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1 Blind source separation

We are interested in the blind source separation (BSS) problem, which was initiated in [16] 32]; see [I7] for a full
review of the problem. In this report, we consider the instantaneous linear mixing model [I7] X (¢) = AS(t), where
S(t) € R™ and X(t) € R™ are the source and observed signals, and A € GL,(R) (general linear group) is the
so-called mixing matrix. Both signals are defined on a set S, X : 2 C R — R” with depends on the type of
signals. For audio signals, it is a time interval  C R. For MRI data it is a set of spatial coordinates  C R3. In
the case of image analysis it is a set of frequencies. Given some observations X(t), the goal is to find estimates,
again denoted A and S(t), of the true mixing matrix and sources. We do it only assuming statistical independence
of the sources. To do so, one usually only estimates an unmixing matrix B € GL,(R). We then get A = B!
and S(t) = BX(t). Notice that the BSS problem has two inherent ambiguities: permutation and diagonal scaling.
Indeed, for any non-singular diagonal matrix D € D, (R)* (non-singular diagonal matrices group) and permutation
matrix P € P, (R) (permutation matrices group), B and PDB are equivalent solutions.

As explained, only the statistical independence of sources is assumed to retrieve the sources and mixing process
from the observations. To identify them, one needs to exploit some sort of statistical diversity from the observations.
Two different paradigms exist:

e independent and identically distributed (iid) non-Gaussian sources: when assumed iid, sources need to be
non-Gaussian to have enough statistical diversity and identify them. In such a case, higher-order statistics
(cumulants, mutual information, etc.) are exploited [16], 1], 40} 17].

e non-iid Gaussian sources: since only their second-order moment is non-zero, they must be non-iid to have
enough statistical diversity for Gaussian sources. Usually, one then exploits non-stationarity [42] (temporal
diversity) or coloration [I8] (frequency diversity). This way, one can construct several covariance matrices
from the observations.

In this thesis, we are interested in the second approach (non-iid Gaussian sources). To achieve the separation,
we construct K iid centered Gaussian random variables {X)}X , induced by K iid centered Gaussian random
variables {Sk}szl Since they are centered, Gaussian vectors {S;}< | and {X;}5_ | are solely characterized by
their covariance matrices {CovS;}a_; and {CovXj}~ |, where, Vk € [1, K], CovX), = ACovS,AT by linearity.
Furthermore, the statistical independence of the sources implies that their covariance matrices {CovSy}_, are
diagonal. In practice, for each random variable X}, one has N iid samples {X(¢;)}, and the covariance matrix
CovX), can be estimated with the sample covariance matrix (SCM) estimator CovXy = Zf\; X (t:) Xk (t:)T. From
these estimates {CovX }5_|, one aims to find estimates {CovSy}_, of the covariance matrices of the sources. To
do so, the goal is to find B € GL,(R) such that, Vk € [1, K], CovSy = BCovXy BT are as diagonal as possible.
Thus, in our case, the BSS problem boils down to solving the approximate joint diagonalization problem of the
set of covariance matrices {Cov}}X_|. Now, we want to minimize simultaneously the diagonality’s degree of the
2CovXz”. We define this simultaneous diagonality criterion by doing the sum

K

o(x) = ZD(a:Conka) (1)

k=1

where D is a way to measure the degree of diagonality of xCovX;z”. We do it implementing the gradient algorithm.
In other words, we want to find the minimum of a simultaneous diagonality criterion

B = argmin ¢(x) (2)
z€GL, (R)

Review The two first historical diagonality measures were the least-square criterion and the Kullback-Leibler di-
vergence. The least-square criterion minimizes the sum of the squared non-diagonal elements [111 [7]. The Kullback-
Leibler divergence comes from the non-iid Gaussian statistical model. It measures the similarity between 2CovXjzT
and its diagonal part [41]. Then, both were generalized using divergences to measure a similarity d(S, D;}*(R))
between S € S;FT(R) and D+ (R) (set of positive definite diagonal matrices). More precisely, a divergence mea-
sures the dissimilarity between two points. So we consider the closest diagonal matrix from S, denoted Ag, with
respect to d. If Ag exists, we obtain a well defined measure of diagonality D with D(S) = d(S, As). We can see

1To obtain these, one can, for instance, exploit non-stationarity: {Xk}kK:;l then correspond to K different windows of the data.
For coloration, the random variables correspond to K different frequencies (for example obtained through Fourier transform). See,
e.g., [42) 18] for more details.



that it cancels if and only if S is diagonal. We strongly recommend reading [5] on an excellent presentation of this
object. For example, the square of a distance is a divergence. Likewise, we can measure the degree of diagonality
of S € ST (R) using its Riemannian distance (or the square to have a divergence) with the closest diagonal matrix
[10]. Many interesting questions lie in the links between distances and divergences [40].

Concerning optimization methods, many iterative algorithms have been developed for the two historical criteria.
The first looked for = in O,,(R) [II]. Then, the community looked for z € GL,,(R) deleting previous whitening errors.
For example, we found methods using Jacobi algorithm [111 12}, 23], Lagrange multipliers [19] 49], Newton [29] 31],
quasi-Newton [43] or fixed point theorem [48]. Finally, [28| 44] [47] propose Riemannian optimization methods in
the orthogonal case. Furthermore, constraints are added to avoid aberrant solutions (like 0). For example, x could
be searched in GL,,(R) such that the norms of its columns are equal to 1. Several strategies have been proposed
to add these constraints. For example, [11], 12} 23] resorts to transformations that preserve the constraints. Some
studies impose constraints at the end of each update [43] 48]. Others compensate by adding an error term to the
cost function [30], BI]. Finally, [2] proposes to optimize on constraint-submanifolds in GL,,(R), giving a general
optimization framework [9] [10] 37].

Thesis objectives Several objectives are set for this thesis work.

e Develop new diagonality criteria based on Riemannian angles. The idea is to measure the proximity of
2CovXizT with D} (R) by measuring the angle (in the identity) between the tangent space and the geodesic
joining I,, and zCovXjzT. We will study their properties and will be interested in the geometric information
they contain. In searching for diagonality criteria’s unification, looking for links with previous criteria will be
interesting. Then, we evaluate the performances by comparison with the state of the art. Finally, it would be
interesting to combine our new criteria and use the strong points of each of them.

e The question of robustness will also be studied. For example, estimating covariance matrices with robust
estimators (like maximum likelihood or elliptic distribution or M estimators [36} [50]), rather than SCM, could
give better performance when containing noise and aberrant values.

¢ Finally, we will mix the two approaches.

