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Abstract

The nonconforming Crouzeix-Raviart mixed finite element is popular to solve Stokes Problem. The
discrete velocity is nonconforming (i.e. the moments on the facets between the elements are equal),
piecewise linear, say P1

nc, and the discrete pressure is piecewise constant, say P 0. This method intro-
duces some consistency error that may lead to a non-physical solution when solving the Navier-Stokes
equations. There exists different cures, such that building a divergence free subspace of the discrete
velocity space, or projecting the test function in the source term on some H(div)-conforming space à
la Linke. One can also enrich the discrete pressure space, which is then generated by P 1-Lagrange plus
P 0 basis functions. This leads to the P1

nc × (P 0 + P 1) mixed finite element method, which allows to
reduce the consistency error. Our goal here is to prove the stability of this scheme and to compute error
estimates. We exhibit the Fortin operator and we demonstrate that this finite element method yields
accurate results. Numerical examples are provided to highlight its efficiency.

Keywords: Stokes problem, P1
nc × (P 0 + P 1) finite element method, Fortin operator, TrioCFD code
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1. Introduction

The TrioCFD code is a computational fluid mechanics (CFD) simulation software developed at the
CEA. It is a C++ open source and massively parallel code. It is dedicated to the numerical simulation
of turbulent flows for scientific and industrial applications, particularly in the nuclear field [3].

Let Ω, the domain of study, be a connected bounded domain of Rd, d = 2, 3, with a polygonal
(d = 2) or Lipschitz polyhedral (d = 3) boundary ∂Ω, and T > 0 be the final time of the simulation.
The TrioCFD code solves the incompressible Navier-Stokes equations, which read:

Find (u(x, t), p(x, t)) such that ∀(x, t) ∈ Ω × (0, T )
∂tu − ν ∆ u + (u · grad)u + grad p = f ,

div u = 0,
u(x, 0) = u0(x),

(1)

endowed with suitable boundary conditions. The vector field u represents the velocity of the fluid and
the scalar field p represents its pressure divided by the fluid density which is supposed to be uniform. The
vector field u0 represents the initial velocity of the fluid. The first equation of Problem (1) corresponds
to the momentum balance equation and the second one corresponds to the conservation of the mass.

⋆P1
nc × (P 0 + P 1) discretization in TrioCFD
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The constant parameter ν > 0 is the kinematic viscosity of the fluid. The vector field f represents the
resultant body force divided by the fluid density.

Consider homogeneous Dirichlet boundary conditions. After having discretized the space variables,
we obtain the following time-dependent problem, which is of finite dimension in space:

Find (U(t), P (t)) ∈ RNU ×NP | ∀t ∈ (0, T )
M

d

dt
U(t) + ν K U(t) + L(U(t))U(t) + tB P (t) = F (t),

B U(t) = 0,
U(0) = U0 ∈ RNU ,

(2)

where NU (resp. NP ) is the dimension of the space of discrete velocities (resp. pressures). The vector
U ∈ RNU (resp. P ∈ RNP ) represents the discrete velocity (resp. pressure). The vector F ∈ RNU

represents the discrete vector field and the vector U0 ∈ RNU represents the discrete initial condition.
The matrix M ∈ RNU ×NU (resp. K ∈ RNU ×NU ) is the mass (resp. stiffness) matrix and the matrix
L(U) ∈ RNU ×NU corresponds to the discretization of the operator v → (u · grad)v. The matrix
B ∈ RNP ×NU is the velocity-pressure coupling matrix. It is well known that the discrete velocity and
pressure spaces must satisfy the so called discrete inf-sup condition [12, §5.1].

There exist different time integration schemes, based on the prediction-correction time scheme [21].
Let us recall the explicit time scheme. The time step δtn is computed at each iteration n ∈ N to
keep the time scheme stable. Let P 0 ∈ RNP and δt0 be given. At each iteration n ∈ N, the pair
(Un+1, P n+1) ∈ RNU ×NP is evaluated in three main steps, with KP := BM−1 tB and F n+1 = F (tn+1)

where tn+1 =
n∑

k=0
δtk:



Step 1 (prediction). Find U⋆ such that:
δtn

−1 M U⋆ + ν K Un + L(Un)Un + tB P n = F n+1 + δtn
−1 M Un.

Step 2 (solver pressure). Find δP such that: KP δP = δtn
−1 B U⋆.

Step 3 (correction). Find δU such that: δtn
−1 M δU + tB δP = 0.

Update: Un+1 = U⋆ + δU, P n+1 = P n + δP , δtn+1.

(3)

In practise, U0 is evaluated from the user data and P 0 solves KP P
0 = BM−1 F 0. Notice that this

choice will not affect (Un+1, P n+1).
The velocity is discretized with linear nonconforming finite elements. Hence, the mass matrix M is

diagonal for d = 2 and it can be lumped when d = 3: steps 1 and 3 are virtually free. Thus, the matrix
KP is a sparse matrix and it can be expressed explicitly. If the discrete inf-sup condition is satisfied,
the matrix KP is a symmetric positive definite matrix.

In the seminal paper [24], the discrete pressure is piecewise constant, which leads to the P1
nc × P 0

finite element. It is well-known that this discretization introduces some consistency error, which can
lead to an inaccurate solution when the viscosity is low [27, 39]. There exist different cures, such that
building a divergence free subspace of the discrete velocity space [35], or projecting the test functions on
some H(div)-conforming space [40, 14, 39, 41, 4]. One can also use higher order polynomials [43, 18, 38],
Scott-Vogelius finite element [44, 34, 33, 22], or stabilization in the vorticity equation [1].

In the TrioCFD code [27, 36, 31], the discrete pressure space is built with P 1-Lagrange plus P 0

basis functions. This leads to the P1
nc × (P 0 + P 1) finite element. This discretization shows interesting

numerical results. However, only an incomplete proof of the discrete inf-sup condition is available in
[36, 31]. Our goal here is to gather the evidence and to write it as clearly as possible, to derive error
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estimates and to prove some super-convergence results obtained in 2D. We try to exhibit the dependency
on the shape-regularity parameter. We will show that this finite element method gives accurate results.
We will provide numerical results computed with the TrioCFD code to illustrate its efficiency.

2. Stokes problem

We consider Stokes problem:

Find (u, p) such that − ν ∆ u + grad p = f and div u = 0. (4)

with homogeneous Dirichlet boundary conditions for the velocity: u|∂Ω = 0 and a normalisation condition
for the pressure p:

∫
Ω p = 0.

Before stating the variational formulation of Problem (4), we provide some definitions and reminders.
Let H1

0(Ω) = (H1
0 (Ω))d, H−1(Ω) = (H−1(Ω))d its dual space and L2

zmv(Ω) = {q ∈ L2(Ω) |
∫

Ω q = 0}.
To solve Problem (4), we suppose that (u, p) ∈ H1

0(Ω) × L2
zmv(Ω) and f ∈ H−1(Ω).

Let hΩ be the diameter of Ω. We recall the Poincaré-Steklov inequality:

∃CP S > 0 | ∀v ∈ H1
0 (Ω), ∥v∥L2(Ω) ≤ CP S hΩ ∥ grad v∥L2(Ω). (5)

Thanks to this result, in H1
0 (Ω), the semi-norm is equivalent to the natural norm, so that the scalar

product reads (v, w)H1
0 (Ω) = (grad v,gradw)L2(Ω) and the norm is ∥v∥H1

0 (Ω) = ∥ grad v∥L2(Ω).

Let v ∈ H1
0(Ω). We denote by (vi)d

i=1 the components of v, and we set Grad v = (∂jvi)d
i,j=1 ∈

L2(Ω), where L2(Ω) = (L2(Ω))d×d. For all v, w ∈ H1
0(Ω), we have: (Grad v,Grad w)L2(Ω) =

(v,w)H1
0(Ω) = ∑d

i=1(vi, wi)H1
0 (Ω) and ∥v∥H1

0(Ω) =
(∑d

j=1 ∥vj∥2
H1

0 (Ω)

)1/2
= ∥ Grad v∥L2(Ω). Let us set

V0 = {v ∈ H1
0(Ω) | div v = 0}. The space V0 is a closed subset of H1

0(Ω). We denote by V⊥
0 the

orthogonal of V0 in H1
0(Ω). We recall that:

Proposition 1 ([2, Theorem 3.1 (e)]). The operator div : H1
0(Ω) → L2(Ω) is an isomorphism of V⊥

0 onto
L2

zmv(Ω). We call Cdiv the constant such that:

∀p ∈ L2
zmv(Ω), ∃!vp ∈ V⊥

0 | div vp = p and ∥vp∥H1
0(Ω) ≤ Cdiv∥p∥L2(Ω). (6)

Notice that ∥vp∥2
H1

0(Ω) = ∥∇ × v∥2
L2(Ω) + ∥ div v∥2

L2(Ω), hence Cdiv ≥ 1.
The variational formulation of Problem (4) reads:{

Find (u, p) ∈ H1
0(Ω) × L2

zmv(Ω) such that ∀(v, q) ∈ H1
0(Ω) × L2

zmv(Ω):
ν(u,v)H1

0(Ω) − (p, div v)L2(Ω) − (q, div u)L2(Ω) = ⟨f ,v⟩H1
0(Ω).

(7)

We recall the following regularity property [16]:

Proposition 2 ([32, Theorem I-5.4]). Suppose that Ω is convex. Then, the mapping (v, q) 7→ −ν∆v +
grad q is an isomorphism of (V0 ∩ H2(Ω)) × (L2

zmv(Ω) ∩H1(Ω)) onto L2(Ω), and it holds:

ν|v|H2(Ω) + |p|H1(Ω) ≤ ∥f∥L2(Ω) where f := −ν∆v + grad q.

Classically, one proves that Problem (7) is well-posed using Poincaré-Steklov inequality (5) and
Proposition 1. Check for instance the proof of [32, Theorem I.5.1]. Notice that one can also use basic
T-coercivity [13, 8, 38, 22].

Remark 1. Consider inhomogeneous Dirichlet boundary conditions, i.e. u = g ∈ H 1
2 (∂Ω), where g is

some boundary data such that
∫

∂Ω g · n|∂Ω = 0. One can built a velocity field ug ∈ H1(Ω) such that:
−∆ug = 0 in Ω and u = g on ∂Ω. Then u0 := u − ug is such that u0 = 0 on ∂Ω and it solves the
following problem, cf. [22, Appendix B]:

Find (u0, p) such that − ν ∆ u0 + grad p = f and div u0 = div ug. (8)
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3. Discretization notations

Consider (Th)h a triangulation sequence of Ω. We use the notation A ≲ B for A ≲ C B where A and
B are scalar quantities and C is a generic positive constant which is independent of the sequence (Th)h

and the quantities of interest. For a given triangulation Th, we use the following index sets:

• IK denotes the index set of the elements, such that Th := ⋃
ℓ∈IK

Kℓ is the set of elements. For all
ℓ ∈ IK , we call hℓ and ρℓ the diameters of Kℓ and its inscribed sphere respectively, and we let:
σℓ = hℓ

ρℓ
. When the (Th)h is a shape-regular triangulation sequence, cf. [29, def. 11.2], there exists

a constant σ > 1, called the shape regularity parameter, such that for all h, for all ℓ ∈ IK , σℓ ≤ σ.

• IF denotes the index set of the faces, such that Fh := ⋃
f∈IF

Ff is the set of faces.

Let IF = I i
F ∪ Ib

F , where ∀f ∈ I i
F , Ff ∈ Ω and ∀f ∈ Ib

F , Ff ⊂ ∂Ω.

For all ℓ ∈ IK , we set I(i,b)
F,ℓ = {f ∈ I(i,b)

F |Ff ∈ Kℓ}.

• IS denotes the index set of the vertices, such that (Sj)j∈IS
is the set of vertices. For all ℓ ∈ IK ,

we set IS,ℓ = {i ∈ IS |Si ∈ Kℓ}.

For all f ∈ IF , Mf denotes the barycentre of Ff , and nf its unit normal (outward oriented if Ff ∈ ∂Ω).
We set Sf = |Ff | nf , and we call hf the diameter of Ff . For all ℓ ∈ IK , for all f ∈ IF,ℓ, we call nf,ℓ the
the normal vector of Ff outgoing of Kℓ. We use the following notations:

∀v ∈ L2(Ω), ∀ℓ ∈ IK , vℓ = v|Kℓ
and vℓ = |Kℓ|−1 ∫

Kℓ
v; (9)

∀v ∈ H1(Ω), ∀f ∈ IF , vf = v|Ff
and vf = |Ff |−1 ∫

Ff
v. (10)

Let us introduce spaces of piecewise regular elements:

PhH
1 =

{
v ∈ L2(Ω) ; ∀ℓ ∈ IK , v|Kℓ

∈ H1(Kℓ)
}

and PhH1 = (PhH
1)d.

