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This work presents an adaptation of the Smooth Overlap of Atomic Positions (SOAP)
method to improve the efficiency of (dis)similarity quantification in homogeneous
molecular (homomolecular) systems. SOAP, a fingerprint-based approach, is widely
used to measure molecular similarity. We propose variants of SOAP kernels that
leverage the structural architecture of homomolecular systems to minimize irrele-
vant comparisons of atomic environments. To evaluate its performance, we apply
this adapted SOAP-based method to a synthetic dataset consisting of two identical
tripeptides deposited on a copper surface, simulating different molecular states. The
results demonstrate that the adapted method not only improves computational effi-
ciency but also yields more meaningful clustering outcomes by better capturing the
key structural differences between states. These findings suggest that the proposed
method is well-suited for the study of homomolecular systems, particularly those in-
volving surface interactions, and has the potential to enhance the use of diverse types

of molecular modeling and analysis methods that rely on (dis)similarity measures.
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I. INTRODUCTION

Homogeneous molecular systems, also called homomolecular (HM) systems, composed
of molecules of a single type, are ubiquitous. This is the case of diverse types of natural
and synthetic polymeric materials. For example, the self-assembly capabilities of polypep-
tides and polysaccharides are exploited for the creation of novel biomaterials with remark-
able properties in terms of biocompatibility and biodegradability that can be exploited
for applications in tissue engineering, drug delivery, or for the development of biosourced

"3 Homomolecular systems are also important in the life sciences. A clear ex-

materials
ample are phospholipids that aggregate to form cell membranes?. Another relevant in-
stance are aggregates of amyloid-g peptides, which have been extensively studied due to
their association with neurodegenerative diseases such as Alzheimer’s disease”. We can also
mention systems composed of molecules bonded to inorganic materials. For instance, the
self-assembly of peptides on metal surfaces, such as gold or silver, enables the creation of bio-
functionalized surfaces with potential applications in biosensors?, catalysis”, and electronic
devices®. Additionally, the functionalization of nanoparticles with peptides can enhance their
stability”, biocompatibility'?, and targeting capabilities™, making them highly effective for

diagnostics™®, therapy*® or theranostics**.

The investigation of all these systems is usually based in multi-scale approaches. At the
atomic or sub-atomic scale, theoretical studies use to focus on subsets of the whole system

15H19

involving a few molecules One of the challenges in this context is the quantification

of the (dis)similarity between states of the system. This is required for the analysis of

2021 o other conformational

results obtained from molecular dynamics simulation techniques
exploration /prediction methods****. Moreover, some of these methods require distances or
(dis)similarity measures to guide/bias the exploration**“’. Efficient approaches to assessing
(dis)similarity between states are also essential for the implementation of predictive and

generative machine/deep learning methods®#2%.,

When studying a single molecule, the most widely used approach for quantifying the
(dis)similarity between two states is to perform a structural alignment minimizing the root
mean square deviation (RMSD) of the atomic coordinates**?. The main drawback of this
technique is that finding the optimal structural alignment can be computationally expensive.

Several approaches have been proposed to address this issue, using alternative descriptors
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FIG. 1: Toy examples illustrating different types of difficulties encountered when
comparing states of homogeneous molecular systems. The images represent states of a
dimer composed of two identical molecules, one in blue and the other in red. Top: toy

dimer systems in vacuum. Dimer states in (a) and (b) are equivalent by molecular

permutation, while the dimer state in (c) is different from the first two due to a
conformational change of one of the molecules. Bottom: toy dimer systems on a metal

surface. Dimer states in (e) and (f) are two different states obtained by rigid body motion
(rotation and translation) of the state in (d). The state in (e) is equivalent to (d) since it

respects the periodicity of the surface, unlike the state in (f).

