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Abstract

The nonconforming Crouzeix-Raviart mixed finite element is popular to solve Stokes Problem. The
discrete velocity is nonconforming (i.e. the moments on the facets between the elements are equal),
piecewise linear, say P}, and the discrete pressure is piecewise constant, say P°. This method intro-
duces some consistency error that may lead to a non-physical solution when solving the Navier-Stokes
equations. There exists different cures, such that building a divergence free subspace of the discrete
velocity space, or projecting the test function in the source term on some H(div)-conforming space a
la Linke. One can also enrich the discrete pressure space, which is then generated by P!-Lagrange plus
PY basis functions. This leads to the P! x (P° 4+ P!) mixed finite element method, which allows to
reduce the consistency error. Our goal here is to prove the stability of this scheme and to compute error
estimates. We exhibit the Fortin operator and we demonstrate that this finite element method yields
accurate results. Numerical examples are provided to highlight its efficiency.

Keywords: Stokes problem, P x (P + P') finite element method, Fortin operator, TrioCFD code
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1. Introduction

The TrioCFD code is a computational fluid mechanics (CFD) simulation software developed at the
CEA. It is a C++4 open source and massively parallel code. It is dedicated to the numerical simulation
of turbulent flows for scientific and industrial applications, particularly in the nuclear field [3].

Let €, the domain of study, be a connected bounded domain of R¢, d = 2, 3, with a polygonal
(d = 2) or Lipschitz polyhedral (d = 3) boundary 0f2, and 7" > 0 be the final time of the simulation.
The TrioCEFD code solves the incompressible Navier-Stokes equations, which read:

Find (u(x,t), p(x,t)) such that V(x,t) € Q x (0,7T)
ou—vAu+ (u-grad)u+gradp = f,
diva = 0,
u(x,0) = wu(x),

(1)

endowed with suitable boundary conditions. The vector field u represents the velocity of the fluid and
the scalar field p represents its pressure divided by the fluid density which is supposed to be uniform. The
vector field ug represents the initial velocity of the fluid. The first equation of Problem (1) corresponds
to the momentum balance equation and the second one corresponds to the conservation of the mass.
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The constant parameter v > 0 is the kinematic viscosity of the fluid. The vector field f represents the
resultant body force divided by the fluid density.

Consider homogeneous Dirichlet boundary conditions. After having discretized the space variables,
we obtain the following time-dependent problem, which is of finite dimension in space:

Find (U(t), P(t)) € RNv>Ne |t € (0,7)
M dtU<t> +v KU(t) + LU®)Ut) +'BP(t) = E(t),

d
BU(t) = 0,
U(O) - QO < RNU,

(2)

where Ny (resp. Np) is the dimension of the space of discrete velocities (resp. pressures). The vector
U € RM (resp. P € R™P) represents the discrete velocity (resp. pressure). The vector F € RN
represents the discrete vector field and the vector U, € RNV represents the discrete initial condition.
The matrix M € RM*Nv (vesp. K € RM*Nv) is the mass (resp. stiffness) matrix and the matrix
L(U) € RNv*Nu corresponds to the discretization of the operator v — (u - grad)v. The matrix
B € RNr*Mu g the velocity-pressure coupling matrix. It is well known that the discrete velocity and
pressure spaces must satisfy the so called discrete inf-sup condition [12, §5.1].

There exist different time integration schemes, based on the prediction-correction time scheme [21].
Let us recall the explicit time scheme. The time step dt, is computed at each iteration n € N to
keep the time scheme stable. Let P° € RYP and dt, be given. At each iteration n € N, the pair
(U™, Pt € RNvxNP i evaluated in three main steps, with Kp := BM~''B and F""' = F(t,.)

where t,,1 = Z Oty
k=0

Step 1 (prediction). Find U* such that:
St, "MU*+vKU"+ LU"YU"+'BP" = F"" +6t, ' MU"

Step 2 (solver pressure). Find 6P such that: KpdP = 6t, ' BU".

Step 3 (correction). Find 6U such that: 6t, * M 6U +'BéP = 0.

Update: Ut =U"+0U, P""'=P"+6P, 6ty

In practise, U° is evaluated from the user data and P° solves Kp P° = BM~'E°. Notice that this
choice will not affect (U™*!, P"t1h).

The velocity is discretized with linear nonconforming finite elements. Hence, the mass matrix M is
diagonal for d = 2 and it can be lumped when d = 3: steps 1 and 3 are virtually free. Thus, the matrix
Kp is a sparse matrix and it can be expressed explicitly. If the discrete inf-sup condition is satisfied,
the matrix Kp is a symmetric positive definite matrix.

In the seminal paper [24], the discrete pressure is piecewise constant, which leads to the Pl x P°
finite element. It is well-known that this discretization introduces some consistency error, which can
lead to an inaccurate solution when the viscosity is low [27, 39]. There exist different cures, such that
building a divergence free subspace of the discrete velocity space [35], or projecting the test functions on
some H(div)-conforming space [40, 14, 39, 41, 4]. One can also use higher order polynomials [43, 18, 38],
Scott-Vogelius finite element [44, 34, 33, 22|, or stabilization in the vorticity equation [1].

In the TrioCFD code [27, 36, 31], the discrete pressure space is built with P!-Lagrange plus P°
basis functions. This leads to the P!, x (P + P') finite element. This discretization shows interesting
numerical results. However, only an incomplete proof of the discrete inf-sup condition is available in
[36, 31]. Our goal here is to gather the evidence and to write it as clearly as possible, to derive error
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estimates and to prove some super-convergence results obtained in 2D. We try to exhibit the dependency
on the shape-regularity parameter. We will show that this finite element method gives accurate results.
We will provide numerical results computed with the TrioCFD code to illustrate its efficiency.

2. Stokes problem
We consider Stokes problem:
Find (u,p) such that —rvAu+gradp ={f and divu = 0. (4)

with homogeneous Dirichlet boundary conditions for the velocity: ujpq = 0 and a normalisation condition
for the pressure p: [op = 0.
Before stating the variational formulation of Problem (4), we provide some definitions and reminders.
Let H(Q) = (H ()4, H Q) = (H~Y(Q))? its dual space and L2, (Q) = {q € L*(Q) ]| Joq = 0}.

zZmu

To solve Problem (4), we suppose that (u,p) € H}(Q) x L%, . (Q) and f € H}(Q).

zZmu

Let hq be the diameter of 2. We recall the Poincaré-Steklov inequality:
HCPS >0 | Yv € H&(Q), ||U||L2(Q) < Cps ha H gI‘adUHL2(Q). (5)

Thanks to this result, in H}(2), the semi-norm is equivalent to the natural norm, so that the scalar
product reads (v, w) ) = (grad v, grad w)yz(q) and the norm is [|v||g1(q) = || grad vl|rz(o).

Let v € H{(Q2). We denote by (v;){_; the components of v, and we set Gradv = (J;v;),_, €
L%(Q2), where L*(Q2) = (L*(Q))*?. For all v, w € H}(Q2), we have: (Gradv,Gradw)izq) =

1/2
(V7W)H(1)(Q) = Z?:l(vivwi)Hé(Q) and ||V||H5(Q) = (Z?:I ||Uj||12Hé(Q)) = || Grad vl|rz). Let us set
Vo = {ve H}(Q)| divv =0}. The space Vj is a closed subset of H}(2). We denote by Vg the
orthogonal of Vi in H{(€). We recall that:

Proposition 1 ([2, Theorem 3.1 (e)]). The operator div : H{(Q) — L*(2) is an isomorphism of Vi onto
L% (Q). We call Cqy the constant such that:

zZmu

Wp € L2,,(), 3v, € VE| div, = p and [[v, e < Canllplliz)- (6)

zZmuv

Notice that ||Vp||%_1(1)(9) = |V x V[f2@q + | div V|72, hence Caiy > 1.
The variational formulation of Problem (4) reads:

{ Find (u,p) € H}(Q) x L2, (Q) such that V(v,q) € H}(Q) x L?,,.(Q):

l/(ll, V)Hé(Q) — (p, div V)L2(Q) — (q, div u)L2(Q) = <f, V)Hé(Q)

(7)

We recall the following regularity property [16]:

Proposition 2 ([32, Theorem I-5.4]). Suppose that 2 is conver. Then, the mapping (v,q) — —vAvV +
grad q is an isomorphism of (Vo NHZ?(Q)) x (L2, () N HY(Q)) onto L%(Y), and it holds:

vIVlgz@) + [Plar) < ||fllu2q) where £ := —vAv + grad g.
Classically, one proves that Problem (7) is well-posed using Poincaré-Steklov inequality (5) and

Proposition 1. Check for instance the proof of [32, Theorem 1.5.1]. Notice that one can also use basic
T-coercivity [13, 8, 38, 22].

Remark 1. Consider inhomogeneous Dirichlet boundary conditions, i.e. u =g € H%(aQ), where g is
some boundary data such that [, g - njgq = 0. One can built a velocity field ug € H'(Q2) such that:
—Aug = 01in Q and u = g on 9. Then uy := u — ug is such that uy = 0 on 9N and it solves the
following problem, cf. [22, Appendix B]:

Find (up,p) such that —vAuy+gradp =f and divuy = div ug. (8)
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3. Discretization notations

Consider (75), a triangulation sequence of 2. We use the notation A < B for A < C' B where A and
B are scalar quantities and C' is a generic positive constant which is independent of the sequence (73)5
and the quantities of interest. For a given triangulation 7, we use the following index sets:

o Tx denotes the index set of the elements, such that 7j, := Uyez,. K is the set of elements. For all
l € Tk, we call hy and py the diameters of K, and its inscribed sphere respectively, and we let:
oy = %. When the (7)p, is a shape-regular triangulation sequence, cf. [29, def. 11.2], there exists
a constant o > 1, called the shape regularity parameter, such that for all h, for all / € Zx, 0, < 0.

e 7 denotes the index set of the faces, such that Fj := Usez, Fy is the set of faces.