We define the element-wise operator gradh ∈ L(PhH
1,L2(Ω)) such that:

∀(v,w) ∈ PhH
1 × L2(Ω), (gradh v,w)L2(Ω) =

∑
ℓ∈IK

(grad v,w)L2(Kℓ),

We define the broken scalar product and the broken semi-norm:
∀(v, w) ∈ PhH

1 × PhH
1, (v, w)h = (gradh v,gradh w)L2(Ω) =

∑
ℓ∈IK

(grad vℓ,gradwℓ)L2(Kℓ),

∀v ∈ PhH
1, ∥v∥2

h := ∥ gradh v∥2
L2(Ω) =

∑
ℓ∈IK

∥ grad vℓ∥2
L2(Kℓ).

In the same way, we define the element-wise operator Gradh ∈ L(PhH1,L2(Ω)).
Let us recall the Poincaré-Steklov inequality in cell [29, Lemma 12.11]:

∀v ∈ PhH
1, ∀ℓ ∈ IK , ∥vℓ − vℓ∥L2(Kℓ) ≤ π−1hℓ∥ grad vℓ∥L2(Kℓ). (11)

Let v ∈ PhH
1. Let f ∈ I i

F (resp. f ∈ Ib
F ) such that Ff = ∂Kℓ ∩ ∂Kℓ′ (resp. Ff ⊂ ∂Kℓ ∩ ∂Ω) and

nf = nf,ℓ. The jump between the facets is defined by: [v]f := vℓ|Ff
− vℓ′|Ff

, (resp. [v]f = vℓ|Ff
).

We set PhH(div) = {v ∈ L2(Ω) ; ∀ℓ ∈ IK , vℓ ∈ H(div;Kℓ)}. We define the element-wise operator
divh ∈ L(PhH(div), L2(Ω)) such that:

∀(v, q) ∈ PhH(div) × L2(Ω), (divh v, q)L2(Ω) =
∑

ℓ∈IK

(divh vℓ, q)L2(Kℓ),

∀v ∈ PhH(div), ∥ divh v∥2
L2(Ω) =

∑
ℓ∈IK

∥ div vℓ∥2
L2(Kℓ).
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We call K̂ the reference simplex. For all ℓ ∈ IK , we denote by Tℓ : K̂ → Kℓ the geometric mapping

such that ∀x̂ ∈ K̂, x|Kℓ
= Tℓ(x̂) = Bℓx̂ + −→

OSi, where Bℓ ∈ Rd×d,
−→
OSi ∈ Rd with i ∈ IS,ℓ. Let us set

Jℓ = det(Bℓ). Recall that we have [29, Lemma 11.1]:

|Jℓ| = |Kℓ| |K̂|−1, ∥Bℓ∥ = hℓ (ρK̂)−1, ∥Bℓ
−1∥ = hK̂ (ρℓ)−1. (12)

For all v ∈ L2(Ω), ℓ ∈ IK , we set: v̂ℓ = vℓ ◦ Tℓ. Changing the variable, we get:

∥vℓ∥2
L2(Kℓ) = |Jℓ| ∥v̂ℓ∥2

L2(K̂). (13)

Again, changing the variable, we have:

∀v ∈ PhH
1, ∀ℓ ∈ IK , grad vℓ = (Bℓ

−1)T gradx̂ v̂ℓ and gradx̂ v̂ℓ = (Bℓ)T grad vℓ. (14)

Hence, for all v ∈ PhH
1, for all ℓ ∈ IK it holds:

∥ grad vℓ∥2
L2(Kℓ) ≤ ∥Bℓ

−1∥2 |Jℓ| ∥ gradx̂ v̂ℓ∥2
L2(K̂), (15)

∥ gradx̂ v̂ℓ∥2
L2(K̂) ≤ ∥Bℓ∥2 |Jℓ|−1 ∥ grad vℓ∥2

L2(Kℓ). (16)

For all ℓ ∈ IK and f ∈ IF,ℓ, we denote by Tf,ℓ the geometric mapping such that for all x ∈ Ff ,

Tf,ℓ(T−1
ℓ (x)) = x. We let F̂f,ℓ = Tf,ℓ(Ff ) and Jf,ℓ = detBf,ℓ where Bf,ℓ is the Jacobian matrix of Tf,ℓ|Ff

.

Hence: |Jf,ℓ| = |Ff | |F̂f,ℓ|−1. We recall that [24, Inequality (3.17)]:

∀ℓ ∈ IK , ∀f ∈ IF,ℓ, |Jf,ℓ| |Jℓ|−1 ≲ (ρℓ)−1. (17)

Changing the variable, we get:

∀ℓ ∈ IK , ∀vℓ ∈ H1(Kℓ), ∀f ∈ IF,ℓ, ∥vℓ∥2
L2(Ff ) = |Jf,ℓ| ∥v̂ℓ∥2

L2(F̂f,ℓ). (18)

Let nF̂f,ℓ
be the unit normal vector of the face F̂f,ℓ outgoing from K̂. Changing the variable, we get:

nf,ℓ = |Jℓ| |Jf,ℓ|−1 (Bℓ
−1)T nF̂f,ℓ

. (19)

For all D ⊂ Rd, for k ≥ 0, we call P k(D) the set of order k polynomials on D, Pk(D) = (P k(D))d. Let

k > 0 and Ck,d = ((k + 1)(k + d)/d) 1
2 . The following inequality holds [49, Theorem 5]:

∀ℓ ∈ IK , ∀vℓ ∈ P k(Kℓ), ∥vℓ∥L2(∂Kℓ) ≤ Ck,d

(
|∂Kℓ| |Kℓ|−1

) 1
2 ∥vℓ∥L2(Kℓ). (20)

Using successively (20) and (17), we obtain:

∀ℓ ∈ IK , ∀vℓ ∈ P 1(Kℓ),∀f ∈ IF,ℓ, ∥vℓ − vℓ∥L2(Ff ) ≲ (ρℓ)− 1
2 ∥vℓ − vℓ∥L2(Kℓ). (21)

Proposition 3. The following inverse inequality holds:

∀ℓ ∈ IK , ∀vℓ ∈ P 1(Kℓ), ∥ grad vℓ∥L2(Kℓ) ≲ (ρℓ)−1∥vℓ − vℓ∥L2(Kℓ). (22)

Proof. Let vℓ ∈ P 1(Kℓ). Since vℓ is a constant and grad vℓ is a constant vector, it holds:

∥ grad vℓ∥2
L2(Kℓ) = ∥ grad(vℓ − vℓ)∥2

L2(Kℓ) = |Kℓ| | grad(vℓ − vℓ)|2 = |Kℓ|−1
∣∣∣∣∫

Kℓ

grad(vℓ − vℓ)
∣∣∣∣2 .

We deduce that:

∥ grad vℓ∥2
L2(Kℓ) = |Kℓ|−1

∣∣∣∣∫
∂Kℓ

(vℓ − vℓ)n|∂Kℓ

∣∣∣∣2 using an integration by parts,

≤ |Kℓ|−1
(∫

∂Kℓ

|vℓ − vℓ|
)2

since
∣∣∣n|∂Kℓ

∣∣∣ ≤ 1.
≤ |Kℓ|−1 |∂Kℓ| ∥vℓ − vℓ∥2

L2(∂Kℓ) using Cauchy-Schwarz,

≲ (ρℓ)−2∥vℓ − vℓ∥2
L2(Kℓ) using (17) and (21).
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We define the following spaces of piecewise polynomials:

∀k ≥ 0, Pk
disc(Th) =

{
v ∈ L2(Ω); ∀ℓ ∈ IK , vℓ ∈ P k(Kℓ)

}
.

∀k > 0, Pk(Th) =
{
v ∈ H1(Ω); ∀ℓ ∈ IK , vℓ ∈ P k(Kℓ)

}
.

We call π0 ∈ L(L2(Ω),P0
disc(Th)) the L2-projection onto P0

disc(Th):

∀v ∈ L2(Ω), π0(v) =
∑

ℓ∈IK

vℓ1Kℓ
.

By summation over ℓ ∈ IK , we deduce from (11) that:

∀v ∈ PhH
1, ∥v − π0(v)∥L2(Ω) ≤ π−1h∥ gradh v∥L2(Ω). (23)

For all ℓ ∈ IK , for all i ∈ IS,ℓ, λi,ℓ denotes the barycentric coordinate related to the vertex Si in Kℓ.
We endow P1(Th) with the basis (ϕi)i∈IS

such that:

∀ℓ ∈ IK , ϕi|Kℓ
=
{
λi,ℓ if i ∈ IS,ℓ

0 otherwise
, so that P1(Th) = vect ((ϕi)i∈IS

) .

We need the following estimate inspired by [29, Lemma 12.15]:

Proposition 4. For all ℓ ∈ IK, for all v ∈ H1(Kℓ), for all f ∈ IF,ℓ, it holds:

∥v − vℓ∥L2(Ff ) ≲ (σℓ hℓ)
1
2 |v|H1(Kℓ), (24)

∥v − vf∥L2(Ff ) ≲ (σℓ hℓ)
1
2 |v|H1(Kℓ). (25)

Proof. Let πf
0 ∈ L(L2(Ff ),R) be the operator such that for all v ∈ L2(Ff ), πf

0 (v) = vf . It holds:

∥πf
0 ∥L(L2(Ff ),R) ≤ 1. Notice that v − vf = (Id − πf

0 )(v − vℓ), hence ∥v − vf∥2
L2(Ff ) ≤ 2∥v − vℓ∥2

L2(Ff ):

inequality (25) is a consequence of (24). It holds:

∥v − vℓ∥2
L2(Ff ) ≲ |Ff | ∥v̂ℓ − vℓ∥2

L2(F̂f,ℓ) from (18),

≲ |Ff |
(
∥v̂ℓ − vℓ∥2

L2(K̂) + ∥ grad v̂ℓ∥2
L2(K̂)

)
by continuity of the trace,

≲ |Ff | |Kℓ|−1 (∥v − vℓ∥2
L2(Kℓ) + (hℓ)2 ∥ grad v∥2

L2(Kℓ)) from (13) and (16).

We conclude using the discrete Poincaré-Steklov inequality (11) and (17).

We recall a classical approximation estimate: changing the variable, using Bramble-Hilbert/Deny-
Lions Lemma [29, Lemma 11.9] in the reference element, changing the variable again, we have that for
k ≥ 0, for all m ∈ {0, . . . , k + 1}, ℓ ∈ IK , for all v ∈ Hk+1(Kℓ) (see also [23, Proposition 4.1]):

inf
vh∈P k(Kℓ)

|v − vh|Hm(Kℓ) ≲
hk+1

ρm
|v|Hk+1(Kℓ). (26)

In the next section, we recall the definition and properties of the nonconforming finite elements.
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4. Nonconforming finite elements

Let us consider Xh = (Xh)d (resp. X0,h = (X0,h)d), the space of nonconforming approximation of
H1(Ω) (resp. H1

0(Ω)) where, for k > 0, we have:
Xh =

{
vh ∈ Pk

disc(Th) ; ∀f ∈ I i
F , ∀q ∈ P k−1(Ff ),

∫
Ff

[v]f q = 0
}

X0,h =
{
v ∈ Xh ; ∀f ∈ Ib

F , ∀q ∈ P k−1(Ff ),
∫

Ff
vf q = 0

}
.

(27)

The condition of zero jump across faces is known as the ”patch test”. Using it, we can show that the
mapping v → ∥v∥h is a norm over X0,h, cf. [24, Lemma 2]. Notice that Xh ̸⊂ H1(Ω). Nevertheless, for
all v ∈ Xh, for all f ∈ I i

F such that F f = ∂Kℓ ∩ ∂Kℓ′ , vf := |Ff |−1 ∫
Ff
vℓ = |Ff |−1 ∫

Ff
vℓ′ . It proves the

following results, which are useful for the numerical analysis of nonconforming finite elements.

Proposition 5. Let (v, q) ∈ (X0,h + H1
0(Ω)) ×H1(Ω). We have:∣∣∣∣∣∣

∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ · nf,ℓ , q)L2(Ff )

∣∣∣∣∣∣ ≲ σ h ∥v∥h ∥ grad q∥L2(Ω). (28)

Let (v, q) ∈ (X0,h + H1
0(Ω)) × P1(Th). We have:∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(vℓ · nf,ℓ , q)L2(Ff )

∣∣∣∣∣∣ ≲ σ ∥v∥h ∥q − π0(q)∥L2(Ω). (29)

Proof. For v ∈ H1
0(Ω), it is obvious since:∑

ℓ∈IK

∑
f∈IF,ℓ

(vℓ · nf,ℓ , q)L2(Ff ) = (v · n|∂Ω, q)L2(∂Ω) = 0.

Let (v, q) ∈ X0,h ×H1(Ω). We are inspired by the proof of [10, Lemma 3.1]. It holds:∑
ℓ∈IK

∑
f∈IF,ℓ

(vf · nf,ℓ, q)L2(Ff ) =
∑

f∈Ii
F

∫
L2(Ff )

[vf q]f · nf = 0,
∑

ℓ∈IK

∑
f∈IF,ℓ

((vℓ − vf ) · nf,ℓ, qℓ
)L2(Ff ) = 0.

