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Abstract

We introduce an operator-theoretic de�nition of a proper graph Laplacian as any matrix

associated with a given graph that can be expressed as the composition of a divergence and

a gradient operator, with the gradient acting between graph-related spaces and annihilating

constant functions. This provides a uni�ed framework for determining whether a matrix rep-

resents a genuine di�usive operator on a graph. Within this framework, we prove that the

standard Laplacian, the fractional Laplacian, the d�path Laplacians, and the degree-attracting

and degree-repelling Laplacians are all proper di�usive Laplacians. In contrast, the in-degree

and out-degree Laplacians correspond to advection operators, while the signed, signless, mag-

netic, and deformed Laplacians are improper, as they cannot be written as the composition

of a divergence and a true gradient. The magnetic Laplacian is shown to arise as the Schur

complement of an extended proper Laplacian de�ned on a higher-dimensional space, a prop-

erty also inherited by the signless Laplacian. The Lerman�Ghosh Laplacian is identi�ed as a

nonconservative di�usive operator coupled to an external reservoir. Finally, we prove that the

Moore�Penrose pseudoinverse of the Laplacian is itself a proper Laplacian. This classi�cation

establishes a rigorous operator-theoretic foundation for distinguishing proper, nonconservative,

and improper graph Laplacians.

Keywords: Graph Laplacian; pseudoinverse; di�usion operator; gradient�divergence formu-

lation; magnetic Laplacian; Schur complement; operator theory.

MSC codes: 05C50; 15A09; 47A05; 35R02.

1 Introduction

The standard graph Laplacian L [45, 61] is a cornerstone of algebraic graph theory [47, 83, 25, 46,
68]. It plays a crucial role in understanding the structural properties of graphs and in modeling a
wide range of dynamical processes on graphs and networks [60, 12, 75]. A classical example is the
di�usion equation on an undirected graph G = (V,E) [30]:

∂tx(t) + Lx(t) = 0, (1)
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with initial condition x(0) = x0, where x(t) = [x1(t), . . . , xn(t)]
T is a column vector of concentra-

tions. The Laplacian matrix is de�ned as L = K − A, where K is the diagonal matrix of vertex
degrees and A is the adjacency matrix of the graph.

Let C(V ) denote the set of all complex-valued functions on V , and let ℓ2(V ) be the Hilbert
space of square-summable functions on V . Then L acts as a mapping from C(V ) into itself:

Lf(v) =
∑

(v,w)∈E

(
f(w)− f(v)

)
, f ∈ C(V ). (2)

Beyond this standard de�nition, many alternative forms of graph Laplacians have been proposed
in the literature. For directed graphs, two natural generalizations exist: the in-degree Laplacian
Lin = K in − A and the out-degree Laplacian Lout = Kout − A, where the diagonal matrices K in

and Kout contain the in- and out-degrees of the vertices, respectively. A non-exhaustive list of
Laplacian variants includes the deformed Laplacian [71, 37], the d-path Laplacian Ld [31, 32, 33],
the fractional Laplacian Lα [77, 63], the hub-biased Laplacians Lrep and Lattr [29, 42], the Hermitian
(magnetic) Laplacian LB [11, 85, 28], the signless Laplacian Q [21, 22, 23], the Laplacian for signed
graphs Ls [56, 5], and the Lerman�Ghosh Laplacian Lχ [57, 44].

Further extensions have been introduced through the Euclidean distance matrix by Balaji and
Bapat [8], as well as by considering matrix functions of the standard Laplacian [78, 70]. More
recently, Saxena et al. [79] proposed a di�usion-like model inspired by electrical network analysis,
where an impedance network with shunt inductors connects each vertex to the ground. In matrix�
vector form, the dynamics of this model can be written as

Lẋ(t) = −x(t), (3)

and, by applying the Moore�Penrose pseudoinverse L+ to both sides, one obtains

∂tx(t) + L+x(t) = 0, (4)

in close analogy with Eq. (1).
The question of what quali�es as a graph Laplacian has been addressed di�erently by various

authors. Balaji and Bapat [8] proposed that a Laplacian matrix should be positive semide�nite,
have zero row-sum, and possess rank n−1, where n is the number of vertices. In contrast, Riascos et
al. [78, 70] and, more recently, Devriendt [26] required that a Laplacian must also have nonpositive
o�-diagonal entries. Devriendt further added that the matrix should be irreducible, a condition
automatically satis�ed for connected graphs and thus not discussed further here.

The standard Laplacian L satis�es all these requirements, as do Ld and Lα. However, several
other variants do not: Lin and Lout may not have rank n − 1; LB is Hermitian but not always
positive semide�nite, and it lacks both the zero row-sum and rank properties; the signless Laplacian
Q neither has zero row-sum nor nonpositive o�-diagonal entries; the Lerman�Ghosh Laplacian fails
all three conditions; and the pseudoinverse L+ can have positive o�-diagonal elements. Although
Saxena et al. [79] regarded L+ as a valid Laplacian operator within their di�usion framework�
and it does satisfy the conditions proposed by Balaji and Bapat�it does not ful�ll the stricter
requirements imposed by Riascos et al. and Devriendt. Indeed, it has been explicitly stated that
L+ �is not always a Laplacian� because some of its o�-diagonal elements can be positive (see
pp. 133�134 in [64]). The Laplacian pseudoinverse is an important matrix in the study of graphs
[39, 65], with applications in the de�nition of the resistance distance matrix of the graph [53, 69,
76, 49, 86, 87, 43], the calculation of the hitting/commuting times in Markov chains [14, 74, 18], as
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well as for analyzing the robustness of networked control systems [89, 88, 59]. Thus, the question
about whether it is a proper Laplacian operator or not is very relevant across the disciplines. The
objective of this work is therefore twofold: �rst, to provide a clear and pedagogical discussion of
what should properly be regarded as a Laplacian operator for a graph, and second, to address the
question of whether the pseudoinverse of the graph Laplacian, L+, can itself be considered a genuine
Laplacian operator.

2 Preliminaries

We introduce the basic notations and operator spaces used throughout this paper. Let C(V ) denote
the space of all complex-valued functions on the vertex set V , and C(E) (or more generally C(Σ)) the
space of edge-valued functions (or functions de�ned on subgraph elements). We endow ℓ2(V ) and
ℓ2(E) with their canonical inner products ⟨f, g⟩V =

∑
v∈V f(v)g(v) and ⟨u,w⟩E =

∑
e∈E u(e)w(e).

The discrete gradient Υ : C(V )→ C(E) acts as a di�erence operator between connected vertices,
producing edgewise increments. Its adjoint Υ∗ de�nes a canonical divergence operator, div0 :=
Υ∗ : C(E) → C(V ), which measures the net out�ow from each vertex. A proper gradient satis�es
Υ(1) = 0, ensuring that constant functions have zero gradient.

In general, a proper Laplacian is the composition L = divΥ, where div need not coincide
with Υ∗. The familiar combinatorial Laplacian L = Υ∗Υ corresponds to the special case in which
the divergence equals the adjoint of the gradient, div = Υ∗, thus yielding a self�adjoint di�usive
operator. Other Laplacians, such as directed or magnetic variants, arise when div and Υ∗ di�er,
breaking self�adjointness while preserving the di�usive structure.

Let us give here some indications about the notation used in the paper. Throughout the paper
we distinguish four levels of gradient notation:

1. the abstract operator Υ acting between function spaces,

2. its matrix realization ∇ representing oriented vertex�edge incidence,

3. specialized variants ∇τ , ∇σ, ∇B , ∇d, ∇χ used for directed, signed, magnetic, distance-based,
or extended gradients, and

4. the roman symbols grad and div, which denote generic gradient/divergence operators in prose.

This hierarchy avoids ambiguity between abstract operator, matrix form, and contextual variants.
We collect a few standard facts that we will use repeatedly. Let µ1 ≤ . . . ≤ µn be the set of

eigenvalues of the graph Laplacian L(G). We have then the following known results.

