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Maximum likelihood for logistic regression
model with incomplete and hybrid-type

covariates

M. Cherifi*, X. Zhu', M. N. El Korso™ and A. Mesloub*

Abstract

Logistic regression is a fundamental and widely used statistical method for modeling binary outcomes
based on covariates. However, the presence of missing data, particularly in settings involving hybrid
covariates (a mix of discrete and continuous variables), poses significant challenges. In this paper, we
propose a novel Expectation-Maximization based algorithm tailored for parameter estimation in logistic
regression models with missing hybrid covariates. The proposed method is specifically designed to handle
these complexities, delivering efficient parameter estimates. Through comprehensive simulations and
real-world application, we demonstrate that our approach consistently outperforms traditional methods,

achieving superior accuracy and reliability.

Index Terms

Maximum likelihood, logistic regression, parameter estimation, missing data.

I. INTRODUCTION

In numerous practical applications, logistic regression serves as a fundamental method for modeling
binary or categorical outcomes [} [2]. It is widely used in fields such as medicine, economics, and social
sciences, where the goal is to predict the likelihood of an event or category based on observed features.
However, real-world datasets frequently suffer from missing data leading to biased estimates of odds
ratios and misclassification [3l 4, I5], which in turn may compromise the validity of conclusions and
decision-making processes in high-stakes domains such as clinical risk prediction and policy analysis

[6, [7]. Nevertheless, the complexity escalates further when covariates are of mixed types (continuous
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and discrete), as traditional methods often fail to account for their interdependencies, leading to biased
parameter estimates and reduced predictive accuracy [4, 6, 18]

The analysis of mixed data with missing values has been the subject of extensive research. Among
the pioneering approaches, the work of Olkin [9], along with Krzanowski’s extension [10], laid the
groundwork for maximum likelihood procedures. These methods rely on the general location model and
utilize the Expectation-Maximization (EM) algorithm [[11} [12] to estimate parameters in the presence of
incomplete data. On the other hand, nonparametric methods have been proposed. A typical example is
MissForest [13]], which combines random forests with imputeFAMD [8]], an imputation method based on
principal component analysis. However, these methods demonstrate reduced effectiveness when dealing
with a large number of levels.

While general-purpose imputation and maximum likelihood techniques have been widely studied for
linear models, their direct application to logistic regression can be suboptimal due to the model’s non-
linearity and the presence of mixed type data. As a result, specialized methods that explicitly account for
the interplay between missingness and the logistic model structure are needed [14, [15]. Despite advances
in handling missing data, the issue of missing covariates in logistic regression remains a significant
challenge. Many existing methods predominantly focus on continuous covariates [16} [17, (18} [19] 201,
limiting their applicability in practical scenarios where mixed types of covariates are present. To overcome
these limitations, we propose adopting the Stochastic Approximation Expectation-Maximization (SAEM)
algorithm for parameter estimation in logistic regression with missing mixed-type covariates. The SAEM
algorithm is well-suited for this task because it can handle complex missing data patterns and offers
an adequate solution for handling missing covariates. By combining stochastic approximations with an
iterative EM framework, SAEM provides a flexible and scalable approach for estimating parameters even
when covariates are missing [21, 22]]. In this paper, we develop and analyze a SAEM-based method for
logistic regression that can handle missing data under ignorable mechanisms. Our approach is specifically
tailored to deal with mixed-type covariates, leveraging the strengths of SAEM to provide adequate
parameter estimates. Through extensive simulations and real-world applications, we demonstrate that

the proposed method outperforms traditional techniques.

II. MODEL SETUP

In the following, we consider the logistic regression model for classification. Given a data set of n

points, for the i-th sample, we have the binary observation y; and the complete covariate values denoted

[ I+1 h+1
Sxpx L wT

by x; = [xl T The first [ variables of x; are discrete, denoted by a:ld, and each is

i

defined on its associated space X? (for 5 = 1,...,1). For simplicity, we enumerate the possible outcomes,
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allowing the outcome space to be represented by Xd {1,..., M;}, where M; corresponds to the number
of levels. The remaining A components of the vector ax; are continuous variables defined in R", denoted
by x{. The logistic model provides the statistical dependence between the binary class and the associated

covariates:

e (=120 ) ey, "

1—plyi =1
in which 3 represents the regression parameters. Due to missing values, some covariates are not always
fully observed. Let x; ons represent the observed covariates and x; ;s represent the missing covariates for
the i-th sample. Furthermore, we define the collection of observed classes y = {y1,...,yn} and denote
the unobservable full dataset as X' £ {Xyps, Xmis } With Xpps = {xi,00s}; and Xiis = {4 mis };-

