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TURNPIKE PROPERTY OF LINEAR QUADRATIC CONTROL PROBLEMS

WITH UNBOUNDED CONTROL OPERATORS

HOAI-MINH NGUYEN AND EMMANUEL TRÉLAT

Abstract. We establish the turnpike property for linear quadratic control problems for which the
control operator is admissible and may be unbounded, under quite general and natural assumptions.
The turnpike property has been well studied for bounded control operators, based on the theory
of differential and algebraic Riccati equations. For unbounded control operators, there are only
few results, limited to some special cases of hyperbolic systems in dimension one or to analytic
semigroups. Our analysis is inspired by the pioneering work of Porretta and Zuazua [28]. We start
by approximating the admissible control operator with a sequence of bounded ones. We then prove
the convergence of the approximate problems to the initial one in a suitable sense. Establishing
this convergence is the core of the paper. It requires to revisit in some sense the linear quadratic
optimal control theory with admissible control operators, in which the roles of energy and adjoint
states, and the connection between infinite-horizon and finite-horizon optimal control problems
with an appropriate final cost are investigated.
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1. Introduction

1.1. Setting and main results. Let H and U be two Hilbert spaces standing for the state space
and the control space, respectively. The corresponding scalar products are x¨, ¨yH and x¨, ¨yU, and
the corresponding norms are } ¨ }H and } ¨ }U. Throughout the paper, the dual H1 of H (resp., the
dual U1 of U) is identified with H) (resp. with U). Given any two Hilbert spaces X1 and X2, we
denote by LpX1,X2q the Banach space of all bounded linear applications from X1 to X2 endowed
with the usual operator norm, and we denote LpX1,X1q by LpX1q.
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2 H.-M. NGUYEN AND E. TRÉLAT

Let A : DpAq Ñ H be a linear operator generating on H a strongly continuous semigroup
petAqtě0 Ă LpHq (see [7, 27]). The adjoint operator A˚ : DpA˚q Ñ H generates the adjoint

semigroup petA
˚

qtě0 Ă LpHq, with etA
˚

“ petAq˚ for every t ě 0. The domain DpA˚q, equipped
with the scalar product

xz1, z2yDpA˚q “ xz1, z2yH ` xA˚z1, A
˚z2yH @z1, z2 P DpA˚q,

is a Hilbert space. The dual DpA˚q1 of DpA˚q with respect to the pivot space H satisfies DpA˚q Ă
H Ă DpA˚q1 with continuous and dense inclusions.

Given any x0 P H and given a control operator

B P LpU,DpA˚q1q,

we consider the control system

x1ptq “ Axptq `Buptq, t ą 0,

xp0q “ x0,
(1.1)

where, at time t, the control is uptq P U and the state is xptq P H (see [2, 5, 6, 22, 33, 37, 40]
for references on control theory in infinite dimension). Interesting aspects of controllability and
stabilization properties of (1.1) can be found in [5, 6, 7, 22, 30, 34, 37, 39, 40] (see also references
therein).

We assume that B is an admissible control operator with respect to the semigroup petAqtě0 (see
[37]) in the sense that, for all u P L2pp0, T q;Uq, it holds that

ϕ P Cpr0, T s;Hq where ϕptq “

ˆ t

0
ept´sqABupsq ds.

As a consequence of the closed graph theorem (see, e.g., [3]), one has

}ϕ}Cpr0,T s;Hq ď cT }u}L2pp0,T q;Uq,

for some positive constant cT not depending on ϕ.
Let now

C P LpHq,

be an observation operator. Let z P H be fixed.
On the one part, given any T ą 0, we consider the linear quadratic optimal control problem

(dynamical optimization problem)

(1.2) inf
uPL2pp0,T q;Uq

ˆ T

0

`
}Cxptq ´ z}2H ` }uptq}2U

˘
dt,

where x P Cpr0, T s;Hq is the (unique) solution of (1.1). By strict convexity, there exists a unique
optimal control uT,opt P L2pp0, T q;Uq solution of (1.2). Let xT,opt P Cpr0, T s;Hq be the corre-
sponding solution and denote yT,opt the corresponding adjoint state, i.e., yT,opt P Cpr0, T s;Hq is
the solution of the system

y1
T,optptq “ ´A˚yT,optptq ´ C˚pCxT,optptq ´ zq on p0, T q,

yT,optpT q “ 0

(see, e.g., Proposition 2.1 for the role of the adjoint state yT,opt).
On the other part, we consider the stationary optimization problem

(1.3) inf
px,uqPHˆU

Ax`Bu“0

`
}Cx´ z}2H ` }u}2U

˘
.

Under appropriate assumptions (see Proposition 1.1 below), this problem has a unique optimal
solution px̄, ūq P H ˆ U and a unique Lagrange multiplier ȳ P DpA˚q.
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The objective of this paper is to establish the exponential turnpike property, namely that, when
T is large, the optimal solution of (1.2) remains exponentially close to the optimal solution of the
stationary problem (1.3), except at the extremities of the time interval r0, T s. The turnpike prop-
erty for (1.2) has already been established in the literature (see further) but mainly for bounded
control operators B, i.e., when B P LpU,Hq, or under strong assumptions on the semigroup. Our
main goal is to establish the exponential turnpike property under quite general and natural as-
sumptions on the triple pA,B,Cq for which the boundedness of B is not required (see Theorem
1.1 below).

To state the turnpike property, we first discuss the existence and uniqueness of the optimal
solution and of its Lagrange multiplier for the stationary problem (1.3).

Proposition 1.1. Let z P H. We assume that

(1.4) kerAX kerC “ t0u

and that there exists T0 ą 0 such that pA,Cq is finite-time observable in time T0, i.e., that there
exists c ą 0 such that

ˆ T0

0
}CetAξ}2H dt ě c}eT0Aξ}2H @ξ P H.

Then, there exists a unique pair px̄, ūq P H ˆ U such that Ax̄ `Bū “ 01 and

(1.5) }Cx̄´ z}2H ` }ū}2U “ inf
px,uqPHˆU

Ax`Bu“0

`
}Cx´ z}2H ` }u}2U

˘
.

If we assume in addition that

kerA˚ X kerB˚ “ t0u

and that the pair pA˚, B˚q is finite-time observable in time T0, i.e., that there exists c ą 0 such
that

(1.6)

ˆ T0

0
}B˚etA

˚
ξ}2U dt ě c}eT0Aξ}2H @ξ P H,

then there exists a unique ȳ P DpA˚q such that

(1.7) ´A˚ȳ ´ C˚pCx̄´ zq “ 0 and ū “ ´B˚ȳ.

The proof of Proposition 1.1 is given in Section 3.

Remark 1.1. As seen in the proof of Proposition 1.1, the observability of pA,Cq implies the
existence of px̄, ūq P H ˆ U satisfying (1.5). The assumption kerA X kerC “ t0u implies the
uniqueness of such a pair px̄, ūq. The additional assumption of observability of pA˚, B˚q implies
the existence of ȳ P H satisfying (1.7), and the assumption kerA˚ X kerB˚ “ t0u implies the
uniqueness of ȳ.

Remark 1.2. The unique ȳ P H given in Proposition 1.1 is the Lagrange multiplier of the con-
strained optimization problem (1.3). A general theory on this topic can be found in, e.g., [23],
under the assumption that the operator H ˆ U Q px, uq ÞÑ Ax`Bu be surjective.

Our main result, proved in Section 5, is the following.

Theorem 1.1. We make the following assumptions:

pH1q The pairs pA,Cq and pA˚, B˚q are finite-time observable in some time T0 ą 0, and

(1.8) kerA X kerC “ t0u and kerA˚ X kerB˚ “ t0u.

1This means that xx̄, A˚ϕyH ` xū, B˚ϕyU “ 0 for every ϕ P DpA˚q.
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pH2q There exists δ ą 0 such that

C˚C ě δ id, i.e., }Cη}2H ě δ}η}2H @η P H.

Then, we have the exponential turnpike property: there exist c ą 0 and λ ą 0 (depending only on
A, B, C) such that, for any T ą T0, and any x0, z P H,

(1.9) }xT,optptq ´ x̄}H ` }yT,optptq ´ ȳ}H ` }uT,opt ´ ū}L2pIt;Uq

ď c
`
}x0 ´ x̄}H ` }ȳ}H

˘`
e´λt ` e´λpT´tq

˘
@t P r0, T s,

where uT,opt is the solution of the optimal control problem of (1.2), xT,opt is the corresponding
solution of (1.1), yT,opt is the corresponding adjoint state, px̄, ū, ȳq is the (unique) triple solution
of the stationary problem (1.3), given by Proposition 1.1, and It “ pt, T ´ tq if t ď T {2 and
It “ pT ´ t, tq if t ě T {2.

Remark 1.3. As seen in the proof of the theorem, the decay rate λ can be chosen as the the decay
rate of the semigroup S8,optptq defined in Proposition 1.2 further. This decay rate is optimal in
the exponential turnpike property (1.9) (see Proposition 1.3). Assumption pH2q is used to ensure
that S8,optptq exponentially decays, see Proposition 1.2. Any assumption ensuring this can replace
Assumption pH2q in Theorem 1.1.

