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1 Introduction

A non-local quantum computation (NLQC) replaces a local interaction of two systems
with a single round of communication and shared entanglement (see figure 1). Non-local
quantum computation has many applications, including to quantum position-verification
[1, 2], AdS/CFT [3-6], information-theoretic cryptography |[7-9], uncloneable secret shar-
ing [10], and Hamiltonian complexity [11]. In all these applications, a key quantity of
interest is the amount of entanglement necessary to implement a given computation as
an NLQC. Despite the need to understand this, a clear and general characterization of
the entanglement cost of an NLQC is still lacking.

There are fundamental obstructions to obtaining a complete understanding of entan-
glement cost in NLQC. In particular, entanglement cost in certain NLQC tasks can be
upper bounded by complexity measures. Consequently, placing lower bounds on entangle-
ment would imply lower bounds on these measures of complexity, which is a notoriously
hard problem. In the context of a specific scheme known as f-route, there are upper
bounds on entanglement cost in terms of the memory needed to compute an associated
Boolean function f [12], and an upper bound in terms of the size of a span program
computing f [7, 13]. This means lower bounds on entanglement cost for f-route give
lower bounds on memory and span program size. Considering functions in P, obtaining
even super-linear such bounds is an open problem.

In this work we take a new approach to elucidating how entanglement cost is de-
termined in non-local quantum computation. We focus on the question: when is one
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Figure 1: (a) Circuit diagram showing the local implementation of a channel in terms of a channel /. (b) Circuit
diagram showing the form of a non-local quantum computation. V¥, V& W% and W are quantum channels.
The lower, bent wire represents an entangled state. The goal is to simulate the local channel V.

computation harder to itmplement non-locally than another? To understand this, we
study the relationships among different NLQC tasks, looking for reductions among them.
Whenever we find that a protocol for implementing a non-local computation A can be
transformed, without too much overhead, into a protocol for implementing a computation
B, we know that B is no harder than A.

Our strategy mimics the study of complexity classes and reductions among computa-
tional problems. Indeed, since we face some of the same obstructions that appear in the
study of complexity theory, it is natural to adopt a similar strategy. We can also hope
to gain many of the same insights. For instance, studying examples and comparing their
hardness gives insight into what makes a problem hard or easy as an NLQC. We can also
then try to identify the hardest NLQCs, which provide useful candidates for position-
based cryptography. Further, by building a scaffolding of examples and relating them to
one another, any new NLQC of interest can be related to these problems and some of
its properties understood without studying each new example from scratch. Finally, we
can hope to gain insight into complexity theory itself via NLQC: since upper bounds for
different NLQC tasks are characterized in terms of different complexity measures, we can
hope to learn about these complexity measures by studying reductions among the tasks,
or even hope to find lower bounds on complexity measures by lower bounding NLQC
tasks.

1.1 Related work

Our explorations are in part inspired by a related set of reductions between instances of
NLQC and primitives in information-theoretic cryptography [7|. Those relationships have
already led to a number of useful results [8, 14|, and our work can be seen as extending this
to the study of relationships between NLQC tasks themselves. We describe the results of
[7] briefly below.

A well-studied NLQC task, already mentioned above, is f-route. An f-route instance
is defined by a choice of Boolean function f : {0,1}*® — {0,1} and Hilbert space Hg.
As input Alice is given = € {0,1}" and system @Q; Bob is given y € {0,1}". Their goal is
to have @ kept with Alice if f(z,y) = 0 and sent to Bob if f(z,y) = 1. This is defined
more carefully below in definition 9.

In [7], f-route was related to a primitive studied in information-theoretic cryptography
known as conditional disclosure of secrets (CDS) [15]. In CDS two players, Alice and Bob,
share correlations (in the classical setting) or entanglement (in the quantum setting) but
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Figure 2: The known reductions among function NLQC tasks and primitives from information-theoretic cryptog-
raphy. Blue implications are new to this work. Clicking on primitives links to definitions; clicking on blue arrows
links to proofs of the corresponding implication. Black arrows are proven in [7].

do not communicate. Alice receives a string s, the secret, as well as an input string
z € {0,1}"; Bob receives an input string y € {0,1}". Alice and Bob can each send a
message to a third party, the referee. The referee knows x, y and wishes to learn s. Alice
and Bob’s goal is to allow the referee to learn s if and only if f(x,y) = 1 for some Boolean
function f. The work [7] proved that CDS with quantum resources is equivalent to f-
route: a protocol for quantum CDS can be transformed into one for f-route with only
a small overhead in the resources used, and vice versa. Further, classical CDS schemes
give quantum CDS schemes using the same resources.

A second result in [7] related another primitive from information-theoretic cryptogra-
phy and a second instance of NLQC. Private-simultaneous message passing (PSM) [16] is
defined by a choice of Boolean function f : {0,1}** — {0, 1} played by three parties, Al-
ice, Bob and the referee. Alice receives input x € {0,1}"; Bob receives input y € {0, 1}".
In this setting the referee does not know x,y. Alice and Bob will each send a message to
the referee, who should learn f(z,y) but no other information about (z,y). PSM with
quantum resources, denoted PSQM, is related to an instance of NLQC known as coherent
function evaluation (CFE). In CFE, the goal is to implement the isometry

VI =22y 1 (@) 2 (2lx (Wly (1)

with X starting on Alice’s side, Y starting on Bob’s side, and Z ending on Alice’s side,
Z' ending on Bob’s side. In [7] a reduction transforming protocols for CFE into protocols
for PSQM using similar resources was given.

1.2  Our results

We explore a variety of NLQC tasks, each with different qualitative features whose rela-
tionships to their hardness we explore. An overview of the tasks we study and reductions
among them appears as figure 2.

One grouping of NLQCs we study are the classically controlled protocols, which re-
quire implementing a small quantum operation controlled on a large classical computa-
tion. The examples we study are f-route, CDQS, and a third task (not yet mentioned)
known as f-measure. In an f-measure task, Alice is given H/(®¥) |b>Q and the string
x € {0,1}™ while Bob is given y € {0, 1}". Their goal is for both Alice and Bob to output
b. We show the following relationship among these settings.

Theorem 1 f-route, f-measure and CDQS can all be transformed into one another with
constant factor overhead in the entanglement cost.
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This is stated more formally in the main text using our definition of a reduction among
NLQCs. The proof leverages the existing result that such a transformation exists between
f-route and CDQS, and then we combine this with proofs that f-route = f-measure and
f-measure = CDQS. In section 5 we describe the simplifications of the literature or
new results that follow from the equivalence of f-route and f-measure. Indeed, they are
the best studied examples of NLQCs, and many properties previously proved for each
separately now follow by proving it for only one of the two equivalent primitives. For
example, f-measure gains an upper bound of 20(V™*1°8™) via this connection, and efficient
protocols for all functions in the complexity class Mod,L.

We also explore several classes of coherently controlled operations, which implement
O(1) size gates controlled on inputs that may be in superposition. In particular we focus
on NLQC implementations of the following three unitaries,

Cf-SWAP s app = 3 SWAPLSY @ [a)x] , © [y)yl 5

Y
Cf-PHASEawpp = Y _(—-1)7@Y |2}z, ® [yXyls
€,y
Cf-Zpaypp = Z Z]:x(fcc’y) ® |z)Xz] 4 ® lyXylp - (2)
T,y

Note that by acting with local unitaries before and after implementing the NLQC pro-
tocol, we can convert a coherently controlled protocol for a unitary U 45 into one for
(Va® Vg)Uap (VL ® VL) for any choice of V4, V.. This means we can view the
above unitaries as representatives of a class of equivalent NLQCs. With this in mind, we
will refer also to the C' f-PAULI, which requires we implement C'f-Z or any unitary of
the form V 4Z4 V', (which includes Pauli X and Y).

We prove reductions among the coherently controlled NLQC tasks. To start out, we
observe that a C' f-SWAP protocol implies a C'f-PHASE protocol for the same function
using similar resources. This follows by running the C' f-SWAP operation with the A’B’
system chosen to be in the —1 eigenstate of the SWAP operator. We were not able to
find an implication from C f-PHASE to Cf-SWAP, so C f-SWAP may be stronger.

In a similar spirit, choosing A’ to be in the state |1) ,, shows C'f-Z (and hence C'f-
PAULI) implies C f-PHASE. Conversely, we show that a C'f-PHASE protocol for the
function f Az for z; a single bit gives a protocol for C' f-PAULI for the same function. We
can add controls to the implemented unitary by concatenating with the AND operation
further: C'Z controlled on function f is implied by a C f-PHASE protocol for f A z; A 2,
CCZ controlled on f is implied by a C' f-PHASE protocol for f A z; A 25 A 23, etc. These
observations raise the question of whether f and f A z; have similar costs in C'f-PHASE.
We show that indeed this is the case: a C'f-PHASE protocol for f A z; costs at most 1
additional EPR pair compared to f. This establishes that NLQCs for C'f-CC...CZ for
any constant number of controls are all equivalent under constant entanglement overhead
reductions.

We defined C'f-SWAP as a natural choice of coherent NLQC task which is strong
enough to imply f-route. C'f-PHASE appears to be weaker than C f-SWAP, but we can
ask if it is strong enough to recover the incoherent NLQC tasks. We find that indeed
C f-PHASE actually suffices to obtain the classically controlled tasks f-route, f-measure
and CDQS. We do this by proving an implication from the equivalent task C'f-PAULI to
CDQS. We leave open understanding if all (non-trivial) coherent tasks are stronger than
all incoherent tasks.

As a final additional result, we show that in the NLQC context the ability to efficiently
implement a unitary that interchanges between two states [¢g) , [1)1) implies the ability
to efficiently distinguish between the two “Fourier” states |¢y) = %(WJ@ + |¢1)). This
is inspired by a similar result which holds in the computational complexity context [17].
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Note that in the complexity context the ability to apply interchange efficiently implies the
ability to distinguish the Fourier states efficiently, and vice versa, whereas in the NLQC
context we find only one direction. This is our only result relating classes of NLQCs which
are not characterized by Boolean functions; we find this result suggestive that there may
be other interesting reductions among state transformations or unitaries, though we do
not explore this in depth here.

