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Abstract

Cutwidth is a parameter used in many layout problems. Determining the
cutwidth of a graph is an NP-complete problem, but it is possible to design
efficient branch-and-bound algorithms if good lower bounds are available for
cutting branches during exploration. Knowing how to quickly evaluate good
bounds in each node of the search tree is therefore crucial.

In this article, we give new lower bounds based on different graph density
parameters such as the minimum, the average and the maximum average
degree. Our main result is a new bound using the notion of traffic grooming
on a path network, which appear to be in many cases better than bounds in
the literature. Furthermore, the bound based on grooming can be computed
quickly, in O(logn) time, and so is of interest to design faster branch-and-
bound algorithms. Through extensive experiments, we show that this bound
behaves very well compared to other bounds. Furthermore, we show how to
obtain even better results when combining it with heuristics for finding dense
subgraphs.
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1. Introduction

Graph layout problems are a particular class of combinatorial optimiza-
tion problems whose goal is to find a layout of an input graph in such a way
that a certain objective cost is optimized. A layout of a graph G = (V, E)
is a linear ordering o = (vy,...,v,) of the vertices of G. A large amount
of relevant problems in different areas can be formulated as graph layout
problems (see the survey [21] and references therein).

The edge-cut of a set X C V is the set of edges with one end-vertex
in X and the other in X = V \ X. Its size is denoted by ec(X, X). Let
X; = {v1,...,v;}. The width w(G,o) of a graph G with respect to the
layout ¢ is the maximum of ec(X;, X;) over all i € {1,...,n — 1}. The
cutwidth of a graph G, denoted by cw(G), is the minimum width of a layout,
that is cw(G) = min{w(G, o) | o layout of G}.

(c) Layout o2 = (a,e€, f,d, b, c) of G such that w(G,o2) = 4.

Figure 1: Examples of layouts of the graph G of Figure la. We size the value of each
edge-cut ec(X;, X;), identified with dotted lines.



14 To illustrate the definitions of layouts, edge-cuts and cutwidth, let us
15 consider the example of Figure 1. The graph G of Figure 1a has cutwidth
16 cw(G) = 4. With the layout oy = (a,b, ¢, d, e, f) reported in Figure 1b, we
v haveec({a}, {b,c,d,e, f}) =4, ec({a,b},{c,d,e, f}) =5, ec({a,b,c}, {d,e, f}) =
8 b, ec({a,b,c,d}, {e, f}) = 4 and ec({a,b,c,d,e},{f}) = 2. Thus, we have
v w(G,op) =5. With the layout o9 = (a, e, f,d, b, ¢) reported in Figure 1c, we
20 have w(G, 09) = 4, and this is the best possible value for this graph.

2 The cutwidth was first used as a theoretical model for the number of chan-
» mnels in an optimal layout of a circuit in the seventies [3, 23|. In general, the
3 cutwidth of a graph times its number of vertices gives a measure of the area
2+ needed to represent the graph in a VLSI (very-large-scale integration) lay-
s out when vertices are laid out in a row [22]. More recent applications of this
2 problem include network reliability [20], automatic graph drawing [24], infor-
z» mation retrieval 5], scheduling series-parallel tasks [35], and as a subroutine
2 for the cutting plane algorithm to solve the Traveling Salesman Problem [19].
20 Due to its natural definition, the cutwidth has various applications in com-
s puter science: whenever data is expected to be roughly linearly ordered and
a1 dependencies or connections are local, the cutwidth of the corresponding
» graph is expected to be small. However, computing the cutwidth of graphs
13 is NP-hard [21] in general and cannot be approximated within a constant
s factor under the Small Set Expansion Hypothesis [51]. Exact exponential-
55 time algorithms using dynamic programming have been proposed in [10],
s one with time and space complexity in O*(2"), and another with time com-
w plexity in O*(4") and polynomial space complexity (the O* notation hides
s factors that are polynomial in n). Fixed-parameter algorithms have also been
s designed [29, 47] and a O(log" ™) n) approximation algorithm has been pro-
w0 posed in [4]. Furthermore efficient branch-and-bound algorithms have been
a proposed [39, 43] but they need to have good lower bounds for the cutwidth,
2 and in particular bounds that can be quickly evaluated at each node of the
23 branch-and-bound tree. These bounds are used to cut (prune) branches. The
s quality of these bounds have therefore a strong impact on the performances
s of the branch-and-bound algorithms. Finally, let us mention the recently
s proposed methods for computing lower bounds on the cutwidth of a graph
# based on semidefinite programming (SDP) relaxation [27], which are able to
s produce good lower bounds but at a high computational cost.

49 Interestingly, for any graph of order n < 31, an optimal solution for
so cutwidth can be obtained within seconds using the implementation available
s in SageMath [46] of the dynamic programming algorithm proposed in [10]
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with time and space complexity in O*(2"). For larger graphs, one can use for
instance integer linear programming formulations 18], the branch-and-bound
algorithm proposed in [39] or the methods based on semidefinite program-
ming proposed in [27|. However, these methods usually require hours of
computations for graphs with 50 vertices. For these methods, lower bounds
are not only used to cut the search space, but also to measure the optimality
gap of the valid solutions found during the executions of the algorithms.

Our results. In this paper, we first review previous lower bounds on the
cutwidth of a graph (Section 2). Next, we introduce new lower bounds based
on the minimum or maximum average degree of G (Section 3). Note that all
these parameters can be computed in polynomial time. Moreover, the bounds
are complementary, in the sense as depending on the graph the bound giving
the largest value changes. We then present in Section 4 a new lower bound
based on the results obtained for the Maximum All request Path Grooming
problem [9], a problem also known as the Call Control Problem in Path Net-
works in [2|. This new bound indicates the minimum cutwidth of any graph
with n vertices and m edges, independently from the structure of the graph,
and it can be computed in O(logn) time. Furthermore, we prove that this
new bound is better than bounds based on the average degree of the graph.
Finally, we report in Section 5 experimental comparisons of these bounds
on various graph classes. In particular, we exhibit different behaviours on
Erdés-Rényi random graphs [25] and on random (proper) interval graphs [45].
Furthermore, we show how to obtain even better results when combining the
bound based on traffic grooming with heuristics for finding dense subgraphs.