By summation and using Cauchy-Schwarz, we deduce that:∑
ℓ∈IK

∑
f∈IF,ℓ

(vℓ · nf,ℓ, q)L2(Ff ) =
∑

ℓ∈IK

∑
f∈IF,ℓ

((vℓ − vf ) · nf,ℓ, q − q
ℓ
)L2(Ff ),

≤
∑

ℓ∈IK

∑
f∈IF,ℓ

∥(vℓ − vf ) · nf,ℓ∥L2(Ff ) ∥q − q
ℓ
∥L2(Ff ).

According to (25), we have:

∥(vℓ − vf ) · nf,ℓ∥L2(Ff ) ≲ (σℓ hℓ)
1
2 ∥ Grad vℓ∥L2(Kℓ). (30)

Let q ∈ H1(Ω). Using (24), we have: ∥q − q
ℓ
∥L2(Ff ) ≲ (σℓ hℓ)

1
2 ∥ grad q∥L2(Kℓ). Hence:

∥(vℓ − vf ) · nf,ℓ∥L2(Ff ) ∥q − q
ℓ
∥L2(Ff ) ≤ σℓ hℓ ∥ Grad vℓ∥L2(Kℓ) ∥ grad q∥L2(Kℓ).

Let q ∈ P1(Th). Using (21), we have: ∥q − q
ℓ
∥L2(Ff ) ≲ (ρℓ)− 1

2 ∥q − q
ℓ
∥L2(Kℓ). Using (30), it holds:

∥(vℓ − vf ) · nf,ℓ∥L2(Ff ) ∥q − q
ℓ
∥L2(Ff ) ≤ σℓ ∥ Grad vh∥L2(Kℓ) ∥q − π0(q)∥L2(Kℓ).

We conclude using discrete Cauchy-Schwarz inequality.
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Proposition 5 helps to prove the following discrete Poincaré-Steklov inequality [38, Proposition 10]:

∀vh ∈ X0,h, ∥vh∥L2(Ω) ≲ σ CΩ hΩ ∥vh∥h, (31)

where the dimensionless constant CΩ depends on Cdiv and CP S (cf. Equations (6) and (5)).
We now consider the case k = 1 in (27). For all ℓ ∈ IK , for all f ∈ IF,ℓ, λf,ℓ denotes the barycentric

coordinate related to the vertex Sf,ℓ opposite to face Ff in Kℓ. We endow Xh with the basis (ψf )f∈IF

such that:

∀ℓ ∈ IK , ψf |Kℓ
=
{

1 − dλf,ℓ if f ∈ IF,ℓ

0 otherwise
, so that Xh = vect ((ϕf )f∈IF

) .

We have:
∫

Ff ′ ψf = |Ff |δf,f ′ , [ψf ]f = 0 if f ∈ I i
F and X0,h = vect

(
(ψf )f∈Ii

F

)
.

For all ℓ ∈ IK , we define πℓ
cr : H1(Kℓ) → P 1(Kℓ) such that:

∀ℓ ∈ IK , ∀v ∈ H1(Kℓ), πℓ
crv =

∑
f∈IF,ℓ

vfψf |Kℓ
. (32)

Notice that for all ℓ ∈ IK , for all v ∈ P 1(Kℓ), πℓ
crv = v. We recall the following result.

Proposition 6 ([5, Lemma 2]). The norm of the operator πℓ
cr is independent of Kℓ. We have indeed:

∀ℓ ∈ IK , ∀v ∈ H1(Kℓ), ∥ grad πℓ
crv∥L2(Kℓ) ≤ ∥ grad v∥L2(Kℓ). (33)

Hence: ∥πℓ
cr∥L(H1(Kℓ),P 1(Kℓ)) ≤ 1.

Proof. By construction, using integration by parts, it holds:

|Kℓ| gradπℓ
crv =

∫
Kℓ

grad πℓ
crv =

∫
∂Kℓ

πℓ
crvn|∂Kℓ

=
∫

∂Kℓ

vn|∂Kℓ
=
∫

Kℓ

grad v.

In order to prove convergence estimates, we need the following result.

Proposition 7. The following estimates hold, for all ℓ ∈ IK, for all s ∈ [0, 1], for all v ∈ H1+s(Kℓ):
∥v − πℓ

crv∥L2(Kℓ) ≤ 2 (hℓ)1+s |v|H1+s(Kℓ), (34)

∥ grad(v − πℓ
crv)∥L2(Kℓ) ≤ 2σℓ (hℓ)s |v|H1+s(Kℓ), (35)

∥v − πℓ
crv∥L2(∂Kℓ) ≤ 2 (σℓ hℓ)

1
2 (hℓ)s |v|H1+s(Kℓ). (36)

Proof. Since for all vh ∈ P 1(Kℓ), v − πℓ
crv = (Id− πℓ

cr)(v − vh), we have:

∥v − πℓ
crv∥H1(Kℓ) ≤ ∥Id− πℓ

cr∥L(H1(Kℓ),P 1(Kℓ)) inf
vh∈P 1(Kℓ)

∥v − vh∥H1(Kℓ),

≤ 2 inf
vh∈P 1(Kℓ)

∥v − vh∥H1(Kℓ).

Using estimate (26), we deduce that, for m = 0, 1:
∥v − πℓ

crv∥L2(Kℓ) ≤ 2 (hℓ)1+m |v|H1+m(Kℓ).
∥ grad(v − πℓ

crv)∥L2(Kℓ) ≤ 2σℓ(hℓ)m |v|H1+m(Kℓ).

We obtain (34) and (35), using interpolation property [46, Lemma 22.2]. We estimate ∥v − πℓ
crv∥L2(∂Kℓ)

with the same tools, changing the variable, using the trace theorem in the reference element, and
changing the variable again.

Let πcr : H1(Ω) → Xh (resp. Πcr : H1(Ω) → Xh) be the Crouzeix-Raviart interpolation operator:

∀v ∈ H1(Ω), πcrv =
∑

f∈IF

vf ψf with vf = |Ff |−1
∫

Ff

v, (37)

∀v ∈ H1(Ω), Πcr(v) = (πcr(vi))d
i=1. (38)

We can now describe the P1
nc × P 0 finite element [24, Example 4].
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5. The P1
nc × P 0 finite element

The space of the discrete velocities of the Crouzeix-Raviart finite element is X0,h. The space of the
discrete pressure is Q0,h, such that:

Q0,h := P0
disc(Th) ∩ L2

zmv(Ω) (39)

Let Ṽ0,h be the subspace of X0,h functions which divergence is discretely vanishing:

Ṽ0,h :=
{
vh ∈ X0,h | ∀q0,h ∈ Q0,h, (divh vh, q0,h)L2(Ω) = 0

}
. (40)

This space is such that its velocities are piecewise divergence free [15, Lemma 3.1]:

∀vh ∈ Ṽ0,h, ∀ℓ ∈ IK , div vh,ℓ = 0. (41)

We have the tools to establish the following result.

Proposition 8. The Crouzeix-Raviart interpolation operator Πcr can play the role of a Fortin operator
for the P1

nc × P 0 finite element:

∀v ∈ H1(Ω) (divh Πcrv, qh)L2(Ω) = (div v, qh)L2(Ω), ∀qh ∈ P0
disc(Th). (42)

∀v ∈ Hs+1(Ω) ∥v − Πcrv∥h ≤ 2σhs|v|Hs+1(Ω), s ∈ [0, 1]. (43)

Moreover, we have the following estimates:

∀v ∈ H1(Ω), ∥Πcr(v)∥h ≤ ∥ Grad v∥L2(Ω). (44)

∀v ∈ H1+s(Ω), ∀ℓ ∈ IK , ∥v − Πcrv∥L2(∂Kℓ) ≤ 2 (σℓ hℓ)
1
2 (hℓ)s |v|H1+s(Kℓ), s ∈ [0, 1]. (45)

Proof. By definition of Πcr and using an integration by parts, we obtain that for all ℓ ∈ IK : (div(Πcrv−
v), qh)L2(Kℓ) =

∑
f∈If,ℓ

−qh|Kℓ

∫
Ff

(Πcrv − v) · nf = 0. We deduce (42) by summation. For all v ∈ H1(Ω),

πcrv|Kℓ
= πℓ

crv. Then, we deduce (43) from (35), (44) from (33) and (45) from (36).

Let Jh : X0,h → Y0,h, with Y0,h =
{
vh ∈ H1

0 (Ω) | ∀ℓ ∈ IK , vh|Kℓ
∈ P k(Kℓ)

}
be the averaging opera-

tor described in [29, §22.4.1]. There exists a constant CJh
independent of h and σ such that :

∀vh ∈ X0,h, ∥Jhvh∥H1
0 (Ω) ≤ σ CJh

∥vh∥h. (46)

Let ℓf ∈ L(X0,h,R) be such that:

∀vh ∈ X0,h, ℓf (vh) =
{

(f ,vh)L2(Ω) if f ∈ L2(Ω)
⟨f ,Jh(vh)⟩H1

0(Ω) if f ∈ H−1(Ω) . (47)

The discretization of Problem (4) with the Crouzeix-Raviart finite element reads:{
Find (uh, ph) ∈ X0,h ×Q0,h such that ∀(vh, vh) ∈ X0,h ×Q0,h :
ν(uh,vh)h − (divh vh, ph)L2(Ω) − (divh uh, qh)L2(Ω) = ℓf (vh). (48)

We can build an explicit right inverse of the operator divh from Q0,h to X0,h:

Lemma 1. For all q0,h ∈ Q0,h, there exists vq0,h
∈ X0,h such that:

−(divh vq0,h
, q0,h)L2(Ω) = ν−1 ∥q0,h∥2

L2(Ω), (49)

∥vq0,h
∥h ≤ ν−1 Cdiv ∥q0,h∥L2(Ω). (50)
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Proof. Let q0,h ∈ Q0,h. According to Proposition 1, it exists ṽq0,h
∈ H1

0(Ω) such that div ṽq0,h
= π0(q0,h)

and ∥ṽq0,h
∥H1

0(Ω) ≤ Cdiv∥q0,h∥L2(Ω). Consider vq0,h
= −ν−1 Πcr(ṽq0,h

) ∈ X0,h. We have ∀ℓ ∈ IK :

|Kℓ| div vq0,h|Kℓ
=

∫
Kℓ

div vq0,h
=

∑
f∈Ii

F,ℓ

∫
Ff

vq0,h
· nf,ℓ integrating by parts,

= −ν−1
∑

f∈Ii
F,ℓ

∫
Ff

ṽq0,h
· nf,ℓ by definition of vq0,h

,

= −ν−1
∫

Kℓ

div ṽq0,h
integrating by parts,

= −ν−1 |Kℓ| q0,h|Kℓ
by definition of ṽq0,h

.

We deduce that div vq0,h|Kℓ
= −ν−1 q0,h|Kℓ

, hence (49). Equation (50) is obtained using (44):

∥vq0,h
∥h = ν−1∥Πcrṽq0,h

∥h ≤ ν−1∥ṽq0,h
∥H1

0(Ω) ≤ ν−1 Cdiv ∥q0,h∥L2(Ω).

Hence, Problem (48) is well posed and we can derive the following error estimates.

Theorem 2 ([24, Theorems 3, 4, 6]). Suppose that the solution to Problem (4) is such that (u, p) ∈
(V0 ∩ H2(Ω)) × (L2

zmv(Ω) ∩H1(Ω)). Let us set ∥(u, p)∥ν = |u|H2(Ω) + ν−1 |p|H1(Ω). Let (uh, ph) ∈
Ṽ0,h ×Q0,h be the solution to Problem (48). We have the following error estimates:

∥u − uh∥h + ν−1 ∥p− ph∥L2(Ω) ≲ σ h ∥(u, p)∥ν , (51)

∥u − uh∥L2(Ω) ≲ σ2 h2 ∥(u, p)∥ν if Ω is convex. (52)

Consider Problem (4) with data f = gradϕ, where ϕ ∈ H1(Ω) ∩ L2
zmv(Ω). The unique solution is

then (u, p) := (0, ϕ). By integrating by parts, the source term in (7) reads:

∀v ∈ H1
0(Ω), (f ,v)L2(Ω) = −(div v, ϕ)L2(Ω). (53)

Using a nonconforming finite element method, the integration by parts must be done element by element:

∀vh ∈ PhH1, (f ,vh)L2(Ω) = −(divh vh, ϕ)L2(Ω) +
∑

ℓ∈IK

∑
f∈IF,ℓ

(vh · nf,ℓ, ϕ)L2(Ff ). (54)

Applying (54) to the right-hand side of (48), choosing vh = uh ∈ Ṽ0,h, we have, using (41) and (28):

ν ∥uh∥h ≲ σ h ∥ gradϕ∥L2(Ω),

The second term in (54) acts as a numerical source for the discrete velocity, whose numerical influence
is proportional to h/ν. Thus, we cannot obtain exactly uh = 0 as expected. Linke proposed in [40] to
project the test function vh ∈ Xh on a discrete subspace of H(div; Ω), like Raviart-Thomas or Brezzi-
Douglas-Marini finite elements [12]. Alternatively, one can use a multi-points flux approximation to
discretize the pressure gradient term in (4) [19, 20].