2029 How-

instead of atomic coordinates and relying on dimensionality reduction methods
ever, additional problems arise when homomolecular systems are involved. One of them is
that the result of the (dis)similarity quantification should be invariant to the permutation
of molecules. In addition, if we consider systems where molecules interact with a surface,
(dis)similarity assessment should take into account symmetries induced by the periodicity
of the surface. These two problems are illustrated with toy examples in Figure [1]
Extending RMSD-based metrics to take account of invariances due to permutations and
periodicity is a challenge, and probably not the most efficient solution. A different type
of methods is based on the concept of fingerprints. This idea was initially developed for

the analysis of the local environment of atoms, with different types of applications such as

structural classification or the development of energy/scoring functions, and is now a key

3
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element of machine learning methods in this context?L.
Various types of local descriptors and associated (dis)similarity measures have been pro-
posed on the basis of graph theory, theoretical physics concepts or statistical tools such

as kernel methodg??34533

One of the main advantages of these methods is that they are
intrinsically invariant to permutations and periodicity.

Here, we focus on a fingerprint-based method called Smooth Overlap of Atomic Posi-
tions (SOAP), originally proposed for fitting potential energy surfaces*®. SOAP represents
atomic environments through smooth continuous functions of the local atomic density. These
functions are then compared using kernel methods, where a kernel quantifies the similarity
between atomic environments by integrating the overlap of their densities. By summing
these kernel values across pairs of atoms in two conformational states, SOAP provides a ro-
bust measure of structural similarity that accounts for both geometric and chemical details
(e.g. atom types). Several variants of the method, using different types of kernels, have
been proposed to compare the structure of molecules and bulk materials®*. The principles
of the method will be briefly explained in Section [[TA]

We propose an adaptation of dissimilarities based on SOAP to the case of homomolecular
systems. To do this, we exploit knowledge of the architecture of a homomolecular system to
adapt operations and reduce the number of environment comparisons to those relevant to this
type of system. The main aim is to reduce “noise” by neglecting the irrelevant environment
comparisons. While the term noise can have various interpretations in different contexts,
in this article, we use it to refer specifically to the irrelevant contributions in the kernel-
dissimilarity that do not provide meaningful information for comparing molecular states. In
addition, this also reduces the computational cost of the method. Details are provided in
Section [TBl

Although the proposed approach can be applied to homomolecular systems in general,
we are particularly interested in molecules deposited on surfaces. For the evaluation of
the methods, we considered a system consisting of two identical tripeptides (His-Pro-Phe)
deposited on a copper surface. We generated a synthetic dataset based on four classes of
states of this system (details are provided in Section . We compared the two adapted
dissimilarities with the two original SOAP-based dissimilarities using our synthetic dataset,
and we studied the impact of such dissimilarities in a hierarchical clustering process. Results

are presented in Section [[TI
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II. METHODS
A. Summary of SOAP fingerprints and the derived dissimilarity measures

We begin by remembering the main outlines of the SOAP##34 kernel construction. This
kernel corresponds to the so-called fingerprint descriptor. It is based on the power spectrum
of the environment of each atom in a system. For this summary, let us consider a system
X composed of one molecule with n(X) atoms. This system X can admit several states S,
and X7 denotes the position of the i-th atom of the system X in the state S. The SOAP
kernel being based on the atomic neighborhoods, we denote by X;° the atom environment
around the ¢-th atom in the state S of X.

The first step consists of defining the atomic neighbor density function of the environment
X by the sum of Gaussian functions with variance o2 centered on each of the neighboring

atoms j of the central atom X by
X5 —r|?
PXZ.S(I') = Z exp (—%> , Vr € R?. (1)

Then the similarity of two atomic environments can be defined as the inner product

(x50, par () = [ s 0 () ®)

In order to have a rotational invariant similarity kernel, Equation ([2)) is integrated over all

the three-dimensional rotations R:

2

R, = [| [ oas s ey ar )

This kernel is then normalized to obtain the SOAP kernel

S pS

K (Xz 7Xj ) )
VRS XK, 25

K(x5, &) =

This SOAP kernel K can be expressed as an inner-product. To do this, each point r € R?
is represented by its spherical coordinate (|r|,r) and the atomic neighbor density function
can be expanded as

¢
pes(®) =333 G an(Ix]) Yim(®), (4)

beN ¢eN m=—¢

5
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where (gy(.))s is a set of orthogonal radial basis functions and (Y,,(.))en is a basis of spherical
harmonics®®. Then the rotationally invariant power spectrum is defined by
s 8 . xS xs 3
P oot =T\ 5 > (Corin) Cryins (b1, b2, 0) € NP,

and the elements of the power spectrum are collected into a unit-length vector p(X;°). Using

in allows to reformulate the SOAP kernel as a inner-product
KX, x7) = p(&f) -p(x) ()

and a distance, based on the SOAP kernel K, can be deduced as

A(XE, X5) = \[2 - 2K (X7, X)), (6)