Lemma 1 (Monotonicity under edge addition). [19, 38] If G′ = (V,E′) is obtained from G = (V,E)
by adding edges (E ⊆ E′), then L(G′)−L(G) is positive semide�nite. Consequently, µk(G

′) ≥ µk(G)
for all k, and in particular µn(G

′) ≥ µn(G).

Proof. Each added edge {i, j} contributes the rank-1 PSD Laplacian L{i,j} = (ei − ej)(ei − ej)⊤.
Summing such contributions yields L(G′) − L(G) ⪰ 0. The eigenvalue monotonicity follows from
the Courant�Fischer characterization.

Lemma 2 (Upper bound by maximum degree). [19, 81] For any graph G, µn(G) ≤ 2∆(G), where
∆(G) is the maximum degree.
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Proof. By Gershgorin disks for the Laplacian, every eigenvalue lies in [0, 2∆]. Equivalently, x⊤Lx =∑
{i,j}∈E(xi − xj)2 ≤ 2∆

∑
i x

2
i .

Lemma 3 (Cheeger upper bound). [17, 19] Let ϕ(G) := min∅̸=S⊊V
|E(S,S̄)|

min{vol(S),vol(S̄)} where vol(S) =∑
i∈S ki. Then the (combinatorial) Laplacian satis�es µ2(G) ≤ 2ϕ(G).

Proof. This classical bound follows by taking the Fiedler Rayleigh quotient with a test function f
that is approximately constant on S and on S̄ with opposite signs, and optimizing over S (see, e.g.,
standard Cheeger�type inequalities for the combinatorial Laplacian [4, 19, 81]).

3 On Balaji�Bapat and Riascos et al./Devriendt properties

of a Laplacian

Here we explain brie�y what the properties proposed by Balaji and Bapat [8] and by Riascos et al.
[78, 70] and Devriendt [26] mean from the perspective of an operator for di�usive dynamics on a
graph. Let us discuss these properties individually.

3.1 Positive de�niteness and rank equal to n− 1

Let L be a candidate Laplacian operator for a graph. The requirement that L be positive semidef-
inite ensures that the di�usion dynamics

∂tx(t) + L x(t) = 0, x(0) = x0,

converges to a steady state. Indeed, if 0 = µ11(L ) = . . . = µ1h(L ), i.e., there are h zero eigenvalues,
and µj>h > 0, then

lim
t→∞

x(t) = lim
t→∞

e−tL x0 =

h∑
j=1

ψ1j (ψ
T
1jx

0) = κ,

where ψ1j are the eigenvectors associated with the zero eigenvalues of L . The vector κ is time-
independent, representing the steady state of the di�usion. In general, its components may di�er,
depending on the multiplicity of the zero eigenvalue.

If, in addition, rank(L ) = n−1, then the zero eigenvalue is simple, implying that all components
of κ are identical. In this case, the di�usion converges to a unique steady state.

3.2 Zero row-sum

The zero row-sum property of L ensures that L 1 = 0. Since we can write 1 =
∑c

k=1

√
nk uk ∈

ker(L ) for c ≥ 1, with uk =
1
√
nk

1Ck
(k = 1, . . . , c), we have

lim
t→∞

x(t) =

c∑
k=1

(
ψT
1,kx

0
)
ψ1,k =

c∑
k=1

(
1
√
nk

∑
i∈Ck

x0i

)
1
√
nk

1Ck
=

c∑
k=1

(
1

nk

∑
i∈Ck

x0i

)
1Ck

.

This means that the steady state of the di�usion dynamics on the graph consists of one or
several �consensus� states among groups of vertices, each characterized by the average of the initial
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condition over those vertices. Clearly, if the rank of L is n − 1, there is a unique steady state,
corresponding to the global average of the initial condition over all vertices, which justi�es the name
of �consensus� given to this dynamics in engineering contexts (see for instance [73]).

3.3 Non-positive o�-diagonal entries

Assuming that the diagonal entries of L are positive, the condition that o�-diagonal entries are
nonpositive ensures that when the operator is applied to a function de�ned on the vertices of a
graph, it produces at each vertex the sum of the di�erences of the function values along the edges
incident to that vertex. Indeed, let L = [ℓij ]

n
i,j=1 be a symmetric matrix satisfying

ℓii > 0, ℓij ≤ 0 for i ̸= j,
∑
j

ℓij = 0.

Then, for any vector x ∈ Cn,

(L x)i =
∑
j ̸=i

(−ℓij)(xi − xj).

Thus, the action of L on x at vertex i consists of adding up the weighted di�erences between the
value of x at i and those at its neighboring vertices. The positive diagonal term ℓii =

∑
j ̸=i(−ℓij)

balances the outgoing and incoming contributions, ensuring that L 1 = 0.

3.4 An additional condition for conservation of mass

A di�usive dynamics is said to be conservative if
∑n

i=1 xi (t) =
∑n

i=1 x
0
i for any t ≥ 0, where the

sum is carried out over all vertices of the graph. Then, if L is symmetric the condition that it has
zero row-sum is su�cient to guaranty that the di�usive process is conservative. If the matrix is not
symmetric, then the conservation of mass is obtained if the matrix is also zero column-sum. That
is, let us consider the sum of all the values of x (t) at a given t > 0

1Tx (t) = 1T e−tL x0

= 1T

(
I + t(−L ) +

t2 (−L )
2

2!
+ . . .+

tk (−L )
k

k!
+ · · ·

)
x0

= 1Tx0 + t1T (−L )x0 + t21T (−L )
(
(−L )x0

)
+ · · ·+ tk1T (−L )

(
(−L )

k−1
x0
)
+ · · ·

= 1Tx0,

(5)

due to the fact that the condition 1T (−L ) = 0 has been imposed.

4 General de�nition of graph Laplacians

The notion of a Laplacian on a graph should not be restricted to speci�c matrix sign patterns or
spectral properties, but should instead be grounded on its functional construction as the composition
of a divergence and a gradient operator. Accordingly, we propose the following general de�nition.

5



De�nition 4. (Graph Laplacian). A matrix L ∈ Cn×n associated to a graph G = (V,E) is said
to be a Laplacian operator on G if there exist two linear operators

grad : C(V )→ C(Σ), div : C(Σ)→ C(V ),

acting between the space of complex-valued functions on vertices and that on a family of subgraph
structures Σ of G (for instance, edges, paths, cycles, or higher�order motifs), such that

L = div grad.

Here, Σ is a family of graph elements that connect groups of vertices, such as edges, paths, cycles,
or any other subgraph structures of G. The gradient operator grad maps vertex functions into
functions de�ned on Σ, thus quantifying the local variations of the �eld between connected graph
elements, while div aggregates those variations back onto the vertices.

Remark 5. The structural de�nition above di�ers fundamentally from the usual algebraic charac-
terizations of a Laplacian, such as those of Balaji�Bapat [8] and Riascos et al.[78]/Devriendt [26].
Because L = div grad and grad(1) = 0, every proper Laplacian automatically satis�es L 1 = 0,
i.e., it has zero row�sum, and its nullspace always contains the constants, so that rank(L ) ≤ n− 1
for a connected graph. No other of the Balaji�Bapat [8] and Riascos et al.[78]/Devriendt [26]
matrix property is required. In particular, positive semide�niteness, symmetry, and nonpositive
o��diagonal entries are not implied by the operator form div grad. They arise only when one fur-
ther demands div = grad∗ with respect to some inner product, in which case L = grad∗grad
becomes self�adjoint and positive semide�nite in that metric. Without this additional assumption,
L may be nonsymmetric or even inde�nite, as exempli�ed by the degree�biased Laplacians or
other anisotropic di�usions. Finally, the requirement that grad acts on a family Σ of subgraph
structures ensures that L is not an arbitrary zero�row�sum matrix, but one generated by local or
higher�order interactions prescribed by the graph G.

De�nition 6. (Graph gradient). The operator grad is a proper gradient if it satis�es the condition

grad(1) = 0,

where 1 is the constant function on V . This condition ensures that the gradient measures di�erences
between values of the function across connected elements of the graph and vanishes for constant
functions. If grad(1) ̸= 0, the operator does not represent variations of the �eld and cannot be
associated with a Laplacian of di�usive nature.

