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LIMITING ABSORPTION PRINCIPLE FOR LONG-RANGE PERTURBATION IN

A GRAPHENE SETTING

NASSIM ATHMOUNI1, MARWA ENNACEUR2, SYLVAIN GOLÉNIA3, AND AMEL JADLAOUI4

Abstract. In this paper, we examine the discrete Laplacian acting on a hexagonal lattice by intro-
ducing long-range modifications in both the metric and the potential. Our objective is to establish a
Limiting Absorption Principle, excluding possible embedded eigenvalues. To this end, we employ the
positive commutator technique as our method.
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1. Introduction and main result

Over the last years, spectral graph theory has garnered research interest, particularly with regards
to the study of various types of discrete Laplacians [AtDa, AtEnGo, AtEnGoJa, BaGoJe, Sa, GeGo,
GüKe, AnTo, KoMø, KoSa] and their magnetic counterparts [GoTr, BoKeGoLiMü, GoMo, AtBaDaEn,
PaRi1, HiSh]. One method for exploring the essential spectrum of these operators is using a positive
commutator technique. With respect to previous research, [Sa, BoSa, Ta1] investigate the case of Zd,
while [AlFr] and [GeGo] explore binary trees. On the other hand, [MăRiTi] analysed a general class of
graphs. Moreover, [AtEnGo] examines a discrete version of cusps and funnels. Last, [AtEnGoJa] focuses
on a triangular lattice graph.

In [AtEnGoJa], our research is centered on the discrete Laplacian acting on the triangular lattice.
We aim to obtain spectral results for a wider class of perturbations. Specifically, we introduce long-
range perturbations in both the potential and the metric. To this end, we employ a Mourre estimate
technique. In the present work, we analyze the hexagonal lattice (see Figure 1), which is more complex
due to its close resemblance to the analysis of a Dirac operator acting on a triangular lattice. It is
highly similar to the structure of materials such as graphene, which exhibits unique electronic properties
due to its hexagonal lattice. The mathematical framework developed here provides a foundation for
understanding quantum phenomena behaviors, including particle wave interferences, which emerge in
lattice systems. This structure allows for the observation of phenomena like Dirac fermions, which play a
key role in quantum mechanics. In this paper, we seek spectral results, such as resolvent estimates, which
in turn yield propagation estimates. The model was already studied in [PaRi, RiTs] through Floquet
decomposition and analytic deformation. However, those approaches fail to treat the class of long-rang
perturbations. With this in mind, the aim of our work is precisely to cover this long-range regime. As
in [AtEnGoJa], we implement long-range modifications of both the potential and the metric, relying on
the Mourre estimate method. Moreover, thanks to the specific structure of the model, we can explicitly
determine the set of thresholds (Theorem 1.1) by means of the Fourier transform, see also [AnIsMo].
This distinguishes our approach from that of [PaRi], where the authors adopt a general Floquet-Bloch
method. By means an abstract reasoning, they assert the existence of these points in the spectrum
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merely via a direct integral decomposition. We note that [Ta2] analyses the short-range and long-range
potentials with another choice of conjugate operator, but does not accommodate metric perturbations,
see also Remark 3.7. Concerning the perturbation of the metric, this is considered in [PaRi] but due
to the abstract context, they do not succeed in dealing with the long range perturbation of the metric.
Here, our choice of conjugate operator is different from the two other approaches it helps us to attain
this goal. However, our approach is heavier in term of computation.

We begin by recalling definitions from some graph theory, which will form the foundation for our
analysis. An infinite, connected graph G is a triple (V , E ,m), where V is a countable set of vertices,
m : V → (0,∞) is a weight, and E : V × V → [0,+∞) (the edges) is symmetric. For two vertices n and
l, we say they are neighbors if E(n, l) > 0. We denote this relationship by n ∼ l and define the set of
neighbors of n as NG(n). We let C(V) := {f : V −→ Cd} denote the space of complex-valued functions
defined on the set of vertices V . We define the Hilbert space

ℓ2(V ,m;Cd) :=

{
f ∈ C(V),

∑

n∈V
m(n)|f(n)|2

Cd < ∞
}
,

equipped with the scalar product, 〈f, g〉 :=∑n∈V
∑d

k=1 m(n)fk(n)gk(n). In general, we define the Lapla-
cian ∆H on G by:

∆Hf(x) :=
1

m(x)

∑

y∈V
E(x, y)f(y).(1)

Here, we investigate a hexagonal lattice where:

V0 :=
{ 2∑

j=1

kjvj ; k := (k1, k2) ∈ Z2
}
, v1 :=

(
3

2
,

√
3

2

)
, v2 := (0,

√
3).

Let

p1 := (
1

2
,−

√
3

2
), p2 := (1, 0),

and define the vertex set Ṽ by:

Ṽ := V1 ∪ V2, Vi := pi + V0.(2)

Note that V1 ∩ V2 = ∅. Let a1 ∈ V1 and a2 ∈ V2 such that a1 = p1 + (n1, n2) and a2 = p2 + (n1, n2) we
have:

Na1 =
{
l ∈ R2; |l − a1|R2 = 1, a1 ∈ V1

}
∩ V2

=

{
a1 +

v1 + v2
3

, a1 +
v1 − 2v2

3
, a1 −

2v1 − v2
3

}
,(3)

Na2 =
{
l ∈ R2; |l − a2|R2 = 1, a2 ∈ V2

}
∩ V1

=

{
a2 +

2v1 − v2
3

, a2 −
v1 − 2v2

3
, a2 −

v1 + v2
3

}
.(4)

Given f ∈ ℓ2(Ṽ , 1;C), fi is its projection onto ℓ2(Vi, 1;C). Namely,

fi(n1, n2) := f(pi + (n1, n2)) =: f(n1, n2, pi).(5)

Using (2) and the following isomorphisms:

ℓ2(Ṽ , 1;C) → ℓ2(V1, 1;C)⊕ ℓ2(V2, 1;C) → ℓ2(V0, 1;C
2)(6)

f 7→ (f1, f2) 7→ t(f1, f2),

we conclude that:

ℓ2(Ṽ , 1;C) ≃ ℓ2(V1, 1;C)⊕ ℓ2(V2, 1;C) ≃ ℓ2(V0, 1;C
2).(7)

In this sequel, we often identify the vertices of Vi with Z2, using the canonical map:

Gi : Z
2 → Vi

(k1, k2) 7→ k1v1 + k2v2 + pi,(8)

where i ∈ {1, 2}. In other words, we have the following identifications:

ℓ2
(
Z2 × {pi};C

)
≃ ℓ2(Vi;C),(9)
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Figure 1. Hexagonal lattice
•: element of V1; �: element of V2.

where i ∈ {1, 2}. From (6) and (9), we have the following isomorphism.

ℓ2
(
Z2 × {p1, p2};C

)
≃ ℓ2(Z2;C2) ≃ ℓ2(Ṽ, 1;C).(10)

For all f ∈ ℓ2(Z2, 1), we have:

U1f(n1, n2) := f(n1 − 1, n2), U∗
1 f(n1, n2) = f(n1 + 1, n2),

U2f(n1, n2) := f(n1, n2 − 1), U∗
2 f(n1, n2) = f(n1, n2 + 1).

Recall (1). When m = 1 and

E : Ṽ × Ṽ → {0, 1}

(l, n) 7→ E(l, n) :=
{

1, if |l − n|R2 = 1;

0,

where l = (l1, l2), n = (n1, n2) and |n|R2 :=
√
n2
1 + n2

2. Under the identification (10) we rewrite ∆H on
the hexagonal lattice as follows:

∆H :=
1

3

(
0 ∆2,H

∆1,H 0

)
=

1

3

(
0 id + U1 + U2

id + U∗
1 + U∗

2 0

)
.

Now, we perturb the metric of the previous case, by an amount that remains small at infinity. Using (1)
and (10) the Laplacian ∆m,E is given by

∆m,E : ℓ2(Ṽ ,m) → ℓ2(Ṽ ,m)

f 7→ ∆m,Ef :=
1

3

(
0 ∆2,m,E

∆1,m,E 0

)(
f1

f2

)
,(11)

with

∆1,m,Ef1(n1, n2) :=
1

m(n1, n2, p2)

((
E((Q1, Q2, p1), (Q1, Q2, p2)) + E((Q1, Q2, p1), (Q1 + 1, Q2, p2))U

∗
1

+ E((Q1, Q2, p1), (Q1, Q2 + 1, p2)U
∗
2

)
f1

)
(n1, n2),

∆2,m,Ef2(n1, n2) :=
1

m(n1, n2, p1)

((
E((Q1, Q2, p2), (Q1, Q2, p1)) + E((Q1, Q2, p2), (Q1 − 1, Q2, p1))U1

+ E((Q1, Q2, p2), (Q1, Q2 − 1, p1)U2

)
f2

)
(n1, n2),

where m and E respectively satisfy the following hypotheses:

(H0) m(n1, n2, pi) := (1 + η(n1, n2, pi)), where inf
(n1,n2)∈Z2

η(n1, n2, pi) > −1,
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η(n1, n2, pi) → 0 if |n| → ∞,

(H1) E((n1, n2, , pi), (n, pj)) := (1 + ε((n1, n2, pi), (n1, n2, pj))), where

inf
(n1,n2),(k1,k2)∈Z2

ε((n1, n2, pi), (k1, k2, pj)) > −1,

ε((n1, n2, pi), (k1, k2, pj)) → 0 if |(n1, n2), (k1, k2)| → ∞, where i, j ∈ {1, 2}.
Note that E has the following properties:

• By symmetry of E , we have E((n1, n2, pi), (n
′
1, n

′
2, pj)) = E((n′

1, n
′
2, pj), (n1, n2, pi)).

• Note that E((n1, n2, pi), (n
′
1, n

′
2, pj)) 6= 0, then pi 6= pj .

If i = 1, then (n′
1, n

′
2) = (n1, n2) or (n1 + 1, n2) or (n1, n2 + 1).

If i = 2, then (n′
1, n

′
2) = (n1, n2) or (n1 − 1, n2) or (n1, n2 − 1).

The operator ∆m,E is self-adjoint and bounded on ℓ2(Ṽ ,m). Moreover, in the case where η = 0 and
ε = 0, we have ∆m,E = ∆H and σ(∆H) = [−1, 1] = σac(∆H), where σac(·) is the absolutely continuous

spectrum, see [AnIsMo] and Lemma 3.6. Given a function W : Ṽ −→ C, we denote by W (Q1, Q2) the
operator of multiplication by W . In particular (W (Q1, Q2)f)(n1, n2, pi) := W (n1, n2, pi)f(n1, n2, pi), for
all f ∈ D(W (Q1, Q2)). By (6), (7) and Proposition 3.21, we have W = W1 ⊕W2, with Wi := (·, ·, pi). It
acts as follows:

W : ℓ2(Ṽ ,m;C) → ℓ2(V1,m;C)⊕ ℓ2(V2,m;C)

(f1, f2) 7→ (W1f1,W2f2) .

Hence, D(W ) = D(W1)⊕D(W2) and

D(Wi(Q1, Q2)) :=
{
f ∈ ℓ2(Vi,m); (n1, n2) 7→ Wi(n1, n2)f(n1, n2, pi) ∈ ℓ2(Vi,m)

}
.

Let V : Ṽ −→ R2 and H := ∆m,E + V (Q) such that:

(H2) V (n1, n2, pi) → 0 if |(n1, n2)| → ∞,

where i ∈ {1, 2}. Note V (Q1, Q2) is a compact operator, as uniform limit of finite rank operators given

by 1‖·‖
R2≤RV , with R ∈ N. The operator Hm,E is self-adjoint on ℓ2(Ṽ ,m). In fact, it can be regarded

as a compact perturbation of ∆H , see Proposition 3.24 for a precise statement. Moreover, we have
σess(Hm,E) = σess(∆H), where σess(·) is the essential spectrum.

We now seek to refine the spectral property and ask for more decay. We set:

ΛH(·) := Λ(·)
(

id 0

0 id

)
,(12)

where Λ(n1, n2) = 〈n1〉 + 〈n2〉 and 〈·〉 :=
√

1
2 + | · |2. Note that Λ(Q1, Q2) is an unbounded self-

adjoint operator. We fix γ > 0, we assume a long-range decay for V, η and ε: Let l1, l2 ∈ {0, 1}. Let
k ∈ N∗, h ∈ {0, 1, 2}, b ∈ N. We say that G : (Z2 × {p1, p2})k −→ C satisfies the hypothesis (H3,k) if
the following condition hold

(H3,k) max
h∈{1,2}

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉|G(Jk,h,1(n1, n2, p1))−G(Jk,h,0(n1, n2, p2))| < ∞,

which is equivalent to

max
h∈{1,2}

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉|G(Jk,h,1(n1, n2, p2))−G(Jk,h,0(n1, n2, p1))| < ∞,

where

Jk,h,b : (Z
2 × {p1, p2}) → (Z2 × {p1, p2})k

(n1, n2, pi) 7→


(n1 − (−1)ibδh,1, n2 − (−1)ibδh,2, pj), (n1, n2, pi)︸ ︷︷ ︸

k−1 times




and δh,r is the Kronecker’s delta symbol.
We denote by σp(·) the set of pure point spectrum. We now state our main theorem:

Theorem 1.1. Suppose that (H0), (H1) and (H2) are true. We assume that η and V satisfy (H3,1) and

ε satisfy (H3,2) and we take s > 1
2 . We obtain the following assertions:

1. σess(Hm,E) = σess(∆H).
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2. The eigenvalues of Hm,E distinct from κ are of finite multiplicity and can accumulate only toward κ,

where κ :=
{
−1, − 1

3 , 0, 1
3 , 1

}
, the set of thresholds.

3. The singular continuous spectrum of Hm,E is empty.

4. The following limit exists and is finite:

lim
ρ→0+

sup
λ∈[a,b]

‖Λ−s(Q)(Hm,E − λ− iρ)−1Λ−s(Q)‖ < ∞,

where [a, b] is included in R \ (κ ∪ σp(Hm,E)) . Moreover, in the norm topology of bounded operators, the

boundary values of the resolvent:

[a, b] ∋ λ 7→ lim
ρ→0±

Λ−s(Q)(Hm,E − λ− iρ)−1Λ−s(Q) exists and is continuous.

5. There exists c > 0 such that for all f ∈ ℓ2(Ṽ), we have:
∫

R

‖Λ−s(Q)e−itHm,EE[a,b](Hm,E)f‖2dt ≤ c‖f‖2,

where E[a,b](Hm,E) is the spectral projection of Hm,E above [a, b].

We now explain the hypothesis (H3,k) in more detail in our setting. The hypotheses on V correspond
to the following cases: If k = 1, we take G ≡ V . For h = 1, the hypothesis (H3,1) gives

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |V (J1,1,1(n1, n2, p1))− V (J1,1,0(n1, n2, p2))| ,

= max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |V (n1 + 1, n2, p1)− V (n1, n2, p2)| < ∞,

For h = 2, the hypothesis (H3,1) gives

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |V (J1,2,1(n1, n2, p1))− V (J1,2,0(n1, n2, p2))| ,

= max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |V (n1, n2 − 1, p1)− V (n1, n2, p2)| < ∞,

Similarly for G ≡ η. The hypotheses on ε correspond to the following cases: If k = 2, we take G ≡ ε.
For h = 1, the hypothesis (H3,2) gives

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |ε(J2,1,1(n1, n2, p1))− ε(J2,1,0(n1, n2, p2))| ,

= max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉|ε((n1 + 1, n2, p1), (n1, n2, p2))

− ε((n1, n2, p2), (n1, n2, p1))| < ∞,

For h = 2, the hypothesis (H3,2) gives

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |ε(J2,2,1(n1, n2, p1))− ε(J2,2,0(n1, n2, p2))| ,

= max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉|ε((n1, n2 − 1, p1), (n1, n2, p2))

− ε((n1, n2, p1), (n1, n2, p2))| < ∞,

In point 1. we only need hypotheses (H0), (H1) and (H2). Points 2.−5. are typical results derived from
Mourre’s theory. Specifically, we establish a Mourre estimate and verify the regularity assumptions. This
is the most technical part of our analysis. For historical context and an introduction to the topic, refer to
Section 2. Point 4. is called a Limiting Absorption Principle, which implies that the spectrum is purely
absolutely continuous above R \ (κ ∪ σp(Hm,E)). Particularly, Riemann-Lebesgue Theorem ensures that
the solution of the Schrödinger equation dissipates at infinity. That is, for f belonging to the absolutely

continuous subspace of Hm,E and n ∈ Ṽ,
lim

|t|→∞

(
eitHm,Ef

)
(n) = 0.(13)

This can be interpreted as the particle moving off to infinity, while point 5. suggests that the particle
focuses where Λγ

H is large. Point 5. corresponds to the observation that Λγ
H is locally H-regular over

[a, b], for example, [ReSi, Section VIII.C].
Thanks to the concrete framework of this work, we can explicitly define the set of the critical points κ.

It corresponds to the energy where, after Fourier transform, the symbol of ∆H is zero, at this energies see
Lemma 3.3. Intuitively, there is no propagation, see Lemma 3.16. In [PaRi], the authors use a general
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and abstract Floquet Bloch approach. This ensures the existence of critical points by using the direct
integral decomposition, see also [GéNi] for a general theory. They do not give this set explicitly.

We now outline the structure of our paper. Section 2 provides a brief overview of Mourre theory, and
Subsection 3.1 analyzes the model and establishs the Mourre estimate for the Laplacian operating on a
hexagonal lattice. Moreover, 3.2 introduces a perturbation to the metric and incorporates the potential.
Lastly, Subsection 3.3, we proves Theorem 1.1.

2. The Mourre theory

In 1956, C.R. Putnam introduced a criterion ensuring that the spectrum of a self-adjoint operator H
is purely absolutely continuous, based on the existence of a bounded, self-adjoint operator B satisfying
[H, iB] > 0. However, the boundedness of B presents a significant limitation for practical applications.
The Mourre Theory has attracted significant interest since its introduction in 1980 (cf., [Mo1, Mo2]).
Numerous works have proved the importance of Mourre’s commutator theory for understanding the
point and continuous spectra of a sufficiently large class of self-adjoint operators. Notable contributions
include [GeGéMø, GeGo, JeMoPe, Sa], as well as the book [AmBoGe], the master courses [Go], and more
recent results such as [GoJe, Gé, GoMa].