Remark 1.4. It is worth noting (see Proposition 1.1 and Proposition 2.1) that

uT,opt ´ ū “ ´B˚pyT,opt ´ ȳq in L2pp0, T q;Uq.

When B is bounded, it follows from (1.9) that

(1.10) }uT,optptq ´ ū}U ď c
`
}x0 ´ x̄}H ` }ȳ}H

˘`
e´λt ` e´pT´tq

˘
@t P r0, T s.

In contrast with the pointwise estimate (1.10), in the estimate (1.9) established in Theorem 1.1
we just obtain a L2 estimate on the control. This is consistent with the fact that B is admissible
and might be unbounded.

Remark 1.5. The existence and uniqueness of the optimal triple px̄, ū, ȳq for the stationary prob-
lem have been overlooked in the existing literature, even for bounded B. It is worth noting that
the turnpike property is not meaningful unless the existence and uniqueness of such a triple are
guaranteed.

1.2. Literature review. The exponential turnpike property (1.9) has been first established in
[28] for B bounded under some additional technical assumptions. In [35], the exponential turnpike
property was established for general abstract linear control systems (1.1) for bounded B under
the assumption that pA,Bq is exponentially stabilizable and pA,Cq is exponentially detectable, or
for B unbounded and admissible under the assumption that the semigroup petAqtě0 is analytic.
Nonlinear variants under some smallness condition are also considered there. The optimal decay
rate was obtained in these works but the explicit dependence on z and x0 on the right-hand side of
(1.9) was not studied there. In the periodic setting, i.e., A, B, and C are periodic functions with
the same period, the turnpike property was also investigated in [35] for B bounded. The turnpike
property has been generalized to unbounded control operators in several situations. In [14], the
authors obtained the exponential turnpike property for 2 ˆ 2 hyperbolic system in dimension one.
In [15], the authors derived the turnpike property for the wave equations in dimension one with
Neumann boundary controls. We also quote [1] for results on the behavior of the cost function,
related to the turnpike property. The key tool used in the works mentioned here is the theory of
differential and algebraic Riccati equations for (1.1) and (1.2) with z “ 0. The Riccati theory is
well established and known for B bounded, but in the unbounded case it is much more involved
and delicate.
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In [12], the authors establish the exponential turnpike property, not by using Riccati theory
but by developing a multiplier technique and a kind of integration by parts using the exponential
stabilizability of pA,Bq and the exponential detectability of pA,Cq. Most of the paper is dedicated
to bounded control operators, but in [12, Section 5] the authors explain how to extend their results
to the case of unbounded admissible control operators. Nevertheless, there is a problem in the
proof of [12, Lemma 6], which is one of the key ingredients of their analysis. Precisely, it is wrong
that “[12, (19)] follows analogous by testing the adjoint equation with ψ solving [12, (16)]”, because
it is not true that the domains DpAq and DpA ` BKBq, where A ` BKB is the operator coming
from the exponential stabilizability of pA,Bq, are the same or even have a dense intersection.
The multiplier technique and the integration by parts given there thus cannot work under the
assumptions made. We thank very much Manuel Schaller for a discussion regarding this issue.

Other information on the turnpike property in infinite dimension and related methods and
contributions can be found in [4, 13, 8, 11, 16, 17, 18, 32, 36, 41, 42] and references therein.

1.3. Main ideas of the proof. Let us briefly discuss the main ideas of the proof of Theorem 1.1.
Our analysis is strongly inspired by the work of Porretta and Zuazua [28]. The key idea is to
establish a connection between the optimal control problem (1.2) and the optimal control problem
in infinite horizon

(1.11) inf
uPL2pp0,`8q;Uq

ˆ 8

0

`
}Cxptq}2H ` }uptq}2U

˘
dt,

where xp¨q is the solution of x1ptq “ Axptq `Buptq on p0,`8q such that xp0q “ x0 P H.
Regarding this optimal control problem in infinite horizon, one has the following result (see

[10]). Recall that the triple pA,B,Cq enjoys the finite cost condition, i.e., for every ξ P H, there
exists u P L2pp0,`8q;Uq such that

´8
0

`
}Cxptq}2

H
` }uptq}2

U

˘
dt ă `8, where xp¨q is the unique

solution of x1ptq “ Axptq `Buptq on p0,`8q such that xp0q “ ξ.

Proposition 1.2. Assume that the triple pA,B,Cq enjoys the finite cost condition. For ξ P H, let
û8,opt,ξ be the optimal control solution of the problem

inf
uPL2pp0,`8q;Uq

ˆ 8

0

`
}Cxptq}2H ` }uptq}2U

˘
dt where

"
x1ptq “ Axptq `Buptq on p0,`8q,
xp0q “ ξ.

Denote x̂8,opt,ξ the corresponding solution. For t ě 0, define

S8,optptq : H Ñ H

ξ ÞÑ x̂8,opt,ξptq.

Then pS8,optptq
˘
tě0

Ă LpHq is a strongly continuous semigroup on H. Assume in addition that

either there exists δ ą 0 such that

C˚C ě δ id, i.e., }Cη}2H ě δ}η}2H @η P H.

Then S8,optptq decays exponentially as t Ñ `8.

We next recall a property on the finite cost condition of the triple pA,B,Cq, see [10, Section 2].

Lemma 1.1. Assume that the triple pA,B,Cq enjoys the finite cost condition. Then there exists
a unique symmetric P P LpHq, defined by

(1.12) xPξ, ξyH “ inf
uPL2pp0,`8q;Uq

ˆ 8

0

`
}Cxptq}2H ` }uptq}2U

˘
dt,

where xp¨q is the solution of x1ptq “ Axptq `Buptq on p0,`8q such that xp0q “ ξ P H.
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Remark 1.6. Assume that pA˚, B˚q is observable for some positive time T0. Then the control
system (1.1) is null-controllable for time T0 (see, e.g., [5, 37]) and therefore the triple pA,B,Cq
enjoys the finite cost condition.

The following result establishes an important connection between the optimal control problem
(1.2) and the optimal control problem (1.11), which is instrumental for establishing Theorem 1.1.

Proposition 1.3. Under Assumption pH1q of Theorem 1.1, let z P H and let T ą T0. Given
x0 P H, set

(1.13) hptq “ yT,optptq ´ ȳ ´ P pxT,optptq ´ x̄q and gptq “ hpT ´ tq @t P r0, T s,

where P is defined by (1.12), xT,opt is the optimal solution of (1.2), yT,opt is the corresponding
adjoint state, and px̄, ȳq is given by Proposition 1.1. Then

(1.14) gptq “ S˚
8,optptqgp0q @t ě 0,

where S8,optptq is defined in Proposition 1.2 and S˚
8,optptq is its adjoint.

As a consequence of Proposition 1.3, we derive from Proposition 1.2 the decay rate of t ÞÑ
yT,optpT ´ tq ´ ȳ´P pxT,optpT ´ tq ´ x̄q. In Proposition 1.3, the control operator B is not required
to be bounded. When B is bounded, (1.14) can be written as

g1ptq “ pA˚ ´ PBB˚qgptq on p0, T q

(see Lemma 4.1), i.e., equivalently,

(1.15) h1ptq “ p´A˚ ` PBB˚qhptq on p0, T q.

The proof of Proposition 1.3 is the core of our analysis. We first prove (1.14) for B bounded
by establishing (1.15). This is inspired by the approach of Porretta and Zuazua [28]. We then
approximate the pair pA,Bq in (1.1) by the pair pA,Bkq (i.e., we replace B by Bk in (1.1)) and
then we study the limit as k Ñ `8. Here Bk is defined, for k P N large enough, by

(1.16) Bk “ JkB,

where Jk is the Yosida approximation of the identity with respect to A, defined, e.g., by Jkx “
k
´8
0 e´ksesAx ds for every x P H.
To this end, we first establish the existence and uniqueness of the optimal solutions and its

Lagrange multipliers for the approximate stationary problems, and show their convergence to the
optimal solution and Lagrange multiplier of the initial stationary problem (see Section 3).

We then establish the convergence of the approximate optimal control problems to the initial
control problem, which involves S8,opt (see Section 4). In this part of the analysis, to avoid
dealing with the finite cost condition for the approximate control system, which might not hold,
we make some modifications in comparison with Proposition 1.3 for the approximate systems, see
Lemma 4.2 in which a finite horizon optimal control problem with a suitable choice of the final cost
is considered instead. The incorporation of the final cost and a connection between the optimal
control problem in infinite horizon with the optimal control problem in finite horizon with an
appropriate final cost (see Corollary 2.1) are useful in our analysis to avoid dealing with k Ñ `8
and T “ `8 at the same time as well (see Lemma 4.3).

The introduction of h and g has its roots in the work [28]. Indeed, consider the following optimal
control in finite horizon

(1.17) inf
uPL2pp0,T q;Uq

ˆ T

0

`
}Cxptq}2H ` }uptq}2U

˘
dt,

where xp¨q is the solution of x1ptq “ Axptq `Buptq on p0, T q such that xp0q “ x0 P H (z “ 0 here).
Let ruT,opt be the optimal control solution of (1.17), and let rxT,opt be the corresponding solution
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and ryT,opt be the corresponding adjoint state. It is well known (see [21, Section 9.2], see also [10],
[29, Section 5] and [9, 19]) that there exists PT : r0, T s Ñ LpHq such that

(1.18) ryT,optptq “ PT ptqrxT,optptq @t P r0, T s.