These conditions are well known to be obeyed by the standard graph Laplacian as can be seen
in the following result, shown for completeness of the current work.

Proposition 7. The standard graph Laplacian L = K −A for an undirected graph is a Laplacian
operator in the above sense.

Proof. Let ∇ denote the oriented vertex�edge incidence matrix of the graph, de�ned by

∇ev =


+1, v = head(e),

−1, v = tail(e),

0, otherwise.
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De�ne the discrete gradient as
gradx = ∇x,

so that (gradx)e = xhead(e) − xtail(e), and its adjoint (negative divergence) as

div = ∇⊤.

Then,
L = div grad = ∇⊤∇.

By construction,
grad(1) = ∇1 = 0,

so the gradient of a constant function vanishes. Therefore, L = ∇⊤∇ satis�es the de�ning property
of a Laplacian operator.

5 Are other �Laplacians� proper graph Laplacians?

Based on the previous de�nition we now prove a series of results about several known �Laplacian�
on graphs. Let us start by the out� and in�degree Laplacians. The out-degree Laplacian has been
previously studied by Chapman [15, 16] who e�ectively de�nes it as an �advection� operator. The
in-degree Laplcian is commonly used as a �di�usive� (consensus) operator on directed graphs (see
Chapter 3.2 in [62]). Hereafter we clarify the conceptual meaning of these two operators.

Proposition 8. On a directed graph G = (V,E) with adjacency matrix A, the out� and in�degree
Laplacians

Lout := Kout −A, Lin := K in −A

are not proper Laplacians, i.e., they cannot be written as L = div grad with a di�usive gradient
grad satisfying grad(1) = 0. Instead, they admit transport�type factorizations:

Lout = U ∇τ , Lin = divρ V,

where U and V are vertex�edge and edge�vertex �tail� selectors (transport �elds), and ∇τ , divρ are
oriented discrete derivatives along edges. Hence Lout acts as an advection operator (out�ow) and
Lin as its in�ow/accumulation conjugate.

Proof. (1) Out� and in�degree Laplacians are not di�usive. Any operator of the form L = div grad
with grad(1) = 0 and div = grad∗ is Hermitian and positive semide�nite. For a genuinely directed
graph (A ̸= A⊤),

(Lout)∗ = Kout −A⊤ ̸= Kout −A = Lout, (Lin)∗ = K in −A⊤ ̸= Lin,

so neither is self�adjoint or di�usive in the standard inner product. Thus they are not proper
Laplacians.

(2) Advection factorization of Lout. Choose an orientation of edges and let ∇ be the vertex�edge
incidence (di�erence) matrix,

(∇x)e = xhead(e) − xtail(e), ∇1 = 0.
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Let U be the vertex�edge �tail� selector,

Uve =

{
1, v = tail(e),

0, otherwise.

Then for any x ∈ Cn,

(U(−∇)x)v =
∑

e: tail(e)=v

(xtail(e) − xhead(e)) = kout(v)xv −
∑
w

Avwxw = (Loutx)v.

Hence
Lout = U ∇τ , ∇τ := −∇,

which represents a discrete advection (out�ow) operator with velocity �eld U .
(3) In�ow/accumulation factorization of Lin. De�ne the discrete divergence div := ∇⊤ and the

edge�vertex �tail� selector

Vev =

{
−1, v = tail(e),

0, otherwise.

Then componentwise,

(∇⊤V x)v =
∑

e: head(e)=v

(−xtail(e)) +
∑

e: tail(e)=v

xtail(e) = −
∑

u:u→v

xu + kout(v)xv.

Reversing the orientation (equivalently, using the incidence of the reversed digraph) yields

(∇⊤
revVrevx)v = kin(v)xv −

∑
w

Avwxw = (Linx)v,

so that

Lin = divρ V,

with divρ the divergence in the reversed orientation. This operator aggregates incoming �ux and
thus acts as an in�ow or accumulation operator�the natural conjugate of advection.

Remark 9. The pair (Lout, Lin) realizes a discrete transport duality

u·∇f (advection/out�ow) vs. −∇· (uf) (in�ow/continuity).

Neither operator is a proper Laplacian, since they lack the di�usive�conservative form div grad with
grad(1) = 0; they instead describe directed transport processes.

Let us now consider the so-called deformed Laplacian in its undirected graph-version [71, 37]
which was used for studying �consensus� (di�usive) dynamics on graphs.

Proposition 10. Let G = (V,E) be a simple undirected graph with degree matrix K = diag(kv),
adjacency A, and identity I. For a real parameter r, de�ne the deformed Laplacian

L(r) = (K − I)r2 +Ar + I.

Then, except in two trivial regular cases, L(r) is neither di�usive (positive semide�nite) nor a
proper Laplacian of the form L = div grad with a proper gradient satisfying grad(1) = 0.
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Proof. If L(r) were a proper Laplacian, the condition grad(1) = 0 would imply L(r)1 = 0. For
each vertex v, (

L(r)1
)
v
= (kv − 1)r2 + kvr + 1 =: qv(r).

For a �xed r, qv(r) = 0 for all v only if all degrees are equal (G is k�regular), since qv depends on
kv. In that case, the roots of (k− 1)r2 + kr+1 = 0 are r = −1 and r = −1/(k− 1). Only for these
two values do we have

L(−1) = K −A = L, L
(
− 1

k − 1

)
=

1

k − 1
L,

which are (multiples of) the standard Laplacian and hence proper in the strict di�usive�self�adjoint
sense. For every other value of r, L(r)1 ̸= 0, so L(r) cannot be expressed as div grad with grad(1) =
0.

Regarding di�usivity, for general r the o��diagonal entries of L(r) on edges equal +r, which
become positive when r > 0. Consequently, x⊤L(r)x need not be nonnegative, and the matrix L(r)
fails to be positive semide�nite except at the conservative points r = −1 and r = −1/(k − 1) for
regular graphs. In general, L(r) is inde�nite and therefore non-di�usive. Hence, except for the two
regular conservative cases, L(r) is neither di�usive nor a proper Laplacian.

Remark 11. Whenever the diagonal quantities

sv := (kv − 1)r2 + kvr + 1 (≥ 0)

are nonnegative (e.g. for r ≤ −1 or for r ∈ [−1/(∆− 1), 0] with ∆ = maxv kv), one may write

L(r) = (−r)∇⊤∇+ diag(sv) =

[ √
−r∇

diag(
√
sv)

]⊤ [ √
−r∇

diag(
√
sv)

]
.

Here ∇ is any oriented incidence matrix. This shows that L(r) is di�usive (positive semide�nite),
but the added unary rows do not compare pairs of vertices, so the corresponding �gradient� does
not annihilate constants. Therefore, even in this case, L(r) is not a proper Laplacian under the
de�nition L = div grad with grad(1) = 0.

We now consider now one of the emergent lines of research for the study of directed and mixed
graphs: the use of complex-valued Hermitian Laplacian matrices [20, 67, 41, 91, 50, 1, 48, 58,
13], which possess many valuable algebraic properties. Additionally, complex-valued Hermitian
Laplacian matrices can be related to the magnetic Schrödinger operator [7, 54, 55, 51, 52, 34, 80,
11, 85, 36], such they are known as magnetic Laplcians in the literature.

Proposition 12. Let G = (V,E) be a directed or mixed graph with complex edge phases ωij ∈ C
satisfying |ωij | = 1 and ωji = ωij whenever both orientations (i, j) and (j, i) are present. De�ne
the magnetic (Hermitian) Laplacian

LB = K −AB , (AB)ij =

{
ωij , (i, j) ∈ E,
0, otherwise,

where K = diag(kv) is the degree matrix with kv =
∑

j |(AB)vj |. Then LB is Hermitian and
di�usive (it admits the factorization LB = ∇∗

B∇B), but it is not a proper Laplacian in the sense
L = div grad with a proper gradient satisfying grad(1) = 0, unless all phases are trivial (ωij ≡ 1).
As a limiting real case, the signless Laplacian Q = K + A (corresponding to ωij ≡ −1) is also
di�usive but not proper.
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Proof. Fix an orientation of E and de�ne the magnetic gradient ∇B : C(V )→ C(E) by

(∇Bx)(i,j) = xi − ωijxj .