2 Background and preliminaries

2.1 Tools from quantum information theory

We label the maximally entangled state on Hy ® Hp by ¥}z, When we don’t specify
the Hilbert spaces, ¥ denotes a maximally entangled state on two qubits.

Let D(H ) be the set of density matrices on the Hilbert space H 4. Given two density
matrices p, 0 € D(H ), define the fidelity,

F(p,o0) = (tr ( \/ﬁa\/ﬁ>>2 (3)

which is related to the trace distance 3| p — o||; by the Fuchs-van de Graaf inequalities,

1= F(p.0) < gllo— 0l < /1~ Flp,o). (4)

The fidelity and trace distance allow us to characterize distances between quantum states.
To characterize distances between quantum channels, define the diamond norm distance
[18, 19].

Definition 2 Let N ,c, Mp_.c : L(H4) — L(Hp) be quantum channels. The diamond
norm distance is defined by

INsse — Mpocllo = SI;P Inax INB=c(Va,B) — Mpoc(Ya,B)|: (5)
d

where Va,5 € D(Ha, ® Hp) and Ha, is a d dimensional Hilbert space.

The diamond norm distance has an operational interpretation in terms of the maximal
probability of distinguishing quantum channels.

We also make use of the von Neumann entropy and some related quantities and
inequalities. The von Neumann entropy of a density matrix py is

S(A), = —tr(palogpa) (6)

where we use base 2 logarithms here and throughout the paper. The conditional quantum
entropy is

S(AIB), = S(AB), — S(B),. (7)
and the mutual information is
I(A: B), = S(A), +5(B), — S(AB),. (8)
We also use the relative entropy, which is given by

D(pllo) = trplog p — trplog o (9)




when the support of p is contained within the support of o, and defined to be infinity
otherwise. Pinsker’s inequality relates the relative entropy and the trace distance,

lp = olly < /(21n2)D(p]lo). (10)

We use the identity
I(A: B), = D(pagllpa ® pp). (11)

We exploit the following inequality relating conditional entropies in a tri-partite state.

Theorem 3 (CIT [20, 21|) Let |¢)ppp be an arbitrary tripartite state, with R a single
qubit. Consider measurements on the R system that produce a measurement result we
store in register Z. Consider measurements in both the computational and Hadamard
basis, and denote the post-measurement state when measuring in the computational basis
by p% s and when measuring in the Hadamard basis by p%... Then,

S(Z|E)pc + S(Z‘F)pH >1.

2.2 NLQC reductions

We first define what an NLQC aims to achieve, which is to complete what we call a 2 — 2
quantum task.

Definition 4 A 2 — 2 quantum task is defined by a pair of input systems A, B, a pair of
output systems A’, B', and a set of input/output state pairs S = {(prap,orarp)}. We re-
quire that there exists a quantum channel Mg, arpr such that (ZrRMap_ap')(prAB) =
orap) for all prap.

This definition of task could be further generalized to the case when multiple outputs are
allowed per a given input state (i.e., a quantum analogue of a search problem), but we
leave that for future exploration.

We will also be interested in families of 2 — 2 quantum tasks, which are collections of
2 — 2 tasks parameterized by a natural number n. The parameter n will correspond to
an input size with the exact relation specified in the definition of each family of tasks. We
will label families of tasks with capital letters F', G, etc., where these denote sets of tasks,
so that F' = {F,},, G = {G,}., etc. As an example, the f-route example mentioned in
the introduction with a choice of Boolean function family {f,,}, defines a family of 2 — 2
task, with each member of the family labelled by an element of { f,, },.

We are interested in implementing 2 — 2 quantum tasks in the form of NLQCs, which
we define more carefully next.

Definition 5 A non-local quantum computation (NLQC) is a channel in the form

Napoap () = Wk, 4 @ Wity —5') © (Var—k.i, @ Veeoax,) (- @ Urg). (12)

We refer to Vir as the resource system, the V' channels as the first round operations,
and the YW channels as the second round operations.

We say an NLQC is an e-correct implementation of a 2 — 2 task F,, if the chan-
nel Nap_ap implemented as an NLQC is € close in diamond norm to the channel
Mg ap relating the input and output states in the definition of the 2 — 2 task.




We also introduce the following convention. When considering a specific 2 — 2 task, call
it X, and referring to an implementation of this as a non-local quantum computation,
we will write “the non-local computation X”. This can be understood as shorthand for
“implementations of the 2 — 2 task X in the form of a non-local quantum computation”.

We are interested in understanding the relative difficulty of implementing different
2 — 2 tasks as NLQCs. To do this, we will define a notion of reduction between 2 — 2
tasks. Heuristically, our notion of reduction says that the task G reduces to F' when (a
few copies of) the resources to implement F' as an NLQC can be used to implement G as
an NLQC.

To formalize our notion of a reduction among 2 — 2 tasks, it is helpful to recall
the notion of reduction among computational problems. There we say a function family
A = {ay}, is polynomial-time Turing reducible to function family B = {b,} if a poly(n)
time machine with oracle access to B can solve A. More generally, we can replace ‘poly-
time’” with any other complexity class, call it X'; the notion of reduction is most meaningful
when X is itself too weak to implement A or B. Inspired by this definition, we give the
following definition of reduction among NLQC classes.

Definition 6 Let F' and G be families of 2 — 2 task, and «, B, § all be functions of
(n,e), with § — 0 as e — 0. Then we say there is a (o, 3,0)-reduction from G to F
if, for any resource state [V™), , which implements F, at least e-correctly, it is possible
to implement G, d-correctly using o copies of |W™), , along with B additional qubits of
shared resource state.

When it is necessary to distinguish this notion of a reduction from other similar notions,
we refer to it as a resource state reduction. When there is a reduction from family G to
family GG, we will also say there is an implication from G to F', and write G = F.

Regarding the values of a(n) and §(n), in practice we will find reductions that have
a(n) =0(1), B(n) = O(1). We define an O(1) reduction to be one where a = O(1), =
O(1). Weaker reductions that rely on larger values of a(n), 5(n) can also be meaningful,
at least when (3(n) is smaller than the number of qubits of resource needed to implement
F and G. The requirement on ¢ that 6 — 0 as ¢ — 0 is needed to ensure our notion of
reduction is not trivial. This is because many 2 — 2 tasks can be implemented with some
non-zero accuracy trivially, without using any resource state, but become non-trivial at a
certain threshold of accuracy. For instance in f-route, the quantum system that is being
routed can be brought left or right at random, completing the task correctly half the
time. Thus a construction showing that some other 2 — 2 task can be used to complete
f-route with probability 1/2 is not meaningful, since we don’t need to use any resource
state at all. Requiring 6 — 0 when ¢ — 0 ensures the resource state for F' is strong
enough, at least if I’ is implemented with high correctness, to implement a highly correct
(and hence non-trivial) G.

Other notions of reduction among 2 — 2 tasks are also possible, which highlight
different aspects of their structure. For instance, we have not required that our resource
state reductions are communication efficient, nor that they involve small computational
overheads. Both aspects of NLQC could be explored with other notions of reduction.

One further notion of reduction that we make use of requires that the protocol for G,,
be given by using the protocol for F), used as an oracle, meaning it has access only to
copies of the implementation of F,, but not access directly to the state [¥™°), .. We give
a definition of this notion of reduction next.

Definition 7 Let ' and G be families of 2 — 2 task, and «, 3, 6 all be functions of (n,€),
with § — 0 as € — 0. Then we say that there is a (o, 3,0) oracle reduction from G
to F if G can be implemented & correctly by using o parallel implementations of F' along
with B additional qubits of resource system and communication.
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Figure 3: An oracle reduction from an NLQC G to F. The protocol for G,, uses a(n) instances of F},, plus a
B(n) qubit resource system ® and [3(n) qubits of communication.

The structure of an implementation of GG using F' as an oracle is shown in figure 3.

Compared to the notion of resource state reduction in definition 7, an oracle reduction
gives a tighter relationship between task families. This is because in a resource state re-
duction, we’ve shown that a resource state that works for F also (up to certain overheads)
works for G, while an oracle reduction implies not only that, but that additionally the
local operations used in F' can also be applied to complete GG. Resource state reductions
allows greater flexibility in what operations are performed locally to exploit the non-local
resources, and reductions under this definition focus on the power of non-local resources
for completing NLQCs. For example, some of the reductions described by theorem 1 are
not oracle reductions. Note also that if there is an oracle reduction from F' to G then
it immediately follows that there is a resource state reduction from F' to GG in the sense
of definition 7. When not further specified ‘reduction’ in this article will always mean
resource state reduction.

A useful fact is that oracle reductions have convenient error-propagation properties.
This follows from the next remark.

Remark 8 Suppose that there is a protocol which uses parallel implementations of channels
N1, Ns, ... to execute some target channel N, so that

N=Fo (é,}\/) oP. (13)

Then suppose we replace the exact implementations of the N with approzimate imple-
mentations N; which satisfy |N; — Ni|lo < €. Then

N=Fo ((%)N) oP (14)

is 3, € close in diamond norm to N

This remark follows from the properties of the diamond norm.

To apply this remark to our oracle reductions, note that any realization of G,, using
oracle instances of F,, must be exactly correct when F), is exactly correct. This is because
we require that 6 — 0 as ¢ — 0. When we instead use € correct realizations of F},, we get
from the remark above that the diamond norm distance to the perfectly correct channel
is at most « - €, where « is the number of instances of F;, used.




Finally, we will also discuss sets of 2 — 2 tasks which are larger than the families
introduced above. These sets have an additional parameter aside from the input size.
For example, we can discuss the family of tasks given by routing on a particular function
family { f,, },., but we can also go further and consider the set of tasks consisting of routing
for any possible choice of Boolean function f. We refer to these larger sets of tasks as
classes of 2 — 2 task or classes of NLQCs. In this paper these classes are parameterized
either by a choice of Boolean function, as in f-routing, or a choice of pair of quantum
states. Other sets parameterized differently could also be defined.

