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Abstract

This paper presents an implicit solver for non-associated plasticity problems based on the semi-smooth New-
ton method, using a formulation of a second order cone complementarity problem. The presented method
is used to solve the incremental problem derived from the Material Point Method (MPM). Geomaterials are
often described by non-associated elasto-plastic models, that are usually simulated with the classic return
mapping algorithm. The goal of this work is to propose an alternative approach, developing a monolithic
solver capable of solving precisely the plastic constitutive equations and the Dirichlet boundary conditions,
expressed as equality constraints, while avoiding, in particular, the difficult computation of the consistent
tangent operator. This kind of method can be adapted to include unilateral contact, material hardening and
Coulomb friction in the monolithic solver. Inspired by the Implicit Standard Material (ISM) framework,
the constitutive equations are written as differential inclusion and a semi-smooth Newton’s method is used
to solve the constitutive laws within an implicit time scheme. The capacities of the method are illustrated
on classical problems in the field of geomechanics, namely the footing and slope stability problems, and
compared to classical results from the literature, in particular analytical solutions based on limit analysis,
showing good agreement.

keywords : Non-smooth solver, Implicit material point method, non conforming Dirichlet boundary
condition, non-associated plasticity

Acknowledgement

We would like to acknowledge Inria and the exploratory action GRANIER, which have provided funding for
the work conducted in the scope of this paper.

1



Contents
1 Introduction 3

2 Modelling the dynamics of elastoplastic associated and non-associated materials 5

3 Numerical Method : Material Point Method 11

4 Solving of the incremental problem 15
4.1 Solving of the complementarity conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.2 Dirichlet Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.3 Non smooth Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 Results and discussion 20
5.1 Footing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.2 Slope stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

6 Conclusion 38

A Yield criterion in plane strain plasticity 43

B Retrieving a SOC using Voigt’s notation 44

C Sub-gradient of natural map 45

2



1 Introduction
The objective of this work is to develop a robust, stable and implicit numerical framework, in continuity
of the work of [1], to simulate non-associated elasto-plastic material undergoing large deformations. This
framework, based on the writing of variational inequalities, is aimed to be compatible with different dis-
cretisations, namely the Material Point Method (MPM) and the Finite Element Method (FEM).

The MPM is a particle based method dedicated to simulate continuous media. It has been firstly
introduced in [2] and is a combination of two existing methods, the Particle in Cell (PIC) developed in [3]
and the Fluid Interpolated Particles (FLIP) developed in [4]. It relies on two discretizations, an Eulerian grid
and Lagrangian material points (also referred as particles in the literature). The computation is performed
on the grid nodes and the information is stored on the particles. This allows to get the benefit of Lagrangian
methods while avoiding any mesh distortion. This method is well suited for large deformation problems
and can be associated with numerous material constitutive models. In addition to its suitability for parallel
computing, the simplicity of its formulation, its adaptation for both small and large strains and its capacity
to handle complex constitutive models have pushed many researchers to use this method in the last two
decades. It has been used in the field of geosciences, for modelling soils deformations [5] , snow avalanches,
[6, 7, 8], glacier creeping [9, 10], or in the field of computer graphics mainly for granular media simulation
[11, 12]. Compared with the Finite Element Method (FEM), this method has been the subject of fewer
theoretical studies. However, several studies [13, 14] have shown the good energy conservation properties of
the implicit version of this method for elasto-plastic materials subjected to large deformations, and others
[15, 16] have focused on error estimation in MPM methods. Numerous studies [17, 12] have relied on
numerical experiments to focus on the stability or convergence of different interpolation schemes within the
scope of MPM.

Most studies based on the MPM use explicit time integrators. It allows the method to handle very large
amount of material points (more than hundreds of million), thereby facilitating the investigation of large
scale phenomena. However, explicit time integrators can suffer from lack of stability and do not accurately
solve at each time step the governing equations (since there is decoupling between the conservation equation
and the constitutive relation). Other studies use an implicit time integrator to gain stability and therefore
handle larger time steps (see for example [18, 19, 20]). In the previous references, the elasto-plastic behaviour
of the material is solved with the classical Return Mapping Algorithm (RMA) [21, 22]. Even if it suffers
from several limitations, namely difficulties in the computation of the so-called consistent tangent operator
and in the convergence for any initial guess, the quadratic local convergence allows to solve the constitutive
laws with machine accuracy.

In the last two decades, some studies [23, 24] used tools from convex cone programming to solve varia-
tional inequalities for associated materials. These tools often combine a FEM discretisation with commercial
solvers for convex optimization based on the Interior Point Method. More recently, this kind of approach
has been used with a MPM, or with a MPM-FEM coupling [25]. In this type of approach, the non-associated
character of the material, if considered, is treated in an uncoupled manner.

This paper presents an approach for non-associated elasto-plasticity based on non-smooth optimisation.
Plasticity is presented as a variational inequality, as a prolongation of the work described in [1]. This
reformulation of the plastic law is not new [26, 27, 28] and associated plasticity is written within the scope
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of the Generalised standard materials (GSM). With a change of variable, non-associated plasticity can also
be derived from a variational formulation with the introduction of the Implicit Standard material (ISM)
described in [29]. In the latter formulation, plasticity is written in the same way as Coulomb Friction, with
the advantage of benefiting from the numerous studies on implicit solvers done for this problem [30, 31, 11].
Choosing a solver often comes down to striking a balance between robustness and convergence rate [31].
For the problem of frictional contact, the structure of the discrete system often imposes the use of a first
order method such as fix point or a Gauss-Siedel type of solver [32]. In our framework, the elasticity of the
material induces a discrete problem with full rank, direct second order method [33] as Newton’s method are
used. It is worth noticing that the presented method does not differ much from the classic RMA. It presents
wider formulation where RMA can appear as a particular case of the semi-smooth Newton’s method [22]. In
addition, this approach does not require the explicit computation of the consistent tangent operator. The
main contributions of this work are :

• the formulation of the elasto-plastic incremental problem for Material Point Method as a variational
principle

• the formulation of the Newton’s Method for non-associated elasto-plasticity

• the comparison with the FEM for classical case studies in the field of geomechanics, namely footing
and slope stability problems
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2 Modelling the dynamics of elastoplastic associated and non-associated
materials

The constitutive model described in this work is a linear elasto-plastic model with perfect plasticity. The
notation used in this work are inspired from [34]. We introduce the following material quantities : ρ the
density field, v the velocity field, u the displacement field, σ the internal stress tensor field, fv the external
volumetric forces.

The material belongs to a set Ω ∈ Rd where d corresponds to the dimension. The material domain Ω is
moving through time as the material deforms. We have the following conservation equations :

Dρ

Dt
+ ρ∇ · v = 0, (1)

ρ
Dv

Dt
= ∇ · σ + fv. (2)

Under the small strain assumption, the Euler-Almansi tensor e, classicaly used when choosing an Eulerian
framework, can be approximated by:

e ∼ ε = 1
2
(
∇u+ (∇u)T ). (3)

The classical assumption of additive decomposition of the strain tensor into in an elastic par εE and a
plastic part εP is also made:

ε = εE + εP. (4)

The definition of an elastic potential energy ψ gives a relation between the elastic part of the strain tensor
and the stress tensor σ:

σ = ∂ψ(εE)
∂εE

. (5)

In the case of linear elasticity, the elastic potential energy is a quadratic form and the relation between εE

and σ is linear:
σ = D : εE. (6)

Associated Plasticity : Generalised Standard Material

In this section an elasto-plastic model following the framework of Generalised Standard Material (GSM) is
presented [27]. As a first step, we do not include hardening in this model, although it can also be done [1].
The intrinsic dissipation per unit of volume d is

d = σ : ε̇ − ψ̇(εE). (7)

The chain rule and the additive decomposition allow to rewrite the intrinsic dissipation as d = σ : ε̇P. The
Clausius-Duhem inequality, equivalent to the second principle of thermodynamics, ensures that the intrinsic
dissipation remains always non-negative.

