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Light-matter interactions with quantum dots have been extensively studied to harness key quan-
tum properties of photons, such as indistinguishability and entanglement. In this theoretical work,
we exploit the atomic-like four-level structure of a quantum dot coupled to a waveguide to model
a shaping frequency entangling gate (ShaFrEnGa) for single photons. Our approach is based on
the identification of input frequencies and an atomic level structure for which frequency-dependent
one-photon transitions are adiabatically eliminated, while frequency-dependent two-photon transi-
tions are resonantly enhanced. The frequency entanglement performance of the gate are analyzed
using a Schmidt decomposition for continuous variables, revealing a trade-off between entanglement
generation efficiency and entanglement quality. We further demonstrate the use of the ShaFrEnGa
for the generation of entangled frequency qudit states.

I. INTRODUCTION

Photonic quantum technologies [1, 2] rising from the
second quantum revolution [3-5], include a range of
application from quantum communication [6, 7] to quan-
tum metrology [8, 9] and computation [10-12]. Quantum
information can be encoded into discrete [13, 14] or
continuous variables [15, 16], and some encodings
pursue an intermediate hybrid approach [17]. Examples
of discrete variables for photonic quantum system
are polarization [18] or the rail [10, 19] encoding for
qubit-based photonic quantum information. For a
d-dimensional computational basis defining qudit-based
photonic quantum information, frequency-comb [20-22]
or orbital angular momentum of light [23-25] encod-
ings can be listed out. When it comes to continuous
variables, although the most common form of encoding
relies on the electric field quadratures [26, 27], other
proposals have been investigated. For instance, contin-
uous variables correspond to transverse spatial degrees
of freedom of photons [28] or time-frequency continu-
ous variables [29, 30]. The latter aims at harnessing
continuous degrees of freedom of time-of-arrival and
frequency in the single-photon subspace unlike field
quadrature-based quantum information which relies
on the number of photons statistical distribution in
a given mode [27]. The time-frequency continuous
variables formalism defines auxiliary modes which are
any possible single-photon degrees of freedom that are
not the time-frequency variables and do not couple
with them. These auxiliary modes act as photon
carriers and do not encode any quantum information.
Provided that no two photons occupy the same complete
set of auxiliary modes — they may share individual
modes, but not the entire configuration — the canonical
commutation relation (CCR) of the time-of-arrival 7

and frequency & operators is the same [29] as that of
position T and momentum p for the position-momentum
field quadratures. This entails a Heisenberg algebra for
both and the same mathematical descriptions therein
— from the phase-space description to the universal set
of gates [29, 31]. Notwithstanding these mathematical
similarities, it should be emphasized that in these two
cases the information is encoded in different physical de-
grees of freedom. While the quadratures revolve around
the photon-number statistical distribution in a given
mode, the time-frequency continuous variables encode
quantum information continuously in the single-photon
subspace. As such, non-Gaussian operations are difficult
to implement in the former case [32], particularly for
higher-order processes and multimode gates. These
implementations typically employ offline measure-
ments [33] or non-linear interactions [34]. In contrast,
time-frequency continuous degrees of freedom benefit
from the versatility of waveshapers, that allow perform-
ing any single photon gate [29, 35]. Nevertheless, while
entangling modes within the field quadrature formalism
is well-established [36-38], generating time-frequency
entanglement — or entanglement in any other degree of
freedom — between single photons remains notoriously
challenging [39]. A prevalent approach in linear optical
quantum computing involves a probabilistic scheme that
relies on post-selection, utilizing linear optical elements
and measurements of ancillary photons. [11, 40, 41].

In contrast, measurement-free — i.e. without post-
selection — time-frequency entanglement naturally
arises in the photon pairs generated via spontaneous
parametric down-conversion (SPDC) and spontaneous
four-wave mixing (SFWM). However, these processes
have significant drawbacks. (i) SPDC and SFWM do
not directly entangle preexisting photons but rather
produce entangled pairs. (ii) The photon pair generation
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rate is inefficient and putting SPDC in cascade is not
scalable for generating larger entangled state.  (iii)
These non-linear processes also generate multiphoton
states and are thus imperfect sources of true frequency-
correlated photon pairs. To circumvent these pitfalls,
other schemes should and have been investigated.

Namely, Le Jeannic et al. proposed in [42] an ex-
perimental implementation employing a quantum dot
(QD) embedded in a photonic crystal waveguide which
scatters [43] time-correlated photon pairs. Nonethe-
less, the light-matter interaction considered in [42] is
dictated by a linear Hamiltonian in bosonic creation
and annihilation operators, which can limit the gate
fidelity of controlled-phase gate [44]. In [45], Alushi et
al. investigated the frequency photon-pair correlations
originating from a general quadratic Hamiltonian in
the bosonic creation and annihilation operators. Using
scattering theory calculations, the authors demonstrated
how this quadratic Hamiltonian allowed to overcome the
aforementioned no-go theorem [44]. Although possible
physical implementations were suggested, the derivations
of the quadratic Hamiltonian were based on a generic
toy model, without considering the specific system’s
requirements. The present work aims at filling this gap.

We design a photonic scheme where a QD is embedded
in a single-mode, linear, and nonmagnetic waveguide for
which, under certain conditions that permit an adiabatic
elimination, the light-matter interaction in the weak
coupling regime can be shown to yield an ab initio
quadratic Hamiltonian identical to the ad hoc Hamil-
tonian considered by Alushi et al. [45]. The proposed
photonic system can be employed to entangle single
photons in their continuously distributed frequencies.
The light-matter interaction model is founded upon
an adiabatic elimination procedure [46-51]. Adiabatic
elimination is typically carried out within either an
isolated (closed system) framework or an open system
framework. In the isolated system approach [46, 47],
states that are far off-resonance — i.e., those with large
frequency detunings compared to the states of interest —
are effectively discarded from the dynamics. In contrast,
the open system derivation [49-51] considers a system
coupled to an external bath whose degrees of freedom are
adiabatically eliminated, leading to an effective evolution
for the system that incorporates dissipation and deco-
herence. Our approach employs frequency-dependent
joint transition operators, where atomic transitions are
coupled to the continuously defined bosonic creation
and annihilation operators of the field. This formalism
encapsulates the interplay between the atomic and
photonic degrees of freedom in a frequency-resolved
manner. Within this framework, frequency-dependent
joint one-photon transition operators are adiabatically
eliminated in favor of frequency-dependent joint two-
photon transition operators described in the Heisenberg
picture. Moreover, the present model notably addresses
the requirement of having at most one photon per auxil-

iary mode configuration—here being the polarization, as
mentioned in [29]. Similarly to Le Jeannic et al. [42] and
Alushi et al. [45], the frequency-correlated photon pairs
are effectively produced without post-selection [2, 52],
i.e. measurement-free. By applying a Schmidt decompo-
sition to analyze the frequency continuous entanglement,
we further highlight a trade-off between the efficiency of
entanglement generation and the quality of the entan-
glement. Furthermore, we demonstrate that the shaping
frequency entangling gate (ShaFrEnGa) can be used for
the generation of frequency qudit states [22, 53—60].

The article is organized as follows. In Sec. I, we cover
the light-matter interaction system and the calculation
of the effective two-photon quadratic Hamiltonian based
on the joint one-photon operator adiabatic elimination.
Then, in Sec. III, we make use of the methods from Alushi
et al. [45] to show how photon-photon frequency entan-
glement can be generated without auxiliary photons and
measurement-free, effectively outputting a two-photon
Gaussian distribution along the sum and difference of
frequencies. The entanglement generation and efficiency
are scrutinized in Sec. IV before applying our method to
frequency qudit states.

II. QUANTUM DOT-WAVEGUIDE EFFECTIVE
QUADRATIC TWO-PHOTON INTERACTION
MODEL

A. Physical system
1. Waveguide

The physical system that we consider to implement the
photonic frequency entangling gate is a QD embedded in
a single-mode, linear and nonmagnetic waveguide. The
waveguide electric field quantization follows that of [61]
and is detailed in Appendix A. We extend the analysis
by taking into account the polarization degree of free-
dom along with the waveguide’s time-reversal symmetry,
yielding the following expression for the electric field op-
erator

Br) =3 Y [ do (Eanlp )™, () +he),
o pe{x}R

W
where o, s p, ﬁ(OJ), gau (T,ﬁ) = ggu(p’ﬂ(w))ez,ﬁ(w)z
correspond, respectively, to the polarization, the direc-
tion of propagation—either rightward pu = + or leftward
1 = — along the z-axis aligned with the QD’s growth axis
-, the transverse coordinate, the wavevector — depending
on the frequency w through the dispersion relation — and
the propagating modes, solutions to the wave equation

w(B)?

c2

V x V x 80“ (’I",ﬂ) — G(Taﬂﬁ)ga;t (’I",ﬂ) =0, (2)



where €(r, u3) is the permittivity of the material. The
operators d,,(w) are bosonic operators fulfilling the stan-
dard commutation relation

[ (@), al) 0 (W)] = 6(w = W')oq: Oy (3)

Then, the free Hamiltonian for the waveguide quantized
field reads

HfreeWG—Z Z /dw hwao—,u aau( ) (4)

o pe{*}

discarding the zero-point energy.

2. Quantum dot

The QD is modeled as a four-level system with a
ground state, two excitonic states and one biexcitonic
state (see Fig. 1 (a)). This four-level atomic-like struc-
ture can be represented in two different bases — the lin-
ear and circular bases — with different optical selection
rules [62-64]. In the first basis, identically linearly po-
larized photons can drive the QD from its ground state
to its biexcitonic state. In the circular basis the optical
selection rules require the involved photons to be circu-
larly polarized and orthogonal, see Fig. 1 (a). The QD’s
free Hamiltonian can be expressed in the circular basis
as

I:Ifree, QD — hC‘JZX |2X> <2X|
+hwx (| X)) (Xg |+ [X) (X)) (5)
+hS (| X ) (X + [X-) (X4]),

with S the so-called fine-structure splitting (FSS) due to
the QD’s asymmetry [62, 65, 66]. The FSS scale typi-
cally ranges from 0 to 100 GHz in IT1I-V semiconductor
QDs [65, 67] and several strategies to suppress it have
been investigated [67-70]. In the linear basis, the FSS
lifts the degeneracy of the excitonic levels while it in-
duces a coupling between the two excitonic states in the
circular basis [64]. Unless mentioned otherwise, we work
in the QD’s circular basis throughout.

B. Effective two-photon quadratic Hamiltonian
1. Jaynes-Cummings Hamiltonian

The light-matter interaction is described within the
Goeppert-Mayer gauge and the dipole approximation in
such a way that the interaction Hamiltonian is

Hine = —dox, - E(0) — dox_ - E(0)

. . . A (6)
—dx, ox - E(0) —dx_»x - E(0),

in the QD’s and field’s circular basis with d. the dipole
moment operators of the different transitions and with

the QD’s position set at the reference origin of the waveg-
uide » = 0, without loss of generality. For instance,
(iox+ =dox, |X4) (0] +h.c where |0) is the QD’s ground
state. The first term —ciOXJr - E(0) can be expressed as

—dox EO)=— ¥ % / o
oce{R,L} ne{t}
(dox+ (0, 5()) 1X+) (0] © gy () (7

dox, - £2,(0,B(w)) [X4) (0] @l (w) + h)

in the field circular basis ¢ = R, L where R and L stand
for right-handed and left-handed circular polarizations,
respectively. One can define the frequency-dependent
coupling terms

% () = - dxe El@PD)

d -EX (0, B(w
4, () = Qe EnlOPD) )

Up to first order in these coupling terms and in S — which
acts as the coupling term in the circular basis — the opera-
tors | X1) (0|®asp(w) and | X4) (O\®d:fw(w) evolve in the
Heisenberg picture with frequencies w+wx and |w—wx/|,
respectively. Assuming the weak coupling regime, where
all the coupling terms in Eq. (7) are small compared to
w 4 wx, one can apply the standard rotating-wave ap-
proximation (RWA) and discard the non-resonant terms
associated with the coupling term f. )’;+ (w). Therefore,
the first term of the interaction Hamiltonian is:

—CioX+'E(0): /dw
UG{R L} pe{£} (10)

x (Ra, (91X 018 gy ) + e

- E(0), dx,ox -
E(0) and dx_sx - E(0), the interaction Hamiltonian
reads

=t 350 [ (65, )13 (019 a0l
oce{R,L} pe{+}
G5 0 () 12X) (X4 © ()
G (@) [ X2) (0] @ o)

% (@) [2X) (X_| © () + h) (1)

Following the same procedure for (io X

which is a sum of four one-photon Hamiltonians. In or-
der to retrieve a quadratic Hamiltonian analogous to that
of Alushi et al. [45], we would like to have two-photon
Hamiltonians instead. With this aim, we resort to an adi-
abatic elimination to obtain an effective two-level system
characterized by frequency-dependent two-photon tran-
sitions.