A direct computation yields the Hermitian di�usive factorization

LB = ∇∗
B∇B .

However, for the constant vector 1 we have

(∇B1)(i,j) = 1− ωij ,

which is nonzero whenever ωij ̸= 1. Thus ∇B fails to be a proper gradient since it does not
annihilate constants. Consequently, LB , while di�usive and self�adjoint, cannot be expressed as
div grad with a proper gradient satisfying grad(1) = 0 unless all phases are trivial.

To exclude the possibility of another proper gradient Υ generating LB , suppose LB = Υ∗Υ =
∇∗

B∇B . By the polar decomposition there exists a partial isometry U such that ∇B = U Υ. Hence
∇B1 = U Υ1 = 0, contradicting the fact that ∇B1 ̸= 0. Therefore, no proper gradient can yield
LB unless ωij ≡ 1, in which case ∇B reduces to the ordinary incidence matrix and LB becomes the
standard Laplacian.

For the uniform phase ωij ≡ −1, one has AB = −A and thus LB = K − (−A) = K + A =: Q.
The associated incidence operator is

(∇+x)(i,j) = xi + xj ,

for which ∇+1 ̸= 0. Repeating the same argument shows that no proper gradient Υ with Υ1 = 0
can satisfy Q = Υ∗Υ. Hence Q is also di�usive but not proper.

Remark 13. The magnetic Laplacian LB can be interpreted as the Schur complement of a proper
Laplacian on an extended vertex�edge space. Given an oriented or mixed graph G = (V,E) and
magnetic phases ωij with |ωij | = 1, introduce auxiliary edge variables ze ∈ C and de�ne the
extended gradient

Υ : C(V )× C(E)→ C2|E|, Υ(x, z) has, for each e = (i, j), two rows
√
2 (xi − ze),

√
2 (ωijxj − ze).

In block form,

Υ =
[
M −D

]
, M =

√
2
⊕

e=(i,j)

[
e⊤i

ωije
⊤
j

]
, D =

[
Im
Im

]
.

The corresponding extended Laplacian

Lext = Υ∗Υ =

[
M∗M −M∗D

−D∗M D∗D

]
is Hermitian positive semide�nite and of the di�usive form grad∗grad on the extended space V ∪E.
Eliminating the edge variables z gives the Schur complement

LB = Lext/(D
∗D) =M∗M −M∗D(D∗D)−1D∗M.

Thus the magnetic Laplacian arises as the projection of a proper Laplacian de�ned on a higher-
dimensional space. The signless Laplacian Q = K +A corresponds to the real case with a uniform
magnetic phase ωij = −1 (a phase shift of π) along all oriented edges.
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Example 14. Consider the undirected 3�cycle with edges {1, 2}, {2, 3}, {3, 1} and magnetic phases
ω12, ω23, ω31 ∈ C satisfying |ωij | = 1 and ωji = ωij . The magnetic Laplacian is

LB = K −AB =

 2 −ω12 −ω31

−ω12 2 −ω23

−ω31 −ω32 2

 , K = 2I3.

We introduce one auxiliary variable zij for each oriented edge (i→ j) ∈ {(1, 2), (2, 3), (3, 1)}.
De�ne the extended magnetic gradient Υ : C3 × C3 → C6 by

Υ =


1 0 0 −1 0 0
0 ω12 0 −1 0 0
0 1 0 0 −1 0
0 0 ω23 0 −1 0
0 0 1 0 0 −1
ω31 0 0 0 0 −1

 , Υ


x1
x2
x3
z12
z23
z31

 =


x1 − z12

ω12x2 − z12
x2 − z23

ω23x3 − z23
x3 − z31

ω31x1 − z31

 .

In matrix form, this can be written as

Υ = [M | −D ],

where

M =



1 0 0
0 ω12 0

0 1 0
0 0 ω23

0 0 1
ω31 0 0

 , D =



1 0 0
1 0 0

0 1 0
0 1 0

0 0 1
0 0 1

 .

Hence

D∗D = 2I3, Lext = Υ∗Υ =

(
M∗M −M∗D

−D∗M D∗D

)
,

which for the example in question is given by:

Lext = Υ∗Υ =



2 −ω12 −ω13 1 0 0

−ω12 2 −ω23 0 1 0

−ω31 −ω23 2 0 0 1

1 0 0 2 0 0

0 1 0 0 2 0

0 0 1 0 0 2


.

Eliminating the edge variables z gives the Schur complement

Lext / (D
∗D) =M∗M − 1

2 M
∗DD∗M =

∑
{i,j}∈E

(
eie

∗
i + eje

∗
j − ωij eie

∗
j − ωij eje

∗
i

)
= LB .

Therefore, the Hermitian magnetic Laplacian LB is precisely the Schur complement of the proper
extended Laplacian Lext = Υ∗Υ. Notice that in this particular example, due to the speci�c choice
of orientation and normalization, LB is also the upper�left block of Lext.
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Remark 15. Let LB = K −AB be the magnetic Laplacian as de�ned before, such that AB (i, j) =
ωij ∈ C if (i, j) ∈ E and ωji = ωij . Let ϕ = Re (ωij) and let φ = Im (ωij). Let R be the matrix
whose entries are de�ned as

Rij =

 1 i� i→ j
−1 i� i← j
0 otherwise.

Then, we can write

LB = ϕ

(
K

ϕ
−A

)
+ φiR =: ϕLϕ + φiR.

Let us plug this operator on the di�usion equation:

∂tx (t) + ϕLϕx (t)− φiRx (t) = 0.

Then, Lϕ is a di�usive Laplacian with di�usion coe�cient ϕ and iR can be considered as an
imaginary reaction potential which account for wave-like reactions. The equation is similar to the
one proposed by Varshney et al. [84] to model a di�usive process plus a chemical potential in
neuronal systems. The di�erence is that the model of Varshney et al. [84] does not include the
term φi multiplying the chemical potential which makes that their operator is not symmetric, its
eigenvalues may be complex, it could be nondiagonalizable. Additionally, the semigroup obtained
from their model is neither stochastic nor sub-Markovian.

We now turn our attention towards the Laplacian matrix of a graph with edge signs, known
as signed graphs (see [90]). The study of the signed Laplacian has received some attention in the
literature for the analysis of real-world systems in which friendship-enemity relations are present
[56, 5], particularly interesting is the concept of dissensus found in some graphs by Alta�ni [5].

Proposition 16. \Let Gσ = (V,E, σ) be a signed graph with edge signs σij ∈ {±1} on {i, j} ∈ E,
and let

Lσ = D −Aσ, (Aσ)ij =

{
σij , {i, j} ∈ E,
0, otherwise.

Then Lσ is Hermitian and di�usive (it admits the factorization Lσ = ∇∗
σ∇σ), but it is not a proper

Laplacian in the sense L = div grad with a proper gradient satisfying grad(1) = 0, unless the
signing is trivial (σij ≡ +1 on all edges).

Proof. Fix an orientation of E and de�ne the signed (�twisted�) gradient ∇σ : C(V )→ C(E) by

(∇σx)(i,j) = xi − σijxj .

A direct computation gives the standard factorization

Lσ = ∇∗
σ∇σ.

Evaluating this operator on the constant vector 1 yields

(∇σ1)(i,j) = 1− σij .

12



Hence ∇σ1 = 0 if and only if σij = +1 on every edge. Whenever a negative edge is present, ∇σ

fails to be a proper gradient, since it does not annihilate constants.
Suppose there existed another proper gradient Υ with Υ1 = 0 such that Lσ = Υ∗Υ = ∇∗

σ∇σ.
Then, by the polar decomposition, there would exist a partial isometry U such that ∇σ = U Υ.
Applying both sides to 1 gives ∇σ1 = U Υ1 = 0, a contradiction when any negative edge exists.
Thus Lσ can only be proper when all σij = +1, in which case it reduces to the standard Laplacian.