When the system contains multiple atomic species, a separate density of atomic neighbors
is computed as in for each atomic species, and the SOAP kernel is defined by matching
separately the different species in as explained by De et al** (Equation 15). To avoid
cumbersome notation, we do not mention the pairs of atomic-species indexes in and in
the definition of the four kernels in the following. In practice, the fingerprint is approximated

430 Tn the following, we

by truncating p(&;”) according to two thresholds £,,q; and by,
retain the same notation for readability reasons.

Based on the SOAP kernel, a similarity kernel can be constructed to compare two states
S and S’ of a system X by the average of all the similarities of each possible environment

pairing K (X5, X%"):

X) n(X)
Kus(X%,X5) = WX Z S KX XY

=1 j=1

ey zi p<XZS)] ' [ﬁ Z?g) p(XJSI)} .(7)This kernel therefore induces a dissimi-

larity as in Equation @ and it is robust at any atom position permutation.
Another possibility is to consider the so-called best-match kernel Kg\**, which identifies
the best match between the environments of two states

n(X)
S S _ 5 s
Ko (X7, X7) = max n(X) z:: K (Xi an(i)> (8)
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where the maximum is evaluated over all permutations 7 of {1,...,n(X)}. This kernel can
be computed using the Munkres algorithm®?, with a computational complexity of O(n(X)3?).
This process ensures that only the most relevant fingerprint comparisons contribute to the

kernel calculation. However, Ky, is not guaranteed to be a positive definite kernel.

B. Extensions to homomolecular systems

In our framework, we assume that a homomolecular system X is composed of N(X)
identical molecules, all composed of the same number of atoms 7(X). Then, X, f , corresponds
to the position of the i-th atom of the molecule a in the system X in its state .S, and the
environment of this atom is denoted X7;. With this notation, the total number of atoms
in system X is n(X) = N(X)n(X). In the following, we also denote X; the position of the
i-th atom among the n(X) atoms without worrying about its belonging to one of the N(X)
molecules.

In this context, the kernel K,q defined in Equation is extended for two states S and
S’ of a homomolecular system X by

N(X) n(X)

FKaslX*X™) = Sy 2o 2 K% &%)
a,b=114,j=1
X) n(X)

= Z > p(A2) - p(A): (9)

a,b=11,5=1
However, since in our framework the molecules composing the system are identical, we
propose a homomolecular kernel (K, ,s) that only averages the similarities between the

environments of equivalent atoms in molecules a and b:

1 N(X) n(X)
Kunias (X5, X5) = ————— K(X2,, X
HM-AS( 9 ) N(X)2T](X) a,b:]- — ( az) )
1 N(X) n(X)
= (X)) - (X,
N(X)ZU(X) mel — ( ) ( b )
1 N(X) N(X)
= P(X7)-P(X})
NP0 2 2 b
1 (X) N(X)
= P(X7) P(X}") (10)
N(X)n(X) | & ; ’
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where P(XJ) = (p(X2;);i € {1,....n(X)}).

Compared with K5, Kyu.as avoids irrelevant environment comparison information. By
deleting these comparisons, which add noise to the evaluation of dissimilarities between two
states of a homomolecular system, the Ky, s kernel should give better results.

In the same spirit, the best-match kernel Ky, can be used to compare two states of a

homomolecular system X as follows:

n(X)
! 1 /
S xSy S S
KBM(X 7X ) - mT?X n(X) p K(Xz 7X7r(z))
1 n(X)
— s s’
where the maximum is evaluated on all the permutations of {1,...,n(X)}. Note that in

Equation , the fact that an atom belongs to one of the molecules is not taken into
account. To overcome the potential computational cost associated with the Ky, kernel and
to take into account the homomolecular context, we propose to adapt this kernel, relying

instead on the best match between molecule fingerprints. Thus, we define the following

kernel
1 N(X)
Ko (X5, X%) = max | 5 3 P(X7) - P(Xiia) (12)
where the maximum is evaluated on all the permutations II of {1,..., N(X)}. Here the

kernel searches for the best index match between molecules.
Note that, when studying a homomolecular system on a surface, we can use the dissim-
ilarities associated with the four kernels defined above. The atoms on the surface are used

to calculate the density of the environment for each atom in the system.

