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TURNPIKE PROPERTY OF LINEAR QUADRATIC CONTROL PROBLEMS

WITH UNBOUNDED CONTROL OPERATORS

HOAI-MINH NGUYEN AND EMMANUEL TRELAT

ABSTRACT. We establish the turnpike property for linear quadratic control problems for which the
control operator is admissible and may be unbounded, under quite general and natural assumptions.
The turnpike property has been well studied for bounded control operators, based on the theory
of differential and algebraic Riccati equations. For unbounded control operators, there are only
few results, limited to some special cases of hyperbolic systems in dimension one or to analytic
semigroups. Our analysis is inspired by the pioneering work of Porretta and Zuazua [28]. We start
by approximating the admissible control operator with a sequence of bounded ones. We then prove
the convergence of the approximate problems to the initial one in a suitable sense. Establishing
this convergence is the core of the paper. It requires to revisit in some sense the linear quadratic
optimal control theory with admissible control operators, in which the roles of energy and adjoint
states, and the connection between infinite-horizon and finite-horizon optimal control problems
with an appropriate final cost are investigated.
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1.1. Setting and main results. Let H and U be two Hilbert spaces standing for the state space
and the control space, respectively. The corresponding scalar products are (-, )y and (-, )y, and
the corresponding norms are | - ||z and | - |[y. Throughout the paper, the dual H' of H (resp., the
dual U’ of U) is identified with H) (resp. with U). Given any two Hilbert spaces X; and Xo, we
denote by £(X1,Xs) the Banach space of all bounded linear applications from X; to Xy endowed
with the usual operator norm, and we denote £(Xy,X;) by £(Xy).
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2 H.-M. NGUYEN AND E. TRELAT

Let A : D(A) — H be a linear operator generating on H a strongly continuous semigroup
(et)i=0 = L(H) (see [7, 27]). The adjoint operator A* : D(A*) — H generates the adjoint
semigroup (e!4%);50 © L(H), with 4" = (e!4)* for every ¢ > 0. The domain D(A*), equipped
with the scalar product

<21, Z2>D(A*) = <2:1, Z2>]HI + <A*21, A*22>H V21,29 € D(A*),

is a Hilbert space. The dual D(A*)" of D(A*) with respect to the pivot space H satisfies D(A*) <
H < D(A*)" with continuous and dense inclusions.
Given any xg € H and given a control operator

Be L(U,D(A*)),
we consider the control system
1) 2'(t) = Ax(t) + Bu(t), t>0,
' z(0) = xo,
where, at time ¢, the control is u(t) € U and the state is x(t) € H (see [2, [5 [6] 22, [33], B7, [40]
for references on control theory in infinite dimension). Interesting aspects of controllability and
stabilization properties of (II]) can be found in [5], [6} [7, 22] 30} B34, 37, 39 40] (see also references
therein).

We assume that B is an admissible control operator with respect to the semigroup (e
[37]) in the sense that, for all u € L?((0,T);U), it holds that

tA)tzo (see

t
p € C([0,T]; H) where ¢(t) = / =4 Buy(s) ds.
0

As a consequence of the closed graph theorem (see, e.g., [3]), one has

Il eom:m < erlullL2o.1)v),
for some positive constant ¢y not depending on ¢.
Let now

C e L(H),

be an observation operator. Let z € H be fixed.
On the one part, given any 1" > 0, we consider the linear quadratic optimal control problem
(dynamical optimization problem)

T
(1) it [ (1Catt) = 2+ o))

where z € C([0,T];H) is the (unique) solution of (L.I)). By strict convexity, there exists a unique
optimal control urept € L?((0,7);U) solution of (L2). Let xropt € C([0,T];H) be the corre-
sponding solution and denote yr op¢ the corresponding adjoint state, i.e., yropt € C([0,T];H) is
the solution of the system

YTopt(t) = =A*y10pt (t) — C*(Camopt(t) —2)  on (0,T),

Yr,0pt(T) = 0

(see, e.g., Proposition 2.1] for the role of the adjoint state yr opt)-
On the other part, we consider the stationary optimization problem

. 2 2
(13) int ([0~ 2+ JulR).
Azxz+ Bu=0

Under appropriate assumptions (see Proposition [[I] below), this problem has a unique optimal
solution (Z,u) € H x U and a unique Lagrange multiplier g € D(A*).
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The objective of this paper is to establish the exponential turnpike property, namely that, when
T is large, the optimal solution of (I.2]) remains exponentially close to the optimal solution of the
stationary problem (L3]), except at the extremities of the time interval [0,7]. The turnpike prop-
erty for (L2]) has already been established in the literature (see further) but mainly for bounded
control operators B, i.e., when B € L(U,H), or under strong assumptions on the semigroup. Our
main goal is to establish the exponential turnpike property under quite general and natural as-
sumptions on the triple (A, B, C) for which the boundedness of B is not required (see Theorem
[T below).

To state the turnpike property, we first discuss the existence and uniqueness of the optimal
solution and of its Lagrange multiplier for the stationary problem (I.3]).

Proposition 1.1. Let z € H. We assume that

(1.4) ker A n ker C' = {0}

and that there exists Ty > 0 such that (A, C) is finite-time observable in time Ty, i.e., that there
exists ¢ > 0 such that

To
/ |Ce ey dt > | BAely Ve H,
0

Then, there exists a unique pair (T,u) € H x U such that Az + Bu = A and
(1.5) ICz —2[f + laly = inf (|Cz— [+ |ulf).

(z,u)eHxU
Azxz+Bu=0
If we assume in addition that
ker A* n ker B* = {0}

and that the pair (A*, B*) is finite-time observable in time Ty, i.e., that there exists ¢ > 0 such
that

To
(16) |1 e ar > e gy veen

0

then there exists a unique i € D(A*) such that
(1.7) —A*'y—-C*(Cz—2)=0 and u=—B"y.
The proof of Proposition [Tl is given in Section Bl

Remark 1.1. As seen in the proof of Proposition [T} the observability of (A,C') implies the
existence of (z,u) € H x U satisfying (L5). The assumption ker A n ker C = {0} implies the
uniqueness of such a pair (Z,u). The additional assumption of observability of (A*, B*) implies
the existence of y € H satisfying (I.7)), and the assumption ker A* n ker B* = {0} implies the
uniqueness of 7.

Remark 1.2. The unique 3§ € H given in Proposition [T is the Lagrange multiplier of the con-
strained optimization problem (L3)). A general theory on this topic can be found in, e.g., [23],
under the assumption that the operator H x U 3 (x,u) — Ax + Bu be surjective.

Our main result, proved in Section [ is the following.

Theorem 1.1. We make the following assumptions:
(Hy) The pairs (A,C) and (A*, B*) are finite-time observable in some time Ty > 0, and
(1.8) ker AnkerC = {0} and ker A* nker B* = {0}.

IThis means that (Z, A*dy + (i, B*©yy = 0 for every ¢ € D(A*).
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(Hz) There exists § > 0 such that
C*C = 6id, .., |Cnly = d|n|% VneH.

Then, we have the exponential turnpike property: there exist ¢ > 0 and A > 0 (depending only on
A, B, C) such that, for any T > Ty, and any g, z € H,

(1.9)  lz7,0pt(t) — Zllm + |yr0pt(t) — Gl + llur,opt — ll 21,0
< (w0 — &l + |Fm) (e + e XTD)  vie[o,T],

where uropy 15 the solution of the optimal control problem of (L2)), xropt is the corresponding
solution of (1)), yropt is the corresponding adjoint state, (Z,a,y) is the (unique) triple solution
of the stationary problem (L3)), given by Proposition 11, and Iy = (t,T —t) if t < T/2 and
I = (T —t,t) ift =T)/2.

