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Abstract

An original phase-field model coupling cavity growth, dislocation climb and vacancy diffusion is proposed. The
model naturally accounts for elastic interactions between objects while its kinetic equations guarantee that matter is
conserved when bulk vacancies are exchanged at the cavity surface or the dislocation core. An original spectral method
that drastically reduces simulation time is also proposed in order to efficiently obtain the stationary vacancy concentra-
tion profiles during the objects evolution. It is shown how this model can be calibrated in a physically-informed way to
reproduce diffusion-mediated cavity growth and dislocation climb under the so called ”local equilibrium assumption”.
As an application of the model, the microstructural evolution of an annealed irradiated aluminum sample, implying in-
teractions between several cavities and dislocations, is simulated. Non trivial effects regarding the dislocation-induced
elastic interactions on the closure kinetics of cavities are notably highlighted.
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1. Introduction

In general, describing and predicting quantitatively
the macroscopic behavior of metals and alloys requires
reproducing the evolution of a microstructure composed
of diverse objects (phases, precipitates, cavities, grain5

boundaries, dislocations, point defects, etc.) which
evolve under the effect of multi-physics driving forces
(chemical, mechanical, thermal, electrical, etc.). Both
theoretically and numerically, phase-field methods have
proven to be particularly relevant for this task, offering10

the possibility of describing multi-physics interactions
within a common variational framework, at the char-
acteristic space and time scale of the object dynamics
[1, 2].

Using phase-field methods to reproduce diffusion-15

mediated cavity growth has been performed for about
fifteen years, especially in the irradiated materials com-
munity where such objects are commonly observed [3].
Two classes of models are usually proposed. In mod-
els of class B (according to the nomenclature intro-20

duced in [4]), the conserved concentration field related
to point defects is the unique field variable which is
used to describe both species diffusion and cavities

∗Corresponding author
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[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. In models of class
C, a non-conserved auxiliary field is introduced to rep-25

resent cavities in addition to the conserved concentra-
tion fields [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28, 29, 30, 31, 32, 33, 34]. Models of class C appear
relevant for three reasons: (i) they allow for uncoupling
the concentration profiles from the cavity surface energy30

and thus have a better control on this value; (ii) it makes
the mechanical coupling of the cavity (and potentially
others) distinct from that of the diffusive species; (iii)
additional kinetic parameters are introduced which al-
lows for controlling the reaction rate of point defects35

at the cavity surface, extending the modeling of their
growth to processes that are not exclusively controlled
by bulk diffusion.

In all of these phase-field simulations, the diffusion
of vacancies is considered as the primary mechanism40

responsible of the cavity growth. In richest models
however, the following phenomena are explicitly taken
into account: diffusion of interstitials [6, 7, 19, 20, 18,
22, 23, 24, 26, 27, 28, 12, 29, 30, 14, 31, 15, 32, 33],
presence of static grain boundaries [17, 18, 19, 20, 24,45

25, 28, 33], diffusion of gas atoms linked to a pressure
inside some cavities or bubbles [20, 18, 21, 24, 32],
anisotropic surface energies [25, 26], surface stresses
[13]... Except in a few studies [5, 21, 24, 28, 13, 15, 34],
elastic effects are neglected as they are considered to50
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be second-order effects for diffusion-mediated cavity
growth, especially when other extended defects generat-
ing internal stresses such as grain boundaries or disloca-
tions are not explicitly taken into account. Furthermore,
the dynamics of climbing dislocations and their elas-55

tic interactions with cavities are not taken into account
while, in irradiated materials notably, such extended de-
fects are likely to be formed concomitantly to cavities
[35].

Phase-field formulations enabling to simulate60

diffusion-mediated dislocation climb have already been
proposed in the literature [36, 37, 38, 39, 40, 41, 42, 43].
However, to our knowledge, they have never been
coupled to cavity growth. Simulations developed
specifically for this task are generally based on Cluster65

Dynamics [44, 45, 46, 47] or Object Kinetic Monte
Carlo (OKMC) simulations [48, 49, 50] where strong
hypotheses are necessarily considered. In both meth-
ods, systems are assumed dilute. In cluster dynamics
simulations, systems are in addition assumed to be70

locally homogeneous, while elastic interactions are
included through mean-field bias factors that make this
method unable to describe the elasticity-induced evolu-
tion of dense heterogeneous microstructures. Although
elastic interactions can be more precisely taken into75

account in OKMC [51], they are usually not considered.
In [52], an approach based on the coupling between
OKMC simulations and Discrete Dislocations Dynam-
ics [53, 54, 55, 56] is proposed, allowing the authors to
simulate the climb of a dislocation interacting with a80

precipitate. Such approaches require however to couple
two-scales distinct methods (which can be numerically
tricky and potentially time-demanding) while certain
local rules introduced to account for the object kinetics
are not constrained by the physical self-consistency of85

a variational formalism. Non-local models have also
been proposed to simulate diffusion-mediated cavity
growth and dislocation climb [57, 58]. Here again,
they are based on necessary assumptions regarding
the shape of objects, their spatial density and elastic90

interactions that are likely to be undermined by more
precise descriptions such as the phase-field.

In light of this, we propose an original phase-field de-
scription that couples vacancy diffusion-mediated cav-
ity growth and dislocation climb in a framework that95

naturally accounts for elastic interactions. The proposed
model is notably based on a variational formulation in-
spired by some of our previous works [38, 40] which
guarantees that matter is conserved when vacancies dif-
fusing in the matrix are exchanged at the cavity surface100

or the dislocation core. Only vacancy diffusion is con-
sidered, but adding interstitial diffusion constitutes a rel-

atively trivial extension which could be proposed in fu-
ture works.

The phase-field model is exposed in the first part105

of the paper with some details of its numerical imple-
mentation. In particular, an original spectral method
is presented enabling to efficiently obtain the station-
ary vacancy concentration profiles during the objects
evolution. In a second part, simulations of the cav-110

ity closure and dislocation climb in simple geome-
tries are performed and compared to known analyti-
cal solutions. These simulations demonstrate ability of
the model to quantitatively describe diffusion-controlled
processes. In a last part, we investigate the microstruc-115

tural evolution of an annealed irradiated aluminum sam-
ple resulting from the interactions between several cav-
ities and dislocations. Non trivial effects regarding the
dislocation-induced elastic interactions on the closure
kinetics of cavities are notably highlighted.120

2. Phase-field model

In this section, the phase-field model coupling dis-
location climb, cavity growth and vacancy diffusion is
presented. This model naturally accounts for the elas-
tic interactions between objects and guarantees through125

variational constraints that matter is conserved when va-
cancies are exchanged between objects and the matrix.

2.1. System and relevant fields

Cavities and dislocation loops are characterized by
auxiliary fields (phase-fields) that account for their pres-130

ence at a point r = (x, y, z) of the system (see Fig. 1) [2].
Cavities are represented by the field η such that η(r, t)
evolves rapidly but smoothly from 0 within the matrix
to 1 inside a cavity.

In general, dislocations can climb in different crys-135

tallographic planes and dislocation phase-fields φp can
be defined in each type of climbing planes p. In this
study however, only dislocations climbing in one plane
will be considered, keeping in mind that the general-
ization of the formalism to several distinct planes is140

relatively straightforward. They are thus characterized
by a unique two-dimensional field φ and a climb plane
(O; y, z) localized at x0 such that:

Φ(r, t) = φ(y, z, t)δ(x − x0), (1)

where φ(y, z, t) varies between 0 in the matrix to n in-
side a loop, with n ∈ Z. Here, n is a positive or negative145

integer accounting for the number of crystallographic
planes respectively added or removed in each continu-
ous plane. The delta Dirac function δ mathematically
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Figure 1: 2D scheme of a system containing a cavity and a dislocation
dipole represented by their corresponding phase-field η and φ. The
atomic vacancy concentration field c is defined everywhere in the sys-
tem.

accounts for the dislocation confinement in its x = x0

climbing plane.150

Vacancies within the matrix are characterized by the
concentration field c representing their lattice site frac-
tion. This field is a real defined everywhere in the ma-
trix, except in cavities where c(r, t) drops to zero. All of
these objects are likely to generate local deformations155

and interact through elastic contributions. For this, the
strain tensor field εi j(r, t) is also considered.

Cavities and dislocations grow or shrink only through
an exchange of vacancies. In order to guarantee that the
total amount of matter is conserved when vacancies are160

exchanged, a conservation law has to link η, φ and c

that all account for non-occupied lattice site fraction.
For this, extending the formulation introduced in [38,
40], a conserved fieldΨ is introduced with the following
definition:165

Ψ(r, t) = η(r, t) + bφ(y, z, t)δ(x − x0) + c(r, t), (2)

where b is the Burgers vector amplitude of dislocations.
As it will be shown later, fields η and φ will be con-
trolled by Allen-Cahn equations, while the evolution of
c, which will be deduced from a Cahn-Hilliard equation
imposed on the conserved field Ψ, will consist in a dif-170

fusion term completed by sources/sinks terms inherited
from the conserved character of Ψ [38, 40].