3 Some classes and their properties

3.1 Classically controlled operations

First we define f-route, introduced in [1, 12].

Definition 9 A f-route task is defined by a choice of Boolean function f : {0,1}** —
{0,1}, and a dg dimensional Hilbert space Hg. Inputs x € {0,1}" and system Q) are
given to Alice, and input y € {0, 1}" is given to Bob. Alice and Bob exchange one round
of communication, with the combined systems received or kept by Bob labelled M and the
systems received or kept by Alice labelled M'. Label the combined actions of Alice and Bob
in the first round as J\/gﬂMM,. The f-route task is completed e-correctly if there exists a
family of channels Dy}, such that,

V(z,y) € X xY s.t. f(z,y) =1, | Di.q o trar NGy — Zo—olls < € (15)
and there exists a family of channels Dy}, such that
V(z,y) € X XY st. f(z,y) =0, Dy oty oAféﬂMM, —Zoolle <e. (16)

In words, Bob can recover Q if f(x,y) =1 and Alice can recover Q if f(z,y) = 0.

Remark 10 f-route is equivalent to f-SWAP, where in f-SWAP the goal is to implement

SWAPZ(OI,’B? with Ay on Alice’s side and By on Bob’s side. We take the error to be the

diamond norm distance between the implemented protocol and implementing S WAPQ(OZE’%)

exactly. We can implement f-SWAP by first teleporting system By to Alice, and then
playing f-route on Ay and —f-route on By. This costs twice the resources used for f-
route, and O(1) extra entanglement for the teleportation of By.

The maximal error in the two f-route protocols used gives an upper bound on the f-SWAP
error. f-SWAP immediately gives f-route with the same error by taking By to be in any
fized state.

f-route was shown to be related to CDQS in [7]; in our language their proof shows a
O(1) reduction from f-route to CDQS and vice versa. We define CDQS next, first defined

in the quantum context in [8].

Definition 11 A conditional disclosure of secrets task with quantum resources (CDQS)
is defined by a choice of function f : {0,1}** — {0,1}, and a dg dimensional Hilbert space
Hq which holds the secret. The task involves inputs x € {0,1}" and system Q) given to
Alice, and input y € {0,1}" given to Bob. Alice sends message system M, to the referee,
and Bob sends message system M,. Label the combined message systems as M = M, M,.
Label the quantum channel defined by Alice and Bob’s combined actions NgiM We put
the following two conditions on a CDQS protocol.

10



e c-correct: There exists a channel ’Dﬂy_}Q, called the decoder, such that
V(z,y) € X xY st f(z,y) =1, Dy oNgiu — Zo-alle <€ (17)
o d-secure: There exists a quantum channel 83 ,,, called the simulator, such that
V(z,y) € X xY st f(z,y) =0, [|[Sg%) 0trg —Nghylle < 0. (18)

CDQS was introduced in 7], where its equivalence to f-route was shown. The same ref-
erence also showed that classical CDS protocols also give CDQS protocols, which allowed
results on classical CDS to be applied to f-route. CDQS was studied further in [8, 9],
where a number of properties are established. One property which we will make use of is
amplification, stated next.

Theorem 12 CDQS amplification: Let Fy be a CDQS for a function f that supports
one qubit secrets with correctness error § = 0.09 and privacy error e = 0.09, has commu-
nication cost ¢, and entanglement cost EI. Then for every integer k, there exists a CDQS
Gq for [ with k-qubit secrets, privacy and correctness errors of 2= and commaunica-
tion and entanglement complezity of size O(kc) and O(KE), respectively.

This theorem was proven in [8].

We will make use of a variant of CDQS where the secret is assumed to be classical,
which we label CDQS’. Since our proofs will relate other primitives to CDQS’ (and then
CDQS’ to CDQS), we give a careful definition of CDQS’ as well.

Definition 13 A conditional disclosure of secrets task with quantum resources and
classical secret (CDQS’) is defined by a choice of function f : {0,1}** — {0,1} and a
classical variable S € {0,1}*l which records the secret. The task involves inputs x €
{0,1}" and system @ given to Alice, and input y € {0,1}" given to Bob. Alice sends
message system M, to the referee, and Bob sends message system M,. Label the combined
message systems as M = M,M,. Label the quantum channel defined by Alice and Bob’s
combined actions NgiM We put the following two conditions on a CDQS’ protocol.

o c-correct: There exists a channel Dy} . g, called the decoder, which outputs a clas-
sical string in S such that

V(r,y) e X XY st f(x,y) =1, ¥Vse€ S, PriDy’ slpu(z,y,8))=5>1—c
(19)

e §-secure: There exists a family of density matrices {on(x,y)}s,y, called the simu-
lator distribution, such that

V(z,y) € X XY s.t. f(z,y) =0, Vs €8, |lom(z,y) —pm(s,z,y)ll, <5 (20)

The proof of equivalence between CDQS and CDQS’ is similar to the proof of theorem 22
in [7]; we adapt their proof to our setting here and give it for completeness in appendix A.
The two directions of the equivalence are given as theorem 38 and theorem 39.

We will make use of the following simple property of CDQS’ protocols.

Theorem 14 Suppose we have a CDQS’ protocol which hides a uniformly random classical
secret r. Then, using the same resource state but adding |r| bits of communication, we
can build a protocol that hides a secret s with |s| = |r| and an arbitrary distribution Ps.

This is proved in appendix A.
Our contribution to the study of these NLQC classes will be to show that CDQS and
f-route are equivalent under O(1) reductions to f-measure, defined next.
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Definition 15 A f-measure task is defined by a choice of Boolean function f : {0,1}*" —
{0,1}, and a 2 dimensional Hilbert space Hg. Inputs x € {0,1}" and system Q are given
to Alice, and input y € {0,1}" is given to Bob. The system Q is in the mazimally en-
tangled state with a reference system R.' Alice and Bob exchange one round of commu-
nication, with the combined systems received or kept by Alice labelled M and the systems
received or kept by Bob labelled M'. Define projectors

%0 = H7|b)(b| H? .

The referee will measure {IIF@0 T @01 on the R system and find measurement out-
come b € {0,1}. The qubit f-BB84 task is completed e-correctly on input (x,y) if Alice
and Bob both output b. More formally, Alice and Bob succeed if there exist POVM’s
{ATPO, AP, AR, AT Y such that,

tr(Hé(Ivy)vb ® A?\?jﬁb ® A?\ﬁprMM/) 2 1 — € . (21)

f-measure is well studied as a candidate protocol for secure quantum position-verification
[1, 2, 14, 22-25].

A number of properties of f-measure, f-route, and CDQS have been established in
earlier literature. Regarding lower bounds, [14] showed that when ¢ = 0, both f-route and
f-measure require resource states with Schmidt rank at least the rank of f(z,y) viewed
as a 2" x 2" matrix. For both f-route and f-measure, [23] showed that the memory
register to complete these tasks for random choices of function f must be linear in n,
though the proof left open if this needed to be a quantum memory or if classical memory
sufficed. Again for both f-route and f-measure, [22] showed lower bounds on the number
of quantum gates needed which are linear in the communication complexity of f. For
both f-route and f-measure, [24] showed a parallel repetition property. Some of the lower
bounds given in [8] were not known for f-measure (though we know of no attempt to
extend them to that case). Thus regarding lower bounds, nearly all properties of f-route
and f-measure matched, but were always proven separately and using distinct strategies.

Regarding upper bounds the state of knowledge for f-route and f-measure differed.
For instance [13] showed an upper bound on f-route in terms of the minimal size of a span
program computing f(x,y); this allows the complexity class Mod,L to be performed with
polynomial entanglement.? Meanwhile, for f-measure, the best upper bound was 2M(/)
where M(f) is the memory to compute f(x,y) on a Turing machine [12]; this allowed f-
measure instances with f € L C ModgL to be completed efficiently. For generic functions,
[7] employed a result from the CDS literature to show an upper bound of 20(vVr1osn) for f-
route but no such bound was known for f-measure. For f-route, one function (quadratic
residuosity) believed to be outside P was known to have an efficient protocol, but no such
example was known for f-measure.

3.2 Coherently controlled operations

Next we define our coherently controlled NLQCs, beginning with implementing a coherent
phase.

'Notice that compared to the description of f-measure given in the introduction, we now have the referee give
Alice and Bob one end of a maximally entangled state and then later measure the reference system. The referee’s
measurement is chosen such that the post-measurement state is one of the BB84 states, coinciding with the description

in the introduction. The two formulations are equivalent.

2t was later realized that combining the implications classical CDS = CDQS = f-route from [7] with known

upper bounds on classical CDS also yields the same upper bound as was proven in [13].
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Definition 16 A coherent phase task is defined by a Boolean function, f : {0,1}*" —
{0,1}". System A consisting of n qubits is given to Alice, and system B consisting of n
qubits is given to Bob. Alice and Bob’s goal is to implement the unitary

Cf-PHASE g = > (=1 )], © [y)yls - (22)

z,ye{0,1}™
wn the form of an NLQC, with A starting and ending on Alice’s side and B starting and
ending on Bob’s side. We say they have implemented the coherent phase operation with
correctness € if their implementation is e-close to C' f-PHASE in diamond norm distance.

We will be most interested in the case where the phase is —1, but one could define a
similar task with other choices of phase. One motivation for considering this NLQC in
particular is that these are the NLQCs discussed in [26], for which strong lower bounds
can be proven under the assumption of some mathematical conjectures. Any NLQC
classes which imply C f-PHASE also inherit these conditional bounds.

In relating the coherent phase to other NLQC task, it will be helpful to establish some
key properties of coherent phase. We give two observations, both proven in appendix B.

Theorem 17 Given a coherent phase protocol for fi which uses resource system Wy, and
a coherent phase protocol for fy using resource system Vo, there is a protocol for fi & fo
using resource system Wy @ Wy. Furthermore, the construction s black box so that an €,
correct protocol for f1 and es correct protocol for fy leads to a € + €5 correct protocol for

f1 @ fo.