Remark 17. The signed Laplacian Lσ = D−Aσ can be decomposed as the di�erence of two proper
Laplacians,

Lσ = L+ − L−,

where L+ and L− are the ordinary Laplacians of the subgraphs consisting of positive and negative
edges, respectively. Hence Lσ represents the superposition of two di�usive processes of opposite
sign: one promoting alignment across positive links, and the other promoting anti-alignment across
negative ones. It is therefore not a purely di�usive operator but the generator of a competition
between cooperative and antagonistic di�usion.

The so-called Lerman-Ghosh Laplacian Lχ was introduced by Lerman and Ghosh in 2012 [57]
as an attempt to explore the nonconservative di�usion processes occurring in online social media.
It was then further studied in [44, 30, 66].

Proposition 18. Let G = (V,E) be a (simple) undirected graph with degree matrix K = diag(k1, . . . , kn)
and standard incidence (edge�vertex) matrix ∇ (so L = ∇∇⊤ = K − A). Fix a parameter χ ∈ R
and de�ne the augmented (�hairy�) incidence

∇χ := [∇ | R ] ∈ Rn×(m+n), R := diag
(√

max{χ− ki, 0}
)
, R2 = diag(max {χ− ki, 0}) ,

interpreting each diagonal entry of R as a semiedge connecting vertex i to an external reservoir.
Then the Lerman�Ghosh operator

Lχ := ∇χ(∇χ)⊤

is self�adjoint and positive semide�nite (di�usive) and satis�es

Lχ = L+ (χI −K).

However, Lχ is not a proper Laplacian in the sense L = grad∗grad with a proper gradient such that grad(1) =
0.

Proof. Block multiplication gives

Lχ = [∇ | R ]

[
∇⊤

R⊤

]
= ∇∇⊤ +RR⊤ = L+R2,

where R2 = diag(max{χ − ki, 0}). Since Lχ is a Gram operator, it is symmetric and positive
semide�nite:

x⊤Lχx = ∥∇χx∥2 ≥ 0, ∀x ∈ Rn.

Nevertheless,
∇χ1 = (∇1 ; R1 ) = ( 0 ; R1 ) ̸= 0

whenever R ̸= 0, which implies that the augmented gradient ∇χ does not annihilate constants.
Therefore Lχ cannot be expressed as grad∗grad with a proper gradient grad(1) = 0. In this sense,
the Lerman�Ghosh operator is di�usive but nonconservative, and not a proper Laplacian.
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Remark 19. If the system is extended by including an additional vertex representing the reservoir
and de�ning the hair terms as true di�erences xi − y, the corresponding augmented gradient

∇χ
extx =

(
∇x; R(x− 1y)

)
satis�es ∇χ

ext1 = 0. The associated extended operator

Lext
χ = ∇χ

ext(∇
χ
ext)

⊤ =

(
L+R2 −R21

−1⊤R2 1⊤R21

)
is then a proper conservative Laplacian on the enlarged graph (V ∪{y}, E∪{(i, y)}). Therefore, the
Lerman�Ghosh operator is: Lχ = L+R2, which means it is precisely the principal submatrix of the
extended conservative Laplacian obtained by removing the row and column corresponding to the
reservoir node. Hence Lχ describes the open (nonconservative) subsystem of the proper di�usive
operator Lext

χ acting on the extended graph (V ∪ {y}, E ∪ {(i, y)}).

Remark 20. Setting χ = 0 gives L0 = L−K = −A, so the (negative) adjacency operator appears
as the χ�Laplacian with zero reservoir strength. Allowing complex hair entries or phases on edges
turns∇χ into a complex (magnetic�type) incidence operator, as studied in related works on complex
gradients.

The study of roots of the standard Laplacian matrix, a.k.a. fractional graph Laplacian has been
developed by Riascos and collaborators [77, 63] as a way to account for nonlocal spatial e�ects on
di�usive processes on graphs.

Proposition 21. Let G = (V,E) be an undirected graph and let L = ∇⊤∇ be its standard Laplacian
(with any �xed orientation of E), acting on C(V ). For any α > 0, de�ne the fractional Laplacian
by spectral calculus

Lα = U Λα U∗,

where L = U ΛU∗ is a unitary diagonalization with Λ = diag(λ1, . . . , λn), λk ≥ 0 and λk = 0 for k
indexing the nullspace (spanned by constants on each connected component). Then Lα is a proper
graph Laplacian in the sense that there exists a (possibly nonlocal) gradient

gradα : C(V )→ Cn, gradα(1) = 0, Lα = grad∗α gradα.

Proof. Let L = U ΛU∗ with U unitary and Λ = diag(λ1, . . . , λn), λk ≥ 0. De�ne

gradα := Λα/2U∗ : C(V ) −→ Cn.

Then
grad∗α gradα = U Λα/2 Λα/2 U∗ = U Λα U∗ = Lα,

so Lα is of the form grad∗grad. Moreover, if 1 denotes the (componentwise) constant vector on V ,
then 1 lies in the nullspace of L (one copy per connected component), hence U∗1 has zero entries
on all coordinates where λk > 0. Since Λα/2 has zeros on those null coordinates, we obtain

gradα(1) = Λα/2U∗1 = 0.

Thus gradα is a proper gradient (it annihilates constants). Consequently Lα = grad∗αgradα is
self�adjoint, positive semide�nite, and conservative on V : Lα1 = 0 (indeed, Lα acts as 0 on the
nullspace of L by functional calculus).
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Remark 22. The operator gradα maps vertex functions to coe�cients along the spectral (Fourier)

modes of L, scaled by λ
α/2
k . Hence, for α ̸= 1, the induced Laplacian Lα is nonlocal in the vertex

domain, but remains a proper (di�usive�conservative) Laplacian under the general de�nition where
the gradient may act between vertices and an abstract family of graph elements (here, the spectral
modes). For a connected graph, the nullspace is span{1}; for a graph with c components, gradα
annihilates the c indicator-constants of the components.

A di�erent approach to account for nonlocal spatial e�ects on the di�usion on graphs has
been developed under the name of d�path Laplacians [31, 32, 33]. In a series of papers it was
proved analytically that a Mellin transformation of the d�path Laplacians produce superdi�usive
behavior on graphs [32, 33], which combined with fractional temporal derivatives have conduced
to a generalization of the di�usion equation on graph [27] capable to describe sub-, normal and
super-di�usive dynamics on graphs.

Proposition 23. Let G = (V,E) be a (simple, undirected) graph with geodesic (shortest�path)
distance dist(·, ·) and diameter diam(G). For d ∈ {1, . . . ,diam(G)} de�ne the d�path Laplacian
Ld : C(V )→ C(V ) by

(Ldf)(v) =
∑
w∈V

dist(v,w)=d

(
f(v)− f(w)

)
.

Then:

(i) Each Ld is a proper conservative�di�usive Laplacian, i.e., there exist linear operators

gradd : C(V )→ C(E⃗d), divd : C(E⃗d)→ C(V ),

with gradd(1) = 0 and Ld = divd gradd = grad∗dgradd. In particular, Ld is self�adjoint,
positive semide�nite, and conservative: Ld1 = 0.

(ii) For any nonnegative coe�cients (cd)
diam(G)
d=1 , the operator

L :=

diam(G)∑
d=1

cd Ld

is also a proper conservative�di�usive Laplacian. This covers, in particular, exponentially
decaying weights cd = e−λd and polynomially decaying weights cd = d−s with λ > 0 or s > 0.

Proof. (i) Fix d and form the d�sphere adjacency on V : connect v and w i� dist(v, w) = d. Let

E⃗d := {(v → w) : dist(v, w) = d} denote the set of oriented d-pairs. De�ne the discrete d�gradient
and d�divergence by

(graddx)(v→w) := xv − xw, (divdy)v :=
∑
w∈V

dist(v,w)=d

y(v→w).

Then for any x ∈ C(V ),

(divd graddx)v =
∑
w

dist(v,w)=d

(
xv − xw

)
= (Ldx)v.

