N

N

Simulation-Augmented Physics-Aware Neural Networks for
Nonlinear Inverse Problems
Sidney Besnard, Frédéric Jurie, Jalal M. Fadili

» To cite this version:

Sidney Besnard, Frédéric Jurie, Jalal M. Fadili. Simulation-Augmented Physics-Aware Neural Networks for
Nonlinear Inverse Problems. 2025. <hal-05066556v2)

HAL Id: hal-05066556
https://hal.science/hal-05066556v2

Preprint submitted on 19 May 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-05066556v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Simulation-Augmented Physics-Aware Neural Networks for Nonlinear Inverse Problems
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Abstract

This study proposes a novel approach to inverse problems in the aerospace domain, with a particular focus on orbit determi-
nation. By leveraging deep learning, our framework infers the underlying physical parameters from observed data, even in the
presence of highly nonlinear forward models. Crucially, we consider settings where the dimensionality of the physical parameters
is substantially lower than that of the observations.

Our method trains a neural network with a hybrid loss function that combines observational data and simulated data derived
from an imperfect physical model. This joint utilization of actual and simulated data enables effective learning by pairing simulated
observations with their corresponding parameter values. Experimental evaluations, including orbit determination tasks, highlight the
advantages of our Simulation-augmented Physics-Aware Neural Networks (SimPANNs) over traditional methods that rely solely on
observational data. Not only does our approach enhance both accuracy and robustness, but it also demonstrates a promising path for
solving nonlinear inverse problems in reduced-parameter spaces by unifying physics-based modeling with data-driven techniques.

Keywords: Inverse problems, orbit determination, nonlinear problems, machine learning, neural network

1. Introduction

Data-driven methods for inverse problems Let X c R be
the space of parameters of some (physical) model, and let Y C
R™ be the space of observations. An inverse problem consists
of reliably recovering the parameters x € X from noisy indirect
observations:

y=fx)+e (1)

where the mapping f : X — Y is the forward operator, and &
stands for some additive noise that captures the measurements
and possibly the modeling error.

Inverse problems play a crucial role in science by allowing
to unravel the hidden properties and processes behind observed
data y. They allow scientists to infer and understand phenomena
that are otherwise difficult or impossible to observe or measure
directly. These problems involve determining the parameters
of a system from the available measurements. Inverse prob-
lems have far-reaching applications spanning a wide spectrum
ranging from biomedical imaging [1], to seismology [2] or as-
tronomy [3].

Data-driven methods, and more prominently deep learning-
based ones, have emerged as a powerful approach for address-
ing inverse problems [4, 5, 6, 7, 8]. They form a data-driven al-
ternative to variational model-based approaches. Inverse prob-
lems often involve complex and nonlinear relationships be-
tween the observed data y and the underlying parameters or
causes x as materialized by the mapping f [9, 10, 11]. Ma-
chine learning methods can learn these relationships from large
datasets, allowing them to make predictions and infer the un-
known parameters. One common technique is to train a neural
network (NN) using a dataset consisting of n training input-
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output pairs {y;, x;}_,, where the inputs y; are the observed data

and the outputs are the corresponding parameters x;. The neural
network learns the mapping between the input and output, en-
abling it to predict outputs for new observations. This approach
leverages the ability of neural networks to accurately approx-
imate complex functions and to capture intricate patterns and
nonlinear dependencies in the data. In practice, this type of
technique is only applicable when training pairs are available.
This is barely the case in most critical applications. Moreover,
in the context of inverse problems, composing the forward map-
ping with the learned inverse mapping may not reproduce a
faithful version of the observation.

Data-driven physics-aware methods To cope with these lim-
itations, data-driven methods for inverse problems that take into
account the observation forward model have been proposed;
see [12, 13, 14] and references therein. Physics-aware neu-
ral network-based methods have also gained significant atten-
tion in recent years to solve partial differential equations (PDE).
These include PINNSs [15, 16, 17, 18], DeepONet [19, 20], neu-
ral operators [21] or PEDS [22]. One of the core ingredients
of all these methods is to supplement the neural network train-
ing with information stemming from the observation formation
model. To avoid confusion with PINNSs, we use the abbreviation
PANNSs for all physics-aware NN-based methods. PANNs com-
bine the strengths of physics-based modeling and NN learning
to address inverse problems in a more robust and interpretable
manner. In PANNSs, the governing equations and physical con-
straints (e.g. boundary or initial value conditions, geometry of
the domain, symmetries) of the underlying system are explic-
itly taken into account during the training phase of the neu-
ral network. By incorporating these known physical principles
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into the training process, PANNs can effectively learn the rela-
tionship between the observed data and the unknown parame-
ters while complying with the fundamental laws of the system.
The combination of physics-based modeling and NN learning
allows for more accurate and reliable solutions while leverag-
ing the domain knowledge encoded in the underlying physics.
Generally speaking, PANNSs are based on observed data y only,
and therefore have the advantage of not requiring training data
pairs. They can therefore be considered as single-instance un-
supervised approaches.

Inverse problems have two intrinsic peculiarities that pose
specific difficulties. First, inverse problems are mostly ill-
posed, i.e. multiple solutions are generally compatible with a
single observation. In addition, they raise the question of sta-
bility in the presence of noise. Regularization techniques seek
to alleviate this ill-posedness by incorporating prior knowledge
about the sought-after parameters in the form of some low-
complexity (e.g., smoothness, sparsity) [23]. This allows one
to restrict the space of candidate solutions, hence prevent over-
fitting, and ensures stability to noise. Second, as mentioned
above, inversion — i.e. the estimation of parameters from ob-
servations — is a highly nonlinear process, even with a linear
forward model, let alone the case of nonlinear forward models.
These are challenging and difficult problems to solve numeri-
cally.