Remark 1.3. As seen in the proof of the theorem, the decay rate A can be chosen as the the decay
rate of the semigroup Se opt(t) defined in Proposition further. This decay rate is optimal in
the exponential turnpike property (L9) (see Proposition [[.3]). Assumption is used to ensure
that Sy opt () exponentially decays, see Proposition Any assumption ensuring this can replace

Assumption in Theorem [Tl
Remark 1.4. It is worth noting (see Proposition [[.T] and Proposition [Z]) that
U opt — U = —B*(yropt —9) in L*((0,T);U).
When B is bounded, it follows from (L9) that
(1.10) lurope(t) — tllu < e(|zo — Zlm + [Fle) (e + e TD)  vte[0,T].

In contrast with the pointwise estimate (LI0]), in the estimate (L9) established in Theorem [I.1]
we just obtain a L? estimate on the control. This is consistent with the fact that B is admissible
and might be unbounded.

Remark 1.5. The existence and uniqueness of the optimal triple (Z, @, §) for the stationary prob-
lem have been overlooked in the existing literature, even for bounded B. It is worth noting that
the turnpike property is not meaningful unless the existence and uniqueness of such a triple are
guaranteed.

1.2. Literature review. The exponential turnpike property (L.9) has been first established in
[28] for B bounded under some additional technical assumptions. In [35], the exponential turnpike
property was established for general abstract linear control systems (I.I)) for bounded B under
the assumption that (A, B) is exponentially stabilizable and (A, C') is exponentially detectable, or
for B unbounded and admissible under the assumption that the semigroup (e*4);>¢ is analytic.
Nonlinear variants under some smallness condition are also considered there. The optimal decay
rate was obtained in these works but the explicit dependence on z and zg on the right-hand side of
(L9) was not studied there. In the periodic setting, i.e., A, B, and C are periodic functions with
the same period, the turnpike property was also investigated in [35] for B bounded. The turnpike
property has been generalized to unbounded control operators in several situations. In [14], the
authors obtained the exponential turnpike property for 2 x 2 hyperbolic system in dimension one.
In [15], the authors derived the turnpike property for the wave equations in dimension one with
Neumann boundary controls. We also quote [I] for results on the behavior of the cost function,
related to the turnpike property. The key tool used in the works mentioned here is the theory of
differential and algebraic Riccati equations for (II]) and (L2]) with z = 0. The Riccati theory is
well established and known for B bounded, but in the unbounded case it is much more involved
and delicate.
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In [12], the authors establish the exponential turnpike property, not by using Riccati theory
but by developing a multiplier technique and a kind of integration by parts using the exponential
stabilizability of (A, B) and the exponential detectability of (A, C'). Most of the paper is dedicated
to bounded control operators, but in [12, Section 5] the authors explain how to extend their results
to the case of unbounded admissible control operators. Nevertheless, there is a problem in the
proof of |12 Lemma 6], which is one of the key ingredients of their analysis. Precisely, it is wrong
that “[12], (19)] follows analogous by testing the adjoint equation with v solving [12, (16)]”, because
it is not true that the domains D(A) and D(A + BKp), where A + BKp is the operator coming
from the exponential stabilizability of (A, B), are the same or even have a dense intersection.
The multiplier technique and the integration by parts given there thus cannot work under the
assumptions made. We thank very much Manuel Schaller for a discussion regarding this issue.

Other information on the turnpike property in infinite dimension and related methods and
contributions can be found in [4} 13} & 1T}, [16] 17, 18], B2, [36] 41}, [42] and references therein.

1.3. Main ideas of the proof. Let us briefly discuss the main ideas of the proof of Theorem [Tl
Our analysis is strongly inspired by the work of Porretta and Zuazua [28]. The key idea is to
establish a connection between the optimal control problem (L.2]) and the optimal control problem
in infinite horizon

o0
. 2 2
(111) et [ (a0l + o)) ar
where () is the solution of 2'(t) = Ax(t) + Bu(t) on (0, 4+00) such that x(0) = z( € H.

Regarding this optimal control problem in infinite horizon, one has the following result (see
[10]). Recall that the triple (A, B,C) enjoys the finite cost condition, i.e., for every £ € H, there
exists u € L%((0,+0); U) such that [,° (|Cz(t)|3 + |u(t)|?) dt < +o0, where z(-) is the unique
solution of #'(t) = Ax(t) + Bu(t) on (0,+400) such that z(0) = &.

Proposition 1.2. Assume that the triple (A, B,C) enjoys the finite cost condition. For & € H, let
Uep,opt,e be the optimal control solution of the problem

Ax(t) + Bu(t) on (0, +0),

. * 2 2 '(t)
wt /0 (ICx@®|3 + |u(t)|3) dt  where { o b

ueL?((0,+o0
Denote T opt,e the corresponding solution. Fort > 0, define

SOO,Opt(t) . H — H
f = ioo,opt,ﬁ(t)'

Then (Sooppt(t))»o c L(H) is a strongly continuous semigroup on H. Assume in addition that
either there exists 6 > 0 such that

C*C = 6id, .., |Cnlf = d|n|% VneH.
Then S opt(t) decays exponentially as t — +o0.
We next recall a property on the finite cost condition of the triple (A4, B, C'), see [10, Section 2].

Lemma 1.1. Assume that the triple (A, B,C) enjoys the finite cost condition. Then there exists
a unique symmetric P € L(H), defined by

(1.12) (P& &m = inf );U)/O (ICz@®)IE + lu®)[F) dt,

ueL?((0,+00

where x(+) is the solution of «'(t) = Axz(t) + Bu(t) on (0,400) such that x(0) = £ € H.
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Remark 1.6. Assume that (A*, B*) is observable for some positive time Ty. Then the control
system (L)) is null-controllable for time Tj (see, e.g., [5, [37]) and therefore the triple (4, B,C)
enjoys the finite cost condition.

The following result establishes an important connection between the optimal control problem
(L2]) and the optimal control problem (I.IT]), which is instrumental for establishing Theorem [Tl

Proposition 1.3. Under Assumption [(Hy)| of Theorem [I1], let z € H and let T > Ty. Given
xg € H, set

(1.13) h(t) = yropt(t) — 9 — P(xropt(t) —Z) and g(t) = h(T —t) Vtel0,T],

where P is defined by (LI2), xropt is the optimal solution of (L2)), yropt is the corresponding
adjoint state, and (Z,y) is given by Proposition [I1. Then

(114) g<t) = so,opt(t)g<0) vt =0,
where Sq opt(t) is defined in Proposition and S%, o () is its adjoint.

As a consequence of Proposition [[3] we derive from Proposition the decay rate of t —
YTopt (T’ —t) —y — P(xropt (I’ —t) — ). In Proposition [[3] the control operator B is not required
to be bounded. When B is bounded, (LI4]) can be written as

J(t) = (4" — PBBY)g(t) on (0,T)
(see Lemma [.T]), i.e., equivalently,
(1.15) h'(t) = (—A* + PBB*)h(t) on (0,T).

The proof of Proposition [[3] is the core of our analysis. We first prove ([.14) for B bounded
by establishing (LI5]). This is inspired by the approach of Porretta and Zuazua [28]. We then
approximate the pair (A, B) in (LI)) by the pair (A, By) (i.e., we replace B by By in (LI])) and
then we study the limit as k — +o0. Here By is defined, for k£ € N large enough, by

(1.16) By, = Ji,B,

where Ji is the Yosida approximation of the identity with respect to A, defined, e.g., by Jyx =
k [)" e *esAx ds for every x € H.