Let Zp = Zh UZ%, where Vf € Ti, Fy € Q and Vf € Zb., Fy C 95.
For all £ € Ty, we set Zpy) = {f € I&" | Fy € Ky}

e I denotes the index set of the vertices, such that (5;) ez, is the set of vertices. For all ¢ € Tk,
we set IS,Z = {Z € Ig | S; € Kg}

For all f € Zp, My denotes the barycentre of Fy, and ny its unit normal (outward oriented if Fy € 0f2).
We set Sy = |F¢|ny, and we call hy the diameter of Fy. For all £ € Tk, for all f € Zp,, we call ny, the
the normal vector of Fy outgoing of K,. We use the following notations:

Vo € L2<Q)7 Vi e IK7 Uy = VK, and Uy = |[(Z|_1 fKe v; (9)
Vo e H'(Q),Vf € Ip, vy =uvp and vy = |Fy|™ S, v. (10)

Let us introduce spaces of piecewise regular elements:
PuH' = {ve L2(Q); Ve Ik, v, € H'(K)} and P,H' = (P,H')".
We define the element-wise operator grad, € L(P,H*,L*(Q2)) such that:

V(v,w) € P, H' x L*(Q), (grad, v, w)r2@) = > (grad v, w)rz(x,),
(el

We define the broken scalar product and the broken semi-norm:

V(v,w) € PoH' x PyH', (v,w), = (grad, v,grad, w)rz@q) = »_ (grad v, grad w,)r2(x,),
LTy
Yo e PoH', o]} = lgrad, vliz = Y lleradvlfsx,).
LeTK

In the same way, we define the element-wise operator Grad,, € L(P,H! L*()).
Let us recall the Poincaré-Steklov inequality in cell [29, Lemma 12.11]:

Yv € PhHI, Vi e IK, ||Ug — QZ“LQ(Kz) S ﬂ_lth grad W||L2(K4)- (11)

Let v € P,H'. Let f € Zi (vesp. f € IY%) such that Fy = 0K, N 0Ky (resp. Fy C 0K, N 9N) and
n; =ny,. The jump between the facets is defined by: [v]; 1= vyr, — vor;, (vesp. [v]f = vir,).

We set PyH(div) = {v € L*(Q); V(¢ € Ik, v, € H(div; K;)}. We define the element-wise operator
divy, € L(P,H(div), L*(Q2)) such that:

V(V, q) S PhH(le) X L2(Q), (dth Vv, q)Lz(Q) = Z (dth Vy, Q)Lz(Kg)a
leTy
Yo € PoH(div), [[divi v][7zg) = Do 1 divvellZa(g,-
lely



We call K the reference simplex. For all £ € Zy, we denote by T, : K — K, the geometric mapping
such that Vx € K, x|, = Tu(X) = Bx + O?Z-, where B, € R, O?Z € R? with i € Zg,. Let us set
Joy = det(By). Recall that we have [29, Lemma 11.1]:

el = 1K R 1Bl = e (o)™ 1B = hg ()" (12)
For all v € L*(Q), ¢ € Ik, we set: 0, = vy o T;. Changing the variable, we get:
onlaey = 1l 90 (13)
Again, changing the variable, we have:

Yo € P H' VIl € T, gradv, = (B, ") grad, o, and grad, ?, = (B,)” gradv,. (14)

Hence, for all v € P, H', for all ¢ € Iy it holds:
lgrad velie,) < 1B |1 |l | grads 0cll7s ) (15)
| grady tellf2 5y < 1Bell® [ 7" || grad vel|te (k). (16)

For all ¢ € Zx and f € Zpy, we denote by Ty, the geometric mapping such that for all x € Fy,
Tf’g(T[1<X)) =x. We let Fﬂg = Tfj(Ff) and nyg = det Bﬂg where Bf’g is the Jacobian matrix of Tf7g|Ff.
Hence: |Jyo| = |Fy| |Frg)~". We recall that [24, Inequality (3.17)]:

VOE€ I, Vf € Tpe, |yl 1Tl S (p) ™ (17)
Changing the variable, we get:
V0 e Ty, Yu € Hl(Kg), Vf c .’Z:Eg, HU[H%Z(Ff) = |Jf7g| H@Z“%Q(ﬁﬁg). (18)

Let n Fro be the unit normal vector of the face F ¢ outgoing from K. Changing the variable, we get:
nge = [Jol | Jpel 7t (B mp . (19)

For all D C R, for k > 0, we call P*(D) the set of order k polynomials on D, P*(D) = (P*(D))?. Let
k>0 and Cyg = ((k+1)(k + d)/d)z. The following inequality holds [49, Theorem 5]:

1

V0 € T, Yo € PH(KY),  lvellzory) < Croa (10Kl 1Ko ™) Jvel 22y (20)
Using successively (20) and (17), we obtain:
V0 T, Yoo € PHE),Yf € Tpe, oo — velliary S ()2 ve — vellaiy- (21)
Proposition 3. The following inverse inequality holds:
Ve € I, Yo € PUKy), | grad vl < (o)~ llve — wollp2r- (22)

Proof. Let v, € P(K,). Since v, is a constant and grad v, is a constant vector, it holds:

2
/ grad(v, — v,)
K,

| grad vl i, = |l grad(ve — u)l22c,) = 170l | grad (e — )P = K|

We deduce that:
2

lgrad vz, = [Kel™ /8K,_7<W — V)oK, using an integration by parts,
2
< K|t (/ |vg —QA) since ‘nwm <L
0K, ‘
< K| THOK ] lve — vell72 ok, using Cauchy-Schwarz,
S () lloe = wellia k) using (17) and (21).



We define the following spaces of piecewise polynomials:

Vk >0, Pho(Th) = {vel*(Q); VleIx, v ePHK)}.

¥k >0, PHT) = {veHYQ); VlLE€Iy, v € PHK,)}.
We call my € L(L*(Q), PY...(T)) the L*projection onto PY..(Tr):

Yo e L*(Q), mo(v) = > vk,

Lely

By summation over ¢ € Ty, we deduce from (11) that:
Yo € PoH', |[v—mo(v)|12(0) < 7 'h| grad, v|rz).- (23)

For all £ € Zk, for all © € Zg, A; ¢ denotes the barycentric coordinate related to the vertex S; in K.
We endow P'(T,) with the basis (¢;)iez such that:

)\il ifie Zs’g

o 1 P— ).
\44 S IK7 ¢i|K¢ - { 0 otherwise °’ so that P (771) = vect ((¢z)z€Is) .

We need the following estimate inspired by [29, Lemma 12.15]:

Proposition 4. For all { € Tk, for allv € H(Ky), for all f € gy, it holds:

v = vl S (0che)? [olaix,), (24)
1
v —vsllezry S (oche)? [Vl (25)
Proof. Let m{ € L(L*(Fy),R) be the operator such that for all v € L*(Fy), 7 (v) = vy, It holds:

||7réc||£(L2(Ff)7R) < 1. Notice that v —v; = (Id — ) (v — v,), hence |Jv — QfH%2(Ff) < 2||v — Qz”%?(Ff):
inequality (25) is a consequence of (24). It holds:

2 - 2

o —vlBaey S 1F 00— el from (18),
< | Fy (H@g — QgHiQ(K) + || grad @gHiQ(K)) by continuity of the trace,
S EET (o = vllfa ) + (7o) || grad vffs ) from (13) and (16).

We conclude using the discrete Poincaré-Steklov inequality (11) and (17). O

We recall a classical approximation estimate: changing the variable, using Bramble-Hilbert/Deny-
Lions Lemma [29, Lemma 11.9] in the reference element, changing the variable again, we have that for
k>0, for all m € {0,...,k+ 1}, £ € I, for all v € H*'(K,) (see also [23, Proposition 4.1]):

hk+1

inf ) |’U - Uh|Hm(K[) 5 |U|Hk+1(Kg)' (26)

v EPF (K, m

In the next section, we recall the definition and properties of the nonconforming finite elements.



4. Nonconforming finite elements

Let us consider X;, = (X3,)? (resp. Xon = (Xox)?), the space of nonconforming approximation of
H'(Q) (resp. H{(Q2)) where, for k& > 0, we have:

Xn = {wn €Pho(Th); Vf €T g€ PYFY), fplv]yq =0}
(27)
Xon = {veXy; VfeIy Vge PYEFy), [y v5q=0}.
The condition of zero jump across faces is known as the "patch test”. Using it, we can show that the
mapping v — ||v||; is a norm over Xg,, cf. [24, Lemma 2|. Notice that X, ¢ H*(Q2). Nevertheless, for

all v € X, for all f € T}, such that F'y = 0K, N 0Ky, vy = |Fy|! [p,ve = |Ff|! [p, ve. It proves the
following results, which are useful for the numerical analysis of nonconforming finite elements.