Definitions and notations. Notations and definitions follow [12]. All the
graphs considered in this paper are finite, undirected, unweighted and simple
(without loops nor multiple edges). The graph G = (V| E) with vertex set
V and edge set E has order n = |V| and size m = |E|. Let N(v) denotes
the set of neighbours of v € V', that is N(v) = {u | uv € E}. The degree of a
vertex v, denoted by d(v), is its number |N(v)| of neighbours. Let §(G) and
A(G) denote respectively the minimum and maximum degree of G. A graph
G is k-degenerate if each of its subgraphs has a vertex of degree at most k.
The degeneracy 6*(G) of the graph G is the least integer k such that G is
k-degenerate. It is easy and well-known that a graph is k-degenerate if and
only if it has an elimination ordering (vy, ..., v,) of the vertices such that v;
has at most k neighbours in (viy1,...,v,) forall 1 <i<n—1.
We will use the following property of cutwidth.
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Property 1. For any subgraph H of a graph G, we have cw(G) > cw(H ).

2. Previous lower bounds

In this section, we survey the lower bounds on the cutwidth of graphs
that have previously been proposed, and which are based on minimal edge-
cuts [21], on the algebraic connectivity [34], on the maximum degree or on
the degeneracy of the graph [37].

Bound based on minimal edge-cuts. From the definition of cutwidth, it is
obvious that the minimum size of an edge-cut between any pair u, v of vertices
of the graph, which we denote by ’(u,v), is a lower bound on its cutwidth
(see [21] for more details).

Proposition 1 ([21]). For any graph G, let '(u,v) denote the minimum
size of an edge-cut between vertices u and v of G. We have

cw(G) > LB (G) = max{r'(u,v) | u,v € V, u # v} (1)

This bound can be computed in O(m!*°™")) time using the ground-breaking
algorithm proposed in [1] for building the Gomory-Hu tree [31] of the graph,
which uses the algorithm proposed in [16] for computing a maximum flow in
O(m!+°W) time.

Bound based on the algebraic connectivity. Let Ay denote the second smallest
eigenvalue of the Laplacian matrix associated with the graph. The following
lower bound is due to [34]:

Proposition 2 ([34]). For any graph G, let Ay denote the second smallest
eigenvalue of the Laplacian matriz associated with a graph G. We have

X |n|[n
ew(G) > LBy, (G) = o bJ BW (2)

The time complexity of this bound is due to the computation of s, which
requires O(n®) time [44], with w < 2.371552 [49], but fast numerical methods
can be used to compute eigenvalues in practice [38].

Note that Ay is known as the algebraic connectivity of a graph. It reflects
how well the overall graph is connected (the larger the better). For instance,
for the complete graph K,,, we have \y(K,) = n, while for the hypercube
@, of dimension n > 2, we have A\y(Q,) = 2. The algebraic connectivity
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of any non-clique graph G is upper bounded by its vertex-connectivity v(G)
and its edge-connectivity (G), i.e., Ay < v(G) < k(G) [26]. Furthermore,
it is lower bounded by m [41], where diam(G) denotes the diameter of
the graph. Hence, it is equal to 0 if the graph is not connected and is larger
than 0 otherwise.

Bound based on the maximum degree. Let A(G) denote the maximum degree
of G, let v; be a vertex with degree A(G) and consider a layout (vq,...,v,)

of G. One set among {v1,...,v;_1} and {v;1,...,v,} contains at least half
of the neighbours of v;. Consequently,

Proposition 3 (folklore). For any graph G with mazimum degree A(G), we
have

(@) > LBa(G) = {@} 3)

Depending on the data structure used for storing the graph, this bound
can be computed for instance in O(n) time when the degree of a vertex can
be accessed in constant time, or in O(n + m) time when it is necessary to
scan all the edges to first determine the degrees of the vertices.

Bound based on the degeneracy. A graph G is k-degenerate if every subgraph
H of G has minimum degree at most k. Equivalently, G is k-degenerate, if
there exists a layout (vy,...,v,) such that for all i € {2,...,n} every vertex
v; has at most k neighbours in {vy,...,v;,_1}. The degeneracy of G, denoted
by 0*(G), is the smallest &k such that G is k-degenerate.

The following lower bound is proved in [37].

Proposition 4 ([37]). For any graph G with degeneracy §*(G), we have
1
ew(G) > LBy (G) = 15'(@)(5"(G) + 2 @)

The degeneracy of a graph can be computed in O(n 4+ m) time [40] and
so does this bound.

Other lower bounds can be obtained using linear programming [4] and
SDP relaxation [27]. However, they cannot be computed in a reasonable
time for graphs with more than 50 vertices.
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3. New lower bound based on degrees

In this section, we propose new lower bounds on the cutwidth of a graph
based on the minimum and the average degree.

Bound based on the minimum degree.

Proposition 5. For any graph G with minimum degree 6(G), we have

cw(G) = LB5(G) = ([0(G)/2] + 1)[6(G)/2] = 76(G)(6(G) +2)  (5)

1 =

Proof. Let 6(G) denote the minimum degree of G. Let 0 = (vy,...,v,) be a
layout of G. Set k = [§(G)/2] +1 and let X} = {vy,...,vx}. Every vertex in
Xy, has at most k — 1 = |0(G)/2] neighbours in X}, and so at least [§(G)/2]
neighbours in Xj. Hence ec(Xy, X) > k[6(G)/2] = (|[6(G)/2]+1)[4(G)/2].
Furthermore, we have that ([6(G)/2] 4+ 1)[6(G)/2] > 16(G)(6(G) +2). O

As §*(G) > 0(G), the bound of Ineq. (4) is better than the bound of
Ineq. (5). However, by definition of degeneracy, there is a subgraph H of G
such that §(H) = 6*(G). Since cw(G) > cw(H), Ineq. (5) implies the bound
of Ineq. (4) (with a simpler proof than the original one [37]).

The time complexity for computing the bound based on the minimum
degree is the same as for the bound based on the maximum degree.

Bound based on the average degree.

