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Bond graph methodology for electromagnetic fields simulation in

transient and steady state operations

Majid KHALILI DERMANI - Baptiste TRAJIN

Abstract Efficiency in electric systems can be achieved by
modeling advanced electrical energy conversion structures
using system level representation such as bond graph. As a
contrary, modeling of ElectroMagnetic (EM) phenomena is
governed by local Maxwell’s equations. This study provides
a unified modeling approach for EM and electric systems us-
ing bond graph representation. Therefore, this paper aims to
derive a system-level understanding of Maxwell’s equations,
using Finite Difference Method (FDM), to describe the EM
fields. For this aim, EM behavior of an infinitely long wire
using bond graph representation is presented leading to sim-
ulation of EM fields using a numerical computing software.

1 Introduction

Enhancing energy efficiency and reducing CO, emissions
necessitates a thorough understanding and optimization of
electrical systems. This enhancement is particularly critical
in EM fields due to the nonlinear components that are vital
in a wide range of applications, from power transmission ca-
bles to transformers, electric power static converters inclu-
ding magnetic couplings and filters, and rotating machines.
The intricate nature of these fields, especially in complex
systems, necessitates a robust approach to their analysis and
understanding [1]-[4].

Therefore, to effectively understand, design, and opti-
mize EM systems, it requires to deeply study the EM mo-
deling which is governed by Maxwell’s equations. The im-
plementation of these equations enables access the local va-
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riables such as fields and global variables such as electri-
cal quantities necessary for the analysis of EM devices [5],
[6]. However, the analytical calculation of local and global
quantities would be difficult, because of problems due to
boundary conditions, complex geometries, non-linearities,
and interactions between phenomena. Therefore, the use of
numerical methods of discretization seems essential. Nu-
merical techniques transform Partial Differential Equations
(PDE) into a system of algebraic equations with finite de-
grees of freedom. This transformation process involves dis-
cretization schemes such as finite difference [7]-[13], finite
element [14]-[17], or finite volume methods [6], [18]. In this
paper, the FDM is chosen to be used for modeling the EM
equations by employing bond graph modeling. The bond
graph is a macroscopic methodology, famous for its efficacy
in representing multi-energy domain systems, which offers
a unique viewpoint for the examination of EM fields. This
approach not only facilitates a comprehensive understanding
of the energy interactions within the system but also enables
the modeling of transient behaviors which are critical in dy-
namic environments. Moreover, in many cases, bond graph
leads to a minimal set of differential equations along time
i.e. the state space representation that is a powerful basis for
automation and numerical simulation activities [19]-[23].

Therefore, the aim of this paper is to improve EM field
modeling through bond graph representation. The paper is
limited to EM field mapping for an infinite wire applica-
tion. This is done to validate a unified modeling approach
for complex systems. This paper is organized as follows.
Section 2 introduces the system under investigation, with
a focus on the geometry of an infinitely long wire and its
EM modeling. The analytical expression of EM fields is
then presented under magnetostatic conditions. Section 3 re-
viewed the FDM and multi-domain macroscopic representa-
tion crucial for modeling of these equations. Therefore, the
discrete modeling of the system under study is presented us-
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ing FDM on staggered and non-staggered grids in Section 4.
Furthermore, the state space representation of EM fields will
be derived from previous methodology. Finally, the conclu-
sions and future perspectives are discussed in Section 5.

2 Description of the system under study
2.1 Infinitely long wire

The study focuses on an electrical circuit featuring an in-
finitely long wire situated in non-magnetic medium that con-
ducts currents within a cylindrical domain, as depicted in
Fig. 1. The problem is characterized by the modeling of the
electric field E and the magnetic field H at various spa-
tial positions. According to the given geometry of the pro-
blem, the cylindrical coordinate system with basis vectors
(er,ep.e;) is used. Considering the long straight wire with
current flowing through it, symmetry properties and in ac-
cordance with the right-hand rule for EM fields, it is ex-
pected that the magnetic field H will have a significant com-
ponent only in the ¢ direction, yielding:

