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Abstract

Logistic regression models traditionally assume observed covariates. However, practical scenarios often
involve missing data and outliers, which pose significant challenges. This short communication presents
a new approach to solve these issues by integrating random covariates following a Student ¢-distribution
within the framework of logistic regression. We propose a Robust Stochastic Approximation Expectation-
Maximization algorithm suitable for Logistic Regression (REM-LR) that, in addition, is able to improve the
resilience of the model against both missing values and outliers.

Keywords: Parametric estimation, missing values, robustness, maximum likelihood,
expectation-maximization algorithm, logistic regression

1. Introduction

Logistic regression is a reference statistical method for binary classification, valued for its simplicity and
interpretability [I]. It is widely used across various fields: from medicine (to predict diseases) to finance (for
credit risk assessment) and social sciences (for behavioral predictions). However, in practice, the efficiency
of logistic regression can be compromised by several structural challenges encountered in real-world data,
notably: i) the presence of missing data [2], 3] and ii) the presence of outliers in the covariates [4]. Both of
these aspects significantly influence parameter estimation and prediction performance.

Missing data is an omnipresent issue during data collection, potentially stemming from various causes:
incomplete survey responses, human input errors, or technical failures [5], 6] 7}, 8]. Without appropriate
handling, these gaps can introduce bias into the estimations, making predictions unreliable and inaccurate. In
the literature, managing missing data in logistic regression has often been approached under the assumption
that covariates follow a Gaussian distribution. A common method is to maximize the likelihood of missing
data under this assumption to estimate the parameters [6]. However, this Gaussian assumption may result
inadequate in contexts where data is heterogeneous or contains outliers, which can decrease significantly
the estimation accuracy [9, [10]. In contaminated environments, where covariates are affected by outliers,
using the Student’s ¢-distribution presents a more robust alternative. Indeed, this distribution, thanks to
its heavier tails, offers greater tolerance to extreme values, making it particularly suitable for contaminated
data. Moreover, it allows for better modeling of heterogeneous data, a scenario often observed in real-world
applications. Thus, in this work, we propose a hybrid approach that combines the modeling of covariates
using a heavy-tailed distribution with a robust estimation framework. Specifically, assuming a Student’s t-
distribution for the covariates enhances the robustness of their parameter estimates. However, this property
does not naturally extend to regression parameters, which remain sensitive to outliers. To overcome this
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limitation, we introduce a robust weighting mechanism in the estimation process to mitigate the influence of
outliers. More specifically, we adopt the weighting procedure proposed by Carroll and Pederson [I1], which
adjusts the log-likelihood of the variables of interest to reduce the impact of outlying observations. This
strategy ensures that both the covariate distribution and the regression model maintain their robustness in
the presence of contaminated data, thereby enhancing the overall reliability of the estimation.

It is important to note that, although the robustness of logistic regression has been studied in several
previous works [IT], 12 [I3], the simultaneous handling of outliers and missing data remains an unresolved
challenge. These works primarily focused on robustness against outliers but overlooked the issue of data
incompleteness. To fill this gap, we introduce a unified approach that addresses both problems jointly.

In this context, we develop an extension of the stochastic approximation expectation-maximization
(SAEM) algorithm, which we call REM-LR (Robust Expectation-Maximization for Logistic Regression).
This algorithm is designed to estimate the parameters of logistic regression in the presence of non-Gaussian,
contaminated, and potentially missing covariates. REM-LR relies on two key principles: i) robust modeling
of covariates using the Student’s ¢-distribution and ii) incorporating robust weighting into the cost function
related to variable responses, which minimizes the influence of outliers during parameter estimation.

To evaluate the effectiveness and robustness of our approach, we conducted a series of experiments
on synthetic datasets simulating different scenarios: the presence of outliers, missing data under various
schemes, and non-Gaussian distribution conditions for the covariates. We compared the performance of
REM-LR with that of the stochastic approximation EM and other robust methods that handle missing data.
Additionally, we tested our algorithm on real data set. The results demonstrate that REM-LR outperforms
existing methods in terms of robustness and accuracy, particularly in scenarios involving contaminated or
incomplete data.

2. Model setup

In the following we consider the logistic regression model which reads

fa(@:) 2 Pr(y; = 1| 2 8) = (1 +exp (<1 27]8)) ", (1)

for i = 1,--- N where y; € {0,1} represents the mutually independent i-th observed binary response
variable associated to the i-th covariate vector &; € RY while 3 € RP*! indicates the regression parameters
to be estimated. Note that the covariate vectors are assumed to be mutually independent. As experienced
in many practical situations, the covariates may contain missing data whose pattern can be characterized
by a random mask matrix M such that:
1 if [x;], is observed, 2)
0 if [x;], is missing.