The plasticity condition is described by a plasticity criterion or a yield criterion f ensuring that f remains
non negative. The set

C := {σ s.t. f(σ) ≤ 0}. (8)
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is called the admissible set. The only assumption made on f is that C is a convex set including the origin. In
the case of associated plasticity, following the work of [27, 28, 35], the plastic deformation rate is described
by the normal inclusion

ε̇P ∈ NC(σ). (9)

In the latter equation, NC(σ) represents the normal cone to the set C at the point σ and is defined by

NC(σ) = {y s.t. ∀ σ̂ ∈ C, y : (σ − σ̂) ≥ 0}. (10)

The relation between the plastic strain increment ε̇P and σ is called the plastic flow rule. Note that the
inclusion in (9) induces the maximum dissipation principle as

d = ε̇P : σ ≥ ε̇P : σ̂ ∀ σ̂ ∈ C. (11)

For a convex set defined by a yield criterion as in (8), the definition of the normal cone yields the standard
flow rule for plasticity as {

ε̇P = ∇f(σ)λ
0 ≥ f(σ) ⊥ λ ≥ 0,

(12)

where λ are the plastic multipliers.
The normality condition written in (9) ensures the existence of two conjugate convex potentials V and

W such that for all σ̂ and ̂̇εP admissible

V (σ̂) +W (̂̇εP) ≥ σ̂ : ̂̇εP, (13)

and, at the solution, we have
V (σ) +W (ε̇P) = σ : ε̇P, (14)

which is equivalent to
σ ∈ ∂ε̇PW (ε̇P) and ε̇P ∈ ∂σV (σ). (15)

This formulation, combined with other assumptions on the free energy ψ, ensures the well-posedness of the
problem, see [27] for more details.

Non-associated plasticity : Implicit Standard Materials

The normality rule described in (9) is characteristic of associated materials and does not allow to accurately
model the volume changes that strongly condition the response of geomaterials (sands, soils,...). It is thus
common in the field of geomechanics to introduce a relaxation of the normality rule. To this aim, the concept
of Implicit Standard Material (ISM) was first introduced in the work of [29]. It defines a broader theoretical
framework for non-associated materials by replacing the sum of the two potential V +W by a function b of
both variables ε̇P and σ that satisfies the following properties :

• for all σ admissible fixed, the function b(σ, •) is convex,

• for all ε̇P admissible fixed, the function b(•, ε̇P) is convex,

• for all (σ̂, ̂̇εP) admissible, b(σ̂, ε̂) ≥ σ̂ : ε̂,
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• at the optimum, we have the equivalence : b(σ, ε̇P) = σ : ε̇P if and only if ε̇P ∈ ∂σb(σ, ε̇P) and
σ ∈ ∂ε̇Pb(σ, ε̇P).

Such function b is called a bi-potential. The GSM model is a particular case of the ISM model with
b = V +W .

Yield criterion : Drucker-Prager model

In this research work, we choose to use the Drucker-Prager yield criterion as it is extensively used to model
both associated and non -ssociated materials, and in particular geomaterials. The criterion, originally
developed in [36], is expressed as a function of the first invariant I1 of the stress tensor and of the second
invariant J2 of the deviatoric part of the stress tensor called s. These invariants are computed as follows :

I1(σ) = tr (σ) =
∑

i

σii, s = σ − I1(σ)
3 I, J2(σ) = 1

2s : s. (16)

When the dimension d is equal to 3, the invariant J2(σ) can be rewritten as a function of the components
of σ as :

J2(σ) = 1
6
∑
i,j

(σii − σjj)2 + (σ2
12 + σ2

13 + σ2
23). (17)

Considering two parameters η and k, depending only on the material properties, the yield criterion of the
Drucker-Prager model is

f(σ) =
√
J2(σ) + ηI1(σ) − k, (18)

where the parameters η and k are expressed depending on the internal frictional angle and the cohesion
allowing thus to relate Drucker-Prager and Mohr-Coulomb criteria, see [37, 36, 35] for more details. The
admissible set C = {σ s.t. f(σ) ≤ 0} for the stress tensor is a translated cone due to cohesion. As illustrated
in Figure 1, we have

σ ∈ C ⇐⇒ k

η
e + σ ∈ K (19)

where K is the second cone defined as K = {σ s.t. − ηI1(σ) ≥
√
J2(σ)} and e writes as

e = −1
d

I. (20)

The admissible set for the plastic strain rate can also be expressed in terms of invariant. Let us focus
first on the associated plasticity : the normality rule written in (9) is equivalent to

ε̇P ∈ NK

(
σ + k

η
e
)
, (21)

which is equivalent to the cone complementarity problem

K∗ ∋ −ε̇P ⊥
(
σ + k

η
e
)

∈ K. (22)
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-K*K

Figure 1: Schematic of the yield criterion and of the associated plastic flow rule. In blue is represented the
convex set C of admissible stress and in orange the corresponding second order cone K

The complementarity written in (22) ensures that −ε̇P ∈ K∗ the dual cone of K. This is equivalent in
terms of invariant as

√
J2(ε̇P) − 1

η
I1(ε̇P) ≤ 0. (23)

Remark 1. There is no effect of the cohesion on the definition of the admissible set for the plastic strain
rate. This is due to the fact that the cohesion within the term k will just translate the admissible set, keeping
the normality rule unchanged

8



Dilatancy control : non-associated Drucker-Prager model

Kɛ

Figure 2: Schematic of the yield criterion with the non-associated flow rule and the corresponding change
of variables.

In the case of non-associated plasticity, the inclusion described in (9) is no more valid. The new admissible
set Kε for the plastic strain rate will depend on an additionnal coefficient ηθ accounting for dilatancy

√
J2(ε̇P) − kd

ηθ
I1(ε̇P) ≤ 0, (24)

where kd is a normalisation coefficient depending on the dimension. The coefficient ηθ and the admissible
set Kε are illustrated in Figure 2. In practice, the coefficient ηθ will depend on θ in the same manner as η
depends on ϕ, θ being the dilatancy angle defined as in [29] or [38].