Now, we recall Mourre’s commutator theory. Let H and A be two self-adjoint operators acting
on a complex Hilbert space H. Suppose also H ∈ B(H). We denote by ‖ · ‖ the norm of bounded
operators on H. Thanks to the operator A, we study several spectral properties of H . Given k ∈ N,
we say that H ∈ Ck(A) if for all f ∈ H the map R ∋ t 7→ eitAHe−itAf has the usual Ck(R) regularity,
i.e. R ∋ t 7→ eitAHe−itA ∈ B(H) has the usual Ck(R) regularity with B(H) endowed with the strong
operator topology. We say that H ∈ Ck,u(A) if the map R ∋ t 7→ eitAHe−itA ∈ B(H) has the usual
Ck(R) regularity, with B(H) endowed with the norm operator topology. The form [H, iA] is defined on
D(A) × D(A) by 〈f, [H, iA]g〉 := i (〈H∗f,Ag〉+ 〈Af,Hg〉). By [AmBoGe, Lemma 6.2.9] H ∈ C1(A) if
and only if the form [H, iA] extends to a bounded operator in which case we denote by [H, iA]◦. We say
that H ∈ C0,1(A) if ∫ 1

0

‖[H, eitA]‖dt
t

< ∞

and that H ∈ C1,1(A) if ∫ 1

0

‖[[H, eitA], eitA]‖dt
t2

< ∞.

Thanks to [AmBoGe, p. 205], we have the following of vector spaces inclusions:

C2(A) ⊂ C1,1(A) ⊂ C1,u(A) ⊂ C1(A) ⊂ C0,1(A).(14)

The Mourre estimate for H on an open interval I of R holds if there exist c > 0 and a compact
operator K such that:

EI(H)[H, iA]◦EI(H) ≥ EI(H) (c + K)EI(H),(15)

where EI(H) the spectral measure of H above I. The aim of Mourre’s commutator theory is to prove
a Limiting Absorption Principle (LAP), see [AmBoGe, Theorem 7.6.8].

Theorem 2.1. Let H be a self-adjoint operator, with σ(H) 6= R. Assume that H ∈ C1(A) and the

Mourre estimate (15) true for H in I. Then:

1. If K = 0, then H has no eigenvalues in I.

2. The number of eigenvalues of H in I counted with multiplicity is finite.

3. If H ∈ C1,1(A), γ > 1
2 and I ′ a compact sub-interval of I containing no eigenvalue, then

sup
ℜ(z)∈I′,ℑ(z) 6=0

‖〈A〉−γ(H − z)−1〈A〉−γ‖ is finite.

4. In the norm topology of bounded operators, the boundary values of the resolvent:

I ′ ∋ λ 7→ lim
ρ→0±

〈A〉−γ(H − λ− iµ)−1〈A〉−γ exists and is continuous.

For further details, we refer to [AmBoGe, Proposition 7.2.10, Corollary 7.2.11, Theorem 7.5.2].

3. Proof of main result

We now prove Theorem 1.1. Subsection 3.1 studies the Laplacian on a hexagonal lattice and proves
its Mourre estimate. In Subsection 3.2 the metrics are perturbed and the potential is added. Finally in
Subsection 3.3, we prove Theorem 1.1.
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3.1. Laplacian on the hexagonal lattice. Let,

S :=

{
f : Z2 → C2 such that, for all N ∈ N sup

(n1,n2)∈Z2

∣∣(1 + n2
1 + n2

2)
Nf(n1, n2)

∣∣
C2

< ∞
}
,

it is the discrete Schwartz space. We denote by C∞
2π([−π, π]2;C2) the set of functions defined on [−π, π]2 of

class C∞ and 2π-periodic. Now, we define the Fourier transform F : ℓ2(Z2×{p1, p2};C) −→ L2([−π, π]2×
{p1, p2};C) through

Ff(x, pi) :=
1

2π

∑

n

f(n, pi)e
−i〈n,x〉, ∀f ∈ ℓ2(Z2 × {p1, p2};C).

The inverse Fourier transform F−1 : (L2([−π, π]2 ×{p1, p2};C) −→ ℓ2(Z2 × {p1, p2};C) is then given by

F−1f(n, pi) =
1

2π

∫

[−π,π]2
f(x, pi)e

i〈n,x〉dx, ∀f ∈ L2([−π, π]2 × {p1, p2};C),

where i ∈ {1, 2}. By (10), we rewrite the Fourier transform F : ℓ2(Z2;C2) −→ L2([−π, π]2;C2) through

Ff(x) =
1

2π

∑

n

f(n)e−i〈n,x〉, ∀f ∈ ℓ2(Z2;C2).

The inverse Fourier transform F−1 : L2([−π, π]2;C2) −→ ℓ2(Z2;C2) is then given by

F−1f(n) =
1

2π

∫

[−π,π]2
f(x)ei〈n,x〉dx, ∀f ∈ L2([−π, π]2;C2).

Remark 3.1. Note that F(S) = C∞
2π([−π, π]2;C2).

First, we rewrite the Laplacian on a hexagonal lattice.

Lemma 3.2. With the (10), we have:

∆H =
1

3

(
0 ∆2,H

∆1,H 0

)
=

1

3

(
0 id + U1 + U2

id + U∗
1 + U∗

2 0

)
.

Proof. Recalling (3), (4) and (8). Let f ∈ ℓ2(Z2;C2), we infer

(∆Hf)(n) =
1

3

(
f2(n− V1) + f2(n− V2) + f2(n− V3)

f1(n− V1) + f1(n− V2) + f1(n− V3)

)

=
1

3

(
f2(n1, n2) + f2(n1 − 1, n2) + f2(n1, n2 − 1)

f1(n1, n2) + f1(n1 + 1, n2) + f1(n1, n2 + 1)

)
,

where V1 := v1+v2
3 , V2 := v1−2v2

3 and V3 := 2v1−v2
3 . This gives the result. �

We turn to the Fourier transform.

Lemma 3.3. For all f ∈ L2([−π, π]2;C2), we have:
((
F∆HF−1

)
f
)
(x1, x2) := (F (Q1, Q2)f)(x1, x2) = F (x1, x2)f(x1, x2),

with

F (x1, x2) :=
1

3

(
0 1 + e−ix1 + e−ix2

1 + eix1 + eix2 0

)
.

Proof. Let f ∈ L2([−π, π]2;C2), we have:

F(U1 ⊗ 1 F−1f)(x) =
1

2π

∑

n

(U1F−1f)(n)e−i〈x,n〉

=
1

2π

∑

n

(F−1f)(n1 − 1, n2)e
−i〈x,n〉

=
1

2π

∑

n

(F−1f)(n1, n2)e
−i〈x1,n1+1〉+〈x2,n2〉
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=
1

2π

∑

n

(F−1f)(n1, n2)e
−ix1e−i〈x,n〉.

Then, F(U1F−1f)(x) = e−ix1f(x). The other terms are treated in the same way. We obtain the
result. �

Now, we turn to the diagonalization of the matrix F.

Lemma 3.4. For all (x1, x2) ∈ Ξ := [−π, π]2\
{(

− 2π
3 , 2π

3

)
,
(
2π
3 ,− 2π

3

)}
, we have:

F = PDP−1, with

D(x1, x2) :=




√
β(x1,x2)

3 0

0 −
√

β(x1,x2)

3


 ,

P (x1, x2) :=




1 1√
β(x1,x2)

1+e−ix1+e−ix2
− 1+eix1+eix2√

β(x1,x2)


 ,

P−1(x1, x2) :=




1
2

1+e−ix1+e−ix2

2
√

β(x1,x2)

1
2 − 1+e−ix1+e−ix2

2
√

β(x1,x2)




and β(x) := |1 + eix1 + eix2 |2 = 3 + 2 (cos(x1) + cos(x2) + cos(x1 − x2)) .
If (x1, x2) ∈

{(
2π
3 , 2π

3

)
,
(
− 2π

3 ,− 2π
3

)}
, then

D(x1, x2) = F (x1, x2) =

(
0 0

0 0

)
.

Proof. It suffices to verify that detF (x1, x2) 6= 0, thus P is invertible and det(F − λid) = λ2 − β(x)
9 . �

Lemma 3.5. On Ξ the critical points of
√
β is the set

Γ := {(−π,−π); (−π, π); (π,−π); (π, π); (−π, 0); (π, 0); (0,−π); (0, π); (0, 0)}(16)

and
√
β (Γ) = {1, 3}.

Proof. We have
√
β ∈ C1 on Ξ. We obtain:

(17) ∇
(√

β
)
(x1, x2) =

∇β(x1, x2)

2
√
β(x1, x2)

.

We introduce the functions:

X := (x1, x2) 7→ cos

(
x1 + x2

2

)
, Y := (x1, x2) 7→ cos

(
x1 − x2

2

)
.

Using trigonometric formulas, we obtain:

β = 1+ 2
(
2XY + 2Y 2

)
.

Recall β is a smooth on Ξ. We have:

∇β = 4 (Y∇X + (X + 2Y )∇Y ) ,

where:

∇X(x1, x2) = −1

2
sin

(
x1 + x2

2

)(
1

1

)
, ∇Y (x1, x2) =

1

2
sin

(
x1 − x2

2

)( −1

1

)
.

By (17), ∇(
√
β)(x1, x2) = 0, then ∇β(x1, x2) = 0. In particular, ∇X and ∇Y are orthogonal. Thus,

they are independent vectors unless one of them is zero. Therefore:

∇β(x1, x2) = 0 ⇐⇒ (∇X(x1, x2) = 0 = ∇Y (x1, x2))

or (∇X(x1, x2) = 0,∇Y (x1, x2) 6= 0, and (X + 2Y )(x1, x2) = 0)

or (∇Y (x1, x2) = 0,∇X(x1, x2) 6= 0, and Y (x1, x2) = 0)

or (∇X,∇Y (x1, x2) are independent, Y (x1, x2) = 0, (X + 2Y )(x1, x2) = 0) .

We observe that we cannot simultaneously obtain that:

Y (x1, x2) = 0 and ∇Y (x1, x2) = 0.
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In the case of independent ∇X(x1, x2) and ∇Y (x1, x2), we have X(x1, x2) = Y (x1, x2) = 0, hence√
β(x1, x2) = 1. This actually occurs for (x1, x2) ∈ {(−π, 0); (π, 0); (0,−π); (0, π)}.

In the case ∇X(x1, x2) = 0 = ∇Y (x1, x2), we must have |X(x1, x2)| = |Y (x1, x2)| = 1. Then√
β(x1, x2) = 3 if X(x1, x2)Y (x1, x2) > 0 and

√
β(x1, x2) = 1 if X(x1, x2)Y (x1, x2) < 0. The first

case occurs at (x1, x2) ∈ {(0, 0); (−π,−π); (−π, π); (π,−π); (π, π)}.
In the last case, we have ∇X(x1, x2) = 0, ∇Y (x1, x2) 6= 0, and (X+2Y )(x1, x2) = 0. Since ∇Y (x1, x2) 6=
0, x1 6= x2 thus −π < (x1+x2)

2 < π, yielding X(x1, x2) > −1. Since ∇X(x1, x2) = 0, |X(x1, x2)| = 1.

Thus, X(x1, x2) = 1 and Y (x1, x2) = − 1
2 . Then

√
β(x1, x2) = 0. This case occurs for (x1, x2) =

(− 2π
3 , 2π

3 ) and (x1, x2) = (2π3 ,− 2π
3 ), which does not belong Ξ. We have shown that

√
β (Γ) = {1, 3}. �

Next, we turn to the spectrum.

Lemma 3.6. σ(F (Q1, Q2)) = [−1, 1] .

Proof. By [ReSi, Vol 1, p. 229] and Lemma 3.4, we obtain σ(F (Q1, Q2)) :=

{
±
√

β(x)

3 , ∀x ∈ [−π, π]2
}
.

In the other hand, we have β(x1, x2) = 3 + 6φ(x1, x2), where

φ(x1, x2) :=
1

3
(cos(x1) + cos(x2) + cos(x1 − x2)) .

By [AtEnGoJa, Lemma 3.3], we obtain that σ(φ(Q1, Q2)) =
[
− 1

2 , 1
]
. We conclude that σ(F (Q1, Q2)) =

[−1, 1] .
�

Let g ∈ C∞
2π

(
[−π, π]2;C

)
, we set:

Âg : =
i

2

(
∇β

5
2 · ∇+∇ · ∇β

5
2

)
g

=
i

2

(
Â1 + Â2

)
g.

Remark 3.7. The power 1
2 should be the natural try but it does not seem to lead to a self-adjoint operator.

Here we take power 5
2 for two reasons: First it allows to obtain a self-adjoint operator and second, it

can be explicitly set back to the original space which, in turn, permits to deal with the perturbation of

the metric. Note that in [Ta2] he chose to localize in energy away from 0 to circumvent the difficulty.

However, he does not deal with the metric perturbation.

Lemma 3.8. For g ∈ C∞
2π([−π, π]2;C), we have:

Âg(x1, x2) :=5iβ
3
2 (x1, x2)

(
(− sin(x1)− sin(x1 − x2))

∂g

∂x1
(x1, x2)

+ (− sin(x2) + sin(x1 − x2))
∂g

∂x2
(x1, x2)

)

+ 15i
√
β(x1, x2)

(
sin2(x1) + sin2(x2) + 2 sin2(x1 − x2)

+ 2 sin(x1 − x2) (sin(x1)− sin(x2))
)
f(x1, x2)

− 5iβ
3
2 (x1, x2)

(
cos(x1) + 2 cos(x1 − x2) + cos(x2)

)
g(x1, x2).

Proof. Let g ∈ C∞
2π

(
[−π, π]2;C

)
, we have:

(
∂x1β

5
2

∂x2β
5
2

)
(x1, x2) = 5

(
β

3
2 (x1, x2) (− sin(x1)− sin(x1 − x2))

β
3
2 (x1, x2) (− sin(x2) + sin(x1 − x2))

)

and
〈(

∂x1β

∂x2β

)
,

(
∂x1g

∂x2g

)〉
(x1, x2) =5β

3
2 (x1, x2)

(
(− sin(x1)− sin(x1 − x2))

∂g

∂x1
(x1, x2)

+ (− sin(x2) + sin(x1 − x2))
∂g

∂x2
(x1, x2)

)
.

This concludes the Lemma. �
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Lemma 3.9. We next denote AF := PADP−1 the conjugate operator associated to F (Q), where

AD :=

(
Â 0

0 −Â

)
.

Let f = t(f1, f2) ∈ C∞
2π

(
[−π, π]2;C2

)
, we have

1. If (x1, x2) ∈ Ξ, we obtain

AFf(x1, x2) =




0 Â1
1+e−ix1+e−ix2√

β(x1,x2)
+ Â2

1+e−ix1+e−ix2√
β(x1,x2)

1+eix1+eix2√
β(x1,x2)

Â1 +
1+eix1+eix2√

β(x1,x2)
Â2 0




×
(

f1

f2

)
(x1, x2).

2. If (x1, x2) ∈
{
(− 2π

3 , 2π
3 ), (2π3 ,− 2π

3 )
}
, we have AFf is extendable by continuity in (x1, x2) and

AFf(x1, x2) := 0.

Proof.

1. After a straightforward calculation.
2. We have

1 + eix1 + eix2

√
β(x1, x2)

Â1f(x1, x2) =
1 + eix1 + eix2

√
β(x1, x2)

∇β
5
2 · ∇f(x1, x2)

=5
(
1 + eix1 + eix2

)2 (
1 + e−ix1 + e−ix2

)
(18)

×
(

− (sin(x1) + sin(x1 − x2))
∂f

∂x1
(x1, x2)

+ (− sin(x2) + sin(x1 − x2))
∂f

∂x2
(x1, x2)

)
,

1 + eix1 + eix2

√
β(x1, x2)

Â2f(x1, x2) =
1 + eix1 + eix2

√
β(x1, x2)

∇ · ∇β
5
2 f(x1, x2)

=15
(
1 + eix1 + eix2

)
(
sin2(x1) + sin2(x2) + 2 sin2(x1 − x2)(19)

+ 2 sin(x1 − x2) (sin(x1)− sin(x2))

)
f(x1, x2)

− 5
(
1 + eix1 + eix2

)2 (
1 + e−ix1 + e−ix2

)

×
(
cos(x1) + 2 cos(x1 − x2) + cos(x2)

)
f(x1, x2).

By (18) and (19), we have

lim
(x1,x2)→±( 2π

3 ,− 2π
3 )

1 + eix1 + eix2

√
β(x1, x2)

Â1f(x1, x2)

= lim
(x1,x2)→±( 2π

3 ,− 2π
3 )

1 + eix1 + eix2

√
β(x1, x2)

Â2f(x1, x2) = 0,

then AFf is extendable by continuity. �

We now define the conjugate operator AH on S. We denote by AH := FAFF−1, where

AH :=

(
0 A2,H

A1,H 0

)

is the conjugate operator associated to ∆H .
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Lemma 3.10. On S, we have

A1,H =
5i

2
Q1(1 + U∗

1 + U∗
2 )

2(1 + U1 + U2) (U
∗
1 − U1 + U∗

1U2 − U1U
∗
2 )

+
5i

2
Q2(1 + U∗

1 + U∗
2 )

2(1 + U1 + U2) (U
∗
2 − U2 − (U∗

1U2 − U1U
∗
2 ))

− 5i

8

(
3(1 + U∗

1 + U∗
2 )
(
(U∗

1 − U1)
2 + (U∗

2 − U2)
2 + 2(U∗

1U2 − U1U
∗
2 )

2

+ 2(U∗
1U2 − U1U

∗
2 ) (U

∗
1 − U1 − (U∗

2 − U2))
)

+ 2(1 + U∗
1 + U∗

2 )
2(1 + U1 + U2) (U

∗
1 + U1 + U∗

2 + U2 + 2(U∗
1U2 + U1U

∗
2 ))

)
.

Similarly, we obtain A2,H as the adjoint operator of A1,H .