In the following, we denote the unobervable full dataset X £ {X,ps, Xmis } Where Xpps = {@i obs Y is the
observed dataset and Xyis £ {@;mis }1' the missing dataset.
The maximum likelihood maximizes p(y, {Z; obs } 1, M; 1) =p(y, {Ti.obs }1e1;)p(M|y, {Ziobs } Y1, ;) in
which 1 represents all the unknown parameters and will be specified in the next section. In this short
communication, we limit ourselves to the case of missing at random (MAR) and the missing completely
at random (MCAR) patterns [I4]. Along with their incompleteness, we aim at taking into account the
possible heavy-tailedness of the (full) covariates and their consequent departure from the classical Gaussian
behaviour. Among all the possible heavy-tailed distribution proposed in literature, many studies showed
that the Student ¢-distribution is a good representative able to provide robustness to inference procedures
[15, [16]. From the Stochastic Representation Theorem [I7], a covariate X > x; ~ p(x;;p,X,v) is t-
distributed, with location vector u, scatter matrix X and degree of freedom v controlling the spikiness, iff,
x| ~ p(i|mi p, E) = N (243, 7,1 8), where 7; ~ p(7i;v) = Gam(v/2,v/2) and Gam(-,-) is the Gamma
distribution.



3. Algorithm design

In this short communication, we aim at estimating B by relying on the set of response variables y =
[y1,--- ,yn]T and on the observed set of covariates Xops = {; ons }1 C X, that is a subset of the full set X =
{z;}V of heavy-tailed covariates that are assumed to follow a t-distribution #(u, 3,v). Consequently, the

vector of unknown parameters reads 8 = [BT, T vech(2)T, U]T while the joint pdf of the response variable
y; and the related full covariate vector is given by p(y;, ;;0) = B(y:|®i; 3) O+°O p(@i| 75 p, X)p(7i;v)d,
where the conditional Bernoulli distribution B(y;|x;; 8) £ fa(x;)¥ [1— fa(x:)]* Y and fg(x;), p(x:|mi; 1, )
and p(7;;v) are defined Section Under the assumption of sample independence, the likelihood of the
observed data is given by:

N

L(ea d)7 Yy, Xobm M) = p(y7 {wi,obs}é\;h Ma 97 ¢) = Hp(y’u Li,obs, Mi; 07 d))
i=1

N
H /p(yu i, T, M5 0, @) dx; s AT
=1

N
H/P(yiwi,Ti;@)P(mi | Yi, @i @) da; mis dT;. (3)
i=1

Considering that the missingness indicator matrix M € {0, 1}V*¥ follows a probability mass function

given by
N

p(M |y, X: ) = [ [ plmi | i, uis $), (4)
i=1
Here, ¢ denotes an unknown deterministic nuisance parameter vector that characterizes the missing data
mechanism. Under the MCAR assumption, missingness is independent of both observed and unobserved
data, implying p(m; | y;, Z;; @) = p(m; | ¢). In contrast, under the MAR assumption, the missingness pat-
tern depends solely on the observed values @; obs and y;, leading to p(m; | yi, €4, ; @) = p(m; | Yi, Tiobs; P)-
In the MAR case, the maximization of can be expressed as:

N
(0,¢) = arg HGI%XH/p(yiamiaTﬁe)p(mi | Yi, @i obs; @) AT misdTi
=1

N
= arg Ig%)XH [p(mi | Yi, @i obs; P) /p(yuwiﬂ'i;@) dwi,misdTi]
i=1

N

= arg I‘I,}EZ)X {logp(mi | Yi, Li obs; ¢) + log/P(yi,muﬂ';e) dmi,misdﬂ'] . (5)
=1

This result holds true in the MCAR case as well. Consequently, the estimation of 6 can be carried out
without the need for explicit modeling of the missing data mechanism, thereby simplifying the process and

leading to:
N

0 = argmax ; 10 (Ui, Ti.obs; 0)- (6)

In contrast, in the MNAR (Missing Not At Random) case, the distribution of the missing data mask,
p(M | y,X; ), must be explicitly modeled, for instance using logistic regression or any suitable model.
This introduces a non-separable problem, requiring the estimation of additional parameters to capture the
missing data mechanism, which significantly complicates the estimation process. Addressing this challenge
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represents a promising avenue for future research. Consequently, under the i.i.d. assumption and assuming
either MAR or MCAR missing data patterns, the log-likelihood function for @ can be expressed as:

N
L(0 |y, Xobs) = ) In (/B(yi | zi; ) /p(ivi | 7i3 p, B)p(735 v)dr; dﬂ?i,mis> : (7)
1=1

Unfortunately, a directly maximization of £(8|y, Xons) is not feasible due to the impossibility to derive
a closed form solution for the marginal density of the observed data.

3.1. Robustness of covariates parameters estimation

In order to handle ¢-distributed data with missing observations, one possible approach generally used in
literature is the Expectation-Maximization (EM) algorithm. We define the complete data as {y, X', 7} such
that the related complete log-likelihood function is :

N
£C(0 | y7X7T) = Zlnp(y’hthi;e)
i=1
N (8)
= Zln [B(yi | zs; B)p(xi | 703 0, B)p(T3;0)]
=1

with 7 = [71,...7x]7. One can immediately note that the complete joint density p(y;, z;, 7;; @) belongs to the
exponential family of distributions [I8] since it is the product of the (conditional) Bernoulli B(y;|x;; 3), the
(conditional) Gaussian p(x;|7;; pt, ) and the Gamma distributions p(7;; ) that are exponential distribution
themselves allowing us to work directly with the complete-data sufficient statistics [19].