Motivation from orbit determination Our main motivation
comes from a novel problem of orbit determination, where the
objective is to solve an inverse problem for an orbit propagator
using images obtained from a simulated sensor. This problem
presents several compelling challenges. First, the underlying
physics and the forward operator involved are highly nonlinear,
which constitutes a primary focus of our work. Second, an orbit
can be defined by six orbital elements, while the received data
exists in a significantly larger space, such as an image space
in our case. Consequently, the forward operator maps from a
smaller parameter space to a substantially larger image space.
The third aspect of this problem pertains to the challenging na-
ture of obtaining training data, as it requires integrating raw ac-
quisition with non-trivial evaluation and determination of orbit
parameters.

Contributions In this paper, we propose a novel hybrid
approach that combines both physics-aware and data-driven
methodologies by utilizing simulated data. Given the difficulty
of obtaining viable training pairs (observations-parameters) for
many real-world problems (e.g., orbit determination here), sim-
ulations offer a convenient way of providing the missing com-
plementary information. Our objective is to demonstrate the ef-
fectiveness of neural networks in handling nonlinear problems
while presenting a method that accounts for the forward opera-
tor when optimizing for the neural network weights and biases
by minimizing the reconstruction error in the observation space.
Through our investigation, we will show that leveraging the
information provided by physics is sufficient to achieve accu-
rate reconstruction and generalization without requiring train-
ing data. In addition, we introduce a hybrid version that bal-
ances the trade-off between parameter fidelity and physics (ob-

servation) fidelity by minimizing a positive weighted sum of
reconstruction errors both in the observation and the parame-
ter spaces. Our method, that we coin Simulation-augmented
Physics-Aware Neural Networks (SimPANNs for short) im-
proves performance even further, especially when observations
are limited. This is true even when the physical model used
in the simulation is only known approximately. To this end,
we have carried out experiments on different types of inverse
problems (including orbit determination), for different levels of
noise in the observations and model approximation, enabling
us to draw some preliminary but consistent conclusions on the
usefulness of such hybrid models.

2. Related work

2.1. Deep learning for inverse problems

The literature of inverse problems has witnessed a flurry of
research activity on methods using deep neural networks. Our
goal here is by no means to be exhaustive but rather to discuss
the ones most closely related to our work. The interested reader
may refer to, e.g., the surveys [24, 25, 13, 14, 26]. The diversity
of these methods is motivated by the variety of scenarios that
are encountered based on the available data for model training
(matched parameters-observations pairs, unpaired parameters-
observations, or observation’s only), knowledge of the operator
to be inverted, or whether the operator is linear or not.

The case where the forward model is fully known is the most
extensively studied scenario in the literature, with different ap-
proaches depending on the accessibility of the data for model
training/optimisation. When paired observations/parameters
are leveraged, iterative schemes [24, 6, 27], plug-and-play
based methods [4, 6, 25], and unrolling/unfolding are widely
used [28, 24, 6]. When unmatched (x, y) pairs are available, two
methods are generally used. The first is to construct matched
training samples as the parameter set and forward model are
known. The second approach involves the use of generative
models such as GAN’s [29, 30]. Generative models have also
proven very fruitful when only observations y are available as
first advocated in [7]. Though in most of these works the for-
ward model is linear, extensions to the nonlinear case have ap-
peared, see e.g., [10, 9].

A crucial observation is that in all these methods, the dimen-
sionality of the observation and parameter space is something
important. Typically, the data for the observation and the pa-
rameters come in the form of a structured signal or image. The
discrepancy in dimensionality and structure between the obser-
vation space and the parameter space is a distinctive feature of
our work. Our focus is to address problems characterized by
a significant variation in dimensionality, where the observation
space, in the context of our study, corresponds to the image
space, while the parameter space is confined to a few number
of parameters.

2.2. Physics knowledge in data-driven methods

Incorporating physics knowledge when solving inverse prob-
lems using neural networks is not new, and several works have



been (and are being) proposed along these lines; see e.g., the re-
view papers [12, 13, 14] and references therein. Physics-aware
neural network-based methods have also been proposed in re-
cent years to solve PDEs [15, 16, 17, 18, 19, 20, 21, 22]. In
the context of PDEs, the core idea is to force the output of the
neural network evaluated pointwise on the domain of the PDE
to comply with the physical model as described by the PDE, in-
cluding the boundary and initial value conditions, the geometry
of the domain, etc. In turn, this provides an implicit regulariza-
tion mechanism. These ideas have been used to solve inverse
problems in PDEs as well [31, 32].

In our method SimPANN, we will rely on ideas similar to the
ones used in PANNs'. More precisely, we train the parameters
of the neural network with a hybrid risk which incorporate the
forward model physics not only on the observations but also
using simulation-generated data where only an approximation
of the underlying nonlinear physics model is known. These
are distinctive features with respect to the literature. While the
core ideas were introduced in a short conference paper [33],
this journal article provides an in-depth exploration, along with
numerous novel results.

2.3. Machine learning in orbit restitution context

Our research is primarily focused on applications in as-
trophysics. Machine learning has made significant progress
in revolutionizing this field, providing data-driven approaches
to various applications [34, 35], such as orbit restitution and
rendezvous problems [36, 37]. The inclusion of physics in
orbit restitution problems proves advantageous in several as-
pects [38]. For example, in [36], neural network predictions are
used to refine parameter estimates and correct for errors that
traditional methods may overlook, thereby facilitating syner-
gistic integration of data from different sources. Approaches
such as those described in [38] reconstruct orbit parameters di-
rectly from satellite positions, validated by simulations to em-
bed physical principles in neural networks.

Our proposed method aligns with the framework of initial or-
bit determination (IOD) without relying on prior assumptions.
Indeed, IOD methods are numerous and often tailored to spe-
cific types of measurements, such as Time Difference of Ar-
rival (TDOA)[39] or angular measurements[38]. However, for
many types of measurements, defining an IOD method is non-
trivial or even infeasible. Classical approaches such as the Least
Squares Method (LSM) [40, 41] and the Kalman Filter (KF) il-
lustrate these challenges. LSM requires an accurate initial guess
for the orbital parameters to ensure convergence toward the cor-
rect solution. Similarly, the Kalman Filter, while powerful, not
only depends on a good initial guess but also requires a precise
covariance matrix to model uncertainties and correctly weigh
observational data. Without these prerequisites, both methods
may fail to produce reliable results, particularly when dealing
with noisy or incomplete measurements.