2. Adiabatic elimination

Inspired by the stimulated-Raman adiabatic passage
(STIRAP) [71, 72], we perform an adiabatic elimina-
tion [46-51, 73-76] to suppress rapidly evolving one-
photon processes in favor of two-photon ones. To this
end, we invoke the transition operators time-evolution
Heisenberg equation as it was done in [74-77]. Nonethe-
less, unlike [74-77], we manipulate joint light-matter op-
erators. In our case, they encompass both matter and
light while [75-77] considered bare matter operators only.
Puri et al. [74] did evoke the physical differences that
rise from considering the evolution of the joint transi-
tion operators, namely for spontaneous photon-number-
dependent Stark shifts. Nevertheless, their work applies
to a single-mode cavity and not to a continuum for which
the bookkeeping of each frequency-dependent joint one-
photon transition operator is paramount. This joint op-
erator terminology is not to be confused with dressed
states from quantum optics’ atom-field dressed states or
polaritons [73] which refers to coherent superpositions
of light-matter states. The joint one-photon transition
operators are written as |j) (i| ® 4,,(w) depicting a tran-
sition from state |é) to |j) by absorbing a photon. For
instance, the 53§+ (w) =|X+) (0] ® 4oy (w) joint operator
corresponds to the |0) — [X ) QD excitonic transition
by annihilation of a field excitation at frequency w, po-
larization ¢ and with a direction of propagation p. The
corresponding Heisenberg picture time-evolution of this
joint one-photon transition operator is given by

4L (w,t) €L, (w,t), 0] -
dt B ih '

It should be noted that, here, the time ¢ is the dynami-
cal time of the Hamiltonian evolution and not the time-
of-arrival defined in the time-frequency continuous vari-
ables formalism [29, 78]. Up to second order in the FSS
parameter S and in the coupling terms g (.), the effective
interaction Hamiltonian can be expressed as

Hip = (I:Iint> + (ﬁint) )
[0) 4] X 4 )+[2X) [0) 4] X ) ++[2X)
(13)

where we have separated the two interaction branches
which read

(ﬁint)\om\xi)mzm =h Z Z /Rz e’ oo

o'€{R,L}o€{R,L}

we{£} npe{£}

(9.?55"’“<w’»w) 12X) (0] ® digrpr ()t () + h.c),
(14)

and where we have dropped the photon-number-
dependent Stark shifts energy renormalization for read-

ability. The calculated two-photon coupling terms are
g%l MW w) = g% tox (W)gok, (W)
1 1 (15)

X J—
w — Wwx

w — (wax —wx)

where the one-photon detunings d.(w) = w — wx and
Ip(w') = w' —(wax —wx) arises. The detailed calculations
are included in Appendix B. It should be pointed out that
the FSS contribution has been eliminated by neglecting
coupling terms of third or higher-order in the interaction
Hamiltonian. Although a second-order term involving
S does emerge from the time-evolution of the joint one-
photon transition operator, it is suppressed within the
adiabatic elimination. This adiabatic elimination regime
is valid as long as: (i) d.(w) and dp(w’) are large in abso-
lute value compared to the |0) <+ |2X) two-photon detun-
ing |w+w’ —wax|, and to the photons’ bandwidths. This
condition ensures that the two-photon joint transition
operators undergo a considerably slower evolution than
the one-photon joint transition operators. (ii) The inter-
action time ¢ is such that 1/¢ is much smaller than the
one-photon detunings and much larger than the photons’
bandwidths and two-photon detunings. This guarantees
that the one-photon joint transition operators have aver-
aged to zero, whereas the two-photon joint transition op-
erators have undergone minimal evolution and can thus
be regarded as constant. The effective interaction Hamil-
tonian Eq. (13) describes the QD adiabatic passage from
its ground to its biexcitonic state by annihilation of two
photons at frequencies w and w’, polarizations o and o’
and with directions of propagation p and u/, and recipro-
cally for the relaxation from the biexcitonic to the ground
state. As expected, employing the STIRAP-like method
took us from four one-photon interaction Hamiltonians
to two two-photon interaction Hamiltonians. Whether
one interaction regime or the other occurs depends on
the interaction timescale relative to the system spectral
characteristics. Therefore, one can use this time criterion
to selectively filter the photons that are effectively going
to be frequency-entangled with this adiabatic elimination
process. This one-photon operators adiabatic elimination
is outlined in Fig. 1. The two-photon coupling terms
Eq. (15) are non-separable in the two-photon frequencies
w and w’. As it is discussed in Sec. III, this is paramount
for the ShaFrEnGa. One way to fathom this is to think
of the two-photon interaction with the QD as a spectral
reshaping. Since the two-photon coupling term is non-
separable in the two photon frequencies, the reshaping is
also non-separable, as is the resulting emitted two-photon
distribution. In addition to their non-separability, the
coupling terms are also in general non-symmetric, that is
to say g‘;:/””(w’,w) + g‘;(f/“, (w',w). This will become
clearer in the next section, which addresses the optical
selection rules. At this stage, one can intuitively un-
derstand this ordering by observing that the indices are
arranged such that the leftmost ones correspond to the
biexcitonic photon, while the rightmost ones pertain to
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FIG. 1. (a) QD’s four-level structure in the circular polarization basis. The energy structure is displayed before the one-photon
joint operators ég)‘zi (w,t) = (| X+) (0| ® Gop(w)) (t) and §Xi2X (W' t) = (]12X) (X&| ® Gop(w)) (t) adiabatic eliminations. The
one-photon transition detunings are d.(w) = w — wx and & (w’') = w’ — (wax — wx ). The excitonic transitions |0) <> | X1 ) can
be driven by a right-handed and left-handed circularly polarized photon, respectively. The biexcitonic transitions | X 1) <> [2X)
can be triggered by a left-handed and right-handed circularly polarized photon, respectively. The fine-structure splitting (F'SS)
S couples the two excitonic states | X+ ) together. (b) Effective two-level QD’s energy structure after the adiabatic elimination.
This adiabatic elimination switches from four one-photon joint transitions operators (a) to two two-photon joint transitions
operators ggx“igg( (w',w) (b) driving the transition |0) — |2X) either through |X ) or | X_). This effectively results in a two-level

atomic system. The two-photon joint transition operators 58 X*;;& (w’',w) in (b) are time-independent during the interaction

time verifying the adiabatic elimination conditions. Note that the additional X+ indices in these joint two-photon transition
operators were introduced to indicate the origin of 58)&‘;& (w',w). They both read §gx“i;‘;( (W, w) =12X) (0] ® @5 (W )aou(w)

regardless of the transition path.

the excitonic photon This follows from the proportional- 3. Optical selection rules
ity relation gi” (W w) o gg(/:;x (W)gox, (w). Indeed,
if the single-photon coupling terms were different, the
two-photon coupling terms associated with the two exci-
tation pathways |0) <> |Xi1) <> |2X) would necessarily
differ as well. The retrieved Hamiltonian Eq. (13) con-
structed from Eq. (14) is exactly of the same form as
the one suggested by Alushi et al. [45] to perform the
frequency-entanglement

In this section, we restrict the effective interaction
Hamiltonian Eq. (13) to fulfill the QD’s optical selec-
tion rules [62, 65]. Fixing the quantization axis along the
photons propagation axis z, o-polarized photons propa-

gating in the g = — direction are seen as o*-polarized
by the QD. Hence, R-polarized photons can drive the
Hing, Alushi = Z / dw' dw |0) <> | X4) and |X_) > |2X) transitions if they propa-
' pe{x) (16)  gate with u = + and the |0) «» [X_) and |X}) <> [2X)
, R ~ . if they travel with © = —. The reasoning is identical for
(g“ MW w)ds © g (W) (w) + h.c) ’ L—polﬁrized photong. The two interactiorgl paths Eq. (14)
thus read
where 64 is a general raising operator associated to
the two-level system under consideration and where the
polarization has not been taken into account. Unlike
Eq. (16), the Hamiltonian Eq. (13) that we derived has
been constructed based on a specific photonic system,
ensuring a concrete physical foundation thus laying the
groundwork for experimental implementations. More . ,
specifically, the coupling terms Eq. (15) have an explicit (Hint) 10) 5| X4 ) > |2X) - h/R2 dw'duw [2X) (0] ®
form hence providing greater insights as to how to en-
gineer the light-matter system. Besides, one may notice <g§iR+ (W w)aps (W)ary (W)

that we have yet to specify the optical selection rules.
The derivations detailed in Appendix B are thus suffi- + g;:L_(w
ciently general to be applied to photonic systems analo- +gB R+(
gous to the one investigated here with other auxiliary Ix

+ gL+L (W, w)ary (War_(w) + h.c>

/

w)an_(w)ap_ () (17)

,w)ap—(w')art (W)

modes and not only the polarization and direction of
propagation.



and

(ﬁim) —n / dw'dw |2X) (0] ®
0) <3 X _)<3[2X) R2

(g§+L+(w’,w)aR+<w'>aL+<w>

+ g5 P (W w)ar— (Wi (w) (18)
+ gk (W wap— (W)ag (w)

+ gBH R (W w)ans (W)ag— (w) + h.c) .

By grouping the two interaction branches Hamiltonian
Eq. (17) and Eq. (18) together and by rearranging the w
and w’ dumb indices, one obtains

Hyo = h / dw'dw |2X) (0] ® <g++(w’,w)&L+(w/)dR+(w)
R2

(W, w)ar— (@)ap— () + g~ (& w)an- (@ )ars (@)

g (@ )iy (@) (@) + h.c) ,

+g9

(19)

where we have defined the two-photon coupling terms
comprising both interaction paths for each pair of prop-
agation directions (u, u') as

g (W w) = gER W, w) + g w)
W) = e

(W) = g w) + g (' w)

g7 (W w) = g (W w) + gk (W w).

We recall that the indices are ordered such that the left-
most ones correspond to the biexciton photon, while the
rightmost ones relate to the excitonic photon. For in-
stance, the coupling terms gL+R+ (w',w) depicts a tran-
sition where the biexcitonic photon is L-polarized and
propagating rightward at frequency w’ and the excitonic
photon is R-polarized and propagating rightward at fre-
quency w. The Eq. (17) and Eq. (18) each contribute
eight terms to the total Hamiltonian, whereas the rear-
ranged Hamiltonian in Eq. (19) contains only four. This
can be understood by the fact that photons do not carry
any information regarding what transitions — excitonic or
biexcitonic — they have driven. Their degrees of freedom
are solely the frequency, polarization and direction of
propagation, as seen in the commutation relation Eq. (3).
Whether the transition is |0) <> |X4) or |[X1) < [2X)
is imposed by the QD’s optical selection rules and is
conveyed through the coupling terms. In other words,
there is meaning in referring to excitonic and biexcitonic
photons only from the QD’s perspective. Therefore, the
Hamiltonian in Eq. (19) erased the information regarding
the |0) +» |2X) interaction path — |0) + |X4) < [2X)
or [0) + |X_) < |2X) and only retains the degrees of
freedom relevant from the photons’ perspective, namely
the frequency, the polarization and the direction of prop-
agation; thus merging the two interaction paths into one.