Proposition 6. Let o = (v, ..., v,) be alayout of G and let X; = {vy, ..., v;}.
For each vertex v;, let d*(v;) be the number of edges vv; € E(G) with j > i
(forward edges from v;). We have

n—1

w(G,0) > ﬁ z_; 2 ) (@ (o) + 1)

Proof. We use a classical trick in (traffic) grooming. We first compute
the total load of G on P, = vjv,...v,, also called sum cut of the layout
o [21], which is L(G,0) = Z?:_ll l(vivig1) = Z?:_ll ec(X;, X;), where [(v;vii1)
denotes the “load” of the edge v;v;11 of P,, that is the number of edges
vjue € E(G) such that j < i < £. To compute L(G,0), we note that the
load of the forward edges of G from v; is at least d*(v;) on the edge v;v;1,
at least d*(v;) — 1 on the edge v;;1v;12 and so on. Therefore the load due to

7
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the edges from v; is at least 1d™(v;)(d"(v;) + 1) and the total load is at least

3 S dt (v)(dF (v;) + 1). Then we note that, as the path has n — 1 edges,
L(G,0)

there exists an edge with load at least =2 and so w(G,0) > Lf_f ). O

The average degree of a graph G' with m edges and n vertices is Ad(G) =
2m/n.

Proposition 7. For any graph G with n vertices and m edges, we have

w(G) > LBra(G) = =" ( o +1>

:l<1+ ! )ZAd(G) (Ad(G)JrQ—z) (6)

n

Proof. If a function f(z) is convex and if 37" z; = m, then the minimum
of Z;:ll f(z;) is attained when all the z; are equal to m/(n — 1). Applying
this argument to the convex function x — x(z + 1) with x; = d*(v;) and
using the fact that 320" d*(v;) = m, we get

ﬁ;dﬂvi)(d*(viwl)g L - (m +1)

Clearly, this bound can be computed in O(1) time.

None of the bounds given by Ineq. (4) and (6) is always better than the
other. Indeed, on the one hand, there exist graphs with bounded average
degree and degeneracy as large as we want. For example, consider the graph
Hj obtained by identifying one vertex of the clique K of order k with an
extremity of the path P; of order i. Then the degeneracy is k — 1 but the
average degree tends to 2 when ¢ tends to infinity. So for ¢ large, the bound
of Ineq. (4) is better. In Table 1, we have given the value of the lower bounds
for the graphs H} with k=50 and 0 <1 < 6.

On the other hand, consider the graph G(s,n) with n vertices where
vertex v; is joined to the s vertices v;yp, with 1 < h < sand ¢+ h < n.
Then its degeneracy is s (consider the layout (vy,...,v,)), but we have m =
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sn—s(s+1)/2 and so for n large the bound of Ineq. (6) is better. In Table 2,
we have given the value of the lower bounds for the graphs G(s,n) with
s=1,5,10,15,20 and n = 2s + 1.

Bound based on the mazimum average degree. The maximum average degree
of G is Mad(G) = max{Ad(H) | H subgraph of G}. Observe that this
parameter can be computed in polynomial time [13, 14, 17, 28, 30, 36].

Proposition 8. For any graph G, we have

cw(G) > LByaa(G) = max {LBaa(H) | H subgraph of G
such that Ad(H) = Mad(G)} (7)

Proof. By definition of Mad, there is at least one subgraph H of GG such that
Ad(H) = Mad(G). Since cw(G) > cw(H), Ineq. (6) directly implies the
result. O

Proposition 9. Let ny, be the number of vertices of the smallest subgraph
Hy such that Ad(Hy) = Mad(G), and let mpy, be its number of edges. We

have

1 m m
ow(G) 2 LBya(G) = 5 " (nH =+ 1) (8)

Proof. The subgraph Hy maximizes my,/(ny,—1) among all the subgraphs of
G with average degree Mad(G). Then, the results follows from Propositions 7
and 8. O

The following tight inequalities are well-known (see e.g. Proposition 3.1 of
[42]): 0*(G) < Mad(G) < 26*(G). Thus none of the bounds given by Ineq. (4)
and (8) is always better than the other. The lower bound of Ineq. (8) is better
than the bound of Ineq. (4) when Mad(G) > v/26*(G) and worse in the other

case.

It has been shown in 28, 30] that Mad can be determined in O(nm log(n?/m))

time using a maximum-flow computation. Furthermore, efficient approx-
imation algorithms have been proposed, such as a (1 — €)-approximation
algorithm with time complexity in O(m/e) [13, 15| (the O notation hides
logarithmic factors in n).



20 4. New lower bounds using the grooming on the path

21 In this section, we present a new lower bound on the cutwidth of a graph
22 based on the results obtained for the Maximum All request Path Grooming
23 problem [9], a problem also known as the Call Control Problem in Path Net-
2e  worksin [2]. This bound, that we explain in Section 4.1, uses a closed formula
»s proved in [9] and recalled in Section 4.2 that gives the maximum number of
26 requests that can be satisfied on the path network with n nodes and capacity
27 () or equivalently on the maximum number of edges of a graph of order n
»s and cutwidth C. Next, we show in Section 4.3 that this new bound is always
29  better than the bound LBjg, and in Section 4.4 that it can be computed in
20 O(logn) time. We finally explain in Section 4.5 how to combine this bound
2 with methods for finding dense subgraphs.

22 4.1. Lower bound based on the grooming on the path, C*(m,n)

233 Consider the path P, = vyvy - - - v, associated to the layout o = (vy, va, ..., vy).
24 For each edge e € E(G), the request associated to e by o, denoted by R,(e),
235 is the subpath of P, whose end-vertices are those of e. Let R, (G) be the set
26 of requests associated by o to the edges of G. Observe that the load of the
2 edge v;v;41 in P, under R, (G) denoted [(v;v;41) is the number of edges v;v,
xs of G with j <i < ¢, that is ec(X;, X;). Hence w(G, o) is the maximum load
20 of an edge of P, under R,(G).

240 The grooming factor C'is the maximum load that is allowed on the edges
2n of P. Given a grooming factor C', the Maximum All request Path Grooming
22 problem consists in finding the maximum number of requests denoted by
25 T'(C,n) that can be satisfied (or groomed) together on P such that the load
24 of any edge is at most C.

245 We note that the value 7'(C, n) is nothing else than the maximum number
26 of edges of a simple graph of order n with cutwidth C' and we emphasize this
27 Observation as a proposition.

us  Proposition 10. Let n and C' be positive integers. The maximum number
20 m of edges of any simple graph G of order n and cutwidth cw(G) < C' is
250 TN, = T(O, n)

251 It follows that for a given value C, any graph of order n with m = T'(C,n)
22 edges has cutwidth at least C. We define C*(m,n) = min {C | m < T(C,n)}.