Work done so far First, a long period was devoted to getting to grips with coding tools, the discovery of
computer simulation, the source separation model, and its context. Then, we have defined new diagonality criteria
based on Riemannian angles and robust statistics. Two contributions were made.

e For the first contribution, we use inherent ambiguities to propose a novel Riemannian framework, simplifying
the previous one. Rather than optimizing directly on GL,(R) or using polar decomposition, we propose to
use LU decomposition. Unlike the open set GL, (R), using invertible triangular matrices gives considerable
numerical advantages. Moreover, these spaces are closed, which makes it possible to ensure that the points
of convergence are also there. Moreover, because of the inherent ambiguities, aberrant solutions may appear.
The LU decomposition will also allow us to reduce this ambiguity.

e Our second contribution lies in the following section. Using Riemannian angles, we define new diagonality
criteria for a general complete metric on S;F ™ (R). We study their properties and calculate their gradients to
implement the previous framework.

Then, we will note that angles only give partial information and will correct this defect by adding a distance
term. So, we obtain a parametrized criteria family. We obtain already known divergences for specific values of
this parameter (with Euclidean and affine-invariant metrics). Conversely, other known divergences are written
as angular criteria. These results are part of the previously presented unification research.

Then, we will evaluate performances using Euclidean and affine-invariant metrics. For this, we will use the
previous framework. We will see that the Euclidean angular criteria do better for low noise than the Kullbak-
Leibler divergence. Then, we study the influence of the previous parameter on performance.



2 Novel optimization framework with LU decomposition

We are interested in the approximated joint diagonalization problem rewritten as an optimization problem . To
simplify this optimization problem, we use the LU decomposition. In this section, we develop the corresponding
optimization framework.

As z € GL,(R), it admits a PLU decomposition [25], we have & = Pzpzy where P is a permutation matrix,
xy, € L* (invertible lower triangular matrices) and xy; € U' (upper triangular matrices with 1 on the diagonal).
Thanks to the permutation ambiguity of the BSS problem, we bring back to optimization on L* x U' and still
access all possible solutions. So, the problem can be rewritten in this space, and we want to implement the gradient
algorithm.

In section 2.1, we present the corresponding subspaces and calculate the corresponding gradient of ¢. In section
2.2, we take care of diagonal scaling ambiguity with gives aberrant solutions (for example, the Frobenius divergence
admits 0 as an aberrant solution). To do this, we add a constraint with 1 on the diagonal on the two triangular
matrices. It is equivalent to adding a constraint on zj from the previous optimization problem. We present the
subspaces and calculate the corresponding gradient of ¢. In section 2.3, we present the Kullback-Leibler divergence.
We will use it as a reference diagonality criterion to evaluate the performance of the LU algorithm. Section 2.4
compares this framework with the equivalent framework on GL,, (R).

2.1 LU decomposition: the riemLU algorithm

As explained before, we look for x of the form x = 2z, where zy, € LX. L x U! is a product affine space, whose
tangent space at (zr,zy) € LX x Ul is L x UY, where I and U° are the sets of lower and strict upper triangular
matrices. We endow this affine space with the product Euclidean metric grxr = gr + gr from M, (R) x M, (R)
(M,,(R) is the general matrices set). We rewrite the problem on X x U! with the diffeomorphism (on its image)

[ L*xU' — GL,(R)
b (xp,zv) —  xLTU

Thus we optimize ¢ = ¢ op : L x U' — R. By composition, this map is differentiable, and a direct calculation
gives the gradient with respect to the Euclidean gradient grad D of the chosen diagonality criteria D. We get

®3)

K T, T T
gradH‘X XUla(xL,fL'U) :22trig [ grad D(zpxuCovXpzizr)rrzu CovXpzy }
k=1

zrgrad D(zrzy CovXprhzt )z zy Coviy

+ [ diag {gradD(mLmUConkxlT,xE)xLxUCOVXk:cLT]} }
0

diag M is the diagonal par of M and trig(M,M') = (M_, M/ ) with M_ the strict lower part of M and M/
the strict upper part of M’. Now, we can implement the previous gradient algorithm, giving the called riemLU
algorithm.

2.2 Unitary LU decomposition: the riemUnit algorithm

As explained in the introduction, we now = = xxy, where x;, € L! (lower triangular matrices with 1 on the
diagonal) and xy € U' (upper triangular matrices with 1 on the diagonal). L' x U! is an affine product space
whose tangent spaces are L0 x U° (strict trigonal matrices). We equip it with the same product, Euclidean metric.
Similar calculation gives

L K T T
gradLlXU Bl a0) = 2Ztrig { grad D(zpzyCovXya ey ) e ey Covaly (4)

T T,.T
— xygrad D(zrayCovXyayay )rray Cov Ay

2.3 Comparaison algorithm: Kullback-Leibler divergence

We use the left Kullback-Leibler divergence as a diagonality criterion to evaluate our algorithm. Following [17, 42],
we present it quickly. This divergence is written Dy 1 (S) = Indet(diag S) —Indet S for S € S, (R). We obtain the
cost function by injecting it into . By composition with the determinant, this function is differentiable, and the
fact that the partial differential at the closest diagonal matrix is zero gives directly grad Dgr;(S) = diag =15 — S~!
We inject this equality into and to obtain the corresponding gradient.



2.4 Numerical experiment

Now we compare our riemLU (2.1) and riemUnit (2.2)) performances with the Euclidean space one (riemEucl) and
the gqndiag algorithm of [I] based on the maximum likelihood estimator [42]. In the same way as [17),[42], we propose
to do it with the previous left Kullback-Leibler divergence presented previously.

Data simulation We generate the data as follows. Mixing matrix A = O -UDUT; O,U ~ U[0,(R)], D ~
U (15 10]n) and Cond A = 5. Diagonals initial covariance matrices (centered reduced) CovSy ~ x?(4). Observed
covariance matrix Covd), = ACovS,AT. As explained in the introduction, in each Monte-Carlo’s loop, we generate
N random vectors X « N (0,,CovX)) and determine an approximation by SCM of the CovX). According to
whitening, we implement our four algorithms to minimize the measure of simultaneous diagonality ¢ and obtain
the approximation of A=! up to permutation matrix and diagonal scaling.

Calculation of errors We compare with the Riemannian error (the sum of the squares of the Riemannian
distances in S;7*(R) between the zCov Xy, 27 and their approximate) and the Amari criterion [35] (which measures
the similarity between z and A~! up to permutation and diagonal scaling). With M = xA Amari criterion is

2n(n — 1) Maxijcn | M| Maxigicn | Ml

i=1

Parameters We draw mean and median errors after several Monte-Carlo loops, for the K observations. We do
it with n = 8, 100 random vectors, N = 50 Monte-Carlo loops, and the graphs are plotted with K = 10; 30; 50; 75,
obtaining .

. — andiag
—— riemunit

10! 2x10! 3x10'  4x10! 6x 10! 10 2x10! 3x100  4x10! 6x 10!