15



Moreover, gradd(1) = 0 since 1−1 = 0 on every oriented pair. Thus Ld = divd gradd with a proper

gradient. With the standard inner products on C(V ) and C(E⃗d), we also have divd = grad∗d, hence

Ld = grad∗dgradd, ⟨x,Ldx⟩ = ∥graddx∥2 ≥ 0,

which proves self-adjointness and positive semide�niteness. Finally, Ld1 = divd gradd1 = 0, so the
operator is conservative.

(ii) Consider the block gradient

grad : C(V ) −→
diam(G)⊕

d=1

C(E⃗d), gradx :=

diam(G)⊕
d=1

√
cd graddx,

with the convention
√
cd = 0 if cd = 0. Then grad(1) =

⊕
d

√
cd gradd(1) = 0 and

grad∗grad =

diam(G)∑
d=1

cd grad
∗
dgradd =

diam(G)∑
d=1

cd Ld = L .

Thus L is of the form grad∗grad with a proper gradient, hence self-adjoint, positive semide�nite,
and conservative: L 1 = grad∗grad1 = 0. For the speci�c choices cd = e−λd (λ > 0) or cd = d−s

(s > 0), all cd ≥ 0, so the conclusion applies.

Remark 24. Each Ld is the standard (combinatorial) Laplacian of the d�path graph whose edges
connect pairs at geodesic distance d; hence d�path Laplacians are nonlocal (for d > 1) yet remain
proper Laplacians in the sense of div grad with grad(1) = 0. Weighted superpositions with cd ≥ 0
simply rescale the corresponding edge bundles and preserve the di�usive�conservative structure.

The hub-biased Laplacians Lrep and Lattr have been developed to account for the realistic
scenarios in which a di�usive particle at a given vertex of a graph is biased away or toward nearest
neighbor vertices of higher degree [29, 42]. They have found applications not only in di�usive
processes but in nonlinear synchronization models (see references cited before).

Proposition 25. Let G = (V,E) be a simple undirected graph with vertex degrees kv > 0, and let

(LRf)(v) =
∑

w∈Nv

kv
kw

(f(v)− f(w)), (LAf)(v) =
∑

w∈Nv

kw
kv

(f(v)− f(w)),

be respectively the hubs�repelling and hubs�attracting Laplacians acting on vertex functions f ∈
C(V ). Then there exist linear operators

gradα : C(V )→ C(E⃗), divα : C(E⃗)→ C(V ),

where E⃗ denotes the set of oriented edges and

cα(v, w) =
( kv
kw

)α
, α ∈ {+1,−1},

such that
Lα = divα gradα, gradα(1) = 0.

Hence both LR and LA are proper di�usive Laplacians in the sense of De�nition 4.
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Proof. For each oriented edge (v→w) ∈ E⃗, de�ne the degree�weighted gradient by

(gradαx)(v→w) =
√
cα(v, w)

(
xv − xw

)
=
( kv
kw

)α/2
(xv − xw), x ∈ C(V ).

Then gradα(1) = 0, since all vertex di�erences vanish for the constant function. De�ne the corre-
sponding divergence as the aggregation of edge �uxes leaving each vertex,

(divαy)v =
∑

w∈Nv

√
cα(v, w) y(v→w), y ∈ C(E⃗).

By direct substitution,

(divαgradαx)v =
∑

w∈Nv

√
cα(v, w)

[√
cα(v, w)(xv − xw)

]
=
∑

w∈Nv

cα(v, w) (xv − xw) = (Lαx)v.

Thus Lα = divαgradα with gradα(1) = 0. Since every term acts as a weighted di�erence between
neighboring vertices, LR and LA are di�usive operators, although generally asymmetric.

Remark 26. The asymmetry of LR and LA re�ects degree�dependent anisotropy of the di�usion
process rather than a failure of the Laplacian structure. Indeed, both operators are similar to
the symmetric matrix W − A, where LR = K(W − A)K−1 and LA = K−1(W − A)K, so they
are diagonalizable with real, nonnegative eigenvalues. Hence the degree�biased Laplacians remain
proper within the operator�theoretic de�nition of this paper, even though they are not self�adjoint
in the Euclidean metric. They represent biased di�usions in which probability �uxes are modulated
by local vertex degrees.

6 The Moore�Penrose pseudoinverse of L as a proper Lapla-

cian

The motivation of this section is twofold. On one hand we are interested in exploring the physically-
sounded model proposed by Saxena et al. [79], which is a di�usion-like model inspired by electrical
network based on the pseudoinverse L+ of the graph Laplacian. On the other hand, is the statement
in a spectral graph theory book that L+ �is not always a Laplacian� because some of its o�-diagonal
elements can be positive (see pp. 133�134 in [64]. Therefore, we investigate analytically whether
the pseudoinverse of the graph Laplacian is a proper di�usive Laplacian or not.

Let G = (V,E) be a connected undirected graph with n vertices and m edges. Denote by
∇ ∈ Rn×m its vertex�edge incidence matrix and by L = ∇∇⊤ the combinatorial Laplacian of G.
Let the singular value decomposition of ∇ be

∇ = UΣV ⊤, U ∈ Rn×n, V ∈ Rm×m,Σ = diag(σ1, . . . , σn−1, 0),

where σi > 0 for i ≤ n− 1 because G is connected.

De�nition 27. De�ne the pseudogradient of G as

∇̃ := U(Σ+)⊤V ⊤,

where Σ+ = diag(σ−1
1 , . . . , σ−1

n−1, 0) is the Moore�Penrose pseudoinverse of Σ.
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Lemma 28. The matrix ∇̃ satis�es:

(a) L∇̃∇̃⊤L = L;

(b) ∇̃∇̃⊤L∇̃∇̃⊤ = ∇̃∇̃⊤;

(c) (L∇̃∇̃⊤)⊤ = L∇̃∇̃⊤ and (∇̃∇̃⊤L)⊤ = ∇̃∇̃⊤L.

Proof. Each statement follows directly by substitution of ∇ = UΣV ⊤, ∇̃ = U(Σ+)⊤V ⊤, and the or-
thogonality of U, V . The �rst equality reduces to UΣV ⊤V Σ⊤U⊤U(Σ+)⊤V ⊤V Σ+U⊤UΣV ⊤V Σ⊤U⊤ =
UΣΣ⊤U⊤ = L, and the remaining ones are analogous.

Theorem 29. Let L+ be the Moore�Penrose pseudoinverse of the Laplacian L. Then

L+ = ∇̃∇̃⊤ = (∇+)⊤∇+,

and L+ satis�es the de�ning properties of a proper Laplacian operator:

L+ = grad∗grad with grad(1) = 0.

Proof. The Moore�Penrose pseudoinverse of any matrix productAA⊤ satis�es (AA⊤)+ = (A+)⊤A+.
Applying this to A = ∇ gives L+ = (∇+)⊤∇+ = (U(Σ+)⊤V ⊤)(V (Σ+)U⊤) = U(Σ+)⊤Σ+U⊤. Set-
ting grad := ∇+, we obtain L+ = grad∗grad.

Since G is connected, Ran(∇) = 1⊥ and therefore 1 ∈ Ker(∇⊤) = Ran(∇)⊥. The Moore�
Penrose properties imply that ∇+1 = 0, i.e. grad(1) = 0.

Remark 30. (Spectral form and geometric meaning.) In the orthonormal basis of Laplacian
eigenvectors L = UΛU⊤, where Λ = diag(λ1, . . . , λn) with 0 = λ1 < λ2 ≤ · · · ≤ λn, one has

L+ = UΛ+U⊤, Λ+ = diag(0, λ−1
2 , . . . , λ−1

n ).

Thus L+ plays the role of the inverse di�usion operator restricted to 1⊥: it corresponds to the
integral kernel of the Green's function for the di�usion equation ∂tx+ Lx = 0.

Remark 31. (On nonlocality and di�usion.) Although L+ is di�usive (being positive semidef-
inite and self�adjoint), its associated pseudogradient ∇̃ is nonlocal : each row mixes all vertices
rather than single edge di�erences. This agrees with the idea that L+ represents the steady-state
response or long-range coupling induced by the di�usion generated by L. Hence L+ is a proper
(but nonlocal) Laplacian under the general de�nition L = div grad with grad(1) = 0.