ﬁ = Hr(r’907zvt)er+H(D(raq)7ZJ)e(p +Hz('3 (P7Z7t)ez

= Hy(r,t)eq M

Also, the electric field f will be in the z direction because of
uniform current j and express as E = E,(r,t)e;. Therefore,
this study aims to assess the spatial distribution of H, and
E., thereby enhancing the understanding of the EM fields
generated by the infinite wire.
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Fig. 1: Geometry of the system and associated cylindrical
coordinate system

2.2 Maxwell’s equations

The study, design and optimization of an EM system often
requires the implementation of mathematical models featur-

ing Maxwell’s equations capable of representing and char-
acterizing their behavior [15]-[17]:

Gauss’ law for Electricity: V - ? = % 2)
Gauss’ law for Magnetism: V - (uﬁ) =0 3)
Faraday’s law: V x ? = —,u(f @)
Ampere’s law:V x ﬁ = 7 5

And the relations for the materials are:
T= Tetd, + s (©)

Current due to free charges ~ Current due to bound charges

Foul g, To=e’L, BooF 0

Where p is the volume charge density in (C/m?), € is the
nonlinear electric permittivity in (F/m), u is the nonlinear
magnetic permeability in (H/m) and o is the electric con-
ductivity in (S/m). g is the magnetic flux density in (T),

is in (A/m) and E isin (V/m). j,Js, Js and Jp are
respectively the total current density, the conduction current
density, the convection current density, and the displacement
current density for dielectric materials all in (A/m?). Finally,
(V-) (resp. (Vx)) denotes the divergence (resp. curl) oper-
ator. In EM devices, these unknowns are often found chal-
lenging to be calculated due to complex designs and other
inherent difficulties. Consequently, numerical methods are
often employed to facilitate the modeling and design pro-
cess.

2.3 Maxwell’s equations in cylindrical coordinates

In order to analysis the EM fields in systems exhibiting cylin-
drical symmetry, it is essential to transform the presented
Maxwell’s equations (4) and (5) to cylindrical coordinates
as follow:

l aEZ _ aﬂ —_ ‘9Hr
rde oz M5
JE, JE, _ dHy
5. " ar = MY ®)

AEACORE R

10H, OJHy _ aE
;W - TZ — GE +Jsr + E—+ r
OH, OH, 9Ep

d
L~ o =OEp+Jpt+E75 &)

dH, | _ JE,
%{% (rHy) — 31;1;)} =0k +Je+e5F
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Note that in (8) and (9), all variables depend on r, @,
z and ¢. According to the description of the system under
study, equations in the cylindrical coordinate system can
simplified into two PDE:

E(rt)  OHy(rr)

o M (10)

L2 (rHp(n1))] = OE.(1) + Jio (1) + 25520 o
— LH,(r,1) + Zoled)

2.4 Magnetostatic analytic solution

In this study, the time dependency of variables is out of con-
cern i.e. variables are constant along time. For the purpose
of calculating the magnetic field, the integral Ampere’s law
is employed, which states that:

ot -di = [[ 7@

Within the presented wire, a uniform volume current den-
sity j is considered, as follow:

7 _ Joe;
0

As the magnetic field ﬁ has been deduced to be oriented
along ey, a circular integration contour C, with radius r and
centered on the axis of the wire, is selected in a plane with
a constant z. For simplicity, the material of the wire and the
air around of the wire are considered to have a magnetic
permeability u = Ly, leading to the conclusion:

12)

r<a
(13)
r>a

_)
74 woH -di = 74 HoHo(r)rdg = 27rtioH (r) (14)
Jc Jc
With § being the area of the circular cross-section of the
wire, § = ma?, the magnetic field along ¢ direction Hy(r)
expresses as:

_ Jor

Hy(r) forr<a (15)

Jsa?

Hy(r) = forr>a (16)
The relationship between the current density and magnetic
field along the radius of the circular cross-section is visual-
ized in Fig. 2. It can be remarked that electric field along z
direction is proportional to || j ||. These results will be used

to validate further modeling methodology.