III. RESULTS AND DISCUSSION
A. Case study presentation

A dataset was generated using a homomolecular system composed of two identical
polypeptides, namely His-Pro-Phe. This system was positioned on a copper surface Cu(111)

consisting of three copper layers, each containing 256 atoms. This polypeptide was chosen

8
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for its propensity to self-assemble on metallic surfaces. Firstly, four initial states were cre-
ated for this system, denoted X*™0 with ¢ € {1,...,4}. These states were derived from two
different minimized structures of the monomer, called min! and min2 (see Figure , which
were obtained by an exploration of the conformational energy landscape using the IGLOO
algorithm?”. States X170 and X270 were both constructed using two minl structures with
different relative positions, State X3 was composed of one minl structure and one min2
structure, and State X*"0 was built with two min2 structures. Secondly, for each initial
state X" two additional states were generated, denoted as X*P¥ and X*49: State X0
was derived from X*"** by a permutation of chain labels, while State X*%% was induced by
a displacement of molecules on the surface that respects the periodicity of the surface.

Then, 20 collision-free conformations were randomly generated {X*®! ... X420} from
each of the 12 root states X**? using a local sampling. More precisely, sampled states were
obtained by perturbing dihedral angles of the backbone in a range of +0.5 rad, adjusting
the position of the molecule (centered on the carbon « of the proline residue) in a square
of 1 A for each molecule, and altering their orientations along the three axes of rotation
within £0.5 rad. For collision tests, the radius of all atoms was set to 0.75% of their van
der Waals radius.

This simulation workflow is illustrated in Figure 2] In summary, the simulation workflow
generated a sample {X**V;t € {1,...,4},u € {r,p,d},v € {0,...,20}} of size n = 252.
These states were divided into L = 4 classes, according to the initial state. This partition

is denoted Z = {Z;,..., 2} in the following,.

B. Kernel computation and performance

By definition of the implemented kernels, the first step consists of computing the finger-
print of each state. For each His-Pro-Phe molecule, only the heavy atoms of the polypeptide
backbone and the side chain of the proline were considered.

The fingerprint of each state was computed using the DScribe”® Python library version
2.0.1, taking into account the species-dependent information (see Section . The cutoft
for local region r.,; was set to 10 A, to take into account some atoms of the second molecule
and of the surface in the fingerprint of the atoms of the first molecule. To limit the impact

of the surface on the fingerprint of each atom, only a subset of the atoms in the first copper
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KAS ‘ KHM-AS ‘ KBM ‘ KHM—BM

1.60 1072 + 0.001‘1.17 1073 + 0.00009‘1.74 1072 + 0.0008‘2.53 1073 + 0.0002

TABLE I: Average CPU time (£ standard deviation) in seconds for the computation of

the 31626 elements of the dissimilarity matrix for each kernel.

(Cu) layer of the surface were considered. More precisely, this subset is the union of the
three closest Cu atoms to each atom in the molecule. The number of radial basis functions

2 and I,,q, were fixed to the default values (1

was set to b, = 10 and the parameters o
and 6 respectively) in the DScribe library. Once the vectors p(X;°) were computed, the
dissimilarities for each pair of states associated to the four kernels K,g, Kinias, Kpn and
Kiynvsu were calculated according to Equations @, , and , respectively.

The computing time (CPU time, in seconds) using each of the four kernels is presented in
Table . This table presents the average and the standard deviation over the @ = 31626
elements of each dissimilarity matrix, using a single core of a 11" Gen Intel®) Core™ i9-
11950H @ 2.60GHz processor. These results clearly show the important computational
gain of the proposed extensions with respect to the general kernels. Ky s is around 14
times faster than K., and Ky gy 7 times faster than Kp,,. Moreover, kernels adapted for
homomolecular systems are more stable (much lower standard deviation). This is due to
the very small number of fingerprint comparisons required by the homomolecular kernels,
which also enables more optimal processing and avoids noise fluctuations in dissimilarity
calculations. As expected, best-match-based kernels are more expensive, since they require

to solve an optimization problem.