4. Two-photon coupling terms

In this section, we focus on the two-photon coupling
terms given in Eq. (20). As explained, the two-photon
Hamiltonians Eq. (17) and Eq. (18) for the two interac-
tion paths can be combined into one global Hamiltonian

Eq. (19) where the details of the transition branch have
been removed. Let us assume that
g)L(i_QX ("Jl)g(l)%)?_+ (W) =9gx ax (W)g(j):;, (w')
gX+2X (UJ,) (W) g)L(jQX (w)gé?‘i (w') (21)
gX+2X (W/) (W) = 9)1?, 2X (W)gé?'_, (w)
95 ax (Wgix, (@) = 9% ax (W)ghy_ (&),

meaning that the interaction paths have the same
strength. The magnitudes of the electric dipole moments
are independent of the excitonic state |Xi) [62, 65]:
ldox.. || = lldox_|| and [|dx, 2x|| = |ldx_2x]|. There-
fore, given the expression of the one-photon coupling
term Eq. (8), this approximation is legitimate provided
that the norm of the propagation mode &€,,(0, 5(w)) —
solution to the wave equation Eq. (2) — does not de-
pend on neither the polarization nor the direction of
propagation; this is valid provided there is propagation
isotropy. Consequently, the product of the two one-
photon coupling terms in Eq. (21) are all considered equal
to D/h? x u(w’)u(w) where D = ||dox, || x ||dx_ 2x]|| and
u(w) is the magnitude of the propagation mode which
depends on the frequency. The two-photon coupling
terms (20) in the global Hamiltonian (19) are thus equal
and read

1 1

!’ D
Hu o )= 2l _
P4 ) = ) x |

1 _ 1 :|
W —wx  w-—(wax —wx) |
(22)

The poles in Eq. (22) can be disregarded because the adi-
abatic elimination calculation assumed the off-resonance
condition for the one-photon transitions. The biexci-
tonic level has a characteristic frequency equal to wox =
2wx — d0x where dx denotes the biding frequency which
is in general positive and of the order of 1072wy [62].
This energy shift is due to the energy needed to separate
an exciton into its individual electron and hole charge
carriers. In the telecommunication wavelengths for in-
stance, type III-V QD can be engineered [79-81] to have
wx ~ 27 x 190 THz, that is a corresponding wavelength
Ax =~ 1550 nm. The two-photon coupling term can be
rewritten as

1 1
w’ — ((JJX —5)()

g“/“(w’,w) =
W —wx

1 B 1 }
W —wx w-—(wx —dx)]|
(23)
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FIG. 2. Effective two-level system where the interaction

can be driven through two interaction paths: one where the
first photon is R-polarized (respectively L-polarized) with
a frequency far-detuned from wx and the second photon is
L-polarized (respectively R-polarized) with a frequency far-
detuned from wx — dx. (a) For dx # 0, the two transition
paths are distinguishable and do not interefere leading to a
non-zero two-photon coupling term. (b) For dx = 0, the two
interaction paths are now indistinguishable and destructively
interfere. This entails a two-photon coupling term equal to
zero thus preventing the |0) < |2X) transition.

Notably, it appears that the two-photon coupling term
vanishes if dx is equal to zero, that is to say that the
excitonic |0) +» | X4 ) and biexcitonic | X1 ) <> |2X) tran-
sitions have the same energies. In this case, the two in-
distinguishable interaction paths |0) < |Xi) <> [2X)
interfere destructively, therefore preventing the |0) «
|2X) two-photon interaction emerging from the adiabi-
atic elimination described previously, see Fig. 2. Two-
photon interaction path interferences were described in
other photonic systems. For instance, in [82] the pump-
driven cavity-cavity photon blockade effect is interpreted
as quantum interferences between different excitation
paths. Building on the above considerations, the the-
oretical engineering of the two-photon coupling term in
Eq. (23) can be realized by shaping the magnitude of
the propagation mode u across the two photons’ band-
widths, effectively leveraging the waveguide dispersion
properties.

IIT. SHAPING FREQUENCY ENTANGLING
GATE

This section details how the effective two-photon
quadratic interaction Hamiltonian — with Eq. (19) or
without selection rules Eq. (13) — can be exploited as
in [45] to generate frequency correlations between single
photons. The overall methodology and computations —
based on scattering theory [83, 84] — follow those pre-
sented in [45]. The additional time-scale constraints re-
quired for the adiabatic elimination regime to hold are
discussed.

A. Scattering theory and Markovian
approximation

In this section, we employ the scattering theory deriva-
tion within the Markovian approximation used in Alushi
et al. [45]. The main calculation steps are detailed in
Appendix C.

1. Wigner-Weisskopf ansatz

The present scattering theory calculation is performed
within the Schrodinger picture. The Hamiltonian (19)
preserves the number of weighted excitations. The
matter-field dynamics can thus be encapsulated in a vec-
tor state |¢(t)) with a fixed number of weighted excita-
tions

[9(t)) = Cox (t)€axo |0) +
S % /R i O (w3 )i, (a0 0)

o'c{R,L} 0€{R,L}
we{+} ne{£}
(24)

where Cyx (t) and CZ,/;‘L (w',w;t) are the probability am-
plitudes to have the system respectively in the QD’s biex-
citonic state without photons and in the QD’s ground
state with two photons at frequency w and w’, polariza-
tion o and ¢’, and direction of propagation p and p’, re-
spectively. The latter is also referred to as the joint spec-
tral amplitude (JSA) and its squared modulus as the joint
spectral intensity (JSI). The state |0) = |0) ® |vac) repre-
sents the global vacuum state for both light and matter.
We define the bare transition operator éQXO = égzx =
|2X)(0]. The complete QD-waveguide isolated sys-
tem is encapsulated within the Wigner-Weisskopf ansatz
Eq. (24), whose dynamics is governed by the Schrodinger
equation ihd; [¢(t)) = H | (t)) where H is the total

Hamiltonian.

2. Markovian and weak coupling approzimation

In the following, we switch to the collective variables
wy = w + w’ and wa = w —w’. This is motivated by the
forthcoming Markovian approximation and the action of
the ShaFrEnGa which as shown in Sec. II1 B, effectively
reshapes the reference axes of the two-photon distribu-
tion from the individual frequencies w and w’ to the col-
lective frequencies variables wy, and wa. The expressions
of the probability amplitudes Cox (t) and CZ,/Z (ws,wa;t)
are related to the memory function

K(r) E/Rdwg e wnT % Z

wopefx} R

dA 9" (wsswa)?

(25)



of the waveguide seen as a bath which the QD is
coupled to. Assuming that the coupling strength is
negligible compared to the biexcitonic energy wsx, the
probability amplitude C2x(7) can be approximated as
Cox (1) = e 2x7 Sy (7). The term e~ 2X7T represents
the rapid oscillation due to the biexcitonic energy and
Sax (7) is a slowly varying function of time. This is the
weak coupling approximation. Further, supposing that

J

“w

()

g —+ i(WQX — wz)

where I" labels the QD’s decay rate and tg and t; the scat-
tered times fulfilling (¢; — to) > 1/T for the QD to have
fully decayed by the time the two-photon output state
is formally reached. The polarization degrees of freedom
indices are omitted whenever there is a two-photon cou-
pling term as it implicitly dictates them due to the selec-
tion rules. The two-photon output state consists of two
contributions: one term represents photons that did not
interact with the QD and are only time-shifted, while the
other term corresponds to photons that interacted with
the QD, as indicated by the coupling terms.

B. Shaping frequency entangling gate

1. Gaussian input and coupling

In this section, we outline how to adjust the system’s
physical parameters to ensure that the scattered output
states, described by Eq. (26), exhibit frequency correla-
tions. More specifically, we aim at recovering Gaussian
distributions along both collective variable wy and wa.
Shaping the distribution this way is mainly motivated by
the fact that Gaussianity is well-characterized for several
quantum information protocols [85, 86]. Let us consider a
Gaussian input two-photon state for rightward incoming
photons with polarizations R and L and center frequen-
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the the coupling terms g“/“(wz7 wa) are almost constant
with respect to the collective frequency ws;, the memory
kernel K(7) can be taken as sharply peaked at 7 = 0.
This implies that the bath does not retain information
about the QD’s previous states. This is the Markovian
approximation. Within these two approximations, the
scattered two-photon probability amplitude can be com-
puted as

! —iwsy (1 —t 0’60 .
C"/Z(wg,wA;tl) = ¢ wrn(ti—to) [Cy/y(wanAat0)50’0’5u/y/6095uy

Z dw/A gy/y(wihW/A)CM’M(WEaWA§tO) »
v we{x} R

[
cies w, and wy

/ d9Rr0y+00/ L0, +
C%% (ws,wasty) = —L 2= F
( A 0) 2mor? (27)

_es—wetwp)]® [wa—(we—wp)]?
X e 4a2 e 4a2 R

normalized to one with Cax(t9) = 0. This distribution
is isotropic in the two-frequency plane given that the
standard deviations along the two collective variables are
identical and equal to a. Let us further assume in the
same line as [45] that the coupling terms can be engi-
neered as discussed in Sec. IIB4 to a Gaussian of the
form

’ ’)/l‘,:u' ]_ _ (“"A_(WeQ_Wb))z 1/4
g" H(wa) = T 277526 s , (28)

where v#'# is an emission rate taken isotropic that is
'y",“ = I'/4. This coupling-term is therefore assumed
to be independent of the sum of frequencies ws, which
aligns with the Markovian approximation previously ap-
plied. Based on the structure of the two-photon coupling
term Eq. (22), we formally discuss in Appendix E the
required form of the propagation mode u(w) across the
two photons’ bandwidths to achieve the desired Gaus-
sian coupling Eq. (28) using a standard numerical opti-
mization method. The coupling term is therefore sup-
posed independent of the total frequency wy = w +w’ in
agreement with the Markovian approximation discussed
earlier. Putting the input Gaussian two-photon distri-
bution Eq. (27) and the Gaussian two-photon coupling
term Eq. (28) together in the expression of the scattered
output states for {y/, u} = {+,+}
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FIG. 3. Scattering channels for the two input photons propagating rightward, i.e.. {, u}in = {+, +}, with an initial Gaussian
joint spectral amplitude (left panel) along both collective variables ws; = w + w' and wa = w — W’ of width a = 10" %wsx and
centers we = 0.5026w2x, wp = 0.4974w2x. The coupling term is taken as Gaussian of width 8 = 4a. The decay rate is chosen
as I' = 10 %wax > . There are two kinds of outputs (right panels), the one for which the output photons’ auxiliary modes
are identical to that of the input (upper right panel), i.e.., {¢', u}in = {#/, pt}out and those for which they are not (lower right
panel), i.e.., {¢', 1}in # {1, t}out - In the first case, of probability P™1 ~ 66% for the chosen physical parameters, the input
photons can interfere with the entangled photons scattered out by the QD. This results in an output two-photon distribution
that is weakly modified with respect to the input two-photon distribution. In the second case {u', u}in # {1, t}ous, Which
occurs with probability 1 — PT" =~ 34% for the chosen physical parameters, only the entangled photons scattered out by the
QD contribute to the two-photon distribution. This produces an output two-photon distribution that is reshaped along both
collective variables. Along wy, the JSA is filtered by the Lorentzian profile originating from the Markovian approximation. The
two-photon coupling term shapes the JSA along the wa collective variable. The exact values of the JSIs have been renormalized
for readability. They are presented in arbitrary units (a.u.) on a linear scale.

CH(ws,wasty) = emwnltizto) [Cif(w&waéto)

L r [wn—(wetwp)]? _ (wa=(we=wp)? (29)
- e~ 1 e 157
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Cop(ws,wasty) = —e~wn(ti—to) T 7 (30)

16m(a? + B%) L +i(wax — wy)

(

where the polarizations o and ¢’ match the optical selec-
tion rules for each direction of propagation channel. An
example of the corresponding squared moduli — or JSI —
are plotted in Fig. 3. It appears that while the outputs
Eq. (30) exhibit frequency correlations or anticorrelations
depending on the ratios of the different widths I', o and
B, the output Eq. (29) displays a two-photon distribution
similar to the input although slightly distorted along the
two collective variables ws, and wa. The latter can be

interpreted as an interference pattern arising from the
interaction of the photons that did not interact with the
QD and those which did. This interference phenomenon
does not manifest when considering photons with differ-
ent auxiliary degrees of freedom as the input photons.
The direction of propagation and polarization hence de-
fine a coherence condition for the intereferences to man-
ifest in the present scattering derivation.