=7 ——

Fig. 2: Magnetostatic variables: current density and mag-
netic field

3 Modeling methodologies for EM fields
3.1 Finite difference approximations of derivatives

Within this section, FDM for the approximation of deriva-
tives are discussed. A general expression of the derivative
of a function g at a point xp can be obtained using Taylor
expansion as follow where Ax is the discretisation step [13]:

g (xo+Ax) — g (xo)

g (x0) = Ax +o (sz)

a7

8(x0) — g (x0 —Ax)
Ax
The approximations (17) and (18) are known as the for-
ward and backward difference approximations of g’(xo), res-
pectively. The term o (sz) indicates that the error of the
approximation is proportional to Ax.

g (x0) = +0(Ax?) (18)

3.2 Bond graph methodology

This approach illustrates the transmission of energy via po-
wer links, depicted as half arrows in Fig. 3. The direction
of energy flow is indicated by the orientation of these half
arrows. Each of these arrows symbolize the transfer of flow
variables (f) and effort variables (e), whose multiplication
results in the power [19]-[23].

Fig. 3: Power transfer between two subsystems using bond
graph [20]

In EM systems, the calculation of power is facilitated
through the Poynting’s vector represented as [15]-[17]:

O=ExH

19)
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Therefore, a determination must be made regarding which
of E and H will be designated as effort and which will be
considered flow. As a mean to improve clarity and under-
standing, a classical analogy is utilized in this study. Within
the EM system, the unit of the electric field, Volts per meter
(V/m), is synonymous with voltage in an electrical system
and is thus chosen to signify effort. Similarly, the unit of the
magnetic field, Amps per meter (A/m), is equivalent to cur-
rent in an electrical circuit and is selected to represent flow
in this study.

Bond graph methodology categorizes components into
active (sources of effort S, or flow Sy) and passive (related
to energy dissipation represented by R and energy storage
represented by I and C). It employs 0-junctions (effort con-
servation) and 1-junctions (flow conservation), and specific
junctions indicating proportionality between efforts and flows.
Essentially, to assign the roles of effort and flow between the
interacting components, integral causality must be consid-
ered. A causal bar will be noted to signify that effort is an in-
put into the element close to the causal bar, while flow serves
as the output, thereby clarifying their dynamic relationship
in the system. Tab. 1 and Tab. 2 provide a concise overview
of integral causality in various bond graph elements.

Table 1: Causality assignment rules of active and passive
elements

Table 2: Causality assignment rules of junctions [23]

Symbol Equations Block
Se —=] e imposed by S, Se —
I
S H— f imposed by S S e
i g/
—1 F6) = (Je(t)d7) — o[ —
f —a e
—c e(t) = o' ([, f(r)d7) — ot
F—r e=Rf Lo L.
—R f= %e —

4 Bond graph model of discrete Maxwell’s equations
4.1 FDM using staggered grids

Yee’s algorithm defines a staggered grid for the electric and
magnetic field components [8]-[12]. In this algorithm, the
electric field is sampled at full steps in space directions and
the magnetic field is sampled at half steps in space direc-
tions. The arrangement of the electric and magnetic field

Junction Description
R Strong bond
]' EV
e 2 7 Causality n
= 1 Yiaieifi=0,
f f Zeinput =Y eout
R
|
l? //Stmnghond
. . /ﬁ’/ . Causality
f—> 0 — Yiaieifi =0,
i Js Zfinput = Zfout
s
e, :f/
a; = 1 when the arrow enters the junction and a; = —1 when the

arrow comes out from the junction

components for the system under study is shown in Fig. 4.
For simplicity, the following notations will be used:

— r; = iAr with i € Q is the radius of the i'" step;
- Eé':Ez(r,‘,t);

Fig. 4: Positions of the electric and magnetic field compo-
nents according to the Yee scheme along r direction

Using the forward and backward difference approaches
for the magnetic and electric fields, the cylindrical Maxwell’s
equations simplified due to the geometry of the system un-
der study presented in (10) and (11) using Yee’s grid can be
descritized as follow:

. . i+l

EI! —E! 0H, ?
, - _ 20
Ar K=o (20)

1 i+1/2
— (pr / +rip12 Ar

i+1/2 i—1/2
Hy "~ —Hy
Tit1/2

@
iy g oE;
ok, +J, +¢€ 5

As a simplification, in the system under study, it is as-

sumed that no convection current can exist, then Jj:z =0.

Moreover, in the conductive material of the wire:

— There is no displacement current;
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— Electric field is an external source leading to conduction
current in the wire.

Furthermore, both air and material of the wire have magnetic
permeability equivalent to L.

Thus, considering bond graph methodology given in Sec-
tion 3, a bond graph representation of the discrete Maxwell’s
equations for the presented geometry by the FDM method
using staggered grid can be proposed.