When B is bounded, (1.13) and (1.15) have been established in [28], with P replaced by PT .
Defining h and g by (1.13) has an advantage on (1.18). Indeed, thanks to (1.13) where we use

P (instead of PT ), we can directly deal with S˚
8,optptq (see (1.14)) instead of its approximation as

in [28]. This also avoids to use the theory of differential and algebraic Riccati equations as in [28].
Last but not least, to derive the turnpike property from Proposition 1.3, our analysis is different

from the one performed in [28]. Instead of applying the Riccati theory, we apply a result (see
Lemma 2.1) and follow some ideas of [24] to derive energy estimates (a kind of Lyapunov function),
and then use a simple trick that is well known in the proof of the projection onto a closed convex
set, using the parallelogram identity, to reach the conclusion.

1.4. Organization of the paper. The paper is organized as follows. In Section 2, we revisit some
facts of the linear quadratic optimal control theory in finite and infinite horizons. In Section 3, we
establish the existence and uniqueness of the optimal solutions and its Lagrange multipliers for the
initial and approximate stationary optimization problems. The convergence of the approximate
problem to the initial problem and the proof of Proposition 1.3 are given in Section 4. Section 5 is
devoted to the proof of Theorem 1.1. The proof of several technical results are given in Appendix A.

In what follows, for notational ease, we use x¨, ¨y to denote x¨, ¨yH or x¨, ¨yU and | ¨ | to denote
} ¨ }H or } ¨ }U when the context is clear.

2. Linear quadratic optimal control in finite and infinite horizons

In this section, we first study a slightly more general setting than the one given by (1.2) in finite
horizon. We then derive its consequence for the corresponding linear quadratic optimal control
problem in infinite horizon.

Let T ą 0 and let P0 P LpHq be nonnegative and symmetric. Given any x P Cpr0, T s;Hq and
u P L2pp0, T q;Uq, we define the cost function

(2.1) JT px, uq “

ˆ T

0

`
|Cxptq|2 ` |uptq|2

˘
dt` xP0xpT q, xpT qy.

Given any τ P r0, T q, any x P Cprτ, T s;Hq and any u P L2ppτ, T q;Uq, we also define

Jτ,T px, uq “

ˆ T

τ

`
|Cxptq|2 ` |uptq|2

˘
dt` xP0xpT q, xpT qy.

By strict convexity with respect to u, there exists a unique optimal control ru P L2ppτ, T q;Uq
solution of

inf
uPL2ppτ,T q;Uq

Jτ,T px, uq

where xp¨q is the unique solution of x1ptq “ Axptq `Buptq on pτ, T q such that xpτq “ ξ. Since the
problem is linear quadratic, rx and ru are linear functions of ξ. Moreover, there exists cτ,T ą 0 such
that the minimal value is bounded above by cT }ξ}2

H
. Hence there exists a symmetric PT pτq P LpHq

such that

(2.2) xPT pτqξ, ξyH “ inf
uPL2ppτ,T q;Uq

Jτ,T px, uq,

Here, PT pT qpξ, ξq is understood as xP0ξ, ξy for ξ P H. Hence xPT pτqξ, ξy is the cost on the time
interval rτ, T s the initial data ξ P H at time τ .
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Let us give more details on the concept of solution. Consider the slightly more general control
system

y1ptq “ Ayptq ` fptq `Buptq `Myptq on p0, T q,

yp0q “ y0,
(2.3)

with y0 P H, f P L1pp0, T q;Hq, and M P LpHq. A weak solution y of (2.3) is understood as an
element y P Cpr0, T s;Hq such that yp0q “ y0 and

(2.4)
d

dt
xyptq, ϕyH “ xAyptq ` fptq `Buptq `Myptq, ϕyH on p0, T q @ϕ P DpA˚q,

for which the differential equation in (2.4) is understood in the distributional sense, and the term
xAyptq`fptq`Buptq`Myptq, ϕyH is understood as xyptq, A˚ϕyH`xfptq`Myptq, ϕyH`xuptq, B˚ϕyU.
The well-posedness of (2.3) is known (see, e.g., [2, 6, 24, 38]). Concerning (2.3), we have the
following result borrowed from [24], which will be used repeatedly in this paper.

Lemma 2.1. [24, Lemma 3.1] Let T ą 0, y0 P H, f P L1pp0, T q;Hq, u P L2pr0, T s;Uq, and
M P LpHq, and let y P Cpr0, T s;Hq be the unique weak solution of (2.3). We have, for t P p0, T s,
for zt P DpA˚q, and for g P Cpr0, ts;DpA˚qq,

(2.5) xyptq, ztyH ´ xy0, zp0qyH “

ˆ t

0
xupsq, B˚zpsqyU ds

´

ˆ t

0
xypsq, gpsqyH ds`

ˆ t

0
xfpsq, zpsqyH ds`

ˆ t

0
xMypsq, zpsqyH ds,

where z P Cpr0, ts;Hq is the unique weak solution of the backward system

z1psq “ ´A˚zpsq ´ gpsq on p0, tq,

zptq “ zt.
(2.6)

Consequently, for zT P H and g P L1pp0, T q;Hq, the unique weak solution z P Cpr0, T s;Hq of (2.6)
with t “ T satisfies

}B˚z}L2pp0,T q;Uq ď CT

`
}g}L1pp0,T q;Hq ` }zT }H

˘
,

and (2.5) holds for zt P H and g P L1pp0, tq;Hq. Here CT ą 0 does not depend on g, f , zT .

Remark 2.1. The equality (2.5) can be seen as an integration by parts on time. Lemma 2.1 is
related to solutions defined by transposition (see [24, Remark 3.6] for related results).

The main result of this section is the following.

Proposition 2.1. Let T ą 0 and let P0 P LpHq be nonnegative and symmetric. Given x0, z P H,
let ru be the optimal control solution of (1.2). Let rx be the corresponding solution and ry be the
corresponding adjoint state, i.e.,

rx1ptq “ Arxptq `Bruptq, ry1ptq “ ´A˚ryptq ´ C˚pCrxptq ´ zq on p0, T q,

rxp0q “ x0, rypT q “ P0rxpT q.
(2.7)

Then, we have

(2.8) ru “ ´B˚ry in L2pp0, T q;Uq.

If z “ 0, then

(2.9) ryptq “ PT ptqrxptq @t P r0, T s,

where PT is defined by (2.2). As a consequence, when B is bounded, we have

(2.10) P 1
T ptq `A˚PT ptq ` PT ptqA ` C˚C ´ PT ptqBB˚PT ptq “ 0 @t P r0, T s,



TURNPIKE PROPERTY OF LINEAR CONTROL SYSTEMS 9

in the sense that

d

dt
xPT ptqξ, ηy ` xPT ptqξ,Aηy ` xAξ, PT ptqηy ` xCξ,Cηy

´ xB˚PT ptqξ,B˚PT ptqηy “ 0 @t P r0, T s, @ξ, η P DpAq.

Remark 2.2. Since ry1ptq “ ´A˚ryptq ´ C˚pCrxptq ´ zq on p0, T q and rypT q P H, it follows from
Lemma 2.1 that B˚ry P L2pp0, T q;Uq and

(2.11) }B˚ry}L2pp0,T q;Uq ď cT
`
}rypT q}H ` }C˚pCrx´ zq}L1pp0,T q;Hq

˘
.

Therefore, (2.8) makes sense.

Proposition 2.1 is proved in Appendix A.

Remark 2.3. When B is bounded and z “ 0, Proposition 2.1 follows from Riccati theory (see,
e.g., [6, 2, 40]). Assertions (2.7) and (2.8) are somehow known and are used to characterize the
optimal solutions of (1.2). Precisely, they are known when z “ 0, P0 “ 0, and A enjoys some
symmetric and coercivity properties (see [22, Theorem 2.1 on page 114]), when z “ 0 and A

generates a strongly continuous group (see [9, Theorem 2.3.1] in which the identity ru “ ´B˚ry is
mentioned to hold almost everywhere in p0, T q). A connection between ru and rx has been obtained
in the setting considered here in [21, Section 9.2] (see also [10, Theorem 2.1], [29, Section 5] and
[9, 19]). In [21], PT pτq is first defined via a formula using rx and it is later proved that (2.2) holds.
The proof that we give here is somehow in the same spirit but different from and more direct than
the known ones mentioned above. Our proof also uses Lemma 2.1.

Remark 2.4. The consideration of both states and adjoint states together are useful in the analysis
of the paper. This was previously used to derive the rapid stabilisation of nonlinear control systems
in several settings using Gramian operators (see [24, 25, 26]).

We next present a useful consequence of Proposition 2.1 for the optimal control problem in
infinite horizon. It is obtained by applying Proposition 2.1 with z “ 0 and by noting that, when
P0 “ P , we have PT pτq “ P0 “ P for every τ P r0, T s.