The E-step of the EM algorithm consists in computing the following surrogate at the ¢ + 1-th iteration

Q(t+1)(0) = ETmeish/qubs,é(t) {L(0]y, X, 7)} (9)
=Ex,. |y, Xone {g(t“)(y, X, 0)} where: (10)
g(tJrl)(va’a) £ Er\y,x,é(t) {‘CC(O | anvT)} (11)

Evaluating in close form the expectation in @D is impossible and even its numerical calculation may be
problematic since it require the generation of random samples from the joint distribution of (7, Xyis). One
may rely then on the Stochastic Approximation EM (SAEM) algorithm, introduced in [19], as a fast and
computationally efficient version of the classical EM methods. The SAEM algorithm is structured in three
steps: the simulation, stochastic approximation and the mazximization steps.

The simulation step: In the expectation , we substitute the unavailable set of full covariates X with
a “simulated” version as:

g(t‘i’l)(y7 X(t), 0) = ]ET|y,-5(\(t)7é(f’) {£C(9|y’ X’ T)} (12)

where X® 2 (&0} iy which:

[:i(t)] _ [ 0bs]p [M]ip =1,
7 - A~ (t N
P @ ~ (@i mis| Y, Xobs, 0P)],  [M], = 0.

7,mis
It is worth noticing that the samples :i"gi)nis
as described in the supporting materials.

By substituting in , we get:

3. X0.0) = S5V @, X)L B v gor {In [p(@ i Do) |} (13)

can be obtained by using a Metropolis-Hastings procedure,
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N
S5 X)) 23 B(yila]"; B). (14)

First, note that the parameters of interest 3 and the t-distribution parameters (@, 3 and v), are decoupled,
then they can be handled separately. Second, since the complete-data joint pdf belongs to the exponential
family, instead of working directly with the function §**), we may use the complete-data sufficient statistics
[19]. Specifically, following [I5], complete-data sufficient statistics are

~ N N
SO (x®y = 22:1 @, s = Zizl(ln(”) - 1)
N N
t) _ (1) (p PAOIFNOIVA
S‘r Zi: Ti, S‘rmm( ) Zi:l Tlml [wz } ’

According to (13), we need to update these sufficient statistics by evaluating their expectation E 2060 {-}
which read

SUHD (P = ZN 1 WD), (15)
S (x0) Zw(t“) 3 (16)
~ N

Saa (X0 =37 wlVa @l (17)
~ ~ N

SUFD(X®) = NIg((P + M) /2) = In((P+01)/2)] + 3~ [In(wf™) - w™V]. (18)

where ¢(t) = 4 1InT'(t) and w(tH) =E_, z0e0{mi} = (#® + P)/ (5D + 5@), where 51@ indicated the

K3
squared Mahalanobis distance 6" = (2{” — a)T[B®]-1(&{) — o).

The stocastic approzimation step: In order to avoid the analytical difficulties in evaluating the conditional
expectation in @D and since, the joint complete data pdf belongs to the exponential family, instead of
maximizing the objective function @) t+1>(0), we can maximize the data sufficient statistics obtained from
the following stochastic approximations:

S = 50 4 ay (800 - 500), (19)
SUED = 89 4, (3459 - 39) (20
S = 80+ (34 - 59) @
SUED = 80, + o (S - 51, ). (22)

where, for notation simplicity, the dependence of all the previous terms from X® has been omitted. Ac-
cording to the same sthocastic approximation principle, we have:

8970y, BO) = 55 (4, B + a0 (857 (9, ) — 89 (5, X)) (23)

We note in passing that the choice of the step size ay is critical for the convergence of the algorithm. Here
we choose to initially set {a;} to 1 in the first iterations, followed by a decreasing sequence such as 1/¢.

The mazimization step: As explained above, in our case the SAEM algorithm allows for a derivation
of 80+Y) from the stochastic approximation of the sufficient statistics. Specifically, an estimation the ¢-
distribution parameter can be obtained from egs. — as:

N+ S-E-t;l) 24

1 - S(t+1) ’ ( )
) S04 (GUAD\T

s+ _ L (g _ Sra (Sre ) (25)
N | Praz S+ ’



while the degree of freedom estimation requires solving the following equation using the quasi-Newton
algorithm:

—6(v/2) + In(v/2) + 1+ N~15EHD =0, (26)

v=p(t+1)

the regressor parameter estimates are obtained by solving:

AU = argmax S5y, X, 1)

which is also solved using quasi-Newton algorithm. The REM-LR algorithm is structured analogously
to SAEM. The sequence of step sizes {a;} in REM-LR satisfies the classical stochastic approximation
conditions, namely > 72, a; = 400 and Y _,o, a? < 400, which, according to Delyon et al. (1999), ensure its
almost sure convergence. The algorithm stops when the squared distance between the estimated parameters
B, p, and X at iterations ¢ and t — 10 falls below a predefined convergence threshold of 10~8. Additionally,
a maximum number of iterations is set to T' = 200 to prevent infinite loops in case of slow convergence.