In this paper, we assume that the continuous data coordinates are sampled from a continuous distribution
characterized by the probability distribution function x§ ~ p(x$; 8€), parametrized by the unknown vector
0. Besides, discrete variables are sampled from a discrete distribution parametrized by %. More precisely,
each discrete variable acj is sampled from an independent discrete distribution, with the probability mass
function z/ ~ p(z f,H;l)

III. ALGORITHM DESIGN

A. Parameter inference

Following the problem set up in the previous section, the unknown parameter of interest is grouped
into 8 = {9‘3, {9;1}2:1, ,8}. For simplicity, we assume that continuous covariates follow a multivariate
Gaussian distribution, while discrete covariates are modeled by independent multinomial distributions,
which include Bernoulli distributions as special cases. As a result, we have 8¢ = {u, X} for the continuous
variables and 931 = {Hf(m) :m = 1,...,M;} for the j-th discrete variable, where Gf(m) denotes the
probability of level m. Under the independence at the sample level and between discrete and continuous

variables [23], the complete likelihood is given by

0 y7 ZL yi7wz Zlog yzawza ))

:Z yi[1,2]]8 — log (1 + exp ([1 +Zlog€)d ( )

1
+3( hlog(2r) ~ log ] - (af - W)= et - ) ), @
where L(6;y;, x;) is the log-likelihood of the i-th complete observation (x;,y;). Under the assumption
of independence and ignorable missing data mechanism (meaning that the missing data does not depend

on its value), the maximum log-likelihood estimator reads

0 = arg max log p(Yi, Ti.0bs; 0), 3)
g1 Z & (Vs> i obs; 0)
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where the distribution p(y;, @i ons; @) of the observed data is given by marginalizing p(y;, x;; @) over the
missing covariates. As the likelihood does not have a closed analytical form, it is impractical to maximize
(@) directly. To this end, we propose applying the EM algorithm [24]. At the ¢-th iteration, given the
current parameter estimates @), the E-step of the reads refer to the computation of the expected complete

log-likelihood function: Q) (@) = Ex, iy, 00 [£(05 9y, X)] = D701, QE”(G), where

(t) c .pt—1
§ 0: i, ml xi,mis ’ L mis» Li,0bss Yi; 0( ))

X p(w'ﬁmis | Li,0bss Yi; O(til)) da"g,mis' 4)

Then, the M-step maximizes the expected complete log-likelihood function with respect to the parameters
to obtain updated estimates ) = arg maxg Q™ (0).

In the context of logistic regression, calculating the conditional expectation of the complete log-
likelihood in is challenging due to the intractability of the integral over the missing continuous
variables. To address this, we apply the SAEM algorithm [21]] to have an approximate stochastic solution.
This consists of three steps: the S-step (simulation step), the SA-step (stochastic approximation update
step), and finally, the M-step (maximization step). Specifically, for the ¢-th iteration:

1) S-step consists in sampling the missing continuous variables, i.e., for ¢ = 1,2,...,n, we sample:

~c(t) c d c .pt—1
L mis ™ p(wi,mis ’ L obss L4 obss Yis 0( )) (5)

To this end, we use the Metropolis—Hastings algorithm (please refer to the supplementary materials for

c(t)

more details). In the following, we denote ;" as the vector of { for which the missing value has been
imputed using (3).
Given the imputed continuous variables and the statistical model presented in Section [, the posterior

distribution of the missing discrete variables could be computed by

wgt)(wd i ) ép(wd ’ wz 0b57 ()73/170(1571)) =

7,mis ,mis

(yl ‘ $zmls7xzobs7 ﬂIBt b ) ( ?mls’e (= 1))

3
Z:c (yZ’mzmlw ?obs7 z 7/3t 1) ( zmls70d(t71))

i, mis

where p(x¢ Bd(t_l)) is the distribution of the missing discrete covariates (a product of independent

’l m]S7
discrete distributions).

2) SA-step updates the stochastic approximation QW of the objective function Q®, that is,

Q(6) =QUV(9) + 4 (ZW (6.7 - Q<“><0>), ®)
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where d; denotes a smoothing parameter (a decreasing sequence of positive values [25]) and QE 0,z () ) =

Z rms
Yowt  L(O;yi,x c(t))w( )(x ¢ nis)- Following @), Q i can be expressed as:

4,mis ?