2.2. Free energy functional

From now, the dependency of fields with r and t is
omitted for clarity. At mesoscale, the total free energy175

of a system of finite volume V is given by :

F
(

{η}, {φ}, {c}, {εi j}
)

=

∫

V

(

fcav(η) + fdis(φ)

+ fchem(c, η) + fel(εi j, η, φ, c)
)

dV,

(3)

where fcav, fdis and fchem are free energy densities re-
lated to the presence of cavities, dislocations and vacan-
cies, respectively. fel accounts for the elastic contribu-
tions.180

The free energy density fcav writes as the sum of
a homogeneous contribution discriminating two states
(η = 1 inside cavities and η = 0 outside) and a gradi-
ent term that makes the cavity surfaces described by a
thin region where η passes diffusely from 0 to 1. In this185

work, the classical double-well homogeneous potential
is used:

fcav(η) =
3γ
4

(

16η2 (1 − η)2

ξ
+ ξ |∇η|2

)

, (4)

where γ is the isotropic surface energy [J.m−2] and
ξ the characteristic diffuse surface width [m] of cavi-
ties. In what follows, the homogeneous term of this190

contribution will be specifically labeled f homo
cav (η) =

12γη2 (1 − η)2 /ξ.
For dislocation loops, a similar formulation is

adopted with two specificities: the homogeneous poten-
tial is infinitely degenerated (equals to zero when φ = n,195

n ∈ Z) and the gradient term must be projected in the
climbing plane (here of normal n = ex). According to
[59, 60, 61] where this approach was developed for glid-
ing dislocations, the following potential can be consid-
ered:200

fdis(φ) =
πΓ

4

(

sin2 (πφ)
w

+ w |n× ∇φ|2
)

δ(x − x0), (5)

where Γ is the dislocation core energy [J.m−1] and w

the characteristic core size [m]. The homogeneous
term of this contribution is also labeled f homo

dis
(φ) =

πΓ sin2 (πφ) /(4w) δ(x − x0).
The chemical free energy of vacancies takes two dif-205

ferent forms depending on whether we are in the matrix
or inside cavities. In the matrix, a dilute solution of va-
cancies where c ≪ 1 can be assumed such that:

f mat
chem(c) =

E f

Ω
c +

kBT

Ω

(

c ln c + (1 − c) ln (1 − c)
)

, (6)

where E f is the formation energy of a vacancy [J],Ω the
atomic volume [m3], kB = 1.38 × 10−23J.K−1 the Boltz-210

mann constant and T the temperature [K]. If the va-
cancy concentration stays close to its equilibrium value,
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one can perform an expansion at the lowest order of Eq.
(6) and ultimately consider a free energy variation that
reduces to:215

f mat
chem(c) = f0 +

kBT

2Ωc0
(c − c0)2 , (7)

where c0 is given by

c0 = exp
(

−
E f

kBT

)

(8)

while f0 = f mat
chem

(c0).
Inside cavities, a similar form of chemical energy is

postulated:

f cav
chem(c) = f0 +K

kBT

2Ωc0
c2, (9)

which guarantees that matrix and cavities are at equi-220

librium when their concentration are given by c = c0

and c = 0, respectively. In this expression, K is a pos-
itive non-dimensional parameter introduced to control
the curvature of the chemical free energy density inside
cavities, relatively to that of the matrix. The precise role225

of this parameter and the choice of relevant values will
be discussed in the next section.

The chemical free energy of vacancies thus has to de-
pend on the field η which indicates locally whether we
are in the matrix (η = 0) or inside cavities (η = 1). In230

this work, the following expression is chosen:

fchem(c, η) =
kBT

2Ωc0

[

(

K − 1
)

h(η) + 1
][

c − c0
(

1 − h(η)
)

]2
,

(10)
where h(η) = 3η2 − 2η3 is a monotonic interpolation
function such that h(0) = h′(0) = h′(1) = 0 and h(1) = 1
[62]. Note also that, as it plays no role in the equi-
librium nor in the driving forces that enter into kinet-235

ics, the constant term f0 appearing in Eqs. (7) and
(9) has been set to zero. Then, it is straightforward
to verify that in the matrix fchem(c, 0) = f mat

chem
(c), and

in a cavity fchem(c, 1) = f cav
chem

(c). In Fig. 2, the sum
f homo
cav (η) + fchem(c/c0, η) is plotted as a function of both240

c/c0 and η for K = 5. As expected, this homoge-
neous energy density landscape presents two minima at
(c/c0 = 0, η = 1) and (c/c0 = 1, η = 0).

The elastic free energy density is given by the gener-
alized Hooke’s law:245

fel(εi j, η, φ, c) =
1
2
σi j(η, φ, c)

(

εi j − ε
0
i j(φ, c)

)

− σA
i j〈εi j〉,

(11)
where σi j is the stress tensor:

σi j(η, φ, c) = λi jkl

(

1 − h(η)
)(

εkl − ε
0
kl(φ, c)

)

, (12)

-1 0 1 2 3

-0.5

0.0

0.5

1.0

1.5

c/c0

η

fcav
homo(η)+ fchem(c/c0,η)

0.25

0.50

0.75

1.00

1.25

1.50

1.75

Figure 2: Homogeneous energy density landscape controlling η and
c/c0 . Along the trajectory η + c/c0 = 1 there is an energy barrier
which is here normalized to one.

with λi jkl the stiffness tensor of the matrix, σA
i j

the ap-
plied stresses, 〈εi j〉 the average strains and εi j the lin-
earized strain field related to the gradient of displace-
ments ui by:250

εi j =
1
2

(

∂ui

∂x j

+
∂u j

∂xi

)

. (13)

Note that we use here implicit summations over re-
peated indices.

In Eqs. (11) and (12), ε0
i j

is the eigenstrain tensor that
account for the local deformations introduced by both
dislocations and vacancies:255

ε0
i j(φ, c) = εp

i j
δ(x − x0)h(φ) + εv

i jc. (14)

In this expression, the first term is related to dislocations
ε

p

i j
= −bδi1δ j1 where b is the Burgers vector norm and

δi j the Kronecker symbol 1. h(φ) = φ − sin(2πφ)/(2π)
is another interpolation function related to φ such that
h(n) = n and h′(n) = h′′(n) = 0 with n ∈ Z [63]. In Eq.260

(14), the second term is related to an isostatic eigen-
strain induced by a vacancy εv

i j
= V∗δi j/ (3Ω) where V∗

is the relaxation volume and Ω the atomic volume. In
Eq. (14), it is assumed that this contribution is linearly
dependent of the concentration field following the usual265

Vegard’s law [64].

2.3. Kinetics

Non-conserved phase-fields η and φ are supposed to
follow the usual Allen-Cahn equations while, in order
to conserve matter, the conserved field Ψ introduced in270

1The dislocation eigenstrain accounts for a contraction of ampli-
tude b, perpendicular to the x = x0 planes: δi j = δi1.
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Eq. (2) is supposed to follow a Cahn-Hilliard equation
[65, 66]:

η̇ = −Lη
δF ∗

δη
, (15)

φ̇ = −Lφ
δF ∗

δφ
, (16)

Ψ̇ = ∇ ·

(

M∇
δF ∗

δΨ

)

. (17)

In these equations, F ∗
(

{η}, {φ}, {Ψ}, {εi j}
)

is the total
free energy expressed in terms of fields η, φ, Ψ and εi j.
Lη and Lφ are kinetic coefficients of the non-conserved275

phase-fields and M is the mobility of Ψ (which is likely
to depend on the local value of the fields). The physical
meaning of M is discussed further below.

In order to express the kinetic equation directly
in terms of η, φ, c and εi j, we simply have280

to note that F ∗
(

{η}, {φ}, {Ψ}, {εi j}
)

is nothing but

F
(

{η}, {φ}, {c}, {εi j}
)

as given in Eq. (3) through the
change of variable provided by Eq. (2). Similarly to
what is done for dislocation climb in [38, 40], the fol-
lowing set of kinetic equations can then be established:285

η̇ = −Lη

(

δF

δη
−
δF

δc

)

, (18)

φ̇ = −Lφ

(

δF

δφ
− b
δF

δc
δ(x − x0)

)

, (19)

ċ = ∇ ·

(

M∇
δF

δc

)

− bφ̇δ(x − x0) − η̇, (20)

which shows that M is nothing but the vacancy mobil-
ity, which can be assumed to depend on the concentra-
tion field c. Terms bφ̇δ(x − x0) and η̇ then turn out to
be source or sink terms for the vacancy field c in Eq.
(20). Mobilities Lη and Lφ are related to the reaction290

rate between fields η and c at cavity surfaces, or φ and c

in dislocation cores [38, 40].
Diffusion-controlled kinetics being slow, the average

strain 〈εi j〉 and the strain field εi j (or displacements
fields ui) are obtained by imposing the mechanical equi-295

librium:

〈σ〉 = σA, (21)

∇ · σ = 0, (22)

where σA is the applied stress of componentsσA
i j

, σ the
stress tensor whose components are given in Eq. (12)
and 〈σ〉 its spatial average. These mechanical equations
are efficiently solved in Fourier space thanks to the Fast300

Fourier Transforms (FFT) numerical libraries and the it-
erative strategy detailed in [67, 68]. In the present work,

the solver introduced in [69] is used as it is shown to
tackle very efficiently and without any artifacts the in-
finite stiffness contrast between the matrix and cavities.305

For the sake of brevity, details of these spectral methods
are not included in this work.

In a dilute system, when the vacancy concentration c

stays close to its equilibrium value c0 ≪ 1 as assumed
in this study, one can consider that M is constant and310

given by:

M =
ΩDv

kBT
c0, (23)

where Dv is the vacancy diffusivity involved in the usual
Fick equation [70, 40]. The diffusivity depends on tem-
perature according to:

Dv = D0 exp
(

−
Em

kBT

)

, (24)

where Em is the vacancy migration energy and D0 the315

T -independent pre-exponential factor [71].
Furthermore, as will be justified later, it is considered

in this work that the evolution of the vacancy concentra-
tion field c is quasi-static with the evolution of cavities
and dislocations. As a consequence, one gets ċ = 0320

leading to this final set of evolution equations (at me-
chanical equilibrium):

η̇ = −Lη

(

δF

δη
−
δF

δc

)

, (25)

φ̇ = −Lφ

(

δF

δφ
− b
δF

δc
δ(x − x0)

)

, (26)

0 = M∇2

(

δF

δc

)

− bφ̇δ(x − x0) − η̇. (27)

2.4. Numerical implementation

When simulations are performed, periodic cubic sys-

tems of size (Lx, Ly, Lz) ∈
(

R
+
0

)3
are considered and dis-325

cretized in space with the help of a regular cubic grid of
spacing d [m] such that (Nx,Ny,Nz) = (Lx, Ly, Lz)/d ∈
N

3
0. The value of d is chosen such that cavities and

dislocations are individually resolved. It thus depends
on the relevant space scale of a given problem. Hence,330

the coordinates r = (x, y, z) are replaced by their dis-
crete version (l,m, n) d with l = 0, 1, ...,Nx − 1; m =

0, 1, ...,Ny − 1 and n = 0, 1, ...,Nz − 1.
The dimensionless forms of Eqs. (25 – 27) are ob-

tained by considering an energy density f0 and a time335

unit τ that turn out to be natural for the model. Since it is
intended to describe mechanisms that are controlled by
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vacancy diffusion, the following units are considered:

f0 =
kBT

Ω
, (28)

τ =
t0

c0
with t0 =

d2

Dv

. (29)

With these definitions, discretized dimensionless pa-
rameters given in Tab. 1 can be defined.