On S, we can rewrite A1,H as follows:

A1,H =R0,0(U1, U2) +
∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1l2(U1, U2)

=
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j U

i
1U

j
2 +

∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j U i

1U
j
2 .

where

R0,0(U1, U2) :=− 5i

8

(
3(1 + U∗

1 + U∗
2 )
(
(U∗

1 − U1)
2 + (U∗

2 − U2)
2 + 2(U∗

1U2 − U1U
∗
2 )

2

+ 2(U∗
1U2 − U1U

∗
2 ) (U

∗
1 − U1 − (U∗

2 − U2))
)
+ 2(1 + U∗

1 + U∗
2 )

2

× (1 + U1 + U2) (U
∗
1 + U1 + U∗

2 + U2 + 2(U∗
1U2 + U1U

∗
2 ))

)

=− 5i

8

(
19(U∗

1 )
2 + 5U2

1 + 19(U∗
2 )

2 + 5U2
2 + 5U∗

1 + 5U∗
2 + 5(U∗

1 )
3

+ 5(U∗
2 )

3 + 16U1 + 16U2 + 15(U∗
1 )

2U2
2 + 15U2

1 (U
∗
2 )

2 + 4U1U2

+ 12U2
1U

∗
2 + 25U1(U

∗
2 )

2 + 9U∗
1 (U

∗
2 )

2 + 18U∗
1U

∗
2 + 8(U∗

1 )
3U2

2

+ 7(U∗
1 )

3U2 + 9(U∗
1 )

2U∗
2 + 8(U1)

2(U∗
2 )

3 + 7U1(U
∗
2 )

3 + 25(U∗
1 )

2U2

+ 24U1U
∗
2 + 24U∗

1U2 + 2
)

=
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j U

i
1U

j
2 ,

where

α0,0
0,0 = 2, α0,0

−2,0 = α0,0
0,−2 = 19, α0,0

2,0 = α0,0
0,2 = 5, α0,0

−3,0 = α0,0
0,−3 = 5,

α0,0
0,1 = α0,0

1,0 = 16, α0,0
−2,−1 = α0,0

−1,−2 = 9, α0,0
1,−2 = α0,0

−2,1 = 25,

α0,0
1,−1 = α0,0

−1,1 = 24, α0,0
−1,2 = α0,0

2,−1 = 12, α0,0
−3,1 = α0,0

1,−3 = 7,(20)

α0,0
−2,2 = α0,0

2,−2 = 15, α0,0
2,−3 = α0,0

−3,2 = 8, α0,0
−1,−1 = 18, α0,0

1,1 = 4

α0,0
−1,0 = α0,0

0,−1 = 5.

R1,0(U1, U2) :=
5i

2

(
− 4 + 4U∗

1 − 5U1 − U2
1 − 2U2 + (U∗

1 )
3 + 5(U∗

1 )
2 + (U∗

2 )
2

+ (U∗
1 )

3U2 + 2(U∗
1 )

2U∗
2 + 2(U∗

1 )
2U2 + 5U∗

1U
∗
2 + U∗

1 (U
∗
2 )

2

− 5U1U
∗
2 − U1U2 − U1(U

∗
2 )

2 − 2U2
1U

∗
2 − U2

1 (U
∗
2 )

2

)
,
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=
5i

2

∑

i,j∈{−3,−2,−1,0,1,2,3}
α1,0
i,j U

i
1U

j
2 ,

with

α1,0
0,0 = −4, α1,0

−3,0 = α1,0
0,−2 = α1,0

−3,1 = α1,0
−1,−2 = 1, α1,0

2,0 = α1,0
1,1 = α1,0

1,−2 = α1,0
2,−2 = −1,

α1,0
−2,−1 = α1,0

−2,1 = 2, α1,0
0,1 = α1,0

2,−1 = −2, α1,0
−2,0 = α1,0

−1,−1 = 5, α1,0
1,−1 = α1,0

1,0 = −5,(21)

α1,0
−1,0 = 4.

R0,1(U1, U2) :=
5i

2

(
− 4 + 4U∗

2 − 5U2 − U2
2 + U3

2 + 5(U∗
2 )

2 + (U∗
1 )

2 + U1(U
∗
2 )

3

+ 2U∗
1 (U

∗
2 )

2 + 2U1(U
∗
2 )

2 + 5U∗
1U

∗
2 + (U∗

1 )
2U∗

2 − 5U∗
1U2

− U1U2 − (U∗
1 )

2U2 − 2U∗
1U

2
2 − (U∗

1 )
2U2

2

)

=
5i

2

∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,1
i,j U

i
1U

j
2 ,

with

α0,1
0,0 = −4, α0,1

0,−3 = α0,1
−2,0 = α0,1

1,−3 = α0,1
−2,−1 = 1, α0,1

0,2 = α0,1
1,1 = α0,1

−2,1 = α0,1
−2,2 = −1,

α0,1
−1,−2 = α0,1

1,−2 = 2, α0,1
−1,2 = α0,1

1,0 = −2, α0,1
0,−2 = α0,1

−1,−1 = 5, α0,1
−1,1 = α0,1

0,1 = −5,(22)

α0,1
0,−1 = 4.

R1,1(U1, U2) :=
5i

2

(
4U∗

1 + 6U∗
1 + 6U∗

2 + U1 + U2 + 2(U∗
1 )

2 + 2(U∗
2 )

2 + 2U∗
1U

∗
2

+ 5U∗
1U2 + 5U1U

∗
2 + 5(U∗

1 )
2U2 + 5U1(U

∗
2 )

2 + U∗
1U

2
2

+ U2
1U

∗
2 + 2(U∗

1 )
2U2

2 + 2U2
1 (U

∗
2 )

2 + (U∗
1 )

3U2

+ U1(U
∗
2 )

3 + (U∗
1 )

3U2
2 + U2

1 (U
∗
2 )

3

)

=
5i

2

∑

i,j∈{−3,−2,−1,0,1,2,3}
α1,1
i,j U

i
1U

j
2 ,

with

α1,1
−1,0 = 4, α1,1

0,1 = α1,1
−1,2 = α1,1

−3,1 = α1,1
−3,2 = 1, α1,1

2,−2 = α1,1
0,−2 = −2,

α1,1
1,0 = α1,1

2,−3 = α1,1
1,−3 = α1,1

2,−1 = −1, α1,1
−2,0 = α1,1

−2,2 = 2,(23)

α1,1
−1,1 = α1,1

−2,1 = 5, α1,1
1,−1 = α1,1

1,−2 = −5, α1,1
0,−1 = −4.

Similarly, we rewrite A2,H .

Lemma 3.11. There exists C > 0 such that for all f ∈ S, we have:

‖AHf‖2 ≤ C ‖ΛH(Q)f‖2 .
Proof. Let f ∈ S. Here, all constants are denoted by C and are independent of f . We have:

‖AHf‖2 =‖A1,Hf1‖2 + ‖A2,Hf2‖2.
So, we obtain:

‖A1,Hf1‖2 =
∑

(n1,n2)∈Z2

∣∣∣∣∣∣


R0,0(U1, U2) +

∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1,l2(U1, U2)


 f1(n1, n2)

∣∣∣∣∣∣

2

≤
∑

(n1,n2)∈Z2

2 |R0,0(U1, U2)f1(n1, n2)|2

+ 2

∣∣∣∣∣∣
∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1,l2(U1, U2)f1(n1, n2)

∣∣∣∣∣∣

2
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≤C

(
‖(Q2

1 +
1

2
)

1
2 f1‖2 + ‖(Q2

2 +
1

2
)

1
2 f1‖2 + ‖f1‖2

)
≤ C‖Λ(Q)f1‖2.

Similarly, we show that:

‖A2,Hf2‖2 ≤ C ‖Λ(Q)f2‖2 .
This concludes the result. �

Remark 3.12. By applying Lemma 3.11 and since ‖〈AH〉0f‖2 ≤ ‖Λ0(Q)f‖2, for all f ∈ S, by real

interpolation, e.g. [BeJoLoJo, Theorem 4.1.2,p.88], for all γ ∈ [0, 1], we remark that there is Cγ such

that

‖〈AH〉γf‖2 ≤ Cγ ‖Λγ
Hf‖2 , for all f ∈ S.

Lemma 3.13. AH is essentially self-adjoint on S. We write AH for its closure in the sequel.

Proof. First, we recall that AH is symmetric operator on S. By Lemma 3.11, there exists C such that
for all f ∈ S, we have:

‖AHf‖2 ≤ C ‖Λ(Q)f‖2 .
By the Nelson’s Lemma, e.g. [ReSi, Theorem X.37], it suffices to prove

∃C > 0, ∀f ∈ S,
∣∣∣〈f, [Λ(Q), AH ]f〉

∣∣∣ ≤ C
∥∥Λ 1

2 (Q)f
∥∥.

to ensure to that AH , defined on S, extends to a self-adjoint operator. Let f ∈ S. We denote all
constants by C, we have:

|〈f, [ΛH(Q), AH ]f〉| ≤ |〈f2, [Λ(Q), A1,H ]f1〉|+ |〈f1, [Λ(Q), A2,H ]f2〉|
=2 |〈f2, [Λ(Q), A1,H ]f1〉| .

Then,

|〈f2, [Λ(Q), A1,H ]f1〉|

=

∣∣∣∣∣
∑

(n1,n2)∈Z2

f2(n1, n2)

(
Λ(n1, n2)


R0,0(U1, U2) +

∑

(l1,l2)∈{0,1}2,(l1,l2) 6=(0,0)

(n1l1 − n2l2)Rl1,l2(U1, U2)




−


R0,0(U1, U2) +

∑

(l1,l2)∈{0,1}2,(l1,l2) 6=(0,0)

(n1l1 − n2l2)Rl1,l2(U1, U2)


Λ(n1, n2)

)
f1(n1, n2)

∣∣∣∣∣

=

∣∣∣∣∣
∑

(n1,n2)∈Z2

f2(n1, n2)

( ∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j (Λ(n1, n2)− Λ(n1 + i, n2 + j))

+
∑

(l1,l2)∈{0,1}2,(l1,l2) 6=(0,0)

(n1l1 − n2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j (Λ(n1, n2)− Λ(n1 + i, n2 + j))

)
f1(n1 + i, n2 + j)

∣∣∣∣∣

=

∣∣∣∣∣
∑

(n1,n2)∈Z2

f2(n1, n2)

( ∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j

(
Λ2(n1, n2)− Λ2(n1 + i, n2 + j)

Λ(n1, n2) + Λ(n1 + i, n2 + j)

)

+
∑

(l1,l2)∈{0,1}2,(l1,l2) 6=(0,0)

(n1l1 − n2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j

(
Λ2(n1, n2)− Λ2(n1 + i, n2 + j)

Λ(n1, n2) + Λ(n1 + i, n2 + j)

))
f1(n1 + i, n2 + j)

∣∣∣∣∣

=

∣∣∣∣∣
∑

(n1,n2)∈Z2

f2(n1, n2)

( ∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j

( −2in1 − 2jn2 + i2 + j2

Λ(n1, n2) + Λ(n1 + i, n2 + j)

)

+
∑

(l1,l2)∈{0,1}2,(l1,l2) 6=(0,0)

(n1l1 − n2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j

( −2in1 − 2jn2 + i2 + j2

Λ(n1, n2) + Λ(n1 + i, n2 + j)

))
f1(n1 + i, n2 + j)

∣∣∣∣∣
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≤
∑

(n1,n2)∈Z2

|f2(n1, n2)|
(∣∣∣∣∣

∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j

( −2in1 − 2jn2 + i2 + j2

Λ(n1, n2) + Λ(n1 + i, n2 + j)

)
f1(n1 + i, n2 + j)

∣∣∣∣∣

+

∣∣∣∣∣
∑

(l1,l2)∈{0,1}2,(l1,l2) 6=(0,0)

(n1l1 − n2l2)
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j

( −2in1 − 2jn2 + i2 + j2

Λ(n1, n2) + Λ(n1 + i, n2 + j)

)

× f1(n1 + i, n2 + j)

∣∣∣∣∣

)

≤C
(
‖f2(·)‖‖f1(·)‖ + ‖Λ 1

2 (Q)f2(·)‖‖Λ
1
2 (Q)f1(·)‖

)
, due to

−2in1 − 2jn2 + i2 + j2

Λ(n1, n2) + Λ(n1 + i, n2 + j)
is bounded.

≤C
(
‖f2(·)‖2 + ‖f1(·)‖2 + ‖Λ 1

2 (Q)f2(·)‖2 + ‖Λ 1
2 (Q)f1(·)‖2

)

≤C‖Λ
1
2

H(Q)f‖2.
As S is a core for ΛH(Q), applying [ReSi, Theorem X.37], we prove that:

|〈f, [ΛH(Q), AH ]f〉| ≤ C
∥∥∥Λ

1
2

H(Q)f
∥∥∥
2

.

�

Lemma 3.14. On C∞
2π

(
[−π, π]2;C2

)
, we have:

AF := FAHF−1.(24)

Proof. We have: (
FU∗

1F−1f
)
(x) = eix1f(x),

(
FU∗

2F−1f
)
(x) = eix2f(x),

1

2i

(
FU∗

1 − U1F−1f
)
(x) =

1

2i

(
eix1 − e−ix1

)
f(x) = sin(x1)f(x),

1

2i

(
F (U1U

∗
2 − U∗

1U2)F−1f
)
(x) = sin(x1 − x2)f(x)

and
(
F(−iQi)F−1f

)
(x) =

∂f

∂xi

(x),

where i ∈ {1, 2}. Similarly, we treat the other terms. So, we obtain the result.

Remark 3.15. Since F(S) = C∞
2π([−π, π]2;C2), we now recall Lemma 3.14 by density we have, AF is

essentially self-adjoint on C∞
2π

(
[−π, π]2;C2

)
and we denote by AF its closure. Note that (24) extends to

the closure and D(AH) = F−1D(AF ).

Lemma 3.16. We have,
√
β(Q) ∈ C1(Â) and therefore ∆H ∈ C1(AH). Moreover,

[√
β(Q), iÂ

]
◦
=

5

4

∥∥∥
√
β∇β

∥∥∥
2

(Q).(25)

Proof. For f ∈ C∞
2π([−π, π]2;C), we have:
[√

β(Q), iÂ
]
f(x1, x2) =−

[√
β(Q),∇ · ∇β

5
2 (Q)

]
f(x1, x2)

=−


√β(Q),

2∑

j=1

∂xj

(
∂xj

β
5
2

)
(Q)


 f(x1, x2)

=− 5

2


√β(Q),

2∑

j=1

∂xj

(
β

3
2 ∂xj

β
)
(Q)


 f(x1, x2)

=− 5

2

2∑

j=1

√
β(x1, x2)∂xj

(
β

3
2 ∂xj

βf
)
(x1, x2)

+ ∂xj

(
β2∂xj

βf
)
(x1, x2)

=
5

4
β(x1, x2)(∂xj

β)2(x1, x2)f(x1, x2).
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As β∇β ∈ L∞([−π, π]2;C) then there exists c > 0 such that
∥∥∥
[√

β(Q), iÂ
]
f
∥∥∥ ≤ c‖f‖. By density and

thanks to [AmBoGe, Lemma 6.2.9], we obtain
√
β(Q) ∈ C1(Â). Recalling F(S) = C∞

2π([−π, π]2;C2),
as the Fourier transform is unitary, we obtain ‖[∆H , iAH ] g‖ ≤ c‖g‖ for all g ∈ S which ensures that
∆H ∈ C1(AH). �

We now focus on the Mourre estimate for the unperturbed Laplacian.

Proposition 3.17. We have
√
β(Q) ∈ C1(Â). Moreover, let I be an open interval such that its closure

is included in [−1, 1]\κ, where κ := ±
√

β(Γ)

3 ∪ {0}, with Γ is given in (16), there exists c > 0 such that:

EI(
√
β(Q))[

√
β(Q), iÂ]◦EI(

√
β(Q)) ≥ cEI(

√
β(Q)).(26)

Equivalently, we have:

EI(∆H)[∆H , iAH]◦EI(∆H) ≥ cEI(∆H).(27)

The set κ is called the set of thresholds.

Proof. We work in L2([−π, π]2;C). The C1 property is given in Lemma 3.16. Let I be an open in-
terval such that its closure is included in [−1, 1]\κ. Since I is bounded then by Bolzano-Weierstrass

Theorem, its closure is compact. There exists c > 0, such that for all (x1, x2) ∈ √
β
−1

(I), we have:

5
4

∥∥∥
√
β(Q)∇β

∥∥∥
2

(x1, x2) ≥ c. Recalling
[√

β(Q), iÂ
]
◦
= 5

4

∥∥∥
√
β(Q)∇β

∥∥∥
2

(Q), by functional calculus, we

have:
EI(

√
β(Q))[

√
β(Q), iÂ]◦EI(

√
β(Q)) ≥ cEI(

√
β(Q)).

Using (7), (10), from (26) and thanks to Lemma 3.9 and Lemma 3.10, we obtain (27) by going back to

ℓ2(Ṽ ;C). �

Proposition 3.18. We have
√
β(Q) ∈ C2(Â) and therefore ∆H ∈ C2(AH).

Proof. We denote the constant by c. By Lemma 3.16 and for f ∈ C∞
2π([−π, π]2), we obtain:

[[√
β(Q), iÂ

]
◦
, iÂ
]
f =

[
5

4

∥∥∥
√
β∇β

∥∥∥
2

(Q), iÂ

]
f(x1, x2).

Hence, [
5

4

∥∥∥
√
β∇β

∥∥∥
2

(Q), i5iβ
3
2 (Q) (− sin(Q1)− sin(Q1 −Q2))

∂

∂x1

]
f(x1, x2)

=
25

4
β

3
2 (Q) (− sin(x1)− sin(x1 − x2))

∂
∥∥√β∇β

∥∥2

∂x1
(x1, x2)f(x1, x2).

As
5∂‖√β∇β‖2

4∂x1
∈ L∞([−π, π]2), we deduce:
∥∥∥∥
[
5

4

∥∥∥
√
β∇β

∥∥∥
2

(Q), 5β
3
2 (Q) (− sin(Q1)− sin(Q1 −Q2))

∂

∂x1

]
f

∥∥∥∥
2

≤ c ‖f‖2 .

Similarly, we treat the other terms. Hence, by density and [AmBoGe, Proposition 5.2.2]. As in Lemma
3.16, we also obtain that ∆H ∈ C2(AH), this proves the lemma. �

3.2. The perturbed model. In this subsection, we perturb the earlier case by modifying the metric
and introducing a potential. We require both the modified metric and potential to be in some sense,
small at infinity. We address some technical details and begin with the properties of ΛH .

Proposition 3.19. ΛH satisfies the following assertions:

1. D(ΛH(Q)) ⊂ D(AH).
2. There is c > 0 such that for all r > 0, −ir belongs to the resolvent set of ΛH(Q) and r‖(ΛH(Q) +
ir)−1‖B(ℓ2(Ṽ,1)) ≤ c.

3. t → eitΛH(Q) has a polynomial growth in ℓ2(Ṽ , 1).
4. Given ξ ∈ C∞(R;R) such that ξ(x) = 0 near 0 and 1 near infinity and T ∈ B(ℓ2(Ṽ , 1)) symmetric, if

∫ ∞

1

∥∥∥∥ξ
(
ΛH(Q)

r

)
T

∥∥∥∥
B(ℓ2(Ṽ,1))

dr < ∞,(28)

then T ∈ C0,1(AH).
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Proof. See [AtEnGoJa, Proposition 3.14] . �

Corollary 3.20. With the notation of Proposition 3.19, let γ ∈ (0, 1) and T ∈ B(ℓ2(Ṽ , 1)) symmetric.