In our case, the neural network, trained on simulated data,
provides the IOD capability, bypassing the limitations of tradi-
tional methods by adapting to diverse scenarios. By focusing on

IRecall the abbreviation physics-aware neural networks.

indirect measurements of satellite information from sensor out-
puts, our approach further highlights the potential of machine
learning to overcome the inherent challenges of orbit restitu-
tion. This capacity to leverage simulated data, while embed-
ding physical principles, underscores the transformative impact
of combining machine learning and physics-driven methodolo-
gies in astrophysical applications.

3. Proposed method

3.1. Preliminaries

Recall the forward problem in (1). Throughout, we assume
that f is smooth enough (at least continuously differentiable)
suitable for automatic differentiation. || - || will denote the eu-
clidian norm, T is the matrix transpose, and I is the identity
matrix (whose dimension is to be understood from the context).

In the sequel, for a neural network with parameters (weights
and biases) 6 € ® and input y € Y its output is defined via the
mapping

U (,0)eYx0O u(y,0elX.
Of course, another latent input variable z could be used as input
but the choice of y will be discussed shortly.

Finally, we also assume that we have an approximate explicit
model of f, sometimes referred to as a digital twin. This model,
denoted f, is obtained by modeling, though imperfectly, the
physical phenomena that gave rise to the observations. It will
be used later to generate simulated data.

3.2. Forward model in nonlinear inverse problems
Let ¢ be a neural network and consider n,-sample observa-
tion dataset {y; : i = 1,...,n,}. What we mean by incorporating
physical knowledge to invert (1) amounts to solving the follow-
ing minimization problem of the empirical risk:
o

6O W1, 0)), )

i=1

min —

6O n,
where €, : Y x Y — R is the loss function in the observation
space. This loss function leverages the information provided
by the (approximate) physical forward model directly into the
training risk. It is also a non-supervised method that relies
solely on observations, without any knowledge of the actual
parameter vector x; corresponding to each y;. Unfortunately, as
was observed previously in the literature (e.g., in [42]), when f
is not injective, there are infinitely many solutions (-, 8) which
attain zero training error. This is because the forward model
f may map multiple input vectors to the same output vector.
For example, in the linear case, the action of f is invariant
along its null space. This suggests that training a reconstruction
network as (2) only from the observed data, without any addi-
tional assumptions or constraints, may not be viable. Possible
workarounds include explicitly constraining the output of the
reconstruction network through regularization (and we are back
to the model-based world), or introducing invariances such as in
[42]. In the forthcoming section, we will describe an alternative
based on exploiting the forward model to simulate input-output
pairs. This approach will help to regularize the training process
and make it more immune to the non-injectivity of f.



3.3. Simulation-augmented training

In many areas of science, obtaining pairs of input
(parameters)-output (observations) training data, can be a sig-
nificant challenge. This can be due to various reasons, includ-
ing that data are difficult or expensive to acquire. This is for
instance the case in large instruments in physics. Furthermore,
even if such pairs of data can be acquired, they are available
only in limited quantity, which often impedes the use of data-
intensive machine learning approaches.

There are however situations where even if such data is
unavailable, it is possible to artificially generate input-output
pairs by leveraging knowledge of the forward model given in
(1), even if the latter is only approximately known. This in-
volves generating n; parameter/input vectors x; sampled from
the range of possible input values in the model or based on the
known distribution of input data. We then compute the corre-
sponding simulated observations y; = f(x;), i.e. without noise.
It is important to recall that the forward model f serves anyway
as an approximation of the genuine f it represents, and the sim-
ulated observation can only be considered as a perturbed ver-
sion of the unknown observation due to model imperfections.

Summarizing our discussion above, we propose to train a
neural network ¢ by replacing (2) with

R

min ~ Zl L1,(x1,31,6), 3)
i=

where n = n, + ng, n, (resp. ny) is the number of observations-

only (simulated) and data, and

L1(x,3,0) = o0y, fW(,0)) + (1 = DE(x,Y(3,0),  (4)

where €, : X X X — R7 is the loss in the parameter space.
Here A; €]0, 1] balances between the two losses: fidelity to the
observations and parameter reconstruction error. For simulated
data, we set 4; = A > 0, while we use A; = 0 for observation-
only data since x; is unknown in this case. In plain words, only
the first term, which focuses on fidelity to observations comes
into play for observed data. It is anticipated that the ratio n,/n;
will play an important role in the results, and thus, its influence
will be thoroughly examined through experimental studies.

It is worth observing that when ¢, is the quadratic loss,
the corresponding term in (4) can be viewed as a quadratic
Tikhonov regularization on the network output, which is a stan-
dard regularization technique in inverse problems [23]. When
both ¢, and ¢; are quadratic and the forward model is linear,
1.€. f is an m X n matrix A, it is not difficult to show? that £,
specializes to the convenient form

1/2

La(x,Ax,0) = 1= A0 - A™A)(x = y(2.0)) .

which again reveals the regularizing effect of the second term
in (4).

2Observing in particular that (I - A(I— AT A)) is symmetric positive-definite.

3.4. Deep unrollingfunfolding

The aim of deep unrolling, a.k.a. deep unfolding, is to con-
vert an iterative algorithm, generally an optimization solver,
into a neural network architecture by designing each layer to
resemble a single iteration. Unrolling was originally proposed
in [43] to learn iterative soft thresholding algorithm (ISTA) for
sparse recovery. Deep unrolling have since been applied to var-
ious applications and in particular solve various inverse prob-
lems. In this context, unrolling offers a way for learned iterative
schemes to integrate a knowledge model for how data are gener-
ated into a data-driven method for reconstruction. The latter is
realized by unrolling a model-driven iterative scheme stopped
after a finite number of iterations, where nonlinear operators
in the updates are typically parameterized by neural networks.
Thus, unrolling can be seen as an alternative way to (3) to ac-
count for forward model knowledge.