Q' (0, &%) =
S N e )

n Z 58 2l log( ( 4 is1 07 ))+10g( ( zobs’ed))

T;, mls

= 5 (nlog(2m) + 10g |3 + (250 — W)= @ - ),

N)\»a

(zjlmls)T’ (mi,obs 7
We observe that Q is composed of three separate parts, each of which involves only the parameters
B, (i, X), and 8%, respectively. Hence, the update of Q ®) could be performed component—w1sely More

precisely, we define the sum across the number of samples for each component of Qi

g :iz 'Etmxsl) zmls 10g<p(yi|a:?,;%f(t);ﬁ))7

zd
T mis

&P (e?) = Z > 0l (@ i) 108 (p (@33 07) ) + log (p (210 67) )

zld_

d )T’ (i?(t))T] T

where ﬁc(t) = [(a:

s B 1 _ s
G (1 3) =~ log 3] - 5 L (d{Vs ) - SHTE (- 20,
where we ignore the constant term and use the sufficient statistics TI =1 21 1§cc(t) and Tg =

Yoy :i:f(t)(:i:f(t))T of multivariate Gaussian distribution to simplify the expression of Gg)

. By adapting

the same updating procedure in (6) induced by Gy, we define
GO =GO+ RGO - eV ) k=1,23 )
: 1 _ A A(t)
with G/ = G}.’. Therefore, Q' could be decomposed as

QW (0) =GV (B) + G (n, =) + G (6%). 8)

)

) is linear in Tl and Tg, Gé

Importantly, because Gg could be expressed in the same form

n 1 _ 1 _
G, 2) = 5 log|[B] - 5 (T2 - Spl 87 (- 21"),
with updated sufficient statistics
® = 7Y 1, (Tl(t) - Tft*”) ,

T =1 45 (B0 -1 ).

June 2, 2025 DRAFT



Similarly, th) takes the same form as é’g) with the posterior distribution w

(t)

7

()

i

replaced by the updated

distribution w; "’ given by

w() = w0 + o (2l () - wf V().

3) M-step updates the estimation of 6 as 8Y) = arg max, QW (0). According to (8)), the maximization
could be conducted separately. For the regressor parameters (3, we use a gradient descent-based method
to solve

,C:}(t) = arg max th) (B). 9)
B

The parameter update for the continuous distribution could be computed analytically by exploring the

sufficient statistics

. (t) T
a0 =1 $0 =T g0 (7{0)" (10)

Finally, the parameters of the discrete variables are estimated as
0" = arg max G (%), (11)
0icO
where © is the space of valid probability mass function of the discrete variables involved in the analysis.
By exploring the independent structure of the discrete variables, the estimation has the following analytical
form

Og(t)(m) =n"1(|{i: xiobs = m} 4+ Dier wf(t) (m)), where I s denotes the set of indices corre-
(t) ()

sponding to samples with a missing j-th covariate, and wf. represents the marginalized form of w,

for the j-th component.

B. Prediction in the Presence of Missing Data

This section presents a natural procedure to make predictions with potentially missing values in mixed
data during the testing phase, assuming that training and test data come from the same distribution. The

class prediction reads

yi = arg maxp(yi | Lj obs; é)
yie{071}

A~

where p(y; | @i obs; @) reads as the following marginalization

mis gpd

P(Yi | Tiobs; 0) = /
@

c d N c
p (yu%,mim T mis | @i obs; 9) dwi,mis (12)

=K, ziad [p(yi | mi,mi87xi,obs§B)] : 13)
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By leveraging the structure of the statistical model, we could factorize the conditional distribution of
Lj mis by

p(wi,mis ‘ Li,0bs é) = p(wld,mis; éd)p(wg,mis’wg,obs; éc)

As a result, the expectation in (I3) could be evaluated separately for the missing discrete and continuous
covariates. For discrete variables, which have a finite number of possible values, the associated expectation
is computed as a weighted sum. For continuous variables, we approximate this expectation using Monte
ZC(n?s wf,mis|xf7obs§ éc)-

S
Carlo simulations, generating .S samples {:13 } from the conditional distribution p(
s=1

In summary, the final prediction reads
s
g = argmax > p(d ;0D pyi | w2l i, i B).

yie{0,1} 4 s=1

IV. NUMERICAL EXAMPLES

Synthetic Dataset: We generate a synthetic dataset composed of n = 1000 samples with 7 covariates.
Each sample includes a binary response variable y; € {0,1} and a set of covariates x;, consisting of
both discrete and continuous variables. The first covariate, le is binary and generated from a Bernoulli
distribution with a success probability of 0.5, representing two possible outcomes. The second covariate

2

x; is multinomial, taking one of the five possible values in the set {1,2,3,4,5}, sampled from a

multinomial distribution with probabilities [0.1,0.2,0.3,0.25, 0.15]. The remaining covariates, x?, . ,:1:1»7,
are continuous and simulated from a multivariate normal distribution with a mean vector ¢ = 0 and a

covariance matrix
4 0.5 02 0.1 0.3

05 3 01 03 02
=102 01 2 04 05],
0.1 03 04 3 0.2

0.3 02 05 02 5
representing the dependencies and variations within the continuous covariates. To simulate the binary

response variable 7;, we use the coefficient vector 3 = [0, —0.9,0.01,0.1,—0.6,0.3,0.01,0.8]7 in a
logistic regression model. The probability of success for each sample is computed using the logistic
function; Based on this probability, the values of y; are drawn from a Bernoulli distribution. To sim-
ulate missing data, we randomly introduced missingness in the covariates under different missing data
mechanisms. For the smoothing parameter d;, we use the step sequence oy = (t + ¢1)~ " with t; = 50.
During the first 50 iterations, we set 6; = 1 to favor the MLE, and thereafter §; decreases with exponent

7 = 1, providing a balance between speed and stability. The proposed method is compared with the
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Fig. 1: Boxplot of the difference between the estimate and the ground truth for 8; over 100 algorithm runs with

30% MAR missing data mechanisms.