In the next Section, we study an alternative solution which consists in reinforcing the constraint by
using P 0 plus P 1 discrete pressures.
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6. Stability of the P1
nc × (P 0 + P 1) finite element

In this Section, we show that the P1
nc × (P 0 +P 1) finite element satisfies a uniform inf-sup condition

[37], exhibiting the dependency on the shape regularity parameter σ. We omit the subscript h to refer to
finite element functions. In order to improve the accuracy of the P1

nc × P 0 finite element, Bernardi and
Hecht propose in [10] to replace Q0,h by the space of P 1-Lagrange pressure (called Q1,h below) plus local
bubble functions, defined in each element as the product of the barycentric coordinates. However, for
this discretization, the convergence of the discrete pressure is not guaranteed, as shown in Heib’s thesis
[36]. In this thesis, a new finite element is introduced, for which the space of the discrete pressures is
the following:

Qh = Q0,h ⊕Q1,h, where for all k > 0, Qk,h := Pk(Th) ∩ L2
zmv(Ω). (55)

The sum is direct: Let (q0, q1) ∈ Q0,h ×Q1,h be a couple such that q0 + q1 = 0. Then, we have q1 = −q0
over Th. Since q1 is continuous over Th, it means that q1 = −q0 are constant. They are equal to zero
since Q1,h ⊂ L2

zmv(Ω). Let us set:

Q̃1,h =
{
q ∈ Qh | ∀ℓ ∈ IK ,

∫
Kℓ

q = 0
}
. (56)

Proposition 9. The space Q̃1,h is such that Qh = Q0,h

⊥
⊕ Q̃1,h, and we have:

∀q ∈ Qh, ∥q∥2
L2(Ω) = ∥π0(q)∥2

L2(Ω) + ∥q − π0(q)∥2
L2(Ω). (57)

Proof. Let q ∈ Qh such that q = q0 + q1, where for k ∈ {0, 1}, qk ∈ Qk,h. Notice that: q − π0(q) =
q1−π0(q1)+q0−π0(q0) = q1−π0(q1), since q0 = π0(q0). Setting q̃ = q1−π0(q1), we have: (π0(q), q̃)L2(Ω) =∑

ℓ∈IK
π0(q)(Kℓ)

∫
Kℓ
q̃ = 0, so that: ∥q∥2

L2(Ω) = ∥π0(q) + q̃∥2
L2(Ω) = ∥π0(q)∥2

L2(Ω) + ∥q̃∥2
L2(Ω).

In order to prove the inf-sup condition of the P1
nc × (P 0 +P 1) finite element, we need inequality (29),

Lemma 1, and another result stated in the next Lemma, which requires the following Hypothesis [10,
Hypothesis 4.1]:

Hypothesis 1. We suppose that the triangulation Th is such that the boundary ∂Ω contains at most one
edge in dimension d = 2 and at most two faces in dimension d = 3, of the same element Kℓ, ℓ ∈ IK.

Let us set: XT
0,h := {v ∈ X0,h | ∀f ∈ IF , vf · nf = 0}. Notice that by construction, XT

0,h ⊂ Ṽ0,h

since:
∀v ∈ XT

0,h, ∀ℓ ∈ IK ,
∫

Kℓ

div v = −
∑

f∈IF,ℓ

∫
Ff

v · nf,ℓ =
∑

f∈IF,ℓ

|Ff |vf · nf,ℓ = 0. (58)

Lemma 3. Under Hypothesis 1, for all q1 ∈ Q1,h, there exists vq1 ∈ XT
0,h such that:

(div vq1 , π0(q))L2(Kℓ) = 0 ∀q ∈ Qh, (59)

(grad q1 , vq1)L2(Ω) ≳ ν−1 σ−2 (d−2) ∥q1 − π0(q1)∥2
L2(Ω), (60)

∥vq1∥h ≲ ν−1 σ2 ∥q1 − π0(q1)∥L2(Ω). (61)

Proof. Let us consider q1 ∈ Q1,h. For all ℓ ∈ IK , we set q1,ℓ = q1|Kℓ
and q̂1,ℓ = q1 ◦ Tℓ. Since q1 ∈ H1(Ω)

we have [6, Proposition 2.2.10]: for all f ∈ I i
F such that Ff = Kℓ ∩Kℓ′ , grad q1,ℓ × nf = grad q1,ℓ′ × nf .

We can then construct vq1 ∈ XT
0,h such that1:

∀f ∈ I i
F vq1(Mf ) = ν−1 (hf )2 nf × (grad q1 × nf ). (62)

1In 2D, grad q1 ×nf is a scalar, hence we make the following abuse of notation: nf ×(grad q1 ×nf ) = (grad q1 ×nf )τ f

where (τ f , nf ) is an orthogonal basis.
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Since vq1 ∈ XT
0,h, Equation (59) holds, hence (58).

Let us prove (60). Noticing that ∀ℓ ∈ IK , ∀f ∈ IF,ℓ,
∫

Kℓ

ψf = |Kℓ|
d+ 1 , we have:

(grad q1,vq1)L2(Kℓ) = (d+ 1)−1|Kℓ|
∑

f∈Ii
F,ℓ

grad q1,ℓ · vq1(Mf ),

= ν−1(d+ 1)−1|Kℓ|
∑

f∈Ii
F,ℓ

(hf )2 grad q1,ℓ · nf × (grad q1,ℓ × nf ),

= ν−1(d+ 1)−1|Kℓ|
∑

f∈Ii
F,ℓ

(hf )2 |grad q1,ℓ × nf |2 .

(63)

Using Equations (14) and (19), we have:

grad q1,ℓ × nf = |Jℓ| |Jf,ℓ|−1 (Bℓ
−1)T gradx̂ q̂1,ℓ × (Bℓ

−1)T nF̂f,ℓ
.

By a direct computation, we show that:

(Bℓ
−1)T gradx̂ q̂1,ℓ × (Bℓ

−1)T nF̂f,ℓ
= (Jℓ)−1(Bℓ)d−2 gradx̂ q̂1,ℓ × nF̂f,ℓ

.

Hence:
| grad q1,ℓ × nf | = |Jf,ℓ|−1

∣∣∣ (Bℓ)d−2 gradx̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣ . (64)

Notice that we have:∣∣∣(Bℓ)d−2
(
gradx̂ q̂1,ℓ × nF̂f,ℓ

)∣∣∣ ≥
∥∥∥Bℓ

−1
∥∥∥−(d−2) ∣∣∣gradx̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣
≳ (ρℓ)d−2

∣∣∣gradx̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣ . (65)

Using Equation (65) in (64) times hf , squared, we obtain:

(hf )2 |grad q1,ℓ × nf |2 ≳ (|Jf,ℓ|−1 hf )2 (ρℓ)2 (d−2)
∣∣∣gradx̂ q̂1,ℓ × nF̂f,ℓ

∣∣∣2 .
Notice that (|Jf,ℓ|−1 hf )2 ≳ (hf )−2 (d−2) ≥ (hℓ)−2 (d−2), hence:

(|Jf,ℓ|−1 hf )2 (ρℓ)2 (d−2) ≳

(
hℓ

ρℓ

)−2 (d−2)

≥ (σℓ)−2 (d−2).

It follows that:
(hf )2 |grad q1,ℓ × nf |2 ≳ (σℓ)−2 (d−2)

∣∣∣gradx̂ q̂1,ℓ × nF̂f

∣∣∣2 . (66)

According to Hypothesis 1, we have for all ℓ ∈ IK :∑
f∈Ii

F,ℓ

∣∣∣gradx̂ q̂1,ℓ × nF̂f

∣∣∣2 ≳ | gradx̂ q̂1,ℓ|2. (67)

We can now bound the left-hand term in (63) using Equations (66) and (67):

(grad q1,vq1)L2(Kℓ) ≳ ν−1 (σℓ)−2 (d−2)|Kℓ| | gradx̂ q̂1,ℓ|2. (68)

Using inequality (11) in the reference element and the change of variable (13), we have:

|Kℓ| | gradx̂ q̂1,ℓ|2 = |Kℓ| |K̂|−1 ∥ gradx̂ q̂1,ℓ∥2
L2(K̂),

≳ |Kℓ| ∥q̂1,ℓ − q1,ℓ
∥2

L2(K̂),

≳ ∥q1,ℓ − q1,ℓ
∥2

L2(Kℓ) where q1,ℓ
= |Kℓ|−1 ∫

Kℓ
q1.

(69)
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Thus, using (69) in (68), and summing over ℓ ∈ IK , we obtain (60).
Let us prove (61). For all ℓ ∈ IK , Grad vq1|Kℓ

=
∑

f∈Ii
F,ℓ

vq1(Mf ) ⊗ gradψf |Kℓ
. We deduce that:

∥ Grad vq1∥2
L2(Kℓ) ≲ |Kℓ|

∑
f∈Ii

F,ℓ

|vq1(Mf )|2 | gradψf |Kℓ
|2,

≲ ν−2 |Kℓ|
∑

f∈Ii
F,ℓ

(hf )4 |nf × grad q1 × nf |2 (|Kℓ|−2 |Ff |2) since | gradψf |Kℓ
|2 = |Kℓ|−2 |Ff |2,

≲ ν−2 |Kℓ| (hℓ)4 (ρℓ)−2 ∑
f∈Ii

F,ℓ

|nf × grad q1 × nf |2 using (17),

≲ ν−2 (σℓ hℓ)2 |Kℓ| | grad q1|2 = ν−2 (σℓ hℓ)2 ∥ grad q1∥2
L2(Kℓ) using Hypothesis 1,

≲ ν−2 (σℓ)4 ∥q1,ℓ − q1,ℓ
∥2

L2(Kℓ) using (22).

Let bh(·, ·) be the bilinear form such that:

bh :
{

Xh ×Qh 7→ R
(v, q) → − ( divh v, q0 )L2(Ω) + (v,grad q1)L2(Ω),

(70)

with q = q0 + q1 such that (q0, q1) ∈ Q0,h × Q1,h. Under Hypothesis 1, the bilinear form bh(·, ·) is
continuous and is satisfies a discrete inf-sup condition:

Theorem 4 (Stability of the coupling bilinear form). The following continuity property holds:

∀v ∈ X0,h, ∀q ∈ Qh, |bh(v, q)| ≲ σ ∥v∥h ∥q∥L2(Ω), (71)

Suppose that the triangulation satisfies Hypothesis 1, then the following inf-sup condition holds:

∀q ∈ Qh, ∃v ∈ X0,h, bh(v, q) ≳ (Cdiv)−2 σ−2 d ∥v∥h ∥q∥L2(Ω), (72)

Proof. Let us prove (71). Consider (v, q) ∈ X0,h × Qh, where q = q0 + q1, (q0, q1) ∈ Q0,h × Q1,h.
Integrating by parts the last term of (70), we obtain that:

bh(v, q) = −(divh v, π0(q))L2(Ω) +
∑

ℓ∈IK

∑
f∈IF,ℓ

(v · nf,ℓ q1)L2(Ff ). (73)

On the one hand, using Cauchy-Schwarz inequality, we have:

|(divh v, π0(q))L2(Ω)| ≤
√
d ∥v∥h ∥π0(q)∥L2(Ω) (74)

On the other hand, using inequality (29), it holds:∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(v · nf,ℓ q1)L2(Ff )

∣∣∣∣∣∣ ≲ σ ∥v∥h ∥q1 − π0(q1)∥L2(Ω) = σ ∥v∥h ∥q − π0(q)∥L2(Ω). (75)

We obtain (71) summing (74) and (75), and using (57).
Let us prove (72). Consider q ̸= 0. Let vπ0(q) be built like vh,q0 in Lemma 1 with q0 = π0(q) here

and vq1 be built like in Lemma 3. We have:

−
(

divh vπ0(q), π0(q)
)

L2(Ω)
= ν−1∥π0(q)∥2

L2(Ω), (76)

∥vπ0(q)∥h ≤ ν−1 Cdiv ∥π0(q)∥L2(Ω), (77)

(divh vq1 , π0(q))L2(Ω) = 0, (78)

(grad q1 , vq1)L2(Ω) ≳ ν−1 σ−2 (d−2) ∥q − π0(q)∥2
L2(Ω), (79)

∥vq1∥h ≲ ν−1 σ2 ∥q − π0(q)∥L2(Ω). (80)
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Using equality (73) with v = vπ0(q), we have, due to (76):

bh(vπ0(q), q) = ν−1∥π0(q)∥2
L2(Ω) +

∑
ℓ∈IK

∑
f∈IF,ℓ

(vπ0(q) · nf,ℓ q1)L2(Ff ).

Using inequality (75) with v = vπ0(q), and applying (77), it holds:

bh(vπ0(q), q) ≳ ν−1
(
∥π0(q)∥2

L2(Ω) − Cσ
div ∥π0(q)∥L2(Ω) ∥q − π0(q)∥L2(Ω)

)
with Cσ

div = Cdiv σ.