3 Proposition 11. For any graph G with n vertices and m edges, we have

cw(G) > C*(m,n) =min{C' | m <T(C,n)} (9)

10
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Proof. Let o be a layout of G such that w(G, o) = cw(G). As w(G, o) is the
maximum load of an edge of P, under R,(G), we have T(cw(G),n) > m.
The result follows. O

Note that the bound is reached by taking as edges of GG the pairs of end-
vertices of the T'(C*(m,n),n) requests that can be groomed on a path of n
vertices with grooming factor C*(m,n). This set of requests can be found in
polynomial time using the greedy algorithm proposed in [9]. In other words,
one can find in polynomial time a graph with n vertices, m = T(C*(m,n),n)
edges and cutwidth cw(G) = C*(m, n).

We will see later (Proposition 13) that we can efficiently compute the
value of C*(m,n) thanks to the results of [9] where a closed formula for
T(C,n) has been given.

4.2. Previous results on the computation of T'(C,n) (see [9])

First, we note that if C' > |n?/4], then we can satisfy all requests and so
T(C,n) =n(n—1)/2. If C = 1, the determination of T'(1,n) is easy as an
optimal solution consists in taking the n — 1 requests of length 1 (that are
the requests (i, + 1) for 1 <i <mn—1) and so T'(1,n) =n — 1. In [7] it is
also proven that for C' = 2, we have T'(2,n) = [(3n — 3)/2]. The optimum
can be easily found for C' < 6; in particular for C' = 3 (respectively, C' = 6
and n > 6) the maximum is obtained by considering all requests of length 1
and 2 (respectively 1, 2 and 3).

Based on these results, it was conjectured that the optimum can be ob-
tained by taking the greedy solution consisting of all the requests with the
smallest length (this was presented as a result in [39]). However, this is true
only for C' < 9 and it appears that the conjecture is false. In particular, one
could have expected that, for C' = Cy = s(s+1)/2, an optimal solution would
be obtained by taking all requests of length at most s in number sn— C; (the
graph of requests being the graph G(s,n) used in Section 3 to show that the
bound of Ineq. (6) is better than that of Ineq. (4)). But it is not true for
n =11 and C =10 (s = 4). The solution with all requests of length at most
4 has 4 x 11 — 10 = 34 requests. The maximum load is 10, but it is reached
only for the edges of the path vy ---vy; of the form v;v;17 with 4 < ¢ < 8.
So we can delete the request of length 4 v4vg and add the two requests of
length 5 vivg and vgvi; to get a solution with 35 requests. We summarize
the results of |9] giving the value of T'(C,n):

Theorem 1 ([9]). Let n and C be fized positive integers.

11
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« IfC> L%J then T(C, n) = ™=,

2

o [fn is even and @ <C< L”{J, then T(C,n) = @ +C;

e Ifn is odd and "28’1 <C< {%J then T(C,n) = 1P 4 e,

o Otherwise, let s be an integer such that Cs_y < C' < O with Cy =

5(5;1) d=C,—C;n=gqs+r with0 <r <s; r_aq+awlth
0<a<qs—r=bg+1)+pwith0<f<q; AC,n) = ar - 4%y

and B(C,n) = (b+1)(s —7r) — (b+1) (¢+1). We have

T(C,n) = sn—Cs —dg+min {A(C,n) +d, B(C,n)}

We will now show (Proposition 12) that the bound of Ineq. (9) is better
than that of Ineq. (6). For that, we use the upper bound on 7'(C,n) given
in [9].

Theorem 2 (Theorem 17 in [9]). Let n and C' be fized positive integers. Let

s be an integer such that Cs_1 < C < Cy with Cy = SSH ,letd=C,—C
and let n = qs +r with 0 <r < s.

If C <9, then T(C,n) < sn—Cs—d(qg—1).

If C > 10, then T(C, n)<sn— —d(qg—1)+(5—-2v6)C.

4.3. Proof that C*(m,n) > LBagq(m,n)

We now show that the new lower bound C* is better than the bound
LBag, i.e., that we always have C*(m,n) > LBxq(m,n).

Proposition 12. Let n > 2 and m > 0 be integers. Then
C*(m,n) > LBaq(m,n).

Proof. Recall that LBaa(m,n) = 1-2- (-2 + 1). Note that the proposition
is true if

T(|LBaa(m,n)],n) <m (10)
Indeed, this inequality implies C*(m,n) > |[LBaq(m,n)]| and so C*(m,n) >
LBAd(m, TL)
If m < n — 1, then Proposition 12 is obviously true as LBagq(m,n) < 1
and C*(1l,n)=---=C*(n—1,n) = 1.
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Ifn—1<m < 3(n—1)/2, then we have LBpg(m,n) < 15/8 and so
|[LBaa(m,n)] = 1. But we also have T'(1,n) = n — 1 < m. Consequently,
Inequality (10) holds and so does Proposition 12.

If 3(n —1)/2 < m < 2(n — 1), then we have LBpq(m,n) < 3 and so
|[LBaa(m,n)] = 2. But we also have T'(2,n) < 3(n — 1)/2 < m. Conse-
quently, (10) holds and so does Proposition 12.

More generally, let (s —1+40/s) <m/(n—1) <s—1+(§+1)/s, where
s and 0 are integers satisfying s > 3 and 0 < 0 < s — 1. We have:

LBaa(m,n) < 3[s — 1+ (6 +1)/s][s + (6 + 1)/s], that is

LBaa(m,n) <s(s—=1)/2+6+1—[(0+1)/s— (6 +1)*/s%]/2.

As0<(6+1)/s <1, wehave (6 +1)/s — (6 +1)?/s*> > 0 and so

|LBaq(m,n)] <s(s—1)/2+06

We now distinguish two cases:

Case 1: § = 0. On the one hand, we have (s —1)(n —1) < m. On
the other hand, we get by Theorem 2 applied with s — 1, d = 0 and
C=Csy=5(s—1)/2:

T(|LBaa(m,n)|,n) < T(Cs_y,n) < (s —1)n — (4 —2V6)Cs_4

Since (2 — \/6) > 1, for s > 3 we get (4—2\/6)08_1 > s — 1. Therefore,
T(|LBaa(m,n)],n) < (s—=1)n—(s—1)=(s—1)(n—1) <m.

So, when § = 0, Inequality (10) holds and so does Proposition 12.

