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ARTICLE INFO ABSTRACT

MSC: White adipose tissue is in charge of storing excess of energy in form of lipids. The main cells involved in
92C30 the process - the adipocytes — adapt their sizes up to 200 pm of diameter to accommodate the storage. In
92C35 addition, their size distribution is bimodal. A previous mathematical model based on lipid fluxes provided size
Keywords: distribution bimodality. However, the variability within cell population was not fully explored. In the previous
Obesity model, bimodality was considered a consequence of a bistable distribution of cell sizes at equilibrium: meaning
A'dipof:yt?s ) that adipocytes had to have two stable sizes. In this study, we first provide a computational method to evaluate
21:1? S;Sr:g;::;" equilibria taking into account cells variability. Our results suggest that this variability is key to provide realistic

distributions. In addition, we show that size distributions with a proportion of cell with bi-stable profile are not
in good agreement with the measurements. We find that mono-stable (i.e. one equilibrium size) profile within
the adipose tissue is enough to explain bimodality and to reproduce qualitatively size distribution data. We
thus show that bimodality of adipose tissue size distribution does not arise directly from cellular bi-stability

but rather from a tissue property.

0. Introduction

Obesity is one of the main public health issue. Its magnitude makes
it a global problem as its worldwide prevalence is about 14% [1]. Also,
it is estimated to have engendered about 5 millions premature deaths
in 2017 [2]. Not only can obesity cause various metabolic diseases,
but it is a comorbidity as sadly illustrated during the COVID-19 pan-
demic: 70%-90% of patients who were admitted to the Intensive Care
Units (ICU) were overweight [3,4]. Thus, understanding the underlying
mechanisms of obesity is an urgent current research challenge.

White Adipose Tissue (WAT) is central in obesity emergence and
sustain as it is in charge of storing lipids. Adipocytes, its main consti-
tutive cells, can store lipids by increasing either in size (hypertrophy)
or in number (hyperplasia). Adipocytes are able to deflate via lipolysis
(i.e. lipids release) or inflate via lipogenesis (i.e. lipids entry). The size
of these cells is known to be linked to tissue and systemic dysfunctions.
An adipose tissue composed of large adipocytes is more likely to be
subject to tissue hypoxia, low-grade inflammation, senescence, fibrosis
and insulin resistance [5]. All these processes may lead to obesity-
related pathologies. The WAT shows interesting diversity properties:
not only adipocytes have a vast size range going from 15 pm to 200 pm
of diameter, but the size distribution is bimodal. The underlying mech-
anisms of this uncommon cellularity remain poorly understood. The
size distribution is also specie and subject dependant but the bimodal
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shape is conserved as shown in Fig. 1. As a result, neither the adipocytes
can be summarized by one characteristic size within a subject (as the
size distribution is not unimodal), nor a distribution can summarize
the sizes within a specie (as they differ depending on the individual
condition - e.g. lean vs obese). This makes the adipose cell size distribu-
tion a personal physiological feature, that may be crucially informative
regarding metabolic health or proneness to develop obesity-associated
disease [6].

The origin of the bimodality is unclear as the mechanisms leading to
it remains misunderstood. In order to reproduce it, a few mathematical
models have emerged [7,8]. These models succeed in reproducing
adipose cells size distributions but the parameters are lacking of bio-
logical meaning. A mechanistic model, based on ordinary differential
equations, with more interpretable terms was published by H.Soula
and his colleagues [9,10]. More recently, a derived model, based on
partial differential equations, has been proposed [11]. This latter model
includes a constant diffusion term which is difficult to link to an explicit
physiological process. A different approach has also been proposed
recently with a Lifshitz-Slyozov type model, based on a transport
partial differential equation, for the dynamics of the size distribution
of adipose cells [12].

The objective of this article is to study equilibria of the model
proposed in [9], in order to qualitatively reproduce size distributions
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Fig. 1. The size distributions of adipocytes collected in rat (green), mini-pig (red) and human (magenta) are displayed on the bottom-right panel for illustrative purpose.

measured in rat, mini-pig and human with an interpretable source of
variability. To do so, we introduce an iterative method for computing
the steady states of the model proposed in [9]. Then, we show that some
intrinsic variability within the cell’s dynamic allows to qualitatively
reproduce the measured cell size distribution. In doing so, we show that
the adequate range of parameters obtained is for mono stable distri-
bution and not for bistable ones. We also reproduce several properties
expected for the adipose tissue. Finally we discuss the results in regards
of the previous mathematical model that have described adipose cell
size distributions.

