inspired by [22, 29]. This is notably different from the preceding section. Here,
we must consider both the KPP region and the bistable region simultaneously, leading to a more
intricate analysis compared to the sections above.

Lemma 6.1. Assume that c ≤ −cm. Then there exist T3 > 0, X3 > L, z3 ∈ R, µ > 0 and δ > 0 such
that

u(t, x) ≤ ϕ
(
− x− (cb + c)(t− T3) + z3

)
+ δe−δ(t−T3) + δe−µ(x−X3) for t ≥ T3 and x ≥ X3. (6.1)

Proof. We recall that cb < cm which is already proved in the introduction. It implies that −cm < −cb,
whence c < −cb, namely c+ cb < 0.

We first introduce some parameters. Choose µ > 0 such that

0 < µ <
1

2

(
c+

√
c2 + 2min

(
|f ′b(0)|, |f ′b(1)|

))
. (6.2)

Choose δ > 0 such that
0 < δ < min

(
− µ(cb + c),

1

5
,
|f ′b(0)|

2
,
|f ′b(1)|

2

)
,

f ′b ≤
f ′b(0)

2
in [0, 3δ], f ′b ≤

f ′b(1)

2
in [1− δ, 1 + 2δ].

(6.3)

Let C > 0 be such that

ϕ ≥ 1− δ/2 in (−∞,−C] and ϕ ≤ δ in [C,+∞). (6.4)

Since ϕ′ is negative and continuous in R, there is κ > 0 such that

ϕ′ ≤ −κ < 0 in [−C,C]. (6.5)

Finally, pick ω > 0 so large that
κω ≥ 2δ + max

[0,1+2δ]
|f ′b|. (6.6)

and A > ω + C such that (recall that c < 0)(
max

[0,1+2δ]
|f ′b|+ µ2 − cµ

)
e−µ(A−ω−C) ≤ δ. (6.7)
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By Lemma 2.2, we derive that there exists T3 > 0 large enough such that

u(T3, x) < 1 + δ/2 uniformly for x ∈ R. (6.8)

Fix X3 > L and X3 = X3 +A+ C. We infer from Lemma 2.5 that, up to increasing T3,

u(t, x) ≤ δ for t ≥ T3, x ∈ [X3, X3]. (6.9)

When x ≥ X3, we observe that −x+X3 +A ≤ −C and thus

ϕ(−x+X3 +A) ≥ 1− δ/2 for x ≥ X3. (6.10)

For t ≥ T3 and x ≥ X3, let us now define

u(t, x) = ϕ(ξ(t, x)) + δe−δ(t−T3) + δe−µ(x−X3),

where
ξ(t, x) = −x+X3 − (cb + c)(t− T3) + ωe−δ(t−T3) − ω +A.

Let us check that u(t, x) is a supersolution to (1.1) for t ≥ T3 and x ≥ X3. At time t = T3, one has
u(T3, x) ≥ ϕ(−x +X3 + A) + δ ≥ 1 − δ/2 + δ = 1 + δ/2 > u(T3, x) for x ≥ X3, by (6.8) and (6.10).
Thanks to (6.9), we have u(T3, x) ≥ δ ≥ u(T3, x) for x ∈ [X3, X3]. This implies that u(T3, x) ≥ u(T3, x)
for x ≥ X3. Moreover, for t ≥ T3, it is obvious that u(t,X3) ≥ δ ≥ u(t,X3), due to (6.9). Therefore,
it remains to check that Nu(t, x) := ut(t, x)−uxx(t, x)− cux(t, x)−fb(u(t, x))≥ 0 for all t ≥ T3 and
x ≥ X3. To this end, one derives from a straightforward computation that for t ≥ T3 and x ≥ X3,

Nu(t, x) = fb(ϕ(ξ(t, x)))− fb(u(t, x))− ϕ′(ξ(t, x)))ωδe−δ(t−T3) − δ2e−δ(t−T3) − (µ2 − cµ)δe−µ(x−X3).

We distinguish three cases:

• if ξ(t, x) ≤ −C, one has 1 − δ/2 ≤ ϕ(ξ(t, x)) < 1 by (6.4), hence 1 − δ/2 ≤ u(t, x) ≤ 1 + 2δ; it
follows from (6.3) that fb(ϕ(ξ(t, x)))− fb(u(t, x)) ≥ −(f ′b(1)/2)

(
δe−δ(t−T3) + δe−µ(x−X3)

)
and it

then can be deduced from the negativity of ϕ′ and f ′b(1) as well as (6.2)–(6.3) that

Nu(t, x) ≥
(
−
f ′b(1)

2
− δ

)
δe−δ(t−T3) +

(
−
f ′b(1)

2
− µ2 + cµ

)
δe−µ(x−X3) > 0;

• if ξ(t, x) ≥ C, one derives 0 < ϕ(ξ(t, x)) ≤ δ by (6.4), and then 0 < u(t, x) ≤ 3δ; it follows
from (6.3) that fb(ϕ(ξ(t, x))) − fb(u(t, x)) ≥ −(f ′b(0)/2)

(
δe−δ(t−T3) + δe−µ(x−X3)

)
; by virtue of

the negativity of ϕ′ and f ′b(0) as well as (6.2)–(6.3), there holds

Nu(t, x) ≥
(
−
f ′b(0)

2
− δ

)
δe−δ(t−T3) +

(
−
f ′b(0)

2
− µ2 + cµ

)
δe−µ(x−X3) > 0;

• if −C ≤ ξ(t, x) ≤ C, then 0 < u(t, x) ≤ 1 + 2δ. By noticing that x −X3 ≥ −(cb + c)(t − T3) −
ω + A − C, we have e−µ(x−X3) ≤ e−µ(−(cb+c)(t−T3)−ω+A−C). One infers from (6.3) and (6.5) –
(6.7) that

Nu(t, x) ≥ − max
[0,1+2δ]

|f ′b|
(
δe−δ(t−T3) + δe−µ(x−X3)

)
+ κωδe−δ(t−T3) − δ2e−δ(t−T3) − (µ2 − cµ)δe−µ(x−X3)

=
(
κω − max

[0,1+2δ]
|f ′b| − δ

)
δe−δ(t−T3) −

(
max

[0,1+2δ]
|f ′b|+ µ2 − cµ

)
δe−µ(x−X3)

≥
(
κω − max

[0,1+2δ]
|f ′b| − δ

)
δe−δ(t−T3) −

(
max

[0,1+2δ]
|f ′b|+ µ2 − cµ

)
δe−µ

(
−(cb+c)(t−T3)−ω+A−C

)
≥

(
κω − max

[0,1+2δ]
|f ′b| − 2δ

)
δe−δ(t−T3) ≥ 0.
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As a consequence, we have proven that Nu(t, x) = ut(t, x)− uxx(t, x)− cux(t, x)− fb(u(t, x)) ≥ 0
for all t ≥ T3 and x ≥ X3. The comparison principle yields that

u(t, x) ≤ u(t, x) = ϕ
(
− x+X3 − (cb + c)(t− T3) + ωe−δ(t−T3) − ω +A

)
+ δe−δ(t−T3) + δe−µ(x−X3)

for all t ≥ T3 and x ≥ X3. By picking z = A− ω +X3, the conclusion follows.

Proof of Theorem 1.5. Assume now that c ≤ −cm and cb > 0. Remember that u is the solution of (1.1)
with any nonnegative continuous and compactly supported initial datum u0 satisfying u0 ≥ θ + η for
any η > 0 on an interval of size L∗.
Step 1. Propagation. Let us look at the Cauchy problem (8.1) with initial datum v0 = u0 in R.

First of all, according to the hypothesis (1.2) of f , the solution v of (8.1) will be bounded from
below by the function w which solves wt = wyy + fb(w) (the mass of fb is positive, since cb > 0) for
t > 0 and x ∈ R with initial condition w0 = v0 in R, thanks to the comparison principle. By virtue of
Theorem 3.2 in Fife and McLeod [22], there exist some constants ξ1 ∈ R, ξ2 ∈ R, M > 0 and η > 0
such that

sup
y<0

∣∣w(t, y)− ϕ(−y − cbt+ ξ1)
∣∣+ sup

y>0

∣∣w(t, y)− ϕ(y − cbt+ ξ2)
∣∣ < Me−ηt for t > 0. (6.11)

This implies that the function w develops into a pair of diverging fronts, moving in opposite directions.
Since w plays the role of a lower barrier for the function v, one concludes that v indeed propagates to
the right and to the left, with propagation speeds no smaller than cb > 0.

Thanks to the upper barrier of u constructed in Lemma 5.2 (i) (by noticing c < cb), one uses the
transformation v(t, y) = u(t, y − ct) for (t, y) ∈ R+ × R and immediately deduces that there exist
X1 > L, T1 > 0, τ1 ∈ R, µ̄ > 0 and δ̄ > 0 such that

v(t, y) ≤ ϕ(y − cbt+ τ1) + δ̄e−δ̄(t−T1) + δ̄e−µ̄(y−ct−X1) for all t ≥ T1 and y ≥ X1 + ct, (6.12)

The remaining part of the proof will rely on the following several lemmas.

Lemma 6.2. Assume that c ≤ −cm and cb > 0. Let v be the solution of (8.1) with any nonnegative
continuous and compactly supported initial datum v0 = u0 in R, with u0 as given in Theorem 1.5.
Then there exist X2 > L, X4 > L, T2 > 0, T4 > 0, τ2 ∈ R, z4 ∈ R, µ > 0 and δ > 0 such that

v(t, y) ≥ ϕ(y − cbt+ τ2)− δe−δ(t−T2) − δe−µ(y−X2) for all t ≥ T2 and y ≥ X2, (6.13)

v(t, y) ≥ ϕ(−y − cbt+ z4)− δe−δ(t−T4) − δe−µ(X4−y) for all t ≥ T4 and y ≤ X4. (6.14)

Remark. Let u be as given in Theorem 1.5. It is obvious that (6.14) is equivalent to

u(t, x) ≥ ϕ(−x− (cb + c)t+ z4)− δe−δ(t−T4) − δe−µ(X4−x−ct) for all t ≥ T4 and x ≤ X4 − ct, (6.15)

which will be more convenient in the investigation of leftward propagation of Theorem 1.5 later on.