Example 32 (Pseudogradient for the pseudoinverse Laplacian of a tree). Let T = (V,E) be the
tree with V = {1, 2, 3, 4, 5} and E = {(1, 2), (2, 3), (3, 4), (3, 5)}. The pseudogradient ∇̃ = ∇̃(T )
such that L+(T ) = ∇̃∇̃⊤ is given by

∇̃(T ) = 1

5


4 −3 1 −1
−1 −3 1 −1
−1 2 1 −1
−1 2 −4 −1
−1 2 1 4

 .
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This construction follows the method of Bapat [10], later extended by Alazemi et al. [3, 2] (see also
[24]), who derived combinatorial and signed-graph generalizations of the Moore�Penrose pseudoin-
verse of graph Laplacians.

These results can be interpreted combinatorially as follows. For any edge e = (i, j) ∈ E,
removing e splits T into two subtrees T+(i, j) and T−(i, j). Let n+ and n− be their respective
numbers of vertices, and n = |V |. Then, following Bapat [10],

∇̃vk,e(i,j) =

{
n−/n, vk ∈ T+(i, j),

−n+/n, vk ∈ T−(i, j).

In words, each entry of the pseudogradient measures the size imbalance between the two subtrees
created by deleting e, normalized by n. The sign encodes whether the vertex vk belongs to the
same component as the head or the tail of the oriented edge.

We can also give a path-count interpretation to the entries of the gradient, which is intimately
related to that of Bapat [10] for the case of trees, but which we present here for the sake of
interpretability. Let πk

(i,j) denote the number of paths (of any length) in T that start at vertex vk
and traverse the oriented edge (i, j). Then,

∇̃vk,e(i,j) =
1

n

{
πk
(i,j), if the path orientation agrees with (i, j),

−πk
(i,j), if it is opposite.

Thus, the pseudogradient ∇̃ has a purely combinatorial interpretation: it encodes, for each vertex�
edge pair, the normalized signed count of all paths passing through that edge.

In closing, the pseudogradient ∇̃(T ) is nonlocal : every vertex interacts with every edge of T ,
with weights determined by the sizes of the complementary subtrees. Its entries are both positive
and negative, re�ecting the orientation and relative position of each vertex with respect to each cut
de�ned by an edge. Therefore, although L+(T ) represents a signed complete graph, it remains a
proper Laplacian under our operator-based de�nition, since

L+(T ) = ∇̃∇̃⊤ and ∇̃(1) = 0.

Bapat's formula [10] shows that the entries of the pseudoinverse of a tree Laplacian depend
only on the sizes of the subtrees obtained by deleting an edge. This provides a concrete realization
of the abstract operator framework introduced in this paper: the pseudogradient ∇̃ is a nonlocal,
signed gradient satisfying ∇̃(1) = 0 and yielding a di�usive Gram form L+ = ∇̃∇̃⊤. Hence, the
pseudoinverse of the Laplacian of a tree is a proper Laplacian in the generalized sense. Alazemi
et al. [3, 2] extended these constructions to threshold and signed graphs, demonstrating that such
nonlocal pseudogradients arise naturally beyond trees.

6.1 Di�usive dynamics with L and L+

We �nally compare the standard di�usion governed by the graph Laplacian L with that induced by
its Moore�Penrose pseudoinverse L+ in undirected graphs. Both are proper Laplacians in the sense
of this paper, but they operate in complementary geometric spaces: L di�uses over the adjacency
(metric) structure of the graph, whereas L+ di�uses over the e�ective�resistance (dual) geometry.
Let us then consider L ∈ {L,L+} and the di�usive process
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ẋ(t) = −Lx(t), x(0) = x0,

which has solution x(t) = e−tLx0. Because L is positive semide�nite we have

lim
t→∞

x(t) =
1⊤x0
n

1,

for both Laplacians. However, because L has eigenvalues 0 = µ1 < µ2 ≤ · · · ≤ µn, the rate of
convergence to the steady state is dictated by µ2 (the algebraic connectivity): the larger µ2, the
faster the convergence. On the other hand, L+ = UΛ+U⊤, where Λ+ = diag(0, 1/µ2, . . . , 1/µn),
and the rate of convergence of the di�usion is now controlled by 1/µn, the reciprocal of the largest
eigenvalue of L. Hence, while L-di�usion emphasizes the tightest connected modes of the graph,
L+-di�usion emphasizes its loosest (resistance-based) modes. Hence L+�di�usion is faster than
L�di�usion i�

1

µn
> µ2. (⋆)

The quadratic form of L+ is x⊤L+x = 1
2

∑
i,j Ωij (xi − xj)2, with Ωij the e�ective resistance

between i and j. Thus L+ acts as the Laplacian of the complete weighted graph whose edge weights
are the resistive distances of Υ. In stretched graphs (long paths, narrow bottlenecks), many Ωij

are large, so L+ strongly penalizes global discrepancies and accelerates homogenization relative
to adjacency�based di�usion by L. That is, basically we need graphs with very small algebraic
connectivity which also has relatively small Laplacian spectral radius. Graphs with small algebraic
connectivity have been previously studied in the literature (see Chapter 6.8 in [82]). These graphs
tend to be elongated graphs with large diameter. In the case of trees the minimum µ2 for graph
with �xed size and diameter is obtained by attaching an almost equal number of pendant vertices at
each end of a path [35]. On the other hand, some of the graphs with small Laplacian spectral radius
are the path and the cycle with n vertices (see Chapter 6.3 in [82]). Then we have the following
example.

Example 33. For the path Pn, the Laplacian eigenvalues are µk = 2
(
1−cos( kπ

n+1 )
)
, so µ2 ∼ π2/n2

and µn → 4 as n→∞, and thus 1/µn ≈ 0.25 > µ2 for n ≳ 6. For the cycle Cn, µk = 2
(
1−cos( 2πkn )

)
,

so µ2 ∼ 4π2/n2 and µn = 4, giving 1/µn = 0.25 > µ2 for n ≳ 13.
Inspired by the results of [35] we explore other types of graph which we prove to display µnµ2 < 1.

6.1.1 Lollipop graphs L(m, ℓ)

Let L(m, ℓ) be the graph obtained by attaching a path Pℓ to a clique Km by a single bridge edge.
Denote by v⋆ the clique vertex incident to the bridge. Then kv⋆ = m and kv = m − 1 for other
clique vertices; the path has degrees 1 (ends) or 2 (internal). Hence ∆(L(m, ℓ)) = m.

Proposition 34 (Rates on lollipops). For L(m, ℓ) one has

m+ 1 ≤ µn ≤ 2m, µ2 ≤
2

volmin
,

where volmin := min{vol(clique side), vol(path side)} for the cut that removes the single bridge edge.
In particular, if the path side has larger volume (e.g., ℓ su�ciently large compared to m), then
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volmin = vol(clique side) = m+ (m− 1)2 = m2 −m+ 1, and hence

µ2 ≤
2

m2 −m+ 1
≤ 2

m2 −m
.

Consequently, for all m ≥ 2,

1

µn
≥ 1

2m
>

2

m2 −m+ 1
≥ µ2

whenever m is su�ciently large; in particular (⋆) holds for all large m uniformly in ℓ as soon as
vol(path side) ≥ vol(clique side).

Proof. Bounds on µn. The subgraph induced by v⋆ and its m neighbors contains the star K1,m. By
Lemma 1, adding edges cannot decrease µn, hence µn(L(m, ℓ)) ≥ µn(K1,m) = m + 1. The upper
bound µn ≤ 2∆ = 2m follows from Lemma 2.

Bound on µ2. Consider the cut that removes the unique bridge edge; then |E(S, S̄)| = 1 and
ϕ(Υ) = 1

min{vol(S),vol(S̄)} . If the path side has larger volume than the clique side, then volmin =

vol(clique side) = kv⋆ +
∑

v∈Km
v ̸=v⋆

(m− 1) = m+ (m− 1)2 = m2 −m+1. Hence ϕ ≤ 1/(m2 −m+1)

and Lemma 3 yields µ2 ≤ 2ϕ ≤ 2/(m2 −m + 1). The �nal comparison with 1/µn ≥ 1/(2m) gives
the claim for all su�ciently large m.