When the set C is a cone, as it is the case for the Drucker Prager model, the normal cone inclusion is a
cone complementarity problems, which is a well studied problem in optimization with numerous numerical
solvers. The objective is to retrieve a normal cone inclusion in our plastic model. Following the work of
[29], this is possible to define new variables as

˜̇εP = ε̇P + (η − ηθ)
√
J2(ε̇P)I. (25)

With this new variable, we obtain the following normal cone inclusion

˜̇εP ∈ NC(σ). (26)

The change of variable is illustrated with the schematic represented in Figure 2. By introducing µ =
η − ηθ, the change of variable in (25) has a similar formulation as the complementarity problem for dry
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Coulomb friction presented in [31] with µ being a friction coefficient. The following system summarises the
constitutive model and the governing equations

ρ
Dv

Dt
= ∇ · σ + fv

σ = D : ∇s(u) − ε̇P˜̇εP = ε̇P + µ
√
J2(ε̇P)I˜̇εP ∈ NC(σ)

(27)

The formulation of the constitutive equations remains general with respect to dimension. In Appendix A,
the relation between η, k, ϕ in the case of plane strain assumption are detailed.
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3 Numerical Method : Material Point Method
The Material Point Method (MPM) is a particle-based method dedicated to simulate the response of con-
tinuum media to dynamical loadings developed in [2]. It relies on two spatial discretisations, a Eulerian grid
and material points (also referred as particles in the literature). The material information such as stress,
strain and velocity are stored in the materials points and the equilibrium equation are solved at the grid
nodes. The solving scheme of the MPM can be separated into four main steps:

1. Interpolation of the quantities required to solve equilibirum equations from the material points to the
grid nodes

2. Dynamic phase : solving of the equilibrium equations at the grid nodes and of the constitutive equation
on the material points

3. Interpolation from the grid nodes to the material points

4. Advection of the material points with the newly interpolated velocity

5. Update of the density of the material points according to the continuity equation

The main scheme of the MPM described above can be interpreted in different ways. One convenient
way is to consider a standard formulation of FEM with advected quadrature points (represented by the
material points). The main advantage of this approach is to keep linear operations for advection but it
induces a quadrature error in addition to the discretisation error already existing in the FEM [15, 16]. Note
that, for classical explicit time integrators with MPM [39], the equilibrium equations and the constitutive
laws in step 2 are uncoupled and a choice has to be made on the order of solving of these equations, lead-
ing to the well known Update Stress First (USF) or Update Stress Last (USL) schemes and their alternatives.

In order to obtain detailed expressions for step 1 to 5, it is necessary to develop the the spatial discretisation
of the weak form the equilibrium equation and the constitutive equation.

Momentum Conservation Equation

The MPM formulation is classicaly obtained from the weak form of the momentum conservation equation:

∀w ∈ V,

∫
Ω

ρ
Dv

Dt
· w +

∫
Ω

σ : D(w) =
∫
Ω

ρb · w +
∫

∂Ω

wσc · n. (28)

The last term in (28) corresponds to the forces applied at the boundaries of the domain and will be treated
as a boundary condition and developed in section 4.2. The set V is the appropriate functional space.
In equation (28), the operator D•

Dt and D(•) correspond respectively to the material derivative and the
symmetric gradient. They are defined by

D•
Dt

= ∂•
∂t

+ v∇(•) D(•) = ∇s(•) = 1
2
(
∇(•) + ∇(•)T ). (29)

11



We now consider that the domain Ω is divided in space in np subsets
(
Ωp
)

p∈J1,npK, where np is the number
of material points. Note that these subdomains are dependent on time. The weak form described in (28)
becomes

∀w ∈ V,

np∑
p=1

∫
Ωp

ρ
Dv

Dt
· w +

np∑
p=1

∫
Ωp

σ : D(w) =
np∑

p=1

∫
Ωp

ρb · w (30)

As classically done in FEM, we suppose that the test functions and the velocity field belong to a finite
dimensional space V h = span

(
(Ni)i∈J1,ngK

)
⊂ V where the functions Ni are called interpolation functions

centred at each grid node (xi)i∈J1,ngK and ng is the number of grid nodes.

∀w ∈ V h
np∑

p=1

∫
Ωp

ρ

ng∑
i=1

v̇iNi ·
ng∑

j=1
wjNj +

np∑
p=1

∫
Ωp

σ :
ng∑

j=1
wj∇Nj =

np∑
p=1

∫
Ωp

ρb ·
ng∑

j=1
wjNj . (31)

Remark 2. In (31), the components of the material derivative of the velocity become v̇i, the partial time
derivative. This is only possible because the velocity at the nodes is interpolated from the velocity of advected
particles.

As (31) is valid for any test function w ∈ H, we have for all grid node j

ng∑
i=1

v̇i

np∑
p=1

∫
Ωp

ρNi ·Nj +
np∑

p=1

∫
Ωp

σ : ∇Nj =
np∑

p=1

∫
Ωp

ρb ·Nj . (32)

In this work, as described in the original paper of [2], we choose to approximate the integrals in (32) by a
zero order quadrature (the material quantities are considered as constant over each material domain Ωp). If
xp denotes the position, depending on time, of the material point p, we make the approximation :∫

Ωp

ϕ ≈ Vpϕ(xp), (33)

with Vp = |Ωp|, the volume of the material domain. Equation (32) becomes

np∑
p=1

ng∑
i=1

mpNi(xp)v̇iNj(xp) = −
np∑

p=1
Vpσp∇Nj(xp) +

np∑
p=1

mpbpNj(xp), (34)

where mp is the (constant) mass of each material domain Ωp. Hence (34) can be written as :

∀j ∈ J1, ngK
ng∑
i=1

mij v̇j = f int
j + fext

j , (35)

where M = (mij)i,j,∈J1,ngK is the grid mass matrix, f int
j and fext

j represent respectively the internal and
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external forces at the grid node j. They are defined as

f int
j = −

np∑
p=1

Vpσp∇Nj(xp), (36)

fext
j =

np∑
p=1

mpbpNj(xp), (37)

mij =
np∑

p=1
mpNi(xp)Nj(xp). (38)

Note that, in (35), the matrix M := (mij) is the consistent mass matrix on the grid nodes. In this
work, as many others, we will use the so called lumped mass matrix (or diagonal mass matrix) where each
diagonal component is defined by

mi =
ng∑

j=1
mij =

np∑
p=1

mpNi(xp) (39)

∀i ∈ J1, ngK, miv̇i = fext
i + f int

i . (40)

The use of the lumped mass matrix increases the energy dissipation during the different steps of the MPM
[13]. However, the consistent mass matrix can be singular, leading to numerical issues. One solution is to
use a weighting between the two matrices, which decreases energy losses but requires a better handling of
the boundary conditions [40].

Constitutive equations

The constitutive equations are solved at the material points which is similar to the option chosen in the
FEM to solve these equations at quadrature points [1]. We discretise (6) over the material points

S : σp = D(
ng∑
i=1

viNi)(xp) − ε̇P
p (41)

where S is the inverse of the fourth order elasticity tensor and D is the symmetric part of the gradient.
Equation (41) can be rewritten as

S : σp = 1
2

ng∑
i=1

vT
i ∇Ni(xp) + ∇Ni(xp)T vi − ε̇P

p . (42)

The plastic criterion and the plastic flow rule described in Section 2 are also expressed at all material points
p for both associated and non-associated plasticity

˜̇εP
p ∈ NC(σp). (43)
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Description of one MPM time step

In this section, we present in details the MPM algorithm (steps 1 to 5) for a time step [tn, tn+1]. Let us
denote vn

p , σ
n
p the quantities of the material points at tn, h := tn+1 − tn the time step size. The interpolation

scheme used in this work is the pure FLIP scheme. Even though the FLIP scheme is not stable with an
explicit time integrator (where a combination between PIC and FLIP or APIC [12] is preferred), this scheme
shows stability with an implicit time integrator [14].