3.2. Robustness of regressor parameters estimation

The assumption of a Student ¢-distribution for the covariates leads to robust (in the M-sense) estimators
for g and ¥ [I7], given in egs. and . However, this property does not apply to the estimation of
the parameters of interest 3 since the related sufficient statistic in is still vulnerable to outliers. To
avoid this problem, a standard procedure in robust statistics is to adopt a weighting function to penalize

terms produced by outliers. Specifically, S’gﬂ) in may be robustified as:

RY™V(y, X0) W 5;)In B(y;|2"; 8), 28
(y, - y

where the decreasing function W (u) must be bounded [20]. The aim of this weighting function is to penalize

terms generated by :&Et) that are far from the estimated mean () in the Mahalanobis distance. Carroll
and Pederson [I1] proposed selecting W from a specific family determined by a parameter ¢ > 0 as W(u) =

(1 — %22) I(Ju| < ¢) where I denotes the indicator function, equal to one if the condition |u| < ¢ holds and

zero otherwise. In real-world scenarios, data types and outlier characteristics can vary, making it challenging
to choose the optimal threshold for the parameter ¢ in the robust weighting function. To address this, we
suggest using cross-validation with a K-fold method across a range of possible values for ¢ to determine the
best adjustment [21].

3.8. Prediction with missing data

It is common to assume that the distribution of the observed data and the distribution of the missing
data are identical to that of the training data. It is than natural to employ a Monte Carlo approach for the
prediction step. Namely, by exploiting S Monte Carlo samples using a Metropolis-Hastings (MH) procedure
(c.f. subsection below), we can directly estimate the response by maximizing its marginal distribution
over the missing data, while considering the observed data:

y’L = arg maXB(yv |mz obs; /é)
= arg max/ B yz|w2 obs, L i, Izrus’ ﬁ) ($i,mis|mi,obs; 2; ["a ﬁ)dii:i,mis

— ~(s) .3
- arg Ir;ax ]Em7 mmlmz ob<7 N8 { yl |mi’0bs’ mivmis’ IB)
7

S

:argmasz yz‘mzobm Zmlsvﬁ) (29)
s=1



3.4. Sampling with the Metropolis-Hastings Algorithm

In the logistic regression scenario, exact sampling of unobserved data from the conditional distribution
(T4, mis| @i obs, ¥i; 0) is generally impractical due to its dependence on an integral that does not admit a
closed-form solution. A potential solution involves the use of a MH algorithm, which entails construct-
ing a Markov chain with the target distribution as its stationary distribution. The states of the chain,
obtained after S iterations, can then be used as a sample from the target distribution. To define a pro-
posal distribution for the MH algorithm, it is observed that the target distribution p(@; mis|®: obs, ¥i; 0)
B(yi|z;; B)p(%; mis|Ti obs; 1, 5, V). We choose the proposal distribution for @; mis|Z; obs as the second term,
characterized by a Student’s t-distribution &; mis|Tiobs ~ tp; . (Kis i, Vi), Where p;mis + Piobs = p, the
mean vector is f, = [Hi mis, Hiobs|, and the scale matrix is

» . |:zi,obs,obs z:i,obs,mis
pPXp —

2i,mispbs 2i,mis,mis

Then, we have:

2
v+ 0
i,obs
$i,mis|$i,obs ~ tpi,[nis i mis|obs > E7l,mis,mis|obs7 v+ Diobs | » (30)
v+ Di,obs
—1
Hi mis|obs = Mi,mis + 2i,mis,obsEJ,L"O]DS’ObS (wi,obs - lj/i,obs); (31)
—1
Ei,mis,mis\obs = Ei,mis,mis - Ei,mis,obsEi,obs’obszi,obs,mis7 (32)
2
v+ 6
i,obs
3= 2i,mis,mis\obsa v, =V +pi7obsa (33)
v+ Di,obs
2 Ty —1
5i7obs = (xipbs - I‘l‘i;ObS) 2:z',ol)s,obs(mi7()bs - “i;0b5)7 (34>
where 6fobs is the squared Mahalanobis distance of ; ops from p1; ons With scale matrix 33; ops obs-

Knowing that the proposal distribution follows a Student’s t-distribution conditioned on the observed
variables & obs, the proposal distribution is formulated as follows:

h(x; mis) = P(Ti,mis |[Ti,0bs; Uy 2, V) =t o (piy B, ).

Noting that

g(mi,mis) = p(mi,mis|mi,obs§ M, 3, V) with fixed v and f(l‘fiins) = p(xi,mis|mi,ob57 Yis 0)7

we have than all the ingredients to use the MH sampling.

3.5. Complexity of the REM-LR Algorithm

The dominant component of the REM-LR algorithm is the Metropolis-Hastings sampling, whose com-
plexity is given by:

0<M-H>zo< S (Pows(d® + pobs@')pmiss(if+pmiss(z')3+Bpmiss<z‘>3)>

1€ (Xmiss)

where I(Xyiss) denotes the set of samples with at least one missing variable and ny,is = |[I(Xmiss)| is their
number, The constant B represents the burn-in period in the Metropolis-Hastings (M-H) sampling process.
It is the number of initial iterations discarded to allow the algorithm to converge to the target distribution.
For each sample 4, since pobs(i) = P — Pmiss(¢), substituting this into the complexity expression yields

O(M'H) = O <p3 Nmis — 3}72 Z pmiss(i) + 4P Z pmiss(i)2 + (B - 1) Z pmiss(i)?)) .