2. Photon bandwidth limiting filtering

From the scattered output amplitudes’ equations (29)
and (30), it stands out that the term corresponding to the
photons that have interacted with the QD is composed of
a Gaussian dependency along the difference of frequen-
cies wa dictated by the Gaussian form of the coupling
term Eq. (28) and two competing dependencies along the
sum of frequencies wy, — a Gaussian one imposed by the
input two-photon distribution and a Lorentzian one en-
forced by the Markovian approximation. The latter acts
as a frequency filter preventing photons to be emitted
by the QD if they do not match the two-photon reso-
nance condition wy, = wsx — up to the decay rate T'.
Nonetheless, this resonance condition does not impose
any constraint on the difference of frequencies wa. The
Gaussian two-photon input along wy, on the other hand
forces the scattered output photons to have the same fre-
quency distribution as the input thus preventing sum of
frequencies to be generated by the QD. These two filter-
ings are centered respectively at wsx and w, 4wy with the
latter being close to wex with respect to the one-photon
detunings under the adiabatic elimination we performed
in Sec. IIB2. The Lorentzian and Gaussian filterings
can be considered centered at the same frequency pro-
vided |wax — (we + wp)| < T', . Therefore, in the limit
regime for which I' > «, the frequency filtering along
the collective variable wy is governed by the input two-
photon distribution, resulting in a non-interefered output
Eq. (30) two-photon JST now reading

G'IO' . 2 —_ 71
|O,4/H(WEaWAatl)| - 47r(a2—|—ﬂ2)
_(wa—@we=wp))?  [wg—(wetwy)]?
X e 252 e 202

(31)
for {p',u} # {+,+}. This two-photon output distri-
bution Eq. (31) is Gaussian in both collective variables
wy; and wa. Remarkably, and unlike Alushi et al., the
present photonic microscopic model actually requires this
I" > « condition to be met. Indeed, for the scattering
calculations, especially one considered (t; —to)I' > 1. In
contrast, for the adiabatic elimination resulting in the ef-
fective quadratic Hamiltonian Eq. (13) to hold, the inter-
action time was assumed to be such that (t; —to)|de| > 1,
(t; — t0)|0p] > 1 and (t; — tp)a < 1 with &, and &,
the mean value of the one-photon transition detunings
previously discussed. This ensures that the one-photon
transition operators adiabatically average out while the
two-photon transition operators remain constant in time.
The (t; — to)T > 1 and (t; — tp)a < 1 conditions in-
evitably entails I' > «. The different time scales are
sketched in Fig. 4. In the telecom band, the decay
rate I' is typically of the order of a few GHz [87, 8§]
which would require single-photon sources’ linewidths in
the telecom band to be narrower than a few hundred
MHz. Although telecom band single-photon sources’
linewidths are generally broader [89-92], several stud-

10
t=1t —to

1/spectral linewidths = 1/«
1/two-photon detunings

(i) the one-photon transition operators
have averaged out to zero
(ii) the two-photon transition operators
can be considered as constant
(iii) the photons have been totally scattered out

ShaFrEnGa
validity time window

----------- 1/T

----------- 1/one-photon detunings

the interaction kicks off

FIG. 4. Time-scale constraints for the ShaFrEnGa gate based
on adiabatic elimination in a waveguide-coupled quantum dot.
The adiabatic elimination of one-photon transitions requires
that the interaction time be much longer than the inverse
of the one-photon detunings, ensuring that the correspond-
ing joint operators average out to zero and can be neglected
(condition (i)). To treat the two-photon joint operators as ef-
fectively time-independent during the scattering process, the
time must also remain much shorter than the inverse of the
two-photon detunings and the spectral linewidths (condition
(ii)). Finally, for the scattering theory approach to be valid,
the time must exceed 1/T" ensuring that the QD has fully de-
cayed to its ground state by the end of the interaction (con-
dition (iii)).

ies have successfully demonstrated devices with narrower
linewidths [22, 93, 94]. In that regard, the time (¢; — ¢o)
should typically be within the 0.1 — 1 ns range. Further-
more, the spontaneous emission decay rate may be sig-
nificantly enhanced by increasing the Purcell factor. The
described scattering process thus operates as a frequency
reshaping performed by the light-matter interaction cou-
pling term which reshapes the two-photon distribution
by modifying its width along the difference of frequen-
cies wa from « to 8. As it will be discussed shortly, the
ratio 8/« is directly related to the resulting frequency
entanglement. Namely, the two photons are maximally
frequency-correlated for 8/a — 400 (see Fig. 6, panel
(¢)) and frequency-anticorrelated for 8/a — 0 (see Fig. 6,
panel (a)). There are no frequency correlations and the
two-photon output distribution is separable when 8 = «
(see Fig. 6, panel (b)).

IV. ENTANGLEMENT AND EFFICIENCY
INVESTIGATION OF THE
FREQUENCY-ENTANGLEMENT DEVICE

In this section, the entanglement properties are quan-
titatively analyzed revealing a trade-off between the gen-
eration success probability and the entanglement quality.
By employing our overall methodology, the ShaFrEnGa
is then shown to apply for the generation of frequency-



entangled frequency qudit states.

A. Efficiency of the frequency-entanglement
generation

As previously discussed in Sec. ITIB 1, out of the four
scattering outputs depending on the photons’ directions
of propagation, the one for which the output photons’
auxiliary degrees of freedom match that of the input pho-
tons exhibits interference patterns that make it unsuit-
able for the frequency-entanglement generation. Con-
sequently, the efficiency of the entanglement generation
is directly given by the probability P®"<®** of having
the photons scattered out with different auxiliary de-
grees of freedom as the input photons. Here for instance,
since we considered input photons incoming moving to
the right, i.e., {y/,u} = {+,+}, P5Ucces =1 — pt+ =
P== + Pt~ 4+ P~ where

P fR2 dws:dwa |Cglzlf,;g“(t1)‘2 '

Jre dwsdwa |CER (wsy,was to) 2

(32)

The previously discussed frequency filtering imposed by
the Lorentzian emission profile also explains why this
probability is maximized when I' > «, as demonstrated
by Alushi [45]. For an isotropic process M = I'/4, in
the T' > « regime and for an input two-photon ampli-
tude normalized to one, the probability of success can be
expressed as a function of the ratio 5/a using Eq. (31)

success __ 3/3/a
B = s ey (33)

The success probability of outputting a suitable two-
photon distribution — that is to say without interferences

— is at most equal to 756% for a = 3. Nevertheless,
a = [ corresponds to a separable two-photon JSI
Eq. (31). Indeed, the closer the ratio 8/« is to one,

the less frequency-entangled the photons are. They
are frequency-correlated for § > « and frequency-
anticorrelated for o« > [. Subsequently, there is a
trade-off between the success probability of produc-
ing frequency-entangled photons and the amount of
entanglement that is generated. All appears as if
the two-photon output distribution opposed the re-
shaping along wa to ensure that no frequencies along
this collective variable are created — as it does along
wy. This probability of success is achieved without
requiring off-line measurements of auxiliary photons,
unlike photon entanglement protocols based on the
KLM scheme [2, 52]. Note that one could have utilized
the QD’s spontaneous emission by first pumping it
to its biexcetionic state and then let it spontaneously
decay. Provided that the photons are collected within
the time window in which the adiabatic elimination
regime is valid, frequency-entanglement is generated
with a Lorentzian dependence of width the decay rate
I' along the sum of frequencies wy = w + w’ and a
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Gaussian dependence of width 5 along the difference of
frequencies wa = w —w’. Nevertheless, since there would
be no initial Gaussian dependence to draw from, the
distribution along wy, will always be Lorentzian and not
Gaussian in the Markovian approximation previously
discussed.

B. Schmidt decomposition of the output spectral
two-photon state

In this subsection, we evaluate the entanglement of the
two-photon output state Eq. (30), postselected on scat-
tering events where the auxiliary degrees of freedom differ
from those of the input state. To proceed, we perform
a Schmidt decomposition for continuous variables bipar-
tite systems [95-97]. Further details are provided in Ap-
pendix D. The probability amplitude CZ,,Z(w’ ,wity) of
the pure renormalized output state

wgra(n) = /R e O (i 1)al (), () [vac)
(34)
is expressed by means of a discrete expansion

l
[ty = SN R BB () lvac), (35)
k=1

where we truncated the number of modes to [ to perform
the numerical singular-value decomposition. The opera-
tors b((,I,ZT(k‘) and bf,ij,(k) are bosonic creation operators

which can be expressed as

B0 = [ o 0wl ()
R (36)
(2 2 ~

BT (k) = /R d’ 0P (Wl . ().

These operators create photons in the so-called Schmidt
modes labelled by the &k index. The functions @,(Cl)(w)
and @,iz)(w' ) are linear combinations of a set of or-
thogonal functions. These orthogonal functions are
here chosen to be the Hermite-Gauss orthogonal func-
tions because of the Gaussianity of the two-photon

distribution.  The X;/“ ‘71 Schmidt coefficients are
real, non-negative, unique up to reordering and obey
pnmeno) (A7) = 1 provided Cg (W wit)

k=1
is normalized to one. From the Schmidt coeffi-

cients, two measures of entanglement can be com-
puted [26]: (i) the entanglement entropy Sg.fiemy =
e (47 2 g (A7 7)2)

ing to the von Neumann entropy of the reduced den-

sity matrix obtained by tracing out either/ one of
the photons — (ii) the Schmidt number K7 #7# =

1/ Zzn;nl(mo’n“)(/\z/“lg“)‘l. The Schmidt number namely

— correspond-



B =10a| 8 = 30«

Entanglement generation

probability success 15% 5%
Normalized entanglement entropy |0.4 0.6
Schmidt number 5 12
Ellipticity 98% 99.8%

2.4 GHz|790 MHz
24 GHz |24 GHz

Frequency bandwidth along ws,
Frequency bandwidth along wa

TABLE I. Characteristic physical values related to the output
two-photon distribution for two values of the 8/« ratio. The
Gaussian coupling term width is fixed at 8 = 10 %wax ~ 27 X
3.8 GHz. These frequency bandwidths along both collective
variables can be compared to Le Jeannic et al. [42] who found
frequency bandwidths of the order of a few GHz.

gives the effective number of modes in the Schmidt de-
composition. In the following, we drop the Schmidt num-
ber and entropy of entanglement labeling for readabil-
ity. In Fig. 5, we plot the input and output two-photon
joint-spectral intensity (JSI) and the modes structure for
B = 10 and in the I' > « regime. For the input, since
the two-photon distribution is separable in the individual
frequencies w and w’, the entanglement entropy is equal
to 0 and the Schmidt number to 1. On the other hand,
the output two-photon distribution is non-separable in
w and w’ as long as 8 # «a. For 8 = 10«, the Schmidt
number is approximately equal to 5 and the entangle-
ment entropy is close to 36% of its maximum value. In
Fig. 6, we display for ten values of S/« ranging from
0.1 to 10 the evolution of the entanglement generation
success probability Eq. (33), the Schmidt number K and
the normalized entanglement entropy Sentropy- Note that
the computed Schmidt number evolution follows its ana-
lytical expression for a doubly Gaussian JSA [98]. As
previously discussed, a trade-off can be observed be-
tween the quality of the entanglement — estimated by
the Schmidt number and the entanglement entropy — and
success probability of the entanglement generation. An
illustrative summary of typical physical values related
to the output two-photon distributions is displayed in
Tab. I for two different values of the 8/« ratio. This
section shows how the ShaFrEnGa can produce Gaus-
sian frequency-entangled biphoton states with Gaussian
profiles and with high quality and efficiency. The result-
ing biphoton state can exhibit a Schmidt number of ap-
proximately 5, a normalized entanglement entropy of 0.4,

J

ow?

C%% (W wity) = —e ws(tizto) e 467
i ) 167 (o232 + dw?(a? + 32)) 5 +i(wox —ws)

for {u, '} # {+,4+}. The computation details are given
in Appendix F. The comb structure is now along the sum
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and 98% ellipticity, with an entanglement generation effi-
ciency reaching up to 15%—significantly exceeding what
is typically achievable with SPDC or SFWM.

C. ShaFrEnGa with frequency qudit states

In this subsection, we cover the action of the
ShaFrEnGa when the input state is a two-photon fre-
quency qudit states [22, 53-56, 58, 59, 99-103]. Such fre-
quency grid states are single-photon states characterized
by discrete frequency components arranged in a comb-
like structure and modulated by an overall envelope.
An isotropic frequency grid state in the (ws,w;) plane
can be generated starting with the isotropic Gaussian
two-photon distribution C¥%(ws,wa;ty) (see Eq. (28))
of standard deviation a and applying a frequency fil-
ter such as an optical cavity. This filtering process
operates on the individual frequencies w and w’ shap-
ing the desired grid structure in the frequency domain
CEB(ws,waito) —  CEE(ws,wa;to) fater () farter (W)
where the filtering function fgte, is assumed to be iden-
tical for both frequencies. This filtering function is typ-
ically a Airy function that can be approximated as a
sum of Gaussians in the high-finesse regime of the op-
tical cavity: fiter(w) = >,z Tn(w) where Tp,(w) =
exp(—(w — nw)?/(26w?)). This high-finesse regime holds
for a free spectral range (FSR) much larger than the
width of the peaks, i.e. @ > dw. For the frequency
peaks to be distinct, the envelope standard deviation
« should be larger than the FSR. Standard frequency
comb FSRs [59] below 100 GHz are usually of the or-
der of 10-20 GHz [22, 56, 58, 101] but lower values close
to 1 GHz [102, 103] have also been reported. Given
the adiabatic elimination constraint imposing the de-
cay rate I' to be large with respect to a, we take w =
107%wexy =~ 27 x 1 GHz, o = 2 x 10 %wyx ~ 27X
2 GHz and 6w = 107 Swsx ~ 27 x 100 MHz < @
for the high-finesse regime to hold. This requires I’
to be larger than 2 x 2w x 10 GHz which is a bit
higher than the standard biexcitonic decay rates [87, 88]
but not too far off. The frequency-filtered distribu-
tion Cﬁf(wz, wA; to) fater (W) farter (W) can be used as the
ShaFrEnGa input. The non-interfered two-photon out-
put distribution can be analytically calculated as

_lwa—(we—wp)]? T [wy — (we+wp)]?