1. Model and methods
1.1. Adipocyte size distribution measurements

The adipocytes size distributions were obtained by Multisizer 3
Coulter Counter (Beckman Coulter, Brea, CA, USA) after osmium tetrox-
ide fixation as described previously [9,13]. We obtained distribution
from previous studies for illustrative purposes from several tissues and
several species in published or unpublished material.

1.2. Mathematical model of adipocyte size distribution

The model used in this paper was first proposed by Soula et al. [9].
It is based on ordinary differential equation (ODE) describing the evo-
lution of the lipids content in a cell over time (see Eq. (1)). Assuming
that no lipids are created neither disappear, it only depends on lipids
uptake ‘lipogenesis’ and lipids release ‘lipolysis’ (i.e. overall lipid fluxes).

A ¢
a _ - = f,(r, L), 1
ar = L+Kp"+r" @+ yr)f Jolr- 1) W
lipogenesis lipolysis
with
C=V(r)= —(r -
Ve

Where ¢ is the amount of lipids stored in the cell (nmol), r is
the cell radius (pm). They are directly linked assuming the sphere
shape of adipose cell [14], through V, the molar volume of triglyc-
erides (um3.nmol~') and r, the radius of an empty cell (um). L is
the amount of extra-cellular lipids (nmol). The model parameters are:

0 = [a,B,y,p,K, x,n] (real positive numbers). Both lipogenesis and
lipolysis are assumed to be areal fluxes (proportional to the cell surface
— assuming a common receptor density) [10,15] respectively weighted
by a and y (nmol.um~2.h~1). Following [10], parameter y models the
lipolysis because of Noradrenalin stimulation and the basal lipolysis
is taken into account via § term (nmol.h~1) since lipid release is also
performed by cells without Noradrenalin stimulation. The expansion of
the cell is limited by the extra-cellular matrix and surrounding cells

pressure, modeled by p (um) via the Hill-like function term ”‘f =
The « and y parameters (nmol) allow fluxes lowering under limiting
conditions via ﬁ and —— terms.

Thus, considering N cells is equivalent to dealing with a system of
ODE in which each equation describes the dynamics of a cell, it follows

n

dt, oL 7 2
dt a“L+Kp+r (ﬁ‘+y“)f+

L =£ror_zfi=£wr_zV("i),
i=1 i=1

f‘(r[,L) forie{l..N}

(2)

where £, is a parameter of the system representing the total amount
of lipids in nmol (sum of intra- and extra- cellular). In order to include
variability within population of cell, we introduce a frozen random-
ness on the parameters of system (2). The parameters are normally
distributed, the mean represents the population parameter, and the
variation is described by a coefficient of variation (the relative standard
deviation defined by the ratio of standard deviation over mean). In the
following, the presented size distributions are simulated with N = 10*
cells.

1.3. Numerical method

In the aim of qualitatively reproducing the measured size distribu-
tions, we make the assumption that the system is at equilibrium. This
assumption is supported by the constancy of the size distribution when
the energy intake matches the energy expenditure [16]. We are thus
interested by steady state solutions of system (2). We therefore will not
consider the time evolving system but only steady states and we will
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solve numerically system (2) at equilibrium:

de*
d_; = fo, (r}, L*) =0,

N 3
L* =L+ Y V() =0.