The application of unrolling to design a model-aided deep
network is based on the following steps: (i) identify an iterative
optimization algorithm which is useful for the problem at hand;
(i1) fix the maximum number of iterations K in the optimiza-
tion algorithm; (iii) design the neural networks to imitate the
nonlinear parts of each iteration; (iv) train the overall resulting
architecture end-to-end.

As an illustrative example that we will use here, we consider
unrolling of the proximal gradient algorithm up to iteration K,
where the proximal mapping is replaced by a neural network.
For the forward model (1) with differentiable observation loss
{,, this corresponds to the update

xk+l — z,bxk _#Jf(xk)TVfg(y, f(xk))’ Hk’

5
p>0k=1,... K, ©)

where J; is the Jacobian of f. The case i is an auto-encoder
was considered for instance in [6]. The step-size u modulates
the amount of correction applied at each step and its role is to
ensure sufficient descent while preventing the iterative scheme
from diverging. It is either chosen or learned to make the itera-
tion mapping a contraction.

Computational feasibility of unrolling is directly tied to the
number of iterates K and their size. These time and memory
limitations impose that K is reasonably low and that the param-
eters 6 = @ of the neural networks are shared between the it-
erates. If these parameters are shared and the step-size is fixed,
the network y is trained in our case by solving

1l R
min - ; Ao, FE 0 0)) + (1 = A)s(xi, XK (31, 0)), (6)

where le (i, 0) is the K-th iterate in (5) with input observation
Yi-

Xl = lﬁka - ,qu(xk)TV&(y’ f(xk)’ 6.

With u = 0 and K = 1, one recovers SimPANNs. Moreover, as
regularization does not really make sense in our applications, it
makes more sense to regularize the reconstructed observation.
This will also be tested and we will assess based on the results
obtained.



4. Experimental results

As we argued in the introduction, our framework tackles the
difficult case of nonlinear with little structure in the parameter
space to exploit. In order to evaluate it effectively, it is neces-
sary to address the limitations of existing experimental settings
by considering problems relying on nonlinear forward opera-
tors. Specifically, we aim to examine scenarios where the di-
mension of X can be much smaller than that of Y, i.e. d < m.

It is important to stress that despite the apparent simplicity as
we have more equations than unknowns, the presence of non-
linearities breaks this intuition which makes our problems quite
challenging. Indeed, the forward physical model in our set-
ting comes with symmetries that yield non-trivial equivalence
classes.

In what follows, we present a series of problems that we have
developed for this purpose, with different degrees of difficulty
and closeness to our motivating application: orbit determina-
tion.

4.1. Problems and datasets
4.1.1. BlendMNIST problem

Inspired by RotNet [44], we present a novel problem with
the goal of accurately inferring a set of rotation angles from a
single input image. In this unique problem formulation, the in-
put image is generated by summing different MNIST images
[45], where each individual image is assigned a randomly cho-
sen rotation angle (see Figure 1 for an illustration). We coin
this Blended Weighted Sum of MNIST digit images (abbrevi-
ated BlendMNIST).

We take a fixed set of 28 x 28-pixel images {7 k}le. The
forward operator in this case takes the form

f [0, 2n[P — )
(ar,...,ap) — }DZL]I?,

R28><28

where 7 is the rotated image whose value at pixel p is
IQ[P] = <][—Z'L@—oz(p)

- 1s the rotation operator of angle —a around the image cen-
ter, and Z[I](-) is the interpolation operator applied to image
7 evaluated at its argument. We choose bilinear interpolation
in our experiments. Strictly speaking, rotation can take pixels
outside the domain of the image, and we set those falling out-
side the domain to 0. This is a valid choice in our case with
MNIST as the background of the MNIST digit images is 0, and
rotation around the center will not make any part of the digits
fall outside the domain.

Clearly, the parameter space X = [0, 2x[” is p-dimensional
with p much lower that the observation space, i.e. p < 28
However, the forward operator is highly nonlinear in the angles
which are our unknowns to be recovered.

In our experiments, we take p = 10 and the images {;};°,
correspond to the digits O to 9 taken from the MNIST database
(see Figure 6). By choosing a value of p as such, we aim to
create a sufficiently challenging problem that cannot be easily
solved through brute force methods in a reasonable time and
justify the use of neural network methods.

v
a, —_ Z“lﬁ

v
a, I :z >

X -

Figure 1: Example of f with p = 2 for the BlendMNIST problem.

4.1.2. Sparse BlendMNIST problem

This problem, dubbed S-BlendMNIST in the following, is
a more challenging extension of BlendMNIST to a scenario
where only a subset of the potential images in the mixture is
activated. The corresponding forward model takes the form

fo [0, 27[Px{0, 1}? 5 R28x28

(@1,...,@p,Wi,...,wp) %Z£=1kazk~

®)

This model then explores the situation where certain model
parameters belong to a discrete space. The objective is then
twofold: infer the angle associated with each image in the mix-
ture, and determine a binary variable indicating the presence or
not of each image within the mixture.

4.1.3. BlendMNIST with approximate model

In various fields of application, it is common that the forward
operator to be approximately known, and this deviation from a
perfect model entails an additional modeling error in the obser-
vations. This discrepancy serves as a motivation for us to extend
BlendMNIST to a scenario where the direct model is only ap-
proximately known (we coin this scenario AM-BlendMNIST).
This extension enables us to assess the robustness of the pro-
posed methods in presence of modeling errors in the forward
model.

Specifically, the AM-BlendMNIST builds upon BlendM-
NIST with the modification that the centre of rotation varies.
The actual forward operator is then defined as

f ¢ [0,27[Px[0,27)> — R28x28

U 9
@erpr) o Szprme O

where 7*? is the rotated image around center position ¥ whose
value at pixel p is

I7[p] = I A= © T-o(P).