Proof. We first introduce some parameters. Let µ > 0, δ > 0, C > 0, κ > 0 and ω satisfy (5.7)–(5.11)
and (6.2)–(6.6). We further assume that

0 < µ <

√
min

(
|f ′b(0)|

2
,
|f ′b(1)|

2

)
, (6.16)


0 < δ < min

(
µcb,

1

5
,
|f ′b(0)|

2
,
|f ′b(1)|

2

)
,

f ′b ≤
f ′b(0)

2
in [−2δ, δ], f ′b ≤

f ′b(1)

2
in [1− 3δ, 1],

(6.17)
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and
κω ≥ 2δ + max

[−2δ,1]
|f ′b|. (6.18)

We also choose some constant B > ω such that(
max
[−2δ,1]

|f ′b|+ µ2
)
e−µ(B−ω) ≤ δ. (6.19)

Step 1. Proof of (6.13). First, (6.11) implies that v(t, y) ≥ w(t, y) ≥ ϕ(y− cbt+ ξ2)−Me−ηt for t > 0
and y ≥ 0. In particular, there exist X2 > L and T2 ≥ max(− ln(δ/(2M))/η, (X2+B+3C+ξ2)/cb) > 0
such that for X2 ≤ y ≤ X2 +B + 2C and t ≥ T2, there holds

v(t, y) ≥ w(t, y) ≥ ϕ(y − cbt+ ξ2)−Me−ηt

≥ ϕ(X2 +B + 2C − cbT2 + ξ2)−Me−ηT2 ≥ ϕ(−C)− δ/2 ≥ 1− δ.
(6.20)

For t ≥ T2 and y ≥ X2, we define

v(t, y) = ϕ(ξ(t, y))− δe−δ(t−T2) − δe−µ(y−X2),

with ξ(t, y) = y−X2−cb(t−T2)−ωe−δ(t−T2)+ω−B−C. We are going to verify that v is a subsolution for
(8.1) for t ≥ T2 and y ≥ X2. At t = T2, we notice that v(T2, y) ≤ 1−δ ≤ v(T2, y) for X2 ≤ y ≤ X2+B+
2C by virtue of (6.20), while in the region where y ≥ X2+B+2C, since ξ(T2, y) ≥ B+2C−B−C = C,
it follows that v(T2, y) ≤ δ − δ − δe−µ(y−X2) < 0 < v(T2, y). Therefore, we have v(T2, y) ≤ v(T2, y)
for y ≥ X2. Moreover, we also observe from (6.20) that v(t,X2) ≤ 1 − δe−δ(t−T2) − δ ≤ v(t,X2) for
t ≥ T2. It remains to check that vt(t, y) − vyy(t, y) − f(y − ct, v(t, y)) ≤ 0 for t ≥ T2 and y ≥ X2.
By noticing that vt(t, y)− vyy(t, y)− f(y − ct, v(t, y)) ≤ vt(t, y)− vyy(t, y)− fb(v(t, y)) =: Lv(t, y) for
t ≥ 0 and y ∈ R, it suffices to prove that Lv(t, y) ≤ 0 for t ≥ T2 and y ≥ X2. After a straightforward
computation, one derives

Lv(t, y) = fb(ϕ(ξ(t, y)))− fb(v(t, y)) + ϕ′(ξ(t, y))ωδe−δ(t−T2) + δ2e−δ(t−T2) + µ2δe−µ(y−X2).

By doing the analysis according to three cases, namely, ξ(t, y) ≤ −C, ξ(t, y) ≥ C and −C ≤ ξ(t, y) ≤ C
based on the choices of the parameters above, eventually we obtain that Lv(t, y) = vt(t, y)−vyy(t, y)−
fb(v(t, y)) ≤ 0 for t ≥ T2 and y ≥ X2. The comparison principle then implies that for t ≥ T2 and
y ≥ X2

v(t, y) ≥ ϕ(y −X2 − cb(t− T2)− ωe−δ(t−T2) + ω −B − C)− δe−δ(t−T2) − δe−µ(y−X2).

By taking τ2 = −X2 + cbT2 + ω −B − C, we then reach (6.13), as stated.

Step 2. Proof of (6.14). Fix X4 > L + B + C. We infer from (6.11) that v(t, y) ≥ w(t, y) ≥
ϕ(−y− cbt+ ξ1)−Me−ηt for t > 0 and y ≤ 0, and that v(t, y) ≥ w(t, y) ≥ ϕ(y− cbt+ ξ2)−Me−ηt for
t > 0 and y ≥ 0. Then, there exists T4 > max

(
(2C+ ξ1)/cb,−(1/η) ln(δ/(2M)), (C+X4+ ξ2)/cb

)
> 0

such that

v(t, y) ≥ w(t, y) ≥ ϕ(−y − cbt+ ξ1)−Me−ηt

≥ ϕ(C − cbT4 + ξ1)−Me−ηT4 ≥ ϕ(−C)− δ/2 ≥ 1− δ, t ≥ T4, − C ≤ y ≤ 0,

and

v(t, y) ≥ w(t, y) ≥ ϕ(y − cbt+ ξ2)−Me−ηt

≥ ϕ(X4 − cbT4 + ξ2)−Me−ηT4 ≥ ϕ(−C)− δ/2 ≥ 1− δ, t ≥ T4, 0 ≤ y ≤ X4.
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Combining the above two inequalities, it follows that

v(t, y) ≥ 1− δ for t ≥ T4 and − C ≤ y ≤ X4. (6.21)

For t ≥ T4 and y ≤ X4, set now

v̆(t, y) = ϕ(ζ(t, y))− δe−δ(t−T4) − δe−µ(X4−y),

with ζ(t, y) = −y+X4−cb(t−T4)−ωe−δ(t−T4)+ω−B−C. We are going to show that v̆ is a subsolution
for (8.1) for t ≥ T4 and y ≤ X4. Indeed, at time t = T4, we notice that v̆(T4, y) ≤ 1− δ− δe−µ(X4−y) ≤
v(T4, y) for −C ≤ y ≤ X4 by virtue of (6.21), and moreover, the observation that ζ(T4, y) ≥ C for
y ≤ −C implies that v̆(T4, y) ≤ δ−δ−δe−µ(X4−y) ≤ 0 < v(T4, y) for y ≤ −C. Thus, v̆(T4, y) ≤ v(T4, y)
for y ≤ X4. On the other hand, (6.21) also implies that v(t,X4) ≥ 1 − δ ≥ v̆(t,X4) for t ≥ T4. The
remaining parts can be proved similarly to those in Step 1 with z4 = X4 + cbT4 + ω −B − C.

At this stage, let us combine (6.12) and (6.13), by repeating the lines as in the proof of Theorem 1.4
(together with parallel results to the technical Lemmas 5.3–5.4 and with [9, Theorem 3.1]), eventually
we reach the following stability result: there exist X > L and some constant z1 ∈ R such that

sup
y≥X

|v(t, y)− ϕ(y − cbt+ z1)| → 0 as t→ +∞,

Equivalently,
sup

x≥X−ct
|u(t, x)− ϕ(x− (cb − c)t+ z1)| → 0 as t→ +∞. (6.22)

This proves the stability result (1.15) in Theorem 1.5, which also demonstrates that the rightward
propagation speed is cb − c.

From now on, we will focus on the proof of the “leftward” propagation with speed cb + c < 0. To
start with, we give a stronger estimate than (6.1) in Lemma 6.1.

Lemma 6.3. Assume that c ≤ −cm and cb > 0. Then for any ε > 0, there exist X3,ε > L, T3,ε > 0
and z3,ε ∈ R such that

u(t, x) ≤ ϕ
(
− x− (cb + c)(t− T3,ε) + z3,ε

)
+ εe−δ(t−T3,ε) + εe−µ(x−X3,ε), t ≥ T3,ε, x ≥ X3,ε, (6.23)

with µ > 0 and δ > 0 as given in Lemma 6.2.

Proof. Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 be defined as in the proof of Lemma 6.2 (all
independent of ε). It follows from Lemma 6.1 that the conclusion of Lemma 6.3 immediately holds
true when ε ≥ δ, with z3,ε = X and T3,ε = T . It is left to deal with the case where

0 < ε < δ.

Let us introduce for convenience further parameters. Fix Cε > C > 0 such that

ϕ ≥ 1− ε

2
in (−∞,−Cε], ϕ ≤ ε

2
in [Cε,+∞). (6.24)

Denote
ωε :=

εω

δ
. (6.25)

Finally, we choose Aε > ωε + Cε such that (notice that µ2 − cµ+max[0,1+2δ] |f ′b| > 0)(
µ2 − cµ+ max

[0,1+2δ]
|f ′b|

)
e−µ(Aε−ωε−Cε) < δ. (6.26)
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We simply repeat the arguments used in the proofs of (6.8) and (6.9) by replacing δ with ε. Lemma
2.2 gives the existence of T3,ε > 0 large enough such that

u(T3,ε, x) < 1 +
ε

2
uniformly for x ∈ R. (6.27)

Fix X3,ε > L and X3,ε := X3,ε +Aε + Cε. We deduce from Lemma 2.5 that, up to increasing T3,ε,

u(t, x) < ε for t ≥ T3,ε and x ∈ [X3,ε, X3,ε]. (6.28)

Define now for t ≥ T3,ε and x ≥ X3,ε,

u(t, x) = ϕ(ξ(t, x)) + εe−δ(t−T3,ε) + εe−µ(x−X3,ε),

with
ξ(t, x) := −x+X3,ε − (cb + c)(t− T3,ε) + ωεe

−δ(t−T3,ε) − ωε +Aε.