2 nmezZ

(37)

(

of frequencies wy, with frequency peaks expressed as

fnm (UJZ) = eDnmefﬁ[wsz(ner)]Q’ (38)

e 4a? Z fnm(w2)7
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FIG. 5. (a) Modes structure for the input two-photon distribution Gaussian, in both wy = w + w’ and wa = w — w’ of width
a = 10"%uvsx and centers w, = 0.5026w2x, wy = 0.4974w2x. The normalized entanglement entropy and the Schmidt number
are computed to be Sentropy = 0.00 and K = 1.00 respectively. (b) Modes structure for the output two-photon distribution
Gaussian in both wy = w+w’ and wa = w —w’ of width & = 10 %wsx, centers we = 0.5026wax , wy = 0.4974wsx and B = 10a,
respectively. The decay rate is taken as I' = 10 %wax > a. The normalized entanglement entropy and the Schmidt number are
computed to be Sentropy = 0.39 and K = 4.72 respectively. The first, third and fifth Schmidt modes’ JSIs have been plotted.
The exact values of the JSIs have been renormalized for readability. They are presented in arbitrary units (a.u.) on the same
linear scale in w/wsx and w’/wax as the (b) left panel.

where of successfully outputting the non-interfered two-photon
9 oo _ 2 state Eq. (37) as functions of the ratio 8/dw. Our anal-

D, = _1(a?+5?) ((we —wp) —@(n—m)) . (39)  ysis reveals five regimes. The two two-photon states

‘ 4 a?f3? + dw?(a? + ?) with the lowest Schmidt number and entanglement en-

tropy emerge either due to the separability of the peaks
(Fig. 7 (b)) when 8 = dw or to the apparent separabil-
ity of the envelope when § = « (Fig. 7 (d)). Although
these two-photon states exhibit the lowest Schmidt num-
ber and entanglement entropy, neither metric reaches the
separable limit — Schmidt number equal to 1 and en-
tropy of entanglement equal to 0 —, so they remain par-
tially entangled. These partially-entangled two-photon
state have the highest success probability, up to approx-
imately 19% for Fig. 7 (d). Second, when § < dw < «
(Fig. 7 (a)), the two-photon output state is the most
frequency-anti-correlated because both the peaks and the
envelope are stretched along the wy, variable. For g >
a > éw (Fig. 7 (e)), the two-photon output state appears

As for Eq. (30), there is a filtering competition along
wy, between the input two-photon Gaussian distribution
and the Lorentzian emission profile. In the I' > «
regime enforced by the adiabatic elimination regime and
assuming I';a > |wax — (we + wp)|, the two-photon
distribution Eq. (37) corresponds to a frequency comb
where frequency peaks are approximately w apart and lie
along the wy collective variable, with a Gaussian enve-
lope of standard deviation o.. The frequency peaks stan-
dard deviation § along the difference of frequencies wa
is enforced by the Gaussian coupling term. Employing
the continuous-variable Schmidt decomposition we dis-
play in Fig. 7 the normalized entanglement entropy and
the Schmidt number along with the probability Eq. (32)
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FIG. 6. Trade-off between the probability of successfully outputting a non-interfered entangled two-photon distribution and
the quality of the entanglement measured with the Schmidt number and normalized entanglement entropy with respect to
the ratio 8/« of the Gaussian coupling width 8 to the two-photon input width . The normalized entanglement entropy is
given with respect to its maximum value. The Gaussian coupling width § varies from 0.1 to 10a with o = 10 %wax. The
decay rate is taken as I' = 10 %wax > . The illustrative JSIs (panels (a), (b), (c)) are all on the same linear scale in w/wax
and w’/wax. The panel (a) depicts a regime where 8 < « (frequency-anti-correlated photons), the panel (c) where 8 > «
(frequency-correlated photons) and the panel (b) where 8 = a (no frequency correlations).

as the most frequency-correlated because both the peaks
and the envelope are stretched along the wy variable. In
the regime 8 > a > dw and for a FSR a 2 @, one can
engineer the initial distribution in such a way for the out-
put state to correspond to a cat state with elliptical lobes.
The Fig. 7 (a) and Fig. 7 (e) regimes have the lowest
success probabilities, dropping to around 1%. Last, the
regime where a > 8 > dw (Fig. 7 (¢)) is an intermediate
regime where the photons are not as frequency-entangled
as in the f < dw < a and > a > dw regimes but ex-
hibit higher frequency correlations than the two other
regimes (Fig. 7 (b) and Fig. 7 (d)). Furthermore, this in-
termediate regime has an intermediate success probabil-
ities as compared to the other regimes, reaching close to
8%. These different regimes show the interplay between
the two-photon envelope and frequency peaks’ apparent
separability. Furthermore, Fig. 7 confirms the trade-off
between the generation success probability and the en-
tanglement previously discussed: the higher the Schmidt
number and entanglement entropy, the lower the gener-
ation success probability.

V. CONCLUSION

The present theoretical work first provides an ab initio
effective two-level quadratic two-photon Hamiltonian
in which the frequency is continuously defined. The
derivation is based on a Heisenberg picture adiabatic
elimination of frequency-dependent joint one-photon
transition operators reducing to frequency-dependent
two-photon transition operators. In contrast, adi-
abatic elimination in atomic physics — for instance
in cavity systems — is typically conducted in the
interaction-Schrodinger picture, where the populations
of irrelevant states are suppressed on average without
explicitly keeping track of the frequency dependence
of the interaction. Starting from a generic four-level
system interacting with a bosonic field continuum, such
one-photon transition-operator adiabatic elimination
yields a two-photon quadratic Hamiltonian where the
field is coupled to an effective two-level atomic-like
system, e.g. a QD embedded in a waveguide. This
Hamiltonian is effective in that it emerges under several
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FIG. 7. (bottom) Trade-off between the probability of successfully outputting a non-interfered entangled two-photon distribution
and the quality of the entanglement measured with the Schmidt number and normalized entanglement entropy with respect
to the ratio 8/dw of the Gaussian coupling width 3 and dw the input grid state peaks’ width. The 3/dw-axis is displayed in a
logarithmic scale. The Gaussian coupling width 8 varies from 0.16w to 456w with dw = 10 %wsx. The entanglement entropy is
given with respect to its maximum value. The Gaussian envelope input is taken as a = 2 x 10 5wy x and the FSR as 10 ®wox.
The decay rate is taken as T' = 2 x 10 %waox > . The illustrative output JSIs panels (a), (b), (c), (d) and (e) (top right
corner) and the input JSI (top left corner) are all on the same linear scale in w/w2x and w’/w2x. The input JSA is separable
with a normalized entropy of entanglement equal to 0 and a Schmidt number equal to 1.

physical considerations: (i) Provided the one-photon
detunings are large compared to the one-photon coupling
terms. (ii) The interaction time is large with respect
to the inverse of the one-photon detuning, ensuring
that the one-photon transition operators have averaged
to zero. (iii) The interaction time is small compared
to the photon linewidths and two-photon detunings.
These hypotheses entail that the two-photon transition
operators are roughly constant and can be reinjected
in the Schrodinger picture evolution. The computed
two-photon coupling terms are frequency-dependent
and non-separable in the two photons’ frequencies.
Alushi et al.’s methodology [45] based on a scattering
theory computation in the Markovian approxima-
tion is then applied to analyze the appearance of
frequency-entanglement in the output field. Under the

Markovian approximation, the initial two-photon input
is reshaped with a Lorentzian-dependence along the
collective variables ws, = w + w’ determined by the
biexcitonic decay rate I'. When the frequency-dependent
two-photon coupling term is specifically designed along
the collective variable wa, the initial two-photon input
distribution follows the profile of the coupling function
along this variable. Further, considering a separable,
isotropic, Gaussian two-photon input of width «, and
assuming a Gaussian two-photon coupling term along
wa, the T' > «a regime yields a frequency-entangled
two-photon output with Gaussian distributions along
both collective variables wy; and wa. A trade-off between
the frequency-entanglement generation efficiency and
its quality — assessed with the Schmidt number and the
entanglement entropy — is showcased using a Schmidt



decomposition for frequency continuous variables. For
example, the frequency-entanglement generation effi-
ciency reaches up to 15% for a frequency-entangled
biphoton state with a Schmidt number of around 5, a
normalized entanglement entropy of 0.4 and an ellip-
ticity of 98%. This frequency-entanglement generation
efficiency is much higher than what can be achieved with
SPDC [104, 105] or SFWM [106]. The ShaFrEnGa can
also be implemented with time—frequency qudit states,
where the trade-off between frequency-entanglement
and success probability emerges again. Depending on
the ratio of the Gaussian coupling’s standard deviation
to the spacing between spectral peaks, one can identify
five distinct regimes of frequency correlation. This
versatility shows that the ShaFrEnGa applies equally
well in both continuous-variable and discrete-variable
(qudit) time—frequency settings.

Importantly, the ShaFrEnGa is measurement-free as it
does not require any auxiliary photons, post-selection
or intense pump for perfoming frequency entanglement,
by contrast with fusion-based methods [11] for instance.
Nevertheless, in the time-frequency continuous variable
framework, the ”true” frequency entangling gate has
been shown [78, 107] to be quartic in the bosonic
creation and annihilation operators, that is a priori
complicated to carry out experimentally. This quartic
Hamiltonian amounts to a rotation of the JSI and acts
as a non-linear frequency beam-splitter. This non-linear
frequency beam-splitter is a proper unitary gate and is
paramount for quantum information protocols, such as
universal quantum computing [29]. While obtaining an
Hamiltonian which is quartic in the bosonic creation and
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annihilation operators is particularly relevant within the
time-frequency variable framework for time-frequency
entanglement, such a Hamiltonian also holds potential
for quadrature-based variables. Indeed, quartic oper-
ations in bosonic creation and annihilation operators
would correspond to non-Gaussian gates, a topic of
considerable interest in quantum information processing
research. The ShaFrEnGa — a quadratic Hamiltonian in
the bosonic creation and annihilation operators — paves
the way for both theoretical analyses and experimental
realizations of the time-frequency entangling gate in
photonic platforms.
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Appendix A: Field quantization in a dielectric waveguide

In this appendix, we go over a ready-to-use field quantization in a lossless, nonmagnetic and single mode waveguide
inspired from [61] where we additionnaly account for the polarization and the waveguide time-reversal symmetry.
Other quantization procedures in a dielectric waveguide [108-110] and more specifically its interaction with an en-
semble of point charges [111-113] and a QD [114] can be found in the references therein. A field propagating in a
single direction, rightward along the z-axis, the quantized field can be expressed as

E(r)=3_ | dBE(B)E, (r,8)is(8) + e, (A1)
— Jr
where o is the polarization, 8 the wavenumber, £, () a normalization constant
hw(B)
E(B) = A2
) \/ %0 Iy o DB (o, PP "
and E, (r,3) = E, (p, B) e’% the propagating modes, solution to the wave equation
2
V%V x B, (r,0) - YO e(r. 9B, (r.0) =0, (A3)

where p is the transverse coordinate and w(j3) the 1D dispersion relation 5% = n2;(w)% with neg(w) the effective

refractive index. The terme ’effective’ encapsulates the idea that the mode propagates as if it were in a homogeneous
medium whose refractive index is the average seen by the field. This effective index neg does not explicity vary with
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the transverse coordinate r because all the spatial variations in the dielectric function are contained in the mode
profile [115, 116]. These propagating modes constitute an orthogonal basis in such a way that

o [ cr BB (B) - Bur (r.5) = 5(8 = ) (A4)
The quantized electric field thus reads
Blr)=3_ | 8 &), (p.5) ¢ (5) + bc (A5)

From now on, we will group together &,(8) and E, (p, 8) in a single term &, (p, B) for readability. Taking into account
the leftward propagating field along the z-axis

= Z /R+ dﬁ <£cr(p7 ﬁ)eiﬂz&a(ﬁ) + go’(pa _6)€7i52d6(—6) + hC> . (AG)