Proposition 5. Let (v, q) € (Xon +H(Q)) x HY(Q). We have:

o> (Vernge, Qrery| Sohvia [l grad gl q).- (28)
el fGIF,g

Let (v,q) € (Xon +H(Q)) x PYT,). We have:
Yoo > vernge, Qe SolvInlla = mo(9) |2 e)- (29)
Lely fE€LF

Proof. For v € H}(Q), it is obvious since:

D (Vermgg, @)rery = (VMo q)r20) = 0.
el fEIF’[

Let (v,q) € Xon x H'(2). We are inspired by the proof of [10, Lemma 3.1]. It holds:

Z Z Vi Dpe, )2y Z/LQ vsqly-my =0, Z Z (Ve —vy) nf7€7gg)L2(Ef):0'

el fE€lpy, ez el fE€Ilpy

By summation and using Cauchy-Schwarz, we deduce that:

Z Z (Vf'nf,e,Q)LQ(Ff) = Z Z Ve—Vf nf,éyq_gg>L2(Ff)7

el fE€lpy Lely fE€IF

< > > Nve=vp) npellee llg = g,z
€Ty f€lpy

According to (25), we have:
1(ve = vp) npellzacry S (0che)? || Grad vil|ie ). (30)
Let ¢ € H'(Q). Using (24), we have: ||¢ — ¢, |l z2(r) S (00 he)? || grad q|lt2(x,)- Hence:
(v = v) - mpellaeen g — g2 < o0 he | Grad vellage || grad glleqe.
Let ¢ € PX(Ty). Using (21), we have: |lg — g, ||z S (pe)~ 2 g — q,llr2(x,)- Using (30), it holds:
[(ve —vg) - nypellrzry) lg — g, 2y < ol Grad vi||Lzr) (g — mo(q) L2 x,)-

We conclude using discrete Cauchy-Schwarz inequality. O
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Proposition 5 helps to prove the following discrete Poincaré-Steklov inequality [38, Proposition 10]:
Vo, € Xon,  lvnllzz) S 0 Caha |lvnlln, (31)

where the dimensionless constant Cq depends on Cy;, and Cpg (cf. Equations (6) and (5)).
We now consider the case k =1 in (27). For all £ € Tk, for all f € Zpy, A\s, denotes the barycentric
coordinate related to the vertex Sy, opposite to face Fy in K,. We endow X, with the basis (¢f) ez,

such that:
1-— d)\fj if fe IF,Z

WA= IK, wf\Kg = { 0 otherwise ’ so that Xh = vect ((¢f)f€IF) .

We have: [p by = [Fy|dp,p, Wf]f = 0if f € Ty and Xop = vect () ez ).
For all £ € Zg, we define 7, : H'(K,;) — P'(K,) such that:

V0 E Ik, Vv € HY(K,), whv= Y v, (32)

J€lry
Notice that for all £ € Zg, for all v € PY(K,), 7’ v = v. We recall the following result.
Proposition 6 ([5, Lemma 2]). The norm of the operator 7°, is independent of K,. We have indeed:
Ve € Ik, Yo € H'(K,), | gradnivller,) < ||grad vz, (33)
Hence: |78 || e (x,).p1 (50 < 1

Proof. By construction, using integration by parts, it holds:

¢ ¢ ¢
|K,| grad v :/ grad 7., v = T, V9K, :/ UK, :/ grad v.
K 0K, K

oK,
[
In order to prove convergence estimates, we need the following result.
Proposition 7. The following estimates hold, for all ¢ € Tx, for all s € [0,1], for allv € H'™(K,):
lo— WﬁwHL? &y S 2(he) T ol ), (34)
|grad(v — m50) ey < 200 (he)® |v] e (i) (35)
lo = mbollzzony < 2(00he)? (he)* [0l ey (36)

Proof. Since for all v, € PY(K,), v — 7t v = (Id—7°)(v —vp), we have:
v = mtvlmay < IHd = 7l @o.pa ol o= onllan o),

< 2 inf — .
< vhelpﬂl(m)ﬂv vnll o (k)

Using estimate (26), we deduce that, for m = 0, 1:

||U 7T¢7»”||L2 (Ky¢) < 2 (hg)ler |U|H1+m(Kg)-

|grad(v — i) |2,y < 200(he)™ [0]grem (i,

We obtain (34) and (35), using interpolation property [46, Lemma 22.2]. We estimate |[v — 750 12(0x,)
with the same tools, changing the variable, using the trace theorem in the reference element, and
changing the variable again. O

Let 7. : HY(Q)) — X, (resp. I, : HY(Q) — X)) be the Crouzeix-Raviart interpolation operator:

Yo € H'(Q), 7ov = Y vpiby with vy = [Fy|™! / v, (37)
fEIR Ff
e H(Q), Mo(v) = (ma(v:)i, (38)

We can now describe the P! x P finite element [24, Example 4].
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5. The P! X P finite element

The space of the discrete velocities of the Crouzeix-Raviart finite element is X . The space of the
discrete pressure is Qo p, such that:

Qo = Paise(Tn) N L2, () (39)
Let Vo,h be the subspace of X functions which divergence is discretely vanishing:
Vo = {Vh € Xon | Vaon € Qo (divy Vi, qon)r2@) = 0} : (40)
This space is such that its velocities are piecewise divergence free [15, Lemma 3.1
¥V, € Vo, V€I, divvy, =0. (41)
We have the tools to establish the following result.

Proposition 8. The Crouzeiz-Raviart interpolation operator Il.. can play the role of a Fortin operator
for the Pl x P finite element:

Vv € Hl(Q) (dth HCTV, qh)L2(Q) = (le V, qh)L2(Q), th € /Pc(l)zsc(ﬁ) (42)
Vv € HM(Q) v —Hev|n < 200°|V]gs+1), s €[0,1]. (43)

Moreover, we have the following estimates:
Yo € HY(Q), [Her (V)| < || Grad v||12(q). (44)
Yv € HH_S(Q),VK € IK, HV — HCTVHLQ(aKg) S 2 (Og hg)% (hg)s ‘V|H1+S(Kg)7 S € [O, 1]. (45)

Proof. By definition of Il and using an integration by parts, we obtain that for all ¢ € Zr: (div(Il..v —

V), Q) r2(ky) = Z —qh‘K[/ (v — v) - ny = 0. We deduce (42) by summation. For all v € H'(Q),
fE€Tys e Ey
TerUji, = Toyv. Then, we deduce (43) from (35), (44) from (33) and (45) from (36). O

Let Jp, : Xopn — Yo, with Yo, = {vh € Hy(Q)| VleIg, vk, € Pk(Kg)} be the averaging opera-
tor described in [29, §22.4.1]. There exists a constant C'7, independent of h and o such that :

Von € Xop, | Tnvnllmye) < 0 Cg, loalln (46)

Let ¢ € £L(Xo 4, R) be such that:

(f, Vh)LQ(Q) if f e L2(Q)
% X l = : h 47
Vi € Xop,  Lr(va) { (£, Tn(vi))mi if f € HH(Q) (47)
The discretization of Problem (4) with the Crouzeix-Raviart finite element reads:
Find (up, pr) € Xon X Qo such that V(vy,vp) € Xop X Qo -
e ’ . ’ : (48)
v(uy, vi)p — (divy, Vh7ph)L2(Q) — (divy, up, %)L?(Q) = Lle(Vn).
We can build an explicit right inverse of the operator divy, from Qg to Xg4:
Lemma 1. For all qo, € Qon, there exists vy, , € Xop, such that:
—(divy, Vao,n Qop)r2@) = v ||QO,hH%2(Q)u (49)
Vol < v Caiv llgonll 2 () (50)
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Proof. Let qon € Qo According to Proposition 1, it exists v, , € H}(Q) such that div Vaor = T0(qo,n)
and [|[Vy, , [l ) < Caivllqonll2(). Consider vy, = —v ! e (Ve ) € Xo. We have V0 € Z:

| K| divvg, ik, = / divvy,, = Z / Vg - Ny integrating by parts,
’ Fy

= —v! Z / Vo, ~ e by definition of v, ,
= / d1v Vaou integrating by parts,
= ’Ké\ qo,h|K, by definition of v, , .

We deduce that div vy, , |k, = =V~ qo|k,, hence (49). Equation (50) is obtained using (44):

Vao,lln = v M er¥iag s < v 194, 1m0 < v Cae ol 22

O
Hence, Problem (48) is well posed and we can derive the following error estimates.
Theorem 2 ([24, Theorems 3, 4, 6]). Suppose that the solution to Problem (4) is such that (u,p) €
(NVOOHQ(Q)) X (L2,,,(Q)NnHY(Q)). Let us set ||(w,p)ll, = |ulmz@) + v 'plmw. Let (wn,pp) €
Vo X Qo be the solution to Problem (48). We have the following error estimates:
la—willn + v~ P = pallrzey < ohli(wp)ll, (51)
lu—wllee S o*R*||(u,p)l, if Qis convex. (52)

Consider Problem (4) with data f = grad ¢, where ¢ € H'(Q) N L?

zZmu

then (u,p) := (0, ¢). By integrating by parts, the source term in (7) reads:

(©). The unique solution is

vv e Hy(Q), (f, VL) = —(divv, ¢)r2(q). (53)
Using a nonconforming finite element method, the integration by parts must be done element by element:

\V/Vh € PhHl, (f, Vh)L2(Q) = (leh Vh, + Z Z Vp - Ilff, L2(Ff)- (54)

eTy fEIF ¢
Applying (54) to the right-hand side of (48), choosing v;, = u;, € \707;1, we have, using (41) and (28):
Vunlln < o bl grad ¢z,

The second term in (54) acts as a numerical source for the discrete velocity, whose numerical influence
is proportional to h/v. Thus, we cannot obtain exactly u, = 0 as expected. Linke proposed in [40] to
project the test function v, € X; on a discrete subspace of H(div; ), like Raviart-Thomas or Brezzi-
Douglas-Marini finite elements [12]. Alternatively, one can use a multi-points flux approximation to
discretize the pressure gradient term in (4) [19, 20].