P, and # are as explained in Section 4.1.1 and 7, is the
translation operator of parameter —v.

In AM-BlendMNIST, the translation is only included in the
actual forward operator when generating the observation data,
but is not accounted for in the approximate forward model dur-
ing training. Put formally, the approximate forward operator f
remains the same as in the BlendMNIST case, i.e. the one in
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Figure 2: Orbit determination: representation of an orbit in multiple reference
frames. In this example, the orbit presented have an inclination of 45 degrees,
an eccentricity of 0.4 and a 42164 x 10°> m apogee.

(7). In the experiments, the dataset used for evaluation is gen-
erated by applying a translation v, and thus o ,,4,; = v can be
seen as the modeling error magnitude.

4.1.4. Orbit determination problem

As argued in the introduction, orbit determination is our main
motivating application and it encompasses all challenges put
forward in this paper. In orbit determination, the forward oper-
ator consists in projecting an orbit in the Terrestrial Reference
Frame (TRF) onto an image, akin to a ground track orbit pro-
jection. The data received are the projection of an orbit on a
sensor placed on earth (see Figure 2 and 3).

For this problem, we opt to represent each orbit using 3 Kep-
lerian parameters: inclination, eccentricity, and periapsis. This
choice leads to a wide range of images and results, while avoid-
ing trivial equivalence classes in the parameter set. We shall
now explain in a bit more detail our (approximate) physical
model.

Our physical model for the orbit projection problem can be
separated in two components:

e The first one is the physical model that simulates the posi-
tion of the orbit, known as the orbital propagator. Differ-
ent orbital propagators may be used based on the required
level of accuracy. Propagators like J2 [46] and SGP [47,
48] offer high precision, but are more intricate and compu-
tationally demanding. Conversely, simpler models such as
the two-body propagator [49] can be easily implemented
and are optimized for GPU usage. This is the model em-
ployed in our experiment.

e The second crucial component of the physical model en-
compasses the sensor measurement system. The sensor is
a camera placed on earth which receives the projection of
satellite positions onto the camera’s field of view in a way
akin to the MVP (Model View Projection) technique [50].

-150 -100 =50 0 50 100 150

Figure 3: Orbit determination: simulation of the orbit projection, where the
orbit is the one shown also on Figure 2. Top: simulated sensor with the orbit
projected on it. Bottom: the ground track orbit projection.

In our specific scenario, the camera is positioned across
earth in a uniformly randomized manner.

Let POSEEEF : R, — I3 the position of a satellite
in the Earth-Centred Earth-Fixed (ECEF) reference system,
parametrized by the triple (e, i, w). Let MVP : R3 - R?, the
MVP linear operator which maps the world space to the camera
surface. The camera point spread function is considered as a
2D-Gaussian of standard deviation §, that we denote ¢s. Thus,

the forward operator in this case reads

f o [0, 1[x[0,27[x[0,27] — IRO#x64 (10)

where the received signal at pixel p, is given by

fle.i,w)[p] =

2ma3/2

o
f[ i ™ 0op — X + MVPPosECEF (n)drdx,
23

e,i,w

where M is the mass of the earth, G is the gravitational constant
and a is the elliptical semi-major axis of the orbit.

The approximate operator we take for simulations not only
accounts for the fact that f is itself an actual approximation,
but also for the error induced by discretizing the above forward
model. For instance, to approximate the integrals, we use a
standard Riemann sum over rectangles with small enough size.

4.2. NN models, training losses and experimental settings

4.2.1. BlendMNIST problem

The neural network employed for addressing the BlendM-
NIST problem is a feed-forward architecture, specifically a
multi-layer perceptron, which does not incorporate dropout lay-
ers nor batch normalization (see Figure 4). The rationale behind
this design choice is to deliberately over-parameterize the net-
work for the given problem, ensuring a sufficiently large latent
space. By doing so, we aim to provide the model with ample
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Figure 4: BlendMNIST problem: the NN model used is a multi-layer percep-
tron with 5 hidden layers. It outputs the rotation angles for an input mixture
image in the form of the BlendMNIST dataset with p = 10.

capacity to effectively capture the complexities inherent in the
BlendMNIST dataset.

In the case of the unrolled scheme, the neural network archi-
tecture is the same as the previous. With a number of iterations
K =5 and shared parameters across the unrolled iterates.

The importance of the choice of the training loss is widely ac-
knowledged as it can have a significant impact on performance
and convergence. It is in particular crucial to choose the one
adapted to the data underlying geometry. In our case, the neu-
ral network predicts a list of angles that lie in [0, 27[. Thus, the
distance used in our case is the shortest difference between the
predicted angle @ and the ground truth angle a:

distangre(@, @) = 7 = ||& — o — 7l (In

Thus, the loss between the predicted angles {dk}igl and the true
ones {ak}igl is given by

10
- 1 . ~
fangles({ak}]igl > {a'k}]igl) = E Z dlStangle(a'k’ Q).
k=1

We point out that though L4 is not differentiable, we will
still apply autodifferentiation to it and this still makes sense in
view of the results in [51].

To recap, for the BlendMNIST problem, we solve (3)-(4)
with £, the quadratic loss and £; = €,4.s. For the unrolled
scheme, the neural network is trained by solving (6) with the
same losses just described.

4.2.2. S-BlendMNIST problem

In this problem, in addition to the rotation angles, the neu-
ral network must also output the weight wy of each compo-
nent in the mixture, recalling that the true wy’s are valued in
the discrete set {0, 1}. To ensure this, we use the same neu-
ral network architecture as in the BlendMNIST problem, with
the difference of the last layer where we added a sigmoid acti-
vation function to each output corresponding to a weight (see
Figure 5). The temperature of the sigmoid is decreased grad-
ually over epochs reaching a final temperature of 0.01. This
setup ensures that the output is close to a binary variable at
the end of the training while maintaining a smooth activation
whose derivative can be back-propagated without jeopardizing
the autodifferentiation process.