Corollary 2.1. Assume that the triple pA,B,Cq enjoys the finite cost condition. Let P P LpHq
be the symmetric operator defined by (1.12) in Lemma 1.1. Let T ą 0. Given any x0 P H, let ru be
the optimal control solution of

inf
uPL2pp0,T q;Uq

JT px, uq

where xp¨q is the unique solution of x1ptq “ Axptq ` Buptq on p0, T q such that xp0q “ x0, and
where JT is defined by (2.1) with P0 “ P . Let rx, ry P Cpp0, T q;Hq be the corresponding solution
and adjoint state, i.e.,

rx1ptq “ Arxptq `Bruptq, ry1ptq “ ´A˚ryptq ´ C˚Crxptq on p0, T q,

rxp0q “ x0, rypT q “ P0rxpT q.

Then, we have
ru “ ´B˚ry in L2pp0, T q;Uq,

and

(2.12) ryptq “ P rxptq @t P r0, T s.

When B is bounded, we have

(2.13) A˚P ` PA` C˚C ´ PBB˚P “ 0

in the sense that

xPξ,Aηy ` xAξ, Pηy ` xCξ,Cηy ´ xB˚Pξ,B˚Pηy “ 0 @ξ, η P DpAq.
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Remark 2.5. A standard approach to derive the solution to an infinite-horizon optimal control
problem is to consider the limit of the corresponding finite-horizon optimal problem with zero
final cost. This is done in this way in [10, 20] but the analysis is quite involved. We show here
that the infinite-horizon optimal control problem can be more easily addressed by considering a
finite-horizon problem with a suitably chosen final cost.

3. Stationary optimization problems

In this section, we establish Proposition 1.1 in Section 3.1, state and prove a useful consequence
of Proposition 1.1 for the approximate problems in Section 3.2 (the ones associated with pA,Bkq
for large positive k), and study the convergence to the initial problem in Section 3.3.

3.1. Proof of Proposition 1.1. The existence of px̄, ūq and the uniqueness of pCx̄, ūq are stan-
dard. Let us prove the uniqueness of x̄. Assume that px̄1, ūq, px̄2, ūq P H ˆ U are two optimal
solutions. Setting ξ “ x̄2 ´ x̄1, we have Aξ “ 0 since Ax̄1 `Bū “ Ax̄2 `Bū “ 0, and Cξ “ 0 since
Cx̄1 “ Cx̄2. We infer from (1.4) that ξ “ 0. This gives the uniqueness of x̄.

By the same arguments using the observability of pA˚, B˚q and (1.6), one can show that there
exists at most one ȳ P DpA˚q such that (1.7) holds.

It thus remains to prove the existence of ȳ. We follow the ideas of [28] with some modifications
and simplifications. Let uT,opt be the optimal control solution of (1.2) with x0 “ x̄ and P0 “ 0.
Let xT,opt and yT,opt be the corresponding solution and adjoint state. We have

x1
T,optptq “ AxT,optptq `BuT,optptq on p0, T q,

xT,optp0q “ x̄,
(3.1)

and

y1
T,optptq “ ´A˚yT,optptq ´ C˚pCxT,optptq ´ zq on p0, T q,

yT,optpT q “ 0.
(3.2)

Since Ax̄`Bū “ 0, by optimality we must have
ˆ T

0

`
|CxT,optptq ´ z|2 ` |uT,optptq|2

˘
dt ď T p|Cx̄´ z|2 ` |ū|2q.

This implies, by Jensen’s inequality, that

(3.3)

ˇ̌
ˇ̌C 1

T

ˆ T

0
xT,optptq dt ´ z

ˇ̌
ˇ̌
2

`

ˇ̌
ˇ̌ 1
T

ˆ T

0
uT,optptq dt

ˇ̌
ˇ̌
2

ď |Cx̄´ z|2 ` |ū|2.

Using the arguments in [28, Remark 2.1], the finite-time observability of pA,Cq and (3.3) imply
that

(3.4)

ˆ T

0
|xT,optptq|2 dt ď cT.

Here and in what follows in this proof, c denotes a generic positive constant independent of T and
of s P r0, T s. It follows from (3.3) that there exists a sequence Tn Ñ `8 such that

1

Tn

ˆ Tn

0
xTn,opt á rx weakly in H and

1

Tn

ˆ Tn

0
uTn,opt á ru weakly in U,

for some rx P H and ru P U
2. We derive from (3.3) and the properties of the weak convergence that

(3.5) |Crx´ z|2 ` |ru|2 ď |Cx̄´ z|2 ` |ū|2.

2The notation á means the weak convergence.
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Integrating (3.1), we obtain

(3.6)
xT,optpT q ´ xT,optp0q

T
“ A

1

T

ˆ T

0
xT,opt `B

1

T

ˆ T

0
uT,opt.

Since, by (3.4),

(3.7) |xT,optpT q| ď cT 1{2,

we then infer from (3.6) that

(3.8) Arx`Bru “ 0.

Combining (3.5) and (3.8) and the uniqueness of px̄, ūq, we infer that rx “ x̄ and ru “ ū. Moreover,

(3.9) C
1

T

ˆ T

0
xT,opt Ñ Cx̄ and

1

T

ˆ T

0
uT,opt Ñ ū

as T Ñ `8, with a strong convergence.
Integrating (3.2), we have

(3.10)
yT,optpT q ´ yT,optp0q

T
“ ´A˚ 1

T

ˆ T

0
yT,opt ´ C˚

ˆ
C

1

T

ˆ T

0
xT,opt ´ z

˙
.

Since pA˚, B˚q is finite-time observable, as in the proof of (3.7), we infer that |yT,optp0q| ď cT 1{2.
We deduce that the left-hand side of (3.10) converges to 0 as T Ñ `8. Without loss of generality,
we assume that

1

Tn

ˆ Tn

0
yTn,opt á ȳ in H,

for some ȳ P H. Using (3.9), we then infer from (3.10) that ȳ P DpA˚q, that ´A˚ȳ “ C˚pCx̄´ zq,
and that

1

Tn

ˆ Tn

0
yTn,opt á ȳ weakly in DpA˚q.

Since uT,opt “ ´B˚yT,opt by Proposition 2.1 which yields ´B˚ 1
T

´ T

0 yT,opt “ 1
T

´ T

0 uT,opt, we finally
obtain ´B˚ȳ “ ū. The existence of ȳ is proved. The proof is complete.

Remark 3.1. The above proof is in the spirit of the one given in [28]. Nevertheless, instead of
considering an arbitrary initial data in the definition of uT,opt as in [28], we have considered the
initial data x̄, noting that Ax̄ ` Bū “ 0, thus allowing us to compare the cost of pxT,opt, uT,optq
with the cost of px̄, ūq. As a result, the arguments are simpler and require weaker assumptions.

3.2. Consequence of Proposition 1.1 for the approximate stationary problems. A useful
consequence of Proposition 1.1 for the approximate stationary problems associated with pA,Bkq
is now stated.

Corollary 3.1. Let z P H. Assume that pA,Cq is finite-time observable in time T0 ą 0 and that
kerAXkerC “ t0u. For any k P N large enough, recalling that Bk is defined by (1.16), there exists
a unique pūk, x̄kq P U ˆ H such that Ax̄k `Bkūk “ 0 and

}Cx̄k ´ z}2H ` }ūk}2U “ inf
px,uqPHˆU

Ax`Bku“0

`
}Cx´ z}2H ` }u}2U

˘
.

Assume in addition that pA˚, B˚q is finite-time observable in time T0 ą 0 and that kerA˚XkerB˚ “
t0u. Then there exists a unique ȳk P DpA˚q such that

(3.11) ´A˚ȳk ´ C˚pCx̄k ´ zq “ 0 and ūk “ ´B˚
k ȳk.
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Proof. We first observe that if kerA˚ X kerB˚ “ t0u then kerA˚ X kerB˚
k “ t0u. Indeed, let

ξ P kerA˚ X kerB˚
k . Since A˚ξ “ 0, it follows that A˚J˚

k ξ “ J˚
kA

˚ξ “ 0. On the other hand,
0 “ B˚

k ξ “ B˚J˚
k ξ. Since kerA˚ X kerB˚ “ t0u, we infer that J˚

k ξ “ 0 and therefore ξ “ 0. The
observation is proved.

As a consequence of Proposition 1.1, it now suffices to note that pA,Bkq is finite-time observable
in time T0 if pA,Bq is finite-time observable in time T0. This is so because, for ξ P H,

ˆ T0

0
}B˚

ke
tA˚

ξ}2 dt “

ˆ T0

0
}B˚J˚

k e
tA˚

ξ}2 dt “

ˆ T0

0
}B˚etA

˚
J˚
k ξ}2 dt ě c}J˚

k ξ}2H ě ck}ξ}H,

for some positive constant ck independent of ξ. �

3.3. Convergence properties for the approximate stationary problems.

Lemma 3.1. Under Assumption pH1q, as k Ñ `8,

x̄k Ñ x̄ in H, ūk Ñ ū in U, and ȳk Ñ ȳ in H.