Energy densities and time

f̃label = flabel/ f0 λ̃i jkl = λi jkl/ f0 t̃ = t/τ

Lengths and strains

r̃ = r/d = (l,m, n) ũi = ui/d ε̃i j = εi j

Operators

Π(l − l0) = d δ(x − x0) ∇̃ = d ∇ ∇̃
2 = d2

∇
2

Cavities

γ̃ = γ/( f0d) ξ̃ = ξ/d

Dislocations

Γ̃ = Γ/(λ44b2) w̃ = w/d b̃ = b/d

Vacancies

c̃ = c/c0

Mobilities

L̃η = Lηd
2/M L̃φ = Lφd

3/M

Table 1: Discretized dimensionless parameters of the model. Π is the
discrete rectangular function of width d defined by Π(l − l0) = 1 if
l = l0 and Π(l − l0) = 0 if l , l0. λ44 is the shear elastic constant λi ji j

of an elastically cubic system in Voigt notation.

340

The discretized dimensionless forms of Eqs. (25 –
27) can thus be written as:

∂η

∂t̃
= −L̃η

(

∂ f̃ homo
tot

∂η
−

3
2
γ̃ξ̃∇̃2η −

∂ f̃ homo
tot

∂c

)

, (30)

∂φ

∂t̃
= −L̃φ















∂ f̃ homo
tot

∂φ
−
π

2
Γ̃w̃λ̃44b̃2∇̃2

mnφ − b̃
∂ f̃ homo

tot

∂c

∣

∣

∣

∣

∣

∣

l=l0















,

(31)

0 = ∇̃2

(

∂ f̃ homo
tot

∂c

)

− b̃
∂φ

∂t̃
Π(l − l0) −

∂η

∂t̃
, (32)

where f̃ homo
tot = f̃ homo

cav + f̃ homo
dis

+ f̃chem + f̃el represents
the homogeneous contribution of the total free energy
density. These equations are subsequently expressed in345

the discretized dimensionless Fourier space defined by

the following transformations:

{

f(r̃)
}

k̃
= f( k̃) =

1
NxNyNz

Nx−1
∑

l=0

Ny−1
∑

m=0

Nz−1
∑

n=0

f(r̃)e−ik̃· r̃, (33)

{

f( k̃)
}

r̃
= f(r̃) =

Nx−1
∑

l=0

Ny−1
∑

m=0

Nz−1
∑

n=0

f( k̃)eik̃· r̃, (34)

where k̃ = 2π( l
Nx
, m

Ny
, n

Nz
) with l = 0, 1, ...,Nx − 1;

m = 0, 1, ...,Ny − 1 and n = 0, 1, ...,Nz − 1. This
Fourier implementation, which in this work relies upon350

the FFTW library [72], allows us to integrate in time
Eqs. (30) and (31) by using a simple semi-implicit Eu-
ler scheme:

η( k̃, t̃ + δt̃) =
η( k̃) − δt̃ L̃η

{

∂ f̃ homo
tot

∂η
−
∂ f̃ homo

tot

∂c

}

(k̃,t)

1 + 3 δt̃ L̃η γ̃ ξ̃ k̃2/2
, (35)

φ( k̃, t̃ + δt̃) =
φ( k̃) − δt̃ L̃φ

{

∂ f̃ homo
tot

∂φ
− b̃

∂ f̃ homo
tot

∂c

∣

∣

∣

∣

l=l0

}

(k̃,t)

1 + π δt̃ L̃η Γ̃ w̃ λ̃44 b̃2
(

k̃2
m + k̃2

n

)

/2
.

(36)

In Fourier space, solving Eq. (32) to find c̃( k̃, t̃+δt̃) is
straightforward since an iterative spectral method can be355

set up (identical in spirit to that involved in the mechan-
ical solver). For this, the homogeneous driving forces in
real space are rewritten in the following generic form:

∂ f̃ homo
tot

∂c
= α1c̃ +G1(c̃) +G2, (37)

∂ f̃ homo
tot

∂η
= α3c̃ +G3(c̃) +G4, (38)

where α1 and α3 are constants linking linearly c̃ to their
respective driving forces. The odd indexed functions G1360

and G3 are c̃-dependent contributions that will be actu-
alized during the iterative procedure, and the even in-
dexed functions G2 and G4 are c̃-independent contribu-
tions that will stay fixed during the iterative procedure.
According to the energy densities introduced in subsec-365

tion 2.2, the following choice can be proposed:

α1 = N〈g1〉, (39)

G1(c̃) = (g1 − α1) c̃, (40)

G2 = g1 (h(η) − 1) −
σ̃i jV

∗

3Ω
δi j, (41)
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and:

α3 = N〈g3〉, (42)

G3(c̃) = (g3 − α3) c̃ + c0
K − 1

2
h′(η)c̃2, (43)

G4 =
∂ f̃ homo

cav

∂η
+
∂ f̃el

∂η
+ c0

h(η) − 1
2

(3g1 − K) h′(η),

(44)

where g1 = (K − 1) h(η)+1 and g3 = c0 (2g1 − K) h′(η)
are convenient intermediate functions, and N is an arbi-
trary positive number chosen to guarantee that the iter-370

ative strategy converges. Empirically, a good conver-
gence is obtained for N = K . It is recalled that 〈�〉 des-
ignates the spatial average of the corresponding quan-
tity. At each new time step, the value of c̃( k̃, t̃ + δt̃) is
computed with the iterative algorithm presented in Alg.375

1 in which the following global c̃-independent function
is used:
{

G6

}

k̃
= −k̃

2
{

G2

}

k̃

+ L̃φb̃

[{

∂ f̃ homo
tot

∂φ
− b̃G2

}

k̃

+
π

2
Γ̃w̃λ̃44b̃2

(

k̃2
m + k̃2

n

)

φ( k̃)

]

+ L̃η

[

{

G4 −G2

}

k̃
+

3γ̃ξ̃
2

k̃
2η( k̃)

]

. (45)

In this model, the physical parameters are imposed.
The surface width ξ and core size w are chosen such that
the phase-field profiles are diffusely regularized with re-380

spect to the grid spacing. In practice, one will take
ξ = w = 4d which has been checked to be a relevant
choice [73]. In the next section, it is shown how the
remaining unknown parameters K , L̃η and L̃φ can be
chosen to simulate diffusion-controlled processes in a385

physically justified way. The efficiency of the proposed
time-integration method (in terms of maximal reachable
time step δt̃) is also discussed.

3. Validation of the model in simple cases

In this part, the shrinkage of a single cavity and the390

climb of a dislocation dipole are simulated. Numeri-
cal results regarding their kinetics and field profiles are
compared to analytical solutions derived from asymp-
totic analysis of the model. This study allows us to se-
lect relevant values for K , L̃η and L̃φ to quantitatively395

simulate diffusion-controlled processes.

3.1. Cavity shrinkage: choosingK and L̃η
The 2D system described in Fig. 3 is considered. It

corresponds to a cylindrical cavity of radius R, embed-
ded in a matrix where the vacancy concentration is fixed400

at c∞ < c0 on an external cylinder of radius R∞ > R.

Algorithm 1 Iterative algorithm used to determine
c̃( k̃, t̃ + δt̃). The convergence is reached when maxi-
mum of the concentration driving force at each point of
the system is below ”toler”≪ 1.

Require: η( k̃, t̃ + δt̃), φ( k̃, t̃ + δt̃), c̃( k̃, t̃), c̃(r̃, t̃)
1: preparation: α1, α3,

{

G6

}

(k̃,t̃+δt̃)

2: initialize:
{

G1(3)(c̃n=0)
}

r̃

FT
−−→

{

G1(3)(c̃n=0)
}

k̃

3: loop

4:

{

δF

δc

}n

k̃

= −

[

k̃
2 + L̃φb̃

2 − L̃η

(

α3

α1
− 1

)]

α1c̃n( k̃)

−
[

k̃
2 + L̃φb̃

2 + L̃η
] {

G1(c̃n)
}

k̃
+ L̃η

{

G3(c̃n)
}

k̃

+
{

G6

}

k̃

5:
{

δF
δc

}n

k̃

FT−1

−−−−→
{

δF
δc

}n

r̃

6: if

[

max
V

(∣

∣

∣

δF
δc

∣

∣

∣

n)

≤ ”toler”
]

then

7: exit

8: else

9: c̃n+1( k̃) =
−[k̃

2+L̃φ b̃
2+L̃η]

{

G1(c̃n)
}

k̃

+L̃η

{

G3(c̃n)
}

k̃

+

{

G6

}

k̃
[

k̃2+L̃φ b̃2−L̃η

(

α3
α1
−1

)]

α1

10: c̃n+1( k̃)
FT−1

−−−−→ c̃n+1(r̃)
11: Boundary Conditions on c̃ in real space

12:
{

G1(3)(c̃n+1)
}

r̃

FT
−−→

{

G1(3)(c̃n+1)
}

k̃

13: end if

14: end loop

In the asymptotic analysis performed in Appendix A,
the radial velocity of the cavity v is given by Eq. (A.24)
while profiles of the chemical potential µ write as Eqs.
(A.8) that depend on the surface chemical potential µsur f405

given Eq. (A.25). These solutions of v and µsur f de-
pend on the mobility Lη. Formally, this parameter can
be calibrated to the reaction rate of vacancies at cavity
surface, provided that a suitable model can be identi-
fied to the phase-field formalism. In this work however,410

the so-called local equilibrium condition is considered,
consisting in assuming that vacancies are at equilibrium
along the interfaces and therefore that the surface move-
ment is solely limited by the vacancy flux. Hence, the
cavity/matrix exchange of vacancies is assumed to be415

instantaneous such that Lη → +∞. In this case, solu-
tions of v and µsur f do not depend on Lη anymore. Ac-
cording to Eq. (A.24) in 2D, we can see that this condi-
tion is fulfilled when R ln (R∞/R) ≫ 2M/

(

3ξLη
)

. This
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Figure 3: Cavity shrinking under a flux of vacancies.

allows us to simplify the radial velocity to:420

v =
−Dv (c0 − c∞) − M

γ

R

R ln (R∞/R)
, (46)

and the surface chemical potential to:

µsur f =
γ

R
. (47)