In the next Section, we study an alternative solution which consists in reinforcing the constraint by
using PY plus P! discrete pressures.
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6. Stability of the P._ x (P° + P*') finite element

In this Section, we show that the Pl x (P°+ P!) finite element satisfies a uniform inf-sup condition
[37], exhibiting the dependency on the shape regularity parameter . We omit the subscript h to refer to
finite element functions. In order to improve the accuracy of the P} x P? finite element, Bernardi and
Hecht propose in [10] to replace Qg by the space of P'-Lagrange pressure (called Q14 below) plus local
bubble functions, defined in each element as the product of the barycentric coordinates. However, for
this discretization, the convergence of the discrete pressure is not guaranteed, as shown in Heib’s thesis
[36]. In this thesis, a new finite element is introduced, for which the space of the discrete pressures is
the following:

Qn = Qo ® Q1 p, where for all k >0, Qpp := P*(T,) N L2, (Q). (55)
The sum is direct: Let (qo, q1) € Qo.n X Q1 be a couple such that ¢y + ¢1 = 0. Then, we have ¢; = —qo
over 7p,. Since ¢; is continuous over 7Ty, it means that ¢; = —¢qo are constant. They are equal to zero

since Q1 C L?,,,(Q). Let us set:

zZmuv

QLh:{QEQthEIK,/KEq:O}- (56)

~ 1 -~
Proposition 9. The space Q1 is such that Qn, = Qon © Q1,n, and we have:

¥a € Qn. Nallizi) = Imo(@)ll720) + llg — mo(@) 172 (). (57)

Proof. Let q € @y, such that ¢ = qo + ¢1, where for k € {0,1}, & € Q. Notice that: ¢ — m(q) =
1 —7mo(q1) +q0—7m0(q0) = ¢1 —mo(q1), since go = mo(qo). Setting § = q1 —mo(q1), we have: (m0(q), )2
Y rezye T0(@)(Ke) [i, @ =0, so that: [|l|72iq) = [[70(q) + dll72q) = [m0(D) 720 + 11]72(q)-

co

In order to prove the inf-sup condition of the P} x (P°+ P') finite element, we need inequality (29),
Lemma 1, and another result stated in the next Lemma, which requires the following Hypothesis [10,
Hypothesis 4.1]:

Hypothesis 1. We suppose that the triangulation Ty, is such that the boundary OS2 contains at most one
edge in dimension d = 2 and at most two faces in dimension d = 3, of the same element K;, { € Tk.

Let us set: X3, := {v € X, |Vf € Zp, v; - ny = 0}. Notice that by construction, X{, C Vy,
since:

wv e XTI, V0 € Ty, / divv=— Y / veng = 3 |Fylv; ngp=0. (58)
’ Ky Ff

f€Lry f€Lry

Lemma 3. Under Hypothesis 1, for all g1 € Q1 there exists v, € XOTJL such that:

(le Vq1>7TO(q>>L2(KZ) =0 Vq € Qh, (59)
(gradqr, o)) 2 v o 2 g = mo(@) 1720 (60)
IValln < v o® llar = mo(@) | zao)- (61)

Proof. Let us consider q; € Q1. For all ¢ € Zx, we set q1, = qux, and §10 = q1 o T. Since ¢, € H()
we have [6, Proposition 2.2.10]: for all f € Z4 such that Fy = K,N Ky, grad ¢1 0 X ny = grad ¢, ¢ X ny.
We can then construct v,, € X{, such that':

VeI, vg,(My)=v""(hs)’n; x (grad g, x ny). (62)

Tn 2D, grad ¢; x ny is a scalar, hence we make the following abuse of notation: ny x (grad g1 xnys) = (grad ¢; xns)7y
where (T7,ny) is an orthogonal basis.
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Since v,, € X{,, Equation (59) holds, hence (58).
||
d+1

Let us prove (60). Noticing that Vl € Ty, Vf € L, / Yy = , we have:
Ky

(grad g1, v, )12k, = (d+ 1)K, Y. gradqye- vy, (My),

fesz,e
=vHd+ 1)K Z (hf)2 grad ¢, -ny x (grad ¢, X ny),
fte,’Z
= I/_l(d+ 1)_1’[(@' Z (hf)2 ]grad qie X Ilf|2 .
feI;J

Using Equations (14) and (19), we have:
grad qie X Ny = |Jg| |Jf7g|_1 (Bgil)T grad& (ng X (Bgil)T Ilpﬁe.

By a direct computation, we show that:

(B )" gradg gie x (B ) np = (Jo) 7' (Be)*? grady Gie x g,

Hence:

|grad qi ¢ X ng| = |J; " ‘ (B)?2 grad, g, x ng |-
Notice that we have:

—(d—2

) d. ¢
‘gra Qe X N,

B

‘(Bg)dfz (gradﬁ Gre X anJ) >
2 (p)"? |grads e x ng,,

Using Equation (65) in (64) times hy, squared, we obtain:

2

(hy)? lgrad qp x ng* 2 (17707 hp)? (pe)* ) |grady i x np

Notice that (| ;| hs)? = (hf)204=2 > (hy)~2(4=2) hence:

h —2(d—2)

R e ) R

Pe

It follows that: )
(hy)? |grad g1 x ng|* > (o) 722 ‘gradfc Gre X nﬁf‘
According to Hypothesis 1, we have for all ¢ € Tg:
A 2 A
Z ’gradﬁ Gre X nﬁf’ 2 | grad, qu\z.
fez}'mZ

We can now bound the left-hand term in (63) using Equations (66) and (67):

(grad qi, vy, )2, 2 v (00) 22| K| | grady g1 >

Using inequality (11) in the reference element and the change of variable (13), we have:

Kol |gradg duel® = |K||K|7"| grad, Qelli
R Kl e = a4, 13 4
>

lqr,e — QLZH%Q(KZ) where 4,,= Ll S, @1-

12
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Thus, using (69) in (68), and summing over ¢ € Zx, we obtain (60).
Let us prove (61). For all £ € Zg, Grad vy, x, = >, V4 (M;) @ grad ¢y k,. We deduce that:

feIiF,e
| Grad vy, [F2s,) S 1Kl Y Vo (Mp)]? | grad g, [,
fezy,
Sy Kl YD (hy)t g x grad g xong* (Ko 72 [Fy?)  since | grad ¢ |2 = | Ko 2 | Fy[?,
fezjw
S v K| (he)* (pe) 2 > Iny x grad g x nf|2 using (17),
fezjwZ
Sv 3 (ophe)? | K| | grad qi|* = v~ % (0, he)? || grad qﬂ’%ﬁ(m) using Hypothesis 1,
Sv7(00) Nlae — 4 122, using (22).
L]
Let by(+, ) be the bilinear form such that:
by - Xh X Qh — R (70>
e (v.q) — —(divav,q0 )20 + (v, 8rad gi)r2(a),

with ¢ = go + ¢1 such that (go,q1) € Qon X Q14 Under Hypothesis 1, the bilinear form by(,-) is
continuous and is satisfies a discrete inf-sup condition:

Theorem 4 (Stability of the coupling bilinear form). The following continuity property holds:

Vv e Xon, Vg € Qn, (v, )| S allvlallall L2, (71)

Suppose that the triangulation satisfies Hypothesis 1, then the following inf-sup condition holds:

Vg € Qn, Iv € Xop, bi(v,q) 2 (Caw) 202 IVIn lall z2 (), (72)

Proof. Let us prove (71). Consider (v,q) € Xo, X Qp, where ¢ = qo + q1, (90, 1) € Qon X Q1p-
Integrating by parts the last term of (70), we obtain that:

br(v,q) = —(divy, v, m0(q)) L2(02) + Z Z (v-ngy Ch)L?(Ff)' (73)

eTy fGIpyg

On the one hand, using Cauchy-Schwarz inequality, we have:

[(divi v, mo(9)) 2@ < VA |[v]lalImo(q) ] 2o (74)
On the other hand, using inequality (29), it holds:

Yo > (v q)ey| S ollvinlla = mola)lzze) = o VI lg = m0(9) | 20)- (75)
LELK fEIFﬂg
We obtain (71) summing (74) and (75), and using (57).
Let us prove (72). Consider ¢ # 0. Let vy, be built like v, 4 in Lemma 1 with gy = mo(g) here
and vy, be built like in Lemma 3. We have:

— (v Ve m0(@)) iy = ¥ M@ 320, (76)
Vaot@lln < 27" Caw I70(a) | 2o, (77)

(divy ve, mo(q)) 2 = O, (78)
(grad g1, vo )12y 2 v o 2 lg = mo(0) 1720, (79)

Valle S v 0 llg —mo(a)ll (@) (80)
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Using equality (73) with v = v (4, we have, due to (76):

bh(Vo(), @) = v Imo(@ 72y + 2 D (Vi) - Mg @1)z2(ry)-
ely fEIF’g

Using inequality (75) with v = v, and applying (77), it holds:

ba(Vao(a) @) 2 v (170(@) 17200 = Cfiv I170(@) 120 lg = To(@)l|z2()) With CF, = Cae 0

Using Young inequality, we have for all € > 0:

-1
18

_ € o - o
b (Vs @) = v (1= 5Cay ) (@) = v 55 Coie = mo(@) 2oy 1)
Now, using Equations (78) and (79), we have:
bh<vq17q) = (grad QI7VQ1)L2(Q) Z/ v - _2 (@-2) Hq ( )H%Q(Q) (82>

Let us set v* = (v (q) + Vg, where > 0 is a constant. We have: b,(v*, q) = 1 bp(Vay(g), @) + bn(Vg,, @)-
Summing Equation (81) times p with Equation (82), we obtain:

—1
_ € o N . pet
(v, q) 2 pv! (1— QCdiv) Im0(@) 720y + v (0 2 Cdiv> llg = mo(a) 1720

We need to enforce that 1 — £0%, > 0 and o2 — #5209 > 0, which amounts to requiring
e<2(0C%,) tand u <2 (C’dlv)_ o 2@=2)¢. Setting for instance ¢ = (CY,,) " and u = (CF,,) "t eo 22,
we obtain:

1

* 1 —
bu(v*.q) 2 5 (vt o)z + v

Since Cgiy > 1 and ¢ > 1, we have: (C$,)"2 <1 and u = (CF,) 207202 < 572042 Hence:

g = mo(q)lI32(0) -
N 1
(v, a) 2 v (Caw) o (Imo(@)Fa) + g = mo(@)eqm) (83)
We will now bound ||[v*||;, by [|¢||z2(q). Using Equations (77) and (80), we obtain:
VIR < 20 IVnta I+ 1Vall17)
< 202 (010D (Ca) 2 o @) 220y + 0l — mo(0) (o)
< 20770 gl
Hence: v |q|r20) > 1 ~2||v*||5. Using this bound in (83), we obtain (72). O

Remark 2. We exhibit that the bound of the discrete inf-sup condition depends on Cy;, and 0. We
could further optimize the choice of € and p in the proof above to obtain a sharper bound.