— andiag
—— riemunit
— riemLy

— riemeucl

— andiag
—— riemunit
— riemLy
~6.0 — riemEucl

-5.5

100 2x10! 3x100  ax1o! 6x10! 100

Figure 1: Mean and median error

Conclusions We remark that
o riemUnit, riemLU and riemEucl give the same Riemannian error as the reference qndiag
o riemUnit and riemLU algorithms give slightly higher Amari errors than qndiag

e as expected, riemEucl gives the same Amari error as the gqndiag algorithm. It gives an additional argument
against riemUnit and riemLU

With this type of simulation, riemUnit and riemLU are slightly less efficient than qndiag or riemEucl for the Amari
criterion. Moreover, the performance looks comparable to the Riemannian distance error.



3 Novel diagonality criteria based on angles

So far, our approximate joint diagonalization problem has been treated using similarity measures between S and its
closest diagonal matrix (for the chosen measure). This section proposes an original direction by defining a similarity
measure based on angles [38] 24]. To our knowledge, this is the first time that Riemannian angles are used in this
context.

In section 3.1, we quickly explain how we use it to construct an angular criterion, and then we calculate it. We
will see that its gradient diverges if S is diagonal, so consider alternative criteria to achieve our goals. Section 3.2
highlights that angular criteria only give partial information. We correct this by ponderating with a distance term.
With a parameter 3, we control its influence, obtaining a family of parameterized criteria. Section 3.3 highlights
that these criteria allow us to unify several already known divergences. Section 3.4 compares our criteria with the
previously introduced riemEucl algorithm. We will also try to determine the influence of S on these parameters.

3.1 The angular criteria

Here, the manifold is S;"*(R) with a complete Riemannian metric g (Euclidean or affine-invariant).

3.1.1 Construction of the angular criterion

Our criteria will be the measure of the Riemannian angle at I,, between S and Ty, D/ t(R) = D, (R) (diagonal
matrices set). For this, we choose a representative A € D; T (R), and measure the angle in I,, between the minimizing
geodesics, which join I,, with respectively S and A. As a representative, we propose to choose the nearest diagonal
matrix Ag of S for the Riemannian angle measure. It will allow us to have the central property: S is diagonal iff
Z9(8) = 0. We know that such a Ag exists thanks to Cauchy-Schwarz inequalitie. Calculating geodesics (B.2), the
definition of the Riemannian angle gives our angular criterion.

Définition 3.1 (Angular criterion). The angular criterion on S € S;F(R) is

<1ni]n S, lnlgn As)r,
[n{ S|, nf Asll,

£9(S) = arccos

where In{ = (exp?n)_1 well-defined by completeness.

By abuse, we will similarly denote with Z/9 the angular criterion and £9(S7,S3) the measure of the angle (in the
identity) between the geodesic joining I,, to S; and the geodesic joining I, to Ss. Of course, the angular criterion
is defined for S # L,; otherwise S is already diagonal.

5 € STH(R)

Figure 2: angle

Now, it is necessary to prove that this new criterion has the desired properties @

Propriétés 3.2. The Angular criterion /9 verifies the following properties.
(1) £9 € [0,7/2].
(2) £9 is at least twice differentiable.
(8) £9 =0 iff S is diagonal.

Now, we have clearly defined our angular criterion, and we can explicitly calculate it . The closest diagonal
matrices (for Z9) are all the points of the geodesic between I,, and Ag = expfn diag In{ S, giving the first formula.
The second is obtained using the properties of the distance function r(S) = d9(S,1,,) (C.4)).



Proposition 3.3 (explicit calculation). The measure of angular diagonality is written

|diag Inf Sx,,

/9(S) = arccos
) Ty ST,

= arccos ||diag grad Ir(S)||r,,

3.1.2 Gradient calculation

In this section, we calculate the gradients to implement our previous framework. This application is differentiable
(by composition with the functions arccos, norm, and diag). We calculate directly the differential and deduce the
gradients using (C.4). For S € ST (R), X € S,(R) and V9 the Lévy-Civita connection for g, we get first equality.
The definition of Riemannian Hessian gives the second.

(Vgrad r(S), diag grad 9r(S))r, V9dr [diag grad 97(S), X]

29(X) = — = -
ds2? (X) sin Z9(S)||diag grad 97(S)|1,, sin Z9(5)||diag grad 97(S)||1,,

Euclidean criterion gradient The definition of gradient gives

I, — diag S B cos ZF(89)
sin ZF(9)||1, — S||r L, — diag S||p  sin ZF(S)||L, — S||%

grad '/ (9) = (I, -29)
Affine-invariant criterion gradient Calculation gives

sym [diag In S(In S — diag In §)S—!] — S—'dg In (Sdiag In SS) S~ + <ﬁ dg In (Sdiag In SS)>I sines

dF o2 (8) =
sra (%) sin 2 (S)[| In S|z, |[diag In S|z,

It suffices to inject this resultant into (5)) to obtain the gradient of the simultaneous angular diagonality measure.

Limitation of angle criteria Because of the arccos, this criterion appears to have a huge flaw: we got a sin /2 (S)
in the denominator, which converges towards 0 when S becomes diagonal. Therefore, the gradient algorithm will
not converge to the expected solution. In order to avoid this, we have to minimize alternative functions.

3.1.3 Alternative angular ctiteria

(1) Alternative angular criterion /9 We first propose to optimize cos Z9 directly. It amounts to directly
deleting the arccos. To keep the properties of minimality and cancellation iff S € D}t (R), we further transform
the criterion with

/9 =1—cos /9
This alternative criterion has for extrema 0 (when the angle is 0) and 2, but this last case is excluded by the first
item in because it corresponds to an angle equal to m. By composition, we have gradz3 = sin /9grad /9
deleting the sin /9 in the denominator. This transformation adds critical points, which are all solutions to the
problem. So, this optimization problem is equivalent to the initial. Solving the problem still comes down to a
simple search for critical points.

(2) Alternative angular criterion 79 In the same way, we propose another alternative criterion
79 = sin® /9

We calculate the gradient obtaining gradz\g = 2sin Z9 cos L9grad £9. Unlike the previous criterion, this one is
not equivalent. This transformation adds all the angle points equal to 7/2 as non-solution critical points. If the
algorithm converges to z such that Yk, rCovAjxT have an angle equal to m/2, the average performance will be
reduced.

(3) Link between both The two alternative transformations are strongly related by the linearization formulas
of sin” giving

—

— 1 1~ Z9 /9 —~
/9 =sin® /9 = 3 [1—cos(2£9)] = 5249 and 2 -5 = 2 sin? -5 = 1—cost9 =219
So their performance is expected to be similar.
It remains to inject this formula in to obtain the gradient of our simultaneous diagonality criteria.