To this end, we first establish the existence and uniqueness of the optimal solutions and its
Lagrange multipliers for the approximate stationary problems, and show their convergence to the
optimal solution and Lagrange multiplier of the initial stationary problem (see Section [3]).

We then establish the convergence of the approximate optimal control problems to the initial
control problem, which involves Sy opt (see Section Hl). In this part of the analysis, to avoid
dealing with the finite cost condition for the approximate control system, which might not hold,
we make some modifications in comparison with Proposition [[.3] for the approximate systems, see
Lemmad.2in which a finite horizon optimal control problem with a suitable choice of the final cost
is considered instead. The incorporation of the final cost and a connection between the optimal
control problem in infinite horizon with the optimal control problem in finite horizon with an
appropriate final cost (see Corollary 2.1]) are useful in our analysis to avoid dealing with & — 400
and T = 400 at the same time as well (see Lemma [£.3]).

The introduction of h and g has its roots in the work [2§8]. Indeed, consider the following optimal
control in finite horizon

T
(1.17) o (OOl + ) a,

n
ueL?((0,T
where z(+) is the solution of 2/(t) = Az(t) + Bu(t) on (0,T) such that x(0) = xg € H (z = 0 here).
Let Ur opt be the optimal control solution of (LIT7), and let Z7opt be the corresponding solution
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and Y7 opt be the corresponding adjoint state. It is well known (see [2I], Section 9.2], see also [10],
[29, Section 5] and [9), 19]) that there exists Pr : [0,7] — L(H) such that

(1.18) UT.opt (t) = Pr(t)Tr opt (1) Vte [0,T].

When B is bounded, (LI3]) and (I.I5]) have been established in [28], with P replaced by Pr.

Defining h and g by (L.I3]) has an advantage on (LI8]). Indeed, thanks to (LI3]) where we use
P (instead of Pr), we can directly deal with S3, () (see (L14) instead of its approximation as
in [28]. This also avoids to use the theory of differential and algebraic Riccati equations as in [28].

Last but not least, to derive the turnpike property from Proposition [[.3] our analysis is different
from the one performed in [28]. Instead of applying the Riccati theory, we apply a result (see
Lemma [271]) and follow some ideas of [24] to derive energy estimates (a kind of Lyapunov function),
and then use a simple trick that is well known in the proof of the projection onto a closed convex
set, using the parallelogram identity, to reach the conclusion.

1.4. Organization of the paper. The paper is organized as follows. In Section 2] we revisit some
facts of the linear quadratic optimal control theory in finite and infinite horizons. In Section [, we
establish the existence and uniqueness of the optimal solutions and its Lagrange multipliers for the
initial and approximate stationary optimization problems. The convergence of the approximate
problem to the initial problem and the proof of Proposition [[.3] are given in Section 4l Section []is
devoted to the proof of Theorem [I.Tl The proof of several technical results are given in Appendix[Al

In what follows, for notational ease, we use {-,-) to denote {-,-»g or {-,-)y and | - | to denote
| |l or | - |u when the context is clear.

2. LINEAR QUADRATIC OPTIMAL CONTROL IN FINITE AND INFINITE HORIZONS

In this section, we first study a slightly more general setting than the one given by (L2]) in finite
horizon. We then derive its consequence for the corresponding linear quadratic optimal control
problem in infinite horizon.

Let T > 0 and let Py € L(H) be nonnegative and symmetric. Given any x € C([0,T]; H) and
ue L2((0,T);U), we define the cost function

T
(2.1) Jr (2, u) =/0 (IC=(®) + [u(®)]?) dt + (Pox(T), x(T)).

Given any 7 € [0,T), any x € C([r,T];H) and any u € L?((7,T);U), we also define

T
T () _/ (IC2 () + [u(®)]?) dt + (Pox(T), 2(T)).

By strict convexity with respect to u, there exists a unique optimal control % € L?((7,T);U)
solution of

inf  Jrr(z,

ueLzﬁﬁ,T);m (@, u)
where z(+) is the unique solution of 2/(t) = Ax(t) + Bu(t) on (7,T) such that z(7) = £. Since the
problem is linear quadratic,  and @ are linear functions of {. Moreover, there exists ¢, > 0 such
that the minimal value is bounded above by cr[£[Z. Hence there exists a symmetric Pr(7) € £(H)
such that
2.2 P = inf Jop(z),
(2.2) (Pr(1)§, Ou wereito o) r(z,u)
Here, Pp(T)(&,€) is understood as (FPy&, &) for £ € H. Hence (Pr(7)£,&) is the cost on the time
interval [7,T'] the initial data £ € H at time 7.
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Let us give more details on the concept of solution. Consider the slightly more general control
system

y'(t) = Ay(t) + f(t) + Bu(t) + My(t) on (0,T),
y(0) = yo,

with yo € H, f € L'((0,T);H), and M € L(H). A weak solution y of (23] is understood as an
element y € C([0,T]; H) such that y(0) = yo and

(2.4) %Q/(t% oyu = (Ay(t) + f(t) + Bu(t) + My(t),ppu on (0,T) Ve D(A"),

for which the differential equation in (2.4]) is understood in the distributional sense, and the term
(Ay(t)+ f(t)+Bu(t)+My(t), pym is understood as (y(t), A*@pm+{f (t)+ My(t), o)m+<{u(t), B*)u.
The well-posedness of (2.3)) is known (see, e.g., [2 6] 24, B38]). Concerning (2.3]), we have the
following result borrowed from [24], which will be used repeatedly in this paper.

Lemma 2.1. [24, Lemma 3.1] Let T > 0, yo € H, f € L'((0,7);H), u € L?([0,T];U), and
M e L(H), and let y € C([0,T]; H) be the unique weak solution of [23). We have, for t € (0,T],
for zy € D(A*), and for g € C([0,t]; D(A¥)),

(2.3)

(25) (y(t), 20m — (you =(0)) = / Cu(s), B*2(s))y ds
/ Cy(s), g(s))mds + / CF(s), 2(s)ymds + / (My(s), 2(s))u ds,

where z € C([0,t];H) is the unique weak solution of the backward system

2(s) = —A*2(s) — g(s) on (0,t),
2(t) = z.

Consequently, for zp € H and g € L*((0,T); H), the unique weak solution z € C([0,T];H) of (Z8)
with t =T satisfies

(2.6)

IB* 2| 20,707 < Cr (9] 20y m) + l2rlm)
and (Z5) holds for z € H and g € L*((0,t); H). Here Cr > 0 does not depend on g, f, 2.

Remark 2.1. The equality (2.5) can be seen as an integration by parts on time. Lemma 2.1] is
related to solutions defined by transposition (see [24, Remark 3.6] for related results).

The main result of this section is the following.

Proposition 2.1. Let T > 0 and let Py € L(H) be nonnegative and symmetric. Given xg,z € H,
let @ be the optimal control solution of (2. Let T be the corresponding solution and ¥y be the
corresponding adjoint state, i.e.,

o) ¥ (t) = AZ(t) + Bu(t),  §(t) = —A*(t) — C*(CF(t) — 2)  on (0,T),

z(0) = =o, y(T) = Rx(T).
Then, we have
(2.8) =—B*y in L*((0,T);U).
If z =0, then
(2.9) y(t) = Pr(H)z(t)  vte[0,T],

where Pp is defined by (2.2). As a consequence, when B is bounded, we have
(2.10) lew(t) + A*PT(t) + Pp(t)A + c*C — PT(t)BB*PT(t) =0 vVt e [0,T],
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in the sense that

& (Prt)e.n) + (Pr(E, Any + A& Pr(tyn) + (O, Cr
—(B*Pr(t)¢,B*Pr(t)n) =0 vt e [0,T], V¢, ne D(A).