1€ (Xmiss) 1€ (Xmiss) 1€ (Xmiss)
7



In addition to the Metropolis-Hastings phase, the REM-LR algorithm comprises an E-step with a compu-
tational cost of O(np3), primarily due to the calculation of the Mahalanobis distance for robust weighting
functions, which requires inverting p x p matrices for each of the n samples. The M-step, on the other
hand, has a lower complexity of O(np?), as it is mainly associated with updating the model parameters.
Consequently, over Tgop iterations, the total computational complexity is O(T Stop (np? + np3 + p> Nmis —

3p? ZieI(Xm;ss) Dmiss (1) +4p Zie[(.xmiss) Prmiss (1) 4 (B —1) Ziel(z’\fmiss) pmiss(i)S))- In the worst-case scenario,
where most variables are missing in each sample (i.e., pymiss(7) ~ p for i € I(Xniss)) and assuming np,is < n,
the dominant terms remain of order p3. In summary, while the algorithm is polynomial in p (specifically
cubic in p) and linear in n, it can quickly become computationally expensive for large p. Optimizing costly
operations—such as matrix inversion—is therefore crucial for efficient performance in high-dimensional ap-

plications.

4. Numerical Simulations

4.1. Generation of Synthetic Dataset

In this subsection, our primary focus lies in testing our algorithm in the case of covariates generated
from a Gaussian distribution with outliers and missing covariates [22].The regressor parameters 3 and the

mean vector g is given by B = [-0.3 0.4 —0.20.90 — 0.5]7 and p = [1 2 3 4 5], while the covariance
matrix is
1 12 0 0 0
1.2 4 0 0 O
=10 0O 9 6 12
0 0 6 16 14

0 0 12 14 25

The outliers are generated from multivariate Gaussian distributions with an identity covariance matrix
and centers shifted by £30 times the covariates means p.

Table 1: Bias and RMSE for 10% MAR and 10% of outliers

REM-LR SAEM R-MICE R-Mean P-M BY-M RSI R-Full

bias(01) -0.0094  -0.1588  0.0186 0.0282  -0.2405 -0.1265 0.0282 | -0.0060
bias(82) -0.0216 0.2186  -0.0180 0.0045  0.1971  0.2557  0.0127 | 0.0026
bias(83) 0.0021 -0.0028  0.0102 0.0116  -0.0387 0.0147  0.0126 | -0.0061
bias(f4) 0.0166 -0.0668  -0.0105  -0.0756  0.0472 -0.1832 -0.0731 | 0.0073
bias(0s) -0.0016 0.0046  -0.0008  -0.0124 -0.0046 -0.0091 -0.0092 | -0.0026
bias(0s) -0.0080 0.0413 0.0063 0.0510 -0.0138 0.1162  0.0456 | -0.0017

RMSE(3) | 0.0809 0.1007 0.0826 0.1177  0.1277  0.1756  0.1138 | 0.0600

4.2. Hyperparameter Selection

Smoothing Parameter Selection (cy). For the selection of the smoothing parameter «; in REM-LR, we
adopted the sequence oy = (t; —t)~ " proposed by Kuhn and Lavielle (2004) in the SAEM algorithm. During
the first 50 iterations (t; = 50), ay was set to 1 to accelerate convergence toward the maximum likelihood
estimator (MLE). Subsequently, it followed a decreasing schedule controlled by 7, ensuring convergence. We
chose 7 = 1, an optimal trade-off between speed and stability, which is often recommended in the literature.

Threshold Adjustment (c). The adjustment of the threshold ¢ in the weighting function was performed using
5-fold cross-validation. This process aimed to identify the optimal value of ¢ that maximized predictive
performance of the REM-LR in the training set. By systematically evaluating different values of ¢ across
the folds, we determined that the best predictive performance with this type of data was achieved at ¢ = 21.
For both simulations, the dataset was corrupted with 10% outliers and 10% MAR missing data.
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4.8. Parameter estimation

We present estimates of the biases for j3; as well as the Root Mean Squared Error (RMSE) for 3 across
different scenarios. The proposed REM-LR is compared with the classical SAEM algorithm [6], the robust
version of R-MICE (for Multiple Imputation by Chained Equations [23] coupled with a weighted logistic
regression ), the multiple robust stochastic imputation RSIEL the P-M Pregibon [25] and Bianco &
Yohai BY-M [13] methods which are known to be robust in the context of logistic regression models (working
without missing data) in which we coupled them with a robust mean imputation of missing data using the
MCD method [24]. Finally, we added as benchmark the R-Full for the robust full case (i.e., the missing
values are considered known).