MICE approach (Multiple Imputation by Chained Equations), adapted to handle mixed data [26]], and the
Miss-Forest algorithm, which has also been tailored for mixed data [13]]. Additionally, we include the
MeanMode (MM) method [27]], which imputes missing values for continuous variables using the mean
of the observed values and for discrete variables using their mode. We also consider the Complete Case
(CC) approach, which removes samples containing at least one missing value. For all these methods, the
training and test datasets are processed separately before being passed to the logistic regression model.
Finally, the considered methods include the analysis of cases without missing data (Full) serving as a
reference. To simulate a Missing at Random (MAR) mechanism, we modeled missingness probabilities
for x1, x2, x4, and x¢ via logistic regression using only the fully observed variables z3, x5, and 7.
Regression coefficients were tuned to control the target missingness rate. Probabilities were then converted
to binary indicators through Bernoulli draws, replacing values with NA where indicated. First, we focus
on the accuracy of estimating 3. To this end, we study the biases of the estimates for each component.
Fig. (1] illustrates the difference between the estimate and the true value for the first component of the
parameter vector of interest, 5; ( in which algorithm runs, means simulations, each with random spiting
of training and testing samples and random missingness generation in the case of synthetic missingness).
In all cases, the proposed algorithm demonstrates a clear advantage, consistently achieving lower bias
compared to the MICE and MissForest algorithms. Furthermore, the MM and CC methods exhibit even
higher bias, highlighting their limitations compared to more advanced approaches. Additional results on
the RMSE of 3 and on predictive performance are given in the supplementary materials (Section [S.II);
note that we omitted the CC method from the prediction boxplots—since, as shown in Fig [I] and []

CC exhibits a catastrophic bias that would compress the plot scales and mask the differences between
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methods. The source code for these simulations is available in [28]]. Regarding the time complexity of
the proposed algorithm, we report the prediction time in the Supplementary Materials. We can notice
that the proposed algorithm is faster than the MissForest by a significantly larger margin (e.g., almost
30 faster for 200 samples as shown in the Supplementary Materials).

Real Dataset: In this section, we assess the predictive performance of the SAEM algorithm on four real-
world datasets featuring both continuous and categorical predictors and a binary response. We employ the
Heart Disease dataset from the UCI Machine Learning Repository [29], the Algerian Forest Fire dataset
also from the UCI Machine Learning Repository [30], the Titanic dataset from Kaggle [31]], and the Mtcars
dataset originally compiled by Henderson and Velleman [32]. Detailed descriptions of these datasets
are provided in the supplementary materials. The Heart Disease and Titanic datasets contain naturally
occurring missing values at rates of 19% and 12%, respectively, whereas for the Algerian Forest Fire and
Mitcars datasets we have artificially introduced missing values under a MCAR mechanism. Tables [ and
present the performance comparison of various methods on the Heart Disease dataset with 19% naturally
missing values and the Algerian Forest Fires dataset with artificially injected MCAR missingness at
rate of 40%, respectively. As shown in Table [, our proposed SAEM approach consistently outperforms
the competing methods, achieving superior predictive accuracy in the presence of naturally occurring
missing data. Similarly, in Table SAEM demonstrates robust performance across both missingness
levels, maintaining its advantage over alternative methods, including MICE and MissForest. The MICE
method performs poorly on both datasets, especially at higher levels of missingness, due to its underlying
assumption of linearity, which hinders its ability to capture complex, non-linear relationships present
in real-world data. Although the MissForest method yields acceptable results, it remains inferior to
SAEM, which consistently delivers the best performance. These results underscore the effectiveness
and robustness of our SAEM approach in handling diverse missing data scenarios, whether naturally
occurring or artificially introduced. Results pertaining to the Titanic and Mtcars datasets are presented in

the supplementary materials (Section [S.11).