We now check that u is a supersolution to (1.1) for t ≥ T3,ε and x ≥ X3,ε. In fact, at time T3,ε, we
infer from (6.28) that

u(T3,ε, x) ≥ ε > u(T3,ε, x) for X3,ε ≤ x ≤ X3,ε.

On the other hand, in the case where x ≥ X3,ε, that is, −x + X3,ε + Aε ≤ −Cε, (6.24) and (6.27)
imply

u(T3,ε, x) ≥ ϕ(−x+X3,ε +Aε) + ε ≥ ϕ(−Cε) + ε ≥ 1 +
ε

2
> u(T3,ε, x).

Moreover, at x = X3,ε, it is easy to see that u(t,X3,ε) ≥ ε > u(t,X3,ε) for all t ≥ T3,ε due to (6.28). It
is then left to check that Nu(t, x) := ut(t, x) − uxx(t, x) − cux(t, x) − fb(u(t, x)) ≥ 0 for t ≥ T3,ε and
x ≥ X3,ε.

After a straightforward computation, we arrive at

Nu(t, x) = fb(ϕ(ξ(t, x)))− fb(u(t, x))− δωεe
−δ(t−T3,ε)ϕ′(ξ(t, x))− δεe−δ(t−T3,ε) + (cµ− µ2)εe−µ(x−X3,ε).

We divide into three cases.

• if ξ(t, x) ≤ −C, one has 1− ε/2 ≤ ϕ(ξ(t, x)) < 1, therefore 1− δ < 1− ε/2 ≤ u(t, x) < 1 + 2ε <
1 + 2δ. Thus, it follows from (6.2)–(6.3) that

Nu(t, x) ≥
(
−
f ′b(1)

2
− δ

)
εe−δ(t−T3,ε) +

(
−
f ′b(1)

2
− µ2 + cµ

)
εe−µ(x−X3,ε) > 0;

• if ξ(t, x) ≥ C, one derives 0 < ϕ(ξ(t, x)) ≤ ε/2 < δ, and then 0 < u(t, x) ≤ 3ε < 3δ. Together
with (6.2)–(6.3), there then holds

Nu(t, x) ≥
(
−
f ′b(0)

2
− δ

)
εe−δ(t−T3,ε) +

(
−
f ′b(0)

2
− µ2 + cµ

)
εe−µ(x−X3,ε) > 0;

• if −C ≤ ξ(t, x) ≤ C, then 0 < u(t, x) ≤ 1 + 2ε < 1 + 2δ. By noticing that x − X3,ε ≥
−(cb + c)(t − T3,ε) − ωε + Aε − C ≥ −(cb + c)(t − T3,ε) − ωε + Aε − Cε, we have e−µ(x−X3,ε) ≤
e−µ

(
−(cb+c)(t−T3,ε)−ωε+Aε−Cε

)
. One then infers from (6.3), (6.5), (6.6) and (6.26) that

Nu(t, x) ≥− max
[0,1+2δ]

|f ′b|
(
εe−δ(t−T3,ε) + εe−µ(x−X3,ε)

)
+ κωεδe

−δ(t−T3,ε)

− δεe−δ(t−T3,ε) − (µ2 − cµ)εe−µ(x−X3,ε)
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=
(
κω − max

[0,1+2δ]
|f ′b| − δ

)
εe−δ(t−T3,ε) −

(
max

[0,1+2δ]
|f ′b|+ µ2 − cµ

)
εe−µ(x−X3,ε)

≥
(
κω − max

[0,1+2δ]
|f ′b| − δ

)
εe−δ(t−T3,ε) −

(
max

[0,1+2δ]
|f ′b|+ µ2 − cµ

)
εe−µ

(
−(cb+c)(t−T3,ε)−ωε+Aε−Cε

)
≥
(
κω − max

[0,1+2δ]
|f ′b| − 2δ

)
εe−δ(t−T3,ε) ≥ 0.

Consequently, we have shown that Nu(t, x) = ut(t, x) − uxx(t, x) − cux(t, x) − fb(u(t, x)) ≥ 0 for
t ≥ T3,ε and x ≥ X3,ε. The maximum principle implies that

u(t, x) ≤ u(t, x) = ϕ
(
−x+X3,ε−(cb+c)(t−T3,ε)+ωεe

−δ(t−T3,ε)−ωε+Aε

)
+εe−δ(t−T3,ε)+εe−µ(x−X3,ε)

for t ≥ T3,ε and x ≥ X3,ε. Thus, (6.23) is achieved by taking z3,ε = X3,ε − ωε + Aε. This completes
the proof of Lemma 6.3.

In the same spirit of Lemma 6.3, we give below a strong version of (6.14) in Lemma 6.2, which
concerns the lower estimate of the leftward propagation front.

Lemma 6.4. Assume that c ≤ −cm and cb > 0. Let v be as given in Lemma 6.2. Then for any ε > 0,
there exist X4,ε > L, T4,ε > 0 and z4,ε ∈ R such that

v(t, y) ≥ ϕ(−y − cb(t− T4,ε) + z4,ε)− εe−δ(t−T4,ε) − εe−µ(X4,ε−y) for t ≥ T4,ε and y ≤ X4,ε, (6.29)

with µ > 0 and δ > 0 as given in Lemma 6.2.

Let u be as given in Theorem 1.5. It turns out that (6.29) is parallel to the following estimate of
u for t ≥ T4,ε and x ≤ X4,ε − ct,

u(t, x) ≥ ϕ(−x− (c+ cb)(t− T4,ε)− cT4,ε + z4,ε)− εe−δ(t−T4,ε) − εe−µ(X4,ε−x−ct), (6.30)

with µ > 0 and δ > 0 as given in Lemma 6.2.

Proof. The proof is essentially very similar to that of Lemma 6.3. We sketch the details for the sake
of completeness.

Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 be defined as in the proof of Lemma 6.2 (independent of
ε). We first notice that the case of ε ≥ δ is done in Lemma 6.2. Therefore, it is sufficient to consider
the case of 0 < ε < δ. As before, we introduce parameters Cε > 0 and ωε > 0 as in (6.24)–(6.25) for
convenience.

Fix X4,ε > Cε + ωε + L such that(
max
[−2δ,1]

|f ′b|+ µ2
)
e−µ(X4,ε−Cε−ωε) < δ. (6.31)

We infer from (6.11) that v(t, y) ≥ w(t, y) ≥ ϕ(−y − cbt + ξ1) − Me−ηt for t > 0 and y ≤ 0,
and that v(t, y) ≥ w(t, y) ≥ ϕ(y − cbt + ξ2) − Me−ηt for t > 0 and y ≥ 0. We can then choose
T4,ε > max

(
(2Cε + ξ1)/cb, (Cε +X4,ε + ξ2)/cb,−(1/η) ln(ε/(2M))

)
> 0 such that

v(t, y) ≥ w(t, y) ≥ ϕ(−y − cbt+ ξ1)−Me−ηt

≥ ϕ(Cε − cbT4,ε + ξ1)−Me−ηT4,ε ≥ ϕ(−Cε)−
ε

2
≥ 1−ε, t ≥ T4,ε, − Cε ≤ y ≤ 0,

and

v(t, y) ≥ w(t, y) ≥ ϕ(y − cbt+ ξ2)−Me−ηt

≥ ϕ(X4,ε − cbT4,ε + ξ2)−Me−ηT4,ε ≥ ϕ(−Cε)−
ε

2
≥ 1−ε, t ≥ T4,ε, 0 ≤ y ≤ X4,ε.
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Combining the above two inequalities, we obtain that

v(t, y) ≥ 1− ε for t ≥ T4,ε and − Cε ≤ y ≤ X4,ε. (6.32)

For t ≥ T4,ε and y ≤ X4,ε, let us define

v(t, y) = ϕ(ζ(t, y))− εe−δ(t−T4,ε) − εe−µ(X4,ε−y),

with ζ(t, y) = −y − cb(t − T4,ε) − ωεe
−δ(t−T4,ε) + ωε. We shall prove that v is a subsolution for (8.1)

for t ≥ T4,ε and y ≤ X4,ε. Indeed, at time t = T4,ε, we notice that v(T4,ε, y) ≤ 1− ε− εe−µ(X4,ε−y) ≤
v(T4,ε, y) for −Cε ≤ y ≤ X4,ε by virtue of (6.32). For y ≤ −Cε, the observation that ζ(T4,ε, y) ≥ Cε

implies that v(T4,ε, y) ≤ 0 < v(T4,ε, y) for y ≤ −Cε. Consequently, we derive that v(T4,ε, y) ≤ v(T4,ε, y)
for y ≤ X4,ε. At x = X4,ε, (6.32) implies that v(t,X4,ε) ≥ 1− ε ≥ v(t,X4,ε) for all t ≥ T4,ε. Therefore,
it remains to verify that vt(t, y) − vyy(t, y) − f(y − ct, v(t, y)) ≤ 0 for t ≥ T4,ε and y ≤ X4,ε. Since
vt(t, y)− vyy(t, y)− f(y − ct, v(t, y)) ≤ vt(t, y)− vyy(t, y)− fb(v(t, y)) =: Lv(t, y) for t ≥ 0 and y ∈ R,
it is therefore sufficient to check that Lv(t, y) ≤ 0 for t ≥ T4,ε and y ≤ X4,ε. By a direct computation,
we have that for t ≥ T4,ε and y ≤ X4,ε,

Lv(t, y) = fb(ϕ(ζ(t, y)))− fb(v(t, y)) + ϕ′(ζ(t, y))ωεδe
−δ(t−T4,ε) + δεe−δ(t−T4,ε) + µ2εe−µ(X4,ε−y).