3.2 The distance information: angle/distance criteria

Despite their interest, previous criteria do not distinguish points on the same geodesic joining I, and S, because
they have the same angle at I,, with D,(R). For example, we consider the points of geodesic perpendicular to
D, (R) at I,,. Those arbitrarily close to I,, will be very close to D,,(R), but their degree of diagonality will remain
equal to m/2. Conversely, those arbitrarily far from D,,(R) will be very far from being diagonal, but their degree
of diagonality will also stay equal to 7/2. To compensate for this defect, we propose to ponderate our angle by the
Riemannian distance function r(S) = d?9(S5,1,,) and add this information (see figure . We add an exponent /3 to
increase or decrease the influence of the distance term. Of course, 8 = 0 gives our simple previous angular criterion.

Définition 3.4 (angle/distance criterion). If Z9 is an angular criterion, we define

ST (R) — R
B 9. n +
VB e R4, 7L { g 7“6(5>Zg<5)

As the coefficient 7°(S) does not depend on Ag, we know that the closest diagonal matrix remains the same
(that of the angular criterion). Moreover, we find our simple angular criterion with 5 = 0. Now, we can calculate
the gradient.

3.2.1 Gradient calculation
Using the link between exponential and distance functions (C.4) we get directly
Proposition 3.5. grad 917 29(S) = —pr~2(5)£9(S)In{ S+ 77 (S)grad 29(S)

Like 8 > 0 and r(S) > 0, the critical points of 729 are the union of the critical points of /9 with points already
solutions to the problem. Thus, we have an improved angular criterion containing additional information on the
distance from S to I,,. We can apply the gradient algorithm to solve the problem.

Same limitation However, the presence of the term grad 9/9 leads us to the same problem of divergence of the
gradient algorithm. To get rid of the arccos, we propose to replace the angular criteria with their equivalents, giving
the criteria 729 and 7829,

3.2.2 The =2 case

For 8 = 2, our angular criteria give already known divergences . For example, the Euclidean criterion 2 /¥ is the

Frobenius divergence introduced in [11] and [12]. Secondly, the affine-invariant criterion r2/af is the log-Euclidean
divergence introduced in [6] and [22].

Conversely, certain already known divergences are written as alternative angular criteria. For example, the
invariant Frobenius divergence of [5] is written as an alternative Euclidean angle/distance criterion. Similarly, the
Riemannian divergence is an alternative affine-invariant angle/distance criterion.

3.3 Numerical experiment with the Euclidean metric

We compare our criteria within the previous LU framework (2.1) only on L' x U! because L* x U' gives the

same performances () Within this framework, r°ZF and r®/F gives the tilde-dBanglel-F and hat-dBanglel-F
algorithms.

Data simulation We simulate data similarly to previously. In each Monte-Carlo loop, we add noise By =
Ey A;E,{ in the same way as CovXj. Finally the noisy covariance matrices are generated Vk € {1,--- , K}, CovX}, =
ACovS, AT + 02B), where o is the noise intensity. ‘With whitening, we implement our algorithms and minimize the
simultaneous diagonality measure ¢, to obtain B.

Error calculation We perform the comparisonno with Amari’s criterion [35]. Indeed, the Riemannian error does
not seem relevant to the LU matrices subset (2.4).



Comparison with riemEucl We use parameters close to our reference [8]: n = 8, K = 20, and the graphs are
drawn according to the intensity of the noise 0. We use gradient algorithm with optimal step and linear search
up to Armijo—Goldstein. Convergence issues are avoided by establishing stopping criteria. Having not verified the
Lipschitzianity of the gradient, it is essential to specify that if the algorithm does not converge, performances will
be poor and lower than that of riemEucl. Stopping criteria are the same for each algorithm: maximum number
of iterations set at 10000, minimum gradient norm set at 10~°, minimum step size set at 107'°, and maximum
number of steps set at 5000.

Conclusions First, we can see that curves from /F and /F overlap. As expected, the corresponding algorithm
gives the same performance. So, we only present performances from tilde-anglel-F without repeating that it is the
same for hat-anglel-F. Comparing performances with different 5 we get :

o for 8 = 2;3;4, all our angular criteria give lower Amari errors than riemEucl
e 3 = 3 gives the best performances

e from 5 = 6, angular criteria are less efficient than riemEucl

dim=8; K=20; Cond(A)=5; 50 Monte-Carlos dim=8; K=20; Cond(A)=5; 50 Monte-Carlos

dim=8; K=20; Cond(A)=5; 50 Monte-Carlos
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Figure 3: o € {0,25;0,5;0,75}

With louder noises Taking larger noises, behavior is different:
e 3 = 2 performs better than the other angular criteria
e but riemEucl remains the most effective

Our diagonality criteria do not take into account invaiance by permutation and diagonal scaling. In fact, they
assign different degrees of diagonality for equivalent solutions. If the gradient algorithm converges to an equivalent
solution (from the simulated one), the error will remain large. It is therefore not surprising that increasing noise
leads to significant errors. To compensate for this defect, we propose a general method to construct invariant
angular diagonality criteria. By assigning the same degree of diagonality to equivalent solutions, the addition of
noise should have a lesser impact on the errors.



4 Novel invariant angular criteria

In the previous parts our criteria were not invariant by permutation and diagonal scaling. As algorithms could
converges to different equivalent solution, the error could be large even if the solutions were good. Here, we
therefore propose a method to construct angular criteria with are invariant by congruence of P, (R) and D,,(R)x.
By giving the same degree of diagonality to equivalent solutions, better performances are expected.

Section 4.1 is devoted to the construction of this criterion. We will the same previous alternative transformations
and calculate the corresponding differentials with respect to the differential of ¢). In section 4.2 we add the invariant
distance term and calculate the differential. In section 4.3 the numerical experiments show that ¢(S) = diag S and
¥(S) = S give better than riemEucl and all the previous criterion, including for significant noise.

4.1 Construction of the invariant angular criterion

To construct our invariant criteria, we do not calculate the affine-invariant angle at I,,, but at a point ¥(S) which
depends on S. To obtain the simplifications allowing invariance, ¥ must be equivariant under the action by
congruences of P, (R) and D,,(R)*. This condition is essential to ensure the invariance.

Définition 4.1 (equivariance). A function ¢ : S;FH(R) — S, (R) N GL,(R) is equivariant under the action by
congruence of a subgroup G < GL, (R) if

VA € G, VS € SiH(R), p(AS AT) = Ayp(S) AT

Example diag$, S, diag "1S~!. If 91, -+ ,4, are equivariant functions the alternating products of the type

1/111#2711/)3@&4711#5 -+ -1, are still equivariant.
Now we use 9 to define the following invariant angular criterion.

Définition 4.2 (Invariant angular criterion). We consider a differentiable function ¢ : S;F+(R) — S, (R) equiv-
ariant under the action by congruence of D, (R) and P, (R). We define the invariant angular criterion by

S, A
i/%(8) = arccos S Ashucs)

1513 1Ay (s)
Proposition 4.3. We have the following properties.
(1) iZ¥ is the angle in 1(S) between the geodesics joining 1(S) and respectively expz(s) S and expi(s) As.
(2) /¥ checks the same properties as the previous angular criteria.
(3) /Y is invariant under the congruence’s action by permutation of P,(R) and D, (R)*.