Assume that

〈ΛH〉γT ∈ B(ℓ2(Ṽ , 1)),
then T ∈ C0,1(AH). Moreover, if T ∈ C1(AH), T ∈ C1,1(AH).

3.2.1. Unitary transformation. The perturbation of the metric introduces a second Hilbert space. To
address this difficulty, we apply the following transformation:

Proposition 3.21. Set the following map

T1→m : ℓ2(Ṽ , 1;C) → ℓ2(Ṽ ,m;C)

f 7→ T1→mf(n) :=
1√
m(n)

f(n).

Then, the transformation T1→m is unitary.

Proof. See [AtEnGoJa, Proposition 3.17]. �

Recalling (11) and the hypothesis (H0) and (H1). We can now send ∆m,E in ℓ2(Ṽ , 1) with the help of

this unitary transformation. Namely, let ∆̃ := T−1
1→m∆m,ET1→m. We have the following result:

Proposition 3.22. We have:

∆̃ =

(
0 ∆̃2

∆̃1 0

)
,

where

∆̃1 =
1

3
√
m2(Q1, Q2)

(
E((Q1, Q2, p1), (Q1, Q2, p2))√

m1(Q1, Q2)
+

E((Q1, Q2, p1), (Q1 + 1, Q2, p2))√
m1(Q1 + 1, Q2)

U∗
1(29)

+
E((Q1, Q2, p1), (Q1, Q2 + 1, p2))√

m1(Q1, Q2 + 1)
U∗
2

)
.

and

∆̃2 =
1

3
√
m1(Q1, Q2)

(
E((Q1, Q2, p2), (Q1, Q2, p1))√

m2(Q1, Q2)
+

E((Q1, Q2, p2), (Q1 − 1, Q2, p1))√
m2(Q1 − 1, Q2)

U1(30)

+
E((Q1, Q2, p2), (Q1, Q2 − 1, p1))√

m2(Q1, Q2 − 1)
U2

)

We establish the following expression for the perturbation:

Proposition 3.23.
1. For all i, j ∈ {1, 2}, i 6= j, we have:

Di := ∆i,H − ∆̃i : ℓ
2(Vi, 1) → ℓ2(Vj , 1)(31)

f1 7→ 1

3
(Li,H + Ti,H + Si,H) f1(n),

where

(Li,Hfi) (n) :=

(
1− E((Q1, Q2, pi), (Q1, Q2, pj))√

mi(Q1, Q2)
√
mj(Q1, Q2)

)
fi(n),

(Ti,Hf1(n) :=

(
1− E((Q1, Q2, pi), (Q1 − i+ j,Q2, pj))√

mi(Q1 − i+ j,Q2)
√
mj(Q1, Q2)

)
U i−j
1 fi(n)

and

(Si,Hfi) (n) :=

(
1− E((Q1, Q2, pi), (Q1, Q2 − i+ j, pj))√

mi(Q1, Q2 − i+ j)
√
mj(Q1, Q2)

)
U i−j
2 fi(n).

2. We have Di is a compact operator in ℓ2(Vi, 1).

Proof.

1. This is by Proposition 3.22 and straightforward calculation.
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2. We have(
∆i,H − ∆̃i

)
fi(n1, n2)

:=
∑

σ∈{0,j−i}

∑

(h,k)∈{(0,j−1)}2, h+k=σ

((
1− E((Q1, Q2, pi), (Q1 + h,Q2 + k, pj))√

mi(Q1 + h,Q2 + k)
√
mj(Q1, Q2)

)
U−h
1 U−k

2 f

)
(n1, n2)

=
∑

σ∈{0,j−i}

∑

(h,k)∈{(0,j−1)}2

((
mj(Q1, Q2) (ηi(Q1 + h,Q2 + k)− ε((Q1, Q2, pi), (Q1 + h,Q2 + k, pj)))

+ E((Q1, Q2, pi), (Q1 + h,Q2 + k, pj)) (ηj(Q1, Q2)− ε((Q1, Q2, pi), (Q1 + h,Q2 + k, pj)))

× 1√
mi(Q1 + h,Q2 + k)

√
mj(Q1, Q2)

× 1(√
m1(Q1 + h,Q2 + k)

√
m2(Q1, Q2) + E((Q1, Q2, pi), (Q1 + h,Q2 + k, pj))

)
)
U−h
1 U−k

2 fi

)
(n1, n2).

By using the hypotheses (H0) and (H1), we have η1((n1+h, n2+k))−ε((n1, n2, pi), (n1+h, nk+j, pj)) −→
0 if (n1, n2) −→ ∞ and η2(n1, n2)−ε((n1, n2, pi), (n1+h, n2+k, pj)) −→ 0 if (n1, n2) −→ ∞ and U−h

1 U−k
2

is bounded. So have that the operator ∆i,H − ∆̃i is a finite sum of compact operators. This concludes
the result. �

We have a first spectral and general result.

Proposition 3.24. Let ε, η and V be three real-valued bounded functions satisfying respectively (H0), (H1)
and (H2). We have:

1. Hm,E is self-adjoint and bounded.

2. σess(Hm,E) = σess(∆H).

Proof.

1. By hypotheses (H2), we deduce that V (Q) is compact. By using the fact that ∆H is self-adjoint and
thanks to [ReSi, Theorem XIII.14], we conclude that Hm,E is self-adjoint.

2. Thanks to Proposition 3.23 and using the fact that V (Q) is compact, we infer that σess(∆̃ + V (Q)) =
σess(∆H). The unitary transformation assures that σess(Hm,E) = σess(∆H). �

3.2.2. Perturbed potential. We start focus on the potential V . The perturbation of the metric is more
complicated. It will be treated in the following subsection. We start with same auxiliary and general
results.

Remark 3.25. 1. For all k ∈ N∗, Jk,0,0 ≡ Jk,1,0 ≡ Jk,2,0.
2. If h = 0 and ∀k ∈ N, ∀b ∈ N, we have Jk,0,b ≡ Jk,0,0.

Lemma 3.26. Let G : (Z2 × {p1, p2})k −→ C satisfying the hypothesis (H3,k), then we have

(H4,k) max
h∈{1,2}

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉|G(Jk,h,0(n1, n2, pi))

−G(Jk,h,0(n1, n2, pj))| < ∞,

where k ∈ N∗, {i, j} = {1, 2}.
Proof. Let h ∈ {1, 2}, h′ ∈ {1, 2}\{h}. For all l1, l2 ∈ {0, 1}, we have:

Λγ(n1, n2)〈n1l1 − n2l2〉 |G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1, n2, pi))|

≤ Λγ(n1, n2)〈n1l1 − n2l2〉
(
|G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1, n2, pj))|

+ |G(Jk,h,1(n1, n2, pj))−G(Jk,h′,1(n1, n2, pi))|+ |G(Jk,h′,1(n1, n2, pi))−G(Jk,h′,0(n1, n2, pj))|
)
.

Thanks to the hypothesis (H3,k), we deduce the result. �

Lemma 3.27. Let G : (Z2 ×{p1, p2})k −→ C satisfying the hypothesis (H3,k) and Lemma 3.26, then we

have

(H5,k) max
i∈{1,2}

max
j∈{1,2},j 6=i

max
h∈{1,2}

max
h′∈{1,2},h′ 6=h

max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉
(∣∣G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1 − (−1)jδh′,1, n2 − (−1)jδh′,2, pj))

∣∣) < ∞,

where k ∈ N∗ and {i, j} ∈ {1, 2}.
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Proof. Let h ∈ {1, 2} and h′ ∈ {1, 2}\{h}. For all l1, l2 ∈ {0, 1}, we have:

Λγ(n1, n2)〈n1l1 − n2l2〉
(∣∣G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1 − (−1)jδh′,1, n2 − (−1)jδh′,2, pj))

∣∣)

≤ Λγ(n1, n2)〈n1l1 − n2l2〉
(
|G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1, n2, pj))|

+ |G(Jk,h,1(n1, n2, pj))−G(Jk,h,0(n1, n2, pi))|
+ |G(Jk,h′,0(n1, n2, pi))−G(Jk,h′,1(n1, n2, pj))| , by Remark 3.25

+
∣∣G(Jk,h,0(n1 + (−1)jδh′,1, n2 − (−1)jδh′,2, pj))−G(Jk,h,0(n1 + (−1)iδh′,1, n2 − (−1)iδh′,2, pi))

∣∣

+ |G(Jk,h,0(n1 + (−1)iδh′,1, n2 − (−1)jδh′,2, pi))−G(Jk,h,1(n1 + (−1)jδh′,1, n2 − (−1)jδh′,2, pj))|
)
.

Thanks to the hypothesis (H3,k) and Lemma 3.26, we deduce the result. �

We turn to the regularity of V with respect to AH .

Proposition 3.28. Let V : Ṽ → R2 be a function. We assume that V satisfying (H2) and (H3,1) holds

true, then V (Q) ∈ C1(AH) and [V (Q), AH ]◦ ∈ C0,1(AH). In particular, we obtain V (Q) ∈ C1,1(AH).

Proof. We show this proposition in two steps. First, we prove that V (Q) ∈ C1(AH). We establish there
is c > 0 such that

‖[V (Q), iAH ]‖2 ≤ c‖f‖2, ∀f ∈ S.
Second, we take γ ∈ [0, 1) such that γ′ < γ. We prove that [V (Q), iAH ]◦ ∈ C0,1(AH). We show there
exists cγ′ > 0 such that

‖Λγ(Q) [V (Q), iAH ]‖2 ≤ cγ′‖f‖2, ∀f ∈ S.
We have

[V (Q), iAH ] =

(
V1 0

0 V2

)(
0 iA2,H

iA1,H 0

)
−
(

0 iA2,H

iA2,H 0

)(
V1 0

0 V2

)

=

(
0 i (V1A2,H −A2,HV2)

i (V2A1,H −A1,HV1) 0

)
.

We are going to treat the term in V2A1,H −A1,HV1. We work on S. We infer:

(V2A1,H −A1,HV1) f1(n1, n2)

=

(
V2


R0,0(U1, U2) +

∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1,l2(U1, U2)




−


R0,0(U1, U2) +

∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1,l2(U1, U2)


V1

)
f1(n1, n2)

=
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j (V2(n1, n2)− V1(n1 + i, n2 + j)) f1(n1 + i, n2 + j)

+
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

(Q1l1 −Q2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j (V2(n1, n2)− V1(n1 + i, n2 + j)) f1(n1 + i, n2 + j)

=
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j (V2(n1, n2)− V1(n1, n2)) f1(n1 + i, n2 + j)

+
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j (V1(n1, n2)− V1(n1 + i, n2 + j)) f1(n1 + i, n2 + j)

+
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

(Q1l1 −Q2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j (V2(n1, n2)− V1(n1, n2)) f1(n1 + i, n2 + j)

+
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

(Q1l1 −Q2l2)
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×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j (V1(n1, n2)− V1(n1 + i, n2 + j)) f1(n1 + i, n2 + j)

=
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j (V2(n1, n2)− V1(n1, n2)) f1(n1 + i, n2 + j)

+
∑

i,j∈{−3,−2,−1,0,1,2,3}
α0,0
i,j

( |j|−1∑

h=0

(
V2(n1, n2 + sgn(j)h)− V1(n1, n2 + sgn(j)(h+ 1))

)

+

|i|−1∑

h=0

V2(n1 + sgn(i)h, n2 + j)− V1(n1 + sgn(i)(h+ 1), n2 + j)

)
f1(n1 + i, n2 + j)

+
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

(Q1l1 −Q2l2)

×
∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j (V2(n1, n2)− V1(n1, n2)) f1(n1 + i, n2 + j)

+
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

∑

i,j∈{−3,−2,−1,0,1,2,3}
αl1,l2
i,j (Q1l1 −Q2l2)

×
( |i|−1∑

h=0

V2(n1 + sgn(i)h, n2)− V1(n1 + sgn(i)(h+ 1), n2)

+

|j|−1∑

h=0

V2(n1 + i, n2 + sgn(j)h)− V1(n1 + i, n2 + sgn(j)(h+ 1))

)
f1(n1 + i, n2 + j).

We assume that (H2), (H3,1) and (H4,1) are true. Let f1 ∈ S, we obtain:
∥∥∥Λγ′

(Q1, Q2) (V2A1,H −A1,HV1) f1

∥∥∥

≤
∥∥∥∥∥Λ

γ′
(Q1, Q2)

∑

i,j

α0,0
i,j

(
V2(Q1, Q2)− V1(Q1, Q2)

)
f1

∥∥∥∥∥

+

∥∥∥∥∥Λ
γ′
(Q1, Q2)

∑

i,j

α0,0
i,j

|j|−1∑

h=0

(
V2(Q1, Q2 + sgn(j)h)− V1(Q1, Q2 + sgn(j)(h+ 1))

)
f1

∥∥∥∥∥

+

∥∥∥∥∥
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

∑

i,j

αl1,l2
i,j (Q1l1 −Q2l2)

(
V2(Q1, Q2)− V1(Q1, Q2)

)
f1

∥∥∥∥∥(32)

+

∥∥∥∥∥
∑

l1,l2∈{0,1}2,(l1,l2) 6=(0,0)

∑

i,j

αl1,l2
i,j (Q1l1 −Q2l2)

×
( |i|−1∑

h=0

V2(Q1 + sgn(i)h,Q2)− V1(Q1 + sgn(i)(h+ 1), Q2)

)
f1

∥∥∥∥∥
≤cγ′‖f1‖,

where sgn(i) := 1, if i ≥ 0, and := −1, otherwise. The other terms are treated similarly. Then, by
[AmBoGe, Lemma 6.2.9], we obtain V (Q) ∈ C1(AH). Now, to prove that [V (Q), AH ]◦ ∈ C0,1(AH) it is

enough to use (32), there is c such that
∥∥∥Λγ′

(Q) [V (Q), iAH ]◦ f
∥∥∥ ≤ cγ′‖f‖, ∀f ∈ S. Finally, thanks to

Corollary 3.20, we apply [AmBoGe, Proposition 7.5.7] and the result follows. �

3.2.3. Perturbed metric. We now move to the most technical section. We start with technical lemmata.

Lemma 3.29. Let G : (Z2×{p1, p2})k −→ C satisfying the hypothesis (H3,k) and Lemma 3.26, then for

k ∈ N∗, we have

(H6,k) max
h∈{1,2}

max
i∈{1,2}

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉 |G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1, n2, pi))| < ∞.

Proof. Let {i, j} ∈ {1, 2}, h ∈ {1, 2}. For all l1, l2 ∈ {0, 1}, we have:

Λγ(n1, n2)〈n1l1 − n2l2〉 |G(Jk,h,0(n1, n2, pi))−G(Jk,h,1(n1, n2, pi))|
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≤ Λγ(n1, n2)〈n1l1 − n2l2〉
(
|G(Jk,h,0(n1, n2, pi))−G(Jk,h,0(n1, n2, pj))|

+ |G(Jk,h,0(n1, n2, pj))−G(Jk,h,1(n1, n2, pi))|
)
.

Thanks to (H3,k) and Lemma 3.26, we obtain the result. �

Lemma 3.30. Let k ∈ N∗. Let G : (Z2 × {p1, p2})k −→ C satisfying the hypothesis (H3,k) and

(H7,k) max
h∈{1,2}

max
j∈{1,2}

G(Jk,h,b(n1, n2, pj)) −→ 0 if b −→ ∞,

for all (n1, n2) ∈ Z2. Then we have:

(H8,k) max
i∈{1,2}

sup
(n1,n2)∈Z2

Λγ(n1, n2) |G(Jk,h,0(n1, n2, pi))| < ∞.

Proof. We fix i ∈ {1, 2}. We suppose that (H7,k) hold true, then for all j ∈ {1, 2}, we have:

Λγ(n1, n2) |G(Jk,h,0(n1, n2, pi))|
= lim

b→+∞
Λγ(n1, n2) |G(Jk,h,0(n1, n2, pi))−G(Jk,h,b(n1, n2, pj))|

First of all, by using (H3,k) and (H6,k), for i, j ∈ {1, 2} and σ ∈ {0, 1}, we have

Mk,h,σ,i,j := max
(l1,l2)

sup
(n1,n2)∈Z2

Λγ(n1, n2)〈n1l1 − n2l2〉
∣∣∣G(Jk,h,0(n1, n2, pi))

−G(Jk,h,σ(n1, n2, pj))
∣∣∣ < ∞.

To get (H8,k), it suffices to find an upper bound for the function

(n1, n2) 7→ Λε(n1, n2) |G(Jk,h,0(n1, n2, pi))|
on the set Z2 \ {(0, 0)}.
First case: |n1| ≥ 1 and |n1| ≥ |n2|. Let j ∈ {1, 2} such that (−1)j+1n1 = |n1|. For b ∈ N, we have

fb(n1, n2, pi) := Λγ(n1, n2) |G(Jk,1,b+1(n1, n2, pj))−G(Jk,1,0(n1, n2, pi))|

≤ Λγ(n1, n2)
(
|G(Jk,1,b+1(n1, n2, pj)) −G(Jk,1,0(n1, n2, pj))|

+ |G(Jk,1,0(n1, n2, pj))−G(Jk,1,0(n1, n2, pi))|
)

≤ Λγ(n1, n2)
( b∑

t=0

|G(Jk,1,t+1(n1, n2, pj))−G(Jk,1,t(n1, n2, pj))|

+ |G(Jk,1,0(n1, n2, pj))−G(Jk,1,0(n1, n2, pi))|
)

= Λγ(n1, n2)
( b∑

t=0

∣∣G(n1 + (−1)j+1(t+ 1), n2, pi)−G(n1 + (−1)j+1t, n2, pi)
∣∣

+ |G(Jk,1,0(n1, n2, pj))−G(Jk,1,0(n1, n2, pi))|
)

≤ Λγ(n1, n2)
( b∑

t=0

∣∣G(Jk,1,1(n1 + (−1)j+1t, n2, pj))−G(Jk,1,0(n1 + (−1)j+1t, n2, pj))
∣∣

+Mk,h,0,i,jΛ
−γ(n1, n2)〈n1〉−1

)
, by (H4,k), see Lemma 3.26.