Theorem 18 Suppose we have a coherent phase protocol for f(x,y) using resource system
W. Then, there is a coherent phase protocol for f(xz,y) Az using ¥ @ W' where U+ is the
mazimally entangled state of two qubits. Furthermore, the protocol is black box and uses
a single implementation of f(x,y) so that if the error in the f(x,y) implementation is e,
then the error in implementing f(x,y) A z is also €.

In fact, we extend this to a more general property. To state it, we first need the
following definition.
Definition 19 Consider a function f : X xY — {0,1} with X = {0,1}", Y = {0,1}". The
rank of f is the smallest integer m such there exist functions {h;(z)}, {hi(y)} satisfying

EB hi(z) A By (23)
With this definition we can state the following theorem.

Theorem 20 Consider functions f and g, and let the rank of g be denoted m. Then there
is a O(m) reduction from a coherent phase protocol for f A g to a coherent phase protocol
for f. Furthermore, the construction is black box and uses m invocations of the protocol
for f, so that the error in implementing f N\ g is m - € where € is the error in the protocol

for f.

We give the proof in appendix B.
One related class of NLQCs is the following.

Definition 21 For a unitary U/, a coherent U task is defined by a Boolean function,
f:{0,1}?" — {0,1}". The goal is to implement the unitary

CfU= 3 UL ela)al, ® lydyly (24)
z,ye{0,1}"

in the form of an NLQC, with AA" beginning and ending with Alice and BB’ beginning
and ending with Bob. We say the implementation is e-correct if it is e-close to the above
unitary in diamond norm distance.
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C f-SWAP and C f-PAULI are special cases of C f-U, where we choose U 4/ g0 = SWAP 4/ p/
and U g = Z o @ I respectively.

Remark 22 A protocol for coherently controlled unitary U immediately gives a protocol
for a classical controlled unitary U, by recording the classical input strings x,y € {0,1}"
as quantum states |z),,|y)p and taking them as input to the coherent protocol. For
example, C'f-SWAP implies f-SWAP (and hence f-route by remark 10).

Similar to coherent phase, the coherent unitary NLQC also has some nice composition
properties. We give the following two properties, both proven in appendix C.

Theorem 23 Tensor product parallel composition: Suppose we can implement co-
herently controlled U, and Us,, controlled on function f, using resource systems ¥' and
W2 respectively. Then we can apply U{ ® Ug coherently using V! @ W2. Furthermore, the
construction is black box so that the overall error is the sum of the error for implementing

U1 and U2 .

Theorem 24 Commuting unitaries: Suppose we can implement unitaries U, and U,
coherently controlled on function f using resource systems W' and U2 respectively, and
that UY, and U%, commute. Then we can apply UL, U%, coherently controlled off of the
same function using resource system W' @ W2, Furthermore, the construction is black box

so that the overall error is the sum of the errors in the implementations of each of U,
and U?,.

3.3 State and unitary classes

We will also present a preliminary result on NLQC classes not specified by a choice of
Boolean function. In particular, inspired by the result of [17], we look for a relationship
between the following two classes.

Definition 25 The Distinguish task for two orthogonal states |¢o) 45, |01) 45 1S defined
as follows. System A is given to Alice and system B is given to Bob; their goal is to
output a bit b labelling whether they were given the state |¢o) for |¢p1).

Definition 26 The Interchange task for two orthogonal states |1o) 45, |1¥1) 45 @S defined
as follows. System A is given to Alice and system B is given to Bob; their goal is to map
an arbitrary input superposition «|o) + B |11) to the output superposition «|ir) + B |tbo)
(i.e., interchange |1o) with |1)y)).

4 Reductions among NLQCs

4.1 f-route, f-measure, and CDQS

The main result of this section is the following theorem.

Theorem 1: For any choice of Boolean function family, f-route, CDQS and f-measure
are all equivalent under O(1) resource state reductions.

We will prove this by showing CDQS = f-route = f-measure = CDQS, with each
implication given as a separate lemma.
The first lemma is already established in [7].

Lemma 27 An e-correct and d-secure CDQS protocol for function f, hiding secret (), and
using resource system Vg implies the existence of a max{e, 2\/5}—007"7“6615 f-route protocol
that routes system @) using resource system |V) ., » which purifies Vg, with EL held by
Alice and R held by Bob.

14



Note that this lemma gives an f-route protocol using the purification of the resource
system Wi used in the CDQS protocol. Recall that in our definition of a reduction, we
always took the resource system to be pure, so that, in our definition, when considering
the CDQS protocol we are starting out with a pure state resource and then using the
same pure state resource in the f-route protocol. In some contexts it may be important
to keep track of the fact that the CDQS protocol potentially can get away with a weaker
resource (the unpurified resource system), but our definition of a reduction is too coarse
to capture this distinction.

Next, we move on to the implication from f-route to f-measure.

Lemma 28 f-route = f-measure: An e-correct f-route protocol for function f using
resource system W implies the existence of an e-correct f-measure protocol for the same
function using resource system W2,

Proof. We first describe the proof when the f-route protocol is perfectly correct; we then
comment on the € > 0 case.

In the f-measure protocol, we are given input x € {0,1}", Hf@¥ |b) , on Alice’s
side, y € {0,1}" on Bob’s side. Alice’s protocol begins by copying system A in the
computational basis into a register C', then copying A in the Hadamard basis into B, and
C' in the Hadamard basis into D. Thus for example when f = 0,b = 0, system A is in
state |0) and this procedure is

10) 4 =100) 4o = (I1+) 4 + [ D) (H)e + =)
=[++)ac + [+=)ac +|1=Fac + 1= ac

copy H
=+ ) apep + 1+ =) apop + 1= = ) apep + 1= = =) anep

= |0000>ABCD + |00]‘1>ABCD + |1100>ABCD + |1111>ABCD )

where we haven’t kept track of normalization. Repeating this for all four input states,

we find
1
¥ =0.0-0) apcp = 5 (10000) + [0011) +[1100) + [1111)),
1
W s=0p=1) apcp = 5 (0101) + [0110) + [1001) + [1010)),
1
Wp1= = —7=(++++) +[-——-)),
| f=L0b 0>ABCD \/§(| > | >)
1
Uiy pe = —(H++-—)+|-—++)). 25
| f=1pb 1>ABCD \/5(| > | >) ( )

Alice and Bob perform f-route on the B system, and — f-route on the C' system. This uses
two copies of the resource system for f-route.®> Alice always sends D to Bob. Afterwards,
Alice labels the two systems she holds (which may be AB if f =0 or AC if f = 1) as
AB, and Bob labels the two systems he holds (CD if f =0 or BD if f = 1) as CD. This

produces the four states

[0 —os0) e = 5 (10000) + [0011) + [1100) + [1111)),

U —05-1) apen = ;(\0101> +0110) + |1001) + [1010))

0 mrim0) apon = g (1 44) + 1= = =),

O mrimt) apon = 5 (1 = =) + 1=+ —4)). (26)

3Note that f-route and —f-route can be performed using the same resource system. This is because Alice and Bob
can run the f-route protocol, then swap the message systems sent left and right to negate the function.
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In the second round, Alice and Bob know z,y and hence know f(x,y). Then, Alice
measures AB and Bob measures C'D; they measure each qubit in the computational
basis if f(z,y) = 0 and in the Hadamard basis if f(z,y) = 1. Doing so, we see by
inspection of the above states that Alice’s two measurement outcomes will have even
parity if b = 0, and odd parity if b = 1. The same is true of Bob’s two measurement
outcomes. Thus Alice and Bob both output the parity of their measurement outcomes,
and this will correctly complete the f-measure task.

Since the protocol uses oracle instances of protocols for f-route and —f-route, and
the — f-route protocol is € correct when the f-route protocol is, the overall protocol will
be 2¢ correct by remark 8. m

The final lemma needed is the implication from f-measure to CDQS’. For this result,
we need to introduce some machinery developed in earlier analyses of f-measure |22, 23].
We follow the notation of [22]. We begin with the following definition.

Definition 29 For € € [0,1], let S& be the set of states |@) pya Such that there exists a
measurement on subsystem M and a measurement on subsystem M’ that each determine
the outcome of a measurement in the computational basis on P with probability at least
1 —e. Similarly, let S§; be the set of states |¢) pyrap Such that there exists a measurement
on subsystem M and a measurement on subsystem M' that allows us to guess the outcome
of a measurement in the Hadamard basis on P with probability at least 1 — €.

Next we record the following lemma, proven in [22].

Lemma 30 Let h(z) = —xlogz — (1 — z)log(1l — x) be the binary entropy function. Sup-

pose ‘1/10>PMM, € S5, and p$yap is obtained by measuring P in the computational basis
and recording the outcome in system Z. Then
!/
<
S(Z|M )ngM/ < h(e).

Now we are ready to prove that f-measure implies CDQS. The intuition for the reduc-
tion is that an f-measure protocol has the effect of copying the input in the computational
basis when f = 0, and in the Hadamard basis when f = 1. We exploit this by insert-
ing H |3>Q and inserting this into the f-measure protocol, so that the secret is copied
correctly (and sent to the referee) when f =1, but not when f = 0.

Lemma 31 f-measure = CDQS: Given a protocol for f-measure for function f using
resource system W, there is a protocol for CDQS’ for the same function using the same re-
source system. Further, as the error in the f-measure protocol goes to zero the correctness
and security errors in the CDQS’ protocol goes to zero.

Proof. We will use the f-measure protocol to give a CDQS’ protocol; by theorem 39 this
also implies a CDQS protocol. Beginning with the f-measure protocol, take the input
system () to be in the state H \r}Q, with r chosen uniformly at random. The f-measure
protocol produces system M’ which ends up on Alice’s side after the communication
round, and system M which ends up on Bob’s side. In the CDQS’ protocol, Alice and
Bob run the same operations but then throw away M’ and send M to the referee. Alice
additionally sends the bit s @ r for s the secret input to the CDQS. We claim this defines
a CDQS’ protocol which hides s and is both correct and secure.

Notice that the protocol involves running the first round operations of the f-measure
protocol once, so uses one copy of the resource system W. We give the proof below
assuming a single bit secret, but it extends easily to any O(1) size secret.