Let Vo, C \707;1 be the kernel of the bilinear form by,(-, -):
Von:={veXon|Vqg € Qn bp(v,q) =0}. (84)

The P}, x (P°+ P') finite element method allows to improve accuracy compared to the P} x P? finite
element method:
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Proposition 10. Let v € V. Then for all g1 € Q- Z (@1, [V]y - mp)p2(pp) = 0.
f€Ir

Proof. Let v.€ Vg, and ¢; € )1,,. We then have:
—(divy, v, mo(q1))2) =0  and  (grad g, V)2 = 0.

Using integration by parts on all the elements, we get that:

0= (grad g1, v)r2) = —(diva v, m0(q1)) 2y + D D (@, V- ngo) e, = > (qu, [VIf - np) ey
(eTx fETry fETF

]

We proved the stability of the P! x (P°+ P1) finite element, cf. Theorem 4 and we showed that the
accuracy is improved with respect to the P! x P? finite element method, cf. Proposition 10. Hence, we
have the tools to prove that the discretization of Problem (4) with the Pl x (P°+ P!) finite element
is well posed.

7. Well-posedness

Let us set &), := Xop X Qn. We endow &), with the norm: [[(v,q)llx, == ([VI[; + 72 llgll72)"/?, so
that it is a Hilbert space. Consider the symmetric and continuous bilinear form ay, : Xj, X X, — R such
that for all ((w},,p},), (Vh,qn)) € X X X

an( (Wh, 1), (Vi an) ) = v(Wh, va)n + bu(Va, i) + bn (W, an)- (85)
The discrete variational formulation of Problem (4) with the PL_ x (P°+ P!) finite element reads:
Find (uy, pn) € &) such that V(vy, qn) € Xn, an ((an, pr), Vi, an) ) = le(va), (86)

The main consequence of the inf-sup condition (72) is that Problem (86) is well posed [12]. We have the
following result.

Theorem 5 (Stability of the solution). If Hypothesis 1 holds, for any data £, Problem (86) has a unique
solution (uy, pp) € X such that:

lunlln < v oGy, (87)
lon — mo(r)ll2) S 2 o1 Cy, (88)
I70(on)lz2) S 20 Cai C. (89)

where Cf = CQ hQ ”fHLQ(Q) fo S LQ(Q), or Cf = th HfHH—l(Q) fo ¢ L2<Q)

Proof. We write the proof for f € L%(Q). It is very similar when £ € H™(Q), using inequality (46).
Let (up,pp) be the unique solution to Problem (86), with py, = po s + P1.hs (PonsP1n) € Qon X Q1 p.-
Let us prove (87). Choosing v, = 0 in (86), we have: u, € Vg,. Choosing (vs,qn) = (up,0)

in (86), we then obtain: v|lu||; = (f,us)r2(q). Using Cauchy-Schwarz inequality and the discrete

Poincaré-Steklov inequality (31), we get inequality (87).

Let us prove (88). Choosing (vi,qx) = (Vp,,,0) in (86), where v, , is constructed like v,, in Lemma

3 with ¢; = p1 5, here, and reshuffling the terms, we obtain:

(gradpl,hv Vpl,h)LQ(Q) = (f> Vp1,h)L2(Q) - V(uh’ Vp1,h)h'
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Using the the triangular inequality and Cauchy-Schwarz, we get:
Voo grad pu)rae)| < Il Vo e + vl (Vo lla-
Now, using the discrete Poincaré-Steklov inequality (31) and inequality (87), we have:
(Vi grad prra| € 20 Coha [Eleeq 1V, 1
Using inequality (61), we deduce that:

’(Vpl,m gradpl,h)LQ(Q)‘ <2071 0% Co ha |If||Le) P10 — mo(p1m) |2

Hence, using inequality (60), we get:

y g 2d2) le,h - 7T0(p1,h)||%2(9) S2 v o Ca ha HfHL2(Q) le,h - 7T0(p1,h>HL2(Q)-
We conclude that:
Ipn — mo(on) || 2 = lp1e — To(pin) 2@ S 2027 Co ha ||fll2()

Let us prove (89). Consider (vi,qn) = (Vrop,),0) in (86), where v (,) is built like v, , in Lemma
1 with g5, = mo(pn) here. Using Equation (73) with ¢ = pj,, Equation (49) and reshuffling the terms, it
holds:

VﬁlHWO(Q)Hiz(Q) = (f>V7ro(ph))L2(Q) — v(up, Va (pn) Z Z Vro(pn) nf,e,pl,h)LQ(Ff)-
Lely f€IF

Using the Cauchy-Schwarz and inequality (29), we have:
v Imo(@)ll72@) < IEllez) Vaoem ez + vl Ve lln + 0 [Vao@n I 1P1n = To(pn)ll 2@

Using the discrete Poincaré-Steklov inequality (31) and inequality (49), it holds:

I7o(@) 120 < Caie (0Ca b fllL2@) + vIunlls + o llpus — mo(Prn) 22 ) I17o(q)l|z2@)-
Using inequalities (87) and (88), we deduce (89). O

In order to compute the error estimates, we now need to exhibit a Fortin operator.

8. Fortin operator

In this Section, we construct a Fortin operator, inspired by [10, Proposition 6.3]. Let us split X,
this way: X7 h= VO h @WO 5, Where VO n=VorNXE 0., and W0 ;, 1s the orthogonal of V0 p In X0 b We
make the abuse of using the same notation for bh( ) and its to extension br(+, ) to (Xo,n +H1( )) X Q.

Proposition 11 (Fortin operator). Consider the projection operator 11, : Hy(Q2) — X, such that: for all
w € Hy(Q), Iyw = I, w + wyp, where wp € W%)F,h satisfies:

Vg, € Ql,ha (WTu grad Ch)L?(Q) = (W — 1., w, grad %)L?(Q)- (90>
Then, the projection operator 11, is such that:

vw € Hj(Q) bn(Ilyw, qn) = bu(W,qn), Vg € Q. (91)
vw e HPHQ)NHN(Q) ||lw— ILwl|, S 02 h|wlgsiq), s€[0,1]. (92)
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Proof. Let w € H{(Q). Let ¢ = (g0, q1) € Qon X Q14 It holds:
—(divy, Hpw, qo) 12() = —(divy oW, qo) 12(0) = —(div w, qo) 2(0).-
Due to Lemma 3, wr exists and is unique. Using (90), it holds:

b(lpw,q) = —(divw, QO>L2(Q) + (Il,;w + wp, grad QI)L2(Q)7
= —(divw, qo)r2) + (W, grad q1)12(q),
= bh(w> q)

Let w € H'"#(Q) N H{(2). Integrating by parts, and noting that (div(w — II.w), mo(q1)) 2(x,) = 0, we
have, for all ¢; € Q1, using the proof of (29):

(WT7 grad QI)LQ(Q) = (W - Hch7 grad q1)L2(Q)7
— Z (le(W — HCTW), q1 — WO(q1))L2(Kg)
LTk
+ Z Z (W —1IL,v) -nye,q — 7T0(Q1))L2(Ff),
CELK fel-pg

S (Vd+ o) |w—=Tlewlnllg = 7o(a) ]z
Using estimate (43), we obtain that:
|(wr, grad Q1)L2(Q)’ S o’ h® \W’HHS(Q) g — 7T0(Q1)HL2(Q)- (93)
According to [32, Chapter I, Lemma 4.1 (iii)], thanks to Lemma 3, we have the following estimate:

d
will < 020 sup W BRG] (94)

a0y e — mo(q)l 2

Using (93) in (94), we deduce that:
|wrlln < o h? |Wg1+5().- (95)
We obtain (92) from (43) and (95), since |w — I,wl|, < ||lw — L. w||, + [|[wr]|n O
We exhibited a Fortin operator. Let us now study the convergence of the discretization of Problem
(4) with the P, x (P° + P!) finite element.
9. Classical error estimates

Definition 1. Let 7y be the L*-projection to Q1. Let g € Q1. One can set m(q) = 71(q)—1Q|™" Jo 71(q),
where 7y is the L*-projection to PY(Ty,). It holds [28, Lemma 1.151]:

1T1(Q) ) S ola|m @) (96)

Using the triangular inequality and (96), it holds:

1T1(q) — qlzr@) < lalm @) + Im()]a@) S (0 +1) |glm@)- (97)
Let g € L%, (Q) N H'(Q). Using inequality (23), and (97), it holds:
[(m1(q) — q) — mo(mi(q) — @)l z2) < 7 h(o+ 1) gm0 (98)

We have the tools to prove the convergence of the PL_ x (P? + P!) discretization. In what follows, we
recall that: |[(u,p)|, = [ulmz@) + v~ [Pl

2cf. the proof of [50, Lemma 5.1.1], which uses Scott-Zhang interpolation [45]. We can exhibit o from [45, Theorem 1].
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Theorem 6 (Convergence of the discrete velocity). Suppose that Hypothesis 1 holds and that the solution
to Problem (4) is such that (u,p) € (Vo NH2(Q)) x (L2,,,(Q) NHYQ)). Let (up,pr) € Vou X Qo be

the solution to Problem (86). We have the following error estimates for the discrete velocity:

o> || (u, p)ll,, (99)

u—wnfln S

if Q is conver  ||[u— w2 S R |(w,p)],. (100)
Remark 3. Suppose that the solution to Problem (4) is such that (u,p) € H?*(Q) x H'(2). When
is nonconvex, one can prove that |[u — upl|r2@) < o* A5 || (u, p)||, for all s €]3, sq, where sq €]3,1]

depends on the reentrant faces, cf. [25, 1.A].
Suppose that the solution to Problem (4) is such that (u,p) € H'**(Q) x H*(Q2) for all s €]3, s¢|,
with s¢ €)%, 1[. One can prove that for all s €]3, s¢, [[u—wu,||n < 0*h* ||(u,p)]|,. If Q is convex, one can
prove that |u — up||2@) S o2 ||(u,p)],. If Q is nonconvex, one can prove that |[u — wyllr2@) S

~ ~

o 1ot || (u,p) ||, s €]3, s¢[ and s’ €]3, sq[. This remark applies also to Theorem 2.