Proof. (1) by definition of the Riemannian angle. (2) same proof as above. (3) invariance relies on the definition of
the affine-invariant metric and on the fact that the action by congruence of P,,(R) permutes the terms of the diagonal
of a symmetric matrix. A direct calculation gives for S € S+ (R) and G € D,,(R)UP,(R), i£¥(GSG) = i/¥(S). O
Similarly to previously, the Cauchy-Schwarz inequalities gives
Propriétés 4.4 (Explicit calculation). For S € ST (R) we have
(S, diag S)y(s)
151l s l[diag Sl (s)

i/%(S) = arccos

Same limitations Exactly as before we get rid of the arccos with the alternative criteria i£¥ and iZ%. By
composition i/¥ and i/¥ are differentiable. The calculations give As the partial differential with respect to Ag is
zero, the calculation of the differential in S gives

Proposition 4.5. For X € S,,(R) we have

(diag S, X)y(sy — (S9(S) " 'diag S + diag S¥(S) 1S, dgt) (X))y(s)
[1S]ly(s) lldiag S|4 (s)
i/ (8)(diag Sy(S) " diag S, dst) (X)) y(sy | 1£Y(S) [(S¥(S) ™18, ds) (X)) y(s) — (S, X)y(s)]
: 2 + 2
||diag SHw(s) ||S||w(5)

dgil¥ (X) =

and dgi/? (X) =2cos Zw(S’)dSi/Zp (X).
The gradients are deduced using the definition of the gradient for each choice of .
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4.2 Distance information

To add the distance information the first idea would be to directly multiply i/¥ by the distance between S and
¥(S). But the calculation of the invariant affine distance reveals a In losing the invarianc. So, instead we propose
to multiply by the distance between I, and exp,,(g)S. The term in exp makes it possible to remove the In giving a
totally invariant criterion (by the properties of the trace and the equivariance of 1). The calculation of this term
gives the following criterion.

Définition 4.6 (Invariant angle/distance criterion). We consider a differentiable function ¢ : S;F+(R) — S, (R)
equivariant under the action of P, (R) and D,,(R)* by congruence. Then for S € S;'*(R) we define

(S, As)y(s)

: _ B . _ B
rﬁzﬁl’(S) = |19 )24’/)(5) = ”S”w(S) arccos —||S||¢(S)||A||w(5)

(S

Proposition 4.7. It is an angle/distance criterion invariant under the action by congruence of P,(R) and D, (R)x*.

As the distance term does not depend on A, the closest diagonal matrix remains the same.

(S’,diag S>1/)(S)
1SNy (s)lldiag Slly(s) ©

Propriétés 4.8 (Explicit calculation). For S € S} (R) we have rPi/¥(S) = ||S||i(5) arccos
This function is differentiable by composition. Calculating the differential gives

dsr?i2? (X) = BIIS |G i2Y () [(S X)pis) — (S¥(S) ™18, dsth (X))ysy] + 151155y dsis? (X)

4.3 Numerical experiment

We evaluate the first invariant criteria with (S) = diag S (iangle-dS). We compare it with riemEucl and the most
effective previous angular criteria tilde-d3anglel-F (ED Firstly, for ¢ < 0.1, tilde-d3anglel-F maintains the best
performance. But for ¢ > 0,1 our new invariant angular criterion is more effective than the previous ones, but
riemFEucl remains slightly better. S decreases performances, event if it is relatively negligible. However, up to
o = 1.1, p = 0 gives the best performance, and then it is 3 =5

dim=8; K=20; Coni(A)=5; 50 Monte-Carlos dim=8; K=20; Cond(A)=S5; 50 Monte Carlos dim=8; K=20: Cond(A)=5: 50 Monte-Carlos
- - ~ =~

(((((

Figure 4: o € {0,3;0,5;0,7;0,9;1,1;1,3;1,5}

Now, we do the same with another invariant criterion with ¢(S) = S (denoted iangle-S). Firstly, for o < 0.1,
tilde-d3angle1-F maintains the best performance. But for o > 0, 1, performances are better than riemEucl . As
expected curves for all 8 overleap, because the distance term is constant.

dim=8; K=20; Cond(A)=S5; 50 Monte-Carlos dim=8; K=20; Cond(A)=5; 50 Monte-Carlos dim=8; K=20; CondiA)-S; 50 Monte-Cari

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

Figure 5: o € {0,1;0,3;0,5;0,7;0,9;1,1;1,3;1,5;1,7;1,9; 2,1}
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5 Conclusion

5.1 Low noise: the angular criterion

o We defined a new diagonality criteria using Riemannian angle. To do it it is necessary to use a geodesically
complete metric such that DT (R) is totally geodesic in S, (R) (for example the Euclidean and affine-
invariant metrics). As the gradient is not defined when S is diagonal, we rather optimize the alternative
angular criterion ZQ(S) =1—cos Z9(95).

However, angles only gives a partial information. Indeed all the points of the geodesic between I,, and S make
the same angle with D7 (R). In order to add the distance information, we multiplied previous criterion by
a distance term, weighted by an exponent 5 (to be able to control the influence of the new term).

e For 5 = 2 we find divergences already used. The Euclidean metric gives the Kullback-Leibler divergence, and
the affine-invariant metric gives the log-Euclidean divergence. Conversely, certain already known divergences
are written as alternative angular criteria. For example, the invariant Frobenius divergence of is written
as an alternative Euclidean angle/distance criterion. Similarly, the Riemannian divergence is an alternative
affine-invariant angle/distance criterion.

e For low noise o < 0.1 we have developed an optimization framework using LU decomposition. We compare
our algorithms with Pham’s algorithm (riemEucl). We get better performance for several values of 3, the best
being 8 = 3.

5.2 Higher noise: the invariant diagonality criterion

However, this solution is not completely satisfactory. Indeed our diagonality criteria give different degrees of
diagonality for equivalent solutions. This leads to significant errors when the gradient algorithm converges to
different equivalent solutions (by permutation and diagonal scaling). The simulated performances are therefore
considerably weakened.

e In order to compensate for this, we propose a very general method to construct invariant diagonality criteria
(by permutation and diagonal scaling). This method is based on the affine-invariant metric. It consists of
measuring the angle in ¥(S) (where ¥ is equivariant) between the geodesics joining ¥(S) and respectively
explgp( 9) S and explgp( s) diag S. This makes it possible to have the same degree of diagonality for equivalent
solutions.

In the same way as previously, we use previos alternative transformation. As before we add a distance term
which is also invariant. We parameterize it again by .

e For higher noises 0 > 0.1 we obtain better performances. The parameter function ¥ (S) = S allows simplifi-
cations which give better performance of our riemEucl comparison algorithm.