Correctness: By e-correctness of the f-measure protocol, when f(x,y) = 1 Alice and Bob
in the f-measure protocol can obtain r with probability at least 1 — €. Since here the

16



referee in the CDQS receives the systems Bob would have received, he can also determine
r with at least probability 1 — ¢, and hence recover s from s @ r and r with the same
probability. This means the CDQS’ protocol is also e-correct.

Security: In the case where f(z,y) = 0, the intuition is that correctness of the f-measure
protocol means a state in the computational basis inserted into the protocol would allow r
to be determined. However, since we have recorded r in the Hadamard basis, we expect r
(and hence s) cannot be determined perfectly. To make this precise, we imagine preparing
the system () in the state H |r) o by first preparing the maximally entangled state on PQ,
then measuring P in the Hadamard basis. This measurement on P commutes with the
actions of Alice and Bob in the f-measure protocol, so we can first analyze that protocol
as if PQ) were maximally entangled. Recalling definition 29, we have by e-correctness of
the f-measure protocol that

PPMM € Sé (27)
Then, from lemma 30, we have that
S(Z]M’)ngM/ < h(e). (28)
Then applying CIT we have that
S(Z|M)ngM, >1- S(Z|M’)ngM/ > 1— h(e), (29)

which says that, from the referee’s perspective, Z (which determines r) is high entropy,
suggesting the referee cannot learn s.

To prove security of the CDQS’ protocol formally, we need that the state the referee
sees is close to one that doesn’t depend on s. We will first show that a protocol where
Alice and Bob only send M is secure (in the sense that pj, is independent of r). To show
this, note that the general form of pIZ{M is

P (T, y) ZIT rl, @ phy(r z,y). (30)

We now use

I(Z: M)y = S(Z)n —

p
and the lower bound above on S(Z|M),rx to bound
[(Z: M),u < h(e). (32)
Next use I[(A: B), = D(pag|lpa ® pB) and Pinsker’s inequality (10) to obtain

1
24

S rir| @ piy(,y) — ZIT rl, ® phy(r,z,y)

S(Z|M),n (31)

(2In2)h(e), (33)

1
where pl} is formed by tracing out Z from pZ > and is from equation (30)

phi(z,y) ZpMTwy (34)

Then, pulling the sum out of the trace distance in equation (33), we obtain

1
5 2 [P y) = oy ()| < Y (@In2)h(e). (35)

From this we have that, for all r, we must have
3@, y) = o )| < 2¢/(2Im2)he). (36)

Comparing to the security definition (13) we see that at small enough €, the CDQS’
protocol becomes arbitrarily secure (where the secret is r), as needed.

Finally, we use theorem 40 to note that the CDQS’ protocol for the (uniformly dis-
tributed) string r plus sending r @ s gives a secure CDQS’ protocol with secret s. m
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4.2 Coherent unitary and coherent phase

In this section we prove the implications C'f-SWAP = C f-PHASE = C f-PAULI.
The coherently controlled SWAP NLQC asks us to implement the unitary

Cf-SWAP s upp = 3 SWAPLSY @ |2)z] , © [yNyl, - (37)
$7y

We can see that a protocol for C'f-SWAP implies a protocol for C' f-PHASE, which recall
asks us to implement the unitary

Cf-PHASE 5 =Y = (—1)/CY |aXz|, ® |y)yl 5 - (38)

w?y

We state this implication as the next lemma.

Lemma 32 For every family of Boolean functions, there is a O(1) implication from C'f-
SWAP to C'f-PHASE.

Proof. First consider the case where we have access to an exactly correct C'f-SWAP
protocol. Alice and Bob hold one extra EPR pair, which we take to be on the A’B’
systems, U, 5. Have Alice apply Z X 4 operator to put the A’B’ systems in the state

#7) = —5(0n) - [10)). (39)

Then, run the C'f-SWAP protocol with this state as the input on A’B’, and then trace
out A’B’ at the end, which will implement the operation

_ Cf-SWAP z, _
07) e aly)p CTESWAPKGY (07 (a4 () s
= (=)feven) e ly)p
tr 411 z
(=1 ) 4 ) (40)

This is exactly the action of the C' f-PHASE operator on a basis, as needed.

Observe that this protocol uses the C' f-SWAP protocol in a black box way, so remark 8
implies that C'f-SWAP protocol with error e gives a C'f-PHASE protocol with error at
most €. ®

Note that we have not been able to show an implication from C f-PHASE to C'f-
SWAP, but we do not have any formal evidence this is not possible.

Continuing, we can find an implication from C'f-PHASE to C'f-PAULI, which choos-
ing the Pauli to be Z is the unitary

COf-Zaap =S 2" @ |a)z|, @ ly)yl - (41)
x,y

We can now state the following theorem.

Theorem 33 For every family of Boolean functions, there is a O(1) implication from C'f-
PHASE to Cf-PAULI and from C f-PAULI to C f-PHASE.

Proof. Consider the action of C'f-Z on an arbitrary basis state, |2) , |2) 4 |¥) 5,

Cl-Zaan|2)a |2) 4 19) g = ZH12) 40 |2) 4 1) g = (1) [2) 0 ) ). (42)

Thus, a C f-PHASE protocol for the function f(x,y)Az is exactly a C' f-Z protocol, where
the input qubit for the C' f-PHASE that holds z is treated as the target qubit in the C' f-Z
protocol. Let the resource system used in the C'f-PHASE protocol for function f be .
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Using theorem 18, we know the C f-PHASE protocol for f(z,y) A z can be implemented
using ¥ ® U, and so C'f-Z can be as well.

To obtain C'f-PHASE from C f-PAULI, we choose A’ to be in the state |1) ,, and run
the C f-PAULI protocol.

To handle the approximate case, we again observe that the above reductions are black
box and employ remark 8. m

C f-PHASE can also be used to implement other coherently controlled unitaries. In
particular any unitaries that act on qubits held entirely by Alice (or entirely by Bob)
and have +1 eigenvalues can be implemented via a similar strategy to the one used to
implement C'f-Z. To implement U 4 Alice should first apply a unitary V4 to map the
inputs from the eigenbasis of U, to the computational basis, implement a controlled
phase as needed, then apply VT. For instance, a C'Z gate can be implemented in this
way with V4 = Z4 and using the controlled phase operation f(z,y) A z; A zo. Similarly,
SWAP AL A2 can be implemented by choosing V A, 4 to map from the Bell basis to the
computational basis and a controlled phase with function f(z,y) A 21 A 22 again.? Similar
strategies to those described here also relate controlled phase operations with other choices
of phase w # +1 and unitaries with eigenvalues 1, w.

4.3 Coherent Pauli to CDQS
Previously, we noted that C' f-SWAP = f-route, and hence C'f-SWAP also implies the

other classically controlled protocols we study. Here, we show that in fact the potentially
weaker coherent primitive of C' f-PAULI already suffices to obtain the classically controlled
classes.

Theorem 34 For every family of Boolean functions, there is a O(1) implication from C f-
PAULI to CD@S.

Proof. We use the C'f-PAULI protocol to implement a CDQS’ protocol. Theorem 39
then gives us the CDQS protocol. We use the following procedure.
1. From their classical inputs Alice prepares quantum systems |s) ,, |z) ,; Bob prepares
10) 5 [4) -
2. Alice and Bob execute the first round operations of a protocol for Cf-Xpg with
choice of function f(x,y) A s.

3. The systems that would be sent to Bob (call them system M) in the second round
are sent to the referee in the CDQS protocol. The remaining degrees of freedom
which would be sent to Alice (call them system M’) are traced out.

Using theorem 18 and the equivalence of C'f-PAULI and C'f-PHASE, we have that this
uses one copy of the resource system for a C'f-X protocol for function f, plus O(1)
additional EPR pairs.

Correctness: We have that f(z,y) = 1. Let the action of (both rounds of) the C'f-X
protocol be described by a channel M. Then, perfect correctness of the C' f-X protocol
would give that

N (Is,2)s, 2] pa @ 10,900, Yl i) =[5, 2Xs, 2| 404 @ [f(2,9) A 5, y)f(2,9) A syl
= |S, $><S, x|A’A ® |S,y><3, y|B’B’

4Note that while coherently controlled SWAP a7 4y follows from C' f-PHASE, this does not imply that controlled
SWAP 45 can, where in the later case the two qubits being swapped are separately on Alice and Bob’s side. In this
article when we refer to C' f-SWAP we mean implementing SWAP 4/ 5.
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where in the second line we used that f(x,y) = 1. Since the referee in the CDQS gets the
same systems as Bob obtains in the C'f-X, the referee can apply the same local channel
as Bob and hence recover the B’'B portion of the above density matrix. Thus the referee
in the perfectly correct case can measure B’ and learn f(x,y) A s = s.

To obtain approximate correctness when the C'f-X protocol is approximately correct,
we note that the CDQS protocol we implement produces the same state on B’'B as if we
implemented the C'f-X protocol as a black box, and then traced out the system on the
left. Because of this, remark 8 implies the protocol here is e-correct if the C' f-X protocol
is € correct.

Security: Let Vgapp_amm be an isometric extension of Alice and Bob’s first round
operations in the C f—X protocol. Let W, _, ¢4, and W1, o, o to be isometric extensions
of the second round operations, with [ and r the purifying systems. Define channels

Vsap' BoMM = VSAB’B%MM’(')VLAB/BHMM’
W]%/[’—>A’Al = W]L\/[’—>A/Al(')<w][\//[’—>A’Al)T
W]R\}/%A/AT = WﬁaB’Br(')(WﬁaB’Brﬂ' (43)

Then the action of the Cf-X protocol, in f(x,y) = 0 instances and assuming perfect
correctness of the C'f-X is

|S>$><S>$|A/A ® |Oa y><0>y|B’B
= trl?"(wj@’aA’Al X W]\}}[—>B’Br) o vA’AB’B—)M’M(|Sa l’><8, x|A/ ® |07 y><0’ y|B’)'
Removing the trace, we have
’37x>A’A ® ‘an>B/B ® |\Ij(57'xay)>lr

= (WLM’—>A’AZ ® W]@[—)B’Br) o Vaappsmm s, x>A/ ® 0, y>B’)

= MuapBoaaspir|s, T, y), (44)

where the last line defines M. We can actually simplify the above by noting that the state
on Ir must be independent of s, x,y. To see why, suppose we had inserted a superposition
of |s,z,y) basis states, producing

Z Csay |8, 2,0,y) — Z CsuyMs,x,0,y) = Z Cswy |52, 0,9) s upp [Y(S,2,9)),, .