The proof of Theorem 6 is similar to that of [24, Theorems 3, 4] since we exhibited a Fortin operator.
We enclose it in Appendix A. We can now prove the convergence of the discrete pressure.

Theorem 7 (Convergence of the discrete pressure). Suppose that Hypothesis 1 holds and that the solution
to Problem (4) is such that (u,p) € (Vo NH2(Q)) x (L2,,,(Q NHYQ)). Let (up,pr) € Vou X Qo be

the solution to Problem (86). We have the following error estimates for the discrete pressure:

I —pn) —mo® — i)l S vo 2 h|(u,p)l., (101)
Imo(p — pr)llzy S ¥ Caw o hl(uw,p)|., (102)

Remark 4. Using Proposition 9, Equations (101) and (102) imply that
Ip = pull2@) S v Cai '™ 1| (0, p)], (103)
Let us prove Theorem 7.

Proof. Let (uy,pn) € &} be the solution to Problem (86) with py, = pon + P14, (Pon, P1) € Qon X Q1,h-
Integrating by parts the right-hand side in variational formulation (86), we obtain that for all vj, € X :

(£, Vi) = —v(Au, vi)12(0) + (grad p, vi)i2q),
(104)

=v(u,vp)p—v Y, Y. (Gradu: Ny, Vi)L2(ry) + (grad p, vi )Lz o).
elk fEIF’g

Developping (86) with ¢, = 0, noticing that the discrete velocity u, € Vy, and using (104), we deduce

that:
v(up, Vi) — (divy, Vi, Don) ) + (8rad pip, Vi)

(105)
=v(u,vp)p—v >, Y. (Gradu: Ny, Vi)Le(ry) + (grad p, vi)rz(q)-
LELK fEIF’g
Reshuffling the terms in (105), we get:
—(diva Vi, pop)r2) — (grad(p — pin), Vi)rz) = (1, up, vi), (106)
where:
e(u,up, vy) ==v(u—w, vy —v Y Y (Gradu:ny,vi)re g (107)

el fEIF’[
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We can bound &(u, uy, vy,) using (99) and applying (28) to all the components of Grad u € H!(Q2) and
vy, obtaining:
e(u,up, vi) < o* hvll(u,p)lly [valln: (108)

We first prove (101). Let v, € Vi, cf. (40). Equation (106) now reads:
_(grad(p_pl,h)avh)L2(Q) = 6(u7uh7vh>' (109>

Recall that 7 is the L*-orthogonal projection on Q p,, cf. Definition 1. Let us write (109) this way:

—(grad(m(p) — p1a), Va)re(e) = €(u, up, va) + (grad(p — m1(p)), vi)rL2(o)- (110)
Notice that:
(grad(p — m(p)), va) L2(Q Z Z — m(p), Vp - nf,z)m(Ff)-
0Ty fE€Try

Applying (28) to all the components of v;, with ¢ = p — 71 (p), and using (97), we get:

|(grad(p — m(p)), va)ray| S (0 + 1) hlpla) [1valln- (111)

Using (108) and (111) to bound (110), we deduce that:
(grad(m (p) = pra). Vi) | < 0™ b [[(,p) o [¥alln (112)

Consider v, , € XoTJl built like v,, in Lemma 3 with here ¢; = ¢1, :== m1(p) — p1,». Using (60) and (61),

it holds:

2(d—-1) (

HQLh - 7TO(QIﬁ)HLZ(Q) qul,hHh /S g grad qih, V(I1,h>L2(Q)~

Using now (112) with v, = v, ,, we deduce from the above inequality that

Hth — 7T0(Q1,h)HL2(Q) < o4 hy H(UW)HV- (113>

Using the triangular inequality, we have:

H(p - Ph) - 7ro(p - ph)||L2(Q) < qu,h - 7To(ql,h)||L2(Q) + ||(p - Wl(p)) - 7T0(p - Wl(p))Hm(Q)

Hence, using (113) and (98) with ¢ = p, we obtain (101).
Let us prove (102). Integrating by parts the second term in (106) and moving it to the right-hand
side, we get:

(divy, vi,p — pr)rzy = Y. Y. (D —DPin, Va- Ny )2, + (0, up, Vi), (114)
Lely fE€IF

We write: p— p1s = (p — m1(p)) + (m1(p) — p1sa) where m1(p) — p1n € P(Tn). Hence, using (28) and
(29), it holds, for all v, € Xq:

Z Z (p — P1,hs Vi nf,e)L2(F )
Lely fEIFyg ! (115>
<o (h] grad(p — m(p)) 2@ + [|(Id — ) (m1(p) — pl,h)HLQ(Q)) Ivalla-

According to (96), we have: || grad(p—mi(p))||L2@) < o v ||(u,p)|,. To bound the second term of (115),
notice first that:

(Id — mo)(m1(p) — p1p) = (Id — mo)(m1(p) — pr) = (Id — 7o) (m1(p) — p) + (Id — 7o) (p — Pn)-
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Using a triangular inequality, we deduce that:

(7 = m0) (w1 (p) — pra) 2@y < 1(Fd = 70) (2 (8) — P12y + 1(Fd = m0) (b — pa) 20y

We now use (98) and (101) to bound the first and the second term in the above equation:

1(1d = 7o) (m1(p) — Prp) |20y S vo h||(w,p)ls + v Caiv 0™ [[(w, p) I
Finally, we have:
Yo > (=i Ve np) | S vt R (wp)ll Vil (116)
eTk fEIF’g

Using (116) and (108) in (114), it holds, for all v, € X :

|(divi, Vi, p = pr) 2oy S v o () [[Valln- (117)
Let qon = —mo(p —pr). Consider Equation (117) with v, , € Xq 4 built like v, in Lemma 1. We have:

v |mo(p = pu) 720y = (diva Vg, p — Pr) 2y and [V, ln < v Caivllmo(p — pu)ll2(0)-
Using this in (117), we deduce that:

4d+1) h H

V_lHWO(p - ph)H2L2(Q) S vol (WP V@ lln S oWt Cy b | (a, )|, [0 (p — Ph)HL?(Q)-

Simplifying by v~ ||m(p — pn) || 12(0), we obtain (102). O

Remark 5. Consider inhomogeneous boundary conditions: ujpq = g € H%(aQ) such that [, g-njsq = 0.
One can proceed as explained in [24, Section 7]. Let us set v (X4) := {Vijaq such that v, € X} and:

Gh = {Vh € 78Q(Xh> and /3(2 Vi N = O} , Gh = {Vh € ’)/aQ(Xh) and ‘v’qh € Qh; bh(vh,qh) = O} .

According to [24, Lemma 9], Gy, = {vy, € 790(X4) and Vg, € Qop, (divy, va,gn) = 0}. Hence, G, C Gy
Notice that we can extend the definition of our Fortin operator IT;, from H'(Q2) to X, (cf. Proposition
11). Alternatively, one can prove discrete T-coercivity of the bilinear form ay(-,-) defined in (85), as
proposed in [38] for P*F! x Pk finite element, and use the second Strang’s Lemma [30, §27.4.2] to
compute error estimates. We won’t go into more detail here, as it’s fairly technical.

We proved the convergence of the P x (P°+ P') finite element. In the next section, we prove that we
can obtain optimal error estimates in 2D.

10. Optimal error estimates in 2D

We consider here Q C R2. In order to exhibit some convergence properties of the P} x (P°+ P')
finite element method, we need the two next Lemmas:

Lemma 8. Let vi, € V. Then for all qo € Qap, (grad gaop, Vi)r2(o) = 0.
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Proof. Integrating by parts and using Proposition 10, we get that for all g2, € ()2, and for all ¢; ;, € Q1 4:
> (grad gop, Vi)rek) = — D / QnVhlg-mp=— Y / Q2. = G.0)[Va]f -1y
el fEIR J€Lr

Hence, we obtain for all g2, € Q2 and for all ¢; 5, € Q1 p:

z (grad gop, Vi)r2(k,) = — Z / G2 — Quin)[Vh — Vi gly -0y
eIk feTr

= -2 X / Go.n — qun) (Vi — ¥ p) - D

LeTk fE€Tr Fy

Let us build ¢; 5, € Q14 such that for all ¢ € Zg, ¢1.4,(S;) = ga.4(S;). Then, for all f € Zr, the polynomial
(G2.n — qup) (Vi — Vi, f), which is of order 3, vanishes at the vertices and in the middle of F;. Using the
Simpson’s rule which is exact for order 3 polynomials, we obtain that

/F (@2h — qun) (Vi — ¥y p) -1y = 0.
1

[
Lemma 9. Let ¢ € H*(Q) N L2, (Q) such that |¢|gsq) # 0. Then, for all v, € V-

(grad ¢, vi)r2) S 0 b2 |9lms@) [[Valliz@)- (118)

Proof. Let I, be the P*interpolation operator on 7. Due to Lemma 8, for all v € Vi, we have:
(grad ¢, vi)r2(0) = (grad(¢ — Ion(¢)), Vi )r2(q)- Using Cauchy-Schwarz inequality and [29, Theorem
11.13], we get that:

’(grad ?, Vh)LQ(Q)’ < | grad(¢ — Lon()) L2 [IVallez) < 0 7 ol IvallLe @)

We can now prove the

Theorem 10 (Pressure robustness). Suppose that Q is conver. Let ¢ € H3(Q) N L2, (Q) such that

|¢lus) # 0. Consider Problem (4) with f = grad ¢. Then the solution to Problem (4) is such that:

(u,p) = (0,0). Let (un,pp) be the solution to Problem (86). It is such that:
v HuhHh S o h? |¢|H3(Q) (119>
vl < oA 0]mq), (120)
16 = pn) = mo(¢ — )l S 0?0l (121)
||7T0(¢—ph)||L2(Q) 5 Cliv o p? |¢|H2(Q)- (122)

Proof. Setting v, = u, € Vy, as test-function in Problem (86), using Lemma 8, integrating by parts,
we have:

v HuhHi = (grad(qﬁ _IQ,h(¢) uh L2(Q Z Z ¢ Izh llh : nf,é)LQ(Ff)~

Lely fE€IF

Hence, using (28) and [29, Theorem 11.13], we obtain:

vlunlly < o bl grad(¢ — Zon(9))llz@ [lunlln < o h* 6130 [unlls.