By putting this expression of µsur f in Eqs. (A.8), one
gets the explicit solutions for the chemical potential in-
side and outside the cavity. Now, since it is shown in
Appendix A that η = ηeq with:425

ηeq(r) =
1
2

(

1 + tanh
(

2(R − r)
ξ

))

, (48)

it can be considered, provided the cavity radius R is
large enough, that µ inside the cavity is given by Eq.
(A.3) with η = 1, while outside it is given by Eq. (A.3)
with η = 0. In this case, one obtains the following 2D
concentration profile:430

r ≤ R : c(r) = c−,

r > R : c(r) = c∞ +
(

c∞ − c+
) ln (r/R∞)

ln (R∞/R)
, (49)

where c− and c+ are the concentrations on both sides
of the surface given by c− = d0/ (KR) and c+ =

c0 + d0/R with the capillary length d0 defined by d0 =

Ωc0γ/ (kBT ) = Mγ/Dv. One can thus notice that:

c− =
c+ − c0

K
, (50)

showing that the constant concentration of vacancies in-435

side the cavity is controlled by its supersaturation near
the surface on matrix side, through parameter K . This

supersaturation near the surface characterizes the well-
known Gibbs-Thomson effect. To guarantee that the
model maintains a concentration of vacancies close to440

zero in the cavity despite of this effect, we should thus
have K → +∞. Since numerically infinite K values
cannot be considered, sufficiently high but finite values
must be envisaged. We therefore systematically tested
the influence of different K values (from 10 to 100), as445

well as different values of time step δt, on the closure
rate of an isolated cavity. In these tests (see Appendix
C in [74]) we found that, with an acceptable error of a
few percent on the closure rate compared with that ob-
tained with the most accurate parameters, the choice of450

K = 10 allows to consider δt = 10−3τ, while a smaller
order of magnitude time step has to be considered with
K = 100. In the following, the value K = 10 is there-
fore chosen, as it is a very good fidelity/effectiveness
compromise limiting the accumulation of vacancies in-455

side cavities.
As shown before, to perform simulations in which the

local equilibrium assumption applies, it is necessary to
take sufficiently large values of L̃η = Lηd

2/M guaran-
teeing that R ln (R∞/R)≫ 2M/

(

3ξLη
)

. In the finite size460

simulations that we will carry out, we can consider that
in the worst case we have R∞ ≈ 10R and R ≈ ξ, with
ξ = 4d. This leads to:

R ln
(

R∞

R

)

≫
2M

3ξLη
⇒ L̃η ≫ 0.018. (51)

Numerically, the finite value L̃η = 1 is considered.

In this work, we consider that the vacancies follow a465

quasi-static kinetics with respect to the dislocation field
(see Eq. 27). This is a valid approximation in the case of
a moderate driving force [75, 38]. In addition, the quasi-
static relaxation of the vacancy concentration field with
respect to the cavity field can be deduced as follows.470

First, Eq. (49) shows that the steady-state profile of the
concentration field in the vicinity of the cavity spreads
over a characteristic length Lv which is of the order
of R. Therefore, the characteristic time necessary for
the vacancy diffusion over this distance is tv ≈ R2/Dv.475

Second, the velocity of the surface, estimated from the
shrinkage of an isolated cavity in an equilibrium matrix
is to first order v ≈ −Mγ/R2 (see Eq. (46)). Combining
the above two points and using Eq. (23), it appears that
the movement of the surface during the characteristic480

relaxation time of the diffusion field vtv is of the order
of the capillary length d0. In our simulations, d0 is of
the order of 10−7nm, i.e. orders of magnitude smaller
than the characteristic diffusion length Lv ≈ R, imply-
ing that the vacancy concentration field can be assumed485

quasi-static with respect to the cavity field η.
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3.2. Cavity shrinkage: simulation

The shrinkage of the 2D cavity is now simulated with
the aim of comparing its closure rate v and profiles of
c/c0 and η to the theoretical ones. For this, we consider490

a cavity of initial radius Rt=0 = 32 nm in a pure alu-
minum crystal of surface energy γ = 1 J.m−2 [76, 77].
Geometry and initial/boundary conditions of the simu-
lations are that of Fig. 3 with c∞ = 0.8c0 at R∞ = 64
nm. Elasticity is neglected. The thermokinetic vacancy495

parameters are given in Tab. 2. By considering a tem-
perature of T = 473.15 K, one has c0 = 7.30 × 10−8

and Dv = 3.18× 10−12 m2.s−1 according to Eqs. (8) and
(24), respectively. With these data, the capillary length
is d0 = 1.86 × 10−7 nm.

Formation energy E f 0.67 eV

Migration energy Em 0.61 eV

Pre-exponential factor D0 1×10−5 m2.s−1

Atomic volume Ω 16.6 Å3

Relaxation volume V∗ -0.38 Ω

Table 2: Thermokinetic vacancy parameters in pure Aluminum [78,
79, 80, 38, 81, 82].

500

The simulation parameters are given in Tab. 3. The
phase-field mobility L̃η and the parameterK are chosen
in consistency with the previous subsection (local equi-
librium assumption and no vacancies inside the cavity).
It turns out that the value of K that we have retained505

for our simulations is close to the choice of parameter
which plays a similar role in [16].

Grid spacing d 1 nm

Surface width ξ 4 nm

Phase-field mobility L̃η 1

Relative chemical curvatureK 10

ċ = 0 convergence criterion ”toler” 10−3

Time-step δt̃ 10−3

Table 3: Simulation parameters for the cavity shrinkage in pure alu-
minum.

In Fig. 4, the evolution of R(t) extracted from the
simulation is compared to the theoretical value provided
by the numerical integration of Eq. (46). These curves510

are found to be close to each other. Notably, they ex-
hibit closure rates v (slopes of the curves) with dis-

crepancies less than 5% as long as the radius is big-
ger than the diffuse width of the surface W. This typ-
ical width can be evaluated by considering the length515

over which the phase-field passes from φ = 0.01 to
φ = 0.99. According to Eq. (48), one can calcu-
late W = ξ artanh (2 × 0.99 − 1) = 2.3ξ = 9.2 nm
which is consistent with the diffuse profiles shown in
Fig. 5. The remaining discrepancy between the curves520

may be attributed to the hypothesis of the asymptotic
analysis where the surface concentration jump is set to
∆csur f = c+−c− = c0 despite the Gibbs-Thomson effect.

Theory

Simulation

0 1000 2000 3000 4000 5000 6000 7000
0
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]

Figure 4: Radius of the cavity versus time. The gray region corre-
sponds to irrelevant cases where the cavity radius R becomes smaller
than the diffuse surface width W = 9.2 nm.

In Fig. 5, the evolution of fields η and c/c0 ex-525

tracted from the simulation is displayed during the cav-
ity shrinkage, for different values of its radius R. Pro-
files of the fields are compared to theoretical ones pro-
vided by Eqs. (48) and (49), respectively. A remark-
able concordance can be pointed out. Notably, the va-530

cancy supersaturation at the pore surface characterizing
the Gibbs-Thomson effect is quantitatively well repro-
duced, concomitantly with the c profile in the matrix
side. Inside the cavity, a constant amount of vacancies
c− can be measured. Its value nearly perfectly matches535

the theoretical value predicted by Eq. (50) indicating
that c− is a fraction 1/K of the surface supersaturation.
As it can be observed, the choice of K = 10 leads to a
value of vacancy concentration inside the cavity that re-
mains very close to zero during almost the entire shrink-540

age of the cavity. It is worth mentioning that such a sim-
ulation has also been performed in 3D. The results are
not shown here but has led to very similar conclusions.

Here is an important point that must be highlighted.
Usually, the time integration of the kinetic equation con-545

trolling the concentration field c is performed concomi-
tantly with the kinetic equations controlling the evolu-
tion of other fields. Numerically, the combined evolu-

9



η

c/c0

0 20 40 60 80 100 120

0.0

0.2

0.4

0.6

0.8

1.0

1.2

x [nm]

F
ie

ld
s

η

c/c0

0 20 40 60 80 100 120

0.0

0.2

0.4

0.6

0.8

1.0

1.2

x [nm]

F
ie

ld
s

η

c/c0

0 20 40 60 80 100 120

0.0

0.2

0.4

0.6

0.8

1.0

1.2

x [nm]

F
ie

ld
s

(a) R=21.6 nm                                                             (b) R=17.8 nm                                                            (c) R=12.4 nm

Figure 5: (Top) c/c0 vacancy concentration field during the cavity shrinkage. (Bottom) Profiles of η and c/c0 over the line displayed on top pictures.
Point data correspond to the values extracted from the simulation while red thin lines correspond to the theoretical profiles of η and c/c0 provided
by Eqs. (48) and (49), respectively (see colors on-line). Theoretical profiles are plotted with the simulation cavity radius.

tion of fields is thus limited by the smaller time scale
which is generally t0 = d2/Dv related to the character-550

istic time of diffusion over the grid spacing d. Hence,
if Eq. (32) had to be explicitly integrated (by taking
ċ , 0), time-steps of the order of 0.1t0 would have been
required (see for example [6]). Instead, by using the
fixed-point algorithm presented in Alg. 1, a time-step555

of δt = 10−3τ ≈ 104t0 has been used to perform the cav-
ity shrinkage simulation and validate the model. With
parameters displayed in Tab. 3, we found that except
for the very first iterations, Alg. 1 updates the vacancy
concentration field in an average of only 0.5 iteration560

at each time-step, with a computational cost in terms
of user-time that remains in the same order of magni-
tude compared to an explicit time-integration algorithm.
As a consequence, we observed a gain of five orders
of magnitude to integrate the evolution equations and565

simulate the cavity shrinkage, without altering quanti-
tatively its closure kinetic. We believe this is a impor-
tant milestone to simulate coupled diffusion problems
that notably made possible the simulations and statisti-
cal analysis exposed in Sec. 4 of this paper.570