V. CONCLUSION

In this paper, we proposed a novel approach based on the SAEM algorithm for parameter estimation
in logistic regression models with missing mixed-type covariates. The results of our simulations and real
data applications demonstrate that the SAEM approach outperforms classical techniques, offering more

robust and reliable parameter estimates, even in challenging missing data situations.
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Metric SAEM MICE MM MissForest

AUC 0.859 (0.041)  0.839 (0.060)  0.858 (0.036) 0.856 (0.040)
Accuracy 0.833 (0.035) 0.795 (0.061)  0.770 (0.094)  0.818 (0.040)
Precision 0.795 (0.073)  0.730 (0.105)  0.779 (0.164)  0.780 (0.082)
Sensitivity ~ 0.724 (0.067)  0.711 (0.104)  0.613 (0.234)  0.698 (0.099)
Specificity ~ 0.895 (0.039)  0.842 (0.104)  0.862 (0.180)  0.887 (0.052)
F1 score 0.755 (0.054) 0.712 (0.075)  0.636 (0.166)  0.730 (0.067)

Brier score

0.132 (0.022)

0.155 (0.040)

0.173 (0.061)

0.143 (0.029)

TABLE I: Performance comparison of methods on the Heart Disease dataset with 19 % naturally missing data

(mean + standard deviation) over 100 algorithm runs.

Metric SAEM (40%) MICE (40%) MM (40%)  MissForest (40%)
AUC 0.970 (0.022)  0.787 (0.138)  0.962 (0.021)  0.950 (0.034)
Accuracy  0.930 (0.029) 0.741 (0.123)  0.892 (0.038)  0.919 (0.034)
Precision  0.933 (0.042)  0.766 (0.115)  0.911 (0.053)  0.922 (0.043)
Sensitivity ~ 0.942 (0.035)  0.767 (0.148)  0.896 (0.077)  0.934 (0.049)
Fl score  0.937 (0.028) 0.762 (0.120)  0.900 (0.041)  0.927 (0.033)

Brier score

0.057 (0.023)

0.247 (0.126)

0.090 (0.035)

0.077 (0.035)

TABLE II: Performance comparison of methods on the Algerian Forest Fires dataset with 40% MCAR missing

data (mean * standard deviation) over 100 algorithm runs.
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Supplementary Materials

S.I. METROPOLIS—HASTINGS ALGORITHM

In logistic regression for mixed data, it is generally not feasible to sample the unobserved continuous
data directly from the conditional distribution (5)) because it requires evaluating an integral that cannot be
solved analytically. One approach to address this is to employ the Metropolis—Hastings (MH) algorithm,
which generates a Markov chain with the stationary distribution matching the target distribution. After
S iterations (i.e., burn-in), the values of this Markov chain are considered as approximate samples from
the target distribution.

The conditional distribution of the continuous missing covariates is given by

Zmd

4,mis

. pd c S
p(yla L mis> mi,mis’xLObM 0)

P(Yi | Tiobs; 0)

p<w2¢,mis | Yis Li,obs; 0) = (14)

From the setup of the statistical model in Section |lIL each element in the denominator could be factorized

as

¢ d d d
p(yi’ TL4,mis> a:zg,mis|wi,0bs; 0) = p(yi ‘wi,misv wzg,misa L4 0bs; :6) X p(wi,mis; 0 )p(wg,mis|mz¢,obs; 06)' (15)
Combining and yields
P mis | Yi> Tiobs; €) o f(XF 13 0) =

d d d
Z p(yl ‘ wimis? xi,mis? L obs; ﬁ)p(a:i,mis; 0 )p(xzmis ‘ wzg,obs; 06)

T3 mis

Given the explicit form of f(x 0), we could apply the Metropolis—Hastings algorithm to sample

f,mis§
P(T i | Yis Tiobs; @), as summarized in Algorithm I} The proposal distribution is set to g(z7 ;; 0°) =
P(ZS is | opss M, 2), Which is a multivariate normal distribution with the mean and variance p;, %;
given by

—1
i = i mis + Ei,mis,obsziyobspbs(mi,obs - ,U’z',obs)a (16)

~1
35 = i mis,mis — 237,mis,0bs 247 obs obs 241,0bs,mis- (17)

S.II. ADDITIONAL EXPERIMENTAL RESULTS
A. synthetic datasets:

Table shows the mean and standard deviation of the bias for the coefficients 3 calculated over
100 algorithm runs for 50% MCAR, along with the corresponding RMSE values. The results indicate

that our SAEM algorithm performs well, with low bias and reduced RMSE for most coefficients 3,
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Algorithm 1: Metropolis—Hastings Sampling

Input: Initial sample 8, proposal distribution g(-), target distribution f(-), number of iterations S

Output: Samples {wﬁi)ms}lgign, 1<s<S

1 Initialize m(o) ~g();

i, mis

2 for s < 1to S do

(s)

3 Propose x; ;s ~ g

4 Compute

if u < r then

()

5 ‘ Accept (keep x;
6 else
7 L Reject: scgsr)ms —x

o)

(s—1).

i,mis ?