Table [I] shows that the proposed REM-LR exhibits the smallest bias and the lowest RMSE for the

regression parameters in the case of partially missing Gaussian covariates corrupted by outliers. Extensive
numerical simulations show that the same behavior is observed for different missing data mechanisms (i.e.,
MCAR, MAR) and for varying percentages of missing values and/or outliers, where the results are presented
in Table (4).
To assess our method under an MNAR scenario, we implemented a self-masking mechanism across all
features. In this approach, for each feature, any value that exceeds the feature’s mean is designated as
missing, ensuring that the probability of missingness is inherently dependent on the value itself, a hallmark
of a non-ignorable missing data process. We then conducted simulations using MNAR (self-masking) data
with a 30% missing rate and 10% outliers. The outcomes reveal that even under MNAR conditions, our
algorithm, originally crafted for ignorable missing mechanisms (MCAR and MAR), achieves a lower overall
RMSE for 3 compared to other methods (see Figure [1)).

4.4. Prediction with Corrupted € Missing Values

To evaluate the predictive accuracy on a test dataset containing missing values, we used the same
simulation configurations as detailed in the previous subsection, employing a training set with dimensions
1000 x 5. Additionally, a test set with dimensions 250 x 5 was generated. In all imputation scenarios, the
missing data were imputed independently for the test set, and then the selected model was applied from the
training set. We conducted a comprehensive comparison of these methodologies using conventional criteria
to evaluate the quality of predicted probabilities derived from logistic regression. The evaluation metric
used was accuracy. The average performance indicates a notable superiority of the proposed REM-LR
algorithm, even with an increase in missing data, as shown in Fig. [2|

4.5. Scalability and Computational Performance

To assess the scalability and computational efficiency of REM-LR, we conducted experiments by varying
both the sample size (n) and the number of covariates (p). The goal is to evaluate how REM-LR performs in
terms of execution time, accuracy, and RMSE compared to MCEM(Monte Carlo Expectation Mazimization),
SAEM, and BY-M.

Impact of Sample Size. Table [2] presents a comparative analysis of different estimators for varying sample
sizes (n). The results show that the execution time of REM-LR scales approximately linearly with n,
indicating good scalability for medium-sized datasets. Moreover, REM-LR achieves lower RMSE and higher
accuracy than MCEM and BY-M, while maintaining a computational cost close to SAFEM.

Impact of Number of Covariates. To further evaluate the scalability of REM-LR, we measured execution
time while varying the number of covariates (p) for a fixed sample size (n = 1000). Table [3]illustrates that
computation time increases cubically with p, reflecting the growing complexity of the model as the number
of covariates increases. However, REM-LR remains competitive with SAEM in terms of execution time,
while providing more accurate estimates.

1Robust in the sens of robust imputation, i.e, the mean and variance are robustly estimated using the Minimum Covariance
Determinant (MCD) method [24], and then, the imputation are given as a sampling from a Gaussian distribution with a robust
mean and covariance matrix estimation using MCD.



Table 2: Comparison of Mean RMSE, Accuracy, and Execution Time for Different Estimators (p = 5, 5 simulations) under
10% MCAR Missing Data and 20% Outliers.

Sample Size RMSE Accuracy Execution Time (seconds)
BY-M MCEM SAEM REM-LR |BY-M MCEM SAEM REM-LR|BY-M MCEM SAEM REM-LR

200 0.3618 0.4120  0.4066 0.4786 0.6894 0.6900 0.6880 0.6200 16.16  209.99 8.86 9.26
500 0.3664 0.3102 0.3238 0.2416 | 0.6840 0.6936 0.6928  0.6800 42.82 44566  20.63 22.28
700 0.3599  0.3395  0.3417 0.1432 0.6667 0.6857  0.6914 0.6938 64.61  623.31  30.16 32.26
1000 0.3587 0.2801  0.3644 0.1624 0.7280 0.6952  0.7105 0.7267 100.81 1089.07  84.67 82.46
3000 0.3565 0.3692  0.3690 0.1301 0.7080  0.7000 0.6898 0.7256 298.72 4664.98 216.07 257.94
5000 0.3383  0.2550  0.3545 0.1039 | 0.7112 0.7111  0.7045 0.7320 | 491.99 6180.22 453.25 476.36

Table 3: Comparison of Mean Execution Time (in seconds) for Different Estimators (n = 1000, 5 simulations) under 10%
MCAR Missing Data and 20% Outliers.

Covariates (p) | MCEM | SAEM | REM-LR
10 6207.6 190.02 202.19
15 7137.8 263.55 287.23
20 8562.4 | 314.68 338.90
25 11211.0 | 410.11 428.54
30 15907.0 | 480.74 463.82
50 20476.1 | 646.75 634.45

4.6. Application on real dataset: Raisin Dataset

In the scope of our study, we utilized data sourced from computer vision research aimed at distinguish-
ing between two varieties of dried grapes, namely Kecimen and Besni, cultivated in Turkey. The dataset
employed consisted of a total of 900 grape grains, evenly distributed between these two varieties after pre-
processing [26]. To evaluate and demonstrate the robustness and performance of our algorithm, we employed
various machine learning models including Support Vector Machine (SVM), K-Nearest Neighbors (KNN),
and Random Forest (RF). These models were trained and tested on data imputed using the MissForest
method [27]. The hyperparameters of these machine learning algorithms were adjusted using the cross-
validation method with 5 folds in the training phase. Additionally, we also applied the previously mentioned
robust methods to these data to obtain a comprehensive analysis of our algorithm’s performance. In a
scenario featuring 900 samples, each comprising 7 characteristics. For training and testing purposes, 75% of
these samples were randomly selected for training, with the remaining used for testing. We consider different
rate of corrupted and missing values aiming to evaluate the proposed algorithm ability to handle different
levels of outliers & incompleteness. Our experiments were designed to evaluate the performance of different
algorithms under various conditions of missing data and outliers.