3.3. Dislocation climb: choosing Lφ
Following the approach adopted previously to quan-

tify the shrinkage of a cavity, the climb of a dislocation
dipole is now investigated. The system is described in
Fig. 6. It consists in two dislocations embedded in a575

rectangular matrix where the vacancy concentration is
fixed at c∞ on the boundaries and on a stripe localized
at y = Ly/2. A constant applied stress σA

i j
is considered

such that σA
i j
= σA

11δi1δ j1.
In the asymptotic analysis performed in Appendix B,580

the climb velocity v is given by Eq. (B.15) while the
radial profile of the chemical potential writes as Eqs.
(B.9) that depend on the core chemical potential µcore

given Eq. (B.16). These solutions are obtained by as-
suming that each dislocation core, whose radius is noted585

r0, remains at the center of circular diffusion domain
whose radius is R∞. In the initial condition, this radius
can be related to Lx/2 in consistency with the simula-
tion geometry. The formal expressions of v and µcore

depend on Lφ which is a parameter that could be iden-590

tified to the reaction rate of vacancies in the dislocation
core by linking the equations of an ad hoc model to the
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Figure 6: Dislocation climbing under the effect of both vacancy flux
and applied stress.

phase-field ones [40]. That said, under the local equilib-
rium hypothesis such as assumed in this work, it can be
considered that the core/matrix exchange of vacancies is595

instantaneous: Lφ → +∞. In this case, the dislocation
climb is controlled by vacancy diffusion with solutions
of v and µcore that must not depend on Lφ. According
to Eq. (B.15), one should consequently consider that
ln (R∞/r0) ≫ 4M/

(

wLφb
2
)

, simplifying the climb rate600

to:

v =
2πDvc0

b ln (R∞/r0)













c∞

c0
− 1 −

ΩσA
11

kBT













, (52)

and the core chemical potential to:

µcore = σ
A
11. (53)

In Appendix B, the phase-field profile is assumed to
be at equilibrium:

φeq(y) = 1 −
2
π

arctan
(

exp
(

πy

w

))

. (54)

To formulate explicitly the radial concentration profile605

around the cores, we just have to introduce the solution
µcore = σ

A
11 in Eq. (B.9), and derive the solution of c by

using the expression of the free energy Eq. (10) when

η = 0. This leads to:

c(r) = c∞ + (c∞ − ccore)
ln (r/R∞)
ln (R∞/r0)

, (55)

where ccore is the vacancy concentration in the core re-610

gion:

ccore = c0













1 +
ΩσA

11

kBT













. (56)

This core concentration is nothing but the value classi-
cally considered in the dislocation literature when the
chemical potential is linearized and local equilibrium
assumed [83].615

Here, for the local equilibrium assumption to be
valid, one should take a value of L̃φ = Lφd

3/M such
that ln (R∞/r0) ≫ 4M/

(

wLφb
2
)

. In the finite size sim-
ulations that we will carry out, we can consider that
ln (R∞/r0) ≈ 1 is almost constant with w = 4d. This620

gives:

L̃φ ≫
1

b̃2
. (57)

Numerically, when b̃ = b/d = 1, the value L̃φ = 10 can

be considered to simulate diffusion-controlled disloca-

tion climb, as already shown in [38].

3.4. Dislocation climb: simulation625

The simulations are performed by considering a con-
stant concentration c∞ on the Cartesian boundaries of
the box of size Lx×Ly = 15 nm×30 nm, and on a stripe
localized at y = 15 nm (see Fig. 6). The thermokinetic
vacancy parameters are that of Tab. 2. As in Sec. 3,630

T = 473.15 K, c0 = 7.30 × 10−8 and Dv = 3.18 × 10−12

m2.s−1. Here, the relaxation volume of vacancies is ne-
glected (V∗ = 0) such as assumed in the asymptotic
analysis. Dislocation and elastic properties are provided
in Tab. 4. The core energy is taken high enough such635

that the profile of φ remains mainly controlled by the
dislocation contributions of the free energy despite its
coupling with elastic and chemical terms. This choice
does not alter the physics of dislocation climb in 2D sys-
tems but might be questionable in 3D simulations, when640

dislocations become curved and core energy contributes
to the driving force (see Eq. (26)).

Burgers vector b 0.234 nm

Core energy Γ λ44b2

Elastic coeff. λ11, λ12, λ44 108 ; 61 ; 29 GPa

Table 4: Dislocation and elastic properties in pure Aluminum [83].
(The three cubic elastic constants are given in Voigt notation.)
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The simulation parameters are given in Tab. 5. The
phase-field mobility L̃φ has been chosen according to
the local equilibrium hypothesis. The parameter ”toler”645

and δt̃ involved in Eq. (36) and Alg. 1 have been chosen
under the requirement of a good fidelity/effectiveness
compromise.

Grid spacing d = b 0.234 nm

Core size w 0.936 nm

Phase-field mobility L̃φ 10

ċ = 0 convergence criterion ”toler” 10−3

Time-step δt̃ 10−4

Table 5: Simulation parameters for the dislocation climb in pure alu-
minum.

In Fig. 7, the numerical climb rate is compared to
the theoretical value of v given Eq. (52) for several ap-650

plied stresses σA
11 or boundary concentrations c∞. In

Eq. (52), the geometrical term ln (R∞/r0) is taken as a
free fitting parameter to account for the fact that, in the
simulations, boundary concentrations c∞ are applied on
straight boundaries and not on circles of radius R∞ cen-655

tered on dislocation cores as assumed in the theory. For
this, we used the v(σA

11) curve of Fig. 7.a that corre-
sponds to the case where only the applied stress has an
influence on the climbing rate. It turns out that the fitting
value 2.49 is found to be very close to 2.08 that would660

be calculated with the natural choice R∞ = Lx/2 = 7.5
nm and r0 = w = 0.936 nm. In both cases, a good agree-
ment is found showing that the phase-field model quan-
titatively reproduces the kinetics of dislocation climb.
Of course, the agreement is better with the v(σA

11) curve665

of Fig. 7.a since ln (R∞/r0) = 2.49 is fitted on this curve.

In Fig. 8, the evolution of fields φ, σ11/λ44 and
c/c0 extracted from the simulation is displayed during
the dislocation climb in the case σA

11 = 300 MPa and670

c∞ = c0, when the distance separating dislocations is
about 17 nm. Profiles of fields φ and c/c0 are compared
to theoretical ones provided by Eqs. (54) and (55), re-
spectively. As for the the cavity shrinkage, a very good
agreement can be found bearing witness to the quality675

of the simulation results.
In these validation simulations, the time-step is δt =

10−4τ ≈ 103t0 while it would be in the order of 0.1t0 if ċ

would have to be explicitly integrated. With parameters
displayed in Tab. 3, except for the very first iterations,680

we found that Alg. 1 updates the vacancy concentration
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(b) Climbing rate versus boundary concentration.

Figure 7: Climbing rates extracted from the simulations (black point)
compared to the theoretical values (red line) predicted by Eq. (52)
when ln (R∞/r0) = 2.49.

field in an average of 10 iterations at each time-step. As
a consequence, compared to a classical time-integration,
we observe that the effectiveness of our algorithm is in-
creased by three order of magnitude in terms of user-685

time. In the present case, the gain in terms of effective-
ness due to the implementation of a fixed point algo-
rithm on ċ is not as high as in the cavity case. This is
because Lφ = 10Lη, which means that the time-step has
to be reduced by the same amount, and also because the690

fixed point algorithm is one order of magnitude slower
to converge in the dislocation case. Nevertheless, this
result is a major improvement allowing us to access a
much more extended simulation time range compared
to some of our previous works [38, 40].695

4. Study of the annealing of an aluminum sample af-

ter irradiation

As a direct application of the model, we investigate
the microstructural evolution of an annealed irradiated
aluminum sample resulting from the interactions be-700

tween cavities and dislocations.
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Figure 8: (a) Fields φ, σ11/λ44 and c/c0 during dislocation climb in the case σA
11 = 300 MPa and c∞ = c0 , when the distance separating dislocations

is about 17 nm. (b) Profiles of φ and c/c0 along the vertical line displayed in pictures (a). Point data correspond to the values extracted from the
simulation while red thin lines correspond to the theoretical profiles of φ and c/c0 provided by Eqs. (B.6) and (55), respectively. For the theoretical
profile of c/c0 we have considered R∞ = Lx/2 = 9.12 nm and r0 = 0.4 nm. (see colors on-line)

4.1. Experimental context and simulation set-up

The initial microstructure is typical of those observed
in thin films of aluminum irradiated by electrons at high
dose rate and high doses, of the order of a few displace-705

ments per atom [82]. A mixture of cavities and large
dislocation loops are present in the foil, with approxi-
mately ten times more cavities than loops. Accordingly,
we consider a 2D square system of side L = 102.4 nm,
as shown in Fig. 9. We choose to simulate a popula-710

tion of ncav = 10 cavities with an identical initial radius
R = 2 nm. One dislocation loop of initial length ℓ = 12
nm is also introduced. Because of the periodic boundary
conditions, the dislocation dipole may be viewed as a
vacancy loop in parts of the climbing plane where φ = 1715

or an interstitial loop in parts of the plane where φ = 0.
Hence, this second view is adopted to represent the in-
terstitial loop which will be now cited as is (see Fig. 9).
The matrix is initially placed at chemical equilibrium
with c = c0. All the physical properties of the system720

are that considered previously and provided in Tabs. 3
and 5.

Numerically, because of the size and densities of ob-
jects that we want to consider, a grid spacing of d = 0.1
nm is adopted with still characteristic surface and dislo-725

cation core sizes given by ξ = w = 4d. For numerical
efficiency, a non dimensional time-step δt̃ = 10−3 is fi-
nally considered while the ċ = 0 convergence criterion
remains fixed to 10−3.

In what follows, the microstructure evolution and ki-730
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Figure 9: Initial set up for a typical simulation. Cavities are gray
discs numbered from i = 1 to 10 with radius Ri. In 2D, the interstitial
dislocation loop is a dipole of length ℓ represented by the dotted line
where φ remains initialized to 0. The center of objects are indicated
by a red cross. (See colors on-line)

netics of cavities and dislocations are addressed sta-
tistically in order to highlight their average mutual in-
fluence, independently of their positions. For this,
100 simulations of the aforementioned system are per-
formed, with cavities and dislocation initially placed at735

random positions. The collapse rates of 1000 cavities
and 100 interstitial dislocation loops are thus extracted.
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4.2. Preliminary simulations, microstructure evolution

Before performing simulations of the complete mi-
crostructure, the collapse of a single isolated cavity of740

initial radius R = 2 nm is simulated in order to have
a reference velocity for the subsequent kinetic analy-
sis. For this, the simulation performed in Sec. 3 is re-
produced by considering c∞ = c0 at the boundary of
a circle of radius R∞ = Rcut, where Rcut = 10 nm.745

This choice, which will be explained in the next para-
graph, corresponds to approximately half the average
distance between first neighbor cavities within the set
of microstructures that will be studied next.