(-) and draw u ~ U(0,1);

T =

f(mgsr)ms) 9(“"5:1?)

) g(wz(',srzlis> '

TABLE III: Mean Bias and RMSE of 3 over 100 algorithm runs with 50% MCAR. Best values among SAEM,
MICE, and MissForest are highlighted in bold.

B Metric SAEM MICE MissForest Full
B Bias -0.0143 -04118 -0.1376 0.0374
RMSE 04397  3.6966 0.3323 0.2618
B2 Bias -0.0847  0.0949 -0.0180 0.0045
RMSE 03446  2.5319 0.5699 0.1752
s Bias -0.0006  0.1635 -0.0077 -0.0079
RMSE  0.1354 1.1545 0.0906 0.0745
Ba Bias 0.0130  0.1386 -0.0339 0.0025
RMSE 0.0860 0.63372 0.0689 0.0437
Bs Bias -0.0337  -0.0826 0.2462 -0.0095
RMSE  0.1059  0.7330 0.2567 0.0627
Be Bias 0.0399  -0.3037 -0.1598 0.0092
RMSE  0.1354 1.0022 0.1811 0.0571
B Bias 0.0009  0.1248 0.0079 0.0067
RMSE  0.0961  0.8081 0.0909 0.048794
s Bias 0.0524  -0.0256 -0.3205 0.0033
RMSE 0.1215  0.5017 0.3269 0.0587

even in the case of a high ratio of missingness, suggesting high precision. In comparison, MissForest
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shows good performance for certain coefficients 3, but exhibits higher bias for others. On the other
hand, MICE presents higher bias and RMSE across most coefficients, indicating inferior precision. Fig.
presents the difference between the estimated parameters and the ground truth of the SAEM method
under a 30% MCAR mechanism. The estimations for the multinomial probabilities (pyxn) and the binary
probability (ppi,) for discrete variables, as well as the components of the mean vector p for continuous
variables, show a significant reduction in bias and variability. Fig. ] presents the estimated Euclidean
norm of B under 30 % MCAR missingness. This metric provides a global assessment of the estimator’s
accuracy across all components of 3. The results demonstrate that the SAEM algorithm outperforms the

other methods, achieving the smallest Euclidean norm. we focus on the predictive performance. Fig. 2]
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Fig. 2: Comparison of the Area Under the Curve (AUC), Accuracy, and Brier Score obtained on the test set for

each method with 30% MCAR missing data over 100 algorithm runs.

showcases the superior performance of the SAEM algorithm in terms of Area Under the Curve (AUC)
and accuracy, as well as a significantly reduced Brier Score. The Brier Score, where lower values indicate
better performance, reflects the quality of the probabilistic predictions made by the model. These results,
obtained under both MCAR and MAR mechanisms, highlight the effectiveness of our method in handling

missing data during the prediction phase.

B. Real Dataset:

Tables and |V| summarize the predictive performance of the methods presented in the paper on
two real-world datasets: the Titanic dataset, which has 12% naturally occurring missing values, and the
Mtcars dataset, into which we injected MCAR missing values at 20% and 40% levels. Across both
datasets and all missing data scenarios, the SAEM approach consistently outperforms other methods,

achieving the highest values for AUC, accuracy, precision, specificity, F1 score, and the lowest Brier
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score. These results confirm the superior predictive ability of SAEM in realistic settings, whether missing
data arise naturally or are introduced artificially. Moreover, the robustness of SAEM to various degrees
and mechanisms of missing data underlines its versatility for practical applications. Detailed metric values
(mean £ standard deviation) are reported in the respective tables. Additionally, Table presents the
performance of the methods on the Algerian wildfire dataset, with artificially introduced MCAR missing
values at 50% and 60%. Despite the high missing data rates, the SAEM approach maintains superior
predictive performance, achieving the highest values for most evaluation indicators and the lowest Brier
scores. This demonstrates the robustness and effectiveness of SAEM in handling datasets with significant
missing information, confirming its applicability in real-world scenarios where data incompleteness is a
common challenge. Furthermore, Table presents the results on the same dataset with 30% missing
values introduced via a MAR mechanism. In this scenario, SAEM outperforms all other algorithms across
all evaluation metrics, highlighting its exceptional ability to account for missing information patterns that

depend on the observed data.
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Fig. 3: Boxplot of the difference between the estimate and the ground truth for SAEM Parameters with 30% missing

data under the MCAR mechanism over 100 algorithm runs.
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Fig. 4: Boxplot of the Euclidean norm of the ,3 estimates over 100 algorithm runs with 30% MCAR missing data

mechanism.