As exposed in Section 3, the conservation and constitutive equations are discretized using the MPM
following a scheme divided into five steps :

1. We compute the interpolated velocities vL
i and masses mi at each grid nodes from the material point

velocities vn
p and masses mp

mi =
∑

p

mpNi(xp), (44)

vL
i = 1

mi

∑
p

vp.Ni(xn
p ) (45)

The interpolated velocities vL
i are also called the Lagrangian velocities, hence the notation.

2. The conservation and constitutive equations are solved by computing a solution vn+1
i ,σp, ε̇

P
p of the

complementarity problem (40, 42, 43). Detailed explanations are given on the numerical solution
procedure in Section 4. The nodal acceleration is then defined at each grid node i by

v̇i
n+1 = vn+1

i − vL
i

h
. (46)

3. The new velocities at each material point are computed following the FLIP scheme, that interpolates
the velocity increment at each material point p with

vn+1
p = vn

p +
∑

i

Ni(xn
p )(vn+1

i − vL
i ). (47)

4. The material points are advected by

xn+1
p = xp + hvn+1

p . (48)

5. The material points density is updated with the new strain increments ε̇n+1
p by

ρn+1
p =

ρn
p

1 + htr
(
ε̇n+1

p

) . (49)
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4 Solving of the incremental problem
This section is dedicated to the numerical procedure solving the incremental problem, in the form of a
complementarity problem, that we have to solve in step 2 of the method. In order to write the incremental
problem in a matrix form, we introduce the standard Voigt’s notation for a two dimensional problem.

σ =

σ11
σ22
σ12

 ε̇P =

 ε̇P
11

ε̇P
22

2ε̇P
12

 (50)

such that the inner product remains unchanged

σ : ε̇P = σ · ε̇P (51)

We define the operator S as the inverse of the elasticity operator where

D−1 : σ
Voigt’s Notation−→ Sσ. (52)

The operator B is defined in a similar manner :

∀j ∈ G,
∑

p

Vpσp∇Nj(xp) Voigt’s Notation−→ (BTσ)j . (53)

The incremental problem, dedicated to calculate v, σ, ε̇P ∈ R2ng × R3np × R3np reads as
M
(v − vL

h

)
+BTσ = F

S
(σ − σn

h

)
= Bv − ε̇P

K∗ ∋ ˜̇εP⊥
(
σ + k

η e
)

∈ K

(54)

where F ∈ R2ng is the concatenation of the vector of external force at each material point, e ∈ R3np is the
concatenation of the Voigt’s notation of e defined in (22), the matrix M is the lumped mass matrix on the
grid nodes defined by (39). The set K is a second order cone of R3np constructed by the Cartesian product
of the second order cones at the different material points material points in Voigt’s notation:

σ + k

η
e ∈ K ⇐⇒ ∀p ∈ J1, npK, σp + k

η
e ∈ K. (55)

The modified plastic strain ˜̇εP corresponds to the change of variable described in (25) in the case of non-
associated plasticity. Appendix B details the change of variable one must handle in order to retrieve a
second order cone complementarity problem using Voigt’s notation. The complementarity problem (54) can
be rewritten as 

Mv + hBTσ = hF +Mvn

Sσ − hBv = −hε̇P + Sσn

K∗ ∋ ˜̇εP⊥σ + k
η e ∈ K

(56)
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By defining qv = hF +Mvn +hBT (k/η)e, qσ = Sσn +S(k/η)e, and z := −hε̇P the incremental problem
rewrites 

Mv + hBTσ = qv

Sσ − hBv = z + qσ

z̃ = Ψ(z)
K∗ ∋ z̃⊥σ ∈ K

(57)

The transformation Ψ corresponds to the change of variable due to the non-associated character of the
plasticity. Note that the stress solving (57) corresponds to the translated stress taking into account the
cohesion, and since K is a cone, z/h ∈ K is equivalent to z ∈ K

Remark 3. In the incremental system (57), we use a fully implicit (backward Euler) scheme. It is also
possible to use other integrators (θ-scheme, Newmark ...) for accuracy and energy considerations. The
development for a θ-scheme would be similar to [1].

4.1 Solving of the complementarity conditions

The complementarity constraints can be expressed equivalently as finding the roots of a specific function.
Following [41], we use the so called natural map to solve the plasticity conditions. It states that

K∗ ∋ z̃⊥σ ∈ K ⇐⇒ ∀ρ > 0, σ = PK(σ − ρz̃), (58)

where the function PK represents the projection onto the set K (which is well defined if K is convex). The
parameter ρ is a numerical parameter, which value is set to have relevant comparison between σ and ρz.
The complementarity condition can then be solved by finding the roots of the natural map FNM defined as

FNM (σ, z̃) = σ − PK(σ − ρz̃), (59)

The incremental problem presented in (57) is equivalent to finding the roots of the following function

F :

vσ
z

 7−→

 Mv − hBT − qv

Sσ − hBv − z − qσ

FNM (σ,Ψ(z))

 (60)

Reduced system

The incremental problem presented in (57) can be reduced in the variable v by multiplying the first row of
the system (57) by M−1 and replacing the expression of v in the second row. This leads to the definition
of the Schur complement (or sometimes called the Delassus operator) W = S + h2BM−1BT , so that (57)
becomes equivalent to {

z = Wσ + q̂
K∗ ∋ Ψ(z)⊥σ ∈ K,

(61)

where q̂ = −qσ − hBM−1qv. The system described in (61) is the root of the reduced function defined as

F
R :
(
σ
z

)
7−→

(
Wσ − z + q̂
FNM (σ,Ψ(z))

)
. (62)
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For associated plasticity, the system described in eq. (61) becomes equivalent to the following minimisation
problem:

min
σ∈K

1
2σ

TWσ + q̂. (63)

The fact that W is symmetric definite positive ensures good properties of the incremental problem such as
existence and uniqueness as the root of the function described in (62) is the optimality condition of (63).

4.2 Dirichlet Boundary Conditions

Dirichlet BC applied on grid nodes

The first way to impose Dirichlet BC is to impose them on grid nodes. We then choose a subset GBC ⊂ J1, ngK
of size nBC such that

∀i ∈ GBC
, vi = v̄i, (64)

where v̄i is the desired velocity at node i. The condition in (64) can be written as a condition on the vector
v

Hv = v̄, (65)

where H is a selector operator, filled with 0 and 1 selecting only the nodes in GBC , where the boundary
conditions are applied.

Dirichlet BC on material points

It is also possible to impose the Dirichlet BC directly on the material points. We select a set of nBC chosen
material points MPBC ⊂ J1, npK such that we want to ensure that, at the end of the time step, the velocities
at these nodes correspond to the prescribed values. It means that

∀p ∈ MPBC vn+1
p = v̄p, (66)

where v̄p is the desired velocity at the material point p. Once again, this can be written as a condition on
v. If we note N the matrix of interpolation such that, at step 4 of the MPM algorithm, the FLIP scheme
writes as

vn+1 = vn +N(v − vL). (67)

We can construct the selection matrix A in the same manner as (65) such that (66) becomes

Avn+1 = v̄. (68)

Injecting (67) into (68) gives
ANv = v̄ +A(vn −NvL). (69)

By posing H := AN , we retrieve a similar form as (65). In all cases, Dirichlet boundary conditions are
treated as equality constraints ensured by an equation of the form

Hv = qBC . (70)

After integrating the Dirichlet boundary conditions in (70) as equality constraints, the system to be
solved is
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

Mv + hBTσ = qv +HTλ
Sσ − hBv = z + qσ

Hv = qBC

z̃ = Ψ(z)
K∗ ∋ z̃⊥σ ∈ K

(71)

where the vector λ is the Lagrange multiplier associated to the constraint Hv = qBC .