Case2: 1<d<s—1. Letd=s—9,s01<d<s—1.

We have m > (s—1+4d/s)(n—1) = (s—d/s)(n—1) = sn—s—d(n—1)/s.
Asr<s—1,n—1=gqgs+r—1<g¢qs+s— 2, we get:

m>sn—s—(¢g+1)d+2d/s

We also have |LBag(m,n)| < s(s—1)/2+d=C=Cs —d.

Sub-case 2.1: s < 4. In this case, we have C' < 9 and so, by Theorem 2,
T(Cs—d,n) < sn—Cs—d(q—1). Hence, Inequality (10) is satisfied if

sn—Csg—d(g—1)<sn—s—(qg+1)d+2d/s

13
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which is equivalent to
Cs>s4+2d—2d/s>3s—2—-2(s—1)/s (asd<s—1)
That is verified for s =4 as 10 > 10—6/4 and for s =3 as 6 > 7—4/3.

e Sub-case 2.2: s > 5. In this case, we have C' > 10 and by Theorem 2,
we have T(Cy —d,n) < sn—Cs —d(q—1)+ (5 —2v6)C. As C < C,,
Inequality (10) is satisfied if

(2V6 —4)Cy > s+2d—2d/s >3s—2—2(s—1)/s (asd <s—1)

That is clearly true for s = 5 as 30(v/6 — 2) > 13.48 > 13 — 8/5. So it
is also true for s > 5

In both cases, Inequality (10) holds and so does Proposition 12. O

The gap between the bounds can be significant. According to Theorem 1,
for C = C5 and n = 2s + 1, we have T(C,n) = sn — Cy; indeed d = 0 and
A(C,n) = 0 as a = 0. For example, for s = 5 and n = 11, we have
T(15,11) = 40; but Ineq. (6) gives LBaq(40,11) = 10 < 15. More generally,
for C = C5 and n = 25+ 1 we get T(C,n) = sn — Cs = (35> + 5)/2 and
LBaq(m,n) = LBaq((3s® + 5)/2,25 + 1) = (9s® + 185 + 5)/32, and so the
ratio Cs/LBaq(m,n) tends to 16/9 when s increases. See also the examples
reported in Table 2.

4.4. Computational complexity of determining C*(m,n)

In this section we show that, since the value of T'(C,n) can be computed
in O(1) time, the bound C*(m,n) of Ineq. (9) can be computed efficiently in
O(logn) time.

Proposition 13. Given two integers n and m, the bound C*(m,n) can be
computed in O(logn) time.

Proof. Obviously, when n < 2 or m = 0, then the bound is 0, and when
1 <m <n—1,itis 1. When m = n(n—1)/2, then by Theorem 1, C*(m,n) =
|n?/4]. Tt remains to consider the case in which n —1 < m < n(n —1)/2.
Since the function C* increases with m (i.e., C*(m + 1,n) > C*(m,n)), we
can find C*(m, n) using binary search on the interval [C} = 1,Cy = [n?/4]].
Indeed, we can compute T(C,,n), with C, = [(C; + C3)/2], and compare
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this value to m to decide which subinterval to consider next and so on. The
number of iterations of the binary search is in O(logn) and each computation
of T(Cp,n) requires O(1) time. This concludes the proof.

Note that we can start the search with a shorter interval. Indeed, by
Theorem 2 when C' = C; we have sn—C, < T(Cy,n) < sn—Cys+(5—2v6)C,.
So, if we let s; be the real number such that m = s;n—s;(s; +1)/2, we have
C*(m,n) < Cpg. If 9 is such that m = son — (2v/6 — 4)s9(s2 + 1)/2), we
have C*(m,n) > C|s,. It follows that we can start the binary search with
the interval [C|y,, Crs1]- O

4.5. Extensions

Lower bounds in branch-and-bound algorithms can be quickly computed
by using C*(m,n) (or a good approximation) or the bounds of Ineq. (6) or
Ineq. (5). We can also use the better bound of Ineq. (8) but it needs the
computation of Mad(G) which is polynomial but long in practice. We can
also use an improvement of Ineq. (9) by noting that cw(G) > cw(H) for any
subgraph H of G. So, if we consider like for Ineq. (8) the subgraph Hy with
the minimum number ny, of vertices such that Ad(Hy) = Mad(G), and let
mpy, be its number of edges, we have:

ew(G) = Chpaa(G) = C* (Mg, o) (11)

The design of a fast algorithm for computing the bounds of Ineq. (11)
seems, however more challenging and we let it as an interesting open problem.
However, one can use existing exact and approximate algorithms for finding
dense subgraphs to get a good lower bound (see, e.g., [13, 14, 48]). For
instance, we can use the method proposed in [14] for finding an approximation
of the maximum average degree of a graph. This leads to the bounds C'; and
Cy .+ that we define in Section 5.1.

5. Experimental evaluation

In this section, we compare the different lower bounds presented in this
paper on synthetic graphs (Section 5.2), Erdds-Rényi random graphs (Sec-
tion 5.3) and random (proper) interval graphs (Section 5.4). We also compare
these lower bounds with the values obtained in [27]| using SDP relaxation on
some random graphs (Section 5.5). We start by presenting our experimental
settings in Section 5.1.
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5.1. Experimental settings

We have implemented all the bounds mentioned in this paper using Sage-
Math [46], Cython [6], SciPy [50] (for computing the eigenvalue Ay) and
Cplex [32] (for solving (integer) linear programs). All reported computations
have been performed on a computer equipped with a 3.70GHz Intel Core
19-10900K processor, 64GB of RAM, and with operating system Fedora 39.
Recall that we denote by:

e LB,/ the lowed bound based on the minimal edge-cuts (Ineq. (1)),

e LB,, the lower bound based on the second smallest eigenvalue of the
Laplacian matrix of the graph (Ineq. (2)),

e LB, the bound based on the maximum degree of the graph (Ineq. (3)),
e LB~ the bound based on the degeneracy of the graph (Ineq. (4)),

e LBj; the bound based on the minimum degree of the graph (respectively
Ineq. (5)),

e LBaq the bound based on the average degree of the graph (Ineq. (6)),
e LByag the bound based on the maximum average degree (Ineq. (8)),
e C*(m,n), denoted shortly C*, the bound based on grooming (Ineq. (9)),

e C}q the bound C* computed on a subgraph of maximum average
degree (Ineq. (11)).