Sigmoidy,,
10 weights

3
3

3
&

Relu

2 2
] 3
& &

Image : 28 x 28 x 1

»

@
g ki)
s =
e S
5 2
3
S =
) o
® £
g 2
2 2
5 15}
& =)

Dense: 784 neurones

» «
4 4]
= =
= g
= 3
T kil
< =
3 <

I3
~ ~
U u
b 3
z z
o} ©
[=] =]

Sigmoid
10 angles

Figure 5: S-BlendMNIST problem: the NN model used for S-BlendMNIST
is the same as the one in the BlendMNIST problem, with the difference of
the last layer that outputs both the 10 angles and 10 weights, and the latter
are obtained by applying a sigmoid activation on the output layer that has an
eventual temperature parameter of 0.01.

For the S-BlendMNIST problem, we solve (3)-(4) with £, the
quadratic loss, and ¢, as

10
10 [~ = 10 . 2
Colag, wihiZy, 1@k, Wi yo = Z(Wk - wg)

k=1
10
1 . ~
+ =10 Z WkdIStangle(a'k» ak)~
k=1 Wk =1

The part of the loss measuring the error in angles takes into
account only the active sources in the mixture.

4.2.3. Orbit determination problem

In this case, the observation space loss ¢, is again chosen as
the quadratic loss. For the loss ¢y, it involves three terms, one
for each of the three orbit parameters (e, i, w):

e The eccentricity loss: the eccentricity of the orbit is
bounded between 0 and 1, we have chosen to use the
quadratic loss.

e The inclination and periapsis argument losses: these pa-
rameters being angles, the corresponding loss is given by
distgpgre, see (11).

We use the same neural network architecture as for the
BlendMNIST problem. The input has now dimension 642 as
the images in this case are 64 X 64-pixel, and the output layer
returns the three parameters of the orbit.

4.2.4. Implementation details

Neural network training in the context of inverse problems
can be computationally expensive due to the fact that the phys-
ical model must be back-propagated along the neural network
weights. To reduce this cost, we have proposed a GPU im-
plementation of the physical model involved in each of the pro-
posed problems. This implementation uses an analytical formu-
lation of the Jacobian J that takes care of reducing the mem-
ory/computational footprint of autodifferentiation. For training,
we use Adam [52] with a linear decaying step size (learning
rate) of 1073 to 107> and bias parameters 0.9 and 0.999.
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Figure 6: BlendMNIST problem: prediction error of predicted angle for each digit image.

4.3. Results and discussion

In this section, we describe and discuss our experimental re-
sults. In particular, we will evaluate the performance of Sim-
PANNSs with A €]0, 1[ in (4), that obtained by setting 4 = 1,
i.e. when simulation data are dropped (we coin the correspond-
ing method PANNs again) and unrolling as detailed in Sec-
tion 3.3.4. Additionally, we compare these two methods with
a Vanilla-NN learning approach which is trained by minimiz-
ing the angle loss in a supervised way, i.e. with the actual true
angles.

In our experiments, the parameter A is not trivial to fix and
find. In our case, we chose the best A based on a cross-
validation set.

4.3.1. Experiments on BlendMNIST

We remind from Section 4.4.1.1 that the objective of the
BlendMNIST problem is to determine the rotation angles of
10 digit images solely from their linear mixture. Here, it is
assumed that the direct model is perfectly known, i.e. f = f
where the latter is given in (7).

Method | Image error x10™* | Angles error (rad) |
Vanilla NN | 33 (2.1) 0.0310 (0.026)
PANNs 7.2 (4.3) 0.4130 (0.2635)
SimPANNs

1=001 2.6 (2.3) 0.0250 (0.0219)
Unrolled

SimPANNs | 3.5 (1.4) 0.0375 (0.0219)
(K=5)

Table 1: BlendMNIST problem: image and angles reconstruction errors (aver-
age (standard deviation)) over a test set for all proposed methods. The hyper-
parameter A for SimPANNSs is optimized using cross validation.

Methods comparison. The average reconstruction errors and
their standard deviation (in parentheses) are reported in Table 1.
The first notable observation is that though the PANNs method
achieves a low image reconstruction error however the angle er-
ror remains relatively high. This is expected as PANNs is only

trained with the observation-domain loss, and thus the predicted
parameters may fall into an equivalence class. To confirm this,
Figure 6 illustrates the error associated with the parameters for
each number in the image. It is clear that the images depicting
the digits 0, 1, and 8 have a symmetry characterized by a rota-
tion of 7. The digit 5 also suffers a similar phenomenon, though
to a less extent as its symmetry is less marked. For the other dig-
its, the reconstruction accuracy achieved by the PANNs method
is comparable to the two supervised methods.

Strictly speaking, these symmetries entail that the PANNs
can only predict the angles up to an equivalence class. This is
unavoidable unless additional a priori information is included
to bias the prediction towards the desired solution. For in-
stance, explicit guidance can be provided by employing the
SimPANNs method thanks to the angles loss. It is clear from
Table 1 achieves the lowest reconstruction error not only on
the angles but also in the image domain. Figure 7 showcases
several examples of reconstructions in the observation domain
achieved through the SimPANNs method for different mixtures.
SimPANNS then appears as taking the best of both worlds pro-
viding the most effective NN-based technique for this problem.