We deduce (119). Using this estimate in the proof of (100), we obtain (120). The proofs of estimates
(121)-(122) are similar to the proofs of estimates (101)-(102), using (119)-(120) and the fact that since

¢ € H*(Q), || grad(¢ — m1(9)))|lL2(0) S 0 h|o]2(q)- O

Numerical results illustrating the optimal convergence rates in 2D can be found in [37]. To obtain
similar results in 3D, one can enrich the 3D pressure space with P2-Lagrange degrees of freedom [31, 11].
We now propose three numerical tests.
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11. Numerical illustration

This section focuses on three numerical tests designed to evaluate the performance of the proposed
discretization under different Stokes flow conditions. The resolution algorithm in given in (3), for which
the matrices are given in [42, Sections 2 and 3]. We look at two test cases with a regular solution,
presented in [42, Section 4]: Bercovier-Engelman flow in 2D [9] and Taylor-Green vortex in 3D [47].
We also study a 2D test case in a nonconvex domain, with a low regular solution [26]. Specifically,
we compare the two discretization approaches, the Pl x PY discretization and the P! x (P°+ P')
discretization. We present first the 2D test cases, which involve a 2D Stokes flow within a convex and
a nonconvex domain. Then one expands the problem to 3D. For the test cases with a regular solution,
we analyze the influence of viscosity by examining different viscosity values and their impact on the
numerical solutions. Additionally, for the three test cases, we explore the effect of mesh topology by
testing various mesh configurations, both structured and unstructured. In each case, detailed information
on the analytical solutions, viscosity values, mesh setups, and convergence results for velocity gradient,
velocity, and pressure is provided. The simulations are conducted using the aforementioned TrioCFD
software® (version 1.9.4).

The computational domains are discretized with families of successively refined meshes. Let d be the
spatial dimension and m € N* the label for a level of mesh refinement. Let (Ny),, (resp. (N,)m) the
number of discrete velocity (resp. discrete pressure) unknowns of mesh m. Then (Ny)m—1 < (Nu)m,
(Np)m-1 < (Np)y. In this Section, we set:

1
| (e, Pex) [ = (H Grad ueXHJi?(Q) + V_2||pex”%2(9)> °, (123)

where the subscript "ex” denotes the exact solution of the problem. Let Z,,;, be the interpolation operator

such that for v € C%(), Zy(v) = ¥ jez, v(My)1)s. The normalized discrete errors values for the velocity
gradient, the velocity and the pressure are respectively computed as in [37]:

_Icr ex _Icr ex _ - ex
e (u) = [, h(u )Hh’ () = [ap h(u )HLQ(Q)’ Y(p) = v 1[Ipn = 7o(Pex)l|2(0) (124)
H(uex;pex)Hu H(ueX7p6X)HV H(uexapexﬂ‘u

Let 71 (u), 7o(u) and 70(p) be the convergence rates of €/ (u), £f(u) and €f(p) defined as:

In [} o (W] — I €7 (W) 1 In [e5(p)m] — I [4(P)m-1]
I [(Ny )] = I [(Np)ma] I [(Np)m] = I [(Np)m ]’

In the following, the errors are plotted as &% ,(u)? (resp. f(p)?) against Ny (resp. N,).

To(p) = —d X (125)

717()(1,1) = —d x

11.1. Stokes problem in a two-dimensional convex domain

The two-dimensional Bercovier-Engelman flow case [9] is studied in the square domain 2 = [0, 1]?
with viscosity coefficient v € {107%;1072; 1}. The volumetric source term in (4) is defined as:

256 V(IQ(x —1)2(12y — 6) + y(y — 1)(2y — 1)(122% — 122 + 2)) by —1/2)

£z, ) = (126)
—2561/(y2(y —1)2(120 — 6) + 2z — 1)(20 — 1)(12% — 12y + 2)) +(z—1/2)
The analytical solutions for velocity and pressure read:
| =2562%(z — 1)*y(y — 1)(2y — 1) B 1 1
uex(x7y) - [ 256y2(y _ 1)2.’13(517 _ 1)(2$ . 1) and pex<x7y) - (I - 2> <y - 2) : (127>

3https://github.com/cea-trust-platform/TrioCFD-code
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The analytical velocity is imposed as an inhomogeneous Dirichlet condition on the square boundaries.
A triangulation sequence is built based on Delaunay triangulation, as shown on Figure 1. We use a
shape-regular triangulation sequence. Some maps of the solution fields are provided on Figure 2 for
v = 107 We compare the P! x P° and P!, x (P + P!) discretizations. We observe that the
Pl x (P° + P') discretization is more effective than the PL. x PY one, especially for coarse meshes.
We plot the errors g, (u) (resp. &;(p)) against the number of unknows Ny (resp. Np) on Figure 3.
Associated convergence rates 7p1(u) and 7(p) are given in Appendix B, Table B.1. The convergence
rates of the two discretization methods are similar. We obtain: 7(u) ~ 1, 79(u) ~ 2, and 79(p) =~ 1,
which aligns with Theorems 2, 6 and 7. However, comparing Figure 2 for v = 1072 and v = 107%,
we remark for the P, x (P° + P') discretization, the errors on the velocity, €f,(u) are weaker than
those produced by the P! x P? discretization, and this difference is more important for v = 10~ than
for v = 1072. The error on the pressure £f(p) is weaker for the P! x (P°+ P') discretization when
v=10"%

0.0 1.0

Figure 1: First four grids of the mesh family employed in the Bercovier—-Engelman flow.

11.2. Stokes problem in a two-dimensional nonconvex domain

In this flow, designed by Dauge in [26], and studied in [48, 7, 17|, the Cartesian components of the
analytical velocity and the analytical pressure in the nonconvex domain = [0, 1% \ [0,1] x [—1,0] are
given in polar coordinates by:

[ e @) 4 (e Dsin@)ile) | e D) +0()
U =T in()(9) — (s + D eos(phuly) | P9 = T
128

with the function ¢(¢) defined as:

_ sin((k + 1)) cos(kw)  sin((k — 1)p) cos(kw)

o1 — 1 — cos((k + 1)) 4 cos((k — 1)p). (129)

Y(p)

The volumetric source term f in (4) is set to zero. The parameters are k = 856399/1572864 ~ 0.54 and
w = 3w /2. The velocity is such that u. (0, ) = 0. On the other hand, there is a singularity of pressure
in the reentrant corner (0,0), since Kk — 1 < 0:

lg% pex(ra 90) = —00,

$<p0

lim pex(r, @) = +00. (130)
r—0
P>po

where ¢y = — arctan [cos(kw)/(k — 1)] /(k—1) = w/2. The analytic velocity is imposed as an inhomoge-

neous Dirichlet condition on the domain boundaries. We consider here the P}, x (P°+ P') discretization
and viscosity v = 1 only. We have, for all s € [0,&[: (u,p) € H™(Q) x H*(2). We postulate that
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o X PP discretization.

x (PY + P) discretization.

150

I 1185

~o770

Ims
oo

1540
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150

V.

0.230

V.

V.

V.

Figure 2: P! x P? and P}, x (P°+ P!) discretizations, v = 10~*. From left to right: meshes 3 to 6. From top to bottom:
Pl—Lagrange projection of the discrete velocity norm and of the discrete pressure.

71(u) = Kk, 79(u) = 2k, and 79(p) = K. The meshes are shown in Figure 4. We use three families of
meshes: uniform structured meshes (type 1), uniform unstructured meshes (type 2) and unstructured
meshes with a local refinement near the reentrant corner (type 3) to assess the potential gain in accuracy.
Maps of the solution fields are provided in Figure 5 for the meshes of type 2. We plot the errors €/ (u),
eg(u) (resp. £§(p)) against the number of unknows Ny (resp. Np) on Figure 6. Associated convergence
rates 791 (u) and 79(p) are given in Appendix B, Table B.2. It appears that the meshes of types 1 and 2
lead to similar convergence rates, namely 7 (u) =~ k, 7o(u) = 2 k, and 79(p) ~ k. They yield very similar
results in terms of accuracy. We obtain weaker errors and better convergence rates using the meshes of
type 3, which are locally refined. They provide a more accurate approximation of the singularity near
the re-entrant corner. It is worth noting that the velocity converges much faster on the initial meshes,
before eventually reaching the asymptotic convergence rate.
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Figure 3: Plots of ¢f(u), €5(u), and &f(p) for the Bercovier-Engelman flow, for the P._ x P? and PL, x (P + P!)
discretizations, for different values of v.

11.8. Stokes problem in a three-dimensional convex domain

The three-dimensional Taylor—Green problem [47] is studied in the cubic domain © = [0, 1] with
viscosity coefficient v € {107%;1072; 1}. The volumetric source term in (4) is defined as:

—1272(2v + 1) cos(2mx) sin(2my) sin(272)
f(x,y,2) = | 127%(v — 1)sin(27x) cos(2my) sin(27z) | . (131)
127%(v — 1) sin(27x) sin(27y) cos(27z2)

The analytical solutions for the velocity and the pressure are:

—2 cos(2mz) sin(27y) sin(272)
Uex (2, Y, 2) = sin(27z) cos(2my) sin(27z2) and pex(z,y, 2) = —67 sin(27x) sin(27y) sin(27z).
sin(2mz) sin(27y) cos(27z2)

(132)
The analytical velocity is imposed as an inhomogeneous Dirichlet condition on the cube boundaries.
We use structured and unstructured meshes as shown in Figure 7. The two discretizations, P x PY
and P! x (P + P') are compared. For the latter, some solution fields are represented in Figure 8 for
v = 1, to illustrate the convergence. The errors £ ,(u), (resp. £f(p)) are plotted against the number
of unknowns Ny (resp. Np) on Figure 9. Associated convergence rates 7p1(u) and 7o(p) are given in
Appendix B, Table B.3. We obtain: 71(u) =~ 1, 79(u) =~ 2, and 79(p) ~ 1, which aligns with Theorems
2,6 and 7. It appears that the mesh type has very little impact on the results. On the other hand, the
P! x (P°+ P') discretization provides significantly higher accuracy in most cases than the P x PY,
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(a) Meshes of type 1 (structured).