i=1

To find equilibria we implemented the Brent-Decker method which
is a robust numerical technique used to locate the zeros of a function
within a specified interval [17]. This method combines elements of
bisection, secant, and inverse quadratic interpolation to efficiently
converge towards the roots of the function in the initial interval. It
iterates to narrow down the interval containing the root of the function
and stops when the desired level of accuracy is achieved. To find
a solution of system (3) the algorithm starts with two values L,
and L,y assuming L* € [L;./;, Lygn]. We chose [0.01,10 x N] for
the initial interval of L, where N is the number of considered cells.
In our cases, it ensures the condition L* € [L;,z, Lyep]. We solve
L-L, + Zfi , V(x;) = 0 and stop with level of accuracy 10~* with
Brent-Decker algorithm. This method is based on successive evaluations
of the function at different points in the initial interval. We define
¢:L—»L-L,,+ 21111 V(x;), where x; depends on L and is a solution
of fy,(x;, L) = 0. For each evaluation of ¢, the x; values are estimated
by solving fy(x,L) = 0, where fy(x,L) = (V(x) + x)fp(x,L). To do
so, we evaluate the function x ~ fy(x, L) on evenly spaced values in
the interval [5, 150] pm. The sign changes allow us to define intervals
containing roots of the function. These intervals are starting points for
the Brent-Decker method that stops with accuracy 107°. So, for each
function x f},’ (x, L) we find all the zeros between 5 pm and 150 pm.

In the range of parameters that we consider in this work, the func-
tions x — fy (x, L) have either one or three zeros. From the sign of f,
we then identify either one stable zero (local flow is towards it) or two
stable and one unstable (local flow is away from it) zeros. For each fgl,
if more than one zero are found, we decide to attribute to x; the value
of the largest stable zero. Once Brent-Decker algorithm has converged
to an approximation of L* we can compute the corresponding r} for
i € {l... N} solution of system (3). The described method allows us to
reach one of the steady states of system (2).

In the following, we will denote as ‘“mono-stable” a cell which
parameters lead to a unique stable zero for function f,, and “bi-stable”
the cell for which the function has two stable zeros. With the described
approach, the N + 1 dimensional problem (3) is now N + 1 times a
one dimensional problem, that is solved with Brent-Decker method. At
the end of the algorithm we obtain an approximation for L* and r} for
i € {1... N} solution of system (3).

This method is implemented in Python and the code is available
on Git repository: https://plmlab.math.cnrs.fr/aloisdauger/adipocytes_
modeling.

1.4. Model simplification: extra-cellular lipids are constant

In order to simplify the solution computation and therefore enable
parameter space exploration, we consider that all the equations of
system (1) are decoupled and L become a parameter of the system. This
simplification can be seen as a change in the considered parameter for
lipids amount. Indeed, initially the total amount of lipids in the system
was the parameter of interest : £,,,. Now, the parameter of interest is
the amount of extra-cellular lipids L, with this modification we assume
all the adipocytes have access to a constant amount of lipids within
the blood and do not impact this constant. Now L is a parameter,
so the steady state solution is computed with Brent-Decker method as
described before by approximating the roots between 5 pm and 150 pm
of all functions x — fgi(x, L),ie{l..N}.

In this work, we have two competing hypothesis to explain the
bimodal distribution of the adipocytes size distribution. Hypothesis 1:
the cell radius has two stable states explaining the two characteristic
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Table 1

Range of values for the exploration of parameters’ space. First column
recalls parameters name of system (2), second column displays the
considered parameter range and the last column give the number of
tested values within this range.

Range of parameters explored

range # tested values units
a [0.2, 0.5] 20 nmol pm? h~!
B [0, 200] 11 nmol h™!
Y [0.001, 0.1] 10 nmol ym? h~!
X [0.1, 0.5] 10 nmol
L [0.05, 0.5] 5 nmol

sizes observed in the population of cells. Hypothesis 2: the cell radius
has a unique stable state that varies largely in the population of cell
due to inter-cell variability. Here, we propose an approach to identify
the most plausible hypothesis.

We considered relatively large range of values for the following
parameters: a, f,y, y, L. We fixed intervals bounds for each parameter
based on previous estimations [10,11]. The ranges chosen to explore
the parameters’ space are presented in Table 1. This choice leads to
110000 different combinations of parameters. For each, we evaluate the
corresponding function f, and we select the 6 for which f, has 3 zeros
in the radii interval [5, 150] (two stable zeros). The selected parameters
combinations are prone to engender distributions made of bi-stable
cells. For each selected combination of parameters, a distribution is
then computed using the numerical method described in Section 1.3
with N = 5000 cells and a coefficient of variation of 20% on the 5
considered parameters. As described previously, all bi-stable cells are
considered on their larger stable radius.

2. Results
2.1. Intra-cellular variability

For a given set of parameters 0, identical for every cells, the system
(2) consists of N identical ODE with identical equilibria for cells.
As mentioned in the methods section, we detailed the results when
parameters are distributed.