Remark 2.2. Since §/(t) = —A*y(t) — C*(CZ(t) — z) on (0,7) and §(T') € H, it follows from
Lemma 2] that B*3 € L2((0,7);U) and

(2.11) | B*9l 220,y < er (IU(D)|m + [C*(CT = 2)| 10,7y -
Therefore, (2.8)) makes sense.
Proposition 211 is proved in Appendix [Al

Remark 2.3. When B is bounded and z = 0, Proposition 2] follows from Riccati theory (see,
e.g., [0, 2 [40]). Assertions (27) and (28] are somehow known and are used to characterize the
optimal solutions of ([L2]). Precisely, they are known when z = 0, Py = 0, and A enjoys some
symmetric and coercivity properties (see [22, Theorem 2.1 on page 114]), when z = 0 and A
generates a strongly continuous group (see [9, Theorem 2.3.1] in which the identity & = —B*y is
mentioned to hold almost everywhere in (0,7')). A connection between @ and Z has been obtained
in the setting considered here in [21, Section 9.2] (see also [I0, Theorem 2.1], [29, Section 5] and
[9,19]). In [21], Pr(7) is first defined via a formula using Z and it is later proved that (2.2]) holds.
The proof that we give here is somehow in the same spirit but different from and more direct than
the known ones mentioned above. Our proof also uses Lemma 2.1

Remark 2.4. The consideration of both states and adjoint states together are useful in the analysis
of the paper. This was previously used to derive the rapid stabilisation of nonlinear control systems
in several settings using Gramian operators (see [24] 25| 26]).

We next present a useful consequence of Proposition 2.1 for the optimal control problem in
infinite horizon. It is obtained by applying Proposition 2.1] with z = 0 and by noting that, when
Py = P, we have Pp(1) = Py = P for every 7€ [0,T].

Corollary 2.1. Assume that the triple (A, B,C) enjoys the finite cost condition. Let P € L(H)
be the symmetric operator defined by (LI2) in Lemmalld Let T > 0. Given any xo € H, let u be

the optimal control solution of

inf
weralioyy 7T

where x(-) is the unique solution of z'(t) = Ax(t) + Bu(t) on (0,T) such that x(0) = zo, and
where Jp is defined by (21 with Py = P. Let Z,5 € C((0,T);H) be the corresponding solution
and adjoint state, i.e.,
T'(t) = AZ(t) + Bu(t), 7(t)=—-A"y(t) — C*Cx(t) on (0,T),
#0) = a0, §(T) = R(T).
Then, we have
@=-B*§ in L*((0,T);U),

and

(2.12) y(t) = Px(t) Vt e [0,T].
When B is bounded, we have

(2.13) A*P+PA+C*C—PBB*P =0

in the sense that
(P&, Any + (A, Py +(C& Cny —(B*P{,B*Pny =0 VE,neD(A).
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Remark 2.5. A standard approach to derive the solution to an infinite-horizon optimal control
problem is to consider the limit of the corresponding finite-horizon optimal problem with zero
final cost. This is done in this way in [10, 20] but the analysis is quite involved. We show here
that the infinite-horizon optimal control problem can be more easily addressed by considering a
finite-horizon problem with a suitably chosen final cost.

3. STATIONARY OPTIMIZATION PROBLEMS

In this section, we establish Proposition [[.I]in Section [B.1], state and prove a useful consequence
of Proposition [I.1] for the approximate problems in Section (the ones associated with (A, By)
for large positive k), and study the convergence to the initial problem in Section 3.3l

3.1. Proof of Proposition [I.7l The existence of (Z, %) and the uniqueness of (CZz,u) are stan-
dard. Let us prove the uniqueness of Z. Assume that (Z1,u), (Z2,u) € H x U are two optimal
solutions. Setting & = Zo — %1, we have A¢ = 0 since A% + Bu = AZo+ Bu = 0, and C¢ = 0 since
Cz1 = CZy. We infer from (4] that £ = 0. This gives the uniqueness of .

By the same arguments using the observability of (4*, B*) and (IL6), one can show that there
exists at most one § € D(A*) such that (7)) holds.

It thus remains to prove the existence of . We follow the ideas of [28] with some modifications
and simplifications. Let w7 ope be the optimal control solution of (2] with g = z and Py = 0.
Let 27 opt and y7 opy be the corresponding solution and adjoint state. We have

x,T,opt(t) = A$T,0pt (t) + BuT@pt (t) on (07 T)’

3.1

( ) LT, opt (0) =T,

and

(3.2) Yr,0pt (1) = —A%y7 0pt(t) — C*(Cxgopi(t) — 2) on (0,7),

yT,Opt (T) = 0'
Since AT + Bu = 0, by optimality we must have

T
/ (IC2Topt (t) — 2|* + Jurope(t)|?) dt < T(|CZ — 2 + |ul?).
0

This implies, by Jensen’s inequality, that
2 2

(3.3) <|Cz — 2 + |l

I I
‘CT /0 xTopt(t) dt — 2 ’T /0 T opt (1) dt
Using the arguments in [28, Remark 2.1], the finite-time observability of (A4,C) and (B.3) imply

that

T
(3.4) / wrop (O dt < T,
0

Here and in what follows in this proof, ¢ denotes a generic positive constant independent of 7" and
of s € [0,T]. It follows from (B.3]) that there exists a sequence T,, — +o0 such that

I N I N
— / TT,.0pt — & weakly in H  and - / uT, opt — U weakly in U,
T, Jo T, Jo

for some ¥ € H and % € UP. We derive from (B3) and the properties of the weak convergence that

(3.5) ICF — 22 + [1]? < |C% — 2 + |a]>

2The notation — means the weak convergence.
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Integrating (3.]), we obtain

T7,0pt (1) — @7,0pt (0) 1T 17
(3.6) = A= TTopt + B UT opt -
T T /), T /), %
Since, by (B3.4),
(3.7) |2 7,0pt (T)] < T2,
we then infer from (B.6]) that
(3.8) AZ + Bu = 0.
Combining ([B.5) and (B.8) and the uniqueness of (z,u), we infer that & = Z and & = @. Moreover,
17 e
(3.9) CT/O Tropt — CT  and T/o UT opt, — U

as T — 400, with a strong convergence.
Integrating (3.2]), we have

yT,opt(T) - yT,opt(O) _ *i /T v l /T .
(310) T =—-A T 0 YT ,opt C CT 0 TT,0pt Z -

Since (A*, B*) is finite-time observable, as in the proof of (B.7), we infer that |yr opt(0)] < T2
We deduce that the left-hand side of ([B.I0) converges to 0 as T'— +oo. Without loss of generality,
we assume that

1 Th
— — ¢y inH
Tn \/0 yTn ,opt Yy )

for some gy € H. Using (8.9]), we then infer from (B.I0) that g € D(A*), that —A*y = C*(Cz — z2),
and that

1 [Tn
— / YT,.opt — Y weakly in D(A").
T, Jo

Since ur opt = —B*y7,0pt by Proposition 2.1l which yields —B*% fOT YT opt = % fOT U opt, we finally
obtain —B*y = u. The existence of y is proved. The proof is complete.

Remark 3.1. The above proof is in the spirit of the one given in [28]. Nevertheless, instead of
considering an arbitrary initial data in the definition of urp ot as in [28], we have considered the
initial data Z, noting that Az + Bu = 0, thus allowing us to compare the cost of (X7 opt, UT opt)
with the cost of (Z,u). As a result, the arguments are simpler and require weaker assumptions.

3.2. Consequence of Proposition [I.1] for the approximate stationary problems. A useful
consequence of Proposition [[T] for the approximate stationary problems associated with (A, By)
is now stated.