Again, we distinguish between three cases:

• if ζ(t, y) ≤ −C, 1 > ϕ(ζ(t, y)) ≥ 1− ε/2 and 1 > v ≥ 1− 3ε. One infers from (6.16)–(6.17) that

Lv ≤
(f ′b(1)

2
+ δ

)
εe−δ(t−T4,ε) +

(f ′b(1)
2

+ µ2
)
εe−µ(X4,ε−y) < 0;

• if ζ(t, y) ≥ C, we have ε > ϕ(ζ(t, y)) > 0 and ε > v ≥ −2ε. Thanks to (6.16)–(6.17), one has

Lv ≤
(f ′b(0)

2
+ δ

)
εe−δ(t−T4,ε) +

(f ′b(0)
2

+ µ2
)
εe−µ(X4,ε−y) < 0;

• if −C ≤ ζ(t, y) ≤ C, it follows that −y + X4,ε ≥ cb(t − T4,ε) + X4,ε − ωε − C ≥ cb(t − T4,ε) +
X4,ε − ωε − Cε. One deduces from (6.17)–(6.18) and (6.31) that

Lv ≤ max
[−2δ,1]

|f ′b|
(
εe−δ(t−T4,ε) + εe−µ(X4,ε−y)

)
− κωεδe

−δ(t−T4,ε) + δεe−δ(t−T4,ε) + µ2εe−µ(X4,ε−y)

=
(

max
[−2δ,1]

|f ′b|+ δ − κω
)
εe−δ(t−T4,ε) +

(
max
[−2δ,1]

|f ′b|+ µ2
)
εe−µ(X4,ε−y)

≤
(

max
[−2δ,1]

|f ′b|+ δ − κω
)
εe−δ(t−T4,ε) +

(
max
[−2δ,1]

|f ′b|+ µ2
)
εe−µ(cb(t−T4,ε)+X4,ε−ωε−Cε)

≤
(

max
[−2δ,1]

|f ′b|+ 2δ − κω
)
εe−δ(t−T4,ε) ≤ 0.

We conclude that Lv(t, y) ≤ 0 for t ≥ T4,ε and y ≤ X4,ε, which implies that v is a subsolution of (8.1)
for t ≥ T4,ε and y ≤ X4,ε. The comparison principle then gives that for t ≥ T4,ε and y ≤ X4,ε,

v(t, y) ≥ v(t, y) = ϕ(−y − cb(t− T4,ε)− ωεe
−δ(t−T4,ε) + ωε)− εe−δ(t−T4,ε) − εe−µ(X4,ε−y).

Therefore, (6.29) is achieved by taking z4,ε = ωε and by noticing that ϕ′ < 0 in R. This completes the
proof.
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Lemma 6.5. Assume that c ≤ −cm and cb > 0. Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 satisfy
(6.2)–(6.6) and (6.16)–(6.18). If there exist ε ∈ (0, δ], t1 > 0, x1 > L and ξ1 ∈ R such that

sup
x≤x1−ct1

(
u(t1, x)− ϕ(−x− (cb + c)t1 + ξ1)

)
≤ ε, (6.33)

sup
x≤x1

u(t, x) ≤ ε and u(t, x1 − ct) ≤ 1 + ε/2 for t ≥ t1, (6.34)

ϕ(−x1 − cbt1 + ξ1) ≥ 1− ε/2, (6.35)
and(

max
[0,1+2δ]

|f ′b|+ µ2 − cµ
)
e−µ(−(cb+c)t1−x1−ωε+ξ1−C) +

(
max

[0,1+2δ]
|f ′b|+ µ2

)
e−µ(cbt1+x1−ξ1−C) ≤ δ (6.36)

with ωε = εω/δ, then there exists M1 > 0 such that the following holds true:

sup
x≤x1−ct

(
u(t, x)− ϕ(−x− (cb + c)t+ ξ1)

)
≤M1ε for all t ≥ t1.

Proof. The proof is based on a comparison argument. First of all, we observe that supx≤x1

(
u(t, x)−

ϕ(−x − (cb + c)t + ξ1)
)

≤ ε for all t ≥ t1, thanks to (6.34). Let us now consider t ≥ t1 and
x1 ≤ x ≤ x1 − ct. Define

u(t, x) = ϕ(−x− (cb + c)t+ ωεe
−δ(t−t1) − ωε + ξ1) + εe−δ(t−t1) + εe−µ(x−x1) + εe−µ(x1−ct−x)

for t ≥ t1 and x1 ≤ x ≤ x1 − ct. Let us prove that u is a supersolution of (1.1) for t ≥ t1 and
x1 ≤ x ≤ x1 − ct.

In fact, at time t = t1, one infers from (6.33) that u(t1, x) ≥ ϕ(−x− (cb + c)t1 + ξ1) + ε ≥ u(t1, x)
for all x1 ≤ x ≤ x1 − ct1. On the other hand, at x = x1, it follows from (6.34)–(6.35) that u(t, x1) ≥
ε ≥ u(t, x1) and u(t, x1 − ct) ≥ ϕ(−x1 − cbt1 + ξ1) + ε ≥ 1 + ε/2 ≥ u(t, x1 − ct) for all t ≥ t1. It
then remains to show that Nu(t, x) :=ut(t, x)−uxx(t, x)− cux(t, x)−fb(u(t, x))≥ 0 for all t ≥ t1 and
x1 ≤ x ≤ x1 − ct. For convenience, we set

ξ(t, x) := −x− (cb + c)t+ ωεe
−δ(t−t1) − ωε + ξ1.

A straightforward computation implies that

Nu(t, x) = fb(ϕ(ξ(t, x)))− fb(u(t, x))− ϕ′(ξ(t, x))ωεδe
−δ(t−t1) − δεe−δ(t−t1)

− (µ2 − cµ)εe−µ(x−x1) − µ2εe−µ(x1−ct−x).

We distinguish three cases:

• if ξ(t, x) ≤ −C, then 1−δ/2 ≤ ϕ(ξ(t, x)) < 1 by (6.4), hence 1−δ/2 ≤ u(t, x) ≤ 1+2δ; therefore,
by using (6.2)–(6.3) and (6.16), along with the negativity of ϕ′ and f ′b(1), it follows that

Nu(t, x) ≥
(
−
f ′b(1)

2
−δ

)
εe−δ(t−t1) +

(
−
f ′b(1)

2
−µ2 + cµ

)
εe−µ(x−x1)

+
(
−
f ′b(1)

2
− µ2

)
εe−µ(x1−ct−x) > 0;

• if ξ(t, x) ≥ C, then 0 < ϕ(ξ(t, x)) ≤ δ by (6.4) and thus 0 ≤ u(t, x) ≤ 3δ; therefore, owing
to (6.2)–(6.3) and (6.16) as well as the negativity of ϕ′ and f ′b(0), it follows that

Nu(t, x) ≥
(
−
f ′b(0)

2
− δ

)
εe−δ(t−t1) +

(
−
f ′b(0)

2
−µ2 + cµ

)
εe−µ(x−x1)

+
(
−
f ′b(0)

2
− µ2

)
εe−µ(x1−ct−x) > 0;
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• if −C ≤ ξ(t, x) ≤ C, one has x−x1 ≥ −(c+cb)(t−t1)−(c+cb)t1−x1+ωεe
−δ(t−t1)−ωε+ξ1−C ≥

−(cb+c)(t−t1)−(cb+c)t1−x1−ωε+ξ1−C, hence e−µ(x−x1) ≤ e−µ(−(cb+c)(t−t1)−(cb+c)t1−x1−ωε+ξ1−C).
On the other hand, x1−ct−x ≥ x1−ct+(cb+c)t−ωεe

−δ(t−t1)+ωε−ξ1−C ≥ x1+cbt−ξ1−C,
which implies that e−µ(x1−ct−x) ≤ e−µ(cb(t−t1)+cbt1+x1−ξ1−C) In view of ωε = εω/δ, one infers
from (6.3), (6.5), (6.6), (6.17) and (6.1), that

Nu(t, x) ≥ − max
[0,1+2δ]

|f ′b|
(
εe−δ(t−t1) + εe−µ(x−x1) + εe−µ(x1−ct−x)

)
+ κωεe−δ(t−t1)

− δεe−δ(t−t1) − (µ2 − cµ)εe−µ(x−x1) − µ2εe−µ(x1−ct−x)

=
(
κω − max

[0,1+2δ]
|f ′b| − δ

)
εe−δ(t−t1) −

(
max

[0,1+2δ]
|f ′b|+ µ2 − cµ

)
εe−µ(x−x1)

−
(

max
[0,1+2δ]

|f ′b|+ µ2
)
εe−µ(x1−ct−x)

≥
(
κω − max

[0,1+2δ]
|f ′b| − δ

)
εe−δ(t−t1) −

(
max

[0,1+2δ]
|f ′b|+ µ2

)
εe−µ(cb(t−t1)+cbt1+x1−ξ1−C)

−
(

max
[0,1+2δ]

|f ′b|+ µ2 − cµ
)
εe−µ

(
−(cb+c)(t−t1)−(cb+c)t1−x1−ωε+ξ1−C

)
≥

(
κω − max

[0,1+2δ]
|f ′b| − 2δ

)
εe−δ(t−t1) ≥ 0.