Furthermore, we introduce two lower bounds obtained by using the method
proposed in [14] for finding an approximation of the maximum average de-
gree of a graph. Let o5« = (v1,v9,...,v,) be the elimination ordering of the
vertices produced when computing the degeneracy 6*(G) of a graph, and let
X; = (V5,Vig1,...,0,) for 1 <i < n and G[X;] be the subgraph of G induced
by X;. We have:

ew(G) > Ch(m,n) = max {C*(|E|, |Vi]) | GIX;] = (Vi, E;), 1 <i < n} (12)
This bound can be computed in O(m + nlogn) time as the elimination

ordering of the vertices, and so the degeneracy 0* of a graph, can be computed
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in O(n + m) time and we call the function C* after each elimination of a
vertex.

Finally, we denote by Cj, , the maximum value obtained when computing
C* on each subgraph created during the execution of the greedy-+-+ algorithm
proposed in [13] to obtain a 2-approximation of the maximum average degree.
Roughly, this algorithm performs logn times the procedure for finding the
elimination ordering of the degeneracy, but it changes at each iteration the
initial weight of the vertices, and so the priorities in the elimination ordering.
Let fi(v) be the weight of vertex v at the beginning of iteration 4 (initially,
fH(v) = dg(v)). At the beginning of iteration i, the algorithm makes a copy
H of the graph G and feeds a min-heap data structure Q with the weights f*
of the vertices. Then it iteratively extracts the vertex v of minimum weight
from @, set [ (v) = f'(v) + dg(v), where dg(v) is the degree of vertex v
in the remaining graph H, removes vertex v from H and reduces the weight
of its neighbours in (). When H is empty, it proceeds with iteration ¢ + 1.
This algorithm has time complexity in O((m + nlogn)logn) when using a
min-heap data structure and running logn iterations of its main loop, and it
performs overall nlogn calls to C* (one per extraction of a vertex from Q).

5.2. Analysis of the bounds on graphs H}. and G(s,n)

In this section, we analyze the evolution of the lower bounds on two
families of graphs, defined below, for which previously known lower bounds
behave very differently. For one of them, Hj, LBs- behaves very well while
LB,, gives very low bounds. For the other family of graphs, G(s,n), the
bound LB, performs much better than the bound LB;-.

Let H} denote the graph obtained by identifying one vertex of the clique
K}, of order k with an extremity of the path P; of order 7. Hence, H} is the
clique K}, H} is a clique plus a pending edge, H? is a clique with a pending
path of length 2, and so on. The graph H} has k + ¢ vertices, k(k —1)/2+1
edges, diameter i + 1, and cutwidth cw(H}) = cw(K}) = [k?/4]. We have
reported in Table 1 the evolution of the lower bounds for HZ, wheni =0...6.
We note that cw(HY,) = 625 for all 4.

A first observation is that LB), decreases rapidly to 1 when ¢ increases.
Indeed, A\y(G) is upper bounded by the edge-connectivity of the graph, and
so by its minimum degree §(G). Since we have that 6(H}) = k for i = 0 and
1 when ¢ > 1, it follows that Ao(H}) <1 when i > 1.

Another observation is that bounds that search for a dense subgraph
(LBunad; LB+, Cypagr €55 Ciyy) are independent from i. Indeed, we have
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for all ¢ Z 0 that LBMad(H]i) = LBMad(Kk) = LBAd(Kk) = k’(k’ + 2)/8 and
Nad(HE) = C*(k(k—1)/2,k) = (k* — €) /4, where € = 1 when k is even and
0 otherwise.

Furthermore, we observe as expected that the bound C* decreases with 1.
However, it is better than many other bounds that require much more compu-
tation time (LB,,, LB./, LBa,LBs, LByaq). Recall that C* can be computed
in O(logn) time and, as can be seen in Table 1b, can be computed orders of

magnitude faster than other bounds (except LBag which can be computed
in O(1) time).

Previous bounds Our bounds
Graph | LBy, LB, LBA LBg |LB; LBaa LByaa O Cyg  CF Cppl
Kxo 625 49 25 625 | 625 325 325 625 625 625 625
H3, 13 49 25 625 1 313 325 601 625 625 625
HZ 6 49 25 625 1 302 325 BH77T 625 625 625
H3, 3 49 25 625 1 291 325 552 625 625 625
H3, 2 49 25 625 1 281 325 527 625 625 625
H, 2 49 25 625 1 271 325 501 625 625 625
HS, 1 49 25 625 1 262 325 475 625 625 625

(a) Evolution of the lower bounds for the graphs H{,, i = 0---6, with cw(H{,) = 625. Best found lower
bounds are highlighted in bold.

Previous bounds Our bounds

Graph | LB,, LB, LBa LBsg | LBs; LBaq LBy C* Ciraa Cy Criy
Ko 2.66 323.03 0.021 0.365 | 0.018 0.0035 28.62 0.0074 27.69 0.488 4.00
H}, 2.36 320.39 0.021 0.370 | 0.018 0.0033 27.71 0.0057 27.88 0.484 4.04
H2, 2.34 32246 0.012 0.359 | 0.019 0.0034 27.73 0.0057 2821 0.483 4.07
H3, 2.39 330.51 0.021 0.353 | 0.018 0.0070  28.94 0.0060 29.25 0.488 4.18
HE, 248 33172 0.021 0.358 | 0.019 0.0034 28.31 0.0060 27.95 0.497 4.05
H3, 2.45 32255 0.021 0.358 | 0.018 0.0032 28.11 0.0055 28.27 0.498 4.08

HE, 244 32390 0.021 0.362 | 0.019 0.0034 2790 0.0054 28.06 0.512 4.20

(b) Running times in milliseconds (ms) for computing the bounds reported in Table la.

Table 1: Evolution of the lower bounds (Table la) for the graphs HE,, i = 0---6, with
cw(HL,) = 625. The running times are reported in Table 1b.

Let us now consider the graph G(s, n) with n vertices, defined in Section 3,
where vertex v; is joined to the s vertices v; j, with 1 < h < sand i+h < n.
This graph has m = sn — s(s + 1)/2 edges, and by construction, we have
that cw(G(s,n)) = s(s+1)/2 when n > 2s+ 1. We have reported in Table 2
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the evolution of the lower bounds for G(s,n) when s = 1,5,10,15,20 and
n=2s+1.