Using Young inequality, we have for all ε > 0:

bh(vπ0(q), q) ≥ ν−1
(

1 − ε

2C
σ
div

)
∥π0(q)∥2

L2(Ω) − ν−1 ε
−1

2 Cσ
div ∥q − π0(q)∥2

L2(Ω). (81)

Now, using Equations (78) and (79), we have:

bh(vq1 , q) = (grad q1,vq1)L2(Ω) ≳ ν−1σ−2(d−2) ∥q − π0(q)∥2
L2(Ω). (82)

Let us set v⋆ = µvπ0(q) + vq1 , where µ > 0 is a constant. We have: bh(v⋆, q) = µ bh(vπ0(q), q) + bh(vq1 , q).
Summing Equation (81) times µ with Equation (82), we obtain:

bh(v⋆, q) ≳ µ ν−1
(

1 − ε

2 C
σ
div

)
∥π0(q)∥2

L2(Ω) + ν−1
(
σ−2 (d−2) − µ ε−1

2 Cσ
div

)
∥q − π0(q)∥2

L2(Ω).

We need to enforce that 1 − ε
2C

σ
div > 0 and σ−2 (d−2) − µ ε−1

2 Cσ
div > 0, which amounts to requiring

ε < 2 (Cσ
div)−1 and µ < 2 (Cσ

div)−1 σ−2(d−2)ε. Setting for instance ε = (Cσ
div)−1 and µ = (Cσ

div)−1 ε σ−2 (d−2),
we obtain:

bh(v⋆, q) ≳ 1
2
(
µ ν−1 ∥π0(q)∥2

L2(Ω) + ν−1 σ−2 (d−2)∥q − π0(q)∥2
L2(Ω)

)
.

Since Cdiv ≥ 1 and σ ≥ 1, we have: (Cσ
div)−2 ≤ 1 and µ = (Cσ

div)−2 σ−2 (d−2) ≤ σ−2 (d−2). Hence:

bh(v⋆, q) ≳
1
2ν

−1 (Cdiv)−2 σ−2 (d−1)
(
∥π0(q)∥2

L2(Ω) + ∥q − π0(q)∥2
L2(Ω)

)
. (83)

We will now bound ∥v⋆∥h by ∥q∥L2(Ω). Using Equations (77) and (80), we obtain:

∥v⋆∥2
h ≤ 2

(
µ2 ∥vπ0(q)∥2

h + ∥vq1∥2
h

)
,

≤ 2 ν−2
(
σ−4 (d−1) (Cdiv)−2 ∥π0(q)∥2

L2(Ω) + σ4 ∥q − π0(q)∥2
L2(Ω)

)
,

≤ 2 ν−2 σ4 ∥q∥2
L2(Ω).

Hence: ν−1∥q∥L2(Ω) ≥ 1√
2 σ

−2 ∥v⋆∥h. Using this bound in (83), we obtain (72).

Remark 2. We exhibit that the bound of the discrete inf-sup condition depends on Cdiv and σ. We
could further optimize the choice of ε and µ in the proof above to obtain a sharper bound.

Let V0,h ⊂ Ṽ0,h be the kernel of the bilinear form bh(·, ·):

V0,h := {v ∈ X0,h | ∀q ∈ Qh, bh(v, q) = 0}. (84)

The P1
nc × (P 0 +P 1) finite element method allows to improve accuracy compared to the P1

nc ×P 0 finite
element method:
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Proposition 10. Let v ∈ V0,h. Then for all q1 ∈ Q1,h:
∑

f∈IF

(q1, [v]f · nf )L2(Ff ) = 0.

Proof. Let v ∈ V0,h and q1 ∈ Q1,h. We then have:

−(divh v, π0(q1))L2(Ω) = 0 and (grad q1,v)L2(Ω) = 0.

Using integration by parts on all the elements, we get that:

0 = (grad q1,v)L2(Ω) = −(divh v, π0(q1))L2(Ω) +
∑

ℓ∈IK

∑
f∈IF,ℓ

(q1,v · nf,ℓ)L2(Ff
=

∑
f∈IF

(q1, [v]f · nf )L2(Ff ).

We proved the stability of the P1
nc × (P 0 +P 1) finite element, cf. Theorem 4 and we showed that the

accuracy is improved with respect to the P1
nc ×P 0 finite element method, cf. Proposition 10. Hence, we

have the tools to prove that the discretization of Problem (4) with the P1
nc × (P 0 + P 1) finite element

is well posed.

7. Well-posedness

Let us set Xh := X0,h ×Qh. We endow Xh with the norm: ∥(v, q)∥Xh
:= (∥v∥2

h + ν−2 ∥q∥2
L2(Ω))1/2, so

that it is a Hilbert space. Consider the symmetric and continuous bilinear form ah : Xh × Xh → R such
that for all ( (u′

h, p
′
h), (vh, qh) ) ∈ Xh × Xh:

ah( (u′
h, p

′
h), (vh, qh) ) = ν(u′

h,vh)h + bh(vh, p
′
h) + bh(u′

h, qh). (85)

The discrete variational formulation of Problem (4) with the P1
nc × (P 0 + P 1) finite element reads:

Find (uh, ph) ∈ Xh such that ∀(vh, qh) ∈ Xh, ah ( (uh, ph), (vh, qh) ) = ℓf (vh), (86)

The main consequence of the inf-sup condition (72) is that Problem (86) is well posed [12]. We have the
following result.

Theorem 5 (Stability of the solution). If Hypothesis 1 holds, for any data f , Problem (86) has a unique
solution (uh, ph) ∈ Xh such that:

∥uh∥h ≲ ν−1 σ Cf , (87)

∥ph − π0(ph)∥L2(Ω) ≲ 2σ2d−1 Cf , (88)

∥π0(ph)∥L2(Ω) ≲ 2σ2d Cdiv Cf . (89)

where Cf = CΩ hΩ ∥f∥L2(Ω) if f ∈ L2(Ω), or Cf = CJh
∥f∥H−1(Ω) if f ̸∈ L2(Ω).

Proof. We write the proof for f ∈ L2(Ω). It is very similar when f ∈ H−1(Ω), using inequality (46).
Let (uh, ph) be the unique solution to Problem (86), with ph = p0,h + p1,h, (p0,h, p1,h) ∈ Q0,h ×Q1,h.
Let us prove (87). Choosing vh = 0 in (86), we have: uh ∈ V0,h. Choosing (vh, qh) = (uh, 0)

in (86), we then obtain: ν∥uh∥2
h = (f ,uh)L2(Ω). Using Cauchy-Schwarz inequality and the discrete

Poincaré-Steklov inequality (31), we get inequality (87).
Let us prove (88). Choosing (vh, qh) = (vp1,h

, 0) in (86), where vp1,h
is constructed like vq1 in Lemma

3 with q1 = p1,h here, and reshuffling the terms, we obtain:

(grad p1,h,vp1,h
)L2(Ω) = (f ,vp1,h

)L2(Ω) − ν(uh,vp1,h
)h.
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Using the the triangular inequality and Cauchy-Schwarz, we get:∣∣∣(vp1,h
,grad p1,h)L2(Ω)

∣∣∣ ≤ ∥f∥L2(Ω) ∥vp1,h
∥L2(Ω) + ν∥uh∥h ∥vp1,h

∥h.

Now, using the discrete Poincaré-Steklov inequality (31) and inequality (87), we have:∣∣∣(vp1,h
,grad p1,h)L2(Ω)

∣∣∣ ≲ 2σ CΩ hΩ ∥f∥L2(Ω) ∥vp1,h
∥h.

Using inequality (61), we deduce that:∣∣∣(vp1,h
,grad p1,h)L2(Ω)

∣∣∣ ≲ 2 ν−1 σ3 CΩ hΩ ∥f∥L2(Ω) ∥p1,h − π0(p1,h)∥L2(Ω).

Hence, using inequality (60), we get:

ν−1 σ−2(d−2) ∥p1,h − π0(p1,h)∥2
L2(Ω) ≲ 2 ν−1 σ3 CΩ hΩ ∥f∥L2(Ω) ∥p1,h − π0(p1,h)∥L2(Ω).

We conclude that:

∥ph − π0(ph)∥L2(Ω) = ∥p1,h − π0(p1,h)∥L2(Ω) ≲ 2σ2 d−1 CΩ hΩ ∥f∥L2(Ω).

Let us prove (89). Consider (vh, qh) = (vπ0(ph), 0) in (86), where vπ0(ph) is built like vq0,h
in Lemma

1 with q0,h = π0(ph) here. Using Equation (73) with q = ph, Equation (49) and reshuffling the terms, it
holds:

ν−1∥π0(q)∥2
L2(Ω) = (f ,vπ0(ph))L2(Ω) − ν(uh,vπ0(ph))h −

∑
ℓ∈IK

∑
f∈IF,ℓ

(vπ0(ph) · nf,ℓ, p1,h)L2(Ff ).

Using the Cauchy-Schwarz and inequality (29), we have:

ν−1∥π0(q)∥2
L2(Ω) ≤ ∥f∥L2(Ω) ∥vπ0(ph)∥L2(Ω) + ν∥uh∥h ∥vπ0(ph)∥h + σ ∥vπ0(ph)∥h ∥p1,h − π0(p1,h)∥L2(Ω).

Using the discrete Poincaré-Steklov inequality (31) and inequality (49), it holds:

∥π0(q)∥2
L2(Ω) ≤ Cdiv

(
σCΩ hΩ ∥f∥L2(Ω) + ν∥uh∥h + σ ∥p1,h − π0(p1,h)∥L2(Ω)

)
∥π0(q)∥L2(Ω).

Using inequalities (87) and (88), we deduce (89).

In order to compute the error estimates, we now need to exhibit a Fortin operator.

8. Fortin operator

In this Section, we construct a Fortin operator, inspired by [10, Proposition 6.3]. Let us split XT
0,h

this way: XT
0,h = VT

0,h ⊕ WT
0,h, where VT

0,h = V0,h ∩ XT
0,h and WT

0,h is the orthogonal of VT
0,h in XT

0,h. We
make the abuse of using the same notation for bh(·, ·) and its to extension bh(·, ·) to (X0,h +H1

0(Ω))×Qh.

Proposition 11 (Fortin operator). Consider the projection operator Πh : H1
0(Ω) → Xh such that: for all

w ∈ H1
0(Ω), Πhw = Πcrw + wT , where wT ∈ WT

0,h satisfies:

∀q1 ∈ Q1,h, (wT ,grad q1)L2(Ω) = (w − Πcrw,grad q1)L2(Ω). (90)

Then, the projection operator Πh is such that:

∀w ∈ H1
0(Ω) bh(Πhw, qh) = bh(w, qh), ∀q ∈ Qh. (91)

∀w ∈ Hs+1(Ω) ∩ H1
0(Ω) ∥w − Πhw∥h ≲ σ2d hs|w|Hs+1(Ω), s ∈ [0, 1]. (92)
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Proof. Let w ∈ H1
0(Ω). Let q = (q0, q1) ∈ Q0,h ×Q1,h. It holds:

−(divh Πhw, q0)L2(Ω) = −(divh Πcrw, q0)L2(Ω) = −(div w, q0)L2(Ω).

Due to Lemma 3, wT exists and is unique. Using (90), it holds:

bh(Πhw, q) = −(div w, q0)L2(Ω) + (Πcrw + wT ,grad q1)L2(Ω),
= −(div w, q0)L2(Ω) + (w,grad q1)L2(Ω),
= bh(w, q).

Let w ∈ H1+s(Ω) ∩ H1
0(Ω). Integrating by parts, and noting that (div(w − Πcrw), π0(q1))L2(Kℓ) = 0, we

have, for all q1 ∈ Q1,h, using the proof of (29):

(wT ,grad q1)L2(Ω) = (w − Πcrw,grad q1)L2(Ω),

= −
∑

ℓ∈IK

(div(w − Πcrw), q1 − π0(q1))L2(Kℓ)

+
∑

ℓ∈IK

∑
f∈IF,ℓ

( (w − Πcrv) · nf,ℓ, q1 − π0(q1))L2(Ff ),

≲ (
√
d+ σ) ∥w − Πcrw∥h ∥q1 − π0(q1)∥L2(Ω).

Using estimate (43), we obtain that:

|(wT ,grad q1)L2(Ω)| ≲ σ2 hs |w|H1+s(Ω) ∥q1 − π0(q1)∥L2(Ω). (93)

According to [32, Chapter I, Lemma 4.1 (iii)], thanks to Lemma 3, we have the following estimate:

∥wT ∥h ≤ σ2(d−1) sup
q1∈Q1,h\{0}

|(wT ,grad q1)L2(Ω)|
∥q1 − π0(q1)∥L2(Ω)

. (94)

Using (93) in (94), we deduce that:

∥wT ∥h ≲ σ2d hs |w|H1+s(Ω). (95)

We obtain (92) from (43) and (95), since ∥w − Πhw∥h ≤ ∥w − Πcrw∥h + ∥wT ∥h.

We exhibited a Fortin operator. Let us now study the convergence of the discretization of Problem
(4) with the P1

nc × (P 0 + P 1) finite element.