Metric SAEM MICE MM MissForest

AUC 0.865 (0.022)  0.856 (0.021)  0.856 (0.022)  0.856 (0.021)
Accuracy 0.813 (0.022)  0.801 (0.021)  0.805 (0.024)  0.808 (0.022)
Precision 0.793 (0.041) 0.776 (0.042)  0.781 (0.058)  0.789 (0.045)
Sensitivity 0.699 (0.048)  0.695 (0.048)  0.704 (0.051)  0.694 (0.045)
Specificity 0.889 (0.024) 0.870 (0.026)  0.870 (0.039)  0.883 (0.026)
F1 Score 0.740 (0.037)  0.732 (0.036)  0.739 (0.036)  0.739 (0.036)
Brier Score  0.141 (0.012)  0.142 (0.011)  0.144 (0.011)  0.141 (0.011)

TABLE IV: Performance comparison of methods on the Titanic dataset with 12% naturally missing data (mean *

standard deviation) over 100 algorithm runs.

S.III. DERIVATION OF THE COMPLETE LOG-LIKELIHOOD

Assuming that the continuous covariates follow a multivariate Gaussian distribution and that the discrete
covariates are modeled by independent multinomial distributions (with Bernoulli distributions as special
cases), we define

0°={p,x} and 0;1 = {Of(m) :m=1,...,M,},

where 9?(m) is the probability of observing level m for the j-th discrete variable.
Under the assumptions of i) Independence across observations, ii) independence between the continuous
and discrete covariates, and iii) mutual independence among the discrete covariates, the joint likelihood

for the i-th observation factorizes as

p(yi, i3 0) = p(yilzi; B) p(§; 0°) p(a; 67). (18)
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Metric

SAEM (20%)

MICE (20%)

MM (20%)

MissForest (20%)

AUC
Accuracy
Precision
Sensitivity
F1 score

Brier score

0.978 (0.077)
0.932 (0.083)
0.946 (0.186)
0.909 (0.171)
0.900 (0.125)
0.060 (0.077)

0.817 (0.223)
0.838 (0.194)
0.808 (0.276)
0.809 (0.245)
0.809 (0.215)
0.162 (0.194)

0.939 (0.124)
0.898 (0.121)
0.883 (0.208)
0.871 (0.202)
0.862 (0.153)
0.100 (0.120)

0.965 (0.076)
0.936 (0.090)
0.932 (0.101)
0.864 (0.186)
0.899 (0.133)
0.063 (0.089)

Metric

SAEM (40%)

MICE (40%)

MM (40%)

MissForest (40%)

AUC
Accuracy
Precision
Sensitivity
F1 score

Brier score

0.961 (0.100)
0.907 (0.122)
0.886 (0.193)
0.890 (0.194)
0.881 (0.146)
0.071 (0.102)

0.855 (0.193)
0.836 (0.177)
0.796 (0.248)
0.832 (0.234)
0.799 (0.191)
0.162 (0.178)

0.943 (0.108)
0.886 (0.112)
0.877 (0.207)
0.846 (0.213)
0.855 (0.138)
0.113 (0.112)

0.959 (0.057)
0.906 (0.068)
0.882 (0.112)
0.866 (0.167)
0.879 (0.109)
0.078 (0.066)

TABLE V: Performance comparison of methods on the Mrcars dataset with 20% and 40% MCAR missing data

(mean + standard deviation) across 100 algorithm runs.

Metric

SAEM (50%)

MICE (50%)

MM (50%)

MissForest (50%)

AUC
Accuracy
Precision
Sensitivity
Specificity
F1 score

Brier score

0.966 (0.017)
0.913 (0.029)
0.923 (0.038)
0.932 (0.043)
0.892 (0.044)
0.922 (0.027)
0.068 (0.020)

0.653 (0.164)
0.625 (0.138)
0.669 (0.134)
0.642 (0.167)
0.609 (0.160)
0.649 (0.140)
0.365 (0.145)

0.950 (0.020)
0.875 (0.043)
0.888 (0.056)
0.890 (0.099)
0.849 (0.096)
0.884 (0.049)
0.103 (0.042)

0.944 (0.032)
0.903 (0.030)
0.913 (0.041)
0.923 (0.052)
0.903 (0.052)
0.911 (0.027)
0.078 (0.031)

Metric

SAEM (60%)

MICE (60%)

MM (60%)

MissForest (60%)

AUC
Accuracy
Precision
Sensitivity
Specificity
F1 score

Brier score

0.966 (0.020)
0.911 (0.030)
0.905 (0.051)
0.942 (0.040)
0.877 (0.068)
0.921 (0.026)
0.070 (0.022)

0.530 (0.109)
0.521 (0.087)
0.575 (0.108)
0.512 (0.146)
0.529 (0.140)
0.534 (0.115)
0.473 (0.095)

0.948 (0.026)
0.855 (0.042)
0.880 (0.066)
0.864 (0.114)
0.838 (0.103)
0.864 (0.052)
0.115 (0.043)

0.947 (0.039)
0.900 (0.032)
0.902 (0.052)
0.922 (0.060)
0.873 (0.074)
0.910 (0.033)
0.085 (0.030)

TABLE VI: Performance comparison of methods on the Algerian Forest Fires dataset with 50% and 60% MCAR

missing data (mean =+ standard deviation) over 100 algorithm runs.