We have also observed in our experiments that SImPANN’s
notably reduces training time compared to the PANNs method.
We conjecture that this is due to the regularizing effect induced
by the loss £; when training SIimPANNSs entailing faster con-
vergence. As shown in Table 2, NN-based methods are very
fast at the inference step. For comparison purposes, we have
also implemented a brute force grid search method as well as
an evolutionary algorithm to solve min{ak}f:1 y— flay,...,a).
Though the reconstruction errors were low, these methods have
an excessive computational burden, making them impractical
for use in this context. We will not explore them further in the
rest of this paper

We experimentally observed that the unrolled version of the
SimPANNs method does not give better performance than the
standard SimPANNSs. In addition, the unrolled version is more
difficult to train, since the gradient magnitude depends on the
number of unrolling steps (here K = 5): we observed that the
gradients can sometimes explode or vanish, even in the pres-
ence of normalizing layers. Therefore, we have not retained



’ Method \ Device \ Inference time ‘

GPU 4.42x107%s

NN-based CPU | 5.28x107s
Evolutionary algorithm | CPU 50.3s
Grid search CPU > 1h

Table 2: BlendMNIST problem: Inference time for various methods. For this
experiment, the CPU used is an Intel(R) Xeon(R) Gold 6226R and the GPU is
an Nvidia A30.
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Table 3: BlendMNIST problem: reconstruction error on angles (in radian) of
the SimPANNSs method as a function of the number of observations-only data
(n,), the number of simulated data () and the forward model error level.

this method for the following experiments.

Simulation-augmented training. Table 3 (resp. 4) shows the
reconstruction error on angles (resp. observation space) of the
SimPANNs method for various sizes of simulated data (n,) and
observation-only data (n,), and different modeling error levels
O model- Ns = 0 corresponds to the PANNs method. The color
code indicates increasing error from light lemon to red.

In this paragraph, we restrict our discussion on the case
Omoder = 0, and robustness to errors in the forward model
will be discussed in a dedicated paragraph hereafter. Several
observations are in order. Increasing n, clearly improves per-
formance regardless of the number of observation-only data »,
(even when n, = 0). For fixed ny, increasing n, also decreases
the reconstruction error, though less notably. Increasing both
ng and n, leads to the best performance, but as expected, the in-
fluence of n; is more prominent. Learning with the simulation-
aware loss ¢, as in SImPANNSs reduces the angles reconstruction
error by 13 and the observation error by 2.

0.05

0.00

0.04
0.02
0.00

0.03

0.06

0.04

0.02

0.00

Figure 7: BlendMNIST problem: examples of reconstructions in the observa-
tion domain achieved through the SimPANNs method for different mixtures.

Robustness to noise. One significant concern in inverse prob-
lems is their resilience to noise on the observations. This is all
the more important as neural network methods are used here.
More specifically, we aim to assess the extent to which the pro-
posed PANNs and SimPANNSs approaches can effectively han-
dle noise in observations for various types and levels of noise.

For the results depicted in Figure 8, three noise types are in-
vestigated, namely Gaussian noise, salt-and-pepper noise and
Poisson noise, which are commonly encountered in imaging
problems. SimPANN:Ss is trained with n, = 1ES observations-
only data and n; = 1ES simulated data. Though these noises
have different properties, we use the popular Peak Signal-to-
Noise Ratio (PSNR) to quantify the corresponding noise level.
Figure 8 reveals that the SImPANNs method is more robust to
noise, whatever the noise type, and its robustness properties are
better at high noise levels compared to PANNs and Vanilla NN.
Even with a PSNR of 15dB, the angle error remains at an ac-
ceptable level. The PANNs method yields lowest results among
the three methods underscoring again the role of simulation-
generated data. It is observed also that Poisson noise leads
to the highest reconstruction error when compared to salt-and-
pepper (S&P) or Gaussian noise. This discrepancy can be at-
tributed to the fact that the Poisson noise is signal-dependent,
and the highest noise concentrates on areas where the signal is
strongest, which, in the case of BlendMNIST problem, is where



o
Tmodel = 0 0 100 | 1000 | 12500 | 25000 | 50000
0 - 070 | 048 | 046 [ 039
100 076 | 075 | 0.50
_ [ 1000 077 | 0.68
= [12500 | 043 | 042 | 043 | 038 | 037 | 034
25000 | 031 | 031 | 030 | 027 | 020 | 021
50000 | 0.4 | 0.4 | 014 | 014 | 0.3 0.11
o
Tmodel = 1 0 [ 100 [ 1000 [ 12500 | 25000 | 50000
0 138 | 097 | 092 | 087
100 102 | 091 | 084
_ [ 1000 114 | 097 | 085
= [12500 082 | 087 | 0.63
25000 079 | 073 | 073
50000 137 | 077 0.62 | 058
— nu
Tmodel = 2 0 [ 100 | 1000 [ 12500 [ 25000 | 50000
0 - 150 [ 145 | 145
100 158 | 1.50 | 145
_ [ 1000 1.56 | 149 | 141
= [12500 1.88 | 151 | 149 | 1.38
25000 || 190 | 177 | 149 | 149 | 143 | 138
50000 [| 188 | 156 | 141 | 141 | 141 1.40

Table 4: BlendMNIST problem: reconstruction error on the observations of the
SimPANNSs method as a function of the number of observations-only data (n,),
the number of simulated data (ny) and the forward model error level.

Method Image error é;lg)les error Weights error

Vanilla 0.001

NN (0.001) 0.037 (0.032) | 0.0031 (0.0097)

simPANNs | 001 0.032 0.027) | 0.0001 (0.0011)
(0.001)

PANNS 0.001 0.087 (0.134) | 0.020 (0.045)
(0.001)

Table 5: S-BlendMNIST problem: errors (average (standard deviation)) on the
observations, angles and weights over a test set for all NN-based methods. Sim-
PANNS is trained with A4,,eq = 0.1 and Ayecons: = 0.9.

the critical information is located. Figure 9 shows several ex-
amples of reconstruction obtained using the SImPANNSs method
under different types of noise.

4.3.2. Experiments on S-BlendMNIST

Recall that in this problem, the task at hand is to infer not
only the rotation angles but also weights of the images in the
observed mixture image, where the weights are binary.

The results are summarized in Table 5. Again, the Sim-
PANNSs method leads to the best results. A few examples of
reconstructed images in this case are also shown in Figure 10
for visual illustration.