Here px̄k, ūk, ȳkq and px̄, ū, ȳq are defined in Corollary 3.1 and Proposition 1.1, respectively.

Proof. By optimality of px̄k, ūkq, we have

(3.12) |Cx̄k ´ z|2 ` |ūk|2 ď |z|2.

Noting that Ax̄k ` Bkūk “ 0, since pA,Cq is finite-time observable, we infer from (3.12) that
|x̄k|2 ď c|z|2. Let px̄nk

q and ūnk
be a subsequence of px̄kq and pūkq such that, for some px̂, ûq P HˆU,

(3.13) x̄nk
á x̂ weakly in H and ūnk

á û weakly in U.

Then

(3.14) Ax̂`Bû “ 0, and lim inf
kÑ`8

`
|Cx̄nk

´ z|2 ` |ūnk
|2
˘

ě |Cx̂´ z|2 ` |û|2.

On the other hand, since Ax̂`Bû “ 0, we have ApJkx̂q `Bkû “ JkpAx̂`Bûq “ 0. This implies,
by optimality of px̄k, ūkq,

(3.15) |CJkx̂´ z|2 ` |û|2 ě |Cx̄k ´ z|2 ` |ūk|2.

Since |CJkx̂ ´ z|2 ` |û|2 Ñ |Cx̂´ z|2 ` |û|2 as k Ñ `8, we infer from (3.15) that

(3.16) lim sup
kÑ`8

`
|Cx̄k ´ z|2 ` |ūk|2

˘
ď |Cx̂´ z|2 ` |û|2.

As in the proof of (3.16) we also have, since Ax̄`Bū “ 0,

(3.17) lim sup
kÑ`8

`
|Cx̄k ´ z|2 ` |ūk|2

˘
ď |Cx̄´ z|2 ` |ū|2.

Combining (3.14) and (3.16) yields

(3.18) lim
kÑ`8

`
|Cx̄nk

´ z|2 ` |ūnk
|2
˘

“ |Cx̂´ z|2 ` |û|2.

From (3.17) and (3.18), we infer that |Cx̂´z|2`|û|2 ď |Cx̄´z|2`|ū|2, and therefore, by optimality
of px̄, ūq, the equality holds. By uniqueness of px̄, ūq, we thus have

(3.19) px̂, ûq “ px̄, ūq.

From (3.13), (3.18), and (3.19), we infer that

ūk Ñ ū in U and Cx̄k Ñ Cx̄ in H

with strong convergence and for the whole sequence.
We next prove that

x̄k Ñ x̄ in H.
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Since Ax̄k `Bkūk “ 0, we have

(3.20) x̄k “ etAx̄k ` Jkfkptq for t ě 0 where fkptq “

ˆ t

0
ept´sqABūk ds,

and since Ax̄`Bū “ 0, we obtain

(3.21) x̄ “ etAx̄` fptq for t ě 0 where fptq “

ˆ t

0
ept´sqABū ds.

Since uk Ñ u in H, we infer from the admissibility of B that, for every T ą 0,

(3.22) fk Ñ f in Cpr0, T s;Hq,

which shows that

(3.23) CJkfk Ñ Cf in Cpr0, T s;Hq.

Combining (3.20), (3.21), and (3.23), and using the fact that Cx̄k Ñ Cx̄ in H, we derive that

(3.24)
`
t ÞÑ CetAx̄k ´ CetAx̄

˘
Ñ 0 in Cpr0, T s;Hq.

Since pA,Cq is finite-time observable in time T0, we infer from (3.24) that

(3.25) eT0Apx̄k ´ x̂q Ñ 0 in H.

Combining (3.20) and (3.21) with t “ T0, and using (3.22) and (3.25), we get

(3.26) x̄k Ñ x̄ in H.

It thus remains to show that ȳk Ñ ȳ in H. Since

A˚ȳ
(1.7)
“ ´C˚pCx̄´ zq, A˚ȳk

(3.11)
“ ´C˚pCx̄k ´ zq, and Cx̄k

(3.26)
Ñ Cx̄ in H,

and

B˚ȳ
(1.7)
“ ū, B˚J˚

k ȳk
(3.11)

“ ūk, and uk
(3.26)
Ñ u in U,

we infer that, as k Ñ `8,

A˚J˚
k ȳk “ J˚

kA
˚ȳk Ñ A˚ȳ in H and B˚J˚

k yk Ñ B˚y in U.

By the finite-time observability of pA˚, B˚q, using the arguments in [28, Remark 2.1], we deduce
that J˚

k ȳk Ñ ȳ in H as k Ñ `8. Since A˚J˚
k ȳk Ñ A˚ȳ in H, it follows that J˚

k ȳk ´ ȳ Ñ 0 in DpA˚q
as k Ñ `8. This implies that pJ˚

k q´1pJ˚
k ȳk ´ ȳq Ñ 0 in H. Since ȳ P DpA˚q, we finally obtain

that ȳk Ñ ȳ in H as k Ñ `8. The proof is complete. �

4. Proof of Proposition 1.3

This section is devoted to the proof of Proposition 1.3 and consists of two subsections. In the first
one, we establish several results used in the proof of Proposition 1.3. The proof of Proposition 1.3
is given in the second subsection.
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4.1. Some useful lemmas. We first establish Proposition 1.3 when B is bounded.

Lemma 4.1. Under Assumption pH1q of Theorem 1.1, let z P H and T ą 0. Given x0 P H, define
h by

(4.1) hptq “ yT,optptq ´ ȳ ´ P pxT,optptq ´ x̄q @t P r0, T s,

where P is defined by (1.12), xT,opt is the corresponding optimal solution of (1.2), yT,opt is the
corresponding adjoint state, and px̄, ȳq is given in Proposition 1.1. Assume in addition that B is
bounded. Then

(4.2) h1ptq “ p´A˚ ` PBB˚qhptq @t P r0, T s.

Consequently, setting gptq “ hpT ´ tq for every t P r0, T s, we have

gptq “ S˚
8,optptqgp0q @t P r0, T s,

where S8,optptq is defined in Proposition 1.2 and S˚
8,optptq is its adjoint.

Proof. We infer from Proposition 2.1 that, on p0, T q,

x1
T,optptq “ AxT,optptq ´BB˚yT,optptq, xT,optp0q “ x0,

y1
T,optptq “ ´A˚yT,optptq ´ C˚pCxT,optptq ´ zq, yT,optpT q “ 0.

(4.3)

Using (1.5) and (1.7), we derive from (4.3) that, on p0, T q,

pxT,opt ´ x̄q1ptq “ ApxT,optptq ´ x̄q ´BB˚pyT,optptq ´ ȳq,

pyT,opt ´ ȳq1ptq “ ´A˚pyT,optptq ´ ȳq ´ C˚CpxT,optptq ´ x̄q.
(4.4)

Since B is bounded, px̄, ūq P H ˆ U, and Ax̄ `Bū “ 0, we infer that x̄ P DpAq. By definition of h
in (4.1), we formally have, on p0, T q,

h1ptq “ pyT,optptq ´ ȳq1 ´ P pxT,optptq ´ x̄q1

(4.4)
“ ´A˚pyT,optptq ´ ȳq ´ C˚CpxT,optptq ´ x̄q ´ P pApxT,optptq ´ x̄q ´BB˚pyT,optptq ´ ȳqq .

(4.5)

Using (2.13), we infer from (4.5) that, on p0, T q,

h1ptq “ p´A˚ ` PBB˚qpyT,optptq ´ ȳq ´ p´A˚P ` PBB˚P qpxT,optptq ´ x̄q,

which yields (4.2) by the definition of h in (4.1).
The rigorous proof of (4.2) goes as follows. We first assume that x0 P DpAq. Let ξn P

Cpr0, T s;DpAqq and ηn P Cpr0, T s;DpAqq be such that

ξn Ñ C˚CpxT,opt ´ x̄q in Cpr0, T s;Hq and ηn Ñ BB˚pyT,opt ´ ȳq in Cpr0, T s;Hq.

Let xn and yn in Cpr0, T s;Hq be the solutions of the systems
"
x1
n “ Axn ´ ηn in p0, T q,

xnp0q “ x0 ´ x̄,
and

"
y1
n “ ´A˚yn ´ ξn in p0, T q,

ynpT q “ 0,

and set hn “ yn´Pxn on r0, T s. Then xn, yn P C1pr0, T s;HqXCpr0, T s;DpAqq, and xn Ñ xT,opt´x̄
and yn Ñ yT,opt ´ ȳ in Cpr0, T s;Hq. We have

(4.6) h1
n “ y1

n ´ Px1
n “ ´A˚yn ´ ξn ´ P

`
Axn ´ ηn

˘
in p0, T q.

Using (2.13), we infer from (4.6) that, on p0, T q,

h1
n “ p´A˚ ` PBB˚qyn ´ p´A˚P ` PBB˚P qxn ´ P pBB˚yn ´ ηnq ` pC˚Cxn ´ ξnq

“ p´A˚ ` PBB˚qhn ´ P pBB˚yn ´ ηnq ` pC˚Cxn ´ ξnq
(4.7)
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Note that, as n Ñ `8.