6 Work to do

Numerical experiments with the invariant affine metric

The first thing to do is to compare performances of angular affine-invariant criteria. For this, we need an approxi-
mation of the differential of the matrix’s logarithm. This numerical estimate as been treated for example in [3], [4],
[13], [15], [20], [26], [27], [34], [33]. A general method is proposed in [27], and the most widespread method is that
of [4], extended in [§].

CAT(0) space

With the affine-invariant metric, we know that S;"*(R) is a CAT(0) space (for example, in [38] or [24]). So, thanks
to plane trigonometry equality, a method (presented for example in [38]) exists to obtain an upper bound of the
Riemannian angle. These inequalities may provide a lot of interesting diagonality criteria. Moreover, the sectional
curvature of the manifold is also lower bounded by —%. Therefore, the equality of hyperbolic trigonometry could
give us lower bounds similarly. Combined with the previous increases, we could hope to obtain frameworks giving
usable criteria.

12



Huber’s approach

So far, we have chosen angle/distance criteria with constant 8. Defining criteria where 8 would be a function of S
might be interesting. The idea would be to adopt a Huber-like approach, varying 5 according to proximity to I,.
The idea would be to increase or decrease the distance component to improve performance.

Conforming Diagonality Criteria

It could be interesting to consider conforming angular criteria. Indeed, these transformations preserve Riemannian
angles, but a conformity term appears when calculating the conformal gradient. The choice of the conformity
coefficient would allow us to control the size of the optimization step (by a parameter function) without affecting
the calculation of the diagonality criterion. It might be interesting to find out if there are parameter functions that
would improve the performance of already existing algorithms.

Second approach

There exists a second approach to the same problem. It uses the same deviation measures to which GL,(R) after
congruence. For an angular measure /9 we no longer seek to minimize the sum of Z9(zCovX) 2T, D+ (R)) but
rather the sum of Z9(CovXy,z DT (R)z~7T). It would be interesting to use our criteria in this new approach.

Real data

Of course, evaluating these methods on real data will then be necessary.

Open questions from unification research

The methods developed so far have few links between them. Each uses criteria, constraints, and specific optimization
methods. Therefore, We cannot estimate the real impact of each choice on the results. For example, [4I] and [48]
have neither the same criterion, nor the same constraint, nor the same optimization method. Despite the similarity
of the problem, the solutions are not comparable. Some work attempts to unify these methods. For example, the
a-log-det divergence (from [14]) is a generalisation, giving the S-divergence, the left and the right Kullback-Leibler
(with & = 0;1 and —1) [5].

A second type of unification lies in the links between divergences and Riemannian distances. Indeed, if the
divergences are ad-hoc defined, distances are intrinsically linked to the geometry of the underlying space. Several
works have already explored these questions. For example, many divergences are squared Riemannian distances [5]:
Frobenius divergence (Euclidean distance), Frobenius invariant (affine metric invariant on S, (R)), log-Euclidean
(affine-invariant metric on S;'*(R)), Wasserstein, Riemannian etc. So, it is natural to look for other distance-squared
divergences. How characterize them? Do they form a particular space?

Furthermore, [46] goes further by transforming the Bergman divergence into a squared distance. This last article
asks many questions. How to know if a divergence can be transformed into a squared distance? How do we find
these transformations? What divergences can be transformed into squared distance?

Next, if a divergence is a squared distance, it could be interesting to compare both performances against the
approximate joint diagonalization problem. Indeed, the intrinsic nature of the distances would make it possible
to deeply exploit the geometry of the space, giving many optimality properties (often lost with the square). For
example, a cost distance function allows the gradient algorithm to follow the geodesics, making each iteration
geometrically optimal. Moreover, S;'*(R) is a Hadamard space for the invariant affine metric, so its distance
function is convex. We can wonder if this convexity could be exploited in a gradient descent.

Open questions from Riemannian geometry

The equations of radial curves [39] directly relate the geometry of a Riemannian submanifold with the gradient and
the Hessian of a function. By expressing the Hessian according to the sectional curvature, we ask if we could deduce
a notion of iterative convergence speed for gradient or Newton’s algorithms. Similarly, the trace of the third radial
curves equation gives Ar — tr Hess2r = —Ric (grad r, grad ). However, the Laplacian is the trace of the Hessian,
and the Ricci curvature gives the variation of a neighborhood of a point transported along a geodesic. We ask if
we could deduce another notion of iterative convergence speed. Combined with the results of [21], these equations
give artifacts of iterative convergence speed.
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A Gradient on LU spaces

Firstly we calculate the Euclidean gradient of ¢. If the diagonality criterion D is differentiable, ¢ is a differentiable

function and
K

grad ¢(x) = 2 Z grad D(zCovAyz’)zCov A, (5)
k=1

Now we calculate the gradient of ¢. By composition, this function is differentiable
de,an (Xr, Xv) =dopap @ (Xpav) + dapay ¢ (22 X0)

The definition of the gradient and the property of trace give

(grad " F@(xp, x0), (X1, Xv)) o = (grad (zpav) 217, X1) , + (2] grad ¢(zp2v), Xu)

By définition of the product metric

. _ ([ emadoeran)af ] [ X
<gradF F¢($L,$U)7(XL7XU)>FxF - <[ xfgrad(lﬁ(fixU% } ’ [ Xé :|>F><F

Finaly for (z1,7y) € L' x U' we get the Euclidean gradient of ¢ on M, (R) x M, (R)

1 1 FxF7T _ gradqb(xLxU)xE
V(zp,zy) € L' x U, grad o(xp,xy) = { 2T grad ¢(zp00) (6)

To obtain the gradient on L x U, we project grad ’*¥ ¢ with the Euclidean orthogonal linear projection. To do
this we consider

ding | Ma®) — Da(®) [ Ma(R) x My(R) — LOx 1
188 M —s diagh ¢ TEC (M, M) — (M_, M)

where diag M is the diagonal part of M and M_, M are the strict upper and lower parts of M. As the product
between lower (resp. upper) triangular and strict lower (resp. upper) triangular matrices gives a strict lower (resp.
upper) triangular matrix, the linear projection trig + (diag,0) : M,,(R) — L x U° is orthogonal for the Euclidean
metric. After projection, equation @ gives the result.