The method developed here is very close to the method presented in the recent work of [42]. The differ-
ences lie in the fact that they consider a variational formulation of the boundary conditions by integrating
them over the boundary domain. In our case, we impose a strong formulation of the boundary conditions,
which avoids having to introduce boundary particles. However, our formulation comes directly from the
discretisation and does not derive from a variational principle. In order to retrieve a system similar to
system (56), we can reduce the problem by expressing the variable λ depending on v and σ, we then have

Mv + hB̃Tσ = q̃v

Sσ − hBv = z + qσ

z̃ = Ψ(z)
K∗ ∋ z̃⊥σ ∈ K

(72)

This operation is possible by introducing the matrix L = HM−1HT and replacing

B → B̃ = (I −M−1HTL−TH)B
qv → q̃v = qv −HTL−1HM−1qv +HTL−1qBC .

As for (56), solving (72) is equivalent to finding the zeros of the following function

F̃ :

vσ
z

 7−→

 Mv − B̃Tσ − q̃v

Sσ −Bv − z − qσ

FNM (σ,Ψ(z))

 . (73)

Note that, at first sight, we see a loss of symmetry in the linear part of system (72) induced by the differences
between B̃ and B. However if we reduce again the system by replacing the velocity, we have a new system,
similar to the reduced system (61) {

z = W̃σ + q̂
K∗ ∋ Ψ(z)⊥σ ∈ K,

(74)

where W̃ = S + h2BM−1B̃T . With the definition of B̃, we have

W̃ = S + h2BM−1BT − h2BM−1HTL−1HM−1BT , (75)

which is symmetric since L and M are symmetric.
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4.3 Non smooth Newton’s method

In order to compute the zeros of the function described in (62), (60) and (73), we use the Newton’s method.
As the function FNM is not differentiable everywhere (as it includes the projection on the stress admissible
set), we have to use the so-called non-smooth or semi-smooth Newton’s method, see [41] for more details.
The main difference with the classic Newton’s method lies in the fact that we have to consider a generalised
jacobian to compute the new iterate :

xk+1 = xk − V −1FNM (xk), V ∈ ∂FNM (xk). (76)

The generalised jacobian ∂FNM (xk) is described in appendix C. For associated plasticity it can be shown
[43] that the method converges locally for any choice of the parameter ρ. No theoretical results exist yet for
non-associated plasticity but in practice, the method converges with the same parameters than for associated
plasticity. As done classically, the algorithm stops when ∥FNM (xk)∥ is smaller than a given tolerance.
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5 Results and discussion
All the simulations presented have been done with our python implementation of the material point method.
When specified, the incremental problem are solved with the non-smooth Gauss-Seidel solver included in
the Siconos package. We refer to [32, 30] for a presentation of this solver.

5.1 Footing

We first illustrate our method on simulations of footing problems. This configuration has been extensively
studied in soil mechanics and there exists in the literature plenty of analytical solutions based on limit
analysis, in particular [44, 45, 46]. During a footing experiment or simulation, a soil mass is subjected to
localized loading at its surface to evaluate its bearing capacity (Figure 3). The loading conditions consist
of either applying a load and measuring the resulting displacement of the loading plate, or prescribing a
displacement ud to the plate and measuring the corresponding reaction forces. In the simulations, the second
option has been chosen. Consequently, Dirichlet boundary conditions on either grid nodes or material points
(section 4.2) have been applied with a prescribed velocity set at 0.02 m s−1.

The ultimate bearing capacity Q, defined as the limit load reached in footing tests, is used for comparison
with literature values. In the literature, Q is classically calculated by summing three distinct contributions,
Qc, Qγ and Qq. The first one considers the effect of cohesion, the second one the effect of soil weight and
the third one the effect of the overload. In this example, we consider no overload and a weightless soil, the
ultimate bearing capacity can thus be calculated accounting only for the effect of cohesion (Q = Qc). It can
be computed by limit load analysis

Qc = c

tanϕ
(
eπ tan(ϕ) tan

(π
4 + ϕ

2
)2 − 1

)
. (77)

The calculation of Qc from (77) does not account for soil inertia and elasticity and only considers associated
plasticity. It gives a lower bound for simulations with associated materials. The mechanical and numerical
parameters used in the footing simulations are listed in Table 1. In order to minimise the error appearing
when solving the incremental problem, the tolerance of the non-smooth Newton’s method has been set to
10−10.
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Figure 3: Schematic of the footing simulation

We first performed simulations for both associated and non-associated material with boundary conditions
applied on chosen grid nodes, as describedn in Figure 7. The range of material parameters explored in the
simulations (Table 1) has been set according to the literature [38, 29]).

In Figure 5, we observe, in accordance with the literature, that the plastic deformations are localized
around the loading zone and delimited first by a straight line located under the footing and starting from
the edge of the footing making an angle of π

4 − ϕ
2 with the vertical axis. From the lower extremity of this line,

the plastic deformations zone is located along an arc first directed towards the bottom of the soil sample and
then towards the surface until this arc crosses a line starting from the footing edge, pointing towards the
exterior of the footing and making an angle of π

4 + ϕ
2 with the vertical axis. Finally, the plastic deformation

zone is located along a straight line tangent to the previously described, thus directed toward soil surface,
see for example [38, 44] for more details.

A typical load response of the plate is represented in Figure 4. As expected, the load progressively
increases until it reaches a peak value and then slightly decreases before stabilizing at a near-plateau. The
limit load, corresponding to the near-plateau, is around 8.3 kN, which is in agreement with the analytical
value obtained from (77).
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Geometry Length L1−2 (m) 2
Width b (m) 0.2

Material Density ρ (kg · m−3) 2 · 103

Young’s modulus E (MPa) 1 · 108

Poisson’s ratio ν 0.3
Friction angle ϕ (◦) [20, 35]
Dilatancy angle θ (◦) [0, 35]
Cohesion c (kPa) [2, 5]
boundary velocity u̇d (m.s−1) 2 · 10−2

Numerical Number of particles Np 6400
Cell size dx (m) [0.05, 1]
Time step h (s) 1 · 2−2

Simulation time T (s) [1, 2]
Interpolation function Cubic
Interpolation scheme FLIP

Table 1: Ranges of parameters used for footing simulations

Figure 4: Force against time in a footing simulation for a cohesive soil with comparison of output of
simulation with an analytical solution for c = 2kPa and ϕ = 25◦. In blue : the associated case (θ = ϕ) and
in orange the strongly non-associated case (θ = 0◦) Boundary conditions applied on grid nodes.
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a)

b)

Figure 5: a) Plastic strain rate at the material points at the end of a footing simulation with c = 2kPa and
θ = ϕ = 25◦. b) Plastic strain rate at the material points at the end of a footing simulation with c = 2kPa,
ϕ = 25◦ and θ = 0◦

For a fixed value of cohesion (c = 2 kPa), the limit load increases for increasing friction angles (from ϕ = 20◦

to ϕ = 35◦). This result is in accordance with the analytical solutions although we observe a small relative
difference (≤ 5%) between the maximum load in the simulation and the solution from limit analysis. As
expected, the limit loads from the simulations are always greater than the solutions from limit analysis.
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Figure 6: Comparison of simulation results and analytical solutions for the lineic bearing capacity in kN/m
with a cohesion c = 2kPa and for different friction angles.