The results from Fig. 3] and [4] demonstrate not only the effectiveness of REM-LR in handling missing
data and outliers but also its ability to outperform traditional machine learning algorithms such as RF,
KNN, SVM, and even traditional robust algorithms for logistic regression. Specifically, the Area Under the
Curve (AUC) is a widely used metric in the context of binary classification problems, indicating the capacity
of distinguishing between positive and negative classes. A higher AUC indicates better performance of the
classifier. Meanwhile, the Brier score assesses the mean squared deviations between predicted probabilities
and actual outcomes (values of 0 or 1). A lower Brier score indicates greater predictive accuracy. This
significant innovation in the SAEM algorithm, embodied by REM-LR, opens new perspectives in the field
of missing data estimation and robustness in logistic regression, highlighting its potential usefulness in the
field of machine learning. These results are further validated in the following subsection, where Table
summarize different performance metrics under various scenarios. Our algorithm consistently maintains
superior performance, even as the rate of missing data or outliers increases. This robustness highlights
REM-LR’s reliability in challenging conditions, making it an optimal solution for real-world applications
with incomplete or corrupted data.
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Table 4: Bias and RMSE for 30% MAR and 30% MCAR with 10% of outliers

‘ REM-LR SAEM R-MICE R-mean P-M BY-M RSI ‘ R-Full
30% MAR -+ 10% Outliers
51 0.0118 -0.1575 0.0690 0.1010  -0.1996 -0.0977 0.0566 | 0.0109
Bo -0.0590 0.2234 -0.0383 0.0222 0.2510 0.3040 0.0515 | -0.0151
B3 0.0132 -0.0050 0.0262 0.0194 -0.0194 0.0324 0.0285 | -0.0088
B4 0.0293 -0.0751  -0.0323 -0.1976  -0.1092 -0.3261 -0.1868 | 0.0117
Bs 0.0019 0.0111 0.0103 -0.0208 -0.0166 -0.0225 -0.0156 | 0.0023
Bs -0.0155 0.0440 0.0130 0.1285 0.0856  0.2086  0.1168 | -0.0064
RMSE 0.0935 0.1319 0.1145 0.1385 0.1576 0.2127  0.1286 0.0675
30% MCAR -+ 10% Outliers
51 0.0027 -0.1514 0.0469 0.2038 -0.2204 -0.1310 0.0922 | -0.0069
B -0.1105 0.2355 -0.0901 0.0798 0.3437  0.3666 0.1152 0.0027
B3 0.0339 -0.0073 0.0885 0.0308 0.0054 0.0513 0.0562 | -0.0010
B4 0.0664 -0.0906  -0.0417 -0.4106 -0.3469 -0.4963 -0.3903 | 0.0069
Bs 0.0077 -0.0004 0.0446 -0.0653 -0.0706 -0.0605 -0.0385 | -0.0015
B¢ -0.0410 0.0559 -0.0022 0.2767 0.2557  0.3322  0.2386 | -0.0034
RMSE 0.1264 0.1378 0.1378 0.2414 0.2522  0.2971  0.2153 | 0.0680

Table 5: Comparative analysis - mean (standard deviation) - for different MCAR and outlier percentages.