9. Classical error estimates

Definition 1. Let π1 be the L
2-projection to Q1,h. Let q ∈ Q1,h. One can set π1(q) = π̃1(q)−|Ω|−1 ∫

Ω π̃1(q),
where π̃1 is the L2-projection to P1(Th). It holds [28, Lemma 1.131]2:

|π1(q)|H1(Ω) ≲ σ|q|H1(Ω). (96)

Using the triangular inequality and (96), it holds:

|π1(q) − q|H1(Ω) ≤ |q|H1(Ω) + |π1(q)|H1(Ω) ≲ (σ + 1) |q|H1(Ω). (97)

Let q ∈ L2
zmv(Ω) ∩H1(Ω). Using inequality (23), and (97), it holds:

∥(π1(q) − q) − π0(π1(q) − q)∥L2(Ω) ≤ π−1 h (σ + 1) |q|H1(Ω). (98)

We have the tools to prove the convergence of the P1
nc × (P 0 + P 1) discretization. In what follows, we

recall that: ∥(u, p)∥ν = |u|H2(Ω) + ν−1 |p|H1(Ω).

2cf. the proof of [50, Lemma 5.1.1], which uses Scott-Zhang interpolation [45]. We can exhibit σ from [45, Theorem 1].
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Theorem 6 (Convergence of the discrete velocity). Suppose that Hypothesis 1 holds and that the solution
to Problem (4) is such that (u, p) ∈ (V0 ∩ H2(Ω)) × (L2

zmv(Ω) ∩H1(Ω)). Let (uh, ph) ∈ V0,h × Q0,h be
the solution to Problem (86). We have the following error estimates for the discrete velocity:

∥u − uh∥h ≲ σ2d h ∥(u, p)∥ν , (99)

if Ω is convex ∥u − uh∥L2(Ω) ≲ σ4d h2 ∥(u, p)∥ν . (100)

Remark 3. Suppose that the solution to Problem (4) is such that (u, p) ∈ H2(Ω) × H1(Ω). When Ω
is nonconvex, one can prove that ∥u − uh∥L2(Ω) ≲ σ4d h1+s ∥(u, p)∥ν for all s ∈]1

2 , sΩ[, where sΩ ∈]1
2 , 1[

depends on the reentrant faces, cf. [25, 1.A].
Suppose that the solution to Problem (4) is such that (u, p) ∈ H1+s(Ω) × Hs(Ω) for all s ∈]1

2 , sf [,
with sf ∈]1

2 , 1[. One can prove that for all s ∈]1
2 , sf [, ∥u−uh∥h ≲ σ2dhs ∥(u, p)∥ν . If Ω is convex, one can

prove that ∥u − uh∥L2(Ω) ≲ σ4d h1+s ∥(u, p)∥ν . If Ω is nonconvex, one can prove that ∥u − uh∥L2(Ω) ≲
σ4d hs+s′ ∥(u, p)∥ν , s ∈]1

2 , sf [ and s′ ∈]1
2 , sΩ[. This remark applies also to Theorem 2.

The proof of Theorem 6 is similar to that of [24, Theorems 3, 4] since we exhibited a Fortin operator.
We enclose it in Appendix A. We can now prove the convergence of the discrete pressure.

Theorem 7 (Convergence of the discrete pressure). Suppose that Hypothesis 1 holds and that the solution
to Problem (4) is such that (u, p) ∈ (V0 ∩ H2(Ω)) × (L2

zmv(Ω) ∩H1(Ω)). Let (uh, ph) ∈ V0,h × Q0,h be
the solution to Problem (86). We have the following error estimates for the discrete pressure:

∥(p− ph) − π0(p− ph)∥L2(Ω) ≲ ν σ(4d−2) h ∥(u, p)∥ν , (101)

∥π0(p− ph)∥L2(Ω) ≲ ν Cdiv σ
(4d+1) h ∥(u, p)∥ν , (102)

Remark 4. Using Proposition 9, Equations (101) and (102) imply that

∥p− ph∥L2(Ω) ≲ ν Cdiv σ
4d+1 h ∥(u, p)∥ν . (103)

Let us prove Theorem 7.

Proof. Let (uh, ph) ∈ Xh be the solution to Problem (86) with ph = p0,h + p1,h, (p0,h, p1,h) ∈ Q0,h ×Q1,h.
Integrating by parts the right-hand side in variational formulation (86), we obtain that for all vh ∈ X0,h:

(f ,vh)L2(Ω) = −ν(∆u,vh)L2(Ω) + (grad p,vh)L2(Ω),

= ν(u,vh)h − ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,vh)L2(Ff ) + (grad p,vh)L2(Ω).
(104)

Developping (86) with qh = 0, noticing that the discrete velocity uh ∈ V0,h, and using (104), we deduce
that:

ν(uh,vh)h − (divh vh, p0,h)L2(Ω) + (grad p1,h,vh)L2(Ω)

= ν(u,vh)h − ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,vh)L2(Ff ) + (grad p,vh)L2(Ω).
(105)

Reshuffling the terms in (105), we get:

−(divh vh, p0,h)L2(Ω) − (grad(p− p1,h),vh)L2(Ω) = ε(u,uh,vh), (106)

where:
ε(u,uh,vh) := ν(u − uh,vh)h − ν

∑
ℓ∈IK

∑
f∈IF,ℓ

(Grad u : n,
f,ℓvh)L2(Ff ). (107)
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We can bound ε(u,uh,vh) using (99) and applying (28) to all the components of Grad u ∈ H1(Ω) and
vh, obtaining:

ε(u,uh,vh) ≲ σ2d h ν ∥(u, p)∥ν ∥vh∥h. (108)

We first prove (101). Let vh ∈ Ṽ0,h cf. (40). Equation (106) now reads:

−(grad(p− p1,h),vh)L2(Ω) = ε(u,uh,vh). (109)

Recall that π1 is the L2-orthogonal projection on Q1,h, cf. Definition 1. Let us write (109) this way:

−(grad(π1(p) − p1,h),vh)L2(Ω) = ε(u,uh,vh) + (grad(p− π1(p)),vh)L2(Ω). (110)

Notice that:
(grad(p− π1(p)),vh)L2(Ω) =

∑
ℓ∈IK

∑
f∈IF,ℓ

(p− π1(p),vh · nf,ℓ)L2(Ff ).

Applying (28) to all the components of vh with q = p− π1(p), and using (97), we get:∣∣∣(grad(p− π1(p)),vh)L2(Ω)

∣∣∣ ≲ (σ + 1)h|p|H1(Ω) ∥vh∥h. (111)

Using (108) and (111) to bound (110), we deduce that:∣∣∣(grad(π1(p) − p1,h),vh)L2(Ω)

∣∣∣ ≲ σ2d h ν ∥(u, p)∥ν ∥vh∥h. (112)

Consider vq1,h
∈ XT

0,h built like vq1 in Lemma 3 with here q1 = q1,h := π1(p) − p1,h. Using (60) and (61),
it holds:

∥q1,h − π0(q1,h)∥L2(Ω) ∥vq1,h
∥h ≲ σ2 (d−1) (grad q1,h , vq1,h

)L2(Ω).

Using now (112) with vh = vq1,h
, we deduce from the above inequality that

∥q1,h − π0(q1,h)∥L2(Ω) ≤ σ(4 d−2) h ν ∥(u, p)∥ν . (113)

Using the triangular inequality, we have:

∥(p− ph) − π0(p− ph)∥L2(Ω) ≤ ∥q1,h − π0(q1,h)∥L2(Ω) + ∥(p− π1(p)) − π0(p− π1(p))∥L2(Ω).

Hence, using (113) and (98) with q = p, we obtain (101).
Let us prove (102). Integrating by parts the second term in (106) and moving it to the right-hand

side, we get:

(divh vh, p− ph)L2(Ω) =
∑

ℓ∈IK

∑
f∈IF,ℓ

(p− p1,h,vh · nf,ℓ)L2(Ff ) + ε(u,uh,vh). (114)

We write: p − p1,h = (p − π1(p)) + (π1(p) − p1,h) where π1(p) − p1,h ∈ P1(Th). Hence, using (28) and
(29), it holds, for all vh ∈ X0,h: ∣∣∣∣∣∣

∑
ℓ∈IK

∑
f∈IF,ℓ

(p− p1,h,vh · nf,ℓ)L2(Ff )

∣∣∣∣∣∣
≤ σ

(
h ∥ grad(p− π1(p))∥L2(Ω) + ∥(Id− π0)(π1(p) − p1,h)∥L2(Ω)

)
∥vh∥h.

(115)

According to (96), we have: ∥ grad(p−π1(p))∥L2(Ω) ≤ σ ν ∥(u, p)∥ν . To bound the second term of (115),
notice first that:

(Id− π0)(π1(p) − p1,h) = (Id− π0)(π1(p) − ph) = (Id− π0)(π1(p) − p) + (Id− π0)(p− ph).
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Using a triangular inequality, we deduce that:

∥(Id− π0)(π1(p) − p1,h)∥L2(Ω) ≤ ∥(Id− π0)(π1(p) − p)∥L2(Ω) + ∥(Id− π0)(p− ph)∥L2(Ω)

We now use (98) and (101) to bound the first and the second term in the above equation:

∥(Id− π0)(π1(p) − p1,h)∥L2(Ω) ≲ ν σ h ∥(u, p)∥ν + ν Cdiv σ
4d ∥(u, p)∥ν .

Finally, we have: ∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(p− p1,h,vh · nf,ℓ)L2(Ff )

∣∣∣∣∣∣ ≲ ν σ4d+1 h ∥(u, p)∥ν ∥vh∥h. (116)

Using (116) and (108) in (114), it holds, for all vh ∈ X0,h:∣∣∣(divh vh, p− ph)L2(Ω)

∣∣∣ ≲ ν σ4d+1 h ∥(u, p)∥ν ∥vh∥h. (117)

Let q0,h = −π0(p−ph). Consider Equation (117) with vq0,h
∈ X0,h built like vq0,h

in Lemma 1. We have:

ν−1∥π0(p− ph)∥2
L2(Ω) = (divh vq0,h

, p− ph)L2(Ω) and ∥vq0,h
∥h ≤ ν−1 Cdiv∥π0(p− ph)∥L2(Ω).

Using this in (117), we deduce that:

ν−1∥π0(p− ph)∥2
L2(Ω) ≲ ν σ(4d+1) h ∥(u, p)∥ν ∥vπ0(q)∥h ≲ σ(4d+1) Cdiv h ∥(u, p)∥ν ∥π0(p− ph)∥L2(Ω).

Simplifying by ν−1 ∥π0(p− ph)∥L2(Ω), we obtain (102).

Remark 5. Consider inhomogeneous boundary conditions: u|∂Ω = g ∈ H 1
2 (∂Ω) such that

∫
∂Ω g·n|∂Ω = 0.

One can proceed as explained in [24, Section 7]. Let us set γ∂Ω(Xh) := {vh|∂Ω such that vh ∈ Xh} and:

Gh :=
{

vh ∈ γ∂Ω(Xh) and
∫

∂Ω
vh · n|∂Ω = 0

}
, G̃h := {vh ∈ γ∂Ω(Xh) and ∀qh ∈ Qh, bh(vh, qh) = 0} .

According to [24, Lemma 9], Gh = {vh ∈ γ∂Ω(Xh) and ∀qh ∈ Q0,h, (divh vh, qh) = 0}. Hence, G̃h ⊂ Gh.
Notice that we can extend the definition of our Fortin operator Πh from H1(Ω) to Xh (cf. Proposition
11). Alternatively, one can prove discrete T-coercivity of the bilinear form ah(·, ·) defined in (85), as
proposed in [38] for Pk+1

nc × P k
disc finite element, and use the second Strang’s Lemma [30, §27.4.2] to

compute error estimates. We won’t go into more detail here, as it’s fairly technical.

We proved the convergence of the P1
nc × (P 0 +P 1) finite element. In the next section, we prove that we

can obtain optimal error estimates in 2D.

10. Optimal error estimates in 2D

We consider here Ω ⊂ R2. In order to exhibit some convergence properties of the P1
nc × (P 0 + P 1)

finite element method, we need the two next Lemmas:

Lemma 8. Let vh ∈ V0,h. Then for all q2,h ∈ Q2,h, (grad q2,h,vh)L2(Ω) = 0.
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Proof. Integrating by parts and using Proposition 10, we get that for all q2,h ∈ Q2,h and for all q1,h ∈ Q1,h:∑
ℓ∈IK

(grad q2,h,vh)L2(Kℓ) = −
∑

f∈IF

∫
Ff

q2,h[vh]f · nf = −
∑

f∈IF

∫
Ff

(q2,h − q1,h)[vh]f · nf .

Hence, we obtain for all q2,h ∈ Q2,h and for all q1,h ∈ Q1,h:∑
ℓ∈IK

(grad q2,h,vh)L2(Kℓ) = −
∑

f∈IF

∫
Ff

(q2,h − q1,h)[vh − vh,f ]f · nf

= −
∑

ℓ∈IK

∑
f∈IF,ℓ

∫
Ff

(q2,h − q1,h)(vh − vh,f ) · nf,ℓ.