´P pBB˚yn ´ ηnq ` pC˚Cxn ´ ξnq Ñ 0 in Cpr0, T s;Hq and hn Ñ h in Cpr0, T s;Hq.

Letting n Ñ `8 in (4.7), we obtain (4.2). The proof of (4.2) in the case x0 P H, follows from the
case x0 P DpAq by a standard approximation argument.

It follows from (4.2) that g1 “ pA˚´PBB˚qg on p0, T q. Noting that pA˚´PBB˚q˚ “ A´BB˚P ,
we finally infer that gptq “ S˚

8,optptqgp0q for every t P r0, T s. The proof is complete. �

In the same spirit, we have the following useful result.

Lemma 4.2. Under Assumption pH1q of Theorem 1.1, let z P H and T ą 0, and let P0 P LpHq
be symmetric and nonnegative. Given x0 P H, set

(4.8) hT ptq “ yT,optptq ´ ȳ ´ PT ptqpxT,optptq ´ x̄q @t P r0, T s,

where PT ptq is defined by (2.2), xT,opt is the corresponding optimal solution of (1.2), yT,opt is the
corresponding state, and px̄, ȳq is given in Proposition 1.1. Assume that B is bounded. Then

h1
T “

`
´A˚ ` PTBB

˚
˘
gT on p0, T q.

Proof. By definition of hT in (4.8), we formally have, in p0, T q,

h1
T ptq “ pyT,optptq ´ ȳq1 ´ PT pxT,optptq ´ x̄q1 ´ P 1

T pxT,optptq ´ x̄q

(4.4)
“ ´A˚pyT,optptq ´ ȳq ´ C˚CpxT,optptq ´ x̄q

´ PT

`
ApxT,optptq ´ x̄q ´BB˚pyT,optptq ´ ȳq

¯
´ P 1

T pxT,optptq ´ x̄q.

(4.9)

Using (2.10) of Proposition 2.1, we infer from (4.9) that, on p0, T q,

h1
T ptq “ p´A˚ ` PTBB

˚qpyT,optptq ´ ȳq ´ p´A˚PT ` PTBB
˚PT qpxT,optptq ´ x̄q,

which yields, by the definition of hT in (4.8), that h1
T “ p´A˚ ` PTBB

˚qhT on p0, T q. The
rigorous proof is done with an approximation argument similar to the one used to establish (4.2).
The details are omitted. �

We next study the convergence of the approximate problems to the initial one. The following
result is the dynamical version of Lemma 3.1, which was for the stationary problem.

Lemma 4.3. Let P0 P LpHq be symmetric and nonnegative, let z P H and T ą 0. For large
positive k, define Bk by (1.16). We have, for ξ P H,

(4.10) lim
kÑ`8

inf
uPL2pp0,T q;Uq

ˆ
ˆ T

0

`
|Cxkptq ´ z|2 ` |uptq|2

˘
dt` xP0xkpT q, xkpT qy

˙

“ inf
uPL2pp0,T q;Uq

ˆ
ˆ T

0

`
|Cxptq ´ z|2 ` |uptq|2

˘
dt` xP0xpT q, xpT qy

˙
,

where

x1
kptq “ Axkptq `Bkuptq on p0, T q, xkp0q “ ξ,(4.11)

x1ptq “ Axptq `Buptq on p0, T q, xp0q “ ξ.(4.12)

Let uT,opt,k and uT,opt be the optimal controls, let xT,opt,k and xT,opt be the corresponding solutions,
and let yT,opt,k and yT,opt be the corresponding adjoint states, respectively. We have

uT,opt,k Ñ uT,opt in L2pp0, T q;Uq,(4.13)

xT,opt,k Ñ xT,opt in Cpr0, T s;Hq,(4.14)

yT,opt,k Ñ yT,opt in Cpr0, T s;Hq.(4.15)
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Proof. Let rxk P Cpr0, T s;Hq be the unique solution of

(4.16) rx1
kptq “ Arxkptq `BkuT,optptq on p0, T q and rxkp0q “ ξ

(note that we use here uT,opt and not uT,opt,k). Then, for t P r0, T s,

rxkptq “ etAξ `

ˆ t

0
ept´sqABkuT,optpsq ds “ etAξ ` Jk

ˆ t

0
ept´sqABuT,optpsq ds.

Since
 ´ t

0 e
pt´sqABuT,optpsq ds P H | t P r0, T s

(
is a compact subset of H (by admissibility of B),

we infer that rxk Ñ xT,opt in Cpr0, T s;Hq as k Ñ `8. This implies that

(4.17) lim sup
kÑ`8

ˆ
ˆ T

0

`
|Crxkptq ´ z|2 ` |uT,optptq|2

˘
dt` xP0rxkpT q, rxkpT qy

˙

“

ˆ T

0

`
|CxT,optptq ´ z|2 ` |uT,optptq|2

˘
dt ` xP0xT,optpT q, xT,optpT qy.

We deduce that

(4.18) lim sup
kÑ`8

inf
uPL2pp0,T q;Uq

ˆ T

0

`
|Cxkptq ´ z|2 ` |uptq|2

˘
dt ` xP0xkpT q, xkpT qy

ď inf
uPL2pp0,T q;Uq

ˆ T

0

`
|Cxptq ´ z|2 ` |uptq|2

˘
dt` xP0xpT q, xpT qy.

where xk and x are defined by (4.11) and (4.12).
On the other hand, from (4.18) we have

ˆ T

0

`
|CxT,opt,kptq|2 ` |uT,opt,kptq|2

˘
dt ď c.

Using the finite-time observability property of pA,Cq, we infer that
ˆ T

0

`
|xT,opt,kptq|2 ` |uT,opt,kptq|2

˘
dt ď c.

Without loss of generality, we assume that

(4.19) xT,opt,k á rx weakly in L2pp0, T q;Hq and uT,opt,k á ru weakly in L2pp0, T q;Uq,

for some rx in L2pp0, T q;Hq and ru in L2pp0, T q;Uq. We infer that

rxptq “ etAξ `

ˆ t

0
ept´sqABrupsq ds @t P r0, T s.

This implies that

(4.20) inf
uPL2pp0,T q;Uq

ˆ T

0

`
|Cxptq ´ z|2 ` |uptq|2

˘
dt` xP0xpT q, xpT qy

ď lim inf
kÑ`8

inf
uPL2pp0,T q;Uq

ˆ T

0

`
|Cxkptq ´ z|2 ` |uptq|2

˘
dt ` xP0xkpT q, xkpT qy,

where xk and x are given by (4.11) and (4.12).
Assertion (4.10) now follows from (4.18) and (4.20).

We next prove (4.13), (4.14) and (4.15). Given a Hilbert space X and a : X ˆ X Ñ C a bilinear
Hermitian form, we recall the parallelogram identity

(4.21) a
`
pf ´ gq{2, pf ´ gq{2

˘
` a

`
pf ` gq{2, pf ` gq{2

˘
“

1

2

`
apf, fq ` apg, gq

˘
@f, g P X.
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Using (4.21) with X “ L2pp0, T q;H ˆ Uq and

apf1, f2q “

ˆ T

0
pxCx1ptq, Cx2ptqyH ` xu1ptq, u2ptqyUq dt ` xP0x1pT q, x2pT qy

with f1 “ px1, u1q and f2 “ px2, u2q, as in the standard proof of the projection onto a closed convex
subset of a Hilbert space, we infer from (4.10) and (4.17) (recall that rxk is defined by (4.16)) that

lim sup
kÑ`8

ˆ
ˆ T

0

`
|Cprxkptq ´ xT,opt,kptqq|2 ` |uT,optptq ´ uT,opt,kptq|2

˘
dt

` xP0prxk ´ xT,opt,kqpT q, prxk ´ xT,opt,kqpT qy

˙
“ 0.

Therefore
uT,opt,k Ñ uT,opt in L

2pp0, T q;Uq.

Since

xT,opt,kptq “ etAξ ` Jk

ˆ t

0
ept´sqABuT,opt,kpsq ds,

and

pyT,opt,k ´ yT,optq
1ptq “ ´A˚pyT,opt,kptq ´ yT,optptqq ´ C˚CpxT,opt,kptq ´ xT,optptqq on p0, T q,

pyT,opt,k ´ yT,optqpT q “ 0,

using the admissibility of B, we infer that

xT,opt,k Ñ xT,opt in Cpr0, T s;Hq and yT,opt,k Ñ y in Cpr0, T s;Hq.

This implies (4.13) and (4.14). The proof is complete. �

4.2. Proof of Proposition 1.3. Given τ P r0, T q and ξ P H, we set

xPkpτqξ, ξy “ inf
uPL2ppτ,T q;Uq

ˆ T

0

`
|Cxkptq|2 ` |uptq|2U

˘
dt ` xPxkpT q, xkpT qy,

where xkp¨q is the unique solution of x1
kptq “ Axkptq `Bkuptq on pτ, T q such that xkpτq “ ξ and P

is defined by Lemma 1.1. We set

hkptq “ yT,opt,kptq ´ ȳk ´ PkptqpxT,opt,kptq ´ x̄kq and gkptq “ hkpT ´ tq @t P r0, T s.