The first term corresponds to the logistic regression, while the second and third terms are the distributions

of the continuous variables (modeled as multivariate Gaussian distribution) and discrete variables, respec-
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Metric SAEM MICE MM MissForest
AUC 0.985 (0.015) 0.877 (0.135)  0.970 (0.052)  0.940 (0.069)
Accuracy 0.952 (0.025) 0.859 (0.115) 0.935 (0.043)  0.911 (0.065)
Precision 0.953 (0.034) 0.863 (0.098) 0.937 (0.061)  0.913 (0.080)
Sensitivity 0.964 (0.041) 0.905 (0.106)  0.956 (0.051)  0.943 (0.065)
Specificity 0.941 (0.043) 0.794 (0.183)  0.903 (0.127)  0.859 (0.169)
F1_score 0.957 (0.023) 0.880 (0.088)  0.944 (0.031)  0.924 (0.049)
Brier_score  0.046 (0.023)  0.139 (0.116)  0.059 (0.043)  0.087 (0.063)

TABLE VII: Performance comparison of methods on the Algerian Forest Fires dataset with 30% MAR missing

data (mean + standard deviation) over 100 algorithm runs.

Dataset Samples Continuous Binary Categorical
Heart Disease 303 5 2 6
Titanic 891 2 3 6
Mtcars 32 7 3 1
Algerian Forest Fires 244 10 1 2

TABLE VIII: Characteristics of the datasets used, including the number of samples and the distribution of variable

types.

tively. By taking the logarithm and summing over all observations yields the complete log-likelihood:

L(O;y,X) = Zlog (p(yu xi; 0)) (19)
= >~ {logp(ules: B) + log p(af: ) + logp(at: %)} 0)
= Z{y [1,2]]8 - log(l +exp ([Lw?]ﬁ)) 1)
+ 5 [-hlog(2m) — log %] - (af — )™S " (af - ) @

l
+ ; log 9}1 (:Uf) } (23)

S.IV. CALCULATION COST

Regarding the time complexity of the proposed algorithm, we report the prediction time in Table
and Table X! The SAEM algorithm demonstrates remarkable efficiency during the testing phase, achieved
through precomputed Gaussian conditionals and Monte Carlo integration over missing covariates. This
computational efficiency stems from its ability to leverage pre-optimized statistical approximations while

avoiding computationally intensive recalculations. For instance, in configuration P5 with 4 categorical
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variables, SAEM achieves testing times of (2,10 £ 0,20) s (Table [X]), significantly outperforming Miss-
Forest ((38,00 + 3,00) s) while preserving statistical rigor.

Sample Size

Estimator

200 500 700 1000 3000
SAEM (0,15 4+ 0,06) (0,41 +£0,11) (0,48 +0,07) (0,83 +£0,14) (3,20 £ 0,38)
MICE (3,03 +2,08) (0,58 4+ 1,26) (0,19 +0,04) (0,24 4+ 0,06) (0,48 4+ 0,10)
MissForest (5,74 +0,72) (7,63 4+ 1,08) (7,02 4+ 0,88) (8,90 4+ 1,04) (15,58 + 1,76)

TABLE IX: Testing Time (mean + standard deviation in seconds) of Different Algorithms as a Function of Sample
Size for 30% MCAR Missing Data

Configurations
Estimator
P1 P2 P3 P4 P5
SAEM (0,83 +0,14) (0,93 +£0,11) (1,21 +0,06) (1,45 +0,15) (2,10 £ 0,20)
MICE (0,24 +0,06) (0,27 £ 0,03) (0,39 + 0,06) (0,42 4+0,07) (0,48 +0,08)
MissForest (8,90 +1,04) (13,27 +1,82) (23,58 +0,76) (28,50 + 2,50) (38,00 + 3,00)

TABLE X: Testing time (mean + standard deviation in seconds) for 30% MCAR Missing Data. (P1): 1 binary
variable, 1 categorical variable (5 categories), 5 continuous variables. (P2): 1 binary variable, 1 categorical variable
(5 categories), 10 continuous variables. (P3): 1 binary variable, 1 categorical variable (5 categories), 15 continuous
variables. (P4): 2 binary variables, 2 categorical variables (5 categories each), 5 continuous variables. (P5): 4 binary

variables, 4 categorical variables (5 categories each), 5 continuous variables.
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