Remark 35. If the clique side were smaller in volume, one would obtain µ2 ≤ 2/vol(path side),
which can be even smaller for very long paths. Thus the conclusion (⋆) is robust: any lollipop
where the path side is not the bottleneck in volume satis�es faster L+�di�usion.

Example 36. We consider here a graph formed by one clique of 20 vertices connected by a single
edge to a chain of 80 vertices. In this case 1/µn ≈ 0.0476 and µ2 ≈ 0.0010. In Fig. 1 we illustrate
the progress of the di�usive dynamics on this graph using the standard Laplacian (panel a) and its
pseudoinverse (panel b). The simulations are performed with exactly the same initial condition.

6.1.2 Two cliques joined by a chain (barbell-with-handle)

Let B(m, ℓ) be the graph obtained by connecting two disjoint cliques Km and Km by a simple path
Pℓ whose endpoints attach by a single edge to one vertex in each clique. The two junction vertices
have degree m; all other clique vertices have degree m− 1; path vertices have degree 1 or 2. Thus
∆(B(m, ℓ)) = m.

Proposition 37 (Rates on two cliques joined by a chain). For B(m, ℓ) one has

m+ 1 ≤ µn ≤ 2m, µ2 ≤
2

min{vol(S), vol(S̄)}
,

where the cut S is chosen across any single edge of the interconnecting chain. In particular, cutting
the chain near its middle gives |E(S, S̄)| = 1 and

min{vol(S), vol(S̄)} ≥ m2 −m+ 1

(because one side contains an entire Km), hence µ2 ≤ 2/(m2−m+1). Therefore, for all su�ciently
large m,

1

µn
≥ 1

2m
>

2

m2 −m+ 1
≥ µ2,

so (⋆) holds and L+�di�usion is faster than L�di�usion.
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(a) (b)

Figure 1: Illustration of the progress of the di�usive dynamics on a graph formed by one clique of
20 vertices connected by a single edge to a chain of 80 vertices. (a) Standard di�usion. (b) Di�usion
based on the pseudoinverse of the Laplacian.

Proof. The bounds on µn are as in Proposition 34: the induced star around a junction vertex gives
µn ≥ m + 1, and Lemma 2 gives µn ≤ 2m. For µ2, choose S so that |E(S, S̄)| = 1 across the
chain. Then ϕ = 1/min{vol(S), vol(S̄)}. Either side contains at least one full Km, whose volume
is m+(m− 1)2 = m2−m+1, ignoring the chain contribution which only increases volume. Hence
ϕ ≤ 1/(m2 −m+ 1) and µ2 ≤ 2ϕ by Lemma 3.

Remark 38. If the chain length equals the clique size (ℓ = m), one still has µ2 = O(m−2) while
µn ∈ [m + 1, 2m], hence (⋆) holds for all large m. As the chain grows, the minimal side volume
in the middle cut only increases, so the upper bound on µ2 remains O(m−2) (or smaller), further
favoring L+.

Example 39. We consider here a graph formed by two cliques of 33 vertices each connected by a
chain of 33 vertices. The connection between the cliques and the chain are made by a single edge
to one vertex in each clique. In this case 1/µn ≈ 0.0476 and µ2 ≈ 0.0041. In Fig. 2 we illustrate
the progress of the di�usive dynamics on this graph using the standard Laplacian (panel a) and its
pseudoinverse (panel b). The simulations were carried out with exactly the same initial condition.

In all these stretched families (lollipops, clique�chain�clique, paths, cycles), the bottleneck struc-
ture depresses µ2 to O(m−2) or O(n−2), while µn remains Θ(∆); consequently (⋆) holds and L+�
di�usion equilibrates strictly faster than standard L�di�usion.

Remark 40. Both L and L+ are proper Laplacians in the operator sense: they can be written as
div grad with grad(1) = 0, but they correspond to dual notions of locality. L acts on physical
adjacency, while L+ acts on resistance space. Together they form a complementary pair of di�usion
generators on a graph and its dual metric.
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(a) (b)

Figure 2: Illustration of the progress of the di�usive dynamics on a barbell graph formed by two
cliques of 33 vertices each connected by a linear chain of 33 vertices. (a) Standard di�usion. (b)
Di�usion based on the pseudoinverse of the Laplacian.

6.1.3 Example of a real-world network

It is possible to �nd real world networks in which µnµ2 < 1? Here we consider the call network
of the software MySQL consisting of 1480 vertices representing software modules and 4190 edges
among them. We have computed that for this network

µ2(L) = 0.0039 and
1

µn(L)
= 0.0045,

so the slowest exponential rate of L+�di�usion exceeds that of L�di�usion by 0.0045
0.0039 − 1 ≈ 15%.

For any initial condition x0, writing x
L(t) = e−tLx0 and xL

+

(t) = e−tL+

x0, the deviations from
the mean satisfy

∥xL(t)− x̄1∥ ≤ e−µ2t ∥x0 − x̄1∥, ∥xL
+

(t)− x̄1∥ ≤ e−
1

µn
t ∥x0 − x̄1∥,

with x̄ = 1
n1

⊤x0. Thus the observed trajectories should display a visibly faster decay for L+, con-
sistent with our theory that L+ di�uses in e�ective-resistance geometry and can outpace adjacency-
based di�usion on stretched or bottlenecked graphs.

We verify these predictions by simulating the temporal evolution of the di�usion in this network.
As initial condition we select here that all the initial concentration was allocated in a single vertex.
We perform the simulations using L and L+ with exactly the same initial condition. As can be
seen on Fig. 3 the rate of convergence�measured here as the standard deviation of all values of
the vector x (t)�is faster when the di�usion is controlled by L+ than by L. The main reason of
this di�erence in the studied network is that it consists of two main clusters which are very poorly
connected among them. Therefore, the algebraic connectivity of the network is very small and
µn(L) is not so big, such that µ2(L)µn(L) < 1.
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Figure 3: Illustration of the temporal evolution of the di�usive dynamics toward the steady state
on the network of MySQL software.
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Conclusions

We have introduced a unifying de�nition of a proper graph Laplacian as any operator that can be
expressed in the form L = div grad with grad(1) = 0, acting between vertex functions and functions
de�ned on suitable graph structures. This operator�theoretic perspective recovers the classical
Laplacian as a special case but extends naturally to nonlocal, weighted, and higher�order settings. It
also allows a systematic distinction between proper and improper Laplacians on structural grounds,
independent of ad hoc algebraic properties such as symmetry, sign patterns, or zero row�sum.

Within this framework we have shown that several matrices traditionally referred to as �Lapla-
cians� are, in fact, not proper Laplacians. This includes the in� and out�degree Laplacians (which
describe advection rather than di�usion), the signless and magnetic Laplacians (which arise as
Schur complements of proper extended operators), and the deformed Laplacian. In contrast, the
signed Laplacian, the Lerman�Ghosh Laplacian, and the fractional and degree�biased Laplacians
were shown to be proper�though in some cases nonconservative�di�usive operators. Finally, we
demonstrated that the Moore�Penrose pseudoinverse L+ of the standard Laplacian is itself a proper
(nonlocal) Laplacian, governing di�usion in the e�ective�resistance geometry of the graph. For cer-
tain classes of stretched or bottlenecked networks (paths, cycles, lollipops, and clique�chain�clique
graphs), the L+�based di�usion equilibrates faster than the standard Laplacian �ow, revealing a
duality between physical and resistive di�usion. These results may be extended to other concepts
of Laplacians not considered here like the �distance Laplacian� [6, 72, 9] as to the pseudoinverse of
signed Laplacians just to mention a couple of examples [40].

Overall, this work establishes an operator�theoretic foundation for graph Laplacians that uni-
�es classical and generalized constructions, clari�es long�standing ambiguities in terminology, and
identi�es a minimal structural criterion�existence of a genuine gradient annihilating constants for
Laplacian�type operators. This approach opens the way to new forms of graph dynamics beyond
the local edge�based paradigm, while preserving the geometric essence of di�usion on complex
networks.
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