Let us build q1,h ∈ Q1,h such that for all i ∈ IS, q1,h(Si) = q2,h(Si). Then, for all f ∈ IF , the polynomial
(q2,h − q1,h)(vh − vh,f ), which is of order 3, vanishes at the vertices and in the middle of Ff . Using the
Simpson’s rule which is exact for order 3 polynomials, we obtain that∫

Ff

(q2,h − q1,h)(vh − vh,f ) · nf,ℓ = 0.

Lemma 9. Let ϕ ∈ H3(Ω) ∩ L2
zmv(Ω) such that |ϕ|H3(Ω) ̸= 0. Then, for all vh ∈ V0,h:

(gradϕ,vh)L2(Ω) ≲ σ h2 |ϕ|H3(Ω) ∥vh∥L2(Ω). (118)

Proof. Let I2,h be the P 2-interpolation operator on Th. Due to Lemma 8, for all v ∈ V0,h, we have:
(gradϕ,vh)L2(Ω) = ( grad(ϕ − I2,h(ϕ)),vh )L2(Ω). Using Cauchy-Schwarz inequality and [29, Theorem
11.13], we get that:∣∣∣(gradϕ,vh)L2(Ω)

∣∣∣ ≤ ∥ grad(ϕ− I2,h(ϕ))∥L2(Ω) ∥vh∥L2(Ω) ≲ σ h2 |ϕ|H3(Ω) ∥vh∥L2(Ω).

We can now prove the

Theorem 10 (Pressure robustness). Suppose that Ω is convex. Let ϕ ∈ H3(Ω) ∩ L2
zmv(Ω) such that

|ϕ|H3(Ω) ̸= 0. Consider Problem (4) with f = gradϕ. Then the solution to Problem (4) is such that:
(u, p) = (0, ϕ). Let (uh, ph) be the solution to Problem (86). It is such that:

ν ∥uh∥h ≲ σ2 h3 |ϕ|H3(Ω), (119)

ν ∥uh∥L2(Ω) ≲ σ(2 d+1) h4 |ϕ|H3(Ω), (120)

∥(ϕ− ph) − π0(ϕ− ph)∥L2(Ω) ≲ σ2 d h2 |ϕ|H2(Ω), (121)

∥π0(ϕ− ph)∥L2(Ω) ≲ Cdiv σ
2 d+1 h2 |ϕ|H2(Ω). (122)

Proof. Setting vh = uh ∈ V0,h as test-function in Problem (86), using Lemma 8, integrating by parts,
we have:

ν ∥uh∥2
h = (grad(ϕ− I2,h(ϕ)),uh)L2(Ω) =

∑
ℓ∈IK

∑
f∈IF,ℓ

(ϕ− I2,h(ϕ),uh · nf,ℓ)L2(Ff ).

Hence, using (28) and [29, Theorem 11.13], we obtain:

ν ∥uh∥2
h ≲ σ h ∥ grad(ϕ− I2,h(ϕ))∥L2(Ω) ∥uh∥h ≲ σ2 h3 |ϕ|H3(Ω) ∥uh∥h.

We deduce (119). Using this estimate in the proof of (100), we obtain (120). The proofs of estimates
(121)-(122) are similar to the proofs of estimates (101)-(102), using (119)-(120) and the fact that since
ϕ ∈ H3(Ω), ∥ grad(ϕ− π1(ϕ)))∥L2(Ω) ≲ σ h |ϕ|H2(Ω).

Numerical results illustrating the optimal convergence rates in 2D can be found in [37]. To obtain
similar results in 3D, one can enrich the 3D pressure space with P 2-Lagrange degrees of freedom [31, 11].
We now propose three numerical tests.
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11. Numerical illustration

This section focuses on three numerical tests designed to evaluate the performance of the proposed
discretization under different Stokes flow conditions. The resolution algorithm in given in (3), for which
the matrices are given in [42, Sections 2 and 3]. We look at two test cases with a regular solution,
presented in [42, Section 4]: Bercovier–Engelman flow in 2D [9] and Taylor–Green vortex in 3D [47].
We also study a 2D test case in a nonconvex domain, with a low regular solution [26]. Specifically,
we compare the two discretization approaches, the P1

nc × P 0 discretization and the P1
nc × (P 0 + P 1)

discretization. We present first the 2D test cases, which involve a 2D Stokes flow within a convex and
a nonconvex domain. Then one expands the problem to 3D. For the test cases with a regular solution,
we analyze the influence of viscosity by examining different viscosity values and their impact on the
numerical solutions. Additionally, for the three test cases, we explore the effect of mesh topology by
testing various mesh configurations, both structured and unstructured. In each case, detailed information
on the analytical solutions, viscosity values, mesh setups, and convergence results for velocity gradient,
velocity, and pressure is provided. The simulations are conducted using the aforementioned TrioCFD
software3 (version 1.9.4).

The computational domains are discretized with families of successively refined meshes. Let d be the
spatial dimension and m ∈ N⋆ the label for a level of mesh refinement. Let (NU)m (resp. (Np)m) the
number of discrete velocity (resp. discrete pressure) unknowns of mesh m. Then (NU)m−1 < (NU)m,
(NP )m−1 < (NP )m. In this Section, we set:

∥(uex, pex)∥ν =
(
∥ Grad uex∥2

L2(Ω) + ν−2∥pex∥2
L2(Ω)

) 1
2 , (123)

where the subscript ”ex”denotes the exact solution of the problem. Let Icr,h be the interpolation operator
such that for v ∈ C0(Ω̄), Ih(v) = ∑

f∈IF
v(Mf )ψf . The normalized discrete errors values for the velocity

gradient, the velocity and the pressure are respectively computed as in [37]:

εν
1(u) = ∥uh − Icr,h(uex)∥h

∥(uex, pex)∥ν

, εν
0(u) =

∥uh − Icr,h(uex)∥L2(Ω)

∥(uex, pex)∥ν

, εν
0(p) = ν−1 ∥ph − π0(pex)∥L2(Ω)

∥(uex, pex)∥ν

. (124)

Let τ1(u), τ0(u) and τ0(p) be the convergence rates of εν
1(u), εν

0(u) and εν
0(p) defined as:

τ1,0(u) = −d×
ln
[
εν

1,0(u)m

]
− ln

[
εν

1,0(u)m−1
]

ln [(NU)m] − ln [(NU)m−1]
, τ0(p) = −d× ln [εν

0(p)m] − ln [εν
0(p)m−1]

ln [(NP )m] − ln [(NP )m−1]
. (125)

In the following, the errors are plotted as εν
1,0(u)d (resp. εν

0(p)d) against NU (resp. Np).

11.1. Stokes problem in a two-dimensional convex domain

The two-dimensional Bercovier–Engelman flow case [9] is studied in the square domain Ω = [0, 1]2
with viscosity coefficient ν ∈ {10−4; 10−2; 1}. The volumetric source term in (4) is defined as:

f(x, y) =

 256 ν
(
x2(x− 1)2(12y − 6) + y(y − 1)(2y − 1)(12x2 − 12x+ 2)

)
+ (y − 1/2)

−256 ν
(
y2(y − 1)2(12x− 6) + x(x− 1)(2x− 1)(12y2 − 12y + 2)

)
+ (x− 1/2)

 . (126)

The analytical solutions for velocity and pressure read:

uex(x, y) =
[

−256x2(x− 1)2y(y − 1)(2y − 1)
256 y2(y − 1)2x(x− 1)(2x− 1)

]
and pex(x, y) =

(
x− 1

2

)(
y − 1

2

)
. (127)

3https://github.com/cea-trust-platform/TrioCFD-code
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The analytical velocity is imposed as an inhomogeneous Dirichlet condition on the square boundaries.
A triangulation sequence is built based on Delaunay triangulation, as shown on Figure 1. We use a
shape-regular triangulation sequence. Some maps of the solution fields are provided on Figure 2 for
ν = 10−4. We compare the P1

nc × P 0 and P1
nc × (P 0 + P 1) discretizations. We observe that the

P1
nc × (P 0 + P 1) discretization is more effective than the P1

nc × P 0 one, especially for coarse meshes.
We plot the errors εν

0,1(u) (resp. εν
0(p)) against the number of unknows NU (resp. NP ) on Figure 3.

Associated convergence rates τ0,1(u) and τ0(p) are given in Appendix B, Table B.1. The convergence
rates of the two discretization methods are similar. We obtain: τ1(u) ≈ 1, τ0(u) ≈ 2, and τ0(p) ≈ 1,
which aligns with Theorems 2, 6 and 7. However, comparing Figure 2 for ν = 10−2 and ν = 10−4,
we remark for the P1

nc × (P 0 + P 1) discretization, the errors on the velocity, εν
0,1(u) are weaker than

those produced by the P1
nc × P 0 discretization, and this difference is more important for ν = 10−4 than

for ν = 10−2. The error on the pressure εν
0(p) is weaker for the P1

nc × (P 0 + P 1) discretization when
ν = 10−4.

Figure 1: First four grids of the mesh family employed in the Bercovier–Engelman flow.

11.2. Stokes problem in a two-dimensional nonconvex domain

In this flow, designed by Dauge in [26], and studied in [48, 7, 17], the Cartesian components of the
analytical velocity and the analytical pressure in the nonconvex domain Ω = [0, 1]2 \ [0, 1] × [−1, 0] are
given in polar coordinates by:

uex(r, φ) = rκ

[
cos(φ)ψ′(φ) + (κ+ 1) sin(φ)ψ(φ)
sin(φ)ψ′(φ) − (κ+ 1) cos(φ)ψ(φ)

]
and pex(r, φ) = rκ−1 (κ+ 1)2ψ′(φ) + ψ′′′(φ)

κ− 1 ,

(128)
with the function ψ(φ) defined as:

ψ(φ) = sin((κ+ 1)φ) cos(κω)
κ+ 1 − sin((κ− 1)φ) cos(κω)

κ− 1 − cos((κ+ 1)φ) + cos((κ− 1)φ). (129)

The volumetric source term f in (4) is set to zero. The parameters are κ = 856399/1572864 ≈ 0.54 and
ω = 3π/2. The velocity is such that uex(0, φ) = 0. On the other hand, there is a singularity of pressure
in the reentrant corner (0, 0), since κ− 1 < 0:

lim
r→0

φ<φ0

pex(r, φ) = −∞,

lim
r→0

φ>φ0

pex(r, φ) = +∞.
(130)

where φ0 = − arctan [cos(κω)/(κ− 1)] /(κ−1) = ω/2. The analytic velocity is imposed as an inhomoge-
neous Dirichlet condition on the domain boundaries. We consider here the P1

nc ×(P 0 +P 1) discretization
and viscosity ν = 1 only. We have, for all s ∈ [0, κ[: (u, p) ∈ H1+s(Ω) × Hs(Ω). We postulate that
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(a) P1
nc × P 0 discretization.

(b) P1
nc × (P 0 + P 1) discretization.

Figure 2: P1
nc ×P 0 and P1

nc × (P 0 +P 1) discretizations, ν = 10−4. From left to right: meshes 3 to 6. From top to bottom:
P 1-Lagrange projection of the discrete velocity norm and of the discrete pressure.

τ1(u) = κ, τ0(u) = 2κ, and τ0(p) = κ. The meshes are shown in Figure 4. We use three families of
meshes: uniform structured meshes (type 1), uniform unstructured meshes (type 2) and unstructured
meshes with a local refinement near the reentrant corner (type 3) to assess the potential gain in accuracy.
Maps of the solution fields are provided in Figure 5 for the meshes of type 2. We plot the errors εν

1(u),
εν

0(u) (resp. εν
0(p)) against the number of unknows NU (resp. NP ) on Figure 6. Associated convergence

rates τ0,1(u) and τ0(p) are given in Appendix B, Table B.2. It appears that the meshes of types 1 and 2
lead to similar convergence rates, namely τ1(u) ≈ κ, τ0(u) ≈ 2κ, and τ0(p) ≈ κ. They yield very similar
results in terms of accuracy. We obtain weaker errors and better convergence rates using the meshes of
type 3, which are locally refined. They provide a more accurate approximation of the singularity near
the re-entrant corner. It is worth noting that the velocity converges much faster on the initial meshes,
before eventually reaching the asymptotic convergence rate.
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(c) ν = 10−4.
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Figure 3: Plots of εν
1(u), εν

0(u), and εν
0(p) for the Bercovier–Engelman flow, for the P1

nc × P 0 and P1
nc × (P 0 + P 1)

discretizations, for different values of ν.

11.3. Stokes problem in a three-dimensional convex domain

The three-dimensional Taylor–Green problem [47] is studied in the cubic domain Ω = [0, 1]3 with
viscosity coefficient ν ∈ {10−4; 10−2; 1}. The volumetric source term in (4) is defined as:

f(x, y, z) =

 −12π2(2ν + 1) cos(2πx) sin(2πy) sin(2πz)
12π2(ν − 1) sin(2πx) cos(2πy) sin(2πz)
12π2(ν − 1) sin(2πx) sin(2πy) cos(2πz)

 . (131)

The analytical solutions for the velocity and the pressure are:

uex(x, y, z) =

 −2 cos(2πx) sin(2πy) sin(2πz)
sin(2πx) cos(2πy) sin(2πz)
sin(2πx) sin(2πy) cos(2πz)

 and pex(x, y, z) = −6π sin(2πx) sin(2πy) sin(2πz).