Corollary 3.1. Let z € H. Assume that (A,C) is finite-time observable in time Ty > 0 and that
ker Anker C = {0}. For any k € N large enough, recalling that By, is defined by (LI6), there exists
a unique (ug, Tx) € U x H such that AZy + Brux = 0 and

|Ck — 2|y + |kl = inf  (|Co — 2| + [uld) -

(z,u)eHxU
A:L‘+Bku=O

Assume in addition that (A*, B*) is finite-time observable in time Ty > 0 and that ker A* nker B* =
{0}. Then there exists a unique gy € D(A*) such that

(3.11) A%y, — C*(CZp—2) =0 and U = —Bj G-
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Proof. We first observe that if ker A* n ker B* = {0} then ker A* n ker B} = {0}. Indeed, let
§ € ker A* nker By. Since A*¢ = 0, it follows that A*J¢ = JFA*¢ = 0. On the other hand,
0 = Bj¢ = B*Jj¢. Since ker A* nker B* = {0}, we infer that J;*¢ = 0 and therefore £ = 0. The
observation is proved.

As a consequence of Proposition [[1], it now suffices to note that (A, By) is finite-time observable
in time Ty if (A, B) is finite-time observable in time Ty. This is so because, for £ € H,

/OTO [Bie " ¢| dt = /OTO |B* Jie e | dt = /OTO |B*e 47 x| dt > ] JEE N > cul€ e,
for some positive constant ¢; independent of &. O
3.3. Convergence properties for the approximate stationary problems.
Lemma 3.1. Under Assumption as k — +o0,

T —x inH, ur—uinU, and gp— gy inH.

Here (T, uk, i) and (Z,u,y) are defined in Corollary (31 and Proposition [I1), respectively.
Proof. By optimality of (Zy, ux), we have
(3.12) |CZy, — 2| + |ux|* < |2

Noting that Az + Byuy = 0, since (A,C) is finite-time observable, we infer from (B.I2]) that
|Zk|? < c|z|. Let (Zn, ) and iip, be a subsequence of (7)) and (u) such that, for some (&, 4) € HxU,

(3.13) Tp, — 2 weakly in H and @,, — 4 weakly in U.

Then

(3.14) Az + Bu =0, and lliminf (ICFp, — 212 + |n, |?) = |C2 — 2|* + |a].
—+a0

On the other hand, since Az + Bt = 0, we have A(JyZ) + Byt = Ji(AZ + Ba) = 0. This implies,
by optimality of (Z, uy),

(3.15) |CJz — Z|2 + |’lAL|2 > |Czy — z|2 + |ﬂk|2
Since |CJpz — 2|2 + |a|> — |C& — 2|2 + |4|* as k — 400, we infer from (B.I5) that
(3.16) limsup (|CZy, — z|* + |uk|*) < |C% — 2 + ||

k—400

As in the proof of (3I6]) we also have, since Az + Bu = 0,

(3.17) limsup (|Czy, — z|* + |ug|*) < |C7 — 2 + |l
k—+o0
Combining (314) and (B.10) yields
- - 2 |- 2 . 2 142
(3.18) kgrfoo (ICZn,, — 2|7 + |Un, |°) = |C& — 2|° + |a]°.

From B.I7) and BI8), we infer that |C%—z|?+|a|? < |OZ—z|*>+|u/?, and therefore, by optimality
of (Z,u), the equality holds. By uniqueness of (Z,u), we thus have
(3.19) (z,a) = (z,a).
From (313), (318]), and (B.19), we infer that
ur > uinlU and Czp— CZinH
with strong convergence and for the whole sequence.

We next prove that
Tr — T in H.
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Since ATy, + Biuy = 0, we have

t
(3.20) Ty = 4%, + Jufu(t) for t =0 where fi(t) = / (=94 By, ds,
0

and since AZ + Bu = 0, we obtain

t
(3.21) T=e4%+ f(t)fort =0 where f(t) = / =94 Bi ds.
0

Since up — w in H, we infer from the admissibility of B that, for every T > 0,

(3.22) fo—f i C([0,T);H),

which shows that

(3.23) Clefr = Cf in C([0,T]; H).

Combining ([3:20)), (B:21)), and (3:23]), and using the fact that Czy — CZ in H, we derive that
(3.24) (t — Cetzy — Cez) -0 in C([0, T]; H).

Since (A, C) is finite-time observable in time T, we infer from (3.24]) that

(3.25) eToA(z, —2) >0 in H.
Combining (3:20) and 321I)) with ¢ = Tp, and using (3.22]) and ([B.25]), we get
(3.26) Ty — Z in H.

It thus remains to show that g, — ¥ in H. Since
A58 _cxcr—2), 5% o Cz—2), and 0z "2 0z i H,

and
B*gj@a, B*J,;"gk@ak, and uk@uin U,
we infer that, as k — +o0,
A*Jrg, = JEA* g, — A*jin H  and  B*Jfyp — B*y in U.

By the finite-time observability of (A*, B*), using the arguments in [28, Remark 2.1], we deduce
that Jjy,, — ¢ in Has kK — +o0. Since A*J}y, — A*yin H, it follows that Jj g, —7 — 0 in D(A¥)
as k — +o0. This implies that (J}*) " (JFyx — §) — 0 in H. Since §j € D(A*), we finally obtain
that g — 9 in H as k — +00. The proof is complete. O

4. PROOF OF PROPOSITION [L.3]

This section is devoted to the proof of Proposition [[.3]and consists of two subsections. In the first
one, we establish several results used in the proof of Proposition [[.3l The proof of Proposition [I.3]
is given in the second subsection.
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4.1. Some useful lemmas. We first establish Proposition [[.3] when B is bounded.

Lemma 4.1. Under Assumptz'on of Theorem L], let z € H and T > 0. Given g € H, define
h by

(4.1) h(t) = yr.opt(t) — § — P(zropt(t) — Z) Vt e [0,T7,

where P is defined by (L12)), z7opt is the corresponding optimal solution of ([L2)), yr.cpt is the
corresponding adjoint state, and (Z,y) is given in Proposition [I.1. Assume in addition that B is
bounded. Then

(4.2) h'(t) = (—A* + PBB*) h(t) vt e [0,T].
Consequently, setting g(t) = h(T —t) for every t € [0,T], we have

g(t) = S5 opi(t)g(0) Vi€ [0,T],
where Sy opt(t) is defined in Proposition and S, opi(t) is its adjoint.
Proof. We infer from Proposition [Z] that, on (0,7,
xéﬂopt(’f) = Az opt(t) — BB*yT,Opt(t)a 27,0pt (0)
y&“,opt(’f) = _A*yTppt(t) - C*(CxT,Opt(t) - z), yr,0pt(1)
Using (LH) and (L7), we derive from (3] that, on (0,7),
(@70pt — @)’ () = A(@1,0pt (t) — T) — BB*(yr,0pt(t) — 7),
(y7,0pt — y)'(t) = —A*(yr,opt (t) — 7) — C*C (21,0t (t) — 7).