4.3.3. Experiments on AM-BlendMNIST

We now turn to the AM-BlendMNIST in which the forward
model is assumed to be only known approximately: a transla-
tion of the rotation centre is applied to create the observations,
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Figure 8: BlendMNIST problem: reconstruction error on angles vs the noise
level for various noise types. The error is computed for the Vanilla NN, PANNs
and SimPANNs methods.
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Figure 9: Noisy BlendMNIST problem: examples of reconstructions in the ob-
servation domain achieved through the SimPANNs method for different mix-
tures and various types of noise (PSNR=15dB).

but this translation is not included in the approximate forward
model f that is used for the training. This allows to assess ro-
bustness of the methods when there is a mismatch between the
true forward physical model and the one used for training.

From Tables 3 and 4, one can see that the performance of
SimPANNSs degrades as the noise level increases. Reconstruc-
tion in the observation space is more stable while that on angles
degrades more rapidly. Increasing ng and n, for opege = 1
still improves recovery performance. We suspect that training
n, = 0 overfitting and does not give an acceptable error on the
angles. On the other hand, training with n; = 0 from the lack of
regularization.

For 00401 = 2, the error on the angles stagnates presumably
because the modeling error become overwhelming while the
inverse problem is severely ill-posed. Nevertheless, the error in
the observation domain is still acceptable and still decreases by
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Figure 10: S-BlendMNIST problem: examples of reconstructed mixtures with
the SimPANNs method.

increasing n; and/or n,,.

4.3.4. Experiments on the orbit determination problem

The objective of this work is to estimate orbital parameters
from an image representing the projection of an orbit in the
terrestrial reference frame, captured by a ground-based camera.

As summarized in Table 6, the proposed SimPANNs method
effectively integrates information from both observational and
simulated data. It consistently outperforms the PANNs method
in reconstructing orbital parameters, with PANNs correspond-
ing to the row where n; = 0. Performance improves as the
quantity of observational and simulated data increases, achiev-
ing an average reduction of orbital parameter errors by a factor
of 2 compared to PANNs. Furthermore, SImPANNS provides
a tenfold reduction in reconstruction error for the orbit’s pro-
jected image. Figure 12 presents selected orbit projection im-
ages along with their reconstructions generated by SImPANN.

Incorporating orbital physics into the forward operator is cru-
cial for improving image reconstruction in this context. Be-
cause orbital dynamics significantly increases the system’s sen-
sitivity, even minor variations in parameters can lead to large
deviations in the satellite’s trajectory, resulting in substantial
differences in the projected image (i.e the orbit positions). Con-
sequently, images with nearly identical parameters may display
pronounced differences. In this scenario, the loss term ¢, plays
a key role in capturing high-gradient variations that £; alone

11

7,
ArgPer(x107) 0 1000 | 10000 | 20000 | 40000
0 - 1.2970 | 09947  0.9081
1000 11546 | 09731  1.1742
< [ 10000 1.1470 0.8591 | 07854  1.0644
20000 08401 | 07721 | 06924 | 06571  0.6431
40000 04541 | 04412 | 04201 | 04121 04212

.. n(l
Becentrielty <10°) | 1000 | 10000 | 20000 | 40000
0 B 11232 08638
1000 1.3545 07542 | 1.1036  0.8452
& 10000 0.7054 1.1023 0.7214
20000 10845 | 12781 06306  0.6251
30000 03895 | 03856 03776 | 03435 02861

.. n,
Inclination 0 1000 10000 | 20000 | 40000
0 - 0.0021 | 0.0009 | 0.0004
1000 0.0017 | 0.0012 | 0.0003
< [10000 || 0.0022 | 0.0028 | 0.024 | 0.0008 | 0.0007
20000 | 0.0014 | 0.0007 | 0.0007 | 0.0007 | 0.0005
40000 || 0.0002 | 0.0002 | 0.0002 | 0.0001 | 0.0001

. n()
Image domain 0 1000 | 10000 | 20000 | 40000
0 - 0.8742 | 0.3023
1000 07064 | 0.1314 | 0.0989 | 0.0852
& [10000 || 02467 | 0.1510 | 0.1394 | 0.0920 | 0.0955
20000 || 0.0966 | 0.0831 | 0.0968 | 00750 | 0.0701
40000 || 0.0304 | 0.0305 | 00298 | 0.0271 0.0251

Table 6: Errors of SimPANNS for various parameters, using a test set compris-
ing solely observations.

cannot account for, allowing the network to better handle the
challenges introduced by these dynamics.

As shown in Figure 11, the model remains robust across most
values of 4. However, when A is too large, the physics-based
correction overcompensates and can lead to poor solutions (due
to equivalence classes and local minima). In our experiments,
the best results are achieved with 4 = 0.6, corresponding to a
mean positional error of 36 km. Accordingly, this approach can
be viewed as an initial orbit determination (IOD) technique that
can subsequently be refined with methods such as least squares
minimization (LSM). Furthermore, because this method only
requires running a forward pass through the neural network, the
inference time for obtaining an estimation is on the order of a
few milliseconds (see Table 2), which makes it computationally
efficient.

5. Conclusion

In an extensive series of experiments, this work has analyzed
and shed light on the capability and robustness of three neural
network-based methods for solving nonlinear inverse problems.
Our work focuses on highly nonlinear inverse problems where
the parameter space has a much smaller dimension than the
observation space. In particular, this paper describes the Sim-
PANNSs approach that has shown very promising results. Sim-
PANNSs leverages the physics forward model to (approximately)
simulate data that are using for training data while also taking
into account that forward model with a hybrid loss. As such,



SimPANNS takes the best of both worlds: observation-only and
simulated data. The study demonstrates that simulation-aided
training provides more information compared to conventional
PANNS or supervised vanilla NN training. The forward model
needs only to be known to a reasonable approximation without

hampering the SImPANNs method performance. SimPANNs

200 | shows potential for addressing challenging inverse problems
with limited data, underscoring the advantages brought physics-
7% based knowledge when training neural networks.
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