B Results on the invariant affine metric
We consider the action of GL,,(R) on S;7 ™ (R) by congruence

. { GL.(R) — GL[S}*(R)]
' A — A AT

As VA € GL,(R), 74 is a linear isomorphism, we have Vz € S,/ T(R), T,m4 = m4 which justifies that we similarly
note the action on S;*(R) and the action on tangent spaces S, (R). We equip S;'*(R) with the invariant metric
under the action of 7

Yz € ST (R), VX,V € S,(R), 2" (X,Y) = tr (7' X2~'Y)

Propriétés B.1. The metric in S € S;FT(R) is calculated according to the metric in 1,, (which is the Euclidean
metric) by

g3 (X,Y) = i (VETIXVET VETTYVET) = giff (VETIX VT, VETTY V)

Proof. By stability of the trace by permutation of the terms and S~! = v/ S—1v/S~1 we have
gM(X,Y)=tr (STIXSTY) = tr (VSTIXVS- VS 1Y VS1) = gif (VS-1XVS-1,VS-1Y VS 1)
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Proposition B.2. The geodesic v of S;'+(R) which verifies v(0) = S € ST (R), 7/(0) = v € S,(R) is written
~(t) = V/SetVSTIWV ST /G where e is the exponential of the matrices.

Proof. For w € S,(R) the geodesic such that v(0) = I,, and 7/(0) = w is Vt € R, 71, w(t) = €' where e is the
exponential of the matrices (because we are in a Lie group equipped with an affine-invariant metric). As the

exponential is a homeomorphism between S, (R) and S;7(R), we know that for S € S} T (R) its root /S is well
defined, and it is still in S,/ (R). By invariance under the action of 7 we deduce V'S Y1, w = V51, vGw =

V/5VET VSwys Which by symmetry of S gives VS v = Vg vGwyg?- Finally for v = V/Swv/S we obtain the
relation vg, = \/gfyI /5 \/§—1\/§ hence the result. O

Proposition B.3. When defined the associated Riemannian distance d is also affine-invariant.

Proof. For S1,S2 € S;fT(R) and A € GL,(R) we show that d(A - S, A - S2) = d(S1,52). As we assume that
the distance between these points is well defined, we have the existence of the geodesic g, , which joins S; to S;
reparameterized so that (1) = Ss. The definition of the Riemannian distance, the invariance of the geodesics, and
the metric successively give

aff / / / aff / / / aff
d (A'SlvA'S2):/ <7A.51,A-UWA-SI,A.U> :/ <A"Ysl,mA'751,u>
YA-S1,Av Avysy v
0 0
1
, , aff
:/\/<751,a751,v>7517v
0

ie. d(A- 81, A Sy) =d* (S, 9,) the associated distance is indeed invariant by the action 7 . O

Proposition B.4. D1 (R) is totally geodesic in S,/ (R) pour Euclidean and affine-invariant metric.

Proof. If we show that D,/ (R) is totally geodesic in S;/*(R), we will have shown that v is a geodesic of D,/ (R).
Of course, this is the case for the Euclidean metric. It remains to show that D;*(R) is totally geodesic for the
affine-invariant metric. For this, we calculate the second fundamental form. For X,Y vector fields of S;'(R), we
got the Lévy-Civita connection [38]

YS IX + XS 1.,Y

VY = Ly X — 5

(7)

To calculate the second fundamental form, we show that the orthogonal projection on D™ (R) in S € D} (R)
is written

VX € TsDF*(R), diag s(X) = vSdiag (VS XV S WS ®)

Immediately, diag is an Euclidean orthogonal projection on D; T (R), so it is an orthogonal projection on DT (R)
in I,, for the affine-invariant metric. By invariance, we deduce

diag 5(Y) = V/Sdiag ITL(\/E_lY\/g_l) sqrtS

For Y = V/SX+/S we get the result.
Now, we use it to calculate the second fundamental form in S. Since diagonal matrices commute, for X, Y €
TsD,(R) we have
IIg(X,Y) =VxY —diag s(VxY)

The formulas for the connection and the orthogonal projection give

Ig(X,Y)=0
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C Results on distance functions

Distance functions are essential in Riemannian geometry. They are present in all reference writings such as [38] or
[24]. Some writings, such as [39], present Riemannian geometry with particular emphasis on distance functions.

Définition C.1. A distance function of the Riemannian submanifold (M, g) is a function 7 : @ € M — R whose
gradient has the norm |[gradr|| = 1.

For example, if d is the Riemannian distance of a Riemannian submanifold (M, g) and z, z¢ € M, it is shown in
[45] that © — d(xq, ) is a distance function.

Corollaire C.2. Vg.q,rgradr =0
Proof. We consider the function v defined by Vo € M, v (z) = ||grad r||? we have
VX € T, M, d¢ (z) = 2(Vxgradr, grad )
By definition and symmetry of the Hessian, this equality is written
VX € T, M, dyp(x) = 2Hess (X, gradr) = 2Hess r(grad r, X) = 2(Vgraargradr, X)

But by definition of the gradient we also know that T'9(X) = (grad ¢, X) so by identification we have 2V gnq rgrad r =
grad ¢ = grad ||grad r||?. By definition of a distance function, we know that the norm of the gradient of  is constant
equal to 1 from where

1
Vgrad rgrad r = igrad ||g1radr||2 =0

Conséquence C.3. the integral curves of the vector field gradr are geodesics.

Proof. By definition of the local flow @, for ¢ in the domain of definition of ®. and z € M we have 4®,(z) =
grad ®;(z). We deduce Vo' & = Vgyaqrgradr = 0 (by the previous corollary [C.2) which is exactly the definition of
a geodesic. The integral curves ®. : t — ®; are geodesics. O

Thus, the integral curves of the vector field —grad r are also geodesics. If x,, is a point of one of these geodesic
integral curves, its gradient (and its dilated) —gradr(z,,) is a tangent vector to this curve (definition of the local
flow); therefore, the exponential gives a new point x, which is still on the same geodesic integral curve. By
induction, the gradient algorithm (with the exponential as retraction) gives a series of points that remain on the
geodesic integral curve resulting from the initial point z¢ with initial tangent vector —grad r(zo).

Corollaire C.4 (link between exponential and distance function). We consider a Riemannian manifold (M, g) and
its distance function at xog. For x # y on the geodesic we have

exp, [—r(y)grad Ir(z)] =y
which also gives by inversion
In y = —r(y)grad 7r(y)

D Proof of properties (3.2) of angular criterion

Proof. First of all, we can apply it with the projection closed convex theorem with the Euclidean metric, and we
can also apply it with the affine-invariant metric because S;"*(R) becomes a CAT(0) space [38].

(1) We know that the definition set of arccos is [0,7]. As Ag is the diagonal matrix closest to S, the angle
is necessarily less than 7/2 in absolute value (otherwise, its symmetric with respect to the identity would still be
closer to S).

(2) The function is indeed C? by composition.

(3) « If S is diagonal we have S and Ag on the same geodesic in D,,(R) (by definition of Ag) and we deduce
that £9(S) = 0.