Nevertheless, as it will be shown below, they provide more accurate results.

C. Comparison of representative conformations

We performed a comparative analysis of the dissimilarities associated to the four kernels
on the 12 root states (X t‘“:o)te{h_,,4},u€{r,d,p} of our simulated dataset. The four dissimilarity
matrices are presented in Figure[3] The zero diagonal blocks for the four dissimilarities allow
us to check that the kernels are indeed invariant by permutation or displacement. Recall

that the states of Classes 1 and 2 are close because they are built with two min! structures.

10
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By virtue of its composition and the positioning of the molecules, the states of Class 3 are
between those of Classes 1-2 and those of Class 4. This structural proximity, denoted by
Z| < 29 < Z3 < Zy4, is found in the four dissimilarity matrices. This can also be seen in
Figure [4], where the values available in each dissimilarity matrix in Figure [3] are normalized
by the maximal value for each kernel. The kernel K,s has more difficulty distinguishing
between the states of Z; and Z5. The kernel Ky gy, adapted for homomolecular system,
takes on slightly more distinct values when comparing the different classes. In addition, we
find with varying degrees of distinction that the states of Z3 are “halfway” between those
of the other classes by construction of synthetic roots.

Based on the complete dissimilarity matrices (comparison of the 252 states), the distri-
bution of the dissimilarities between two classes (Z; versus Zy) is represented in Figure [
For each kernel, we obtain the same variation of the dissimilarities between states of the
same root (' =t) and find values in line with class order Z; < Z5 < Z3 < Z,. The kernels
Kgy and Ky enable us to better distinguish between the states of Classes 1, 2 and 3,

compared with the kernels K g and Ky as-

D. Clustering performance

In order to study the impact of the four dissimilarities on a clustering process of the
states of a homomolecular system, a hierarchical ascending clustering (HAC) with Ward’s
linkage measure was applied on the simulated dataset. The associated dendrograms for the
four kernels are represented in Figure [} HAC with the complete linkage and the average
linkage were also tested, the results are reported in Figures S2 and S4 of the Supplementary
Material, respectively.

We used three indicators to compare the clusterings obtained by cutting the dendrograms
from 2 to 15 clusters with the true partition of the data Z: Adjusted Rand Index (ARI)*¥,
homogeneity and completeness®”. The mathematical definitions of these three indicators are
reminded in Section A of the Supplementary Material. The ARI is based on the contingency
table between a clustering and the true partition Z, and takes values in [—1, 1]. The closer
the value is to 1, the better the match between the clustering and Z. The homogeneity
and completeness indicators, taking values in [0, 1], are based on the notion of conditional

entropy. The first one measures if clusters are made up of a majority of individuals from

11
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the same class, the second one assesses if the majority of individuals of the same class are
assigned to the same cluster. These three indicators provide an overview of the link between
a clustering and the true partition. The results for the four kernels are given in Figure [7]

In the sense of the ARI criterion, the clustering closest to the true partition Z is a
clustering into three clusters for the kernels K g, Kyyas and Ky, whereas the kernel Ky gy
retrieves the true partition into four classes. This closest clustering is plotted below the
dendrogram for each kernel, along with the true partition (“True labels”) and the clustering
into eight clusters.

The homogeneity and completeness indicators show that the HAC with the kernels Ky as
and Ky, produce clusterings with fairly similar behavior to the true partition. They achieve
an homogeneity of over 0.8 from a clustering with at least six clusters. Using the dendrogram,
we can see that these two kernels recover Z3 and Z4, but form clusters where the states of
Z, and Z, are mixed. For the clustering with three clusters, states of Z; and Z; are grouped
together in the same cluster.

With the kernel K,q, all three indicators show that the clusterings obtained by cutting
the dendrogram are poorly matched to the true partition. The states of Z; and Z, are
very difficult to distinguish in the hierarchy. In addition, elements of Z3 and Z; are related
to states of Z; and Z,. The clustering closest to the true partition in the ARI sense is
composed of three clusters: the first contains all states of Z; and 25 (except 1) and 17% of
states of Z3, the second contains 79% of Z3 states, 17% of Z, states and one state of Zs;
the third contains 82% of Z, elements and 2 states of Zs.