Recall that we have seen in Section 3 that LBag (the bound of Ineq.(6))
has a large value than LBs« (the bound of Ineq. (4)) for G(s,n) when n is
large enough. This is confirmed for n = 2s + 1. Furthermore, we observe in
Table 2 that the bounds based on grooming perform much better than all
other bounds on these graphs, and in fact, we have C*(m,n) = cw(G(s,n))
when n > 25+ 1. Furthermore, these bounds can be computed efficiently, in
particular C*, as can be seen from Table 2b.

Previous bounds Our bounds
G(s,n) LBy, LBy LBa LB; |LBs LBaga LBmaa C° Oy €, Cpiy
G(1,3) 1 1 1 1 1 1 1 1 1 1 1
G(5,11) 10 9 5 9 9 10 11 15 15 15 15
G(10,21) 34 19 10 30 30 34 34 55 55 55 55
G(15,31) 74 29 15 64| 64 72 72 120 120 120 120
G(20,41) | 130 39 20 110 | 110 124 124 210 210 210 210

(a) Evolution of the lower bounds for the graphs G(s,n) for s = 1,5,10, 15,20 and n = 2s+ 1. Best found
lower bounds are highlighted in bold.

Previous bounds Our bounds
G(s,n) LB,, LB, LBa LBs | LBs LBag LBumag C* Ciiaa C; Coiy
G(1,3) 0.91 0.53 0.010 0.024 | 0.007 0.0028 0.48 0.0058 0.34 0.028 0.04
G(5,11) 0.79 5.29 0.012 0.048 | 0.009 0.0030 1.32 0.0048 1.29 0.065 0.13
G(10,21) | 1.00 24.29 0.014 0.112 | 0.011 0.0030 3.78 0.0051 3.77 0.142 0.50
G(15,31) | 1.36 6799 0.016 0.230 | 0.014 0.0031 794 0.0052 7.87 0.242 1.07
G(20,41) | 1.81 149.03 0.019 0.328 | 0.017 0.0035 14.32 0.0055 14.30 0.387 2.13

(b) Running times in milliseconds (ms) for computing the bounds reported in Table 2a.

Table 2: Evolution of the lower bounds (Table 2a) for the graphs G(s,n) for s =
1,5,10,15,20 and n = 2s + 1. The running times are reported in Table 1b.

5.3. Erdds-Rényi random graphs

In this section, we compare the different bounds presented in this paper
on Erdés-Rényi random graphs [25] (See e.g., [11]). We start with graphs of
order n = 30 for which we can also compute the optimal cutwidth (cw). We
then consider graphs of order n = 50 for which the optimal value is already
unreachable.
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For n = 30,50 and for each density in p € [0.05,0.1,...,0.95] (or equiv-
alently for each probability p € [0.05,0.1,...,0.95] for the existence of an
edge), we have generated 100 Erdds-Rényi random graphs, ensuring that all
graphs have the same number pn(n—1)/2 of edges. Observe that the density
of a graph G is measured as 2m/n(n —1), and so is different from its average
degree Ad(G) = 2m/n. We have then computed all the bounds and reported
in Figures 2 and 3 the average of the computed bounds and running times.

In Figure 2a, we observe that LB), dominates all other lower bounds
when p < 0.75. Recall that the connectivity threshold for Erd&s-Rényi ran-
dom graphs is logn/n. That is, if p = pglogn/n, the graph is asymp-
totically almost surely connected when p, > 1, and disconnected when
po < 1. Hence, when py < 1, we have asymptotically almost surely Ay = 0,
and so LB,,(G) = 0. Since in our experiments, we have n = 30, and so
log30/30 ~ 0.11, most of the graphs we have tested are connected and
exhibit the good properties of Erdds-Rényi random graphs for connectivity,
small diameter, etc. Furthermore, it has been proved in [33] that when py > 1
and for any £ > 0, we have \y = pn + o(n%+5) in probability. In other words,
the algebraic connectivity Ao of Erdés-Rényi random graphs increases with
the (average) degree pn. It follows that LB, increases similarly to pn?/4,
and this is roughly what we observe in Figure 2a.

We then observe that all the bounds based on grooming (C*, Cyp.4, Cy,
C’;‘ " +) dominate all other bounds when p > 0.8 and finally reach the optimal
value of the cutwidth. Moreover, we observe that methods based on grooming
provide the same bounds for these graphs. This is due to the properties of
Erdés-Rényi random graphs which are such that a subgraph exhibit the same
properties as the graph in terms of density, average degree, etc. We will see
in Section 5.5 that the situation is different for other families of graphs.

Non surprisingly, we observe that LB,/ not only provides very small lower
bounds compared to others, but also requires orders of magnitude more com-
putation time. We also observe that the bounds LByag and C3, 4, both based
on the maximum average degree, do not provide better bounds than LBagq
and C* respectively, while requiring orders of magnitude more computation
time. Hence, bounds relying on the resolution of linear programs seem of
little interest for Erdds-Rényi random graphs.

Observe also that we experimentally confirm Proposition 12, that is that
C*(m,n) > LBaq(m,n).

The running times reported in Figure 2b reflect the time complexity of
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(a) Average lower bounds on the cutwidth of Erdgs-Rényi random graphs with n = 30 vertices
and pn(n — 1)/2 edges for p € [0.05,0.1,...,0.95]. For each density p, we have reported the
average values over 100 random graphs.

(b) Average running times (log scale). Average running times (log scale) for computing the lower bounds

reported in Figure 2a.

Figure 2: Lower bounds and running times (log scale) on Erdés-Rényi random graphs
(n = 30). For each density in p € [0.05,0.1,...,0.95], we have generated 100 Erdés-Rényi
random graphs with pn(n — 1)/2 edges, and averaged the computed values and running

times for each bound and for the exact cutwidth.
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the methods: O(1) for LBag; O(logn) for C*; O(n) for LBy and LBg;
O(m + nlogn) for LB and Cj; O((m + nlogn)logn) for Cy, ; O(n®)
for LB,,; and much more for LBy, Ci.q and LB,,. Moreover, we ob-
serve that the time needed to compute the cutwidth of the graphs increases
exponentially with the density, and so with the number of edges. This
is due to the way the dynamic programming algorithm is implemented in
SageMath, as it first searches for the existence of a solution with width w
before searching for a solution with width w + 1. Furthermore, it starts

partitioning the graph into connected components as we have cw(G) =

max {cw(G|c]) | ¢ is a connected component of G'}. This explains the behaviour

for low densities since the graphs are not connected.