For example if we consider that all the simulated cells differ slightly
in their capacity to perform lipid uptake — «. Biologically, it could
correspond to different epigenetic states from one cell to another as
observed in single cell RNA analysis [18].

The right panels of Fig. 2 display the size distributions obtained
by simulating N = 10* cells with « ~ N(u = 031,06 = 0.031)
across these N cells. Total lipid is fixed at 2.5732 10* nmol, Table A.2
gives the other parameters for this simulation. Two illustrating cases
are shown with two different values of parameter f (corresponding
to basal lypolysis): 125 nmol.h~1 (Fig. 2A) and 10 nmol.h~! (Fig. 2B).
Our numerical method converges in 14 iterations (7.2 s on Macbook
Air 2022, under Apple M2 CPU, 24 Gb of RAM). Fig. A.7 shows the
numerical convergence of L with respect to iterations as well as the
corresponding ¢ function for the two sets of parameters. In Fig. 2A,
cells are almost all bi-stable (for 83% of cells, f, has 3 zeros) whereas
in Fig. 2B are all mono-stable (f, has only one zero). Right panels are
the resulting distributions and left panels show the corresponding f,
functions.

With the chosen parameters, a large value for g leads to a majority
of bi-stable profiles (Fig. 2 A). In this case, we consider all bi-stable cells
on their larger stable zero. Thus, the left mode is composed of mono-
stable cells only. The distribution obtained is indeed bimodal but lacks
other features. The left mode has no variability and the size distribution
does not exhibit a continuum in sizes: no cell with radius between 6 pm
and 60 pm. The unstable fixed point might be the cause for this absence
of intermediate size cells as we can see on the left panel.
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Fig. 2. Distribution obtained with the numerical method described in Section 1.3. On the left the function r — f,(r, L) is displayed, and the effect of the distribution of parameter
a is showed with different amplitudes (0.2,0.5 and 1 o). On the right, the corresponding size distributions are displayed. (A) In simulation A, parameter § is set to 125 nmol.h~!.
We observe mostly bi-stable cases, 83% of cells have two stable zeros. To compute the size distribution, the bi-stable cells are set to the larger stable fixed point, all of them
constitute the right mode of the distribution. (B) In simulation B, we set # = 10 nmol.h~!, then all cell are mono-stable, and have only one stable zero.

On the other hand, smaller value of g leads to mono-stable profiles
(Fig. 2 B) but even if each cell has a unique stable size, cell population
still displays a bimodal size distribution. In this case, it results in a more
realistic size distribution, with a continuum in sizes qualitatively close
to the measured size distribution (Fig. 1) using a coefficient of variation
of 10% on a single parameter.

2.2. Bi-stable profiles fail to explain the continuum of sizes observed in
adipose tissue

As shown in the previous Section 2.1 our results suggest that range
of parameters yielding more than one zero could not provide realistic
distribution with our method.

We selected bi-stable parameters profiles according to the protocol
outlined in Section 1.4, and used them to compute size distributions.
Among the 110000 tested combinations of parameters, 7910 were se-
lected (i.e ~ 7.2% describe a bi-stable profile). These set of values were
distributed over a population of 5000 cells with a coefficient of variation
of 20%. This protocol pulls all cell sizes together to provide a single
distribution (composed of 7910 x 5000 = 3.955 x 10 cells), displayed on
Fig. 3.

Having up to 20% as coefficient of variations, the overall distribu-
tion shows no cell of intermediate size (between 20 pm and 40 pm).
In other words: the intermediate size cells may not come from a bi-
stable profile. Hence, under the assumptions of the proposed model, the
mono-stability of the cells appears to be needed to reproduce observed
size distributions.

As shown in Fig. 2, an important parameter that governs the number
of zeros is . We compute the zeros of f, fixing all parameters to
their reference values indicated in Table A.2 except for # and « which
vary. The f§ parameter varies between 0 nmol.h~! to 25 nmol.h~!
(interval divided in 150 equal parts) with five different values of a:
{0.29,0.3,0.3045,0.308,0.31}.