Changing the index in the last sum and using |n2| ≤ |n1|, by (H6,k), we get:

fb(n1, n2, pi) ≤ Mk,h,0,i,i〈n1〉−1 +Mk,h,1,j,jΛ
γ(n1, n2)

n1+(b+1)(−1)j+1∑

ℓ=n1

Λ−γ(ℓ, n2)〈ℓ〉−1

≤ M


1 + 2γ〈n1〉γ

n1+(b+1)(−1)j+1∑

ℓ=n1+(−1)j+1

〈ℓ〉−1−γ + 〈n1〉−1




≤ M
(
3 + 2γ〈n1〉γ

∫ ∞

|n1|
〈s〉−1−γds

)
≤ M

(
3 + 2γ〈n1〉γ

∫ ∞

|n1|
s−1−γds

)
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≤ M
(
3 +

2γ

γ
· 〈n1〉γ
|n1|γ

)
≤ M

(
3 +

(2
√
2)γ

γ

)
,

with M := max(Mk,h,0,i,j ,Mk,h,1,j,j). Since G tends to 0 at infinity, we may take the limit b → ∞

Λγ(n1, n2)|G(Jk,h,0(n1, n2, pi))| = lim
b→∞

fb(n1, n2, pi) ≤ M
(
3 +

(2
√
2)γ

γ

)
.

Second case: |n2| ≥ 1 and |n2| ≥ |n1|. Take j ∈ {1, 2} such that (−1)j+1n2 = |n2|.
�

Since explicitly writing out the expression for the commutator is extremely laborious (requiring thou-
sands of elementary operations), we adopt a more systematic approach to simplify the process. In
particular, we introduce an important lemma that serves as a computational algorithm in the following
proof. The proof itself is provided in the appendix.

Lemma 3.31. We set:

I0l1,l2 :=
{
(i, j) ∈ Z2, such that αl1,l2

i,j 6= 0
}
,

I1l1,l2 :=
{
(i, j) ∈ I0l1,l2 , such that (i + 1, j) /∈ I0l1,l2

}
,

I2l1,l2 :=
{
(i, j) ∈ I1l1,l2 , such that (i, j + 1) /∈ I0l1,l2

}
,

I3l1,l2 :=
{
(i, j) ∈ I0l1,l2 , such that (−i,−j) /∈ I0l1,l2

}
,

I4l1,l2 :=
{
(i, j) ∈ I0l1,l2 , such that (−i− 1,−j) /∈ I0l1,l2

}
,

I5l1,l2 :=
{
(i, j) ∈ I0l1,l2 , such that (−i,−j − 1) /∈ I0l1,l2

}
,

I6l1,l2 :=
{
(i, j) ∈ I2l1,l2 , such that (i− 1, j + 1) /∈ I0l1,l2

}
,

I7l1,l2 :=
{
(i, j) ∈ I3l1,l2 , such that (−i− 1,−j) /∈ I0l1,l2 and (−i,−j − 1) /∈ I0l1,l2

}
,

I8l1,l2 :=
{
(i, j) ∈ I4l1,l2 , such that (−i− 2,−j) /∈ I0l1,l2 and (−i− 1,−j − 1) /∈ I0l1,l2

}
,

I9l1,l2 :=
{
(i, j) ∈ I5l1,l2 , such that (−i− 1,−j − 1) /∈ I0l1,l2 , (−i,−j − 2) /∈ I0l1,l2 ,

(i, j + 1) /∈ I0l1,l2 and (i+ 1, j + 1) /∈ I0l1,l2

}
.

We denote

I
3+min(l1,l2)
l1,l2

:=
{
(i, j) ∈ I0l1,l2 , such that (−i−min(l1, l2),−j) /∈ I0l1,l2

}
,

where I
3+min(l1,l2)
l1,l2

= I3l1,l2 if l1, l2 ∈ {(0, 1), (1, 0), (0, 0)} and I
3+min(l1,l2)
l1,l2

= I4l1,l2 , if l1, l2 ∈ {(1, 1)}.
1. Let (i, j) ∈ I

4−min(l1,l2)
l1,l2

, then at least one of the following conditions is satisfied :

i. (−i− 2 + min(l1, l2),−j) ∈ I1l1,l2 , ii. (−i− 1 + min(l1, l2),−j − 1) ∈ I2l1,l2 ,(33)

iii. (−i−min(l1, l2) + 1, j) ∈ I
3+min(l1,l2)
l1,l2

.

2. Let (i, j) ∈ I5l1,l2 , then at least one of the following conditions is satisfied:

i. (−i− 1,−j − 1) ∈ I1l1,l2 ii. (−i,−j − 2) ∈ I2l1,l2 iii. (−i− 1,−j + 1) ∈ I4l1,l2 .(34)

We denote

I
7+min(l1,l2)
l1,l2

:=
{
(i, j) ∈ I

3+min(l1,l2)
l1,l2

, such that (i− 1−min(l1, l2),−j) /∈ I1l1,l2

and (i−min(l1, l2),−j − 1) /∈ I2l1,l2

}
,

where I
7+min(l1,l2)
l1,l2

= I7l1,l2 , if (l1, l2) ∈ {(0, 1), (1, 0), (0, 0)} and I
7+min(l1,l2)
l1,l2

= I8l1,l2 , if (l1, l2) ∈ {(1, 1)} .
3. We have I9l1,l2 = ∅ and I

7+min(l1,l2)
l1,l2

⊂ I1l1,l2 ∪ I2l1,l2 ∪ I
8−min(l1,l2)
l1,l2

.

4. For all (i, j) ∈ I0l1,l2 we have:

αl1,l2
i,j + αl1,l2

i−1,j + αl1,l2
i,j−1 = (−1)max(l1,l2)

(
αl1,l2
−i,−j + αl1,l2

−i−1,−j + αl1,l2
−i,−j−1

)
.(35)

5. For all (i, j) ∈ I1l1,l2 we obtain:

αl1,l2
i,j + αl1,l2

i+1,j + αl1,l2
i+1,j−1 = (−1)max(l1,l2)

(
αl1,l2
−i−1,−j + αl1,l2

−i−2,−j + αl1,l2
−i−1,−j−1

)
.(36)
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6. For all (i, j) ∈ I2l1,l2 we get:

αl1,l2
i,j + αl1,l2

i,j+1 + αl1,l2
i−1,j+1 = (−1)max(l1,l2)

(
αl1,l2
−i,−j−1 + αl1,l2

−i−1,−j−1 + αl1,l2
−i,−j−2

)
.(37)

7. For all (i, j) ∈ I4l1,l2 we get:

αl1,l2
i,j + αl1,l2

i+1,j + αl1,l2
i+1,j−1 = (−1)max(l1,l2)

(
αl1,l2
−i−1,−j + αl1,l2

−i−2,−j + αl1,l2
−i−1,−j−1

)
.(38)

We turn to the regularity of metric with respect of AH .

Proposition 3.32. We assume that (H0) and (H1) hold true, η satisfy (H3,1) and ε satisfy (H3,2), we

have ∆̃ ∈ C1(AH). Moreover [∆̃, iAH ]◦ ∈ C0,1(AH). In particular, ∆̃ ∈ C1,1(AH).

Proof. We prove this proposition in two steps. In the first step, we will establish that ∆̃ ∈ C1(AH). We
show there is c, such that:

(39)
∥∥∥
[
∆H − ∆̃, iAH

]
f
∥∥∥
2

≤ c‖f‖2, ∀f ∈ S.

Hence, by density and thanks to Proposition 3.18 and [AmBoGe, Proposition 6.2.9], we obtain that

∆̃ ∈ C1(A). In the second step, we aim to show that [∆̃, iAH ]◦ ∈ C0,1(AH). Using (H0), (H1), (H3,k),
(H4,k), (H5,k), (H6,k) and thanks to Lemma 3.30, we derive, for all γ′ < γ such that γ′ ∈]0, 1[, there
exists an integer cγ′ , such that:

(40)
∥∥∥Λγ′

(Q1, Q2)
[
∆H − ∆̃, iAH

]
f
∥∥∥
2

≤ cγ′‖f‖2, ∀f ∈ S.

So, by density, we obtain [∆H − ∆̃, iAH ]◦ ∈ C0,1(AH). Therefore, thanks to Corollary 3.20 and by

Proposition 3.18, we deduce that [∆̃, iAH ]◦ ∈ C0,1(AH). In particular, by Proposition 3.18, we get

∆̃ ∈ C1,1(AH).
Now, we proceed to prove (40), from which (39) follows as a consequence. We recall (31). We have:

[∆H − ∆̃, iAH ] = i

(
D2A1,H −A2,HD1 0

0 D1A2,H −A1,HD2

)
.

We denote Diag(Z4) := {(n, n), n ∈ Z2}. In the sequel, to simplify matters, for ((n1, n2), (n1, n2)) ∈
Diag(Z4), we write

E|Diag(Z4)×{p1,p2}((n1, n2, p1), (n1, n2, p2)) = E(n1, n2, p1, p2)

and we write

m(n1, n2, pi) := mi(n1, n2), where i, j ∈ {1, 2}.
We next treat the term i (D1A2,H −A1,HD2). It gives three types of terms, the ones in: f2(n1 + i, n2 +
j), f2(n1 + i+ 1, n2 + j) and f2(n1 + i, n2 + j + 1). We have:

i (D1A2,H −A1,HD2) f2(n)

= i
((

∆1,H − ∆̃1

)
A2,H −A1,H

(
∆2,H − ∆̃2

))
f2(n)

=
i

3
((L1,H + T1,H + S1,H)A2,H −A1,H (L2,H + T2,H + S2,H)) f2(n)

=
1

3

(
(L1,H + T1,H + S1,H)


R∗

0,0(U1, U2) +
∑

l1,l2∈{0,1}
R∗

l1,l2
(U1, U2)(Q1l1 −Q2l2)




+


R0,0(U1, U2) +

∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1,l2(U1, U2)


 (L2,H + T2,H + S2,H)

)
f2(n).

As the first step, we analyse the terms in R0,0, we have
(
(L1,H + T1,H + S1,H)R∗

0,0(U1, U2) +R0,0(U1, U2) (L2,H + T2,H + S2,H)

)
f2(n)

=

(
1− E(n1, n2, p1, p2)√

m1(n1, n2)
√
m2(n1, n2)

) ∑

(i,j)∈I0
0,0

α0,0
i,j f2(n1 + i, n2 + j)
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+
∑

(i,j)∈I0
0,0

(
1− E(n1 − i, n2 − j, p2, p1)√

m1(n1 − i, n2 − j)
√
m2(n1 − i, n2 − j)

)
α0,0
i,j f2(n1 − i, n2 − j)

+

(
1− E((n1, n2, p1), (n1 + 1, n2, p2))√

m1(n1 + 1, n2)
√
m2(n1, n2)

) ∑

(i,j)∈I0
0,0

α0,0
i,j f2(n1 + i+ 1, n2 + j)

+
∑

(i,j)∈I0
0,0

(
1− E((n1 − i− 1, n2 − j, p2), (n1 − i, n2 − j, p1))√

m1(n1 − i, n2 − j)
√
m2(n1 − i− 1, n2 − j)

)
α0,0
i,j f2(n1 − i− 1, n2 − j)

+

(
1− E((n1, n2, p1), (n1, n2 + 1, p2))√

m1(n1, n2 + 1)
√
m2(n1, n2)

) ∑

(i,j)∈I0
0,0

α0,0
i,j f2(n1 + i, n2 + j + 1)

+
∑

(i,j)∈I0
0,0

(
1− E((n1 − i, n2 − j − 1, p2), (n1 − i, n2 − j, p1))√

m1(n1 − i, n2 − j)
√
m2(n1 − i, n2 − j − 1)

)
α0,0
i,j f2(n1 − i, n2 − j − 1)

=
∑

(i,j)∈I0
0,0

((
1− E(n1, n2, p1, p2)√

m1(n1, n2)
√
m2(n1, n2)

)
α0,0
i,j +

(
1− E((n1, n2, p1), (n1 + 1, n2, p2))√

m1(n1 + 1, n2)
√
m2(n1, n2)

)
α0,0
i−1,j

+

(
1− E((n1, n2, p1), (n1, n2 + 1, p2))√

m1(n1, n2 + 1)
√
m2(n1, n2)

)
α0,0
i,j−1

+

(
1− E(n1 + i, n2 + j, p2, p1)√

m1(n1 + i, n2 + j)
√
m2(n1 + i, n2 + j)

)
α0,0
−i,−j

+

(
1− E((n1 + i, n2 + j, p2), (n1 + i+ 1, n2 + j, p1))√

m1(n1 + i+ 1, n2 + j)
√
m2(n1 + i, n2 + j)

)
α0,0
−i−1,−j

+

(
1− E((n1 + i, n2 + j, p2), (n1 + i, n2 + j + 1, p1))√

m1(n1 + i, n2 + j + 1)
√
m2(n1 + i, n2 + j)

)
α0,0
−i,−j−1

)
f2(n1 + i, n2 + j).

We turn to the norm, by Lemma 3.30, we infer
∥∥∥∥∥Λ

γ′
(n1, n2)

(
(L1,H + T1,H + S1,H)R∗

0,0(U1, U2) +R0,0(U1, U2) (L2,H + T2,H + S2,H)

)
f2(n)

∥∥∥∥∥

2

≤
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(i,j)∈I0
l2 ,l2

(
m1(n1, n2) (η2(n1, n2)− ε(n1, n2, p1, p2))

+ E(n1, n2, p1, p2) (η1(n1, n2)− ε(n1, n2, p1, p2))

)
1√

m1(n1, n2)
√
m2(n1, n2)

× 1√
m1(n1, n2)

√
m2(n1, n2) + E(n1, n2, p1, p2)

α0,0
i,j f2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(i,j)∈I0
l2,l2

(
m1(n1 + 1, n2) (η2(n1, n2)− ε((n1, n2, p1), (n1 + 1, n2, p2)))

+ E((n1, n2, p1), (n1 + 1, n2, p2)) (η1(n1 + 1, n2)− ε((n1, n2, p1), (n1 + 1, n2, p2)))

)

× 1√
m1(n1 + 1, n2)

√
m2(n1, n2)

× 1√
m1(n1 + 1, n2)

√
m2(n1, n2) + E((n1, n2, p1), (n1 + 1, n2, p2))

α0,0
i−1,jf2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(i,j)∈I0
l2,l2

(
m1(n1, n2 + 1) (η2(n1, n2)− ε((n1, n2, p1), (n1, n2 + 1, p2)))
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+ E((n1, n2, p1), (n1, n2 + 1, p2)) (η1(n1, n2 + 1)− ε((n1, n2, p1), (n1, n2 + 1, p2)))

)

× 1√
m1(n1, n2 + 1)

√
m2(n1, n2)

× 1√
m1(n1, n2 + 1)

√
m2(n1, n2) + E((n1, n2, p1), (n1, n2 + 1, p2))

α0,0
i,j−1f2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(i,j)∈I0
l2,l2

(
m1(n1 + i, n2 + j) (η2(n1 + i, n2 + j)− ε(n1 + i, n2 + j, p1, p2))

+ E(n1 + i, n2 + j, p1, p2) (η1(n1 + i, n2 + j)− ε(n1 + i, n2 + j, p1, p2))

)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

(√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

+ E(n1 + i, n2 + j, p1, p2)
)(−1)

α0,0
−i,−jf2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(i,j)∈I0
l2,l2

(
m1(n1 + i+ 1, n2 + j) (η2(n1 + i, n2 + j)− ε(n1 + i, n2 + j, p1, p2))

+ E((n1 + i+ 1, n2 + j, p1), (n1 + i, n2 + j, p2))

× (m1(n1 + i+ 1, n2 + j)− E((n1 + i+ 1, n2 + j, p1), (n1 + i, n2 + j, p2)))

)

× 1√
m1(n1 + i+ 1, n2 + j)

√
m2(n1 + i, n2 + j)

(√
m1(n1 + i+ 1, n2 + j)

√
m2(n1 + i, n2 + j)

+ E((n1 + i+ 1, n2 + j, p1), (n1 + i, n2 + j, p2))
)(−1)

α0,0
−i−1,−jf2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(i,j)∈I0
l2,l2

(
m1(n1 + i, n2 + j + 1)

× (η2(n1 + i, n2 + j)− ε((n1 + i, n2 + j, p1), (n1 + i, n2 + j + 1, p2)))

+ E((n1 + i, n2 + j, p1), (n1 + i, n2 + j + 1, p2))

× (η1(n1 + i, n2 + j + 1)− ε((n1 + i, n2 + j, p1), (n1 + i, n2 + j + 1, p2)))

)

× 1√
m1(n1 + i, n2 + j + 1)

√
m2(n1 + i, n2 + j)

(√
m1(n1 + i, n2 + j + 1)

√
m2(n1 + i, n2 + j)

+ E((n1 + i, n2 + j, p1), (n1 + i, n2 + j + 1, p2))
)(−1)

α0,0
−i,−j−1f2(n1 + i, n2 + j)

∣∣∣∣∣

2

≤ c‖f2‖2.
Let S := {(1, 0), (0, 1), (1, 1)}. Now, we treat the terms in Rl1,l2 , we have:
(
(L1,H + T1,H + S1,H)

∑

(l1,l2)∈S

R∗
l1,l2

(U1, U2)(Q1l1 −Q2l2)

+
∑

(l1,l2)∈S

(Q1l1 −Q2l2)Rl1,l2(U1, U2) (L2,H + T2,H + S2,H)

)
f2(n)

=

(
1− E(n1, n2, p1, p2)√

m1(n1, n2)
√
m2(n1, n2)

) ∑

(l1,l2)∈S

∑

(i,j)∈I0
l2 ,l2

((n1 + i)l1 − (n2 + j)l2)α
l1,l2
i,j f2(n1 + i, n2 + j)
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+
∑

(l1,l2)∈S

∑

(i,j)∈I0
l2,l2

(n1l1 − n2l2)

(
1− E(n1 − i, n2 − j, p2, p1)√

m1(n1 − i, n2 − j)
√
m2(n1 − i, n2 − j)

)

× αl1,l2
i,j f2(n1 − i, n2 − j)

+

(
1− E((n1, n2, p1), (n1 + 1, n2, p2))√

m1(n1 + 1, n2)
√
m2(n1, n2)

) ∑

(l1,l2)∈S

∑

(i,j)∈I0
l2,l2

((n1 + i+ 1)l1 − (n2 + j)l2)

× αl1,l2
i,j f2(n1 + i+ 1, n2 + j)

+
∑

(l1,l2)∈S

∑

(i,j)∈I0
l2,l2

(n1l1 − n2l2)

(
1− E((n1 − i− 1, n2 − j, p2), (n1 − i, n2 − j, p1))√

m1(n1 − i, n2 − j)
√
m2(n1 − i− 1, n2 − j)

)

× αl1,l2
i,j f2(n1 − i− 1, n2 − j)

+

(
1− E((n1, n2, p1), (n1, n2 + 1, p2))√

m1(n1, n2 + 1)
√
m2(n1, n2)

) ∑

(l1,l2)∈S

∑

(i,j)∈I0
l2,l2

((n1 + i)l1 − (n2 + j + 1)l2)

× αl1,l2
i,j f2(n1 + i, n2 + j + 1)

+
∑

(l1,l2)∈S

∑

(i,j)∈I0
l2,l2

(n1l1 − n2l2)

(
1− E((n1 − i, n2 − j − 1, p2), (n1 − i, n2 − j, p1))√

m1(n1 − i, n2 − j)
√
m2(n1 − i, n2 − j − 1)

)

× αl1,l2
i,j f2(n1 − i, n2 − j − 1).