Since B is bounded, (z,u) € H x U, and AZ + Bu = 0, we infer that € D(A). By definition of h
in (1), we formally have, on (0,7,

(4.5)
h'(t) = (yropte(t) = §)' — P(ar0pt(t) — 7)'
A (Yo (1) — 7) — C*Clanopi(t) — T) — P (Awmop(t) — %) — BB*(yr.ope(t) — 7).
Using (2.13]), we infer from (4.5) that, on (0,7),
W (t) = (=A* + PBB*)(yr.opt(t) — §) — (—A*P + PBB*P)(a1,0pt (t) — 7),

which yields (£2) by the definition of A in (41]).
The rigorous proof of (£2]) goes as follows. We first assume that zo € D(A). Let &, €
C([0,T];D(A)) and n,, € C([0,T]; D(A)) be such that

gn - C*C(xT,opt - i‘) in C([()’T];H) and M — BB*(yT,opt - 27) in C([OvT];H)'
Let z,, and y,, in C([0,T];H) be the solutions of the systems

x, = Az, —np in (0,7), nd yn = —A*y, — &, in (0,7),
2, (0) = 29 — T, a yn(T) =0,

and set hy, = yn— Pz, on [0,T]. Then zy,y, € C1([0, T]; H)nC([0,T]; D(A)), and z, — Z7,0pt — T
and Yy, — yropt — ¥ in C([0,T]; H). We have

(4.6) hy, =y, — Paj, = =A%y, — & — P(Az, —ny) in (0,7).

Using (2.13]), we infer from (.0l that, on (0,7),

. = (—A* + PBB*)y, — (—A*P + PBB*P)x, — P(BB*y, — 1) + (C*Ctpy — &)
= (—=A* + PBB*)h,, — P(BB*y,, — ) + (C*Cz,, — &)

X0,

(4.3) N

(4.4)

(4.7)
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Note that, as n — +o0.
—P(BB*y, — ) + (C*Cxp — &) —» 0in C([0,T];H) and  h, — hin C([0,T]; H).

Letting n — 4o0 in ([41]), we obtain (£.2). The proof of ([@2]) in the case xo € H, follows from the
case xg € D(A) by a standard approximation argument.

It follows from ([@.2]) that ¢’ = (A*—PBB*)gon (0,7T). Noting that (A*—PBB*)* = A—-BB*P,
we finally infer that g(t) = S% ., (t)g(0) for every ¢ € [0,T]. The proof is complete. O

In the same spirit, we have the following useful result.

Lemma 4.2. Under Assumption |(H1)| of Theorem [L1, let z € H and T > 0, and let Py € L(H)
be symmetric and nonnegative. Given xg € H, set

(4.8) hr (t) = YT,opt (t) -y — PT(t) (mT,opt (t) — :i') Vit e [0, T],

where Pr(t) is defined by (22)), x7opt is the corresponding optimal solution of (L2), yropt s the
corresponding state, and (Z,y) is given in Proposition [I1l. Assume that B is bounded. Then

7= (—A*+PrBB*)gr on (0,T).
Proof. By definition of hy in (L.8]), we formally have, in (0,7),
hp(t) = (ropt () = §)' = Pr(znopt(t) = )" = Pr(r,0pt(t) — 2)

(49) @ —A* (yT,opt (t) - g) - CﬁkC‘('xT,opt (t) - f)

- PT (A(xT,opt (t) - 3_3) - BB*(yT,opt(t) - Zj)) - PTI“(xT,opt (t) - j)
Using (2.10) of Proposition 211 we infer from (49]) that, on (0,7),
hp(t) = (=A* + PrBB*)(yropt(t) — 9) — (—A*Pr + PrBB* Pr)(a1,0pt () — T),

which yields, by the definition of hy in ([&8)), that b, = (—A* + PrBB*)hr on (0,7). The
rigorous proof is done with an approximation argument similar to the one used to establish (4.2]).
The details are omitted. O

We next study the convergence of the approximate problems to the initial one. The following
result is the dynamical version of Lemma B which was for the stationary problem.

Lemma 4.3. Let Py € L(H) be symmetric and nonnegative, let z € H and T > 0. For large
positive k, define By, by (LIG). We have, for £ € H,

T
(4.10) k1—i>I—|r-loo ueL2%(n(fT);U) </0 (|Ca(t) — 22 + |u(t)|2) dt + <P0l‘k(T),$k(T)>>

T
_ in T —22 " 2 z T
= it ([ e = 8 4 uoP) de+ (P01,

weL2((0,T
where
(4.11) z),(t) = Axg(t) + Bgu(t) on (0,T), z(0) = &,
(4.12) 2'(t) = Az(t) + Bu(t) on (0,7), z(0) = &.

Let ur opt.k and ur opy be the optimal controls, let T7 opt i and T opy be the corresponding solutions,
and let Y7 opt.k and yropy be the corresponding adjoint states, respectively. We have

(413) UT opt,k — UT,opt in L2(<07 T)7 U)7
(4.14) TT.opt,k = TTopt 0 C([0, T]; H),
(415) YT ,opt,k — YT,opt n C([Oa T]7 H)
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Proof. Let 2, € C([0,T]; H) be the unique solution of
(4.16) T3, (t) = A%k (t) + Bruropt(t) on (0,7) and 7(0) =¢
(note that we use here ur opt and not ur opt k). Then, for ¢ € [0,77],

t ¢
Tp(t) = etA§ + / e(t*s)ABkuT,opt(s) ds = etAf + Jk/ e(t*s)ABuT,opt(s) ds.
0 0

Since {fot e ABur opi(s)ds e H | te |0, T1} is a compact subset of H (by admissibility of B),
we infer that T, — z7opt in C([0,T]; H) as k — +c0. This implies that

T
(417) limsup ( /0 (10%4(t) — 2 + fuzope (1) 2) di + <Pozk<T>,zk<T>>)

k—+00
T
= / (ICzr,0pe () = 2% + [uropt ()[?) dt + (Poxopt (T), 270pt (T))-
0

We deduce that

T
4.18) limsu inf / Cxi(t) — z|? + |u(t)|?) dt + (Pyxp(T), z3(T
@18) tmsup it (Cy(0) = < u(0)?) di -+ Po(T). (D))

T
. . ;
< ueL2g%g)fT);U)/o (ICz(t) = 2> + |u()|?) dt + (Pox(T), z(T)).

where x; and z are defined by (4.11]) and (4.12).
On the other hand, from (4.I8) we have

T
/ (1C270pti (O + [uropei (DIF) dt < c.
0

Using the finite-time observability property of (A, C), we infer that

T
/ (7 ropts () + [uropes(®)?) d < c.
0
Without loss of generality, we assume that
(4.19) TToptk — & weakly in L*((0,T);H) and UT,opt,k — U weakly in L*((0,T); U),
for some 7 in L?((0,T); H) and @ in L?((0,T);U). We infer that

t
Z(t) = ¢ ~|—/ e=9ABu(s) ds vVt e [0,T].
0

This implies that

T
(4.20) ueLz(i&)f;T);IU)/(; (|Cx(t) — 2 + |u(t)|2) dt + (Pyx(T),z(T))

T
<liminf  inf Cxi(t) — 2| H)|?) dt + (Poxi(T), zx(T)),
P ueng(nO,T);U)/O (1Ci(t) = 2" + [ult)) dt +CPoa(T), (T

where z;, and x are given by (4LI1]) and (4I2]).
Assertion ([A.I0) now follows from (4.I8]) and (A20).

We next prove (4I3)), (£14]) and ([@I35]). Given a Hilbert space X and a : X x X — C a bilinear
Hermitian form, we recall the parallelogram identity

(421)  a((f—9)/2,(f —9)/2) +a((f +9)/2,(f +9)/2) =

(a(f, f) +alg,9))  Vf.geX.