From here, we invoke the time-reversal symmetry [117] of the waveguide which enforces

5J(p7 _6) :‘S:—(pvﬁ)v (A7)

which entails

=2 > / dB Equ(p, B)e" a0 (B) + hc, (AR)

o pe{+}
with
Eou(p, B) = E5(p, nB) (A9)
Gou(B) = ag(Bp). (A10)
The previously introduced bosonic operators fulfill the commutation relations
liou(B), b, (B)] = 6(8 = B)SoqrSupr- (A11)

One can toggle to the frequency w(3) representation as

-3 % / A €0 p(py B@))eP@P20, () + hic, (A12)

o pe{*}
where we have defined

fou(w) = 2T, (A13)
v (w)

where vg(w) correspond to the waveguide group velocity at frequency w and w. to the waveguide cutoff frequency
respectively. The latter is assumed to be far below the photons’ frequency distributions in such a way that one can
expand the integral in Eq. (A12) to the entire real line

=3 Y [ Eulp B@)e g, ) + b (A14)
o pe{+}
with the commutation relation expressed with the frequency degree of freedom

o (w), . (W)] = 6(w — W )0y (A15)

o'p
The previously defined bosonic operators act as
= 0o 0(w — w') [vac) (A16)

diu(w) |VaC> = ‘w>0',u,7 d(];'u,(w) ‘w/>a"y/ = ‘w/7w>a'p.,a"y/ ’ (A17)

do-u(W) |vac> =0, &O'I»L(w) |w/>o",u/
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where |vac) is the vacuum state and |w)_  the state corresponding to one photon at polarization ¢ traveling in the
direction of propagation p. The field free Hamiltonian reads

Hfree field = Z Z /dw hwanu aU#( ) (A18)

o pe{*}

For the time-frequency continuous variables framework [29, 30] to mathematically resemble that of electric field
quadratures, it is additionally required that no two photons can occupy the same auxiliary modes. For instance, they
can share the same propagation direction as long as they have different polarizations.

Appendix B: Transition operators adiabatic elimination

In this appendix, we provide full computation for the adiabatic elimination that leads to the effective interaction
Hamiltonian in Sec. IIB 2

ﬁint = (I:Iint> + (I:Iint> ) (Bl)
[0} | X 1) =[2X) [0)<=| X ) «>[2X)
where we divide the two interaction paths

e o o e L LECE TR

e{R L}oe{R,L}
we{x} pe{x}

where we incorporate the photon-number-dependent Stark shifts energy renormalization in the natural frequencies.
The calculated two-photon coupling terms are shown to be equal to

g [eg 0', ! g 1 1
G ) = i N ) ¢ | - ], (®3)

In order to demonstrate these results, we consider the Heisenberg picture transition operator ég)’éJr (w,t) =
(IX+) (0] ® Gop(w)) (t) dynamical equation

dESE (w,t :
S0 L fern (o) o

where the Hamiltonian H g (t) in the Heisenberg picture is equal to the Hamiltonian H = _Hfree + fIint previously
defined

I:I'rcc
Biree oy 12X) (2] + wx (1X4) (X4 |+ [X2) (X_D) + 8 (X0 (X[ + X)X+ 3 / o with, ()it ()
oe{R,L}
ne{£}
(B5)

= > / dw (gm W) |X1) (0] @ (@) + g3 5 () 12X) (X4 | @ (W) + gk _ (W) |X2) (0] @ g pu(w)
ce{R,L}
ne{£}

o o (w)[2X) <X®aw<w>+h.c.> (B6)

in the Schrodinger picture because the latter is time-independent. This joint operator characterizes the QD transition
from its ground state |0) to its excitonic state |X,) by absorbing a photon of frequency w, polarization o and
direction of propagation . The photons driving the excitonic transitions |0) <> |X1) and the biexcitonic transitions
|X1) <> |2X) are referred to as ezcitonic and biexcitonic photons respectively. It is important to note that the time
t represents the dynamical time in the Hamiltonian evolution and not to the time-of-arrival defined in the context
of time-frequency continuous variables. Within the free Hamiltonian dynamics, this dynamical time simply amounts
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to an offset of the time-of-arrival while its action is a priori no longer nontrivial when accounting for the interaction.
One can compute the following

H :
0y = 8w X [ a v, @i ) | o
o'e{R,L}
pe{£}
dw’ o' X X o ~F ’ LTI, X X I ~F / ¢
+ > W' (g0x, (W) [ X)) (X | @ opp(w)ag,, (W) + gox_ (@) [ Xp) (X| @ Gop(w)ag,, (w') ) | ()
o'e{R,L} R
we{£}
(B7)
and

s%( 1) = wxbZl (0. + SEL @+ | 3 / e 'l (0 gy (VETE () | ()
vy
p,e

S (ST 10) 0® ey () + 05 () [2) (0] @ iy (i) | (0
o'€{R,L}
we{£}

(B8)

where as in Eq. (B5) we dropped out the identity operators and therefore the tensor products for readability. The
joint operator £J% (w) = [X_) (0] ®d,,(w) is defined in the same way as 53§+ (w). This operator physically represents
an optical transition from the ground state to the excitonic state |X_) with a o-polarized photon by means of the
fine-structure splitting S coupling — thus bypassing the optical selection rules which do not allow the |0) < |X 1)

transitions for the same polarization o and direction of propagation p. Injecting Eq. (B7) and Eq. (B8) in the
transition operator equation of motion Eq. (B4)

df . .
OXzit() —wx&oy, (W 1) + | [X4) (0] ® /dw W' aw(w) al, i (w’)dolux(w’)} (t) — SETR (w,t)

+ > / e’ (gT @) 1X4) (X 4] @ () (@) = GG () 10) (0] @ a0 (@ )ao(w)) | (8)
o'e{R,L} R
we{+}

H| X [ (05 P (O] @) () — 95 ) 2X) 018 e ()0 | (0

(B9)

The bosonic commutation relations lead to

[aw ().l (w’)a(,,w(w’)] = B B0 0w — W )it (), (B10)



20

in such a way that

g3 (w.t) . -
PSP — (- wx) €5, (1) — SEE_ (1)
X [ W) X4 (X ] @ ()], () = G ()10} (0] @ ] ()a(@)) | (8
o G{R L}
w'e{£}
X [ (01X (X )i () = 65 () [2) (01 i ()i () | 1)
o E{R L}
we{£}
(B11)
A solution to this differential equation is
Ag)lé_'— (w7 t) — e*i(wfwx)tég)lé ( 0) —|— ZOX+ (w, t), (B12)
where the first term e‘i(‘*’_“’X)tég §+ (w,0) comes from the homogeneous differential equation
dég)lé (Wat)homogcncous -
1 + dt - (w - WX) g())lé+ (w7 t)homogcncous (B13)

and Zg§+ (w,t) is a particular solution to the differential equation (B11) and is chosen as lAg)’}+ (w,t) =

e*i(“’*“’X)tl;:g;+(w, t) where lAcg)“(Jr (w, 1) is a differentiable operator fulfilling

dk§ ¥, (w,1)
dt B

—i(w—wx)t

_Ség)/é7 (w7 t)

e

+ > / de’ (g () 1K) (X 4] @ i) () = GG () 10) (0] @ a0 ()i (@) | (1)
o'/eé{il,:[]:} R (B14)

X / d (95 (W) 1X1) (K] @ oa(@)al 0 (&) = 6% o () 12X) (0] @ gty ()t (@) ) | (1)
o'e{R,L} "R
pe{x}

Formally integrating Eq. (B14)

t
kg§+(w7t) — Z/ dr ei(wfwx)rsgg)/?_ (w,,]_)
0

t

—i [Laretereor | ST [t (g0 XD (X419 ()il ) 5 ) 10) (01 @ )i @) | ()
0 o'€{R,L}

we{£}

t
=i [Caretemoor | ST (G5 W)X (] © )il ) = 05 o (6250 (0@ e () ()) | (7).
0 o'e{R,L}
we{£}

(B15)

From here, the adiabatic elimination consists in identifying and comparing evolution time scales. The exponential term
e w=wx)T oscillates at frequency |w — wx| with w being the frequency of the photon driving the excitonic transition.
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On the other hand, up to the zeroth-order in the coupling terms g-(.) and S — which again drives the |X;) < |X_)
transition — in Eq. (B15), the time-dependent two-photon joint transition operators in the Heisenberg picture

(X0 (X1 @ (@)l (@) (7), (10) 0] @ @], ()itoa(w) ) (7) and (1X1) (X | @ gy ()i, (o)) (7) evolve ac-
cording to the time-evolution equation at a frequency |w — w’| with w and w’ matching the excitonic photon spectral
distribution while (]12X) (0| ® do’p (w)aopu(w)) (1) evolves at a frequency |wex — (w + w’)| with w and w’ match-
ing the excitonic and biexcitonic photons spectral distributions respectively. Subsequently, provided the detuning
de(w) = w—wx is large in absolute value compared to |w —w’| — representing the excitonic photon spectral bandwidth
Aw, — and compared to the two-photon transition |2X) <+ |0) detuning |wox — (w + w')| & |wax — (we + wp)| Where
we and wyp denote the central frequencies of the excitonic and biexcitonic photons respectively, the previous solution
reads

t
REL (w,t) = i / dr 9T SET (4 1)
0
1— ei(w—wx)t
()
w —Wwx

1 — ei(“’_“’x)t o' ' % . R o' ! R R
+ () > /dw’ (Qoﬁ, (@) X 4) (X_| @ ()l () — g% x (@) 12X) (0] ®a(,,“,(w/)aw(w)>
o'e{R,L} R
wef{£}

e (G ) X (X () ) = G )0 0] @ ] ()00
o’'e{R,L} R
pe{x}

(B16)
for a time ¢ such that
1/]6e ()] < t < 1/Awe, 1/|wax — (we + wy)], (B17)

so that the transition operators are essentially constant during the time of evolution during which the exponential
term had had the time to average out to zero. Note that this amounts to a Markovian approximation where memory
effects are disregarded [47]. Nonetheless, the last transition operator {i% (w,t) evolves as the same frequency as

Ag §+ (w,t) that is to say |w — wx| with w matching the excitonic photon spectral distribution. This operator thus

cannot be considered constant during the interaction time ¢. However, the first term in Eq. (B16) holding the FSS S
can — in the similar fashion to Eq. (B12) — be expressed as

¢ t
z/ dre!@mex)TGETR (1, 1) = z/ dre!@mwx)T 8 (e_i(“’_“X)Tég)’”L (w,0) + 15k (w,T))
0 0 . (B18)
= iStETH (w,0) +iS / dre@=wx)TITh (7).
0

As for lAg)‘z+ (t), IT% (7) can be expressed as e *@=wX)TETR (4 1) with k% (w,7) fulfilling an equation identical to
Eq. (B15)

¢
kg% (w,t) = z/ dr ei(“wa)TS§g§+ (w,T)
0

t
— z/ dr ¢'@=wx)T
0
t .
iy .
0

o (6856 @) 1) (1 (@) (1) = G5 () 10101 @ 8 o) | ()
’ R

o'e{R,L}
w'e{£}

Am%ﬁﬁwWM&@%MMMM—&&WWMMMMMMWM<ﬁ

o’'e{R,L}
we{£}
(B19)
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This term is multiplied by S and is therefore a second order term in coupling terms S and g (.) that we neglect
as done above. The fast-oscillating contribution in {J% (w,7) can thus be ignored in Eq. (B16) and the particular

solution to the differential equation Eq. (B11) ig§+ (w,t) = e‘i(“_“X)tl%g;+ (w,t) thus yields
lA‘OT)“(+ (W, 1) = e MW@t 5 i SEETR (w,0)

(T | S e () 1) (X018 il ) — g )10 0] s )

wTwx o'e{Rr,L} "R
we{£}
efl(wfwx)t -1 o' A 4 , o'
()| X [ () X4 (X | @ () () — 05 50 (&) 2 (0] @ ()
X o'€{R,L}
we{£}

(B20)

Putting Eq. (B20) in the solution to the differential equation Eq. (B12) and taking out the e~*«“~%x)* fast-oscillating
term that averages out to zero over the interaction time ¢

G w0 = X [ (G ) (X4 0 )0 ) — ) 10) 010 L )
o G{R L}
pef{x}

gt (W) 1X 1) (X ] ® i (@)ith e (&) — 97" () [2X) <0|®aw<w'>aw<w>),
(B21)

which no longer depends on the interaction time ¢ and can therefore be taken as time-independent throughout the
evolution. Their Schrédinger and Heisenberg representations are thus identical for this interaction time. With exactly
the same reasoning, the biexcitonic transition operator f;*fr ox (w,t) can be shown to read