Using 1., 2. and 3. in Lemma 3.31, and a change of variable, we derive:
(
(L1,H + T1,H + S1,H)

∑

l1,l2∈{0,1}
R∗

l1,l2
(U1, U2)(Q1l1 −Q2l2)

+
∑

l1,l2∈{0,1}
(Q1l1 −Q2l2)Rl1,l2(U1, U2) (L2,H + T2,H + S2,H)

)
f2(n)

=
((
M{1,0,1,0} +M{1,1,1,0} +M{1,0,1,1} +M{−1,−min(l1,l2),−1,0}

)
f2
)
(n1, n2),

where
(
M{1,0,1,0}f2

)
(n1, n2)

:=
∑

(l1,l2)∈S

∑

(i,j)∈I0
l1,l2

(
((n1 + i)l1 − (n2 + j)l2)

((
1− E(n1, n2, p1, p2)√

m1(n1, n2)
√
m2(n1, n2)

)
αl1,l2
i,j

+

(
1− E((n1, n2, p1), (n1 + 1, n2, p2))√

m1(n1 + 1, n2)
√
m2(n1, n2)

)
αl1,l2
i−1,j +

(
1− E((n1, n2, p1), (n1, n2 + 1, p2))√

m1(n1, n2 + 1)
√
m2(n1, n2)

)
αl1,l2
i,j−1

)

+ (n1l1 − n2l2)

((
1− E(n1 + i, n2 + j, p2, p1)√

m1(n1 + i, n2 + j)
√
m2(n1 + i, n2 + j)

)
αl1,l2
−i,−j

+

(
1− E((n1 + i, n2 + j, p2), (n1 + i+ 1, n2 + j, p1))√

m1(n1 + i+ 1, n2 + j)
√
m2(n1 + i, n2 + j)

)
αl1,l2
−i−1,−j

+

(
1− E((n1 + i, n2 + j, p2), (n1 + i, n2 + j + 1, p1))√

m1(n1 + i, n2 + j + 1)
√
m2(n1 + i, n2 + j)

)
αl1,l2
−i,−j−1

))
f2(n1 + i, n2 + j),

(
M{1,1,1,0}f2

)
(n1, n2)

:=
∑

(l1,l2)∈S

∑

(i,j)∈I1
l1,l2

(
((n1 + i+ 1)l1 − (n2 + j)l2)

((
1− E((n1, n2, p1), (n1 + 1, n2, p2))√

m1(n1 + 1, n2)
√
m2(n1, n2)

)
αl1,l2
i,j

+

(
1− E((n1, n2, p1), (n1, n2 + 1, p2))√

m1(n1, n2 + 1)
√
m2(n1, n2)

)
αl1,l2
i+1,j−1

)
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+ (n1l1 − n2l2)

((
1− E(n1 + i+ 1, n2 + j, p2, p1)√

m1(n1 + i+ 1, n2 + j)
√
m2(n1 + i+ 1, n2 + j)

)
αl1,l2
−i−1,−j

+

(
1− E((n1 + i+ 1, n2 + j, p2), (n1 + i+ 2, n2 + j, p1))√

m1(n1 + i− 2, n2 + j)
√
m2(n1 + i+ 1, n2 + j)

)
αl1,l2
−i−2,−j

+

(
1− E((n1 + i+ 1, n2 + j, p2), (n1 + i+ 1, n2 + j + 1, p1))√

m1(n1 + i+ 1, n2 + j + 1)
√
m2(n1 + i+ 1, n2 + j)

)
αl1,l2
−i−1,−j−1

))
f2(n1 + i+ 1, n2 + j),

(
M{1,0,1,1}f2

)
(n1, n2)

:=
∑

(l1,l2)∈S

∑

(i,j)∈I6
l1 ,l2

(
((n1 + i)l1 − (n2 + j + 1)l2)

((
1− E((n1, n2, p1), (n1, n2 + 1, p2))√

m1(n1, n2 + 1)
√
m2(n1, n2)

)
αl1,l2
i,j

)

+ (n1l1 − n2l2)

((
1− E(n1 + i, n2 + j + 1, p2, p1)√

m1(n1 + i, n2 + j + 1)
√
m2(n1 + i, n2 + j + 1)

)
αl1,l2
−i,−j−1

+

(
1− E((n1 + i, n2 + j + 1, p2), (n1 + i+ 1, n2 + j + 1, p1))√

m1(n1 + i+ 1, n2 + j + 1)
√
m2(n1 + i, n2 + j + 1)

)
αl1,l2
−i−1,−j−1

+

(
1− E((n1 + i, n2 + j + 1, p2), (n1 + i, n2 + j + 2, p1))√

m1(n1 + i, n2 + j + 2)
√
m2(n1 + i, n2 + j + 1)

)
αl1,l2
−i,−j−2

))
f2(n1 + i, n2 + j + 1),

(
M{−1,−min(l1,l2),−1,0}f2

)
(n1, n2)

:=
∑

(l1,l2)∈S

∑

(i,j)∈I
7+min(l1,l2)

l1 ,l2

(n1l1 − n2l2)

((
1− E((n1 − i, n2 − j −min(l1, l2), p2), (n1 − i, n2 − j, p1))√

m1(n1 − i, n2 − j)
√
m2(n1 − i, n2 − j −min(l1, l2))

)
αl1,l2
−i,−j−min(l1,l2)

+

(
1− E((n1 − i−min(l1, l2), n2 − j, p2), (n1 − i+ (−1)min(l1,l2), n2 − j, p1))√

m1(n1 − i+ (−1)min(l1,l2), n2 − j)
√
m2(n1 − i−min(l1, l2), n2 − j)

)
αl1,l2
i−(−1)min(l1,l2),j

+

(
1− E((n1 − i−min(l1, l2), n2 − j, p2), (n1 − i−min(l1, l2), n2 − j + 1, p1))√

m1(n1 − i−min(l1, l2), n2 − j + 1)
√
m2(n1 − i−min(l1, l2), n2 − j)

)
αl1,l2
i+min(l1,l2),j−1

))

× f2(n1 − i−min(l1, l2), n2 − j).

We estimate on the norms. Firstly, we treat the terms on f2(n1 + i, n2 + j), the sum is over I0l1,l2 , we
obtain:

∥∥∥Λγ′
(n1, n2)

(
M{1,0,1,0}f2

)
(n1, n2)

∥∥∥
2

≤
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1,l2

(n1l1 − n2l2)

(
√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

× (ε(n1 + i, n2 + j, p2, p1)− ε((n1 + i, n2 + j, p2), (n1 + i+ 1, n2 + j, p1)))(41)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1 + i+ 1, n2 + j)

√
m2(n1 + i, n2 + j)

+ E(n1 + i, n2 + j, p2, p1)
(
m1(n1 + i+ 1, n2 + j) (η2(n1 + i, n2 + j)− η1(n1 + i, n2 + j))(42)

+m1(n1 + i, n2 + j) (η1(n1 + i+ 1, n2 + j)− η2(n1 + i, n2 + j))
)

(43)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1 + i+ 1, n2 + j)

√
m2(n1 + i, n2 + j)

× 1

m1(n1 + i, n2 + j)m2(n1 + i, n2 + j) +m1(n1 + i+ 1, n2 + j)m2(n1 + i, n2 + j)

)
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× αl1,l2
−i−1,−jf2(n1 + i, n2 + j)

∣∣∣∣∣

2

+

∣∣∣∣∣Λ
γ′
(n1, n2) (n1l1 − n2l2)

(
√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

× (ε(n1 + i, n2 + j, p2, p1)− ε((n1 + i, n2 + j, p2), (n1 + i, n2 + j + 1, p1)))(44)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1 + i, n2 + j + 1)

√
m2(n1 + i, n2 + j)

+ E(n1 + i, n2 + j, p2, p1)
(
m1(n1 + i, n2 + j + 1) (η2(n1 + i, n2 + j)− η1(n1 + i, n2 + j))(45)

+m1(n1 + i, n2 + j) (η1(n1 + i, n2 + j + 1)− η2(n1 + i, n2 + j))
)

(46)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1 + i, n2 + j + 1)

√
m2(n1 + i, n2 + j)

× 1

m1(n1 + i, n2 + j)m2(n1 + i, n2 + j) +m1(n1 + i, n2 + j + 1)m2(n1 + i, n2 + j)

)

× αl1,l2
−i,−j−1f2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1 ,l2

(il1 − jl2)

((
E(n1 + i, n2 + j, p2, p1)

× (η1(n1 + i, n2 + j)− ε(n1 + i, n2 + j, p2, p1))(47)

+m1(n1 + i, n2 + j) (η2(n1 + i, n2 + j)− ε(n1 + i, n2 + j, p2, p1))

)
(48)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j) + E((n1 + i, n2 + j, p2), (n1 + i, n2 + j, p1))

)

(
αl1,l2
i,j + αl1,l2

i−1,j + αl1,l2
i,j−1

)
f2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1 ,l2

(il1 − jl2)

(
√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

× (ε(n1 + i, n2 + j, p1, p2)− ε(n1, n2, p1, p2))

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1, n2)

√
m2(n1, n2)

+ E(n1 + i, n2 + j, p1, p2)
(
m1(n1, n2) (η2(n1, n2)− η1(n1 + i, n2 + j))(49)

+m1(n1 + i, n2 + j) (η1(n1, n2)− η2(n1 + i, n2 + j))
)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1, n2)

√
m2(n1, n2)

× 1

m1(n1, n2)m2(n1, n2) +m1(n1 + i, n2 + j)m2(n1 + i, n2 + j)

)

× αl1,l2
i,j f2(n1 + i, n2 + j)

∣∣∣∣∣

2
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+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1 ,l2

(il1 − jl2)

(
√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

× (ε(n1 + i, n2 + j, p1, p2)− ε((n1, n2, p1), (n1 + 1, n2, p2)))

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1 + 1, n2)

√
m2(n1, n2)

+ E(n1 + i, n2 + j, p1, p2)
(
m1(n1 + 1, n2) (η2(n1, n2)− η1(n1 + i, n2 + j))

+m1(n1 + i, n2 + j) (η1(n1 + 1, n2)− η2(n1 + i, n2 + j))
)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1 + 1, n2)

√
m2(n1, n2)

× 1

m1(n1 + 1, n2)m2(n1, n2) +m1(n1 + i, n2 + j)m2(n1 + i, n2 + j)

)

× αl1,l2
i−1,jf2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1 ,l2

(il1 − jl2)

(
√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

× (ε(n1 + i, n2 + j, p1, p2)− ε((n1, n2, p1), (n1, n2 + 1, p2)))

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1, n2 + 1)

√
m2(n1, n2)

+ E(n1 + i, n2 + j, p1, p2)
(
m1(n1, n2 + 1) (η2(n1, n2)− η1(n1 + i, n2 + j))

+m1(n1 + i, n2 + j) (η1(n1, n2 + 1)− η2(n1 + i, n2 + j))
)

× 1√
m1(n1 + i, n2 + j)

√
m2(n1 + i, n2 + j)

√
m1(n1, n2 + 1)

√
m2(n1, n2)

× 1

m1(n1, n2 + 1)m2(n1, n2) +m1(n1 + i, n2 + j)m2(n1 + i, n2 + j)

)

× αl1,l2
i,j−1f2(n1 + i, n2 + j)

∣∣∣∣∣

2

+
∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1 ,l2

((n1 + i)l1 − (n2 + j)l2)

((
E(n1 + i, n2 + j, p1, p2)√

m1(n1 + i, n2 + j)
√
m2(n1 + i, n2 + j)

− E(n1, n2, p1, p2)√
m1(n1, n2)

√
m2(n1, n2)

)
αl1,l2
i,j(50)

+

(
E(n1 + i, n2 + j, p1, p2)√

m1(n1 + i, n2 + j)
√
m2(n1 + i, n2 + j)

− E((n1, n2, p1), (n1 + 1, n2, p2))√
m1(n1 + 1, n2)

√
m2(n1, n2)

)
αl1,l2
i−1,j

+

(
E(n1 + i, n2 + j, p1, p2)√

m1(n1 + i, n2 + j)
√
m2(n1 + i, n2 + j)

− E((n1, n2, p1), (n1, n2 + 1, p2))√
m1(n1, n2 + 1)

√
m2(n1, n2)

)
αl1,l2
i,j−1

)

× f2(n1 + i, n2 + j)

∣∣∣∣∣

2

≤cγ′‖f2‖2

We treat (50) as follows:

∑

n

∣∣∣∣∣Λ
γ′
(n1, n2)

∑

(l1,l2)∈S

∑

(i,j)∈I0
l1,l2

|i|−1∑

h=0

(n1l1 − n2l2)
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×
(
√
m1(n1 + sgn(i)(h+ 1), n2)

√
m2(n1 + sgn(i)(h+ 1), n2)

×
(
ε(n1 + sgn(i)(h+ 1), n2, p1, p2)− ε(n1 + sgn(i)h, n2, p1, p2)

)
(51)

× 1√
m1(n1 + sgn(i)(h+ 1), n2)

√
m2(n1 + sgn(i)(h+ 1), n2)

× 1√
m1(n1 + sgn(i)h, n2)

√
m2(n1 + sgn(i)h, n2)

+ E(n1 + sgn(i)(h+ 1), n2, p1, p2)
(
m1(n1 + sgn(i)h, n2)

(
η2(n1 + sgn(i)h+, n2)(52)

×−η1(n1 + sgn(i)(h+ 1), n2)
)

+m1(n1 + sgn(i)(h+ 1), n2) (η1(n1 + sgn(i)h+ 1, n2)− η2(n1 + sgn(i)(h+ 1), n2))
)

(53)

× 1√
m1(n1 + sgn(i)(h+ 1), n2)

√
m2(n1 + sgn(i)(h+ 1), n2)

× 1√
m1(n1 + sgn(i)h, n2)

√
m2(n1 + sgn(i)h, n2)

×
(
m1(n1 + sgn(i)h, n2)m2(n1 + sgn(i)h, n2)

+m1(n1 + sgn(i)(h+ 1), n2)m2(n1 + sgn(i)(h+ 1), n2)
)(−1)

)

× αl1,l2
i,j f2(n1 + i, n2 + j)

∣∣∣∣∣

2

and we estimate (49) like in the proof of Proposition 3.28. Here, we have used (H3,2) for (41) and (44),
(H3,1) for (43) and (46), (H4,1) for (42) and (45), (H8,1) and (H8,2) for (47), (H5,2) for (48), (H3,2) for
(51) and (H3,1) for (52) and (53). The other terms have the same treatment.
Then, there exists a constant cγ′ > 0 such that
∥∥∥Λγ′

(n1, n2)
(
M{1,0,1,0} +M{1,1,1,0} +M{1,0,1,1} +M{−1,−min(l1,l2),−1,0}

)
f2(n1, n2)

∥∥∥
2

≤ cγ′‖f2‖2.

To conclude, we obtain (39) and (40). �

3.3. Proof of the main result. The main result of this section is Theorem 1.1. We begin by establishing

the Mourre estimate in the case of perturbation. Since the ambient space is now ℓ2(Ṽ ,m;C), we extend

the operators acting on ℓ2(Ṽ ,m;C) into this space. First, let us begin with a remark.

Remark 3.33. Let Am,E := T1→mAHT−1
1→m, ∀z ∈ C \ R, T1→m(AH − z)−1T−1

1→m = (Am,E − z)−1.

By functional calculus, this implies T1→meitAHT−1
1→m = eitAm,E . Moreover if S bounded in ℓ2(Ṽ , 1;C),

then S ∈ Cα(AH) ⇔ T1→mST−1
1→m ∈ Cα(Am,E), where α ∈ {1;2;0,1;1,1} and for α = 1, we also have

[T1→mST−1
1→m, iAm,E ]◦ = T1→m[S, iAH ]◦T

−1
1→m.

Next, since V (Q) is an operator of multiplication, so V (Q) := T1→mV (Q)T−1
1→m. Consequently, we have

T1→m(∆̃ + V (Q))T−1
1→m = T1→m∆̃T−1

1→m + T1→mV (Q)T−1
1→m = ∆m,E + V (Q) := Hm,E .

Theorem 3.34. Let V : Ṽ → R2. We assume that (H0), (H1), (H2), (H3) and (H4) hold true. Then

∆̃ + V (Q) ∈ C1,1(AH). Furthermore, for all compact interval I ⊂ [−1, 1]\κ(Hm,E), there are c > 0 and

a compact operator K̃ such that:

EI(∆̃ + V (Q))
[
∆̃ + V (Q), iAH

]
◦
EI(∆̃ + V (Q))

≥ cEI(∆̃ + V (Q)) + K̃.(54)

Equivalently, we obtain:

EI(Hm,E) [Hm,E , iAm,E ]◦ EI(Hm,E) ≥ cEI(Hm,E) + K̃m,E ,(55)

where K̃m,E := T1→mK̃T−1
1→m.
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Proof. By Proposition 3.32, Proposition 3.28 and Proposition 3.18, we have ∆̃ + V (Q) ∈ C1,1(AH). By

hypothesis V (Q) is compact and by Proposition 3.23, we have
(
∆H − ∆̃

)
is a compact operator. Then,

by using Proposition 3.17 and by [AmBoGe, Theorem 7.2.9], we obtain (54). Using the transformation
unitary T1→m, Remark 3.33 proves (55). �

Proof of Theorem 1.1: Proposition 3.24 provides point 1. and Theorem 3.34 gives the points 2. To
prove point 4., it suffices to consider s > 1

2 . Applying [AmBoGe, Proposition 7.5.6], we obtain:

lim
ρ→0+

sup
λ∈[a,b]

‖〈Am,E〉−s(Hm,E − λ− iρ)−1〈Am,E〉−s‖ is finite.

Furthermore, in the norm topology of bounded operators, the boundary values of the resolvent:

[a, b] ∋ λ 7→ lim
ρ→0±

〈Am,E〉−s(Hm,E − λ− iρ)−1〈Am,E〉−s exists and is continuous,

where [a, b] is included in R \ (κ ∪ σp(Hm,E)). In particular, this proves Point 3. By Remark 3.12, there
exists c > 0 such that:

‖〈Hm,E〉sf‖ ≤ c‖Λs(Q)f‖,
for all f ∈ D(Λs(Q)). We conclude that:

lim
ρ→0+

sup
λ∈[a,b]

‖Λ−s(Q)(Hm,E − λ− iρ)−1Λ−s(Q)‖ is finite.