Scenarios Estimator AUC Precision Accuracy F1 Brier Score Specificity
REM-LR _ 0.93 (0.02) 0.84 (0.04) 0.86 (0.02) 0.87 (0.02) _ 0.10 (0.01) _ 0.84 (0.04)
SAEM 0.87 (0.02)  0.76 (0.04)  0.79 (0.03)  0.80 (0.03)  0.15 (0.01) 0.74 (0.04)
MissForest ~ 0.88 (0.02)  0.77 (0.05)  0.81 (0.03)  0.82 (0.03)  0.14 (0.01) 0.75 (0.05)
) KNN 0.85 (0.02)  0.82 (0.02)  0.85 (0.02)  0.85 (0.02 0.15 (0.02 0.81 (0.03
10% MCAR, 10% Outliers RF 0.86 Eo.osg 0.83 50.033 0.86 Eomg 0.86 Eo.ozg 0.14 Eomg 0.82 E0.04g
SVM 0.80 (0.02)  0.74 (0.04)  0.79 (0.03)  0.81 (0.02)  0.21 (0.03) 0.69 (0.05)
P-M 0.88 (0.02)  0.77 (0.04)  0.80 (0.03)  0.81 (0.03)  0.14 (0.01) 0.74 (0.05)
RSI 0.92 (0.02)  0.83 (0.04)  0.85 (0.02)  0.85 (0.02)  0.11 (0.01) 0.82 (0.04)
REM-LR _ 0.93 (0.02) 0.85 (0.03) 0.87 (0.03) 0.87 (0.03) _ 0.10 (0.02) _ 0.85 (0.03)
SAEM 0.82 (0.03)  0.72 (0.05)  0.74 (0.04)  0.75 (0.04)  0.18 (0.01) 0.71 (0.05)
MissForest ~ 0.88 (0.02)  0.78 (0.04)  0.80 (0.03)  0.81 (0.03)  0.14 (0.01) 0.76 (0.05)
. KNN 0.84 (0.02)  0.82 (0.03)  0.84 (0.02)  0.85 (0.02 0.16 (0.02 0.81 (0.04
30% MCAR, 10% Outliers RF 0.85 50.033 0.83 50.04; 0.85 50.033 0.85 20.033 0.15 50.033 0.82 g0.05§
SVM 0.79 (0.03)  0.74 (0.04)  0.79 (0.03)  0.81 (0.03)  0.21 (0.03) 0.69 (0.06)
P-M 0.89 (0.03)  0.78 (0.05)  0.81 (0.04)  0.82 (0.03)  0.13 (0.02) 0.76 (0.06)
RSI 0.92 (0.02)  0.83 (0.05)  0.85 (0.03)  0.86 (0.03)  0.11 (0.02) 0.81 (0.05)
REM-LR _ 0.91 (0.03) 0.83 (0.04) 0.84 (0.04) 0.84 (0.05)  0.12 (0.03) _ 0.83 (0.04)
SAEM 0.82 (0.02)  0.72 (0.04)  0.74 (0.03)  0.75 (0.04)  0.20 (0.01) 0.69 (0.08)
MissForest ~ 0.87 (0.02)  0.76 (0.03)  0.79 (0.02)  0.80 (0.02)  0.18 (0.01) 0.73 (0.05)
) KNN 0.84 (0.02)  0.82 (0.03)  0.84 (0.02)  0.85 (0.02)  0.16 (0.02) 0.81 (0.04)
10% MCAR, 40% Outliers RF 0.84 Eo.oz) 0.83 (0.043 0.84 (0.023 0.85 (0.01) 0.16 Eo.oz) 0.82 g0.04)
SVM 0.75 (0.03)  0.70 (0.05)  0.75 (0.03)  0.79 (0.03)  0.25 (0.03) 0.59 (0.11)
P-M 0.86 (0.02)  0.74 (0.05)  0.77 (0.03)  0.79 (0.03)  0.17 (0.01) 0.69 (0.07)
RSI 0.47 (0.29)  0.50 (0.08)  0.50 (0.03)  0.67 (0.07)  0.45 (0.08) 0.45 (0.51)
REM-LR _ 0.93 (0.02) 0.85 (0.04) 0.86 (0.03) 0.86 (0.03)  0.11 (0.01)  0.84 (0.04)
SAEM 0.77 (0.03)  0.68 (0.04)  0.69 (0.04)  0.70 (0.04)  0.20 (0.01) 0.65 (0.06)
MissForest ~ 0.89 (0.02)  0.78 (0.04)  0.81 (0.03)  0.82 (0.02)  0.14 (0.01) 0.75 (0.06)
i KNN 0.83 (0.03)  0.80 (0.04)  0.83 (0.03)  0.84 (0.02 0.17 (0.03 0.78 (0.05
50% MCAR, 10% Outliers RF 0.84 50.023 0.82 50.033 0.84 Eo.o2g 0.85 E0.02§ 0.16 E0.02; 0.81 g0.04g
SVM 0.80 (0.04)  0.74 (0.04)  0.80 (0.03)  0.82 (0.03)  0.20 (0.03) 0.68 (0.07)
P-M 0.88 (0.02)  0.77 (0.04)  0.80 (0.03)  0.81 (0.03)  0.14 (0.01) 0.76 (0.05)
RSI 0.90 (0.01)  0.82 (0.03)  0.84 (0.02)  0.84 (0.02)  0.12 (0.01) 0.80 (0.04)
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Table 6: Performance indicators

Indicator Meaning and Formula

AUC (Area Under the Curve) | Measures the model’s ability to distinguish between positive and negative classes.

Precision Proportion of positive predictions that are actually correct: Precision = %

Accuracy Proportion of correct predictions (both positive and negative) out of all predictions: Accuracy = %
F1 Score Harmonic mean of precision and recall: F1 =2 x }];rc .miigiii}}

Brier Score Mean squared difference between predicted probabilities and actual outcomes: Brier Score = % Zf\il(yl — pi)?
Specificity Proportion of true negative predictions out of all actual negatives: Specificity = %

Recall Proportion of actual positives correctly identified by the model: Recall = TPZ%

5. Conclusion

In this article, we addressed the challenge of inference and binary classification with partially incomplete

and corrupted covariates. Through the development of a new inference approach integrating expectation-
maximization-like algorithm, we presented a novel algroithm design for dealing with missing data in the
presence of outliers in complex data structures. Simulations demonstrated the effectiveness and robustness
of the proposed method under various scenarios of missing data and outlier model specifications. Future
avenues of research could explore the extensions of our methodology and further refinements to increase its
utility in various statistical modeling contexts, particularly for dealing with missing data in the missing not
at random (MNAR) scenario.
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