(132)
The analytical velocity is imposed as an inhomogeneous Dirichlet condition on the cube boundaries.
We use structured and unstructured meshes as shown in Figure 7. The two discretizations, P1

nc × P 0

and P1
nc × (P 0 + P 1) are compared. For the latter, some solution fields are represented in Figure 8 for

ν = 1, to illustrate the convergence. The errors εν
0,1(u), (resp. εν

0(p)) are plotted against the number
of unknowns NU (resp. NP ) on Figure 9. Associated convergence rates τ0,1(u) and τ0(p) are given in
Appendix B, Table B.3. We obtain: τ1(u) ≈ 1, τ0(u) ≈ 2, and τ0(p) ≈ 1, which aligns with Theorems
2, 6 and 7. It appears that the mesh type has very little impact on the results. On the other hand, the
P1

nc × (P 0 + P 1) discretization provides significantly higher accuracy in most cases than the P1
nc × P 0,
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(a) Meshes of type 1 (structured).

(b) Meshes of type 2 (uniform Delaunay).

(c) Meshes of type 3 (Delaunay with local refinement).

Figure 4: First four grids of the mesh families employed in the two-dimensional nonconvex domain flow.

particularly when ν = 10−4. This is consistent with the conclusions from the 2D case (subsection 11.1).
It is noted that viscosity has a significant impact on accuracy and convergence rates. For ν = 1, we
observe that τ1(u) ≈ 1, τ0(u) ≈ 2, and τ0(p) ≈ 1, as in the 2D case. However, the three quantities
gain one order of convergence, reaching τ1(u) ≈ 2, τ0(u) ≈ 3, and τ0(p) ≈ 2, respectively, as soon as
ν < 1 and P1

nc × (P 0 + P 1) discretization is employed, which could indicate that the asymptotic regime
convergence is not reach.

12. Conclusion

We proved the stability of the P1
nc × (P 0 + P 1) finite element, cf. Theorem 4 and we showed that

the accuracy is improved with respect to the P1
nc × P 0 finite element method, cf. Proposition 10. We

proposed a Fortin operator, allowing us to compute error estimates for the P1
nc ×(P 0 +P 1) finite element

and we shown optimal error estimates in 2D. We exhibited the dependency of our estimates on the shape
reguylarity parameter σ. We provided numerical illustration in 2D and 3D, including a simulation of a
low-regular manufactured solution. We observed that the P1

nc × (P 0 + P 1) finite element returns more
accurate results than the P1

nc ×P 0 finite element, in particular for small values of ν, cf. Figure 9 for the
3D case. Further, one could study this strategy to higher order Crouzeix-Raviart finite elements.
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Figure 5: P1
nc × (P 0 + P 1) discretization, ν = 1. From left to right: meshes 2 to 5. From top to bottom: P 1-Lagrange

projection of the discrete velocity components and of the discrete pressure.

Appendix A. Proof of Theorem 6

Let (uh, ph) ∈ Xh be the solution to Problem (86) with ph = p0,h + p1,h, (p0,h, p1,h) ∈ Q0,h ×Q1,h. We
prove (99) and (100), following the proofs of [24, Theorems 3 and 4]. For all vh ∈ V0,h:

∥u − uh∥h ≤ ∥u − vh∥h + ∥vh − uh∥h, (A.1)

∥vh − uh∥2
h = −(u − vh,vh − uh)h + (u − uh,vh − uh)h (A.2)

Let vh ̸= uh. Using Cauchy-Schwarz in (A.2), it holds:

∥vh − uh∥2
h ≤ ∥u − vh∥h ∥vh − uh∥h + (u − uh,vh − uh)h

∥vh − uh∥h

∥vh − uh∥h.

We obtain that

∥vh − uh∥h ≤ ∥u − vh∥h + sup
wh∈V0,h\{0}

|(u − uh,wh)h|
∥wh∥h

. (A.3)

We deduce from (A.1) and (A.3) that for all vh ∈ V0,h:

∥u − uh∥h ≤ 2∥u − vh∥h + sup
wh∈V0,h\{0}

|(u − uh,wh)h|
∥wh∥h

.
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(a) Meshes of type 1.

10 102 103 104 105 106 107 108
10−12

10−8

10−4

1

NU or NP

E
rr

or
s

rate κ ≈ 0.54

rate 2κ ≈ 1.09

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b b εν
1(u)

d

b b εν
0(u)

d

b b εν
0(p)d

(b) Meshes of type 2.
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(c) Meshes of type 3.
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Figure 6: Plots of εν
1(u), εν

0(u), εν
0(p) in the nonconvex domain flow according to the type of meshes.

Hence:

∥u − uh∥h ≤ 2 inf
wh∈V0,h

∥u − wh∥h + sup
wh∈V0,h\{0}

|(u − uh,wh)h|
∥wh∥h

. (A.4)

To bound the first term in the right-hand side of (A.4), we need the Fortin operator. Using (92), we
have indeed:

inf
wh∈V0,h

∥u − wh∥h ≤ ∥u − Πhu∥h ≲ σ2d h|u|H2(Ω). (A.5)

Let us bound the second term in the right-hand side of (A.4). Consider wh ∈ V0,h. It holds:
ν(uh,wh)h = (f ,wh)L2(Ω). Since f = −ν∆u + grad p, we obtain by integration by parts:

ν(uh,wh)h = ν(u,wh)h − ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,wh)L2(Ff ) +
∑

ℓ∈IK

∑
f∈IF,ℓ

(p,wh · nf,ℓ)L2(Ff ).

Hence, for all wh ∈ V0,h:

(u − uh,wh)h =
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,wh)L2(Ff ) − ν−1 ∑
ℓ∈IK

∑
f∈IF,ℓ

(p,wh · nf,ℓ)L2(Ff ). (A.6)

We apply (28) to all the components of Grad u ∈ H1(Ω) and wh ∈ X0,h to obtain:

|(u − uh,wh)h| ≲ σh
(
|u|H2(Ω) + ν−1|p|H1(Ω)

)
∥wh∥h. (A.7)

Summing (A.5) and (A.7), we can bound (A.2). We deduce (99).
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(a) Meshes of type 1 (structured).

(b) Meshes of type 2 (unstructured).

Figure 7: First four grids of the mesh families employed in three-dimensional convex domain. The interior is shown.

Let us prove (100). It holds:

∥u − uh∥L2(Ω) = sup
w\{0}∈L2(Ω)

|(u − uh,w)L2(Ω)|
∥w∥L2(Ω)

. (A.8)

Suppose that Ω is convex. We obtain (100) using the Aubin-Nitsche trick. Let w ∈ L2(Ω). According to
Proposition 2, it exists (v, q) ∈ ( (V0 ∩H2(Ω)) × (L2

zmv(Ω) ×H1(Ω)) ) such that: −ν∆v + grad q = w.
By integration by parts, letting δuh = u − uh, we have for all w ∈ L2(Ω):

(u − uh,w)L2(Ω) = ν(u − uh,v)h − ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad v : nf,ℓ,u − uh)L2(Ff )

+
∑

ℓ∈IK

∑
f∈IF,ℓ

(q, (u − uh) · nf,ℓ)L2(Ff ).

(A.9)

Summing (A.6) and (A.9), letting δuh := u−uh, we deduce that for all w ∈ L2(Ω) and for all wh ∈ V0,h:

(u − uh,w)L2(Ω) = ν(u − uh,v − wh)h

+ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(
(Grad u : nf,ℓ,wh)L2(Ff ) − (Grad v : nf,ℓ, δuh)L2(Ff )

)

+
∑

ℓ∈IK

∑
f∈IF,ℓ

(
(q, δuh · nf,ℓ)L2(Ff ) + (p,wh · nf,ℓ)L2(Ff )

)
.

(A.10)

We now consider wh = Πhv. By Cauchy-Schwarz, and using (99) and (92), we have:

|ν(u − uh,v − Πhv)h| ≤ ν∥u − uh∥h ∥v − Πhv∥h ≲ ν σ4d h2 ∥(u, p)∥ν |v|H2(Ω).
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(a) Meshes of type 1.

(b) Meshes of type 2.

Figure 8: P1
nc × (P 0 + P 1) discretization, ν = 1. From left to right: meshes 3 to 6. From top to bottom: P 1-Lagrange

projection of the discrete velocity norm ans the discrete pressure.

We deduce, using Proposition 2 that:

|ν(u − uh,v − Πhv)h| ≲ σ2 (2d−1) h2 ∥(u, p)∥ν ∥w∥L2(Ω). (A.11)
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(b) ν = 10−2.
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(c) ν = 10−4.
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Figure 9: P1
nc × P 0 and P1

nc × (P 0 + P 1) discretization, Taylor–Green flow, plots of εν
0,1(u) and εν

0(p) for different ν. Left
columns: meshes of type 1, right columns: meshes of type 2.

We apply (28) to all the components of Grad u ∈ H1(Ω) and wh ∈ X0,h:

ν

∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,Πhv)L2(Ff )

∣∣∣∣∣∣ = ν

∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,v − Πhv)L2(Ff )

∣∣∣∣∣∣ ,
≤ ν σ h |u|H2(Ω) ∥v − Πhv∥h.
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Using (92) and Proposition 2, it holds:

ν

∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad u : nf,ℓ,Πhv)L2(Ff )

∣∣∣∣∣∣ ≲ νσ2d h2 |u|H2(Ω) |v|H2(Ω) ≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω). (A.12)

We apply (28) to all the components of Grad v ∈ H1(Ω) and δuh ∈ H1
0(Ω) + X0,h. Using (99) and

Proposition 2, we obtain:

ν

∣∣∣∣∣∣
∑

ℓ∈IK

∑
f∈IF,ℓ

(Grad v : nf,ℓ, δuh)L2(Ff )

∣∣∣∣∣∣ ≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω), (A.13)

Summing (A.12) and (A.13), we get:

ν
∑

ℓ∈IK

∑
f∈IF,ℓ

(
(Grad u : nf,ℓ,wh)L2(Ff ) − (Grad v : nf,ℓ, δuh)L2(Ff )

)
≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω).

(A.14)
Samely, one proves that the two last terms in the right-hand side of (A.10) are bounded like:∑

ℓ∈IK

∑
f∈IF,ℓ

(
(q, δuh · nf,ℓ)L2(Ff ) + (p,wh · nf,ℓ)L2(Ff )

)
≲ σ2d h2 ∥(u, p)∥ν ∥w∥L2(Ω). (A.15)

Summing the contributions (A.11), (A.14) and (A.15), we deduce from (A.10) that:

|(u − uh,w)L2(Ω)| ≲ σ2 (2d−1) h2 ∥(u, p)∥ν ∥w∥L2(Ω).

Applying this result to (A.8), we get (100).

Appendix B. Convergence tables
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nc × (P 0 + P 1 + P a) pour le code TrioCFD.
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Table B.3: Convergence rates in the three-dimensional convex domain (subsection 11.3).

(a) Method P1
nc × P 0 on meshes of type 1.
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(b) Method P1
nc × (P 0 + P 1) on meshes of type 1.

ν = 10−4 ν = 10−2 ν = 1
NU NP τ1(u) τ0(u) τ1(p) τ1(u) τ0(u) τ1(p) τ1(u) τ0(u) τ1(p)
2,592 509 – – – – – – – – –

8,424 1,639 0.77 1.45 -1.24 0.77 1.42 -1.24 1.32 2.71 0.94

102,312 19,839 1.91 2.92 1.93 1.91 2.74 1.93 1.02 1.93 0.85

644,904 125,139 1.98 3.00 2.00 1.98 1.92 1.99 0.98 1.93 0.93

5,721,192 1,111,159 2.00 3.00 2.00 1.97 4.01 1.98 0.97 1.94 0.97

40,689,792 7,906,809 2.00 3.00 2.00 1.90 2.71 1.91 0.96 1.95 0.99

(c) Method P1
nc × P 0 on meshes of type 2.

ν = 10−4 ν = 10−2 ν = 1
NU NP τ1(u) τ0(u) τ1(p) τ1(u) τ0(u) τ1(p) τ1(u) τ0(u) τ1(p)
1,428 196 – – – – – – – – –

10,008 1,482 -0.54 -0.93 2.20 -0.54 -0.93 2.20 -0.02 0.53 1.67

88,995 13,961 1.10 2.15 1.55 1.10 2.15 1.55 1.01 2.08 1.25

686,958 110,737 1.05 2.09 1.37 1.05 2.09 1.38 1.02 2.05 1.20

5,760,687 944,493 1.02 2.09 1.15 1.02 2.09 1.15 1.02 2.06 1.08
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RAIRO, Sér. Anal. Numér. 15, 119–150.

[36] Heib, S., 2003. Nouvelles discrétisations non structurées pour des écoulements de fluides à incom-
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