The point 5. follows directly as a consequence of 4. �

4. Appendix

The appendix presents the proof of Lemma 3.31, using structured tables. First we recall (17), (21),

(22) and (23). The highlighted cells correspond to the pairs (i, j) such that αl1,l2
i,j = 0.

1. The following tables provide points 1., 2. and 3.. The cells highlighted in same color other than pink,

contain the pairs (h, k) such that αl1,l2
h,k = 0 and satisfying one of the following properties:

If (−h,−k − 1) ∈ I5l1,l2 , then (h− 1, k) ∈ I1l1,l2 or (h, k + 1) ∈ I2l1,l2(56)

or (−h−min(l1, l2),−k) ∈ I
4−min(l1,l2)
l1,l2

.

If (−h− 1 + min(l1, l2),−k) ∈ I
4−min(l1,l2)
l1,l2

, then (h− 1, k) ∈ I1l1,l2 or (h, k − 1) ∈ I2l1,l2(57)

or (−h−min(l1, l2),−k) ∈ I
3+min(l1,l2)
l1,l2

.

To sum up, (56) establishes Point 1., (57) proves Point 2. and Point 3. follows directly from (56) and
(57).
Note that the colors of one table are independent of the colors an other table.

Table 1. R0,1

In this case, we have min(l1, l2) = min(0, 1) = 0, then I7+min(l1,l2) = I7. For example, here if we consider
the lime cells, we have (h, k) = (−1, 0) therefore (−h − 1 + min(0, 1),−k) = (0, 0) ∈ I40,1, (h − 1, k) =

(−2, 0) ∈ I10,1, (h, k − 1) = (−1,−1) ∈ I20,1 and (−h−min(0, 1),−k) = (1, 0) ∈ I30,1. For the yellow cells

(h, k) = (2,−1), we have (−h,−k − 1) = (−2, 0) ∈ I50,1 and (−h −min(0, 1),−k) = (−2, 1) ∈ I30,1. For

the blue cells (h, k) = (2− 3), we have (−h,−k − 1) = (−2, 2) ∈ I50,1 and (h− 1, k) ∈ I10,1.
From this table we can easily see that:

I10,1 = {(−2, 0), (1,−3), (0, 2), (1, 1), (1,−2), (0,−1), (1, 0)} ,
I20,1 = {(0, 2), (1, 1), (−2, 2), (1,−2), (−1, 2), (−1,−1)} ,

I30,1 = {(0,−3), (−2, 0), (1,−3), (−2,−1), (−2, 1), (−1,−2), (−1, 1), (2, 0)} ,
I40,1 = {(0, 0), (0,−3), (1,−3), (−2, 1)} ,

I50,1 = {(−2, 0), (−2,−1), (−2, 1), (−2, 2)} ,
I60,1 = {(0, 2), (−2, 2), (−1, 2)} ,

I70,1 = {(−2, 1)} ,
I80,1 = I90,1 = ∅.
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(i,j) (i+1,j) (i,j+1) (-i,-j) (-i-1,-j) (-i,-j-1)

(0,0) (1,0) (0,1) (0,0) (-1,0) (0,-1)

(0,-3) (1,-3) (0,-2) (0,3) (-1,3) (0,2)

(-2,0) (-1,0) (-2,1) (2,0) (1,0) (2,-1)

(1,-3) (2,-3) (1,-2) (-1,3) (-2,3) (-1,2)

(-2,-1) (-1,-1) (-2,0) (2,1) (1,1) (2,0)

(0,2) (1,2) (0,3) (0,-2) (-1,-2) (0,-3)

(1,1) (2,1) (1,2) (-1,-1) (-2,-1) (-1,-2)

(-2,1) (-1,1) (-2,2) (2,-1) (1,-1) (2,-2)

(-2,2) (-1,2) (-2,3) (2,-2) (1,-2) (2,-3)

(-1,-2) (0,-2) (-1,-1) (1,2) (0,2) (1,1)

(1,-2) (2,-2) (1,-1) (-1,2) (-2,2) (-1,1)

(-1,2) (0,2) (-1,3) (1,-2) (0,-2) (1,-3)

(0,-2) (1,-2) (0,-1) (0,2) (-1,2) (0,1)

(-1,-1) (0,-1) (-1,0) (1,1) (0,1) (1,0)

(-1,1) (0,1) (-1,2) (1,-1) (0,-1) (1,-2)

(0,1) (1,1) (0,2) (0,-1) (-1,-1) (0,-2)

(0,-1) (1,-1) (0,0) (0,1) (-1,1) (0,0)

(1,0) (2,0) (1,1) (-1,0) (-2,0) (-1,-1)

Table 2. R1,0

Here, we have min(l1, l2) = min(1, 0) = 0, hence I7+min(l1,l2) = I7. From this table we can easy see that:

I11,0 = {(2, 0), (1, 1), (2,−2), (−2, 1), (2,−1), (−1,−1)} ,
I21,0 = {(0,−2), (−3, 1), (2, 0), (1, 1), (−2, 1), (0, 1), (−1, 0)} ,

I31,0 = {(−3, 0), (0,−2), (−3, 1), (−1,−2), (1,−2), (2,−2), (−2, 1), (0, 1), (1,−1)} ,
I41,0 = {(0,−2), (−1,−2), (1,−2), (2,−2)} ,
I51,0 = {(0, 0), (−3, 0), (−3, 1), (1,−2)} ,
I61,0 = {(0, 1), (−3, 1), (1, 1), (−2, 1)} ,

I71,0 = {(1,−2)} ,
I81,0 = {(0,−2)}

I91,0 = ∅.
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(i,j) (i+1,j) (i,j+1) (-i,-j) (-i-1,-j) (-i,-j-1)

(0,0) (1,0) (0,1) (0,0) (-1,0) (0,-1)

(-3,0) (-2,0) (-3,1) (3,0) (2,0) (3,-1)

(0,-2) (1,-2) (0,-1) (0,2) (-1,2) (0,1)

(-3,1) (-2,1) (-3,2) (3,-1) (2,-1) (3,-2)

(-1,-2) (0,-2) (-1,-1) (1,2) (0,2) (1,1)

(2,0) (3,0) (2,1) (-2,0) (-3,0) (-2,-1)

(1,1) (2,1) (1,2) (-1,-1) (-2,-1) (-1,-2)

(1,-2) (2,-2) (1,-1) (-1,2) (-2,2) (-1,1)

(2,-2) (3,-2) (2,-1) (-2,2) (-3,2) (-2,1)

(-2,-1) (-1,-1) (-2,0) (2,1) (1,1) (2,0)

(-2,1) (-1,1) (-2,2) (2,-1) (1,-1) (2,-2)

(0,1) (1,1) (0,2) (0,-1) (-1,-1) (0,-2)

(2,-1) (3,-1) (2,0) (-2,1) (-3,1) (-2,0)

(-2,0) (-1,0) (-2,1) (2,0) (1,0) (2,-1)

(-1,-1) (0,-1) (-1,0) (1,1) (0,1) (1,0)

(1,-1) (2,-1) (1,0) (-1,1) (-2,1) (-1,0)

(1,0) (2,0) (1,1) (-1,0) (-2,0) (-1,-1)

(-1,0) (0,0) (-1,1) (1,0) (0,0) (1,-1)

Table 3. R0,0

Here, we have min(l1, l2) = min(0, 0) = 0, hence I7+min(l1,l2) = I7. From this table we can easy see that:

I10,0 = {(2, 0), (1, 1), (2,−2), (2,−1), (0, 2), (2,−3)} ,
I20,0 = {(2, 0), (1, 1), (0, 2), (−1, 2), (−2, 2), (−3, 2)} ,

I30,0 = {(−3, 0), (−3, 1), (−1,−2), (−2,−1), (0,−3), (1,−3), (2,−3), (−3, 2)} ,
I40,0 = {(0,−3), (1,−3), (2,−3)} ,
I50,0 = {(−3, 0), (−3, 1), (−3, 2)} ,

I60,0 = {(0, 2), (−1, 2), (−2, 2), (3,−2)} ,
I70,0 = I80,0 = I90,0 = ∅.
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(i,j) (i+1,j) (i,j+1) (-i,-j) (-i-1,-j) (-i,-j-1)

(0,0) (1,0) (0,1) (0,0) (-1,0) (0,-1)

(-3,0) (-2,0) (-3,1) (3,0) (2,0) (3,-1)

(0,-2) (1,-2) (0,-2) (0,2) (-1,2) (0,1)

(-3,1) (-2,1) (-3,2) (3,-1) (2,-1) (3,-2)

(-1,-2) (0,-2) (-1,-1) (1,2) (0,2) (1,1)

(2,0) (3,0) (2,1) (-2,0) (-3,0) (-2,-1)

(1,1) (2,1) (1,2) (-1,-1) (-2,-1) (-1,-2)

(1,-2) (2,-2) (1,-1) (-1,2) (-2,2) (-1,1)

(2,-2) (3,-2) (2,-1) (-2,2) (-3,2) (-2,1)

(-2,-1) (-1,-1) (-2,0) (2,1) (1,1) (2,0)

(-2,1) (-1,1) (-2,2) (2,-1) (1,-1) (2,-2)

(0,1) (1,1) (0,2) (0,-1) (-1,-1) (0,-2)

(2,-1) (3,-1) (2,0) (-2,1) (-3,1) (-2,0)

(-2,0) (-1,0) (-2,1) (2,0) (1,0) (2,-1)

(-1,-1) (0,-1) (-1,0) (1,1) (0,1) (1,0)

(1,-1) (2,-1) (1,0) (-1,1) (-2,1) (-1,0)

(1,0) (2,0) (1,1) (-1,0) (-2,0) (-1,-1)

(0,2) (1,2) (0,3) (0,-2) (-1,-2) (0,-3)

(0,-3) (1,-3) (0,-2) (0,3) (-1,3) (0,2)

(-1,1) (0,1) (-1,2) (1,-1) (0,-1) (1,-2)

(-1,2) (0,2) (-1,3) (1,-2) (0,-2) (1,-3)

(1,-3) (2,-3) (1,-2) (-1,3) (-2,3) (-1,2)

(-2,2) (-1 , 2) (-2 ,3) ( 2, -2) ( 1, -2) ( 2 ,-3)

(2,-3) (3,-3) (2,-2) (-2,3) (-3,3) (-2,2)

(-3,2) (-2,2) (-3,3) (3,-2) (2,-2) (3,-3)

(0,-1) (1,-1) (0, 0) (0, 1) (-1 , 1) (0 ,0)

(-1,0) (0,0) (-1,1) (1,0) (0,0) (1,-1)

Table 4. R1,1

In this table, we have min(l1, l2) = min(1, 1) = 1, so I7+min(l1,l2) = I7. From this table we can easy see
that:

I11,1 = {(−1, 0), (0, 1), (−1, 2), (2,−2), (1, 0), (2,−3), (2,−1)} ,
I21,1 = {(0, 1), (−1, 2), (−3, 2), (1, 0), (2,−1), (−2, 2), (0,−1)} ,

I31,1 = {(−3, 1), (−3, 2), (0,−2), (2,−3), (1,−3), (2, 0)} ,
I41,1 = {(−1, 0), (0, 1), (2,−3), (1,−3)} ,
I51,1 = {(−3, 1), (−3, 2), (1, 0), (0,−1)} ,

I61,1 = {(−1, 2), (−3, 2), (−2, 2)} ,
I81,1 = {(0, 1)} ,
I71,1 = I91,1 = ∅.
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(i,j) (i+1,j) (i,j+1) (-i,-j) (-i-1,-j) (-i,-j-1)

(-1,0) (0,0) (-1,1) (1,0) (0,0) (1,-1)

(0,1) (1,1) (0,2) (0,-1) (-1,-1) (0,-2)

(-1,2) (0,2) (-1,3) (1,-2) (0,-2) (1,-3)

(-3,1) (-2,1) (-3,2) (3,-1) (2,-1) (3,-2)

(-3,2) (-2,2) (-3,3) (3,-2) (2,-2) (3,-3)

(2,-2) (3,-2) (2,-1) (-2,2) (-3,2) (-2,1)

(0,-2) (1,-2) (0,-1) (0,2) (-1,2) (0,1)

(1,0) (2,0) (1,1) (-1,0) (-2,0) (-1,-1)

(2,-3) (3,-3) (2,-2) (-2,3) (-3,3) (-2,2)

(1,-3) (2,-3) (1,-2) (-1,3) (-2,3) (-1,2)

(2,-1) (3,-1) (2,0) (-2,1) (-3,1) (-2,0)

(2,0) (-1,0) (-2,1) (2,0) (1,0) (2,-1)

(-2,2) (-1,2) (-2,3) (2,-2) (1,-2) (2,-3)

(-1,1) (0,1) (-1,2) (1,-1) (0,-1) (1,-2)

(-2,1) (-1,1) (-2,2) (2,-1) (1,-1) (2,-2)

(1,-1) (2,-1) (1,0) (-1,1) (-2,1) (-1,0)

(1,-2) (2,-2) (1,-1) (-1,2) (-2,2) (-1,1)

(0,-1) ( 1,-1) (0,0) (0,1) (-1,1) (0,0)

2. The following four tables provide point 1. of the lemma. For all (l1, l2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)},
we define

Sl1,l2
1,0 := αl1,l2

i,j + αl1,l2
i−1,j + αl1,l2

i,j−1

and
Sl1,l2
2,0 := αl1,l2

−i,−j + αl1,l2
−i−1,−j + αl1,l2

−i,−j−1
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Table 5. Property of R0,0 in I00,0 - computing S0,0
1,0 and S0,0

2,0

The highlighted cells are not included in I00,0, as they contain the pairs (h, k) such that α0,0
h,k = 0. Thanks

to Table 3, we have:

(i,j) (i-1,j) (i,j-1) (-i,-j) (-i-1,-j) (-i,-j-1) S
0,0

1,0
S

0,0

2,0

(0, 0) (-1, 0) ( 0, -1) (0, 0) (-1, 0) ( 0, -1) 12 12

(-3, 0) (-4, 0) (-3, -1) (3, 0) (2, 0) ( 3, -1) 5 5

( 0, -2) (-1, -2) ( 0, -3) (0, 2) (-1, 2) (0, 1) 33 33

(-3, 1) (-4, 1) (-3, 0) ( 3, -1) ( 2, -1) ( 3, -2) 12 12

(-1, -2) (-2, -2) (-1, -3) (1, 2) (0, 2) (1, 1) 9 9

(2, 0) (1, 0) ( 2, -1) (-2, 0) (-3, 0) (-2, -1) 33 33

(1, 1) (0, 1) (1, 0) (-1, -1) (-2, -1) (-1, -2) 36 36

( 1, -2) ( 0, -2) ( 1, -3) (-1, 2) (-2, 2) (-1, 1) 51 51

( 2, -2) ( 1, -2) ( 2, -3) (-2, 2) (-3, 2) (-2, 1) 48 48

(-2, -1) (-3, -1) (-2, -2) (2, 1) (1, 1) (2, 0) 9 9

(-2, 1) (-3, 1) (-2, 0) ( 2, -1) ( 1, -1) ( 2, -2) 51 51

(0, 1) (-1, 1) (0, 0) ( 0, -1) (-1, -1) ( 0, -2) 42 42

( 2, -1) ( 1, -1) ( 2, -2) (-2, 1) (-3, 1) (-2, 0) 51 51

(-2, 0) (-3, 0) (-2, -1) (2, 0) (1, 0) ( 2, -1) 33 33

(-1, -1) (-2, -1) (-1, -2) (1, 1) (0, 1) (1, 0) 36 36

( 1, -1) ( 0, -1) ( 1, -2) (-1, 1) (-2, 1) (-1, 0) 54 54

(1, 0) (0, 0) ( 1, -1) (-1, 0) (-2, 0) (-1, -1) 42 42

(0, 2) (-1, 2) (0, 1) ( 0, -2) (-1, -2) ( 0, -3) 33 33

( 0, -3) (-1, -3) ( 0, -4) (0, 3) (-1, 3) (0, 2) 5 5

(-1, 1) (-2, 1) (-1, 0) ( 1, -1) ( 0, -1) ( 1, -2) 54 54

(-1, 2) (-2, 2) (-1, 1) ( 1, -2) ( 0, -2) ( 1, -3) 51 51

( 1, -3) ( 0, -3) ( 1, -4) (-1, 3) (-2, 3) (-1, 2) 12 12

(-2, 2) (-3, 2) (-2, 1) ( 2, -2) ( 1, -2) ( 2, -3) 48 48

( 2, -3) ( 1, -3) ( 2, -4) (-2, 3) (-3, 3) (-2, 2) 15 15

(-3, 2) (-4, 2) (-3, 1) ( 3, -2) ( 2, -2) ( 3, -3) 15 15

( 0, -1) (-1, -1) ( 0, -2) (0, 1) (-1, 1) (0, 0) 42 42

(-1, 0) (-2, 0) (-1, -1) (1, 0) (0, 0) ( 1, -1) 42 42
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Table 6. Property of R0,1 in I00,1 - computing S0,1
1,0 and S0,1

2,0

The highlighted cells are not included in I00,1, because they contain the pairs (h, k) such that α0,1
h,k = 0.