We then obtain that Nu(t, x) = ut(t, x)−uxx(t, x)− cux(t, x)− fb(u(t, x)) ≥ 0 for all t ≥ t1 and
x1 ≤ x ≤ x1 − ct. The comparison principle implies that

u(x, t) ≤ u(t, x) = ϕ(−x− (cb + c)t+ ωεe
−δ(t−t1) − ωε + ξ1) + εe−δ(t−t1) + εe−µ(x−x1) + εe−µ(x1−ct−x)

for t ≥ t1 and x1 ≤ x ≤ x1 − ct. For these t and x, since ϕ′ < 0, one derives that

u(x, t) ≤ ϕ(−x− (cb + c)t− ωε + ξ1) + 3ε ≤ ϕ(−x− (cb + c)t+ ξ1) + ωε‖ϕ′‖L∞(R) + 3ε.

In conclusion, one has

sup
x1≤x≤x1−ct

(
u(t, x)− ϕ(−x− (cb + c)t1 + ξ1)

)
≤M1ε for all t ≥ t1,

where M1 := ωε‖ϕ′‖L∞(R)/ε+ 3 = ω‖ϕ′‖L∞(R)/δ + 3 is independent of ε, t1, x1 and ξ1. Lemma 6.5 is
therefore achieved, with M1 chosen above.

Lemma 6.6. Assume that c ≤ −cm and cb > 0. Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 satisfy
(6.2)–(6.6) and (6.16)–(6.18). If there exist ε ∈ (0, δ], t2 > 0, x2 ∈ R and ξ2 ∈ R such that

− ε ≤ sup
y≤x2

(
v(t2, y)− ϕ(−y − cbt2 + ξ2)

)
, (6.37)

1− ε ≤ v(t, x2) for all t ≥ t2, (6.38)

and (
max
[−2δ,1]

|f ′b|+ µ2
)
e−µ(cbt2+x2−ωε−ξ2−C) ≤ δ (6.39)

with ωε = εω/δ, then there exists M2 > 0 such that the following holds true:

−M2ε ≤ sup
y≤x2

(
v(t, y)− ϕ(−y − cbt+ ξ2)

)
for all t ≥ t2.
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Proof. We first claim that

v(t, y) = ϕ(−y − cbt− ωεe
−δ(t−t2) + ωε + ξ2)− εe−δ(t−t2) − εe−µ(x2−y)

is a subsolution of (8.1) for t ≥ t2 and y ≤ x2, for which it is sufficient to show that v is a subsolution
to vt = vyy + fb(v) for t ≥ t2 and y ≤ x2.

At time t = t2, one has v(t2, y) ≤ ϕ(−y − cbt2 + ξ2) − ε ≤ v(t2, y) for all y ≤ x2, thanks
to (6.37). Moreover, v(t, x2) ≤ 1− ε ≤ v(t, x2) for all t ≥ t2, owing to (6.38). It remains to show that
N v(t, y) := vt(t, y)− vyy(t, y)− fb(v(t, y)) ≤ 0 for all t ≥ t2 and y ≤ x2. For convenience, we set

η(t, y) := −y − cbt− ωεe
−δ(t−t2) + ωε + ξ2.

By a straightforward computation, one has

N v(t, y) = fb(ϕ(η(t, y)))− fb(v(t, y)) + ϕ′(η(t, y))ωεδe
−δ(t−t2) + εδe−δ(t−t2) + µ2εe−µ(x2−y).

We divide our analysis into three cases:

• if η(t, y) ≤ −C, then 1− δ/2 ≤ ϕ(η(t, y)) < 1 by (6.4), hence 1 > v(t, y) ≥ 1− δ/2− 2ε ≥ 1− 3δ;
therefore it follows from (6.16)–(6.17), together with the negativity of ϕ′ and f ′b(1), that

N v(t, y) ≤
f ′b(1)

2

(
εe−δ(t−t2) + εe−µ(x2−y)

)
+ εδe−δ(t−t2) + µ2εe−µ(x2−y)

=
(f ′b(1)

2
+ δ

)
εe−δ(t−t2) +

(f ′b(1)
2

+ µ2
)
εe−µ(x2−y) ≤ 0;

• if η(t, y) ≥ C, then 0 < ϕ(η(t, y)) ≤ δ by (6.4) and thus −2δ ≤ −2ε ≤ v(t, y) ≤ δ; therefore,
owing to (6.16)–(6.17) as well as the negativity of ϕ′ and f ′b(0), it follows that

N v(t, y) ≤
f ′b(0)

2

(
εe−δ(t−t2) + εe−µ(x2−y)

)
+ εδe−δ(t−t2) + µ2εe−µ(x2−y)

=
(f ′b(0)

2
+ δ

)
εe−δ(t−t2) +

(f ′b(0)
2

+ µ2
)
εe−µ(x2−y) ≤ 0;

• if −C ≤ η(t, y) ≤ C, one has x2 − y ≥ cb(t − t2) + cbt2 + x2 + ωεe
−δ(t−t2) − ωε − ξ2 − C ≥

cb(t − t2) + cbt2 + x2 − ωε − ξ2 − C, hence e−µ(x2−y) ≤ e−µ(cb(t−t2)+cbt2+x2−ωε−ξ2−C); since
ωε = εω/δ, one infers from (6.5)–(6.6), (6.17)–(6.18) and (6.39) that

N v(t, y) ≤ max
[−2δ,1]

|f ′b|
(
εe−δ(t−t2) + εe−µ(x2−y)

)
−κωεδe

−δ(t−t2)+εδe−δ(t−t2)+µ2εe−µ(x2−y)

≤
(
max
[−2δ,1]

|f ′b|−κω+δ
)
εe−δ(t−t2)+

(
max
[−2δ,1]

|f ′b|+µ2
)
εe−µ(cb(t−t2)+cbt2+x2−ωε−ξ2−C)

≤
(

max
[−2δ,1]

|f ′b| − κω + 2δ
)
εe−δ(t−t2) ≤ 0.

Eventually, one concludes that N v(t, y) = vt(t, y) − vyy(t, y) − fb(v(t, y)) ≤ 0 for all t ≥ t2
and y ≤ x2. The maximum principle implies that

v(t, y) ≥ v(t, y) = ϕ
(
− y − cbt− ωεe

−δ(t−t2) + ωε + ξ2
)
− εe−δ(t−t2) − εe−µ(x2−y)

for all t ≥ t2 and y ≤ x2. For these t and y, since ϕ′ < 0, one derives that

v(t, y) ≥ ϕ(−y − cbt+ ωε + ξ2)− 2ε ≥ ϕ(−y − cbt+ ξ2)− ωε‖ϕ′‖L∞(R) − 2ε.
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In conclusion, one has

−M2ε ≤ sup
y≤x2

(
v(t, y)− ϕ(−y − cbt2 + ξ2)

)
for all t ≥ t2,

where M2 := ωε‖ϕ′‖L∞(R)/ε+ 2 = ω‖ϕ′‖L∞(R)/δ + 2 is independent of ε, t2, x2 and ξ2. The proof of
Lemma 6.6 is thereby complete.

Lemma 6.6 can be equivalently written as:

Lemma 6.7. Assume that c ≤ −cm and cb > 0. Let µ > 0, δ > 0, C > 0, κ > 0 and ω > 0 satisfy
(6.2)–(6.6) and (6.16)–(6.18). If there exist ε ∈ (0, δ], t2 > 0, x2 ∈ R and ξ2 ∈ R such that

− ε ≤ sup
x≤x2−ct2

(
u(t2, x)− ϕ(−x− (cb + c)t2 + ξ2)

)
, (6.40)

1− ε ≤ u(t, x2 − ct) for all t ≥ t2, (6.41)

and (
max
[−2δ,1]

|f ′b|+ µ2
)
e−µ(cbt2+x2−ωε−ξ2−C) ≤ δ

with ωε = εω/δ, then there exists M2 > 0 such that the following holds true:

−M2ε ≤ sup
x≤x2−ct

(
u(t, x)− ϕ(−x− (cb + c)t+ ξ2)

)
for all t ≥ t2.

We are now in a position to finish the proof of Theorem 1.5, by Lemma 6.5 and Lemma 6.7.

End of proof of Theorem 1.5. Let X3 > L, T3 > 0, z3 ∈ R be given as in Lemma 6.1, and let X4 > L,
T4 > 0, z4 ∈ R, µ > 0 and δ > 0 be given as in the proof of Lemma 6.2. It follows from (6.1) and
(6.15) that, for t ≥ T := max(T3, T4) such that X3 < X4 − cT and for X3 ≤ x ≤ X4 − ct,

ϕ(−x− (cb + c)t+ z4)− δe−δ(t−T4) − δe−µ(X4−x−ct)

≤ u(t, x) ≤ ϕ
(
− x− (cb + c)(t− T3) + z3

)
+ δe−δ(t−T3) + δe−µ(x−X3).

(6.42)

Consider any sequence (tn)n∈N in R such that tn → +∞ as n → +∞. From parabolic estimates, the
functions

(t, z) ∈ R2 7→ un(t, z) := u(t+ tn, z − (cb + c)tn)

converge as n→ +∞, locally uniformly in R2, to a classical solution u∞ of (u∞)t = (u∞)zz+c(u∞)z+
fb(u∞) in R2. By applying (6.42) at (t+ tn, z − (cb + c)tn) and then passing to the limit as n→ +∞,
it follows that

ϕ(−z − (cb + c)t+ z4) ≤ u∞(t, z) ≤ ϕ(−z − (cb + c)(t− T3) + z3) in R2. (6.43)

Then, [9, Theorem 3.1] implies that there exists η ∈ R such that

u∞(t, z) = ϕ(−z − (cb + c)t+ η) for (t, z) ∈ R2. (6.44)

whence

un(t, z) → ϕ(−z − (cb + c)t+ η) as n→ +∞ locally uniformly in (t, z) ∈ R× R. (6.45)

Consider now any ε ∈ (0, δ/3]. Let Bε > 0 be such that

ϕ ≥ 1− ε

2
in (−∞,−Bε] and ϕ ≤ ε

2
in [Bε,+∞). (6.46)

36



Set E1 := min
(
−Bε+η,−Bε+(cb+ c)T3+z3

)
and E2 := max

(
Bε+η,Bε+z4

)
> E1. It then follows

from (6.45) that
sup

E1≤z≤E2

|un(0, z)− ϕ(−z + η)| ≤ ε (6.47)

for all n large enough. In view of tn → +∞ as n → +∞, (6.42), (6.46) and the definition of E1 and
E2, we then have {

0 < un(0, z) ≤ ε for all z ≤ E1,

1− ε ≤ un(0, z) ≤ 1 + ε for all E2 ≤ z ≤ E2 +
cb
2
tn,

(6.48)

for all n large enough. Furthermore, since E2 ≥ Bε + η and E1 ≤ −Bε + η, 0 < ϕ(−z + η) ≤ ε

2
< ε for all z ≤ E1,

1− ε < 1− ε

2
≤ ϕ(−z + η) < 1 for all z ≥ E2.