Applying Lemma 3.1 and Lemma 4.3 with z “ 0 and P0 “ P , we have hk Ñ h in Cpr0, T s;Hq.
This implies that

(4.22) gk Ñ g in Cpr0, T s;Hq.

Given τ P r0, T q, we define Tkpτq P LpHq by Tkpτqξ “ ϕkpτq where ϕ1
kptq “ p´A˚ ` PkBkB

˚
k qϕkptq

on pτ, T q with ϕkpT q “ ξ for every ξ P H, and we define Skpτq P LpHq by Skpτqη “ ψkpT q where
ψ1
kptq “ pA´BkB

˚
kPkqψkptq on pτ, T q with ψkpτq “ η for every η P H.

Applying Lemma 2.1, we have

xϕkpT q, ψkpT qy “ xϕpτq, ψpτqy @ξ, η P H,

hence
xTkpτqξ, ηy “ xξ, Skpτqηy @ξ, η P H.

Therefore,

(4.23) Tkpτq “ Skpτq˚.

Applying Lemma 4.3 in the time interval rτ, T s with z “ 0 and P0 “ P , we obtain

(4.24) lim
kÑ`8

Skpτqη “ S8,optpT ´ τqη in H @η P H.
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Combining (4.23) and (4.24) yields that Tkpτqξ converges weakly to S˚
8,optpT ´ τqξ in H, for every

ξ P H. Since, by Lemma 4.2, h1
kptq “ p´A˚ ` PkBkB

˚
k qhkptq on p0, T q, we infer from (4.22) that

gptq “ S˚
8,optptqgp0q for every t P r0, T s. The proof is complete.

5. Proof of Theorem 1.1

In what follows in this proof, c is a generic positive constant depending only on pA,B,Cq (and
on T0, which depends on pA,B,Cq as well) and which can change from one place to another.

First, recalling that pxT,opt ´ x̄, yT,opt ´ ȳq satisfies the system (4.4) and that xT,optp0q “ x0 and
yT,optpT q “ 0, applying Lemma 2.1, we have

xx0 ´ x̄, yT,optp0q ´ ȳy ` xxT,optpT q ´ x̄, ȳy

“ xxT,optp0q ´ x̄, yT,optp0q ´ ȳy ´ xxT,optpT q ´ x̄, yT,optpT q ´ ȳy

“

ˆ T

0

`
|B˚pyT,optptq ´ ȳq|2 ` |CpxT,optptq ´ x̄q|2

˘
dt,

“

ˆ T

0

`
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

˘
dt,

from which it follows, by the Cauchy-Schwarz inequality, that

(5.1)

ˆ T

0

`
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

˘
dt ď |x0 ´ x̄||yT,optp0q ´ ȳ| ` |xT,optpT q ´ x̄||ȳ|.

Second, since pA˚, B˚q is finite-time observable in time T0, using the arguments in [28, Remark
2.1], we infer from the equation of yT,opt ´ ȳ in (4.4) that, for any T ě T0,

|yT,optp0q ´ ȳ|2 ď c

ˆ T0

0

`
|B˚pyT,optptq ´ ȳq|2 ` |CpxT,optptq ´ x̄q|2

˘
dt

“ c

ˆ T0

0

`
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

˘
dt

ď c

ˆ T

0

`
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

˘
dt.

(5.2)

Third, similarly, since pA,Cq is finite-time observable in time T0, using the arguments in [28,
Remark 2.1], we infer from the equation of xT,opt ´ x̄ in (4.4) that, for any T ě T0,

|xT,optpT q ´ x̄|2 ď c

ˆ T

T´T0

`
|CpxT,optptq ´ x̄q|2 ` |uT,optptq ´ ū|2

˘
dt

ď c

ˆ T

0

`
|CpxT,optptq ´ x̄q|2 ` |uT,optptq ´ ū|2

˘
dt.

(5.3)

Combining (5.1), (5.2) and (5.3) yields
ˆ T

0

`
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

˘
dt ď c

`
|x0 ´ x̄|2 ` |ȳ|2

˘
.

This in turn implies, by (5.2) and (5.3), that

(5.4) |xT,optpT q ´ x̄| ď c p|x0 ´ x̄| ` |ȳ|q and |yT,optp0q ´ ȳ| ď c p|x0 ´ x̄| ` |ȳ|q .

Recalling that h and g are defined by (1.13), by Proposition 1.3, we have gptq “ S˚
8,optptqgp0q for

every t ě 0, where S8,opt is the semigroup given in Proposition 1.2. As a consequence, we infer
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from Proposition 1.2 that

|yT,optptq ´ ȳ ´ P pxT,optptq ´ x̄q| ď ce´λpT´tq|yT,optpT q ´ ȳ ´ P pxT,optpT q ´ x̄q|

(5.4)
ď ce´λpT´tq p|x0 ´ x̄| ` |ȳ|q

(5.5)

for every t P r0, T s.
Setting

(5.6) ξptq “ xT,optptq ´ x̄ and ηptq “ yT,optptq ´ ȳ @t P r0, T s,

we have, on p0, T q,

ξ1ptq “ Aξptq ´BB˚ηptq,

η1ptq “ ´A˚ηptq ´ C˚Cξptq.

Applying Lemma 2.1, we obtain, for any τ P r0, T s,

xξpτq, ηpτqy ´ xξp0q, ηp0qy “ ´

ˆ τ

0

`
|B˚ηptq|2 ` |Cξptq|2

˘
dt.

Using that, by (5.5), |ηptq ´ Pξptq| ď ce´λpT´tq p|x0 ´ x̄| ` |ȳ|q for every t P r0, T s, we get

(5.7) xξpτq, P ξpτqy `

ˆ τ

0

`
|B˚ηptq|2 ` |Cξptq|2

˘
dt

ď xξp0q, P ξp0qy ` ce´λpT´τq p|x0 ´ x̄| ` |ȳ|q |ξpτq| @τ P r0, T s.

Let û8,opt,ξp0q (resp., û8,opt,ξpτq) be the optimal control solution of

inf
uPL2pp0,`8q;Uq

ˆ 8

0

`
|Cxptq|2 ` |uptq|2

˘
dt

where xp¨q is the unique solution of x1ptq “ Axptq `Buptq on p0,`8q such that xp0q “ ξp0q (resp.,
such that xp0q “ ξpτq), and let x̂8,opt,ξp0q (resp., x̂8,opt,ξpτq) be the corresponding solution.

On the one part, by definition of P , we have

(5.8) xξp0q, P ξp0qy “

ˆ 8

0

`
|û8,opt,ξp0qptq|2 ` |Cx̂8,opt,ξp0qptq|2

˘
dt

“ inf
uPL2pp0,`8q;Uq

ˆ 8

0

`
|Cxptq|2 ` |uptq|2

˘
dt.

On the other part, we define a new trajectory, by concatenation:
(5.9)

ξe,τ ptq “

"
ξptq in p0, τq,
x̂8,opt,ξpτqpt´ τq in pτ,`8q,

and ue,τ ptq “

"
´B˚ηptq in p0, τq,
û8,opt,ξpτqpt ´ τq in pτ,`8q,

so that

(5.10) ξ1
e,τ ptq “ Aξe,τ ptq `Bue,τ ptq on p0,`8q, ξe,τ p0q “ ξp0q,

and, by (5.7), we have

(5.11)

ˆ 8

0

`
|ue,τ ptq|2 ` |Cξe,τ ptq|2

˘
dt ď xξp0q, P ξp0qy ` ce´λpT´τq p|x0 ´ x̄| ` |ȳ|q |ξpτq|.

We now use again the parallelogram identity (4.21) (as in the proof of Lemma 4.3). We infer
from (5.8), (5.10), and (5.11) that
ˆ 8

0

´ˇ̌
ue,τ ptq ´ u8,opt,ξp0qptq

ˇ̌2
`
ˇ̌
Cpξe,τ ptq ´ x̂8,opt,ξp0qptqq

ˇ̌2¯
dt ď ce´λpT´τq p|x0 ´ x̄| ` |ȳ|q |ξpτq|.
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This implies, in particular, that

(5.12)

ˆ τ

0

´ˇ̌
puT,optptq ´ ūq ´ u8,opt,ξp0qptq

ˇ̌2
`
ˇ̌
C
`
pxT,optptq ´ x̄q ´ x̂8,opt,ξp0qptq

˘ˇ̌2¯
dt

ď ce´λpT´τq p|x0 ´ x̄| ` |ȳ|q |ξpτq|.

Since, for τ ě T0,
ˆ τ

τ´T0

´ˇ̌
u8,opt,ξp0qptq

ˇ̌2
`
ˇ̌
Cx̂8,opt,ξp0qptq

ˇ̌2¯
dt ď ce´2λτ |ξp0q|2,

we infer from (5.12) that

(5.13)

ˆ τ

τ´T0

´
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

¯
dt

ď c
´
e´λpT´τq|ξpτq| ` e´2λτ p|x0 ´ x̄| ` |ȳ|q

¯
p|x0 ´ x̄| ` |ȳ|q .