N =
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Using (@21) with X = L2((0,7); H x U) and

T
a(f1, f2) = /0 ((Cx1(t), Czo(t))m + {ur(t), uz(t))v) dt + (Pox1(T), 22(T))

with f1 = (x1,u1) and fo = (22, u2), as in the standard proof of the projection onto a closed convex
subset of a Hilbert space, we infer from (£10) and [@IT7) (recall that Ty is defined by ([@I6])) that

T
lim sup (/ (|C(:¥k(t) — a;T,Opt7k(t))|2 + |ur,opt (t) — uT,Opmk(t)\Q) dt
0

k—+00

+<%@k—Mmmwam@k—Mmmwaw)—a

Therefore
UT,opt,k — UT,opt in L2(<07 T)a U)
Since .
T opt k() = etA§ + Jk/ e(t*S)ABqupt,k(s) ds,
0
and

(yT,opt,k - yT,opt)/(t) = —A* (yT,opt,k(t) — YT ,opt (t)) - C*C(xT,opt,k(t) — ZT,opt (t)) on (0, T),
(yT,opt,k - yT,opt)(T) = 07
using the admissibility of B, we infer that
LT,opt,k — LT,opt in C([07 T]7 H) and YTopt,k = Y in C([Ov T]a H)
This implies (4.13]) and (4.14). The proof is complete. g
4.2. Proof of Proposition [I.3l Given 7€ [0,7) and & € H, we set

T
Pl = it [ (Cabf + o) di + (Pon(T), (7)),

where zj(-) is the unique solution of ) (t) = Az (t) + Bru(t) on (7,T) such that z4(7) = £ and P
is defined by Lemma [Tl We set

hie(t) = yropt(t) — Uk — Pe(t) (@Toptk(t) —Tk)  and  gi(t) = (T —t)  Vte[0,T].
Applying Lemma B and Lemma 3] with z = 0 and Py = P, we have hy — h in C([0,7T]; H).
This implies that
(4.22) g — g in C([0,T]; H).

Given 7 € [0,T), we define Tj(7) € L(H) by Tj(7)§ = ¢k (7) where ¢ (t) = (—A* + Py BB} )i (t)
on (7,T) with ¢i(T) = £ for every € € H, and we define Si(7) € L(H) by Sk(7)n = % (T) where
P (t) = (A — By B Py )y (t) on (1,T) with ¢ (1) = n for every n € H.

Applying Lemma 2.1] we have

Cou(T), Yu(T)) = (o(7), (7)) V& neH,

hence

<Tk (T)Sa T’> = <€7 Sk (T)T,> VS? ne HL.
Therefore,
(4.23) Ty(7) = Sp(r)*.

Applying Lemma 3] in the time interval [7,T] with z = 0 and Py = P, we obtain

(4.24) klim Si(T)n = Sepopt (T’ — 7)1 in H Vn e H.
— 400
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Combining (4.23) and ([A.24)) yields that Ty (7)¢ converges weakly to S5, o (T — 7)¢ in H, for every
¢ € H. Since, by Lemma [42] h) (t) = (—A* + P,BB;) hy(t) on (0,7'), we infer from (£22]) that
g(t) = S% opt(t)g(0) for every ¢ € [0,T]. The proof is complete.

5. PROOF OF THEOREM [[.1]

In what follows in this proof, ¢ is a generic positive constant depending only on (A, B,C') (and
on Ty, which depends on (A, B, C) as well) and which can change from one place to another.

First, recalling that (27 opt — Z, y1.0pt — §) satisfies the system ([d.4) and that x7 opt(0) = z¢ and
yT.opt (') = 0, applying Lemma [2.T] we have

(@0 = T, yr,0pt(0) = §) + (x10pt(T) = Z,9)
= (@1,0pt(0) = Z,y7,0pt (0) = 9) = 21.0pt(T) = T, y1.0pt(T) = 5

T
= /0 (‘B*(yT,opt<t) - §)|2 + |C<xT,opt<t) - j)‘2) dt,

T
~ [ (urons(®) =l + ICaram(t) ~ D)),
0
from which it follows, by the Cauchy-Schwarz inequality, that
T
(5.1) /0 (luops(t) — @* +|Carope(t) — 7)|?) dt < |0 — Z/yr,0pt (0) — F| + |27,0pt (T) — Z[[3].

Second, since (A*, B*) is finite-time observable in time T}, using the arguments in [28, Remark
2.1], we infer from the equation of Y7 opt — ¥ in ([4]) that, for any 7' = Tp,

To
|yT,opt(0) - g‘2 < C/O (‘B*(yT,opt<t) - g)|2 + |C<xT70pt<t) - E)|2) dt
To
(5.2) y / (Juzopt (1) — 2 + [C(epom (1) — 2)[2) dt
0

T
<c / ([urope () — @ + [Clagop(t) — 2)[) dt.
0

Third, similarly, since (A, C) is finite-time observable in time Tp, using the arguments in [28|
Remark 2.1], we infer from the equation of x7 op — Z in ([@4) that, for any 7' > Ty,

T

|2 7,0p (T) — Z[* < C/ (IC(zropt(t) = 2)* + [ur,opt (t) — @) dt
T—Tpy

T

< c/ (IC (erope(t) — T)[2 + lugope () — %) dt.
0

Combining (5.10), (5.2]) and (5.3)) yields

T
/0 (luropt (t) = al® + |C(a7,0pt (t) = 2)*) dt < ¢ (Jwo — 2[* + [7]*) -

(5.3)

This in turn implies, by (5.2]) and (5.3)), that
(54) |xT,opt(T) - j| < C(|l‘0 - j| + |Zj|) and |yT,opt(0) - g| < C(|l‘0 - j| + |Zj|) :

Recalling that h and g are defined by (LI3]), by Proposition [L.3] we have g(t) = S, ;. (t)g(0) for
every t > 0, where Sy opt is the semigroup given in Proposition As a consequence, we infer
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from Proposition that
[y7.0pt (1) = § = Plazopt(t) — 2)| < ce M yropi(T) — § = Plar.opt(T) — )]

(5.5) v
< ce M (jzg — 2] + [])
for every t € [0,T].
Setting
(56) g(t) = ZT,opt (t) - and 77(t) = YT,opt (t) -y Vte [07 T]a

we have, on (0,7),
£'(t) = A&(t) — BB™n(t),
1'(t) = —A*n(t) — C*CE(1).
Applying Lemma 21|, we obtain, for any 7 € [0, T,
&)l = €OLn0) = = [ (B0 + CsP) e

Using that, by (53), |n(t) — PE(t)| < ce T (|Jzg — Z| + |g]) for every t € [0,T], we get

6 &P+ [ (B0 + (CE(0)) di
< £(0), PEO)) + ce T (lzg — 3| + 7) [6()] ¥r e [0.7].

Let Qo opt,e(0) (1€SDP-, U opt,¢(r)) De the optimal control solution of

. @ 2 2
inf );U)/O (1C2(®)? + |u()]?) dt

ueL2((0,+

where z(+) is the unique solution of 2'(¢) = Az (t) + Bu(t) on (0, +o0) such that z(0) = £(0) (resp.,
such that (0) = £(7)), and let T, opt ¢(0) (TSP, Lop opt,¢(r)) De the corresponding solution.
On the one part, by definition of P, we have

(5.8) <£(0), P£(0)) = /0 . (s opt.£0) () + |Cios opt g0y (B) ) dt

e ¢]
= inf Cx(t)|? t)|?) dt.
it [ Ges0R £ )

On the other part, we define a new trajectory, by concatenation:

(5.9)

&) in (0,7), [ =B*n(t) in (0,7),
Ee,r(t) = { Top optoe(r)(t —7) in (7, 400), and  uer(t) = { Gop opt,e(ry(t—T)  in (7, +00),
so that
(5.10) §r(t) = Aler(t) + Buer(t) on (0,4+),  &-(0) = £(0),

and, by (5.7)), we have

(5.11) /0 ’ (e, ()7 + |C&er (t)[?) dt < <£(0), PE(0)) + ce 2T (Jwg — | + |g]) [€(7)].