The HAC obtained with the average and complete linkages (see Sections B and C of the
Supplementary Material) lead to fairly similar conclusions. The clustering most in line with
the true partition is obtained with the kernel K sy. The kernels Ky as and Kpy find 25
and Z, fairly well, but have some difficulty distinguishing Z; and Z,. Results with K4 are

further from the true partition.

IV. CONCLUSION

This study presents a significant advancement in the application of the SOAP method for
homomolecular systems. By introducing an adaptation that avoids irrelevant comparisons

of atomic environments, we demonstrated improved computational efficiency and enhanced

12
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accuracy of molecular state differentiation. The results from a dataset involving two iden-
tical tripeptides deposited on a copper surface show that the adapted kernels give better
(dis)similarity measurements than the original kernels. It should be noted that although
the method was presented on a specific system, it can be applied to any type of molecule
and surface without any additional information on their properties other than the position
and type of the atoms composing them. Its ability to better quantify structural differences,
being robust to molecular permutations and symmetries introduced by the periodicity of the
surface, can be exploited within numerous molecular modeling and analysis methods. The
promising results pave the way towards the evaluation of the dissimilarity between more
complex, and thus more realistic, systems.

Finally, we should mention that our approach builds on the original linear SOAP kernel,
which effectively captures three-body structural correlations. While recent extensions of
the SOAP framework®®H aim to incorporate higher-order invariant interactions, integrating
these more expressive descriptors into our methodology is not straightforward. Future work
will be required to explore such adaptations, with particular attention to maintaining com-
putational efficiency, an essential requirement for the large-scale evaluation of dissimilarity

matrices.

V. SUPPLEMENTARY MATERIAL

Definition of three indicators for clustering performances (homogeneity, completeness and
ARI indicators) in Section A. Hierarchical clustering results obtained with the complete and

average linkages (Sections B and C respectively).

VI. DATA AND SOFTWARE AVAILABILITY

The dataset and the software used in this work to compute the dissimilarity matrices are

available at: https://gitlab.laas.fr/moma/methods/analysis/soap_hm
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FIG. 2: Tllustration of the protocol to generate the 12 root states X" of our dataset.
Top: Two structures of His-Pro-Phe monomer on a copper surface Cu(111), called mint
and min2, obtained by a global optimization algorithm, together with their associated
schematic structural representation. Bottom: Schematic representation of the four initial
homomolecular dimer states (X*™9) based on minl and min2 structures positioned on a
copper surface Cu(111), top and side views of each dimer, and notation of their permuted

(XtP0) and displaced states (X*49).

18



™y
o
|

-

,__‘,_:,..
[ | | L {5-\..
Ty

el

gy

m

A |

n [l
.

Ay
[
o W

= |

il

Wl
.
\Wr
| b ™

S
1
aan

y
¥

AlIP
é Publishing

(a) (o)

Kz
g ] a L T L T T I | o
W E T4 a4 fmd TTd Tt A% aE AE Al
o3 9 o Cid CC4 I A A3 a0l w
WM e B R f At A A B
= (LTI 1~ T TR PR S L L T Tl
W o ol fd 0 @0 0 a2 a2 Wz Wi
JEMY iE S pA1 E43 B4 24 ¢ 0 f M maE af tud
X X
Rt % S X B 1T - - - S NS A S 5 XL Rl
L T N E I I O G R O R S I (L ) Wi
2 2 1 duzd
T 1 a Fales
1 1 1 .\‘:I-r1
R TEAETE TR S SN -
- Lo
L S Toom R TR o T TR om0 T T M
AR B T B - - - F
M oa a0 oa (B4R E4R aA? yean
M a0 a W orw oaw T
Holpr o | oo o o« 0
FRRELI VL X e
_:{‘:"-' WIS nos _:{‘:"-'
in in
x x
e e
q{!l’.‘ q{!l’.‘
AN AN
";'. ";'.
® ®
ki ki

= = = " = = " o =
.}':. "H.-;. r:.: q;{ :‘;q; ::‘ _a.h: _;{ o L,:
welue

LI LT e LE Bd LG
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