(6.49)

It then follows from (6.47)-(6.49) that, for all n large enough

|un(0, z)− ϕ(−z + η)| ≤ 2ε for all z ≤ E2 +
cb
2
tn.

Due to the definition of un(t, z), one has

|u(tn, x)− ϕ(−x− (cb + c)tn + η)| ≤ 2ε for all x ≤ E2 −
cb
2
tn − ctn. (6.50)

On the other hand, one infers from (6.23) and (6.30) that for all n large enough,

1− 3ε ≤ ϕ(−x− (cb + c)(tn − T4,ε)− cT4,ε + z4,ε)− εe−δ(tn−T4,ε) − εe−µ(X4,ε−x−ctn)

≤ u(tn, x) ≤ ϕ
(
− x− (cb + c)(tn − T3,ε) + z3,ε

)
+ εe−δ(tn−T3,ε) + εe−µ(x−X3,ε) ≤ 1 + 2ε

for E2 − cb
2 tn − ctn ≤ x ≤ X4,ε − ctn, where X3,ε > L, X4,ε > L, T3,ε > 0, T4,ε > 0, z3,ε ∈ R, z4,ε ∈ R

were given in Lemmas 6.3–6.4. Notice also that for all n large enough

1− ε ≤ ϕ(−x− (cb + c)tn + η) < 1 for all E2 −
cb
2
tn − ctn ≤ x ≤ X4,ε − ctn.

Combining the above two inequalities yields that for all n large enough,∣∣u(tn, x)− ϕ(−x− (cb + c)tn + η)
∣∣ ≤ 3ε for all x ∈

[
E2 −

cb
2
tn − ctn, X4,ε − ctn

]
.

Together with (6.50), one derives that for all n large enough,

sup
x≤X4,ε−ctn

∣∣u(tn, x)− ϕ(−x− (cb + c)tn + η)
∣∣ ≤ 3ε.

We are now in a position to prove (1.16) by applying Lemmas 6.5 and 6.7. Let x1 = x2 = X4,ε

and ξ1 = ξ2 = η. We infer from Lemma 2.2 and (6.11) that for all n large enough,

1− ε ≤ u(t,X4,ε − ct) ≤ 1 +
ε

2
for t ≥ tn.

Moreover, one has for all n large enough that supx≤X4,ε
u(t, x) ≤ ε for all t ≥ tn by Lemma 2.5, and

ϕ(−X4,ε − cbtn + η) ≥ 1− ε
2 , thanks to cb > 0, and that(

max
[−2δ,1+2δ]

|f ′b|+ µ2 − cµ
)
e−µ(−(cb+c)tn−X4,ε−ωε+η−C) +

(
max

[−2δ,1+2δ]
|f ′b|+ µ2

)
e−µ(cbtn+X4,ε−ωε−η−C) ≤ δ
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It then follows from Lemmas 6.5 and 6.7 (applied with t1 = t2 = tn, x1 = x2 = X4,ε and ξ1 = ξ2 = η
and 3ε instead of ε) that for n large enough,∣∣u(t, x)− ϕ(−x− (cb + c)t+ ξ2)

∣∣ ≤ 3Mε for all t ≥ tn and x ≤ X4,ε − ct,

for M := max(M1,M2), where M1 and M2 were given in Lemmas 6.5 and 6.7 respectively. Since
ε ∈ (0, δ/3] was arbitrarily chosen, one eventually infers that

sup
x≤X4,ε−ct

∣∣u(t, x)− ϕ(−x− (cb + c)t+ ξ2)
∣∣ → 0 as t→ +∞.

Thus, (1.16) is achieved, with z2 = ξ2. This completes the proof of Theorem 1.5.

6.2 Extinction: Proof of Theorem 1.6

Proof of Theorem 1.6. Remember that c ≤ −cm.

Step 1: proof under condition (i). We first consider the case where cb < 0. Our proof includes two
parts: cb < −cm and c ∈ (cb,−cm]; cb < 0 and c ≤ min(−cm, cb).

Step 1.1. Assume that cb < −cm and c ∈ (cb,−cm]. Since cb < c, we can construct u as in (4.7) in the
proof of Theorem 1.3 (which relies only on cb < c). We readily check that u is a supersolution such
that the solution u is blocked in the right direction, i.e., u(t, x) → 0 as x → +∞ uniformly in t ≥ 0.
Then, for any ε ∈ (0, θ), there exists x0 > L sufficiently large such that

0 < sup
x≥x0

u(t, x) < ε for t ≥ 0.

On the other hand, since c ≤ −cm, we infer from Lemma 2.5 that there exists t0 > 0 large enough
such that

0 < sup
x≤x0

u(t, x) < ε for t ≥ t0.

Therefore, one concludes that u(t, x) → 0 as t→ +∞, uniformly for x ∈ R.

Step 1.2. Assume that cb < 0 and c ≤ min(−cm, cb). We divide into two cases.
Case 1. Assume that c ≤ −cm and c < cb. Choose ε0 ∈ (0,−cb). Lemma 6.1 immediately implies that
there exists X > L such that

lim sup
t→+∞

sup
X≤x<−(cb+c+ε0)t

u(t, x) = 0. (6.51)

On the other hand, it follows from (5.5) in Lemma 5.2 (i) that

lim sup
t→+∞

sup
x>(cb−c+ε0)t

u(t, x) = 0. (6.52)

Combining (6.51)–(6.52), along with the fact that cb − c + ε0 < −cb − c − ε0 as well as Lemma 2.5,
one reaches limt→+∞ u(t, x) = 0 uniformly in x ∈ R.

Case 2. Assume that c = cb ≤ −cm. For any ε ∈ (0, θ/2), let fb,ε be a C1(R) function such that
fb,ε ≥ fb in R, and{

fb,ε(0) = fb,ε(θ − ε) = fb,ε(1) = 0, f ′b,ε(0) < 0, f ′b,ε(θ) > 0, f ′b,ε(1) < 0,

fb,ε < 0 in (0, θ − ε), fb,ε > 0 in (θ − ε, 1),
∫ 1
0 fb,ε(s)ds < 0.

For each ε ∈ (0, θ/2) small enough, let ϕε be the unique traveling front profile of ut = uxx + fb,ε(u)
such that

ϕ′′ε + cb,εϕ
′
ε + fb,ε(ϕε) = 0 in R, ϕε(0) = θ, ϕε(−∞) = 1, ϕε(+∞) = 0,
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with speed cb,ε > cb. Then, ϕε → ϕ in C2
loc(R) and cb,ε → cb as ε → 0. We then fix ε ∈ (0, θ/2) small

enough such that cb < cb,ε < 0.
Let now uε be the solution to the Cauchy problem (1.5) with fε(x, s) instead of f(x, s) for (x, s) ∈

R × R+ starting from the initial condition u0, where we assume that fε(x, s) = f(x, s) for (x, s) ∈
(−∞, L] × R+, while f(x, s) = fb,ε(s) for x ∈ [L,+∞). By the comparison principle, we have that
uε(t, x) > u(t, x) for t > 0 and x ∈ R. We now claim that uε extincts, therefore so does u.

In fact, we notice that c ≤ −cm and c < cb,ε. On the one hand, since c ≤ −cm, we apply Lemma
6.1 and derive that there exist T > 0, X > L, z ∈ R and δ > 0 such that

uε(t, x) ≤ ϕε
(
− x+X − (cb,ε + c)(t− T ) + z

)
+ δe−δ(t−T ) for t ≥ T and x ≥ X.

This implies that limt→+∞ supX≤x<−(cb,ε+c)t uε(t, x) = 0. Together with Lemma 2.5, we then obtain

lim
t→+∞

sup
x<−(cb,ε+c)t

uε(t, x) = 0 (6.53)

On the other hand, due to c < cb,ε, we adapt Lemma 5.2 (i) and deduce that there exist X1 > L,
T1 > 0, z1 ∈ R, µ1 > 0 and δ1 > 0 such that

uε(t, x) ≤ ϕε(x− (cb,ε − c)(t− T1) + z1) + δ1e
−δ1(t−T1) + δ1e

−µ1(x−X1) for all t ≥ T1 and x ≥ X1,

which yields that
lim

t→+∞
sup

x>(cb,ε−c)t
uε(t, x) = 0. (6.54)

Combining (6.53)–(6.54), along with the fact that cb,ε < 0, we immediately get supx∈R uε(t, x) → 0 as
t→ +∞. That is, uε goes extinction.