1.0 1.0 1.0
\

1o 0.0 1.0 o 0.0 1.0 1o 0.0 1.0
X X X

1072

1.0 - . ‘ 1.0

Figure 4: First four grids of the mesh families employed in the two-dimensional nonconvex domain flow.

particularly when v = 107%. This is consistent with the conclusions from the 2D case (subsection 11.1).
It is noted that viscosity has a significant impact on accuracy and convergence rates. For v = 1, we
observe that 7 (u) ~ 1, 7o(u) = 2, and 79(p) ~ 1, as in the 2D case. However, the three quantities
gain one order of convergence, reaching 71 (u) ~ 2, 7p(u) &~ 3, and 79(p) ~ 2, respectively, as soon as
v < 1and Pl x (P°+ P') discretization is employed, which could indicate that the asymptotic regime
convergence is not reach.

12. Conclusion

We proved the stability of the PL_ x (P4 P!) finite element, cf. Theorem 4 and we showed that
the accuracy is improved with respect to the Pl x P finite element method, cf. Proposition 10. We
proposed a Fortin operator, allowing us to compute error estimates for the P! x (P°+ P') finite element
and we shown optimal error estimates in 2. We exhibited the dependency of our estimates on the shape
reguylarity parameter o. We provided numerical illustration in 2D and 3D, including a simulation of a
low-regular manufactured solution. We observed that the P! x (P° 4 P!) finite element returns more
accurate results than the PL_ x P? finite element, in particular for small values of v, cf. Figure 9 for the
3D case. Further, one could study this strategy to higher order Crouzeix-Raviart finite elements.
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Figure 5: PL, x (PY 4+ P!) discretization, v = 1. From left to right: meshes 2 to 5. From top to bottom: P!-Lagrange
projection of the discrete velocity components and of the discrete pressure.

Appendix A. Proof of Theorem 6

Let (up, pr) € A be the solution to Problem (86) with p, = po s + p1.a, (Pons P1.h) € Qon X Q1p. We
prove (99) and (100), following the proofs of [24, Theorems 3 and 4]. For all vj, € Vg :

[u—uplln < [Ju—vpu|ln+ [[ve — |, (A1)

”Vh — uhH%L = —(u — Vp,Vp — uh)h + (u — Up, Vp — uh)h (AQ)
Let vy, # uy,. Using Cauchy-Schwarz in (A.2), it holds:

(11 — Up, Vp — Uh)

v = wnlli < lu = valla [[ve — wplln + "Nlvh — -

Vi —uplln

We obtain that

Ivh = walln < lu— vallo - sup B8 Whl
WhEVO,h\{O} ||Wh||h

We deduce from (A.1) and (A.3) that for all v, € V:

||u—uh||h§2||U—Vh||h+ sup |(U-—11h7Wh)h|
wrEVo,n\{0} ”Wh”h
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(a) Meshes of type 1. (b) Meshes of type 2.
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Figure 6: Plots of €% (u), ef(u), ef(p) in the nonconvex domain flow according to the type of meshes.
Hence: ( )l
. u — Up, Wy )p
lu—up|ln <2 1n‘§ lu—wy|ln+  sup : (A.4)
WhEVO0,h wrEV n\{0} ”WhHh

To bound the first term in the right-hand side of (A.4), we need the Fortin operator. Using (92), we
have indeed:

inf |lu—wyls < lu—Iul, S o hlulpe o). (A.5)
WhEVO,h

Let us bound the second term in the right-hand side of (A.4). Consider w;, € Vj,. It holds:
v(w,, wp)n = (£, Wy)r2(q). Since f = —vAu + grad p, we obtain by integration by parts:

v(up, wp)p, = v(u,wy), — v Z Z (Gradu: nf,g,wh)Lz(Ff) + Z Z (p, wy, - nM)Lz(Ff).

(eELK fGIF’z el fEZF,E
Hence, for all wj, € V:
(11 - uh,wh)h = Z Z (Gradu . l’lf’g,Wh)L2(Ff) — l/_1 Z Z (p, wy, - nf,E)L2(Ff)' (A6)
eTk fEIF’g Lelx fEIF,Z

We apply (28) to all the components of Grad u € H'(Q) and wj, € X, to obtain:

[(w =, Wil S oh ([ulie@ + v Pl [Walln: (A7)

Summing (A.5) and (A.7), we can bound (A.2). We deduce (99).
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a) Meshes of type 1 (structured).
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Figure 7: First four grids of the mesh families employed in three-dimensional convex domain. The interior is shown.

Let us prove (100). It holds:

_ [(u — up, W)L (o)
[u—up||Leo) = sup
w\orerz@) Wl

(A.8)

Suppose that (2 is convex. We obtain (100) using the Aubin-Nitsche trick. Let w € L?(2). According to
Proposition 2, it exists (v,q) € ((VoN H%(Q)) x (L?,,,(Q) x H())) such that: —vAv + gradq = w.
By integration by parts, letting du;, = u — uy,, we have for all w € L?(Q):

(W—up, Wiz = vu—w,v),—v Y > (Gradv:ng,u-— )2 (ry)
eLlk fEIF,g
(A.9)
+ Z Z (¢, (a0 —up) - nye)re(ry.-
LTy fEIF,g

Summing (A.6) and (A.9), letting duy, := u—uy, we deduce that for all w € L*(Q2) and for all wj, € Vi 5,:

(u — Up, W>L2(Q) = V(u — Up,V— Wh)h

+v Z Z ((Gradu g, Wh)Le(ry) — (Grad v :ngy, 6uh)L2(Ff))
LeTk f€lry (AlO)

+ Z Z ((q, oup - nygy)r2ry) + (D, Wi - nf,f)LQ(Ff)> .
LTk fEIFJg

We now consider wy, = I, v. By Cauchy-Schwarz, and using (99) and (92), we have:

v(u =, v = v)n| < vllu—wplls v = Tavlln S v o' h?[[(w,p)l, [viaz@)-
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(a) Meshes of type 1.
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(b) Meshes of type 2.
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Figure 8: PL,. x (P° + P') discretization, v = 1. From left to right: meshes 3 to 6. From top to bottom: P!-Lagrange
projection of the discrete velocity norm ans the discrete pressure.

We deduce, using Proposition 2 that:

p(u— v = )] 0250 12 (w,p) [ Wleego)- (A11)
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Figure 9: P}, x P and P}, x (P° 4+ P') discretization, Taylor-Green flow, plots of £f ; (u) and &f(p) for different v. Left
columns: meshes of type 1, right columns: meshes of type 2.

We apply (28) to all the components of Grad u € H!(Q) and w;, € X 5,:
v| Y. Y (Gradu:ngy, vy = v > Y (Gradu:ng,v— Iv)Le )|
€Ik fE€IR, Lelyk f€Ire

< voh |u|H2(Q) ||V — HhVHh-
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Using (92) and Proposition 2, it holds:

v Svot b2 [ule) [Vieee) S o2 B2 [[(w, )|l W@ (A12)

Z Z (Gradu Ny, HhV)L2(Ff)

eLy fGIpyg

We apply (28) to all the components of Gradv € H'(Q) and du, € H{(Q) + Xo4. Using (99) and
Proposition 2, we obtain:

v < 1 [(w,p) [l [wllezo), (A.13)

Z Z (Grad v : njfy, 0up)2 ()

ely fGIF,g

Summing (A.12) and (A.13), we get:

v > Y ((Gradu:nge, wa)ir) — (Grad v : ng, 6w)rary) ) S 02 h? [|(w,p)ll, [[wle2).

elk fEIF’g
(A.14)
Samely, one proves that the two last terms in the right-hand side of (A.10) are bounded like:
>y ((q>5uh “Nyy)r2ry) + (D, Wh - nf,ﬂ)L?(Ff)) S 2R ||(a,p) ||y [[wle2(e)- (A.15)

ely fGIF’g
Summing the contributions (A.11), (A.14) and (A.15), we deduce from (A.10) that:
(= up, Wz )| S o* VR | (w, )| W2 (o).

Applying this result to (A.8), we get (100).

Appendix B. Convergence tables
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(a) Meshes of type 1.

Table B.2: Convergence rates in the two-dimensional nonconvex domain (subsection 11.2).
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Table B.3: Convergence rates in the three-dimensional convex domain (subsection 11.3).

(a) Method P, x P° on meshes of type 1.

v=10"* v=10"2 v=1
Ny Np mi(u) | 7o(u) | 7i(p) | m(u) | o(u) | ni(p) | m(u) | 7o(u) | 71(p)
2,592 384 - - — - - - — - -
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102,312 16,464 0.96 1.90 1.30 0.96 1.90 1.30 0.95 1.94 1.09
644,904 105,456 0.99 1.99 1.10 1.00 1.99 1.10 0.99 1.99 1.03
5,721,192 944,784 1.00 2.00 1.03 1.00 2.00 1.03 1.00 2.00 1.01
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5,760,687 944,493 1.02 2.09 1.15 1.02 2.09 1.15 1.02 2.06 1.08
42,186,285 | 6,967,056 1.01 2.03 1.06 1.01 2.03 1.06 1.01 2.02 1.03
(d) Method PL. x (P° + P') on meshes of type 2.
v=10"* v=10"2 v=1
Ny Np mi(w) | o) | 71(p) | m(a) | no(u) | 1u(p) | m(w) | 7o(u) | 71(p)
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