0.10

0.08

0.06

Density

0.04

0.02

4

0 25 50 75 100 125 150 175
radius (in um)

0.00

Fig. 3. The cumulative histogram of cells with parameters combination leading to
bi-stable profile (see Table 1). The size distributions are computed using the numerical
method described in Section 1.3 where L is considered as a parameter. The histogram
summaries 7910 x 5000 = 3.955 x 107 cell sizes for different parameter combinations.

For the tested values, on Fig. 4 we observe a cusp bifurcation
with respect to « and p parameters. Unlike supercritical pitchfork
bifurcation, we do not observe symmetry between the two stable fixed
points with respect to the unstable one. The cusp bifurcation is an
imperfect bifurcation: it is characterized by the emergence of a gap
between the two stable fixed points.

Therefore, it exist a couple of value (a*, #*) at which the bifurcation
occurs. A value of f < f* leads to a population of mono-stable cells.
Otherwise, for p > g*, distributing « over the population can lead to a
population with mixed stability profiles (cells assigned an « > a* are
bi-stable, and cells assigned an « < ¢* are mono-stable).
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external lipids are constant as described in Section 1.4.

Due to this cusp bifurcation, the bi-stable profiles show no stable
zero on intermediate sizes (between 22.4 pm and 31.3 pm as shown by
the dotted gray lines in Fig. 4). Hence, mono-stable cells are essential
to obtain intermediate sizes cell and so realistic size distributions.

2.3. The proposed model qualitatively reproduces adipocyte size distribu-
tions of different species

Using the numerical method presented in Section 1.3 we can quickly
compute steady states. By manually adjusting a few key parameters,
and only distributing a within the cell population with a coefficient
of variation of 12%, we qualitatively reproduced adipocyte size distri-
butions of a rat, a mini-pig and a human. Results are presented in Fig.
S.

The proposed model qualitatively reproduces the measured size
distributions. In particular, the model matches the distributions’ nadir,
right mode position, thickness and height. In addition, it presents a
continuum in cell sizes.

However, the smallest cells’ sizes (left part of the left mode) are
not as well captured. This may be due to noise in data: sizes measured
under 20pm of diameter are not exclusively adipocytes. Since the

entire adipose tissue is measured, the smallest size could correspond to
immune cells or endothelial vascular cells present in the tissue sample.

This qualitative reproduction of experimental data involves only
cells with mono-stable profile. It shows our model ability to capture
the essential features of adipocytes size distribution in three different
species.

2.4. Maximal storage capacity of adipose tissue

In the presented model, the adipose tissue is at equilibrium. Here,
we propose to mimic different equilibrium situations that could be
reach after different energy imbalance episodes.

With the intention of exploring our model properties, we considered
a decoupled population of adipocyte (L is a parameter of the system).
The parameters are fixed to their reference values from Table A.2, with
p = 1 nmol.h~!. Different equilibrium size distributions are computed
changing the value of L and the average of a that is the only parameter
distributed within the cell population (10% of CV). Fig. 6 shows the
obtained size distribution for one value of « as well as the intra-cellular
lipids amount with respect to extra-cellular lipids per cell for different
values of a.
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Increasing the external lipid amount per cell leads to a shift of
the right mode of the distribution: larger cells get even larger. The
relative sizes of the two modes are changed: the number of larger cells
increases while the number of small cells decreases. The magnitude of
this effect depends on a« mean values. However, it is limited by the
x parameter: because L > k leads to LLH ~ 1. This implies that the
tissue presents a maximum storage capacity beyond which the lipids
stay in the extra-cellular compartment (as shown by the plateau on the
right panel curves in Fig. 6). Physiologically, in this case, lipids may
accumulate in other fat pads or tissues like the liver or muscles, which
describes a pathological condition known as dyslipidemia [19].

Furthermore, this maximum storage capacity depends on «. Then,
distributing this parameter over the cell population allows more tissue
plasticity: some cells are able to inflate more in response to an increase
of blood lipids. This may modify the threshold beyond which dyslipi-
demia is triggered. However, adding lipids in the system always leads
to a saturation of the tissue, which supports the need of adipogenesis
to store the excess of lipids.

3. Discussion

Understanding the structural properties and size distribution of
white adipose tissue is fundamental to unraveling its physiological sig-
nificance and potential implications in metabolic disorders. Adipocyte
size is a crucial feature linked to metabolic health [5,20], but yet we
do not understand the underlying mechanisms governing their bimodal
size distribution.