S,T,Y S,T,Y 5,T,Y
(45)
But now tracing out [r we obtain
D CowyCoary (V(s, 2, ) U(s' 2", y) |s,2,0,yXs", 2", 0,4 | yraprs - (46)

S,"E’y

By correctness, this must equal the output of the correct protocol, so that

Z Cs,x,yés’,x’,y’ |$> x, 07 y><8/7 zl’ 07 y/|A’AB/B

S7I7y

- Z Cs,r,yés’,r’,y’ <‘II(57 x, y)|\11(8,7 l’/, y/>> |57 x, 07 y><8/7 l’/, 07 y/|A/AB/B .

5,T,Y

This gives that (U (s, z,y)|V(s',2',y')) = 1, so that |¥(s, z, y) must not depend on s, z, y.
Using this, we can simplify equation (44) to take ¥, to be independent of s, x,y, so that

(|8, I><8, x|A/ ® |O7 y><07 y|B’B ® \Ijlr>
= Wirsaa @ Wi pp) © Vaag sy (ls, 2)(s, z| 4 ©10,yX0,y[ ).
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Next act with (Wi 4 @ W _ 55,) to produce

L t R +

(WM’ﬁA’A) ® (WM%B’B) (|57 9U><57 l“A/ ® |07 y>(07 y|B’B ® \I/lv“)
= Vaappomm(|s, x)s, x|, @10,y)X0,y| )
:pM’M(‘Tayas)' (47)

Tracing out M’ to find the density matrix that describes M, we see that the system the
referee obtains is

pum(T,y,s) = trM’(VVJ@'—m'Az)Jf ® (WA]}%B’BT)T(’& r)(s, 2] 44 @10, y)X0, Y| g p ® Vi)
= trA’Al<WJ\}ZﬁB’Br)T(‘S7 )8, 2| 41 @ 10,940, Yl @ Vi)
= Wiism5,) (10,900, 4l g g, @ ¥,)
= om(y). (48)

Since this state does not depend on s, the CDQS protocol is perfectly secure.

To establish approximate security in the case where C'f-X is approximately correct,
we again note that the state produced on the referee’s side is the same one as if we had
made a black box invocation of the C'f-X protocol. Thus the state produced must be
e-close to o(y), which is exactly e security of the CDQS protocol. m

4.4 Interchange implies Distinguish

In this section we give a different type of reduction, this one between two NLQC tasks
that aren’t characterized in terms of a Boolean function. These tasks are Interchange
(i.e., coherently transform a state |¢p) to an orthogonal state |¢1) and vice versa), and
Distinguish (i.e., distinguish between two orthogonal states |¢g) , |¢1)). (See section 3.3
for formal definitions of these tasks). At a high level, we show that a efficient NLQC
protocol for Interchange with states [ig),|11) implies an efficient NLQC protocol for
Distinguish with the “Fourier” states |¢1) = %(W’@ + |11)).

Our result is inspired by the equivalence of these tasks in the standard model of quan-
tum circuits: it is known [17] that an efficient algorithm for Interchange with |¢y) ,|11)
implies an efficient algorithm for Distinguish |¢1), and vice versa. This equivalence,
though simple, has had important applications in quantum cryptography [27-29] in re-
cent years.

While we found a reduction in one direction (Interchange implies Distinguish) in the
NLQC setting, we weren’'t able to find the other direction. It is an interesting open
question of whether this other direction is possible.

Before describing our reduction more precisely, we first define the notion of a catalytic
NLQC protocol. Intuitively, it is one where the resource state is used as part of the
protocol, and then returned to its original state at the end.

Definition 35 (Catalytic NLQC protocol) Let Ugp_,ap denote a unitary 2 — 2 task. We
say that a NLQC Nag_ap for U is catalytic if the isometric extensions V,W of the
first and second round operations and the resource state Vg satisfies the following: for
all input states |¢) 1,

WV ’¢>AB & |\II>LR = (U |¢>AB) ® |\IJ>LR .

In other words, the resource state |V), . serves as a catalyst for the nonlocal computation.

We now argue that any NLQC for a unitary task can be made approximately catalytic,
with only a linear factor overhead in the size of the resource state.
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Lemma 36 Let U denote a unitary 2 — 2 task. Suppose that Nap_,ap s a d-correct
NLQC for U (not necessarily catalytic) with an m-qubit resource state. Then for all

€ > 0, there exists an (e + ﬂ)-approximately catalytic NLQC NABoas for U using a
O(m/€e*)-qubit resource state Zp g, in the sense that for all input states |¢) 4z,

WV (1) 45 @ [E) o p) — (U) 4p) @ 1B) e ll2 < €+ Vo

where V, W are the isometric extensions of the first and second round operations, respec-

tively, of the NLQC N

Proof. This proof relies on the idea of entanglement embezzlement states |30]; these are
a family of bipartite states {|=,,), p} where |Z,) is on n-qubits, such that for all bipartite
pure states |¢) , 5 on m qubits, there exists local isometries S;_,14, Tr—rp such that

_ _ 2m
1S.—24 ® Trorp [En) g — 1Z0) 1 © 1) 45 I3 < — (49)

In other words, using only local operations, the entanglement |¢)) has been embezzled
from the state |=,,), and this is not very noticeable (provided that n > m).
From é-correctness of Nag_ap, we have that for an arbitrary input state V) A

INaB—a5(1¥XY]45) — Uag [0)X0| Ul < 6. (50)

Let V, W be isometric extensions of the first- and second-round operations of N, respec-
tively. Let |¥),, denote the resource state, and LR the Hilbert space of the purifying
system at the end of the protocol. Then the above gives that

ltrzp(WV ([0} @ [UXP))VIWT) = U )| UT|y < 0. (51)

Converting this to a fidelity using the Fuchs van de Graff inequalities, applying Uhlmann’s
theorem to express the fidelity in terms of purified states, and converting back to a trace
distance we obtain that there exists a state |©); 5 such that

IWV ([¢)Xy] @ [ VIWT — U [o)y| U @ [0)X6] | < v24. (52)

Using that || [u)u| — [v)v] |1 = 24/1 — | (u|v)|?> > 24/1 — ]| (u|v) | and the fact that we

are free to choose the phase of |©) such that the inner product of the vectors in (52) is
positive, we can also infer that

WV ([¢) ® [¥) = U¢) ©10) [l < V3. (53)

In other words, in the process of transforming |¢) to U |¢), the resource state |¥) has
been transformed to another resource state |©). This is not a catalytic protocol when
|W) is far from |O).

We now adapt this to be a catalytic NLQC. Consider the following NLQC. Set n =
8m/e?, and consider the n-qubit embezzlement state |Z,),, . By the above there exist
unitary operations Sy 11, Trr—rr such that S® T, acting on |Z,,) ® ]O>®m, is €/2-
close to |Z,) p ® |¥), . First, apply these local operations. Then, apply the original
isometries V, W with the resource state |¥) as in A, and finally apply the inverse of a
pair of local unitaries S’ ® T that “reverse” the embezzlement, which satisfy

IS"® T [En) @[0---0) = [En) @ [0) 2 < €/2. (54)

Define the isometric extensions V= V(S ® T) and W = ((S)f @ (T")")W. Since V, W
factor into local operations (i.e., V.=V, @V g and W = W 4; @ W gg) these isometries
V, W yield a NLQC. By the triangle inequality this NLQC for U is (e+ Vo )-approximately
catalytic. m

Finally, we now show that any efficient, catalytic, Interchange protocol (for which
lemma 36 shows the catalytic property is without loss of generality) implies an efficient
Distinguish protocol for a related pair of states.
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Theorem 37 Suppose there is a catalytic NLQC' for Interchange between two orthogonal
states |1o) ap +|¥1) 4p using an m-qubit resource state. Then there exists an NLQC' for
Distinguish between the “Fourier” states |¢+) = %(\wo)ihpl}) that uses the same m-qubit
resource state, with two extra EPR pairs.

Proof. Label an isometric extension of the first round operations in the catalytic Inter-
change protocol V, and an isometric extension of the second round operations W. Let
the catalytic resource state used by the Interchange protocol be |®), ». Define states

[¢0) =V [t0) |®)

|01) =V [¢1) [®) (55)
and notice that since 1) |®) = WV [¢)g) |®) and [1)g) |®) = WV |¢h1) |®), we have also

[91) [®) = W |¢0)

[$0) [®) = W [o) . (56)

Now consider the following protocol for Distinguish. Distribute one extra EPR pair, so
that Alice and Bob hold

5 (190045 + (1 [91).45) (100) 45, + 111)4,5,) 12) 15 - (57)

Then, we have Alice and Bob do the following: controlled on Ay, Alice implements her
operations from V if Ay is in state |0), and her operations from WT if it is in state |1).
Similarly, Bob does his operations from V or W' controlled on By. This brings the state
to

b 1 b
(190) 4 + (=1 161) 1) 100) 4,5, + 5 (192045 + (~1)" [80) 45) [11) 4,5,

= ; (160) a5 + (=1)°161) a5) (100) 4,5, + (—1)" [11) 4y 3, ) -

N | —

Next, Alice and Bob throw away the AB systems and run Distinguish on the inputs
|00) , [11). This can be implemented using one EPR pair. Along with the EPR pair used
above, this implements Distinguish on the inputs |t¢y) , [1)1) with two extra EPR pairs
compared to the catalytic Interchange protocol. m

5 Implications and simplifications

Because f-route and f-measure are well studied in the literature, our proof that they are
equivalent leads to a large number of simplifications. In particular, the papers |14, 22-24]
each contain repeated proofs, once for f-measure and once for f-route, which can now
become one proof for either measure or routing, and then theorem 1 ensures the other
NLQC inherits the same property. Notably, the proofs in these papers often used different
techniques for each protocol; our reduction lets either one suffice for both.