Ronlo = ooy 3 [ ()20 0X16 01 )

€{R,L}
we{£}

gg{f;;{( /) |X+> <X+| ® a’a w ( )&Uu(w)

— %" W) 1X2) (X4 | @ a0 ()0 (@) + gl (&) [2X) <0®da,u(w)d0m’(w/)>u

(B22)

which is again time-independent for an interaction time ¢ such that
1/\5b(w)| Kt K 1/Awb71/|ng—(we+wb)\, (B23)

with dp(w) = w — (wex — wx) and Awy, the biexcitonic photon spectral bandwidth.
Injecting back these two joint operators {7y, (w) Eq. (B21) and {{,x(w) Eq. (B22) in the [0) < |X) < [2X)
branch of the interaction Hamiltonian Eq. (B6)
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A 1 ’or
H: — / _ o op ok 2 X X ~ AT, , /
( mt) 10y 5| X 1) 6[2X) =h /EE{R o G{ER 0 /R2 dwdw |: W—wy (90X+ (w)gOX+ (w )[| +> < +| ® aUM(w)a’o' Iz (w )

p'e{£} ne{x}
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These expressions are similar to those found in [75] wherein the derivation was performed for two frequency modes of
the electromagnetic field applying a Schrieffer-Wolff transformation [118]. The diagonal terms related to | X4 ) (X+|,
|0) (0] and |2X) (2X| correspond to the intensity- dependent Stark shifts and act as energy renormalization terms in
the free Hamiltonian that we thus drop out in the equations for readability. The terms in | X ) (X_| are two-photon
transition terms arising from the excitonic joint transition operator. Indeed, for the terms in gg)*éJr (w)gg;(”:*(w/ )
(respectively g;f;}( (w’)g‘;(’iQX (w)), since égﬁ& (w,t) and fg;;‘ﬁ (w', t) evolve rapidly in the adiabatic elimination regime,
for a QD that goes from its excitonic state | X_) (respectively | X)) to its ground state |0) (respectively excited state
|2X)) before being promoting back up (respectively decaying down to) to its other excitonic state, all appears as if
it went from |X_) to |X;) (respectively | X ) to | X_)) by first emitting (respectively absorbing) a photon and then
absorbing (respectively emitting) a photon. Nonetheless, this transition only occurs provided one of the two excitonic
states is populated which they are not on average over the interaction time ¢ given that the transition operators that
promote the QD to these states have been adiabatically eliminated. Therefore, the |0) <> |X1) <+ |2X) branch of the
interaction Hamiltonian now yields

2 _ / 1 ou o'u! / N N A
() = 3 5 [ R0 0 1

o’'€{R,L} o€{R,L}
pe{x} npe{£}

1 ’

- o (e A ) 2X) 018 i) )|+ e

(B25)
Reordering the dumb indices w and w’

R i 1 ].
. _ /I op o' / B
() oy, = 2 [ e % @) | J2x)0

_ ’r_ .
o'e{R,L} c€{R,L} w-wy W= (wax —wx)
we{£} pe{£}
® da’p/ (w/)dgu (W) + h.c.

(B26)
Adding the |0) +> | X_) +> |2X) branch, the total effective interaction Hamiltonian reads
Hinor = T Z Z / dw'dw |2X) (0] ® [gg(,f/”“(w’,w)dglu/(w’)&w(w) —|—gg(/f/‘7“(w’,w)&glux (w’)dw(w)] +h.c,
R2

o'e{R,L} oc€{R,L}
we{+} ne{£}

(B27)
with

ror ror 1 1
o'uows _o'w N\ O
) = o N ) | = - | (B29)



24

In other words, we obtained an effective two-photon Hamiltonian for which the coupling terms are non-separable
in the two photons frequencies w and w’. These calculations have been performed up to first order in the coupling
terms S and ¢ (.) in the one-photon joint transition operators and to the zeroth-order in the two-photon transition
operators. This resulted in a total Hamiltonian Eq. (B27) with up to second order coupling terms. In that regard,
within the adiabatic elimination, the fine-structrue splitting S would have contributed to a two-photon interaction if
we had considered coupling terms up to the third order in the effective Hamiltonian. This stands to reason because
this would be driven by gg’, (w) (respectively g3/, x (w)) for the transitions [0) — [X1) (respectively [2X) — |X4)),
then a coupling |X4) <> |X5) through S then the transition |X5) — |0) or |X5) — |2X) (respectively | X+) — |2X)
or | X¢) — |0)) with the coupling term gg)’?; (w) or g‘;f;zx (w) (respectively g3/, x (w) or ggk™(w)). Considering one-
photon joint operators instead of either bare states [46, 47] or bare operators [77] has several key benefits. (i) It is more
intuitive to adiabatically eliminate operators rather than states since the goal is to obtain an effective Hamiltonian
with effective operators, making operators adiabatic elimination the more natural choice. (ii) Because we are working
with transition operators in the uniquely defined Heisenberg picture, frequency detuning naturally arises without
requiring a shift to an interaction picture, which is not unique and can lead to different predictions of the system’s
dynamics [47]. (iii) The light-matter coupling depends on the frequency which is continuously distributed. Tracking
the evolution of transitions operator joint for each frequency with the field bosonic operators preserves this frequency
dependence throughout and yields effective two-photon coupling terms that are functions of both photons’ frequencies.
(iv) Using bosonic operators instead of bosonic states allows for the explicit application of the bosonic commutation
relation, therefore clearly revealing the photonic processes ordering. Note that the previous derivation was performed
without taking into account the optical selection rules. Therefore, the present description can be extended to any
four-level system coupled to a bosonic field frequency continuum.

Appendix C: Scattering theory derivation

In this appendix, we present the main computational steps of the scattering theory method employed by Alushi et
al [45] adapted to our physical system. Further details can be found in [45] and Sec. 7.2 and Appendix B.3 of [119].

a. Wigner-Weisskopf ansatz

Let us first define the bare transition operator éQXO = éng = |2X) (0], the following N operator

=2%pxbxot+ D, Y /dw b (W)aou(w), (C1)

oce{R,L} pe{+}

accounting of the number of weighted excitations in the system, commutes with the total effective Hamiltonian.
Consequently, the system’s dynamics can be effectively described using a normalized Wigner-Weisskopf ansatz |¢(¢))
with a fixed number of weighted excitations. Given the expression of the effective interaction Hamiltonian Eq. (13),
the photonic states are decoupled from the emitter in the vacuum and individual photon sectors. As a result, we
can focus on solving the scattering problem for input states consisting either of two photons with the emitter in the
ground state or a single excited emitter in the vacuum state

(1) = Cax(Daxo [0) + > > / dw'dwC, (W' wit)al,,, (w)ak, (@) ]0) (C2)
o e{R L}oe{R,L}
we{£} pe{x}

where Cox (t) and C’Z,/Z (w', w; t) are the probability amplitudes to have the system respectively in the QD’s biexcitonic
state without photons and in the QD’s ground state with two-photons at frequency w and w’, polarization ¢ and o/,
and direction of propagation p and p'. The state |0) = |0) ® |vac) denotes the global vacuum state for both light and
matter. The entire QD-waveguide isolated system is enclosed within the Wigner-Weisskopf ansatz, whose dynamics
is governed by the Schrédinger equation ihd; [¢(t)) = H |¢(t)) giving rise to a system of linear, coupled ordinary
differential equations

iCox (t) = wax Cox () + Z / dw'dw g“ (. f.u)C’H M (W w;t) (C3a)
wipe{x}

057 (W wit) = (w+ W) O (W wit) + (gu’ﬂ(wxw))* Cax (1), (C3b)
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with the polarization o and ¢’ left unspecified but implicitly enforced by the coupling terms selection rules. The
two-photon state linear differential equation Eq. (C3b) can be formally integrated as

Co’a( "t )_ Co’a
.U'/M w 7UJ7 1) — ’

7 (@ ws to)e TNt (' (u ) / dr Cox(r)eHB=n) - (Ca)

which can be substituted back into the differential equation for the biexciton probability amplitude

ZCQX (t1) = waxCax(t1) + Z / dw'dw ( H N(w’,w)czl’g(w/’w;to)e—i(w-i-w’)(n—to)
t wue{x} (05)
1 ) ,
—i [l g ) PO e ),
to

The first term corresponds to the QD’s free evolution, the second to the photons absorbed by the QD and the third
to the photons emitted by the QD in the past that got reabsorbed.

b. Markovian and weak coupling approximation

Let us toggle to the collective variables wy, = w + w’ and wa = w — w’. This choice is driven by the forthcoming
Markovian approximation and the nature of the frequency entangling gate , which transforms the reference axes of
the two-photon distribution from the individual frequencies w and w’ to the collective frequencies variables w +w’ and
w — w'. The third term in Eq. (C5) can be expressed as

Plt) = —i /0 Y Oty — DK, (C6)

where K (7) is the memory kernel

K(r)= /Rdwg e iwnT Z /dA |g“ Mws, wa)|? (Cn)

u we{E}

connected to the spectral function J(wy) [119] through a Fourier transform

J(ws)=m Z /de 19" M (ws, wa)|? (C8)

wpe{£}

The spectral function can be interpreted as a function counting the coupling function contributions in the frequency
domain to the term F(¢1) [defined in Eq. (C6)], in particular here with respect to the sum of photons frequencies.
This stands to reason given that the resonance condition for this two-photon process is wy = w + w’ = wax. The
Markovian and weak coupling approximations now consist in: (i) Assuming that the coupling strength is negligible
with respect to the biexcitonic energy wox so that the probability amplitude Cox (7) can be expressed as the product
of a free-evolving term and a slowly time-varying function of time Cox (7) = e~%2X7 Sy (7). (ii) Supposing that the
spectral function Eq. (C8) — and hence the coupling terms g“/”(wg, wa) — has a minimal dependence on the collective
frequency ws;, so that the memory kernel K (7) is sharply peaked at 7 = 0. The term F'(¢) can thus be approximated
as

t1—to
F(t) ~ —iCax (1) / dr 6“7 K (7), (C9)
0

where the envelope was treated as a constant over the short time interval where the memory kernel is nonzero.
From this point, F(¢1) can be directly substituted back into the differential equation Eq. (C5) or can be simplified
by expanding the time ¢; in the integral to infinity. This approach is valid as long as the memory kernel closely
approximates a Dirac § function in time and aligns with scattering states, where ¢y and t¢; are extended to 4+oo and
—o0, respectively. In that case, using the Sokhotski—Plemelj theorem, F'(¢1) yields

F(tl) =—i (]; - Z.(SLamb> CQX (tl); (C].O)
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with I" and dp,amp the decay rate and the frequency Lamb shift respectively

I = J(wax) (C11)
5Lamb = PV/F;dwg (&) 3 (012)

where PV labels the Cauchy principal value. The Lamb shift is recast in the definition of the biexcitonic frequency
wox — wWox + Opamb. In most cases, the experimental measurement of the emitter’s frequency already accounts for
the Lamb shift regardless [119]. The extension ¢; — +o0o and ty — —oco can now be clarified by defining the scattering
times as (t; — tg) > 1/I', that is to say times such that the emitter has fully decayed before the output state is
formally established. Writing the second term from the two-photon probability amplitude Eq. (C4)

/ dr Cox (F)e=m(1=7) =it By (o). (C13)

with Cox (ws) the Fourier transform of Cox (7) that can obtained from Eq. (C5) using g dt ettw= ~95) = 2716 (wx —wh).
The two-photon probability amplitude can then be expressed as

! . —iws (t1 —t 6’6
COIZ(WZ7WA’t1) =e iws(ti—to |:C (WZaWA,tO)(SU’G’éM’V’(SUG(SuV

I
T (g”/“(wZ7CUA)) ) , / (C14)
/dWA 9" (ws, wa)Cwp(ws, wasto) |,

F .
5 T i(wox —wx) Vet

where again, the polarization degrees of freedom indices are omitted whenever there is a two-photon coupling term
as it implicitly dictates them due to the selection rules. The two-photon output state, given in Eq. (C14), consists of
two contributions: one term represents photons that did not interact with the (QD) and are only time-shifted, while
the other term corresponds to photons that interacted with the QD, as indicated by the coupling terms.