However, as stated by the Yee’s algorithm, electric and
magnetic fields are not estimated for the same locations. As
a consequence, the bond graph in Fig. 5 is not consistent
with the definition of Poynting’s vector in (19). As a conse-
quence, to clearly represent the power transfers in the sys-
tem, it is necessary to interpolate data of magnetic field at r;.
This leads to an increase of the computation complexity of
the model.

4.2 FDM using non-staggered grid

In a non-staggered grid approach, as an alternative to Yee’s
algorithm, the arrangement of electric and magnetic field
components is aligned in a more uniform manner. Both the
electric and magnetic fields are sampled at full steps in space
directions. Consequently, at each point in the grid, the elec-
tric and magnetic field components are collocated, which
simplifies the numerical implementation.

From this non-staggered grid and general equations (10)
with backward approximation and (11) with forward appro-
ximation, bond graph in Fig. 5 is obtained.

4.3 Simulation results of FDM using non-staggered grid

From the bond graph in Fig. 5, state space equations of the
system are derived and aggregated in a system of first order
differential equations expresses as:

X(t)=AX(t)+BU(t) (22)

Where X (¢) is the state vector including energy variables
i.e. electric and magnetic fields components E!(¢) and H(’;, (1)
excepting boundary conditions, U (¢) is the input vector in-
cluding external sources J in the wire and boundary con-
ditions Hg and H;,r “. Obviously, state space representation
is able to describe variables along time using a numerical
integration algorithm such as Euler or Runge-Kutta meth-
ods. However, as the aim of the paper is to validate the pro-
posed methodology in magnetostatic condition, a solution is
directly obtain computing the steady state of the system with
A~'BU.

Considering an infinitely long wire of radius a = 6 mm
and a constant discretisation step of Ar = 0.1 mm, electric

and magnetic fields are computed for 0 < r < 10 cm using
the state space system obtained from bond graph with non-
staggered grid. The results are then compared with those
obtained with analytic expressions in (15) and (16), and de-
picted in Figure 5. Moreover, electric field is also depicted
and it can be seen that it is effectively proportional to current
density. In this study, Matlab software is used to solve nu-
merical systems of equations. It can be remarked that other
numerical computing software or language, such as Python,
could be used with similar results. Finally, the results ob-
tained in the steady state from bond graph modeling are to-
tally consistent with analytic simulations, exhibiting a max-
imum relative error of just 1.6%, thereby leading to a clear
validation of the proposed methodology for representing cou-
pled magnetic and electric fields.

5 Conclusions and further work

In this paper, the studied problem of infinitely long wire
has been presented with associated magnetostatic analytic
solution. Then, a modeling methodology for energy trans-
fers representation has been introduced and applied to the
Maxwell’s equations. Finally, using this methodology, a sim-
ulation scheme has been derived and simulation results pro-
vided, leading to a validation of the proposed methodology.
It has been demonstrated that a modeling tool, the bond
graph, usually devoted to representation of energy transfers
at system level, can be applied to local coupled phenomena
such as EM behavior.

In further work, firstly, it will be necessary to improve
the numerical implementation of the proposed methodology.
In order to obtain faster simulations, unstructured grids with
variable discretisation step could be investigated similarly
to variable step algorithm for time integration. Moreover, as
matrices obtained from bond graph are mainly null, sparse
matrices algorithms may be considered to fasten results es-
pecially in transient time state. Furthermore, Finite Volume
Method (FVM) can also be studied and compared with FDM.
Indeed, FVM seems promising to be linked with bond graph,
as energy is assumed as constant in elementary volumes.

Finally, this work is a premise to later studies where the
EM bond graph will be directly linked to system level one
providing a complete electro-electromagnetic unique repre-
sentation and simulation of a given system. This could avoid
the use of co-simulation between electric and EM softwares
and it will allow to reduce global computation complexity
using a unique numerical software for system and EM simu-
lation instead of using co-simulation process. Moreover, this
leads to a better understanding of energy transfers in com-
plex systems to possibly improve their design.
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Fig. 5: Bond graph representation of discrete Maxwell’s equations using FDM by non-staggered grid
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Fig. 6: Simulation results of EM fields in steady state
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