Since pA,Cq is finite-time observable in time T0, we infer from the equation of xT,opt ´ x̄ in (4.4)
that, for T0 ă τ ď T ,

(5.14) |xT,optpτq ´ x̄|2 ď c

ˆ τ

τ´T0

`
|CpxT,optptq ´ x̄q|2 ` |uT,optptq ´ ū|2

˘
dt.

Combining (5.13) and (5.14) gives

(5.15) |xT,optpτq ´ x̄| ď c
`
e´λpT´τq ` e´λτ

˘
p|x0 ´ x̄| ` |ȳ|q @τ P rT0, T s.

It is clear that (5.15) holds for 0 ď τ ď T0. Combining (5.5) and (5.15) yields

(5.16) |xT,optpτq ´ x̄| ` |yT,optpτq ´ ȳ| ď c
`
e´λpT´τq ` e´λτ

˘
p|x0 ´ x̄| ` |ȳ|q @τ P r0, T s.

We finally estimate uT,opt´ū. Let t P r0, T {2s. Similarly to what has been done at the beginning
of this section, applying Lemma 2.1, we have

xxT,optptq ´ x̄, yT,optptq ´ ȳy ´ xxT,optpT ´ tq ´ x̄, yT,optpT ´ tq ´ ȳy

“

ˆ T´t

t

`
|uT,optptq ´ ū|2 ` |CpxT,optptq ´ x̄q|2

˘
dt,

from which it follows, by the Cauchy-Schwarz inequality, that
ˆ T´t

t

|uT,optptq ´ ū|2 dt ď |xT,optptq ´ x̄||yT,optptq ´ ȳ| ` |xT,optpT ´ tq ´ x̄||yT,optpT ´ tq ´ ȳ|.

Using (5.16), the desired estimate follows. The proof is complete. �

Appendix A. Proof of Proposition 2.1

Before proving Proposition 2.1, we establish a preliminary result.

Lemma A.1. Let T ą 0. Given x0, z P H, consider the pair prx, ruq where ru P L2pp0, T q;Uq and rx
is the unique solution of rx1ptq “ Arxptq ` Bruptq on p0, T q such that rxp0q “ x0. Then prx, ruq is the
optimal solution of (1.2) if and only if

(A.1) ru “ ´B˚ry in L2pp0, T q;Uq,

where ry is the unique solution of ry1ptq “ ´A˚ryptq ´ C˚pCrxptq ´ zq on p0, T q such that rypT q “
P0rxpT q.
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Remark A.1. The equality (A.1) can written as

(A.2) ruptq “ ´B˚

ˆ
epT´tqA˚

P0rxpT q `

ˆ T

t

eps´tqA˚
C˚pCrxpsq ´ zq ds

˙
on p0, T q.

It is a consequence of Lemma 2.1 that the left-hand side of (A.2) belongs to L2pp0, T q;Uq as
mentioned in Remark 2.2.

Proof of Lemma A.1. Let u P L2pp0, T q;Uq and let xp¨q be the unique solution of x1ptq “ Axptq `
Buptq on p0, T q such that xp0q “ x0. We have

ˆ T

0

`
|Cxptq ´ z|2 ` |uptq|2

˘
dt´

ˆ T

0

`
|Crxptq ´ z|2 ` |ruptq|2

˘
dt

“

ˆ T

0

`
|Cpxptq ´ rxptqq|2 ` |uptq ´ ru|2

˘
dt ` xP0pxpT q ´ rxpT qq, xpT q ´ rxpT qy

` 2

ˆ T

0
pxC˚pCrxptq ´ zq, pxptq ´ rxptqqy ` xruptq, uptq ´ ruptqyq dt` 2xP0rxpT q, xpT q ´ rxpT qy.

Hence, prx, ruq is the optimal solution if and only if

(A.3)

ˆ T

0
pxC˚pCrxptq ´ zq, Lvy ` xruptq, vyq dt` xP0rxpT q, LvpT qy “ 0 @v P L2pp0, T q;Uq,

where, for every v P L2pp0, T q;Uq, we denote by Lv the solution of pLvq1ptq “ ApLvqptq `Bvptq on
p0, T q such that pLvqp0q “ 0.

Applying Lemma 2.1 to Lv and ry, we have

xLvpT q, rypT qy ´ xLvp0q, ryp0qy “

ˆ T

0
xvptq, B˚ryptqy dt ´

ˆ T

0
xLvptq, C˚pCrxptq ´ zqy dt.

Since Lvp0q “ 0 and rypT q “ P0rxpT q, it follows that

(A.4) xLvpT q, P0rxpT qy `

ˆ T

0
xLvptq, C˚pCrxptq ´ zqy dt “

ˆ T

0
xvptq, B˚ryptqy dt.

Combining (A.3) and (A.4) yields
ˆ T

0
xruptq `B˚ryptq, vptqy dt “ 0 @v P L2pp0, T q;Uq.

The conclusion follows. �

We are now in a position to prove Proposition 2.1.

Proof of Proposition 2.1. By Lemma A.1, it remains to prove that when z “ 0, we have ryptq “
PT ptqrxptq for every t P r0, T s, where PT ptq is defined by (2.2).

Applying Lemma 2.1 to rx and ry on the time interval pτ, T q, we have

(A.5) xrxpT q, rypT qy ´ xrxpτq, rypτqy “

ˆ T

τ

pxruptq, B˚ryptqy ´ xrxptq, C˚Crxptqyq dt.

Since ru “ ´B˚ry on p0, T q by (2.9) and rypT q “ P0rxpT q, we infer from (A.5) that

xrxpτq, rypτqy “

ˆ T

τ

`
|ruptq|2 ` |Crxptq|2

˘
dt` xP0rxpT q, rxpT qy @τ P r0, T q.

By definition of PT pτq, we thus have

(A.6) xrxpτq, rypτqy “ xPT pτqrxpτq, rxpτqy @τ P r0, T q.

In particular, xrxp0q, ryp0qy “ xPT p0qrxp0q, rxp0qy.
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One can check, by uniqueness of the optimal control, that ryp0q is a linear function of rxp0q,
and moreover this linear function is continuous. It follows that there exists M0 P LpHq such that
ryp0q “ M0rxp0q.

We claim that M0 is symmetric and thus obtain that ryp0q “ M0rxp0q. Indeed, let ru1 and ru2 be
two optimal controls corresponding to the initial data ξ1 and ξ2 at time t “ 0, respectively, and
let rx1 and rx2 be the corresponding solutions and ry1 and ry2 be the corresponding adjoint states.
Applying Lemma 2.1, we have

(A.7) xrx1pT q, ry2pT qy ´ xrx1p0q, ry2p0qy “ ´

ˆ T

0
pxB˚ry1ptq, B˚ry2ptqy ` xCrx1ptq, Crx2ptqyq dt

and

(A.8) xrx2pT q, ry1pT qy ´ xrx2p0q, ry1p0qy “ ´

ˆ T

0
pxB˚ry2ptq, B˚ry1ptqy ` xCrx2ptq, Crx1ptqyq dt.

Since, by (2.7)

xrx1pT q, ry2pT qy “ xrx1pT q, P0rx2pT qy, xrx2pT q, ry1pT qy “ xrx2pT q, P0rx1pT qy,

and P0 is symmetric, we infer from (A.7) and (A.8) that xrx1p0q, ry2p0qy “ xrx2p0q, ry1p0qy. Hence
xξ1,M0ξ2y “ xξ2,M0ξ1y. Since ξ1, ξ2 P H are arbitrary, we conclude that M0 P LpHq is symmetric,
and the claim is proved.

By changing the starting time, we have thus proved that, for every τ P r0, T q,

(A.9) rypτq “ Mpτqrxpτq for some symmetric Mpτq P LpHq.

As a consequence of (A.6) and (A.9), we infer that Mpτq “ PT pτq in r0, T q, which yields rypτq “
PT pτqrxpτq for every τ P r0, T s. The proof is complete. �
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[8] Timm Faulwasser and Lars Grüne, Turnpike properties in optimal control. An overview of discrete-time and
continuous-time results, Numerical control. Part A, Handb. Numer. Anal., vol. 23, North-Holland, Amsterdam,
2022, pp. 367–400.

[9] Franco Flandoli, A new approach to the lqr problem for hyperbolic dynamics with boundary control, Distributed
Parameter Systems: Proceedings of the 3rd International Conference Vorau, Styria, July 6–12, 1986, Springer,
1987, pp. 89–111.

[10] Franco Flandoli, Irena Lasiecka, and Roberto Triggiani, Algebraic Riccati equations with nonsmoothing observa-
tion arising in hyperbolic and Euler-Bernoulli boundary control problems, Ann. Mat. Pura Appl. (4) 153 (1988),
307–382. MR 1008349

[11] Borjan Geshkovski and Enrique Zuazua, Turnpike in optimal control of PDEs, ResNets, and beyond, Acta
Numer. 31 (2022), 135–263. MR 4436586



TURNPIKE PROPERTY OF LINEAR CONTROL SYSTEMS 23
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[33] Emmanuel Trélat, Control in finite and infinite dimension, SpringerBriefs on PDEs and Data Science, Springer,
Singapore, 2024. MR 4826581
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