The effect of dilatancy is highlighted by performing simulations with different dilatancy angles, ranging
from the associated case (ϕ = θ) and a strongly non-associated case (θ = 0◦). For a strongly non-associated
material (θ = 0◦ - Figure 5.b), we observe that the plastic deformation zone is smaller than for an associated
material (ϕ = θ - Figure 5.a), with a shape similar to the one obtained in [38]. In addition, the increase in
volume is significantly smaller at the top of the plasticity zone, in particular near the load plate, because of
significantly smaller soil dilatancy. The load response for a strongly non-associated material (Figure 6) is
characterized by a more progressive load increase compared to an associated material, followed by a more
clearly defined plateau, slightly smaller than the analytical value obtained from (77).
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Challenges related to the boundary conditions modelling

Velocity 
imposed

Grid nodes
Material points 

Velocity imposed 
on grid nodes

v

Grid nodes

Material points 

Velocity imposed 
on material points

Figure 7: Schematic of the boundary conditions applied in footing simulation with MPM. On top left are
represented the BC on material points and on bottom left the BC on the grid nodes.
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As explained in section 4.2, the boundary conditions can be either imposed on grid nodes or directly
imposed on the material points. For footing simulations, the differences between the two types of Dirichlet
boundary conditions are illustrated in Figure 7. For large values of cohesion c or frictional angle ϕ, the
footing displacement needed to reach the ultimate bearing capacity increases. When boundary conditions
are imposed on grid nodes, this results in re-meshing issues that produce sudden decreases in the apparent
bearing force, as illustrated in Figure 8 at time t = 0.5 s.

Figure 8: Comparison between the simulations and the analytical solution for bearing capacit, with c = 4kPa,
E = 102MPa, h = 0.05s, dx = 0.1m. boundary condition applied on grid nodes

In the case of boundary conditions imposed on material points (Figure 9), the load increases more
rapidly than when boundary conditions are imposed on grid nodes (Figure 8). In addition, the peak values
are significantly more pronounced and followed by either decrease in the load or oscillations before reaching
a plateau. These differences can be attributed to dynamical effects related to soil inertia that are more
pronounced because significant velocity is applied directly on the material points at the beginning of the
simulation.

The boundary conditions applied to material points can handle larger deformations than boundary
conditions applied to grid nodes. This is well illustrated by the constant plateau on Figure 9 compared
to the sudden decrease displayed in Figure 8. However, due to the large support of the shape functions,
material points close to the loading zone are affected by the imposed velocity, as illustrated in Figure 10.
The material points where boundary conditions are applied are framed in red and the material points in
the grid cell adjacent to the loading are framed in green. The latter have a vertical velocity similar to the
imposed vertical velocity v̄. This has for consequence that more material points are "driven" that expected.
In Figure 9, we compare the Prandtl’s solution with the length B and B + dx and we observe a decent
agreement by taking into account B + dx in the analytical solution. Note that the difference between the
black and the blue curves in Figure 9 is heavily marked due to the fact that the simulation is performed
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with a coarse discretisation ( B
dx = 2). The decrease in the size of dx significantly decreases this difference

(Figure 9), which illustrates that this limitation can be corrected by increasing mesh resolution.

Figure 9: Comparison between the simulations and the analytical solutions considering as loading length
B (in black) or B + dx (in blue and red for different value of dx), with c = 4kPa, E = 102MPa, h = 0.2 s,
dx = 10 cm and dx = 5 cm. Boundary conditions applied on material points.
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Figure 10: Vertical velocities of the material points at the end of footing simulation with boundary conditions
applied on material points. The loading zone is delimited by B. In black is displayed the background grid.
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Figure 11: Force against displacement in footing simulation with boundary conditions on the material points.
Comparisons of the outputs of simulation in associated and non-associated cases for a c = 4kPa, ϕ = 25◦, a
time step h = 0.02s and a cell size of dx = 0.1m. In blue θ = ϕ, in orange θ = ϕ

2 and in green θ = 0◦

In order to illustrate the capacities of the method proposed combined with Dirichlet boundary conditions
applied on material points, we performed simulations for different values of the dilatancy angle (Figure 11).
As expected from the literature, we observe that, as the value of the dilatancy angle decreases, the bearing
capacity (represented by the value of the plateau of the curve in Figure 11) decreases. It is also worth noting
that, even for a nul dilatancy angle and large time steps as regards to the discretisation (h = v̄/dx), the
solver manages to find the solution of the incremental problem in few iterations.

Comparison with Finite Element Method simulations

During the footing simulations, only small strains of the soil occur. Consequently, the simulations obtained
with our MPM approach can be compared with more classical FEM simulations. An incremental problem
having a similar structure as the incremental problem presented in (57) can be written using the FEM [1].
This problem can be solved using the same solver as for our MPM simulations. One can note that, for the
FEM simulations, we used a third order triangular element with an exact integration in order to prevent
any locking phenomena, as suggested in [38].

Figure 12 shows the distribution of the plastic strain rate, averaged on each element at the end of the
footing simulation. We observe a good agreement with the expected shear band from limit analysis and with
the outputs from MPM simulations displayed in Figure 5. The load-displacement curve obtained is displayed
in Figure 13. We observe a perfect agreement between the converged value of the force and the Prandlt’s
solution from limit analysis. As for MPM simulations with boundary conditions applied on material points,
the force oscillations before reaching the plateau can be attributed to dynamical effects. Footing simulations
were performed with different values of dilatancy angle, from associated case to strongly non-associated case.
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Figure 13 represents the force against the displacement for three values of θ. As expected from [38], we
observe that the limit value of the force decreases as the dilatancy angle decreases.

Figure 12: Plastic strain rate averaged on the elements at the end of footing simulation with order 3 FEM
for c = 4kPa, ϕ = θ = 25◦. The lines in black represents the expected borders of the plastic zone.
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Figure 13: Force against displacement in footing simulations with third order FEM. Comparison of outputs
of simulation for several values of the dilatancy angle, for c = 4 kPa with the analytical Prandtl’s solution.
In blue θ = ϕ, in orange θ = ϕ/2 and in green θ = 0◦.

Solver performance

The solver’s performance can be assessed on the basis of its accuracy, robustness and computation time.
The tolerance of the solver is set at 10−10, guaranteeing a high precision of the computed solution. The
first iterate, computed either by fixed point or with non-smooth Gauss-Seidel algorithm is used to find
an approximation of the solution and use it as first iterate of the semi-smooth Newton’s method, as the
convergence of such method with a second order rate is only local. In the scope of the paper, the solver is
evaluated based on the precision of the solution and the number of iterations of the semi-smooth Newton’s
method.