As an additional simplification, we can also notice that both of the results in [31] now
follow immediately from earlier literature combined with our reductions. In particular,
in [32] security was shown for the f-measure protocol in the random oracle model: the
success probability for a f-measure protocol is small unless many oracle calls to f are made
by Alice and Bob. Separately, security for f-route in the random oracle model was shown
in [31] using different techniques. Now, only one of these two proofs is needed, along
with the observation that from our implication from f-route to f-measure, the oracle
calls needed for f-route upper bound those for f-measure. In [31] the authors also show
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strong parallel repetition of f-route in the no pre-shared entanglement model. Again,
this property was known for f-measure [33|, and is also carried over by our reductions.

Beyond simplifying the literature, we also obtain a number of new properties of f-route
and f-measure via our reductions. Regarding lower bounds, [8] proved lower bounds on
CDQS (equivalently, f-route) on communication and the dimension of the shared resource
state in terms of various measures of communication complexity. For instance, among
other bounds, they proved a lower bound on communication in CDQS for a function f
in terms of the communication cost of two-round quantum interactive proof for the same
function. An alternative lower bound in terms of a public coin quantum interactive proof,
again with two-rounds but now with two provers, was proven in [9]. Both of these are
now inherited by f-measure.

Regarding upper bounds, more was previously known about f-route than about f-
measure. In particular [13] gave an upper bound from span program size for f-route;
f-measure now inherits this bound. Via the connection to classical CDS, [7] gave upper
bounds on f-route for all functions of 20(v?1°8m) " hich is also now inherited by f-
measure.” Finally [7] gave an efficient f-route protocol for quadratic residuosity, which
we now obtain for f-measure.

On a more negative side, proving linear lower bounds on CDQS or f-route was known
to face a ‘CDS barrier’: placing such a lower bound on entanglement in CDQS also
puts the same lower bound on randomness in classical CDS, which is a long standing
open problem in the classical literature. Now, we see that placing such lower bounds on
f-measure also faces the same barrier.

6 Discussion

Taking a comparative approach opens many new directions towards understanding NLQC
and the subjects it is related to. Perhaps most clearly, future explorations of further
NLQC classes and their relationships may yield more insight into entanglement cost in
NLQC. For instance, inspired by our observation here that many superficially distinct
classically controlled NLQC classes are equivalent, it is natural to ask if all NLQC classes
involving controlling an O(1) size, non-trivial, quantum operation off of classical inputs
could be equivalent.

A direction we have not explored here is to prove that some instances of NLQC cannot
be reduced to one another. For instance, it seems plausible that coherent protocols cannot
be reduced to classically controlled ones. In fact, C' f-PHASE and hence C'f-SWAP are
subject to the conditional exponential lower bounds from [26], while CDQS has a sub-
exponential upper bound [7]. Assuming the conjectures needed for the exponential lower
bound hold then, there can be no efficient implication from CDQS to C'f-SWAP. More
generally, one could look for general properties that imply one NLQC cannot be reduced
to another. Doing so would identify those properties as key to the “hardness” of an NLQC.

One of the key open questions in NLQC is to prove a linear lower bound on a classically
controlled function class. For instance, to prove a linear bound against f-route while
allowing correctness errors. This would be highly desirable from the perspective of QPV.
At the same time, such a bound would also imply a highly sought after lower bound for
CDS, where a key goal is to show a linear lower bound on communication in the setting
with correctness and privacy errors allowed. Our approach suggests a starting point to
proving such lower bounds: pick a harder but related NLQC and try to lower bound
it first. For instance, since C'f-PAULI implies f-route, placing a linear, robust, lower

5Note that as of this writing, all classically controlled function NLQCs use sub-exponential entanglement even in
the worst case. It would interesting to understand if this is always the case.
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bound on C'f-PAULI is an easier but related problem to proving a robust lower bound
on f-route and CDS.

We can also hope that new reductions will lead to new connections among the many
areas tied to NLQC. For instance, information-theoretic cryptography and in particular
CDS is related to f-route, while f-measure seems to be related to uncloneable cryptogra-
phy. In particular parallel repetition for f-measure is proven using the same key results on
monogamy of entanglement games as appear in uncloneable cryptography [33]. It would
be interesting to further explore this connection, or other ways in which bridges among
NLQCs can relate apparently distinct areas in quantum cryptography and information
theory.

Finally, as a speculative comment, we can ask if the connections between NLQC and
complexity theory highlighted here can give insight into complexity theory, for instance
by providing a route to new lower bounds on complexity measures. It is interesting to
note here a comparison to communication complexity: in communication complexity it is
possible to obtain good lower bounds on the needed non-local resource (communication),
but the applications of this to complexity theory are restricted by the fact that commu-
nication never needs to be larger than linear. In NLQC, we again have some non-local
resource we can hope to bound (correlation or entanglement), but now we can hope for
super-linear lower bounds. Since entanglement in many NLQC classes is upper bounded
by complexity measures, entanglement lower bounds in NLQC provide complexity lower
bounds. This was already observed in earlier works, for instance in the context of f-
routing [12, 13], but we hope that finding new complexity based upper bounds on further
NLQC classes and exploring the relationships among classes can lead to interesting com-
plexity lower bounds.
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A Properties of CDQS

Theorem 38 A CDQS protocol using resource system V implies a CDQS’ protocol for the
same function using the same resource system.

Proof. Take the classical secret s € S for the CDQS’ protocol and record it as a computa-
tional basis state [s),, which serves as the secret for the CDQS protocol. The referee runs
the decoder for the CDQS protocol and then measures the outcome in the computational
basis, and takes the output as his guess for the value of S.

Correctness: We have that f(x,y) = 1. By correctness of the CDQS protocol we have

|Diq 0 Mgt — Ta|, < e (58)
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Evaluating these channels on the input state [s), we obtain

| Diiq 0o N5 Is)slg) — [s)slg||, <. (59)

To obtain a classical outcome for the CDQS protocol, the referee then measures the output
of the decoder in the computational basis. Label the outcome of this measurement as s’.
Their probability of a correct outcome is then

Prls’ = s] = (s| Dy’ o NGEu (IsXslg) Is) = F(|s)s|, Disq 0 Nga(ls)slg)).  (60)

Using the Fuchs Van de Graaf inequalities (4) and the bound (59) on the trace distance,
we obtain

Prls’ = s] = F(|s)s|, Dyilsq o No%ar(IsXslp))
> (1—¢/2)°, (61)

so that we obtain a perfectly correct CDQS’ protocol as the CDQS protocol becomes
perfectly correct, as needed.

Security: We have that f(x,y) = 0. From the definition of security in the CDQS protocol,

we have that there exists a simulator channel 83, such that

182 0y 0 trg ~N&yllo < 6. (62)

Consider taking as input the state |S>Q, as we do in the CDQS’ protocol. This gives

||0-M(x>y) - pM(S7$7y)H1 < 5’ (63)

where o) (z,y) = S5% ;o trg(|s)(slg). Taking these oy (7, y) as our simulator distribu-
tion, this is exactly 0 security of the CDQS’ protocol. m

Theorem 39 A CDQS’ protocol using resource system W implies a CDQS protocol for the
same function using resource system W&2,

Proof. Alice takes the quantum system @) input to the CDQS protocol and applies the
one-time pad, using 2log dg bits of classical key, which we call s. We use two instances
of the CDQS’ protocol, each of which hide logdg bits of secret, to hide the 2log dg bits
of key for the one-time pad. A lemma in |7] shows the correctness and security errors of
the CDQS’ protocol are at most twice that of the original CDQS’ protocol. The encoded
system () is sent to the referee, along with the message systems for the CDQS’ protocol.
The channel applied by Alice and Bob’s combined actions is then

i 1 s S
QLaou() = ﬁZPQ(')PQ®pM(S,x,y), (64)

where M is the message system for (both instances of) the CDQS’ protocol.

Correctness: We have that f(z,y) = 1. Correctness of the CDQS’ states that there exists
a decoder DY ¢ such that

/

Vs €S, Pr[Dys(pu(x,y,s) =s| >1 -2 (65)

The 2¢ rather than 2 is because we need to use two instances of the CDQS’ protocol, as
mentioned. We can also frame this condition in terms of the conditional probabilities,

Ps'|s = Pr [3, = D;\?iS(pM(x7 Y, S))} : (66)
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In particular equation (65) is the statement that py—_ys > 1 —2e for all s. This also means
that >-y s psrjs < 26, so that

2| s Z|5ss Pyls| = 2‘ ] Z (Z_: 11— pyis| + %ﬁ:psls> < oW 246 = 4e. (67)

To recover the secret, the referee applies ’DM Y sthis to the message system he receives,
producing a variable ', and then applies PQ , then ﬁnally traces out M. Let the combined
action of these steps be denoted by the channel D}, 5. This produces

Dgirg o NG ou(:) = ﬁ Zps’lspéfsl(')Péfsl- (68)

We need to show this is close to the identity channel, which we do in the following
calculation

1 s—s’ s—s’
S b ORI,

1 S—S/
ﬁ;psﬂsPQ Q 2‘ ‘2658

<& <&

= sup max —— (ps/‘spé—s’\IleQpé—S’ . 55/5P5—S’\I/RdQP5—S/>

d \I/RQ2||

1

< sup rnax 2| 3 Z H<p5'|3 — 0y s) Pé_squRdQPé_sl

s—s’ s'—s
Py Ur,oPy ),

(25| Z |ps’|5 - 53 ) Sup‘ljll%ng)s(s

= 4e. (69)

We used sub-additivity in the first inequality. The second inequality follows by bringing
the py|s — dy, factor out using absolute homogeneity, and then moving the sup and max
through the sum by adding the maximization over s, s’. Finally we use equation (59) to
obtain the last line. This is 4e-correctness of the CDQS protocol.