Evolution of the cavity radius as a function of time750

is shown in Fig. 10. To obtain a reference closure rate
(slope of the curve), a linear fit is performed between 1
and 2 seconds, leading to v0 = 0.11 nm/s. This proce-
dure has been checked to be relevant for obtaining a low
noised instantaneous-like closure rate at t = 2s. In the755

following, this procedure will by applied for all cavities
of the complete microstructure.

Linear fit between 1 and 2 s.

Simulation
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Figure 10: Radius of the reference isolated cavity versus time.

Then, we have compared in Fig. 11 the time evolu-
tion of the ten cavity radii Ri and the dislocation dipole
length ℓ for one of the 100 simulations, by consider-760

ing the two following reduced time steps: δt̃ = 10−3

and δt̃ = 10−4. As mentioned previously, δt̃ = 10−3 is
considered in this Section although a ten times smaller
time-step would be preferred to quantitatively reproduce
the climb rate of the dislocation dipole (see Sec. 3).765

In Fig. 11, it can be seen that tendencies of the dot-
ted curved obtained with δt̃ = 10−4 are found to be
very similar to that of the solid curves obtained with
δt̃ = 10−3. In particular, despite the fact that slopes of
the dislocation curves between 1 and 2 seconds differ770

of about 11%, it is found that the discrepancy between
slopes of the cavity curves over the same interval is in
an average of about 2%. This means that the closure rate
of cavities is marginally affected by this choice, justify-
ing the use of δt̃ = 10−3 for all the simulations. This has775

allowed us to get the subsequent results regarding the
closure kinetics of cavities in a reasonable time of about
one week instead of ten.
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Figure 11: Radii of cavities (Ri to read on the left axis) and dislocation
dipole length (ℓ in red to read on the right axis) versus time for one of
the 100 simulations. (See colors on-line)

In Fig. 12, different snapshots of this simulation are
shown as the time increases, highlighting the collapse780

of cavities and the dipole annihilation. In the top row of
Fig. 12 presenting the vacancy concentration field, it is
observed that cavities act a sources of vacancies while
the dislocation cores are sinks. In the bottom row of
Fig. 12, we observe that the stress field generated by the785

dislocation dipole also reflects the presence of cavities
as domains inside which the stress field is actually can-
celed. This naturally allows for the consideration of all
elastic interactions including for instance image forces
of dislocations.790

4.3. Kinetics analysis

As it can be observed in Fig. 11 showing a typical
example of the Ri = f (t) curves obtained for one of the
100 simulations, evolution of radii versus time is quite
regular over the whole time interval. For this reason the795

closure rate of all the cavities have been extracted by
performing a linear fit of these curves between 1 and
2 seconds (as for the reference closure rate v0). This
procedure has been applied for the 1000 cavities leading
to the histogram displayed in Fig. 13.800

In this histogram, cavities are also discriminated ac-
cording to an isolation criterion. For this, a circular re-
gion with a cutoff radius Rcut is defined, centered on
each cavity center. The number of cavities belong-
ing to this region is established by considering that a805

cavity belongs to a given region when its center is in-
cluded in it. A cavity is considered as isolated if there
is no any other cavity located less than Rcut from it.
Groups of 2, 3 and 4 (or more) cavities are thus de-
fined. This procedure is performed by using the python810
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Figure 12: Microstructure evolution. (Top) Reduced vacancy concentration field c/c0 . (Bottom) Non-dimensional stress-field σxx/λ44. (See colors
on-line)

routine sklearn.cluster.DBSCAN 3 [84]. Here, by antic-
ipating that the behavior of a given cavity should de-
pend on whether its distance to its first neighbors is
smaller or larger than half the overall average distance
between first neighbor cavities, we fix the cutoff radius815

to Rcut = 10 nm which is nothing but the value used in
Sec. 4.2 to compute the reference velocity v0. In this his-
togram, each group is discriminated by a color. The ref-
erence velocity v0 of an isolated cavity is also reported.

In Fig. 13, two main peaks can be observed indicat-820

ing that cavities are globally separated in two groups of
closure rate. The main group is represented by the high-
est peak that indicates an average closure rate of about
0.10 nm/s, while peak of the second less represented
group indicates a lower rate of about 0.07 nm/s. With825

the isolation criterion introduced above, it is straight-
forward to see that cavities considered as isolated (in
blue) compose the main peak while the others (orange,
green, red) compose the second peak associated to the
lower closure rate. This reveals that the more cavities830

are clustered the slower the closure. In Fig. 12, this phe-

nomenon is visible on the concentration map at t = 6.5 s
where it can be noticed that an isolated cavity is smaller
than clustered cavities.

This result is due to a screening effect of the diffusion835

field that can be understood qualitatively by remember-
ing that the closure rate of cavities depends on the va-
cancy flux. At the lowest order, this flux is proportional
to the gradient of vacancy concentrations. This gradi-
ent is roughly given by the supersaturation of vacancies840

close to cavities induced by the Gibbs-Thomson effect
and the distance to other sinks. When a cavity is sur-
rounded by other cavities, similar concentrations im-
posed by the Gibbs-Thomson effect of nearby cavities
are present, which tends to decrease the gradients, and845

so the fluxes.
This result can even be quantified analytically by fol-

lowing the elegant approach introduced in [57]. The
principle is to consider the Green functions of diffusion
by assuming in particular that cavities remain circular850

during their closure (which is widely verified in our sim-
ulations). The closure rate of a given cavity i surrounded
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Figure 13: Histogram showing the percentage of cavity as a function
of their closure rate v at t = 2 s. The reference closure rate v0 is in-
dicated by the dotted line. Bars are colored according to the isolation
criterion: blue = 1 cavity ; orange = 2 cavities; green = 3 cavities; red
= 4 cavities. (See colors on-line)

by N cavities can be established formally (see Eq. (97)
of [57] for the 3D result with two cavities). By follow-
ing a similar reasoning in 2D, one gets:855

dRi

dt
=

1
Ri ln (Ri/R∞)
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(58)
where Dv is the vacancy diffusivity, c+

i
the vacancy con-

centration in the matrix side of the ith cavity surface, ri j

the distance separating cavities i and j, and R∞ ≫ Ri

the external radius of the system assumed to be circu-
lar. By assuming that all cavities collapse and by noting860

the closure rate of the ith cavity vi = dRi/dt and that of
the same cavity in the absence of others v0

i
, the previous

equation can be rewritten as:

vi = v0
i −

N
∑

j=1
j,i

R j ln
(

ri j

R∞

)

Ri ln
(

Ri

R∞

) v j. (59)

This formula shows more quantitatively that the more
cavity i is surrounded by other cavities, the more its clo-865

sure rate decreases compared to the case when it is iso-
lated. Moreover, the smaller the distance between cav-
ities, the stronger the slowing down. Here, it is inter-
esting to show that the phase-field description naturally
accounts for this phenomenon with the added benefit of870

having access to the local diffusion field and potentially
more complex cavity shapes.

Figure 14: Cavity-dislocation distance Ld versus cavity closure rate
v. The reference closure rate v0 is indicated by the dotted line. Points
are colored according to the isolation criterion. (See colors on-line)

In the histogram Fig. 13, while the majority of cav-
ities presents a closure rate smaller than the reference
one v0, some of them are observed to collapse much875

faster. These cavities are actually those localized close
to the dislocation dipole. This can be appreciated by
plotting the distance of cavities to the dislocation dipole
Ld with respect to their closure rate such as shown in
Fig. 14. In this figure, the two populations of cavi-880

ties (isolated or not) are also visible. We can see that
it is possible to have a competition between the dipole-
induced closure acceleration and the slowing down in-
duced by cavity clustering. However, it clearly appears
a distance of about Lcrit

d
= 10 nm below which closure885

rates are shifted to higher values due to the presence of
the dislocation dipole. This distance appears here to be
characteristics of the diffusion field. In this case, dislo-
cation cores act as sinks for vacancies (see Fig. 12), in-
creasing fluxes in vicinity of the closest cavities. When890

these former are localized below 10 nm, higher closure
rate can thus be measured. This suggests that beyond
this distance, the diffusion field around cavities does not
seem to be affected.

All these results indicate that, in our simulations, the895

distance of 10 nm is characteristic of the quasi-static dif-
fusion field for a reason that is ultimately only geomet-
ric, since it corresponds to about half the average dis-
tance separating a cavity from its first neighbors. Below
this distance, the diffusion field is sufficiently perturbed900

for the closure of a cavity to be slowed or accelerated,
depending on whether the neighboring object acts as a
source or a sink of vacancies. Beyond this distance, a
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cavity behaves like an isolated cavity.

4.4. Role of the dislocation-induced elastic interactions905

In the previous subsection, it is shown how the clo-
sure kinetics of both cavities and dislocations can be
affected when they are close to each other. All these
results are, at least qualitatively, explainable by looking
at the way diffusion field may be affected by the relative910

position of objects. There is however a result which has
not been commented yet: even though a cavity can be
considered as isolated (blue peak in Fig. 13), its closure
rate is below the reference value v0.

Figure 15: Histogram showing the percentage of cavity as a function
of their closure rate v with and without the dislocation dipole. (See
colors on-line)

To explain this, one has to account for the elastic in-915

teractions. Indeed, as shown in Fig. 12, the dislocation
dipole generates an elastic field that contributes the total
energy variation of the system. To evaluate its influence
on the global closure kinetics of cavities, the 100 simu-
lations performed previously have been run again with-920

out the dislocation dipole. The histogram obtained in
this case is reported in Fig. 15 where it is compared to
the histogram provided in Fig. 13. This figure immedi-
ately shows that all the closure rates are shifted to higher
values when dislocations are removed. In particular, the925

main peak still related to cavities that can considered as
isolated is placed around the reference closure rate v0

as expected. This figure shows clearly that the disloca-
tion dipole induces a decrease of the closure rate of all
the cavities. From a purely diffusive point of view, this930

result may appear as counter-intuitive since it has been
previously shown that dislocations are vacancies sinks
which are likely to accelerate the cavity closure.
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Figure 16: 2D scheme of a single cavity interacting with one edge
dislocation.