= If the Riemannian angle is zero, it means that

(Inf S,In{ Ag)r, = | Inf Sl [[Inf Asll,

By the Cauchy-Schwarz inequality we deduce that In{ S and In{ Ag are collinear 3t € R, In{ S = tIn{ As.
As g is complete the Hopf-Rinow theorem gives the bijectivity of the exponential then S = explgn (t lnlgn Ag). As
D+ (R) is totally geodesic for g we have Ag € D+ (R) = In{ As € D,(R) = S € D} *(R). O
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E Proof explicit formula (3.3)) of angular criterion

Proof. As D,(R) is totally geodesic for g we have A € DfF(R) = In{ A € D, (R) so the angle is rewritten
(diag hl?n S, hl?n As>[n

Z9(8S) = arccos
) [nd S, 10 Asl,

Therefore to explicitly calculate Z9 it is necessary to determine

A . (diag In{ S,In{ A)y,
g = argmin arccos = =
AeDEH ®) Inf S|, g, Alls,

By decrease of the function arccos and the Cauchy-Schwarz inequality we know that the function

(diag In{ S,In{ A)p,

I S|y, | o7, All,

reaches its minimum iff In{ A and diag In{ S are collinear 3t € R, In{ A = tdiag In{ S. As £9(S) € [0,7/2]
we have ¢t > 0. By completeness of g we know that explgn is bijective so the last equality is equivalent to

Jt >0, A = exp{ (tdiag In{ S)

A —— arccos

which means that the points which minimize this function are those of the geodesic which joins I,, and diag lnI S.
When we inject this equality into the formula of /9, the lnI are simplified with the epr , then the ¢ > 0 and the
norms are simplified by bilinearity of the metric and homogenelty of the norm. We get the result. O

F Gradient affine-invariant angular criterion calculation

To use the compatibility of the metric with the Lévy-Civita connection we rewrite

/M(8) = \/<Sdiag grad fr(S)S, diag grad 2Tr(9)) g

By composition, by compatibility of the metric and by definition of the affine-invariant metric we have for S €
SHT(R) and X € S, (R)

(sym [Sdiag ?grad *Tr(9)], X)q + (Vallgrad *r(S), Sdiag grad *r(S5)S)
sin /& (S)||diag grad r(9)||1,,

ds/*(X) = — s

By Hessian symmetry we have

d laﬂ (X) _ <Sym [Sdiag Qgrad aﬂT(S)]7X> <de1aggradaff (s )Sgrad aHT(S),X>S
’ B sin Z°7(3) [diag grad “Tr(S)]l,

By definition of the gradient
sym [Sdiag 2grad 7 (S)] + ngglag arad ot (5)s8rad affy(S)
sin /2 (S)||diag grad 2 r(.S)
The link between the distance function and the exponential (C.4) gives
_sym (Sdiag?1n.S) + || 10 S|lr, Viag 1 55 I 1?&%
sin Z21(S) [ In S|y, [|diag grad 27 (S) 1,

The calculation of the Lévy-Civita connection for the affine-invariant metric, then the calculation of the Lie deriva-
tive gives

grad *T /2 (§) = —

In

grad 1 /21 (9) =

gt InS _r InS  sym(InSdiag InSS)
St S5 Sy, — T S|l [0 ST,

dsIn(Sdiag In SS) — <W ds In (Sdiag 1nSS)> In S — sym (In Sdiag In S5)

Finally we obtain

sym [Sdiag In S(In § — diag In S)] — dg In (Sdiag In $5) + <ﬁ dgIn (Sdiag In SS)>I ﬁ

rad 2,2 (§) =
8 &) Sin 297 (5)][1n Sl | diag In S|l,
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G Proof of § = 2 case.

r2/F is the Frobenius divergence
Propriétés G.1 (Frobenius). 72/F is the Frobenius divergence.

Proof. For S € S;7*(R) the bilinearity of the metric, then the properties of diag allow to rewrite the Frobenius
divergence

Dp(S) = ||S — diag S||% = ||(S — I,) — diag (S — I,)||%
=S = 1./} — 2(S — 1,,diag (S — I,))  + ||diag S — L, |3
= ||S — L,||% — 2[|diag S — L,[|% + ||diag S — L[| = r*ZF(S)

r?2/*f is the log-Euclidean divergence
Propriétés G.2 (log-Euclidean). 278 s the log-Euclidean divergence.

Proof. For S € S;F™(R) the bilinearity of the metric, then the properties of diag allow to rewrite the log-Euclidean
divergence

Drp(S)=|InS —diag InS||f, = | In S| —2(InS,diag InS); + [|diag In S||f.
— |0 8|2 — 2||diag In S|?, + [|diag In S|? = r>2af(S)

Invariant Frobenius divergence as alternative angular criterion

Propriétés G.3 (invariant Frobenius divergence). The invariant Frobenius divergence is an alternative Euclidean
angle/distance criterion

Drr(S) = r%(Sdiag ~1S) cos 4{1 [lnﬂ (diag ~'SS), lnf; (Sdiag _15)]
= 12 (diag ~'SS) cos /F [mﬂ (diag ~155), Inf’ (Sdiag *15)}
Proof. By definition of the invariant Frobenius divergence and the properties of the trace
Dr(S) = (diag ~'SS —1,,, Sdiag 'S — L)

By definition of In?" we have
Drr(S) = (Inf (diag ~*SS),In{ (Sdiag ~'S))r

By definition of the Euclidean angular criterion
Dpi(S) = ||Inf (diag ' SS)| r||Inf (Sdiag ~'S)|r£" |Inf (diag ' SS),In{ (Sdiag ~'S)

From the properties of the trace we know that ||In{ (diag ='SS)|r = ||In{ (Sdiag ~'S)||p = r¥'(Sdiag ~1S) =
rf'(diag ~1SS) O

Riemannian divergence as alternative angular criterion

Propriétés G.4 (Riemannian divergence). The Riemannian divergence is an alternative affine-invariant an-
gle/distance criterion

Dr(S) = r2q(SAE ") cos 221 [1n(5A§’1),1n(A§’15) = 125 (AE " S) cos 44T [In(SAE ), In(AE ' S)
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Proof. For S € S;7+(R) and A% its closest (positive definite) diagonal matrix (for the affine-invariant distance), the
properties of the matrix In and the trace give

(Vg syar ) Hi = (n(sAE ) m(AE ')

Since the matrix In is also ln?f and since the affine-invariant metric in I, is equal to the Euclidean metric, we have

DR(S) = dzﬂ”(sa A?) =

puts) = s [t "] on 3 s i )

where /3 In(SAE™), 1n(A§715)} is again the affine-invariant angle at I,, between the minimizing geodesic which

joins I, to ln(SAg"_l) and the minimizing geodesic which joins I,, to ln(Ag‘_lS). This equality can be rewritten
with the affine-invariant distance

Di(S) = d (L, SAE)a (1, AL ) cos 247 [In(SAE ), (A5 '5)]

As the affine-invariant metric is also invariant under the action of GL,(R) by translation to the left and the
right, we know that it is the same for the distance (B.3). We can deduce d*f (In,SA§_1> = daH(ASR,S) and

d*F(1,,, AB " S) = d*T (AZ, S) hence the result. O
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