Step 2: proof under condition (ii). Assume now that spt(u0) is and ‖u0‖L∞(R) < θ. For any ε ∈ (0, θ),
we choose fb,ε ∈ C1(R) such that fb,ε ≥ fb and{

fb,ε(ε) = fb,ε(θ) = fb,ε(1) = 0, f ′b,ε(ε) < 0, f ′b,ε(θ) > 0, f ′b,ε(1) < 0,

fb,ε > 0 in (−∞, ε) ∪ (θ, 1), fb,ε < 0 in (ε, θ) ∪ (1,+∞).
(6.55)

We now prove that there exist monostable decreasing traveling waves of

wt = wxx + fb,ε(w), (t, x) ∈ R2, (6.56)

connecting θ and ε, and moving to the left, one of which will serve as an upper barrier for the function
u. To do so, set z(t, x) = θ − ω(t, x) for (t, x) ∈ R2, then z satisfies

zt = zxx + g(z), (t, x) ∈ R2, (6.57)

with g(z) = −fb,ε(θ−z) being positive in (0, θ−ε). Then it is known that (6.57) admits traveling front
solutions ψ(x−νt) with ψ : R → (0, θ−ε) such that ψ′′+νψ′+g(ψ) = 0 in R, 0 < ψ < θ−ε, ψ(−∞) = θ

and ψ(+∞) = ε if and only if ν ≥ νmin for some νmin ≥ 2
√
f ′b,ε(θ). Fix ν0 > max(−c, νmin). It is

straightforward to see that θ−ψ(−x− ν0t) is a decreasing traveling wave for (6.56) connecting θ and
ε, and moving to the left with speed ν0 > 0.

On the other hand, one can easily verify that φcm+c(−x− (cm + c)t) is a supersolution to (1.1) for
(t, x) ∈ R2 which has an increasing profile and moves to the left with speed cm + c ≤ 0.

Since spt(u0) is included in the bistable region and ‖u0‖L∞(R) < θ, one can fix B ∈ R such that
θ − ψ(−x−B) > u0(x) for x ≥ L. Then, choose A ∈ R such that φcm+c(−L+ A) = θ − ψ(−L−B).
Then, one can check that

u(t, x) := min
(
φcm+c(−x− (cm + c)t+A), θ − ψ(−x− (ν0 + c)t−B)

)
, t ≥ 0, x ∈ R,
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is a supersolution to (1.1) such that u(0, x) > u0(x) for x ∈ R. The comparison principle gives that
u(t, x) > u(t, x) for t > 0 and x ∈ R. Noticing that θ − ψ(−x − (ν0 + c)t − B) indeed moves to the
left with speed ν0 + c > 0, it implies that supx≥X u(t, x) ≤ ε as t→ +∞ for some X > L. Since ε > 0
was arbitrarily chosen, together with supx≤X u(t, x) ≤ ε as t → +∞ by Lemma 2.5, it follows that
u(t, x) → 0 as t→ +∞, uniformly for x ∈ R. This completes the proof of Theorem 1.6.

7 Sharp estimate of the level sets in the left direction when c ∈
(−cm,+∞): Proof of Theorem 1.7

The proof of Theorem 1.7 is highly motivated by [30]. In fact, the estimate of the level sets from
exterior (upper bound) comes from the supersolution and is a straightforward application of [30].
Regarding the estimate from interior (lower bound), the idea in [30] can be adapted with a slight
modification, so that it works for every c > −cm. The details will be sketched below for the sake of
completeness.

Proof of Theorem 1.7. Remember that the level set is defined as E−
ϱ (t) = inf{x ∈ R|u(t, x) = ϱ} for

any t > 0 and for any given ϱ ∈ (0, 1).
First of all, consider (8.1) with fm(v) instead of f(y− ct, v), for which let us define Sϱ(t) = inf{y ∈

R|v(t, y) = ϱ} for t > 0 and for any ϱ ∈ (0, 1). Then it follows from [30] that Sϱ(t) = −cmt +
3/(2λ∗) ln t+Ot→+∞(1), with 2λ∗ = cm. Correspondingly, the level sets of equation (1.1) with fm(u)
instead of f(x, u) in the left direction behave asymptotically like −(cm+c)t+3/(2λ∗) ln t+Ot→+∞(1).
This implies that E−

ϱ (t) ≥ −(cm+ c)t+3/(2λ∗) ln t+C1 for some C1 ∈ R. In what follows, it remains
to prove that E−

ϱ (t) ≤ −(cm + c)t+ 3/(2λ∗) ln t+ C2 for some C2 ∈ R.
Step 1. The linearized problem with Dirichlet boundary condition at −(c+ cm)t. It is easy to verify
that the function w(t, x̂) = u(t,−(c+ cm)t− x̂− L) solves

wt − wx̂x̂ − cmwx̂ − f(−(c+ cm)t− x̂− L,w) = 0, t > 0, x̂ ∈ R.

In particular, we have wt − wx̂x̂ − cmwx̂ − fm(w) = 0 for t > 0 and x̂ > 0. Consider the following
linear equation with Dirichlet boundary condition at x̂ = 0:{

zt − zx̂x̂ − cmzx̂ − f ′m(0)z = 0, t > 0, x̂ > 0,

z(t, 0) = 0, t > 0.
(7.1)

In view of cm = 2
√
f ′m(0) = 2λ∗, the function p(t, x̂) = eλ

∗x̂z(t, x̂) solves{
pt = px̂x̂, t > 0, x̂ > 0,

p(t, 0) = 0, t > 0,

hence
z(t, x̂) =

e−λ∗x̂

√
4πt

∫ +∞

0

(
e−

(x̂−υ)2

4t − e−
(x̂+υ)2

4t

)
p(0, υ)dυ for all t > 0 and x̂ ≥ 0,

which implies that
z(t, x̂) ∼ Cx̂e−λ∗x̂− x̂2

4t t−
3
2 as t→ +∞

in the interval x̂ ∈ [0,
√
t], where C depends only on p(0, ·).

Step 2. Lower bound at x = −(c + cm)t − O(
√
t). In view of fm ∈ C2([0, 1]), there exists M > 0 so

that
f(s)− f ′m(0)s ≥ −Ms2 for s ∈ [0, s0) for some s0 > 0.
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Notice that z(t, x̂) ≤ C(t + 1)−
3
2 for t > 0. Let a(t) solve a′(t) = −CM(t + 1)−

3
2a(t)2, t > 0. Such

a(t) can be chosen uniformly bounded from above and below: 0 < a0 < a(t) < a1 < +∞. Then, the
function w(t, x̂) = a(t)z(t, x̂) satisfies

wt − wx̂x̂ − cmwx̂ − fm(w) =a′(t)z + a(t)
(
zt − zx̂x̂ − cmzx̂ − f ′m(0)z

)
+ f ′(0)az − f(az)

≤a′(t)z +M(az)2 =
(
a′(t) +Ma(t)2z

)
z = 0.

Therefore, for any σ > 0, there exists δ̂ > 0 such that

u(t,−(c+ cm)t− x̂− L) = w(t, x̂) ≥ w(t, x̂) ≥ δ̂x̂e−λ∗x̂t−
3
2 for all t ≥ 2 and x̂ ∈ [0, σ

√
t]. (7.2)

Step 3. The approximate traveling fronts are subsolutions of (1.1) for −(c+ cm)t−O(
√
t)− L ≤ x ≤

µ0t−L with any fixed −(c+cm) < µ0 < min(0, cm−c). Fix σ > 0 and let ξ(t) = σ
√
t. By the estimate

(7.2), we will construct an explicit subsolution of (1.1) on the interval −(c+cm)t−ξ(t)−L ≤ x ≤ µ0t−L
for t large enough. This subsolution will be an approximate traveling front, moving with leftward speed
cm + c > 0.

According to (7.2), there exist δ̃ > 0 and T1 ≥ 0 such that

u(t,−(c+ cm)t− ξ(t)− L) ≥ w(t, ξ(t)) ≥ δ̃ξ(t)e−λ∗ξ(t)t−
3
2 (7.3)

for all t ≥ T1. It follows from Theorems 1.1–1.2 that

inf
µ1t≤x≤µ2t

u(t, x) → 1 for any − (cm + c) < µ1 < µ2 < min(0, cm − c).

Given any ϱ ∈ (0, 1), fix ϱ ∈ (ρ, 1). Therefore, there is T2(≥ T1) such that u(t, µ0t − L) ≥ ϱ for all
t ≥ T2.

Let f1 be a C1 function such that f1 ≤ fm for u ∈ [0, ϱ], f1(0) = f1(ϱ) = 0, f ′1(0) = f ′m(0) and
f1(s) > 0 on (0, ϱ). The function f1 then satisfies

f1(s) ≤ fm(s) ≤ f ′m(0)s = f ′1(0)s for all s ∈ [0, ϱ].

Then there exists a traveling front Ucm(x − cmt) of ut = uxx + f1(u) such that 0 < Ucm < ϱ in R,
Ucm(−∞) = ϱ, Ucm(+∞) = 0 with speed cm = 2

√
f ′m(0). The profile Ucm is decreasing in R and is

such that
Ucm(s) ∼ B̃se−λ∗s as s→ +∞, for some B̃ > 0.