In Figure 3, we have reported for n = 50 the bounds on running times for
the fastest methods only. We observe the same behaviours than in Figure 2
for the relative qualities of the bounds, except that now LB,, dominates all
other bounds when p < 0.8 instead of 0.75 for n = 30.

5.4. Interval graphs

We now evaluate our bounds on random (proper) interval graphs [45].
Consider a family § = {S; | i = 1,2,...,n} of intervals on the real line. An
interval graph is obtained from & by creating a vertex v; for each interval
S; and connecting two vertices v; and v; by an edge if the corresponding
intervals intersect. An interval graph is proper if not interval in S contains
another interval. That is, if [; and r; are the endpoints of interval .S; with
l; < r;, and similarly I; < r; are the extremities of S;, we have either [; < [;
and r; < r;, or l; > [; and r; > 1.

Using the uniform random generators of (proper) interval graphs available
in SageMath, we generated 1000 graphs of order n = 100 on which we have
computed all the bounds. Then, we have sorted the graphs by increasing
number of edges, group them by groups of 5 consecutive graphs, computed
the average of the bounds for these groups of 5 graphs and reported the
resulting values in Figure 4.

We observe very different results for random (proper) interval graphs than
for Erdés-Rényi random graphs. In particular, the bound LB,, which is
very good for Erdgs-Rényi random graphs provides poor bounds on (proper)
interval graphs. Indeed, these graphs contain vertices with small degree, as
highlighted by the very low values of LBs, and LB, suffers from the presence
of vertices with small degree which have a strong impact on the value of the
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average values over 100 random graphs.
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(b) Average running times (log scale). Average running times (log scale) for computing the
lower bounds reported in Figure 3a.

Figure 3: Lower bounds and running times (log scale) on Erdés-Rényi graphs (n = 50).
For each density in p € [0.05,0.1,...,0.95], we have generated 100 Erdgs-Rényi random
graphs with pn(n — 1)/2 edges, and averaged the computed values and running times for
the lower bounds that are the fastest to compute.
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Figure 4: Lower bounds for random proper interval graphs (Figure 4a) and random interval
graphs (Figure 4b) with n = 100 nodes. The graphs are ordered by increasing number of
edges and each dot represents the average value over 5 consecutive graphs.
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algebraic connectivity, as explained in Section 5.2, that is upper bounded by
the edge-connectivity and so by the minimum degree of the graph.

For proper interval graphs (Figure 4a), the best bounds are obtained using
LBnad, LBs+, Cypag, Cf and C, ,, that is using the methods searching for a
dense subgraph. The bound Cj, . seems to offer the best trade-off between
the quality of the bound and the time complexity for these graphs.

For interval graphs (Figure 4b), the best bounds are obtained using Cf4,
C, and Cj,,. Furthermore, we observe that C* behaves very well while
needing a low computation time. This can be explained by the fact that
random interval graphs are generally very dense. Here, the bound C; seems
to offer the best trade-off between the quality of the bound and the time

complexity for these graphs.

5.5. Comparisons with the random graphs used in [27]

We now compare the bounds presented in this paper with the lower
bounds obtained in [27| using SDP relaxation. To do so, we have com-
puted our bounds on the graphs used in [27]. These graphs are Erdds-Rényi
random graphs and geometric random graphs (i.e., a set of vertices randomly
placed on a square of side 1, and two vertices are connected by an edge if at
euclidean distance less than d).

We have reported in Table 3 the best lower and upper bounds obtained
in [27] on Erdés-Rényi random graphs, as well as the corresponding compu-
tation time (in seconds). We have also reported the best lower bound found
using the methods presented in this paper with the list of methods reaching
this bound and the required computation time (in milliseconds). The first
two columns of the table corresponds to the number of nodes and the proba-
bility p of the existence of an edge. Table 4 presents similarly the results for
the geometric random graphs.

For the Erdds-Rényi random graphs (Table 3), we first observe that the
results for the bounds of this paper are consistent with the results presented
in Section 5.3. More precisely, LB, gives very good bounds, but when the
density of the graphs is very large, bounds based on grooming (C*, Cyp.4,
Cy, Cy, ) are much better. The main observation is that we obtain excellent
lower bounds, and most of the time better bounds than those of [27], while
the running times of the methods presented in this paper are several orders
of magnitude smaller than those of [27].

For the random geometric graphs (Table 4), the methods based on groom-
ing, and in particular C';, ., give the best lower bounds among all the methods
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presented in this paper. Moreover, these bounds are most of the time better
than the bounds of [27] and obtained up to 6 orders of magnitude faster.
Let us mention that an objective of [27] was to propose new methods for
getting good lower bounds on dense graphs, but when p > 0.5, the bounds
LB),, €%, Cypag, €5 and O, | are better and can be computed more quickly.

6. Conclusion

In this article we have given new lower bounds for the cutwidth of a
graph which are of interest to design faster branch-and-bound algorithms. In
particular, we have given bounds using the notion of traffic grooming on a
path, which in many cases appear to be better than bounds in the literature.
Furthermore, bounds based on grooming can be computed quickly. This
raises the question whether better bounds can be obtained using for instance
the methods proposed in [27], using semidefinite programming, if given as
input the bounds presented in this paper.
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Table 3: Comparison of the lower bounds based on SDP relaxation obtained in [27] with
the bounds obtained using the methods presented in this paper on the Erdés-Rényi random
graphs used in [27]. We report the bounds and the running time (in seconds) from [27].
We report the best lower bound that can be obtained using the methods presented in
this paper, list the algorithms reaching this bound and report the range of running times
(in milliseconds) of these algorithms (algorithm C* is always the fastest and Cfy,4 the
slowest). A single running time is reported when a single algorithm reaches the bound.
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Table 4: Comparison of the lower bounds based on
the bounds obtained using the methods presented in this paper on random geometric
graphs. We report the bounds and the running time (in seconds) from [27]. We report the
best lower bound that can be obtained using the methods presented in this paper, list the
algorithms reaching this bound and report the range of running times of these algorithms
(in milliseconds). A single running time is reported when a single algorithm reaches the
bound.
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