Numerically, it can be verified that elastic energy con-
tributions to the total energy variation of the system ex-935

plain this difference in the closure kinetics. Formally,
such a result can also be streamlined by considering the
simplest 2D case of a single cavity interacting with one
edge dislocation such as shown in Fig. 16. In this case,
by considering a plane strain state and an elastically940

isotropic material, there is an analytical result describ-
ing the elastic interaction between these objects. This
solution provided in [85, 86] writes:

∆Eel
int = −

µb2

4π (1 − ν)

[

R2

r2
cos2 θ + ln

(

r2

r2 − R2

)]

, (60)

where µ is the shear modulus and b the Burgers vector.
To evaluate the impact of the dislocation on cavity clo-945

sure, this expression is derived with respect to the cavity
radius R:

∂∆Eel
int

∂R
= −

µb2

4π (1 − ν)
2R

(

1
r2
+

cos2 θ

r2 − R2

)

. (61)

Since r ≥ R, this derivative is always negative: this
means that a variation dR < 0 of cavity closure will
always cause an unfavorable increase of the elastic in-950

teraction energy. Hence, these interactions are expected
to systematically slow down the cavity closure, except
if the dipole is significantly far away from the cavities
(∆Eel

int
drops to zero when r → +∞) or its own closure

kinetics is so fast that such a phenomenon cannot be ap-955

preciated. Under these conditions, elastic interactions
can be neglected in the kinetic analysis. Otherwise, the
phase-field simulations show that it is significant.

With the current results, we can anticipate that in the
presence of a high cavity density, the elastic fields gen-960

erated by the dislocation are likely to be screened by
the cavities located in the immediate environment of the
dipole. As a possible consequence, impact of the elastic
field on the kinetics of the more distant cavities could be
reduced so that the slowdown of the average shrinkage965

rate of all the cavities is less pronounced. Conversely,
a high density of dislocations may exacerbate this ef-
fect unless their stress field is mutually screened. Of
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course, establishing a more quantitative link between
the shrinkage rate of all cavities and the respective den-970

sity of the two classes of objects would require a specific
study that goes beyond the scope of this study, which fo-
cuses primarily on the development of the model and its
potential, but which could be addressed in future works.
In these studies, 3D cases in which the elastic effects are975

different could also be considered, as well as taking into
account mechanisms that have not yet been introduced
in the modeling, such as high gas pressure inside the
cavities or the presence of other defects in the system
(grain boundaries, etc.).980

5. Conclusion

In the first part of this work, an original phase-field
formalism is proposed to couple cavity growth, disloca-
tion climb and vacancy diffusion. This model is based
on a variational formalism and kinetics guaranteeing985

that matter is conserved during the diffusion processes
while the elastic interactions are naturally accounted for.
Details of the numerical implementations of the model
are also provided. In particular, a very efficient algo-
rithm is exposed to solve ċ = 0 using a spectral method990

and a fixed point algorithm. It is subsequently shown
how this method allows us to significantly accelerate the
simulation of diffusion-controlled processes by a factor
1000 at least compared to a case in which ċ is explicitly
integrated. Then, simulations of the cavity closure and995

dislocation climb in simple geometries are performed in
order to demonstrate ability of the modeling to quanti-
tatively reproduce diffusion-controlled processes. The
comparison between simulation results and the theoret-
ical analysis also allows us to select all parameters of1000

the model in a physically justified way.
In the last part, the microstructure evolution of an an-

nealed aluminum sample (ten cavities and one intersti-
tial dislocation dipole in a 102.4 nm× 102.4 nm system)
is studied as a direct application of the model. Several1005

interesting results are found and explained: (i) the clo-
sure rate of clustered cavities decreases due to the inter-
action of their mutual vacancy diffusion fields; (ii) the
dislocation dipole acts as a sink for vacancies that accel-
erates the closure rate of very close cavities; (iii) long1010

range elastic interactions are however shown to slow
down the average closure rate of all the cavities. This
study shows that our method is particularly promising
to quantify and explain the evaporation kinetics of cav-
ities and dislocations in annealed irradiated materials.1015

One natural perspective for this work would be to en-
visage a direct confrontation between simulations and
experiments on the evaporation kinetics of cavities. For

this, it might be advisable to perform specific model ex-
periments where we could modify the respective den-1020

sities of the two classes of objects by changing the ex-
perimental irradiation conditions (flux, temperature. . . ).
In this case, one should be able to quantify the shrink-
age kinetics of cavity with respect to these densities
and directly compared the results with corresponding1025

simulations. The interest of such a specific approach
is that even though the simulations do not contain all
the physics involved in real systems, the main tenden-
cies could be compared and be sufficient to conclude
on the impact of elasticity. To go beyond this work, it1030

would also be advisable to simulate 3D full field cases
where the diffusion field spatially decays in 1/r instead
of ln(r) around cavities. In the context of irradiated ma-
terials, the model could be enriched by integrating: in-
terstitial diffusion and its coupling with the other fields1035

[22, 23, 27, 29, 30, 31], grain boundaries [17, 19, 28, 33]
and/or the presence of a gas pressure inside cavities
[20, 18, 21, 24, 32]. Anisotropic surface energy and/or
surface stresses might also be considered to account for
faceting [25, 26, 13].1040

The present model could finally be used in other
contexts where a diffusion-mediated interplay between
cavities and dislocations also occurs. As an exam-
ple, we recently studied the role of plastic activity on
micro-pore closure kinetics in nickel-based super-alloys1045

placed under Hot Isostatic Pressure (HIP) [87]. In this
work, only gliding dislocations were considered and in-
teresting equilibrium configuration of loops around a
pore were identified under an external applied pressure.
These final configurations could be used as initial ones1050

for the climb which is known to be a slower process.
Such a study would help us to quantify the significance
of climb processes in the multi-physics HIP pore closure
kinetics [88].

Data availability1055

The raw/processed data required to reproduce these
findings can be provided by the authors on reasonable
request.

Appendix A. Asymptotic analysis of the phase-field

equations for the cavity shrinkage1060

Appendix A.1. System, equations and generic solutions

for η and µ

We consider the system described in Fig. 3 which is a
cylindrical (in 2D) or spherical (in 3D) cavity of radius

18



R, embedded in a matrix where the vacancy concentra-1065

tion is fixed at c∞ < c0 on an external cylinder (in 2D)
or a sphere (in 3D) of radius R∞ > R. In this calcu-
lation, elastic effects are neglected. Symmetries of the
problem also impose radial solutions for the fields η and
c which thus only depend on the radial coordinate r. In1070

this case, evolution of the cavity is described by Eqs.
(25) and (27) that are rewritten here as:

η̇ = −Lη

[

∂ f homo
cav

∂η
−

3
2
γξ

(

∂2η

∂r2
+

(D − 1)
r

∂η

∂r

)

+
∂ fchem

∂η
− µ

]

,

(A.1)

0 = M∇2µ − η̇, (A.2)

where D is the space dimension and µ is the chemical
potential linked to the concentration field c by Eq. (10):

µ =
∂ fchem

∂c
=

kBT

Ωc0

[

(

K − 1
)

h(η) + 1
][

c − c0
(

1 − h(η)
)

]

.

(A.3)
In the absence of coupling with any other fields, when1075

R → +∞, one can consider that the phase-field η ac-
counts for a static diffuse plane surface at r = R which
is the solution of:

∂ f homo
cav

∂η
−

3
2
γξ
∂2η

∂r2
= 0. (A.4)

When η(r = 0) → 1 and η(r → +∞) = 0, one obtains
the following equilibrium profile:1080

ηeq(r) =
1
2

(

1 + tanh
(

2(R − r)
ξ

))

. (A.5)

It is then postulated that this solution still applies
when η is coupled to other fields and describes a mod-
erately curved surface evolving with time. Under these
conditions, Eqs. (A.1) and (A.2) become:

−v
∂ηeq

∂r
= −Lη

(

−
3
2
γξ

(D − 1)
r

∂ηeq

∂r
+
∂ fchem

∂ηeq

− µ

)

,

(A.6)

0 = M∇2µ + v
∂ηeq

∂r
, (A.7)

where v = dR/dt is the radial velocity of the interface.1085

Outside the diffuse surface, ∂ηeq/∂r = 0 such that
µ can be calculated with Eq. (A.7) that reduces to the
Laplace’s equation ∇2µ = 0. In 2D, this leads to:

r ≤ R : µ(r) = µsur f ,

r > R : µ(r) = µ∞ +
(

µ∞ − µsur f

) ln (r/R∞)
ln (R∞/R)

, (A.8)

and in 3D:

r ≤ R : µ(r) = µsur f ,

r > R : µ(r) = µ∞ +
(

µ∞ − µsur f

) R

R∞ − R

(

1 −
R∞

r

)

.

(A.9)

µ is supposed to be continuous in the diffuse sur-1090

face region (where ∂ηeq/∂r , 0) and given by µ =
µsur f which is unknown yet. µ∞ corresponds to
the chemical potential at R∞ and is given by µ∞ =
kBT (c∞ − c0) / (Ωc0) according to Eq. (A.3) when η =
0. It is an input of the problem.1095

Appendix A.2. Calculation of µsur f and v

µsur f is determined with the help of Eq. (A.6) evalu-
ated in the surface domain by multiplying it by ∂ηeq/∂r

and by integrating it over the domain which is formally
bounded by sign ”−” (cavity side) and sign ”+” (matrix1100

side):

v
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∂ fchem
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µ
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∂r
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)
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(A.10)

In practice, µ and (D − 1) /r slightly vary within the
surface domain with respect to ∂ηeq/∂r and can thus be
taken equal to µsur f and (D − 1) /R, respectively. Fur-

thermore, one can show that
∫ +

−

(

∂ηeq/∂r
)2

dr = 2/ (3ξ)1105

by construction of the phase-field model 2. This leads
to:

2v

3ξLη
= −

(D − 1)
R
γ + ∆ f

sur f

chem
− µsur f∆η

sur f
eq , (A.11)

2v

3ξLη
= −

(D − 1)
R
γ + ∆ f

sur f

chem
+ µsur f , (A.12)

with ∆ f
sur f

chem
= f +

chem
− f −

chem
et ∆ηsur f

eq = η+eq − η
−
eq = −1

by definition. We also have:

µ =
∂ fchem

∂c
, (A.13)