Let now γ > 0 and fix x1 ∈ R large enough so that B̃(γ + 1)e−λ∗x1 ≤ δ̃. Since there exists T3 ≥ T2
such that

3

2λ∗
ln t+ x1 < γξ(t) for t ≥ T3,

we have
Ucm

( 3

2λ∗
ln t+ ξ(t) + x1

)
≤ δ̃ξ(t)e−λ∗ξ(t)t−

3
2 , t ≥ T3. (7.4)

On the other hand, in view of Ucm(+∞) = 0 and minx∈[−(c+cm)T3−ξ(T3)−L,µ0T3−L] u(T3, x) > 0,
there exists x2(≥ x1) such that

Ucm

(
− x− (c+ cm)T3 +

3

2λ∗
lnT3 + x2 − L

)
≤ u(T3, x)

for all x ∈ [−(c+ cm)T3 − ξ(T3)− L, µ0T3 − L]. Define the subsolution u as follows

u(t, x) = Ucm

(
− x− (c+ cm)t+

3

2λ∗
ln t+ x2 − L

)
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for t ≥ T3 and x ∈ [−(c+ cm)t− ξ(t)− L, µ0t− L].
It is easy to verify that u(T3, x) ≤ u(T3, x) for all x ∈ [−(c+ cm)T3 − ξ(T3)− L, µ0T3 − L]. Since

x2 ≥ x1 and Ucm is decreasing, along with (7.3)–(7.4), we have

u(t,−(c+ cm)t− ξ(t)−L) = Ucm

(
ξ(t)+

3

2λ∗
ln t+x2

)
≤ δ̃ξ(t)e−λ∗ξ(t)t−

3
2 ≤ u(t,−(c+ cm)t− ξ(t)−L)

for all t ≥ T3 ≥ T1. Besides, u(t, µ0t− L) < ϱ ≤ u(t, µ0t− L) for all t ≥ T3 ≥ T2.
Lastly, since f1 ≤ fm in [0, ϱ] and since Ucm is decreasing and satisfies U ′′

cm + cmU
′
cm + f1(Ucm) = 0

for all t ≥ T3 and x ∈ [−(c+ cm)t− ξ(t)− L, µ0t− L], we get

ut−uxx−cux−fm(u) =
(
−(c+cm)+

3

2λ∗t

)
U ′
cm(η)−U

′′
cm(η)+cU

′
cm(η)−f1(Ucm(η)) =

3

2λ∗t
U ′
cm(η) ≤ 0

where η = −x− (c+ cm)t+ 3/(2λ∗) ln t+ x2 − L. Therefore, the function u is a subsolution of (1.1)
for all t ≥ T3 and x ∈ [−(c+ cm)t− ξ(t)− L, µ0t− L]. The comparison principle yields that

u(t, x) ≥ u(t, x) = Ucm

(
− x− (c+ cm)t+

3

2λ∗
ln t+ x2 − L

)
(7.5)

for all t ≥ T3 and x ∈ [−(c+ cm)t− ξ(t)− L, µ0t− L].
Step4. Conclusion of the proof. The inequality (7.5) implies that for any given x′ ∈ R

u
(
t,−(c+ cm)t+

3

2λ∗
ln t+ x′

)
≥ u

(
t,−(c+ cm)t+

3

2λ∗
ln t+ x′

)
= Ucm(−x′ + x2 − L) > 0

for t large enough. This proves that E−
ϱ (t) ≤ −(cm + c)t + 3/(2λ∗) ln t + C2 for some C2 ∈ R. This

completes the proof of Theorem 1.7.

In addition, assume that c > −cm, it follows from the lines of [30, Theorem 1.2], one can further
show that the solution u of (1.1) approaches the family of shifted traveling waves φcm(−x−(cm+c)t+
3/(2λ∗) ln t+ξ(t)) uniformly for x < [min(0, cm−c)−ε]t for ε > 0 small enough, where ξ : (0,+∞) → R
is such that |ξ(t)| ≤ C with some C > 0, and that the solution u converges along its level sets to
the profile of the minimal traveling wave, for which we refer readers to [30] and will not give further
details.

8 Discussion
In this section, we apply our main result to the shifting environment and making a comparison between
our result and the existing ones.

By setting u(t, x) = v(t, x+ ct), equation (1.1) is recast as:

vt = vyy + f(y − ct, v), t > 0, y ∈ R, (8.1)

in which the parameter c is understood as the shifting speed, and the shifting growth f(s, v) is assumed
decreasing in s ∈ [−L,L], being of KPP type on the left semi-infinite region, while being of bistable
type on the right semi-infinite region. With fixed diffusion, we aim to investigate the effect of shifting
reaction. Of particular interest here is to give a full classification of the propagation phenomena
for such a model subject to KPP-transition-bistable nonlinearities with any value of shifting speeds.
The novelty is that here the strong Allee effect is taken into account with the KPP reaction as
the complement so that the whole habitat can be either favorable plus favorable, or favorable plus
unfavorable. In this sense, we can summarize the propagation dynamics for (8.1) as follows:

Theorem 8.1. The solution v of (8.1) with a nonnegative continuous and compactly supported initial
datum u0 6≡ 0 has the following propagation phenomena:
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• When cb > 0, there holds

Range of c (−∞,−cm] (−cm, cb] (cb, cm) [cm,+∞)

Leftward speed cb–⋆; Extinction–♣ cm cm cm
Theorem 1.5; Theorem 1.6 Theorem 1.2 Theorem 1.2 Theorem 1.1

Rightward speed cb–⋆; Extinction–♣ cb c cm
Theorem 1.5; Theorem 1.6 Theorem 1.4 Theorem 1.3 Theorem 1.1

Here, the notation ⋆ represents that the localized initial condition is further assumed to be “large
enough”, while ♣ denotes that spt(u0) is included in the bistable region and ‖u0‖L∞(R) < θ.

• When −cm < cb < 0, there holds

Range of c (−∞,−cm] (−cm, cb] (cb, cm) [cm,+∞)

Leftward speed Extinction cm cm cm
Theorem 1.6 Theorem 1.2 Theorem 1.2 Theorem 1.1

Rightward speed Extinction cb c cm
Theorem 1.6 Theorem 1.4 Theorem 1.3 Theorem 1.1

• When cb ≤ −cm, there holds

Range of c (−∞, cb] (cb,−cm] (−cm, cm) [cm,+∞)

Leftward speed Extinction Extinction cm cm
Theorem 1.6 Theorem 1.6 Theorem 1.2 Theorem 1.1

Rightward speed Extinction Extinction c cm
Theorem 1.6 Theorem 1.6 Theorem 1.3 Theorem 1.1

‘ Moreover,

▲ when v is propagating in the right direction with speed c, then v converges to the unqiue forced
wave solution U where U(−∞) = 1 and U(+∞) = 0 (see Theorem 1.3);

▲ when v propagates to the left with speed cb or propagates to the right with speed cb, u will
eventually converge to the unique bistable traveling wave with a constant shift, see Theorems 1.5
and 1.4;

▲ when v propagates to the left with speed cm, the level sets always admit a logarithmic time delay,
see Theorem 1.7.

Given different values of the shifting speed c, the species might reside within the KPP and/or the
bistable regions, resulting in significantly varying propagation dynamics after a long time. Theorem
8.1 shows that, on the one hand, very similar to the non-shifting case, the population localization
and total population size can increase the possibility of persistence and propagation under a moving
climate, and, on the other hand, mobility can both reduce and enhance the ability of population to
track climate change in order for persistence and even propagation.

In 2009, Berestycki et al. [7] studied (8.1) by assuming that f(y, v) is of KPP type for 0 < y < L,
and f(y, v) < 0 for y < 0 and for y > L which embodies the assumption that the population grows
logistically in a favorable region of length L but declines exponentially outside of that region. The
authors [7] proved that the global dynamics (extinction, persistence as well as convergence to the
unique positive solution of U ′′ + cU ′ + f(x, U) = 0) is determined by the sign of the generalized
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principal eigenvalue of the linearized problem around zero state. Berestycki and Rossi extended
the large time dynamics result to high dimension [13] and to infinite cylindrical type domains [14],
which was then investigated by Vo [47] for more general unfavorable media at infinity. In a particular
situation f(y−ct, v) = v(r(y−ct)−v) in (8.1) with r : R → R continuous, bounded and nonincreasing3,
the KPP-decay case, i.e. r(−∞) > 0 > r(+∞), was studied by Li et al. [38] and Fang et al. [21],
showing that the species will extinct if c ≤ −c− and persist if c > −c−, and when propagation
occurs, the leftward speed is c− and rightward speed is min(c, c−). Fang et al. [24] further considered
the spreading properties and forced waves in a time-periodic setting. Besides, the KPP-KPP case,
i.e. r(−∞) > r(+∞) > 0, was investigated by Hu et al. [31], and by Lam and Yu [35] in which
the spreading properties were studied, and moreover the frame of reaction-diffusion equations and
integro-differential equations with a distributed time-delay were addressed in [35].

Yet, other types of growth functions (especially Allee effect) are also interesting in the investigation
of population dynamics in moving habitats, which is known for instance in [2, 45]. Bouhous and
Giletti [15] studied the propagation phenomena for (8.1) in cylindrical type domains with general
monostable reaction f (including Allee effect). Bouhours and Nadin [16] considered (8.1) when the
size of the favorable zone is bounded with general f (including monostable and bistable cases) in the
favorable zone, and proved the existence of two speeds 0 < c ≤ c < +∞ such that the population
persists for large enough initial data when 0 < c < c and goes extinction when c > c. Recently, Li
and Otto [39] investigated forced waves for (8.1) where the favorable region, characterized by strong
Allee effect, is a bounded interval surrounded by the unfavorable ones. Beyond this, there have been
extensive investigations on questions concerning the existence and further properties of forced waves
for (8.1) of the form v(t, y) = V (y − ct) with prescribed speed c, see e.g. [8, 14, 32]. Spreading speeds
in shifting environments have also been concerned, for instance, with nonlocal feature [1,40,50], with
shifting diffusion [25], in free boundary problems [37], in systems [17, 20], in abstract setting [49],
etc. We refer the readers to [18, 48] for comprehensive description of recent development and open
challenging questions on reaction-diffusion problems in shifting environments.

We conclude with a brief discussion. The propagation dynamics resemble those in the KPP-
decay case [21, 24, 38] when cb ≤ −cm, where the bistable environment approximates the decay one.
When cb ∈ (−cm, cm), the spreading properties are dominated by the KPP region for a positive and
sufficiently large advection, i.e. c ≥ cm; the propagation dynamics are determined by the sign of cb
and by the initial value for a negative and sufficiently large advection, i.e. c ≤ −cm; the spreading
phenomena are characterized by the sign of cb − c when c is not large enough in either direction, i.e.
c ∈ (−cm, cm).
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