The robustness of the solver is illustrated by the fact that by keeping h ∼ v̄/dx, the solver manage to
find the solution in few iterations independently of the value of dx. This condition comes from the fact
that the material points must move no more than one cell size during one time step and that the maximal
velocity of the material points is around v̄ in footing simulations. The logarithm of the error versus the
number of iteration is displayed in Figure 14 for associated and non-associated simulations. We observe as
expected from [41], a local convergence with a second order rate. The yield criteria and the plastic flow
rule are satisfied at each material points within the solver precision. Moreover, at the end of the Newton’s
method, the residual scalar product between the two complementary variables in (71) is also of the order of
the solver precision.
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Figure 14: Illustration of the solver performance. Top left :
√
J2(σ) as a function of I1(σ), each line

corresponds to a material point through time. Top right :
√
J2(ε̇P) as a function of I1(ε̇P), each line

corresponds to a material point through time. Bottom left : evolution at different time steps of the scalar
product ˜̇εP ·

(
σ + k

η e
)
, each line corresponds to a material point. Bottom right : logarithm of the error of

the semi-smooth Newton’s method at each iteration, each line corresponds to a time step.

5.2 Slope stability

To illustrate the method and highlight the benefits of the hybrid nature of MPM, we apply the method on
a well known problem from geomechanics : the slope stability analysis. We considered for these simulations
the geometry described in Figure 15. The simulations are performed by applying the gravity at the first
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time step. The mechanical parameters considered are an internal friction angle ϕ = 25◦, a Young’s modulus
E = 100 MPa, a density ρ = 2 × 103 kg m−3, a cohesion c = 5 kPa, a mesh cell size of dx = 50 cm and a time
step of h = 0.25 s. The total simulation time is T = 5 s.

L1’ = 7.5 m 

L1 = 30 m 

L2 = 15 m 

L2’ = 5 m 

α = 45° 

Figure 15: Schematic and dimensions for slope stability simulations.

We first performed the simulations considering that the slope material is associated. Figure 16 displays
the cumulative plastic strains and the positions of the material points for 4 different steps of the simulation.
We observe, as expected from the literature, the apparition of a shear band which corresponds to a slip
surface (or slip line in plane strain), clearly identified in Figure 16 c) and d). The cumulative plastic strains
reach 200% at the end of the simulation, illustrating the fact that the MPM can process large deformations.
The material in the upper part of the shear band does not undergo plastic transformations and behaves
similarly to a rigid body. The rest of the material beneath the shear bands remains in the elastic domain.
Due to material, we observe that the width of the shear band increases with time, leading to an unrealistic
behaviour.
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a) b)

d)c)

Figure 16: Cumulative plastic strains for an associated material (θ = ϕ) for different simulation times: a)
t = 0 s, b) t = 1.7 s, c) t = 3.3 s, d) t = 5 s.

The same simulations but with for a strongly non-associated material (θ = 0◦) are performed. Figure 17
displays the cumulative plastic strains and the position of the material points for 4 different steps of the
simulation. We observe again a shear band corresponding to a slip line delimiting a static part and a
moving part with almost uniform velocity. The cumulative plastic strains reach more than 300% during
the simulation. In the non-associated case, the shear band goes more deeply into the bulk of the material,
leading to a higher volume of material being moved than in the associated case. This difference is highlighted
by comparing the length of the static part at the top of the material in Figures 16 d) and 17 d). As expected
the non-associated character of the material leads to no increase of volume within the shear band.
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a)

c) d)

b)

Figure 17: Cumulative plastic strains for a strongly non-associated material (θ = 0◦) and for different
simulation times: a) t = 0 s, b) t = 1.7 s, c) t = 3.3 s, d) t = 5 s.

During the slope stability simulations, there is a transfer from elastic energy to kinetic energy. In a
MPM simulation at time tk, the kinetic energy Ek

kin, the elastic energy Ek
el and the potential energy Ek

pot

can be computed as

Ek
kin = 1

2

np∑
p=1

mp|vk
p |2 Eel = 1

2

np∑
p=1

σk
p : S : σk

p Epot = E0 +
np∑

p=1
mpgh

k
p, (78)

where hk
p is the height of the material point p at time tk and E0 is a reference energy set such as Epot = 0

at the end of the simulation. The mechanical energy Ek
mec is defined as the sum of the potential energy, the

elastic energy and the potential energy. The plastic energy dissipation Ek
dis is computed as

Ek
dis =

k∑
l=0

h

np∑
p=1

σp : ε̇P
p , (79)
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where h is the time step. In this framework, regardless the value of the dilatancy angle, the dissipation
must remain non negative [29]. We can define the total energy as the sum of the mechanical energy and the
dissipation Etot = Emec + Edis

Figure 18: Evolution of the energy balance through time for a simulation of slope stability for an associated
material. In blue the kinetic energy Ekin, in orange the elastic energy Eel, in green the potential energy
Epot, in red the mechanical energy Emec, in purple the plastic energy dissipation Edis and in brown the total
energy Etot

Figure 18 shows the evolution of the different energies during a simulation involving an associated
material. At the first time step, we observe sudden increase of the elastic energy and a decrease of the
potential energy, this is due to the fact that the material point are initiated to nil stress and gravity is
applied at the first time step. During slope failure, the slope height decreases leading to a decrease of the
potential energy. During shear band formation, the material is progressively moving along the slip line and
thus the dissipation due to plastic strain increases. The evolution of the kinetic energy indicates that the
slipping part of the slope has a maximum velocity at time t = 1.5 s and that, a the end of the simulation, a
stable state is reached as kinetic energy is equal to zero.
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Figure 19: Evolution of the energy balance through time for a simulation of slope stability for a non-
associated material. In blue the kinetic energy Ekin, in orange the elastic energy Eel, in green the potential
energy Epot, in red the mechanical energy Emec, in purple the plastic dissipation Edis and in brown the total
energy Etot

The energy balance is also displayed for a non-associated material in Figure 19 where the evolution of
the different energies evolve globally in a similar manner as in the simulation for an associated material.
Two main differences are to be noticed. First, the variation of the potential energy is five time higher in the
non-associated case. This is due to the fact that in the associated case, as there is a lot of dilatancy, the mean
height used to compute the reference energy E0 at the end of the simulation is significantly smaller. Second,
the dissipation in the non-associated case is close to ten times greater than the dissipation in the associated
case. This is due to the fact that in compression and shear, the normalized scalar product between ε̇P and
σ is larger in the non-associated case, as illustrated in Figure 2. What is the most important to notice is
that in both non-associated and associated case the total energy Etot is non increasing during the simulation
illustrating the fact that the presented method is dissipative regardless of the value of the dilatancy angle θ,
even with large time step (h = 0.25 s). The decrease of the total energy is less than 5% of its initial value.
The main source of dissipation are the fact that we use fully implicit scheme instead of a θ−scheme [1] and
that we consider the lumped mass matrix instead of the consistent mass matrix [47, 14]. Having theoretical
results in order to quantify the energy loss in the simulation will be the topic of further studies. Overall, the
presented method is particularly well-suited for this type of geomechanical application. The hybrid nature
of the MPM effectively handles large deformations. The solver converges even with large time steps with a
relatively fine discretisation, while maintaining a good energy balance and producing a physically realistic
solution.
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6 Conclusion
This paper presents a new solver inspired from non-smooth dynamics and second order cone programming to
handle non-associated plasticity. The plastic criteria and the flow rule are written as a cone complementarity
problem. This solver is used to solve the incremental problem that comes from either MPM or FEM.
Dirichlet boundary conditions, applied either directly on the material point or the grid nodes are considered
as a equality constraints on the velocity field and are solved simultaneously with the plastic laws. The
solver is illustrated on the well known footing problem, for which it has been compared with analytical
solution coming from limit analysis and shows good agreement with the analytical solutions. The solver
coupled with MPM has been shown to be precise and robust even with large time steps. The solver can
also used with FEM to show similar results. The method is further validated on a standard geomechanics
problem : the slope stability analysis. In addition, the presented method is proving to be dissipative with
little loss of energy. The future of this work includes an extension of the solver to solve simultaneously the
Signorini contact, the coulomb friction, the non-associated plasticity and the boundary conditions in one
monolithic solver. Future works include also a theoretical and numerical study of the energy conservation
of the method.
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A Yield criterion in plane strain plasticity
Without any loss of generality, let us consider a frame coherent with the material principal directions and
consider that the z direction corresponds to the larger dimension. The strain tensor becomes