By Table 1, we obtain:

(i,j) (i-1,j) (i,j-1) (-i,-j) (-i-1,-j) (-i,-j-1) S
0,1

1,0
S

0,1

2,0

(0, 0) (-1, 0) ( 0, -1) (0, 0) (-1, 0) ( 0, -1) 0 0

( 0, -3) (-1, -3) ( 0, -4) (0, 3) (-1, 3) (0, 2) 1 -1

(-2, 0) (-3, 0) (-2, -1) (2, 0) (1, 0) ( 2, -1) 2 -2

( 1, -3) ( 0, -3) ( 1, -4) (-1, 3) (-2, 3) (-1, 2) 2 -2

(-2, -1) (-3, -1) (-2, -2) (2, 1) (1, 1) (2, 0) 1 -1

(0, 2) (-1, 2) (0, 1) ( 0, -2) (-1, -2) ( 0, -3) -8 8

(1, 1) (0, 1) (1, 0) (-1, -1) (-2, -1) (-1, -2) -8 8

(-2, 1) (-3, 1) (-2, 0) ( 2, -1) ( 1, -1) ( 2, -2) 0 0

(-2, 2) (-3, 2) (-2, 1) ( 2, -2) ( 1, -2) ( 2, -3) -2 2

(-1, -2) (-2, -2) (-1, -3) (1, 2) (0, 2) (1, 1) 2 -2

( 1, -2) ( 0, -2) ( 1, -3) (-1, 2) (-2, 2) (-1, 1) 8 -8

(-1, 2) (-2, 2) (-1, 1) ( 1, -2) ( 0, -2) ( 1, -3) -8 8

(1, 0) (0, 0) ( 1, -1) (-1, 0) (-2, 0) (-1, -1) -6 6

( 0, -2) (-1, -2) ( 0, -3) (0, 2) (-1, 2) (0, 1) 8 -8

(-1, -1) (-2, -1) (-1, -2) (1, 1) (0, 1) (1, 0) 8 -8

(-1, 1) (-2, 1) (-1, 0) ( 1, -1) ( 0, -1) ( 1, -2) -6 6

(0, 1) (-1, 1) (0, 0) ( 0, -1) (-1, -1) ( 0, -2) -14 14

( 0, -1) (-1, -1) ( 0, -2) (0, 1) (-1, 1) (0, 0) 14 -14

Table 7. Property of R1,0 in I01,0 - computing S1,0
1,0 and S1,0

2,0

The highlighted cells are not included in I01,0, as they contain the pairs (h, k) such that α1,0
h,k = 0. Using

Table 2, we get:

(i,j) (i-1,j) (i,j-1) (-i,-j) (-i-1,-j) (-i,-j-1) S
1,0

1,0
S

1,0

2,0

(0,0) (-1,0) (0,-1) (0,0) (-1,0) (0,-1) 0 0

(-3„0) (-4„0) (-3,-1) (3,0) (2,0) (3,-1) 1 -1

(,0,-2) (-1,-2) (0,-3) (0,2) (-1„2) (0,1) 2 -2

(-3„1) (-4,1) (-3,0) (3,-1) (2,-1) (3,-2) 2 -2

(-1,-2) (-2,-2) (-1,-3) (1,2) (0,2) (1,1) 1 -1

(2,0) (1,0) (,2,-1) (-2„0) (-3„0) (-2,-1) -8 8

(1,1) (0,1) (1,0) (-1,-1) (-2,-1) (-1,-2) -8 8

(1,-2) (0,-2) (1,-3) (-1,2) (-2,2) (-1,1) 0 0

(2,-2) (1,-2) (2,-3) (-2,2) (-3,2) (-2,1) -2 2

(-2,-1) (-3,-1) (-2,-2) (2,1) (1,1) (2,0) 2 -2

(-2„1) (-3,1) (-2,0) (2,-1) (1,-1) (2,-2) 8 -8

(0,1) (-1„1) (0,0) (0,-1) (-1,-1) (0,-2) -6 6

(2,-1) (,1,-1) (,2,-2) (-2,1) (-3,1) (-2,0) -8 8

(-2,0) (-3„0) (-2,-1) (2,0) (1,0) (2,-1) 8 -8

(-1,-1) (-2,-1) (-1,-2) (1,1) (0,1) (1,0) 8 -8

(1,-1) (,0,-1) (1,-2) (-1,1) (-2,1) (-1,0) -6 6

(1,0) (0,0) (1,-1) (-1,0) (-2,0) (-1,-1) -14 14

(-1,0) (-2,0) (-1,-1) (1,0) (0,0) (1,-1) 14 -14
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Table 8. Property of R1,1 in I01,1 - computing S1,1
1,0 and S1,1

2,0

The highlighted cells are not included in I01,1, as they contain the pairs (h, k) such that α1,1
h,k = 0. From

Table 4, we have:

(i,j) (i-1,j) (i,j-1) (-i,-j) (-i-1,-j) (-i,-j-1) S
1,1

1,0
S

1,1

2,0

(-1 0) (-2 0) (-1 -1) (1 0) (0 0) ( 1 -1) 6 -6

(0 ,1) (-1 , 1) (0, 0) ( 0 ,-1) (-1 ,-1) ( 0 ,-2) 6 -6

(-1, 2) (-2 ,2) (-1 , 1) ( 1, -2) ( 0, -2) ( 1, -3) 8 -8

(-3, 1) (-4 , 1) (-3, 0) ( 3, -1) ( 2 ,-1) ( 3, -2) 1 -1

(-3 , 2) (-4 , 2) (-3 ,1) ( 3 ,-2) ( 2, -2) ( 3, -3) 2 -2

( 2, -2) ( 1 ,-2) ( 2 ,-3) (-2 ,2) (-3 , 2) (-2 , 1) -8 8

( 0 ,-2) (-1, -2) ( 0, -3) (0 ,2) (-1 ,2) (0 ,1) -2 2

(1, 0) (0 ,0) ( 1, -1) (-1 , 0) (-2 , 0) (-1, -1) -6 6

( 2 ,-3) ( 1, -3) ( 2, -4) (-2, 3) (-3 , 3) (-2 , 2) -2 2

( 1, -3) ( 0 ,-3) ( 1, -4) (-1 , 3) (-2 , 3) (-1 , 2) -1 1

( 2 ,-1) ( 1 ,-1) ( 2 ,-2) (-2 , 1) (-3 , 1) (-2 , 0) -8 8

(-2, 0) (-3 , 0) (-2 ,-1) (2, 0) (1, 0) ( 2 ,-1) 2 -2

(-2, 2) (-3 , 2) (-2 , 1) ( 2, -2) ( 1, -2) ( 2, -3) 8 -8

(-1 , 1) (-2 , 1) (-1, 0) ( 1 ,-1) ( 0, -1) ( 1 ,-2) 14 -14

(-2 , 1) (-3 , 1) (-2 , 0) ( 2 ,-1) ( 1, -1) ( 2 ,-2) 8 -8

( 1 ,-1) ( 0 ,-1) ( 1 ,-2) (-1 , 1) (-2 , 1) (-1 , 0) -14 14

( 1 ,-2) ( 0 ,-2) ( 1, -3) (-1 , 2) (-2, 2) (-1, 1) -8 8

( 0 ,-1) (-1 ,-1) ( 0 ,-2) (0 ,1) (-1 , 1) (0 ,0) -6 6

3. Point 2. of the Lemma is shown in the following four tables, where

Sl1,l2
1,1 := αl1,l2

i,j + αl1,l2
i+1,j + αl1,l2

i+1,j−1

and
Sl1,l2
2,1 := αl1,l2

−i−1,−j + αl1,l2
−i−2,−j + αl1,l2

−i−1,−j−1,

for all (l1, l2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} .

Table 9. Property of R0,0 in I10,0 - computing S0,0
1,1 and S0,0

2,1

The highlighted cells are not included in I10,0, as they contain the pairs (h, k) such that α0,0
h,k = 0. By

Table 3, we own:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
0,0

1,1
S

0,0

2,1

(2 ,0) (3, 0) ( 3 ,-1) (-3 ,0) (-4 ,0) (-3 ,-1) 5 5

(1 ,1) (2, 1) (2, 0) (-2 ,-1) (-3, -1) (-2 ,-2) 9 9

( 2 ,-2) ( 3, -2) ( 3 ,-3) (-3 , 2) (-4 , 2) (-3 , 1) 15 15

( 2 ,-1) ( 3, -1) (3 ,-2) (-3 , 1) (-4 ,1) (-3 , 0) 12 12

(0 ,2) (1, 2) (1 ,1) (-1, -2) (-2, -2) (-1 ,-3) 9 9

( 2 ,-3) ( 3 ,-3) (3 ,-4) (-3 , 3) (-4 ,3) (-3 , 2) 8 8
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Table 10. Property of R1,0 in I11,0 - computing S0,1
1,1 and S0,1

2,1

The highlighted cells are not included in I11,0, because they contain the pairs (h, k) such that α1,0
h,k = 0.

From Table 2, we obtain:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
0,1

1,1
S

0,1

2,1

(−2, 0) (−1, 0) (−1,−1) (1, 0) (0, 0) (1,−1) 6 −6

(1,−3) (2,−3) (2,−4) (−2, 3) (−3, 3) (−2, 2) 1 −1

(0, 2) (1, 2) (1, 1) (−1,−2) (−2,−2) (−1,−3) −2 2

(1, 1) (2, 1) (2, 0) (−2,−1) (−3,−1) (−2,−2) −1 1

(1,−2) (2,−2) (2,−3) (−2, 2) (−3, 2) (−2,−3) 2 −2

(0,−1) (1,−1) (1,−2) (−1, 1) (−2, 1) (−1, 0) 6 −6

(1, 0) (2, 0) (2,−1) (−2, 0) (−3, 0) (−2,−1) −2 2

Table 11. Property of R1,1 in I10,1 - computing S1,0
1,1 and S1,0

2,1

The highlighted are not included in I10,1, as they contain the pairs (h, k) such that α0,1
h,k = 0. Thanks to

Table 4, we obtain:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
1,0

1,1
S

1,0

2,1

( 2, -3) ( 3, -3) ( 3, -4) (-3 , 3) (-4 , 3) (-3 , 2) -1 1

( -1, 0) (0,0) (0,-1) (0,0) (-1,0) (0,-1) 0 0

(0,1) (1,1) (1,0) (-1,-1) (-2,-1) (1,-2) 0 0

(-1,2) (0,2) (0,1) (0,-2) (-1,-2) (0,-3) 2 -2

(2,-2) (3,-2) (3,-3) (-3,2) (-4,2) (-3,1) -2 2

(1,0) (2,0) (2,-1) (-2,0) (-3,0) (-2,-1) -2 2

(2,-3) (3,-3) (3,-4) (-3,3) (-4,3) (-3,2) -1 1

Table 12. Property of R0,1 in I11,1 - computing S1,1
1,1 and S1,1

2,1

The highlighted cells are not included in I11,1, as they contain the pairs (h, k) such that α1,1
h,k = 0. Using

Table 1, we get:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
1,1

1,1
S

1,1

2,1

(0,−2) (0,−1) (−1,−1) (0, 1) (0, 0) (−1, 1) 6 −6

(−3, 1) (−3, 2) (−4, 2) (3,−2) (3,−3) (2,−2) 1 −1

(2, 0) (2, 1) (1, 1) (−2,−1) (−2,−2) (−3,−1) −2 2

(1, 1) (1, 2) (0, 2) (−1,−2) (−1,−3) (−2,−2) −1 1

(−2, 1) (−2, 2) (−3, 2) (2,−2) (2,−3) (1,−2) 2 −2

(0, 1) (0, 2) (−1, 2) (0,−2) (0,−3) (−1,−2) −2 2

(−1, 0) (−1, 1) (−2, 1) (1, 1) (1,−2) (0,−1) 6 −6

4. The following tables provide the proof of point 3.. Let

Sl1,l2
1,2 := αl1,l2

i,j + αl1,l2
i,j+1 + αl1,l2

i−1,j+1

and
Sl1,l2
2,2 := αl1,l2

−i,−j−1 + αl1,l2
−i−1,−j−1 + αl1,l2

−i,−j−2,

for all (l1, l2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} .
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Table 13. Property of R0,0 in I20,0 - computing S0,0
1,2 and S0,0

2,2

The highlighted cells are not included in I20,0, as they contain the pairs (h, k) such that α0,0
h,k = 0. By

Table 3, we have:

(i,j) (i,j+1) (i-1,j+1) (-i,-j-1) (-i,-j-2) (-i-1,-j-1) S
0,0

1,2
S

0,0

2,2

( 0 ,-2) ( 0 ,-1) (-1 ,-1) (0 ,1) (0 ,0) (-1 , 1) 42 42

(2, 0) (2, 1) (1 ,1) (-2 ,-1) (-2 ,-2) (-3, -1) 9 9

(1, 1) (1, 2) (0, 2) (-1 ,-2) (-1, -3) (-2, -2) 9 9

(-1 ,-1) (-1 , 0) (-2 , 0) (1, 0) (1 ,-1) (0 ,0) 42 42

(0 ,2) (0 ,3) (-1 , 3) ( 0 ,-3) ( 0 ,-4) (-1 ,-3) 5 5

(-1 , 2) (-1 , 3) (-2 ,3) ( 1 ,-3) (1, -4) ( 0 ,-3) 12 12

(-2 , 2) (-2 , 3) (-3 , 3) ( 2 ,-3) ( 2 ,-4) (1 ,-3) 15 15

(-3 , 2) (-3 , 3) (-4 , 3) ( 3 ,-3) ( 3 ,-4) ( 2 ,-3) 8 8

Table 14. Property of R1,0 in I21,0 - computing S1,0
1,2 and S1,0

2,2

The highlighted cells are not included in I21,0, as they contain the pairs (h, k) such that α1,0
h,k = 0. From

Table 2, we get:

(i,j) (i,j+1) (i-1,j+1) (-i,-j-1) (-i,-j-2) (-i-1,-j-1) S
1,0

1,2
S

1,0

2,2

(0,-2) (0,-1) (-1,-1) (0,1) (0,0) (-1,1) 6 -6

(-3,1) (-3,2) (-4,2) (3,-2) (3,-3) (2,-2) 1 -1

(2,0) (2,1) (1,1) (-2,-1) (-2,-2) (-3,-1) -2 2

(1,1) (1,2) (0,2) (-1,-2) (-1,-3) (-2,-2) -1 1

(-2,1) (-2,2) (-3,2) (2,-2) (2,-3) (1,-2) 2 -2

(0,1) (0,2) (-1,2) (0,-2) (0,-3) (-1,-2) -2 2

(-1,0) (-1,1) (-2,1) (1,1) (1,-2) (0,-1) 6 -6

Table 15. Property of R0,1 in I20,1 - computing S0,1
1,2 and S0,1

2,2

The highlighted cells are not included in I20,1, as they contain the pairs (h, k) such that α0,1
h,k = 0. Thanks

to Table 1, we obtain:

(i,j) (i,j+1) (i-1,j+1) (-i,-j-1) (-i,-j-2) (-i-1,-j-1) S
0,1

1,2
S

0,1

2,2

(-2,2) (-2,3) (-3,3) (2,-3) (2,-4) (1,-3) -1 1

(-1,2) (-1,3) (-2,3) (1,-3) (1,-4) (0,-3) -2 2

(-1,-1) (-1,0) (-2,0) (1,0) (1,-1) (0,0) 1 -1

(0,2) (0,3) (-1,3) (0,-3) (0,-4) (-1,-3) 6 -6

(1,1) (1,2) (0,2) (-1,-2) (-1,-3) (-2,-2) -2 2

(1,-2) (1,-1) (0,-1) (-1,1) (-1,0) (-2,1) 6 -6

Table 16. Property of R1,1 in I21,1 - computing S1,1
1,2 and S1,1

2,2

The highlighted cells are not included in I21,1, as they contain the pairs (h, k) such that α1,1
h,k = 0. From

Table 4, we have:
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(i,j) (i,j+1) (i-1,j+1) (-i,-j-1) (-i,-j-2) (-i-1,-j-1) S
1,1

1,2
S

1,1

2,2

(0,1) (0,2) (-1,2) (0,-2) (0,-3) (-1,-2) 2 -2

(-1,2) (-1,3) (-2,3) (1,-3) (1,-4) (0,-3) 1 -1

(-3,2) (-3,3) (-4,3) (3,-3) (3,-4) (2,-3) 1 -1

(1,0) (1,1) (0,1) (-1,-1) (-1,-2) (-2,-1) 0 0

(2,-1) (2,0) (1,0) (-2,0) (-2,-1) (-3,0) -2 2

(-2,2) (-2,3) (-3,3) (2,-3) (2,-4) (1,-3) 2 -2

(0,-1) (0,0) (-1,0) (0,0) (0,-1) (-1,0) 0 0

5. Point 4. is demonstrated in the following tables. Let

Sl1,l2
1,4 := αl1,l2

i,j + αl1,l2
i+1,j + αl1,l2

i−1,j+1

and
Sl1,l2
2,4 := αl1,l2

−i−1,−j + αl1,l2
−i−2,−j + αl1,l2

−i−1,−j−1,

where (l1, l2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} .

Table 17. Property of R0,0 in I40,0 - computing S0,0
1,4 and S0,0

2,4

The highlighted cells are not included in I40,0, as they contain the pairs (h, k) such that α0,0
h,k = 0. By

Table 3, we own:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
0,0

1,4
S

0,0

2,4

(0,-3) (1, -3 ) (1, -4 ) ( -1, 3 ) ( -2, 3 ) ( -1, 2 ) 12 12

(1,-3) ( 2,-3 ) ( 2, -4 ) ( -2, -3 ) ( -3,3 ) ( -2,2) -2 2

( 2, -3 ) ( 3, -3 ) ( 3, -4 ) ( -3, 3 ) ( -4, 3 ) ( -3, 2 ) -1 1

( 2, -1 ) ( 3, -1 ) ( 3, -2 ) ( -3, 1 ) ( -4, 1 ) ( -3, 0 ) -1 -1

Table 18. Property of R1,0 in I41,0 - computing S1,0
1,4 and S1,0

2,4

The highlighted cells are not included in I41,0, as they contain the pairs (h, k) such that α1,0
h,k = 0. From

Table 2, we get:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
1,0

1,4
S

1,0

2,4

(0,-2) (1,-2) (1,-3) (-1,2) (-2,2) (-1,1) 0 0

(-1,-2) (0,-2) (0,-3) (0,2) (-1,2) (0,1) 2 -2

(1,-2) (2,-2) (2,-3) (-2,2) (-3,2) (-2,1) -2 2

(2,-2) (3,-2) (3,-3) (-3,2) (-4,2) (-3,1) -1 1

Table 19. Property of R0,1 in I40,1 - computing S0,1
1,4 and S0,1

2,4

The highlighted cells are not included in I40,1, as they contain the pairs (h, k) such that α0,1
h,k = 0. Using

Table 1, we obtain:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
0,1

1,4
S

0,1

2,4

(0,0) (1,0) (1,-1) (-1,0) (-2,0) (-1,-1) -14 14

(0,-3) (1,-3) (1,-4) (-1,3) (-2,3) (-1,2) 2 -2

(1,-3) (2,-3) (2,-4) (-2,3) (-3,3) (-2,2) -1 1

(-2,1) (-1,1) (-1,0) (1,-1) (0,-1) (1,-2) 6 -6
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Table 20. Property of R1,1 in I41,1 - computing S1,1
1,4 and S1,1

2,4

The highlighted cells are not included in I41,1, as they contain the pairs (h, k) such that α1,1
h,k = 0. From

Table 4, we have:

(i,j) (i+1,j) (i+1,j-1) (-i-1,-j) (-i-2,-j) (-i-1,-j-1) S
1,1

1,4
S

1,1

2,4

(-1,0) (0,0) (0,-1) (0,0) (-1,0) (0,-1) 0 0

(0,1) (1,1) (1,0) (-1,-1) (-2,-1) (-1,-2) 0 0

(2,-3) (3,-3) (3,-4) (-3,3) (-4,3) (-3,2) -1 1

(1,-3) (2,-3) (2,-4) (-2,3) (-3,3) (-2,2) -2 2
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