∫ +

−

µ
∂c

∂r
dr =

∫ +

−

∂ fchem

∂r
dr, (A.14)

µsur f∆csur f = ∆ f
sur f

chem
, (A.15)

2One may take 0 as the lower bound and +∞ as the upper bound
for all terms of integrals.
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with ∆csur f = c+ − c−. By putting this result in Eq.1110

(A.12), one obtains:

µsur f =

2v
3ξLη
+

(D−1)
R
γ

∆csur f + 1
. (A.16)

The surface concentration jump ∆csur f is estimated
by assuming that the vacancy concentration near the
surface is very close to the expected equilibrium value:
∆csur f = c+ − c− = c0. Furthermore, the equilibrium1115

concentration of vacancy in the matrix c0 is generally
very low such that c0 ≪ 1. This allows us to finally
write:

µsur f =
2v

3ξLη
+

(D − 1)
R
γ. (A.17)

In this equation, µsur f is expressed as a function of the
radial velocity of the cavity v that can also be evaluated1120

by starting from Eq. (A.7) integrated over the diffuse
surface domain:

0 = M

∫ +

−

∇2µdr + v

∫ +

−

∂ηeq

∂r
dr, (A.18)

0 = M

[(

∂µ

∂r

)+

−

(

∂µ

∂r

)−]

+ v∆η
sur f
eq , (A.19)

v = M

[(

∂µ

∂r

)+

−

(

∂µ

∂r

)−]

. (A.20)

By using the solutions of µ given Eqs. (A.8) and
(A.9), one gets:

(

∂µ

∂r

)−

= 0, (A.21)

(

∂µ

∂r

)+

=
µ∞ − µsur f

ρ∞
D

(R)
, (A.22)

where ρ∞
D

is a function of the cavity radius R that de-1125

pends on the space dimension D and the value R∞.
It is such that ρ∞2 (R) = R ln (R∞/R) and ρ∞3 (R) =
R (1 − R/R∞). This allows us to calculate:

v = M
µ∞ − µsur f

ρ∞
D

(R)
. (A.23)

By putting Eq. (A.17) in the previous equations,
one finally gets on expression of the radial velocity that1130

writes:

v =
−Dv (c0 − c∞) − M

(D−1)γ
R

ρ∞
D

(R) + 2M/
(

3ξLη
) . (A.24)

It is worth recalling that Dv is the vacancy diffusivity
defined with Eq. (24). One can also establish another
expression of the surface chemical potential that writes:

µsur f =

(D−1)γ
R
+

2M/(3ξLη)
ρ∞

D
(R) µ∞

1 +
2M/(3ξLη)
ρ∞

D
(R)

. (A.25)

Appendix A.3. Comments on the 3D asymptotic kinetic1135

regimes

In Sec. 3, it is shown that working under the local
equilibrium assumption is equivalent to consider Lη →

+∞. In 3D, this hypothesis lead to the surface chemical
potential µsur f = 2γ/R. By considering that µ inside the1140

cavity is given by Eq. (A.3) when η = 1, while outside
it is given by Eq. (A.3) when η = 0, one can show that
the 3D concentration profile is:

r ≤ R : c(r) = c−,

r > R : c(r) = c∞ +
(

c∞ − c+
) R

R∞ − R

(

1 −
R∞

r

)

.

(A.26)

where c− and c+ are the concentrations on both sides
of the surface given by c− = 2d0/ (KR) and c+ =1145

c0 + 2d0/R with the capillary length d0 defined by:
d0 = Ωc0γ/ (kBT ).

Now, if we consider a realistic experimental context
where R∞ ≫ R is postulated, then Eq. (46) can be sim-
plified as follows:1150

v = 2Dv

d0

R

(

1

Rc

−
1
R

)

, (A.27)

with the algebraic critical radius Rc defined by:

Rc =
2d0

c∞ − c0
. (A.28)

This radius distinguishes a kinetic regime controlled by
the marginal relaxation of energy related to the redistri-
bution of vacancies by diffusion (case where R ≫

∣

∣

∣Rc

∣

∣

∣)
from the regime where this relaxation is linked to the1155

decrease in surface energy (case where R ≪
∣

∣

∣Rc

∣

∣

∣) [57].
We show in particular that when R ≫

∣

∣

∣Rc

∣

∣

∣, the integra-
tion of v = dR/dt gives the following evolution law of
the cavity radius [88]:

R2(t) = R2
0 − Dv (c0 − c∞) t, (A.29)

while, when R≪
∣

∣

∣Rc

∣

∣

∣, we have:1160

R3(t) = R3
0 − 6Mγt. (A.30)
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When c∞ < c0, these laws both predict a decrease of
the cavity radius, asymptotically in square or cubic root
of time following that R is much larger or much smaller
than Rc = 2d0/ (c0 − c∞). The vacancy concentration
profile given Eq. (A.26) can be rewritten according to1165

this critical radius as:

r ≤ R : c(r) =
2d0

KR
,

r > R : c(r) = c∞ + 2
(

1 −
R

Rc

)

d0

r
. (A.31)

Appendix B. Asymptotic analysis of the phase-field

equations for the dislocation climb

Appendix B.1. System, equations and generic solutions

for φ and µ1170

We reconsider here the system described in Fig. 6
by focusing only on the top dislocation. For the formal
analysis, we consider that its core remains centered in
a 2D matrix where the vacancy concentration is fixed at
c∞ on a cylinder of radius R∞, even during its stationary1175

movement. The core region of the dislocation is defined
by a disc of radius r0 ≪ R∞. A constant applied stress
σA

i j
is considered such that σA

i j
= σA

11
−→e x ⊗

−→e x. The
dislocation phase-field is confined in the x = 0 plane
and just depends on the y coordinate in the Cartesian1180

frame. For symmetrical reasons, fields µ and c depend
on the radial coordinate r in the polar frame. In this
case, Eqs. (26) and (27) explicitly write:

φ̇ = −Lφ













∂ f homo
disl

∂φ
−
π

2
Γw
∂2φ

∂y2
+ σ11bh′(φ) − bµ

∣

∣

∣

θ=π/2













,

(B.1)

0 = M∇2µ − bφ̇δ(x), (B.2)

where µ is the chemical potential linked to the concen-
tration field c by:1185

µ =
∂ fchem

∂c
=

kBT

Ωc0

(

c − c0

)

, (B.3)

according to Eq. (10) when η = 0 (no cavity).
In the absence of applied stresses, at chemical equi-

librium, the phase-field φ accounts for a static diffuse
core at y = 0 which is the solution of:

∂ f homo
disl

∂φ
−
π

2
Γw
∂2φ

∂y2
+ σdisl

11 bh′(φ) = 0, (B.4)

where σdisl
11 is the stress field generated by the disloca-1190

tion itself. Usually, it is assumed that σdisl
11 is small, such

that the profile is correctly described by:

∂ f homo
disl

∂φ
−
π

2
Γw
∂2φ

∂y2
= 0. (B.5)

When φ(y → −∞) → 1 and φ(y → +∞) = 0, the
equilibrium profile is given by:

φeq(y) = 1 −
2
π

arctan
(

exp
(

πy

w

))

. (B.6)

When a constant additional stress σA
11 , 0 is applied1195

and µ , 0, the dislocation is assumed to reach a sta-
tionary state by climbing at a constant velocity v. By
postulating that the equilibrium solution still applies at
stationary state, one has φ ≈ φeq(y + vt) and Eqs. (B.1)
and (B.2) become:1200

v
∂φeq

∂y
= Lφb

(

σA
11h′(φeq) − µ

∣

∣

∣

θ=π/2

)

, (B.7)

0 = M∇2µ + v
∂φeq

∂y
δ(x). (B.8)

Outside the core region, ∂φeq/∂y = 0 in Eq. (B.8)
and µ is solution of the Laplace’s equation ∇2µ = 0 that
gives:

µ(r) = µ∞ + (µ∞ − µcore)
ln (r/R∞)
ln (R∞/r0)

, (B.9)

where µcore is the chemical potential in the disloca-
tion core which is unknown yet. As for the cavity,1205

µ∞ = kBT (c∞ − c0) / (Ωc0) corresponds to the chemi-
cal potential at R∞ imposed by the value of c∞.

Appendix B.2. Calculation of µcore and v

µcore can be evaluated by multiplying Eq. (B.7) with
∂φeq/∂y and by integrating it over the core domain:1210

v

∫ +r0

−r0

(

∂φeq

∂y

)2

dy = Lφb

(

σA
11

∫ +r0

−r0

h′(φeq)
∂φeq

∂y
dy

−

∫ +r0

−r0

µ
∣

∣

∣

θ=π/2

∂φeq

∂y
dy

)

(B.10)

In the core region, µ
∣

∣

∣

θ=π/2
= µcore which is assumed to

marginally vary with respect to ∂φeq/∂y. Furthermore,

one can show that
∫ +r0

−r0

(

∂φeq/∂y
)2

dy = 2/ (πw) by con-

struction of the phase-field model 3. Thus, calculation
of the integrals becomes straightforward, leading to:1215

µcore = σ
A
11 −

2v

πwLφb
. (B.11)

3Integral bounds are taken at infinity to simplify the calculations.
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µcore is expressed as a function of the dislocation ve-
locity v that can also be evaluated by starting from Eq.
(B.8) integrated over the core domain:

0 = 2πM

∫ r0

0

(

∇2µ
)

rdr + vb

∫ +r0

−r0

∂φeq

∂y
dy, (B.12)

0 = 2πMr0

(

∂µ

∂r

)

r=r0

− vb. (B.13)

By using the solutions of µ given Eq. (B.9), one ob-
tains:1220

v =
2πM

b ln (R∞/r0)

(

µ∞ − µcore

)

. (B.14)

By putting Eq. (B.11) in the previous equations, one
finally gets on expression of the climb velocity that can
be written as:

v =

2πDvc0
b

(

c∞
c0
− 1 −

ΩσA
11

kBT

)

ln (R∞/r0) + 4M
wLφb

2

, (B.15)

where Dv is the vacancy diffusivity given Eq. (24). One
can also establish another expression of the core chem-1225

ical potential that writes:

µcore =
σA

11 +
4Mµ∞

wLφb
2 ln(R∞/r0)

1 + 4M
wLφb

2 ln(R∞/r0)

. (B.16)
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