ε =

ε11 ε12 0
ε12 ε22 0
0 0 0

 . (80)

The plane strain assumption also assumes that σ23 = σ13 = 0 but σ33 is not null. It also entails that
0 = ε33 = εE

33 = εP
33. We make the hypothesis that there is no plastic deformation in the third direction,

meaning that 0 = ε33 = εE
33 = εP

33. If we consider linear isotropic elasticity, we have the relation

σ33 = ν(σ11 + σ22), (81)

where ν is the Poisson ratio. The stress invariants become

I1(σ) = (1 + ν)(σ11 + σ22), (82)

J2(σ) = 1
6
(
σ11 − σ22)2 + (σ11 − ν(σ11 + σ22))2 + (σ22 − ν(σ11 + σ11))2)+ σ2

12 (83)

= 1
4(σ11 − σ22)2 + 1

3
(
ν − 1

2
)2(σ11 + σ22)2 + σ2

12. (84)

It is common [37] to set the Poisson’s ratio equals to ν = 1
2 to define the stress invariant under the plane

strain hypothesis.

I1(σ) = 3
2(σ11 + σ22) (85)

J2(σ) = 1
4(σ11 − σ22)2 + σ2

12 =
(σ11 − σ22

2
)2

+ σ2
12. (86)

The parameters η and k of the Drucker-Prager yield criterion are then computed to match the plane
strain Mohr-Coulomb criterion. If we denote σ1 and σ2, the principal stress components, the Mohr-Coulomb
criterion can be written under the following form [44]

σ1 − σ2
2 ≤ sin(ϕ)σ1 + σ2

2 + c cosϕ. (87)

In the principal stress directions, the stress invariants are written

I1(σ) = 3
2(σ1 + σ2) (88)

J2(σ) =
(σ1 − σ2

2
)2
. (89)

Therefore in order to match the Mohr-Coulomb criterion, the Drucker-Prager parameters η and k can be
expressed depending on ϕ and c

η = sinϕ
3 , and k = c cos(ϕ). (90)
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Note that it is also possible to derive a plane strain model by considering only plastic deformations [36].
For non-associated plasticity, the coefficient ηθ will be definied as

ηθ = sin θ
3 (91)

With θ the dialatency angle.

B Retrieving a SOC using Voigt’s notation
In order to use a solver derived from the convex cone programming, we express the yield criterion using
Voigt’s notation, associating σ and ε as vector of R3. We then denotes again σ and ε̇P the following vector
of R3

σ =

σ11
σ22
σ12

 ε̇P =

 ε̇P
11

ε̇P
22

2ε̇P
12

 (92)

such that
σ : ε̇P = σ · ε̇P (93)

We then express the plasticity criteria and the plastic flow rule as second order cone (SOC) inclusion. Let
us denote n the normalised direction

n = 1√
2

1
1
0

 (94)

the main idea is to express the two invariants J2(σ) and I1(σ) as a normal part and a tangential decompo-
sition of σ. We firs notice that

σn := σ · n = 1√
2
I1σ (95)

For the tangential part, a subtlety occurs, we have in deed σt := σ − σnn thus

σt =

σ11 − 1
2(σ11 + σ22)

σ22 − 1
2(σ11 + σ22)
σ12

 = 1
2

σ11 − σ22
σ22 − σ11

2σ12

 (96)

Then

|σt|2 = 1
4
(
2(σ11 − σ22)2 + 4σ2

12

)
(97)

= 1
2(σ11 − σ22)2 + σ2

12 (98)

We notice that we don’t have |σt| ≠
√
J2(σ) = 1

4(σ11 −σ22)2 +σ2
12 In order to deal with SOC, it is necessary

to introduced a new variable

σ̂ =

 σ11
σ22
2σ12

 =

1 0 0
0 1 0
0 0 2

σ (99)
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such that σ̂n = σn and |σ̂t|2 = 2J2(σ). we can now establish the equivalency

σ ∈ C ⇐⇒ σ̂ ∈ K (100)

where K = {x ∈ R3, |xt| ≤ 2
√

2ηxn}
Regarding the plastic strian rate, no change of variable is needed, due to Voigt’s notation, we directly

have ε̇P
n = 1√

2I1(ε̇P) and |ε̇P
t |2 = 2

√
J2(ε̇P), which gives the following inclusion for the plastic flow rule

ε̇P ∈ Kθ := {x ∈ R3, |xt| ≤ 1
2
√

2ηθ

xn} (101)

C Sub-gradient of natural map
in order to apply the semi-smooth Newton’s method on the natural map, we have to compute its sub gradient
with respect to σ and z. We recall

FNM (σ, z̃) = σ − PK(σ − ρz̃) (102)

and
Ψ(z) = z + µ|zt|, zt = z − zn · n (103)

where zt, zn, n are defined in appendix B. As Ψ is also an non-smooth function and in order not to write
the generalise jacobian of the composition of two non-smooth functions, we write the generalised jacobian
of the function G defined as

G :
(
σ
z̃

)
7−→

(
Ψ(Wσ + q) − z̃
FNM (σ, z̃)

)
(104)

We then have that each element of ∂G(σ, z) writes(
VW −I
I − J ρJ

)
, (105)

where V is an element of ∂Ψ(Wσ + q) and J is an element of ∂PK(σ − ρz̃) and

∂Ψ(y) =

I + µ
|zt|nz

T
t , if |zt| > 0

I +B(0, 1), else.
(106)

In equation (106), B(0, 1) corresponds to the ball centred in 0 of radius 1. The first case corresponds to a
singloton but for the sake of simplicity we identify it to its only element. The projection on a second order
cone of opening η and normal direction n is given by

PK(x) =


x, if x ∈ K( η

1 + η2 (η + xn

|xt|
)
)
(1
η

|xt|n+ xt), if x /∈ K ∪ K∗ − {0}

0, if x ∈ K∗

(107)
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on its regular part, the jacobian is given by

∂PK(x) =



I, if x ∈
◦
K(

η
1+η2

(
1

|xt|nx
T
t + 1

ηnn
T − xn

|xt|3xtx
T
t + 1

|xt|xtn
T +

(
η + xn

|xt|

)
(I − nnT )

)
,

if x /∈
◦
K ∪

◦
K∗

0, if x ∈
◦
K∗

(108)

where
◦
K denotes the interior of the set K. When x is at the border of the cone ∂K or its dual, the generalised

jacobian ∂PK(x) is the convex hull of the value given in case 1 and case 2 of equation (108)
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