In this paper, we aimed to provide a simple numerical solution of
the model first published by H. Soula et al. [9] in order to reproduce
actual data. In [9], the method was an individual based model with
two distributed parameters that was extremely costly to simulate. The
method we proposed here computes steady states of the system using
Brent-Decker algorithm. The small computational cost allowed us to
better understand the effect of the different parameters of the model on
size distributions and to highlight the following interesting properties.

We first showed that varying a single parameter over the cell pop-
ulation was sufficient to obtain realistic size distribution. Distributing
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the parameters constitute a relevant source of variability that can be
interpreted as epigenetic state differences, as observed in [18] where
single cell RNA sequencing revealed heterogeneity in cell’s lipid uptake
ability. The proposed model is deterministic, and with a stochastic
model the results presented here could be different. However, from
preliminary results (not shown) adding a Brownian motion to the
equation does not permit a good agreement between the model and
the measurements. We hypothesize that a stochastic model with a noise
that depend on cell size could be an interesting model to investigate in
order to explain the observed variability in adipose tissue. Instead, we
proposed a frozen randomness of one of the parameter () of the system
following a Gaussian distribution. Other types of variability within
adipose tissue could be also explored assuming other distribution for
this or other parameters. Here, parameter a represents a complex
process involving several actors and pathways, we assumed that such
process at the tissue scale can be modeled with a normal distribution.

We showed that we can obtain bimodal distributions made of mono-
stable cells: the two modes do not necessarily result from an individual
cell property, but can emerge at the tissue scale. With the considered
model and in the explored range of parameters we showed that size
distributions with a proportion of cell with bi-stable profile are not
in good agreement with the measurements. By this exploration of the
parameters space and noting a cusp bifurcation, our result suggests that
mono-stable cells size within the adipose tissue is enough to explain
bimodality and even reproduces qualitatively better the data than in [9]
and without relying on diffusion as in [11]. Thereby, bimodality of the
adipose tissue size distribution does not seem to arise directly from
cellular bi-stability but rather than from a tissue wide property.

We also showed that small differences in particular physiological
gene expression can lead to widely different phenotypical — here size
— differences. Our findings support the notion that intrinsic differences
between adipocytes play a pivotal role in size distribution patterns. This
suggests that interventions targeting adipocyte function at the cellular
level may hold promise for modulating adipose tissue dynamics and
potentially mitigating metabolic dysfunction [21].

However, since we only study the steady states, the dynamic of
the adipose tissue is not described completely. Indeed, we assumed
complete lipid homeostasis where lipids accumulation is the real cause
of obesity. We show that to some extend lipid storage can be plastically
increased by increasing cell size (hypertrophy). But evidence suggests
that cell number can also be modified (hyperplasia). The trade-off
between hypertrophy and hyperplasia remains poorly understood. The
joint action of these two mechanisms may lead to complex dynamical
properties that have not yet been explored with this model. Taking
adipogenesis — new cell recruitment — into account in modeling adipose
tissue dynamics could lead to the emergence of crucial properties such
as hysteresis with respect to lipid accumulation. This may lead to
several advancements in understanding the underlying mechanisms of
this physiologically central tissue.
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Table A.2
Units and values of reference for parameters y, p,x, y, and n.

Values of reference for fixed parameters

parameter unit value
y nmol pm~2 h~! 0.27

p pm 150

K nmol 0.01
X nmol 0.0011
n - 3

Table A.3

Values of parameters used to reproduce the measured size distributions in Fig. 5. The
value mentioned for a parameter are the mean and standard deviation of its normal
distribution.

Values of parameters for data reproduction

Subject a p y p K X L

Rat 0.307 + 0.035 1 0.27 145 0.01 0.0018 0.15
Mini-pig 0.298 + 0.024 4 0.27 145 0.01 0.0016 0.16
Human 0.29 + 0.029 4 0.24 88 0.01 0.0015 0.18

expertise on numerical schemes. We also thank Christophe Soulage and
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Appendix

A.1. Reference parameters
See Table A.2.

A.2. Parameters for data reproduction
See Table A.3.

A.3. Convergence of the numerical method
See Fig. A.7.
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