Appendix D: Schmidt decomposition for continuous variables

In this appendix, we provide additional details on the Schmidt decomposition discussed in the main text. For a
comprehensive treatment refer to [95-97]. The pure renomarlized output state

iz (1)) = /R i O (1)L (), () [vac) (D1)
is expressed by means of a discrete expansion

CooW wit) = > Cue(n,m;t)OP (w)OW (), (D2)

W H
n,meN

where {Og)(w)}meN and {Or(lz) (w')}nen are two set of orthogonal L?(R) functions associated to the first and second
photon respectively. These functions verify

/ dv 0P (1)OD (1) = 5y (D3)
S oo W) = sw '), (D4)
keN

for 4 = 1,2. Here for instance, we choose the Hermite-Gauss orthogonal functions given the Gaussianity of the

two- photon distribution. The elements c Z (n,m;ty1) of the discrete expansion Eq. (D2) are given by

CZZZ(n, m;ty) = g dw' dw CZ,,Z(w’,w;tl)Og)*(w')Og)*(w). (D5)

By discretizing the continuous problem, we work with the discrete coefficients of the linear combination while pre-
serving the continuous nature of the state through the w- and w’-dependence of the set of orthogonal functions
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{O%)(w)}meN and {Og)( "V}nen. The next step consists in performing a numerical matrix singular-value decom-

position to the C’Z,l;(tl) matrix with elements CJ, g(n m;ty). In order to perform the numerical singular value

decomposition, we first truncate the discrete sums. Throughout the computations, we ensure that these truncations
are sufficiently large to maintain an approximation close to the exact solution. This is assessed by the computation of
a distance — e.g. the mean squared error — to the actual JSA C7,7(w’, w;t1). The amplitude Eq. (D2) can be rewritten
as

min(mo,ng)

Corw wit) = > AT e (W)el w), (D6)

K
k=1

where the discrete expansion has been truncated for the singular-value decomposition to be applied

no
CZ 7 (W' w;ty) Z Z Cﬂ o (n,m; 1)02(W)OW (w). (D7)

n=1m=1
The @21)(w) and @;f)(w’ ) functions are linear combinations of the orthogonal functions {Ofﬁ)(w)}me[[l’moﬂ and
O (W) netin1 respectively. The A7l Schmidt coefficients are real, non-negative, unique up to reordering
€[1,n0] k

’or 2 ’
and obey me(m”’"”) (AZ " U“) = 1 provided C7, /7 (w’, w;t1) is normalized to one. The two-photon scattered output

0'0'

state ’ o

(t1)> in Eq. (D1) can be expressed as a discrete sum
) min(mo,no) , . .
‘ g,g(t1)> = 3 AR ()b () [vac) (D8)

k=1

where (A)((,lﬁf(k) and IA)EIZ,LT,(R) are bosonic creation operators which read

BV (k / dw O (w)al , (w)
b (k) = /R d' 0P (W)al, ().

These operators create photons in the Schmidt modes, each labeled by the index k.

Appendix E: Optimization of the propagation mode

In this appendix, we offer numerical insights into optimizing the propagation mode u(w), which corresponds to the
magnitude of the solution to the waveguide wave equation Eq. (2)

w(B)?

c2

VXV x&Eq(r,B)—

G(Tv Nﬂ)gﬂﬂ (’I’, 6) =0, (El)
in such a way for the two-photon coupling term Eq. (22)

’

g (W w) = %u(w’)u(w) X [ ! ! ! !

w—wx _w’—(wX—(SX) w —wx _w—(wX—(SX)

(E2)

to be as Eq. (28) a non-separable Gaussian function of width 8 and defined along the collective variable wa = w — '

> B 1 (ea—(eemwy)? 1/4
9" H(wa) = = \2np© 7 . (E3)

Injecting the constants D/A% in the definition of the products u(w’)u(w), this problem can be formulated as
u(w)u(w)h(w',w) = g(w',w) where h(w’,w) is the non-separable part of Eq. (E2) and g(w’,w) the target two-variable
functions Eq. (E3). Since g(w’,w) is non-separable in the two variables w and «’, i.e.. it cannot be written as a
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Interpolation of u(w’) Interpolation of u(w)
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FIG. 8. Spline and cubic interpolation of the propagation mode u over the excitonic range w and biexcitonic range w’ normalized
to the biexcitonic transition frequency wax for a = 1076(.02)(, I =10 %wsx and B~ 10740.)2)(, wx = 0.5025w2x, 0x = 0.005w2x,
we = 0.5026ws2x, wp = 0.4974wox .

product g(w',w) = g1(w)gz(w’) with g; and go two functions, the importance of h(w’,w) non-separability becomes
apparent. In order to optimize the function u over the ranges of definition of w and ', let us write

’ g(w',w)
u(w)u(w') = e w) (E4)
and express this equation in a matrix form U = T with
u(w))u(w]) wlwo)u(w)) ... w(w,)u(w])
U= : (E5)
u(wi)u(wy,) wwz2)u(wy,) .. ulwn)u(wy,)
(E6)
gwiw))  g(wa2,w)) 9(wn,wi)
h(wi,ws)  h(wz,wsy) °7°7 h(wn,wy)
T=| S E (E7)
g(wiwy,)  g(w2,w),) 9(wn,wy,)
h(whw»ln) h(w%w;) e h(wn’w;)
where we discretize the frequencies w = [w;...wy]T and w’ = [w)...w)]|T. The frequencies ranges are chosen

to match the initial two-photon distribution Eq. (27). The optimization problem is thus equivalent to optimizing
the entries of two column vectors u = [u(wy) ... u(wy)]? and w' = [u(w]) ... u(wly)]T by minimizing a distance ||.||
between U and T. The optimization loop starts with an initial guess that starkly determines the extent of the
optimization’s reach and must be carefully chosen. A guess motivated by the previous U = T' matrix formulation of
the optimization can be chosen by noticing that U = u”u’, and by extension T, should be a rank-1 matrix. Indeed,
each row (respectively column) of U is a multiple of u’? (respectively u) so all rows (respectively columns) are linearly
dependent. Let us now perform the singular value decomposition of T'

T=VSWT, (ES)

where V' and W7 orthogonal matrix contain the left and right singular vectors respectively and S is the diagonal
matrix of singular values. Any column (respectively row) of T' can be expressed as linear combination of the columns
(respectively rows) of V and WT. The columns (respectively rows) of V (respectively WT) form an orthonormal
basis of the column (respectively row) space of T. The leading singular vectors are the first column and row of V' and
WT respectively and because U = T is supposed to be a rank-1 matrix, T' ~ S[1]V[0,:]W7T]0,:] therefore a good
initial guess for u and u’ is

u=WT0,:] « =V, (E9)
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FIG. 9. (a) Target Gaussian non-separable coupling Eq. (E3). (b) Approximated Gaussian non-separable coupling drawn from
the optimization of u over the two frequencies ranges, see Fig. 8.

After retrieving the optimized vectors u and u’, we interpolate the functional form of u over the ranges of w and w’ with
a spline and cubic interpolation, see Fig. 8. Remarkably, a form of anticorrelation emerges between the values of u over
the two frequency ranges, aligning with the anticorrelations in the target coupling term Eq. (E3). In Fig. 9, the target
Gaussian non-separable coupling Eq. (E3) and approximated solution to the optimization problem u(w)u(w’)h(w’,w)
are plotted. They demonstrate strong agreement, validating the effectiveness of the previous optimization method.
It is important to note that the optimization critically depends on the frequency ranges, which are determined by
the two-photon input distribution, the Gaussian coupling width 3, the one-photon detunings and the binding energy
dx. The parameters that we consider here follow those used in the main text for the output two-photon distribution
to be frequency-entangled with Gaussian distributions along both collective variables wy = w 4+ w’ and wa =w — W'.
All the preceding optimization was carried out in Python. The present optimization scheme is mostly illustrative.
Precisely tailoring the propagation mode u(w) starkly depends on the different physical parameters at play, and precise
waveguide engineering is paramount to experimentally manufacture the required propagation mode u(w).

Appendix F: Frequency qudit states computation details

In this section, we provide the computation details leading to the output distribution for the cavity-filtered input
Cf_f(wg,wA; to) feiter (W) frilter (w'). For a non-interefered output, that is an output with auxiliary degrees of freedom
{p, '} # {+,+}, the scattered two-photon distribution reads

™ (g“/“(wszA))*

Cl(ws,waity) = —e~ ==t o o) /R dwly g7 (ws, Wi )CEE (ws, Wi to) fatter (@) faer (@), (F1)
2
with
’ f}/l‘,l‘f 1 _(“’A*(“’c;*wb))2 1/4
g" ' (wa) = T (27rﬁ26 s > ) (F2)
and
1 [wn—(wetwp)]® _ [wa—(we—wp)]?
CLB (ws, waito) = B R e e R (F3)

e
V2ma?

Let us focus now on the integral terms. Given that feier(w) = Y,z Tn(w) where T, (w) = exp(—(w — nw)?/(26w?)),
the integral can be expressed as a sum of the following integrals

s K )
™ R

27 32 V2ra?
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Rewriting the argument of the second exponential of the integral as

1 wy + wh 17 wy — wh 17 1 9 2
 20w? <{ 2 B nw] + 2 - mw T 9502 (AE [ws — e nm]” + Ap [WIA - C/Anm] + Bnm) )
(F5)

with As;, A\, €s,nm, Ca py, and B which can be determined

csnm =w(n+m)
CA’ mm = W(n —m)
Bnm = 07

the term in Ay [ws, — Cz,nm]2 can be taken out of the previous integral, which now reads
/ dwlAe ( T +432 ) [wlA*(wefwb)Pe 26“) [WA w(n— m)} (FIO)
R

The argument of the exponential can be expressed as

2
1 1 2 1 _ 2 [w/A - :u/A nm]
- (4ag + 4ﬁ2> [Wh — (we —wp)]” — 1502 [wa —@(n —m)]” = _J—X + Dnm (F11)
with
2025 2
P 4o 70w (F12)

oA = a2B% + 6wt (a2 + B2)
B dw?(a® + B?)(we — wp) + 2B%w0(n —m)

.U’,A,nm - 04252 + (a2 + 52) (5&)2 (F13)
1 (a4 B?) (we — wp) —@(n —m))?
Dy = 4 a?f? + (a2 + ﬁ2)6w2 (F14)

The integral can then readily be calculated as

’ 2 ;. — 2
/RdwlAe (4a2+452)[wA—(we—UJb)] e*ﬁ[wAfw(nfm)} :eD"m /WUZ (F15)

One can therefore compute

w " "R o
/deg T ws, wh ) CE (ws, wihi o) frtter (W) fritter (W Z (%52) 20?2€D

(F16)
o [ws— (:;-%—wb)] T 1 fws— w(n+m)]2
All in all, for an isotropic emission 'y“'“ =T'/4, the scattered output two-photon distribution is
, _ _ lwoa—(we—wp))? T [ws —(we +wp)1?
pps ) —iws(ti—to) -
CH’H (WE,CUA,ﬁ) = —¢ =(ti—to) e 432 g n i(WZX — wz)e 402 647-(04252 Z fnm WZ (Fl?)
with
Frm (ws) = eDnme—ﬁ[w:—U(n+m)]2’ (F18)
where
1 (a?+ B?) (we — wp) —w(n —m 2
Dy = — ( s ) (( e b) ( )) (Flg)

4 a?f? + (o + %)ow?
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Numerically, one cannot extend the sums to infinity and has to truncate the number of peaks. Nonetheless, if the
width « is too small, the frequency-filtering function cannot properly scan the one-photon distribution. Thus, we
artificially displace the frequency-filtering as fhiter(w) — frter(w — we) and fayger (W) = foiter (W’ — wp). This changes
the different computed coefficients as follows

Av= Ay =1, (F20)
esnm = w(n+m) + (we + wp), (F21)
CA nm = W(n —m) + (We — wy), (F22)
B =0, (F23)

W _ (We — wp) [5w2(a2 +6%) + aQBZ] + a?B%0(n — m) (F24)

A,nm a262 ¥ (5&)2(042 ¥ 62)
402 62502
o} = o pow (F25)

22 + dw?(a? + (2)
1 (a?+ Hw?(n — m)?

Dnm = oﬂﬁQ T (a2 + B2)0w?’

(F26)

effectively shifting off the center frequency in D,,.,. The scattered output two-photon distribution can be expressed
as

, ) _lwa—(we—wp))? T [ws —(we +wp)])?
C%% (ws,wasty) = —e ws(tizto)e 162 e~ 1a? Z w F27
H'M( = wait) g +i(way — ws) 647T042ﬂ2 Jnm(ws)  ( )

with

Frm(ws) = ePrme” o7 [wn = (wetw) —B(ntm)]* (F28)
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