Security: We have now f(x,y) = 0. We choose the simulator channel

7
S@—)MQ dz @ om ('xa y)? (70)

where o)/(x, y) is the family of channels appearing in the security definition for the CDQS’
protocol, which recall states that

VSES, HO-M(xvy)_pM<S7xay>H1 §5 (71)
We need to bound the following diamond norm,
||5}§J—>MQ otrg _NQ—>QM||<>
= sup max |82, © tro(Vr,o) — NgaQM@RnQ)Hl

n YrnQ
1o
= sup max ||Ug, ® =2 ® ou(z,y) ZPQ\I/RnQPQ®pM(s z,y)
n YR,Q dQ olsl .

= sup max 2‘ . Z PV R, oPH @ om(z,y) 2‘ . Z PV R, oP5 ® pu(s, 2, y)

1

< lloae(2,9) = pas (s, w, y)ll, sup max ﬁZP(%\PRHQP(SQ
n n S 1

< 26. (72)
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We used sub-multiplicativity of the one-norm in the first inequality, and the security
statement (71) along with normalization of the state ¥p o in the second inequality. The
above is exactly 26 security of the CDQS protocol.® m

Theorem 40 Suppose we have a CDQS’ protocol which hides a uniformly random classical
secret r. Then, at the cost of |r| bits of communication, we can build a protocol that hides
a secret s with |s| = |r| with an arbitrary distribution.

Proof. Run the CDQS protocol on secret r, and additionally have Alice send s’ = s & r.

Correctness: To decode, the referee recovers ' from the CDQS’ protocol, which will equal
the input r with probability at least 1 — e. They then compute s’ ® r’ as output. Since
s’ = s @ r, this will be correct whenever " = r, so with probability at least 1 — e. Thus
the protocol storing s is 1 — € correct.

Security: Security of the CDQS’ protocol storing r implies that
V(l',y) € X XY st f(xay) =0, Vs €5, HO’M(%’,y) - pM(samay)Hl <. (73)

For the CDQS’ protocol storing s, we take
. 1
O-SM(‘ra y) =Ta & O'M(ZE, y) - % Z |S & T><S @ T’ & O-M(x7 y)u (74)

where 74/ is the maximally mixed state on S. Then by the triangle inequality,

. 1
O'SM(ZL‘,y> — %Z |S @TXS @T|A’ 02y pM(Tuxay)

1
- H%Z ls@rXs®r|, @ om(z,y)
1 T

1
o %Z|S@r><S@T|A’ ®pM(T7xay)
" 1

- HO-M(xuy) —pM(r,x,y)Hl
<5

so that the protocol hiding s is also § secure. m

B Properties of C' f-PHASE

Theorem 17 Given a coherent phase protocol for f, which uses resource system ¥, and
a coherent phase protocol for fs using resource system Vo, there is a protocol for fi & fo
using resource system W, @ Wo. Furthermore, the construction is black box so that an €,
correct protocol for fi and ey correct protocol for fo leads to a € + €5 correct protocol for

fi @ fo.

Proof. The protocol proceeds by
1. In the first round operations, copying the inputs in the computational basis.
2. Executing the protocol for f; on the first copy and the protocol for f; on the second

3. Inverting the copying procedure to reset the ancillas in the second round operations.

6Note 20 is appearing again rather than § because we use two instances of the CDQS’ protocol.
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Following these steps, let us first evaluate the action of the protocol in the case where
€1 = €2 = 0 on a basis element |x) , |y) 5,

1) 419) 50021005 2> 12) 4 ) 1) 1 19) 5
)

2 (D) [2) 4 ) ) (=109 ) 4 ) )

= (~)NESRED 2 y) g o) 5 1y) 5

A (1) Enehen) 12y |y, 10) 51005 - (75)

We see that this is an exactly correct protocol for f; & fo whenever the protocols for f;
and f, are exactly correct.

It is clear that the reduction is black box, so remark 8 leads to the additive error
property. m

Next consider theorem 18, which deals with taking the AND of f(z,y) with a single
bit z.

Theorem 18 Suppose we have a coherent phase protocol for f(x,y) using resource system
W. Then, there is a coherent phase protocol for f(x,y) Az using ¥ @ W' where U is the
mazimally entangled state of two qubits. Furthermore, the protocol is black box and uses
a single implementation of f(x,y) so that if the error in the f(x,y) implementation is e,
then the error in implementing f(x,y) A z is also e.

Proof. Consider the function

f(x7y/\Z)Ef(xlw"axnayl/\27"'7yn/\z>' (76)

This can be implemented by having Bob, who holds |y) and |z), compute the AND locally
and input |y A Z) into the phase protocol for f(z,y). Then when z = 1, this implements
the original function f(z,y), while if z = 0 this implements f(x,0). This is not quite
performing f(z,y) A z, but is performing something close: it only differs in z = 0 cases,
and in that case differs by a function computed only from z (in particular f(z,0) is
applied, rather than applying no phase).

To correct this, it suffices to have Alice and Bob implement using theorem 17 the two
functions fi(z,y,z) = f(x,0) A (z® 1), and fo(z,y,2) = f(x,y A Z). Then using that

[y nz=[fz0) Az D] [f(z,yAZ)] (77)

this will correctly implement f(z,y) A z as needed. We noted above how to implement
f(z,y A Z) using a single instance of the protocol for f(x,y). It remains to see that we
can implement f(z,0) A (z @ 1) with a single EPR pair ¥+,

To do this, Alice locally computes f(x,0) coherently from |z) and stores it in a register
Ag. Meanwhile, Bob computes z & 1 coherently and stores it in a register By. Then, they
execute a coherent phase protocol on Ay and By for the AND function; this amounts
to implementing a CZ4,p, gate which can be done with one EPR pair by a standard
teleportation strategy. Alice and Bob then uncompute f(x,0) and z @ 1 in their second
round operations to reset the Ag and By registers to 0.

Using remark 8 and the fact that we use a single invocation of the protocol for f(z,y)
(along with an exact protocol for a single AND function) the overall error is the same as
the error in the protocol for f(z,y). =

Next, we will develop the proof of the more general theorem 20, which replaces z with
an arbitrary function. We restate the theorem before giving the proof.
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Theorem 20 Consider functions f and g, and let the rank of g be denoted m. Then there
is a O(m) reduction from a coherent phase protocol for f A g to a coherent phase protocol
for f. Furthermore, the construction is black box and uses m invocations of the protocol
for f, so that the error in implementing f N\ g is m - € where € is the error in the protocol

for f.

Proof. Write g(k, ¢) in its rank decomposition,

m

f(@,y) A gk, ) = f(z,y) A EP hi(k) AR (0)

— @D f(z,y) Ahi(k) A BL(D). (78)

=1

In the second line we distributed the first AND operator over the sum. Next, use that from
theorem 17 we can implement the XOR of a collection of functions by implementing each
function in parallel, so it suffices to implement each of the functions f(x,y) Ah;(k) AR;(C).
To do this, we apply theorem 18 twice: by one invocation of the theorem a protocol for
f(z,y) allows us to implement f(z,y) A h;(k) by adding one EPR pair to the resource
system, and then by a second invocation the resulting protocol for f(x,y) A h;(k) plus
one further EPR pair gives an implementation of f(x,y) A h;(k) A hL(€). Thus, if ¥ is the
resource system for f(z,y) we can implement f(z,y) A h;(k) A h({) using ¥ @ (¥)®2,
Repeating this for each of the m terms in the above decomposition, we find that f(x,y) A
g(k, ) can be implemented using the resource system W& @ (UT)®2m,

Noting that we use the protocol for f(z,y) a total of m times and using remark 8 we
have that the overall error is € - m, where € is the error in the coherent phase protocol for

flz,y). =

C Properties of C'f-U

We record the proofs of the composition properties given for the coherent unitary NLQC.

Theorem 23 Tensor product parallel composition: Suppose we can implement co-
herently controlled U, and Us,, controlled on function f, using resource systems W' and
W2 respectively. Then we can apply U{ ® Ug coherently using W' @ W2, Furthermore, the
construction is black box so that the overall error is the sum of the error for implementing
U1 and Ug.

Proof. The protocol for the tensor product unitary is

1. Initialize the ancilla systems A and B on the respective sides in state |0).
2. Apply CNOTs to AA and BB locally to copy A and B in the computational basis.
3. Implement coherent U; on A’AB and U, on B’AB.

4. Locally uncompute A and B using again the same CNOTS.

To see that this succeeds explicitly, we can track the state through the steps in the
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protocol,

W) an @ 10)210)5 = 3 cutmy ) 1B [2)4 1905 © 1004100 (79)
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Tracing out the ancillas yields the desired output.
Notice that the construction is black box, so has an additive error by remark 8. m

Theorem 24 Commuting unitaries: Suppose we can implement unitaries U, and U,
coherently controlled on function f using resource systems W' and U2 respectively, and
that UY, and U%, commute. Then we can apply UYL, U%, coherently controlled off of the
same function using resource system W' ®@ W2, Furthermore, the construction is black box
so that the overall error is the sum of the errors in the implementations of each of U,

and U?,.

Proof. Since U, and U?%, commute, they must share an eigenbasis, which we label
{|ug)}x. Label the eigenvalues of U, as {y;}; and the eigenvalues of U%, as {v;};. Alice
and Bob execute the following protocol.

1. Alice copies system A’ in the eigenbasis |uy), producing systems A} and A).
2. Alice and Bob run an NLQC protocol for U}4,1 & U2/1.
3. Alice undoes the copying operation, leaving only output system A} = A’

To see the effect of this protocol, consider an arbitrary basis state |u;) 4 |x) , |y) 5. Then
the steps above produce

i) 4 ) 4 [0) 5 = [0) g0 i) s 1) 4 19D 5
> (hta |Ui>A'1)(Vi |ui>A’2) %) A 1Y) 5

2 () Jus) o0 12) 4 |9) 5
=ULUL Ju)u |2) 4 19) 5 - (81)

Since this holds for a basis, it also holds for an arbitrary input state. Notice that the
construction is black box, so has an additive error by remark 8. m
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