We now use again the parallelogram identity (4.21]) (as in the proof of Lemma [.3]). We infer
from (5.8), (510), and (GI1) that

0
| (1) = o (O + 10t = s o)D) e < e (g =] + ) ¢(7).
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This implies, in particular, that

T B 2 _ N 2
(5.12) /0 <\(uT,Opt(t) — @) = Uspopte(0) ()] + |C ((@7,0pt (£) = Z) = Zop opte(0) (1)) ) dt
< ce M) (Jwg — | + |g]) 1€(T)].
Since, for 7 = Ty,
o 2 N 2 —2AT
/ . <|uoo,opt,£(0)(t)| + |Cx007013tvf(0)(t)| )dt S ce 2)\ |£(0)|2’
T—10

we infer from (5.12)) that

(5.13) / iT <|uT,Opt(t) — )% + |C(@r.op(t) — :z)|2) dt

< e (M) + e (fvo — 7l + 7)) (fwo — 7|+ (7).

Since (A, C) is finite-time observable in time Tp, we infer from the equation of x7opy — Z in (4.4)
that, for Ty < 7 < T,

(5.14) |27 0pt (T) — Z|* < c/ . (IC(z7,0pt(t) — Z)|* + [ur,ops (t) — T|?) dt.
T—To

Combining (5.I3) and (5.I4)) gives

(5.15) |z7 opt (T) — Z| < c(e_)‘(T_T) + e_)‘T) (lxo — 2| + |7]) V7 e [Ty, T1].

It is clear that (5.15]) holds for 0 < 7 < Tp. Combining (B.5) and (B.I5) yields
(516)  |oropt(7) = 7| + |yrop(r) =7l < (e +€7V) (jmo — 3| +[gl) VT e[0,T].

We finally estimate ur opt —u. Let ¢t € [0,7'/2]. Similarly to what has been done at the beginning
of this section, applying Lemma 2.I] we have

<xT,opt (t) -, YT ,opt (t) - Zj> - <xT,opt (T - t) -, YT ,opt (T - t) - Zj>

T—t
_ / ([ugopt(£) — @l + |C(erope () — 2)[2) dt,

from which it follows, by the Cauchy-Schwarz inequality, that

T—t
/ |UT,0pt(t) - ﬂ|2 dt < |$T,0pt(t) - ijT,Opt(t) -y + |xT,Opt(T —t) — j||Z/T,0pt(T —t) =7l
t

Using (5.16), the desired estimate follows. The proof is complete. O

APPENDIX A. PROOF OF PROPOSITION [2]]
Before proving Proposition 2.1] we establish a preliminary result.

Lemma A.1. Let T > 0. Given xg,z € H, consider the pair (%,%) where @ € L*((0,T);U) and ¥
is the unique solution of T'(t) = AZ(t) + Bu(t) on (0,T) such that T(0) = xo. Then (Z,u) is the
optimal solution of (L2l) if and only if

(A1) o =—B*y in L*((0,T);1),

where § is the unique solution of §'(t) = —A*y(t) — C*(CZ(t) — z) on (0,T) such that §(T) =
Pyx(T).
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Remark A.1l. The equality (A]) can written as

(A.2) u(t) = —B* (e(T_t)A*PO%(T)Jr /t ' AT CH(CF(s) — 2) ds> on (0,T).

21

It is a consequence of Lemma 1] that the left-hand side of (AZ2) belongs to L?((0,7);U) as

mentioned in Remark

Proof of Lemma[Ad. Let u e L?((0,7);U) and let x(-) be the unique solution of 2/(t) = Az(t) +

Bu(t) on (0,T) such that x(0) = zyg. We have
T T
/ (IC(t) — =2 + [u()[?) dt —/ (ICF(t) — =2 + [a()[2) d
0 0
T
= /0 (IC () — @) + u(t) — @) dt + (Po(x(T) — F(T)),x(T) — (T))

T
2/0 (CHCE(E) = 2), (2(t) — T(X))) + CU(t), u(t) — U(t))) dt + 2(Po(T), x(T) — E(T)).

Hence, (Z,%) is the optimal solution if and only if

T
(A.3) /0 ((C*(CZ(t) — 2), Lvy + (u(t),v)) dt + (Pyx(T), Lv(T)) = 0 Yv e L2((0,7);U),

where, for every v € L?((0,T);U), we denote by Lv the solution of (Lv)'(t) = A(Lv)(t) + Bv(t) on

(0,T) such that (Lv)(0) = 0.
Applying Lemma 2.1l to Lv and g, we have

T T
(Lo(T),y(T)) — (Lv(0),5(0)) = ; (o(t), B*Y(t))dt — /0 (Lo(t), C*(CI(t) — 2))dt.
Since Lv(0) = 0 and y(T') = PyZ(T), it follows that
T T
(A.4) (Lo(T), BE(T)) + /0 (Lo(t), C*(CI(t) — 2))dt = ; (u(t), B*y(t)) dt.
Combining (A.3) and (A4) yields
/T@(t) + B*j(t),v(t))dt =0  Yve L*((0,T); ).
0

The conclusion follows.

We are now in a position to prove Proposition 211

Proof of Proposition [2.1. By Lemma [A.1l it remains to prove that when z = 0, we have y(t) =

Pr(t)Z(t) for every t € [0, T] where Pp(t) is defined by (2.2]).
Applying Lemma 2] to  and § on the time interval (7,7"), we have

(A.5) E(T), y(T)) — &(7),4(r)) = / (u(t), B*y(t)) — (x(t), C*CL(t))) dt
Since & = —B*y on (0,7) by [29) and §(T') = PyZ(T), we infer from (A.5]) that

) = / (B0 + [CFE)P) dt + (Pd(T),E(T)y  re[0.T).
By definition of Pp(7), we thus have

(A.6) @(7),y(r)) = (Pr(r)@(r),z(r))  Vrel0,T).
In particular, (F(0),7(0)) = (Pr(0)Z(0), 3(0)).
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One can check, by uniqueness of the optimal control, that §(0) is a linear function of Z(0),
and moreover this linear function is continuous. It follows that there exists My € L(H) such that
3(0) = Mo (0).

We claim that M) is symmetric and thus obtain that y(0) = MyZ(0). Indeed, let @; and g be
two optimal controls corresponding to the initial data & and &2 at time ¢t = 0, respectively, and
let 71 and T9 be the corresponding solutions and %; and s be the corresponding adjoint states.
Applying Lemma 2.1], we have

T
(A7) @(T),52(T)) — (21(0), 72(0)) = — /o (B*§1(t), B*pa(t)) + (CF1(t), C2(t))) dt

and
T
(A.8)  (Za2(T), 50 (T)) — <@2(0),5:(0)) = —/0 ((B*9a(t), B*51(t)) + (CTa(t), CT1(t))) dt.

Since, by (Z.1)

@1(T), 52(T)) = @1(T), PoZ2(T)), <(22(T),51(T)) = F2(T), P71(T)),
and Py is symmetric, we infer from (A7) and (A.8]) that (Z1(0),92(0)) = {(Z2(0),71(0)). Hence
(&1, Moéa) = (&, Mp&y). Since &1, &5 € H are arbitrary, we conclude that My € L(H) is symmetric,

and the claim is proved.
By changing the starting time, we have thus proved that, for every 7 € [0,T),

(A.9) y(t) = M(7)Z(1) for some symmetric M(7) € L(H).

As a consequence of (AL6) and (A9), we infer that M(7) = Pp(7) in [0,7T), which yields §(7) =

Pr(1)Z(7) for every 7 € [0,T]. The proof is complete. O
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