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LIMITING ABSORPTION PRINCIPLE FOR LONG-RANGE PERTURBATION IN
A GRAPHENE SETTING

NASSIM ATHMOUNI!, MARWA ENNACEUR?2, SYLVAIN GOLENIA®, AND AMEL JADLAOUT4

ABsTRACT. In this paper, we examine the discrete Laplacian acting on a hexagonal lattice by intro-
ducing long-range modifications in both the metric and the potential. Our objective is to establish a
Limiting Absorption Principle, excluding possible embedded eigenvalues. To this end, we employ the
positive commutator technique as our method.
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1. INTRODUCTION AND MAIN RESULT

Over the last years, spectral graph theory has garnered research interest, particularly with regards
to the study of various types of discrete Laplacians | , , , , Sa, ,
, , , | and their magnetic counterparts | , , , ,
, ]. One method for exploring the essential spectrum of these operators is using a positive
commutator technique. With respect to previous research, [Sa, , | investigate the case of VAS
while [AlFr] and | | explore binary trees. On the other hand, [ | analysed a general class of
graphs. Moreover, | | examines a discrete version of cusps and funnels. Last, | | focuses
on a triangular lattice graph.

In | ], our research is centered on the discrete Laplacian acting on the triangular lattice.
We aim to obtain spectral results for a wider class of perturbations. Specifically, we introduce long-
range perturbations in both the potential and the metric. To this end, we employ a Mourre estimate
technique. In the present work, we analyze the hexagonal lattice (see Figure 1), which is more complex
due to its close resemblance to the analysis of a Dirac operator acting on a triangular lattice. It is
highly similar to the structure of materials such as graphene, which exhibits unique electronic properties
due to its hexagonal lattice. The mathematical framework developed here provides a foundation for
understanding quantum phenomena behaviors, including particle wave interferences, which emerge in
lattice systems. This structure allows for the observation of phenomena like Dirac fermions, which play a
key role in quantum mechanics. In this paper, we seek spectral results, such as resolvent estimates, which
in turn yield propagation estimates. The model was already studied in | , | through Floquet
decomposition and analytic deformation. However, those approaches fail to treat the class of long-rang
perturbations. With this in mind, the aim of our work is precisely to cover this long-range regime. As
in | |, we implement long-range modifications of both the potential and the metric, relying on
the Mourre estimate method. Moreover, thanks to the specific structure of the model, we can explicitly
determine the set of thresholds (Theorem 1.1) by means of the Fourier transform, see also | ].
This distinguishes our approach from that of | |, where the authors adopt a general Floquet-Bloch
method. By means an abstract reasoning, they assert the existence of these points in the spectrum
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merely via a direct integral decomposition. We note that [Ta2] analyses the short-range and long-range
potentials with another choice of conjugate operator, but does not accommodate metric perturbations,
see also Remark 3.7. Concerning the perturbation of the metric, this is considered in | | but due
to the abstract context, they do not succeed in dealing with the long range perturbation of the metric.
Here, our choice of conjugate operator is different from the two other approaches it helps us to attain
this goal. However, our approach is heavier in term of computation.

We begin by recalling definitions from some graph theory, which will form the foundation for our
analysis. An infinite, connected graph G is a triple (V,€,m), where V is a countable set of vertices,
m:V — (0,00) is a weight, and € : V x V — [0, 4+00) (the edges) is symmetric. For two vertices n and
I, we say they are neighbors if £(n,l) > 0. We denote this relationship by n ~ [ and define the set of
neighbors of n as Ng(n). We let C(V) := {f : V¥ — C%} denote the space of complex-valued functions
defined on the set of vertices V. We define the Hilbert space

CV,m;C?) = {f € Ccv), Y mm)|f(n)2: < oo} ,

ney

equipped with the scalar product, (f,g) :== >, <y 2221 m(n) fr(n)gr(n). In general, we define the Lapla-
cian Ay on G by:

1) A f() = —

m(z)

> E@, ) f ().

yey
Here, we investigate a hexagonal lattice where:

2 ) 3 V3 /3
Vo :{jzlkjvj;k: (k1,k2) €2 },vl =gy | 2= (0,V3).
Let

1 V3
=(z,—— = (1,0
(25 2 )ap2 ( ) )a
and define the vertex set V by:
(2) Vi=ViUVs, V= pi + W

Note that V1 NV, = &. Let a1 € V1 and as € Vs such that a1 = p1 + (n1,n2) and as = pas + (n1,n2) we
have:

Na1 = {l c R2; |l_a1|]R2 =1, a; € V1} NV

(3) :{a1+v1§vg,a1+v1321}27%_720131)2},
N, ={l € R% |l —aslpe =1, ag € Vo) Ny
) {a2+2v1302,a2v13202,a201§v2}.
Given f € 2(V,1;C), f; is its projection onto £2(V;, 1;C). Namely,
(5) filna,n2) := f(pi + (n1,n2)) = f(n1,n2, pi).
Using (2) and the following isomorphisms:
(6) 2V,1;C) = 2(V1,1;C) & £2(Va,1;C) = 2(Vy, 1;C?)
fe (f1 f2) = (1 f2),
we conclude that:
(7) 2(V,1;C) =~ 2(V1,1;C) @ 2(V2,1;C) =~ (2(Vy, 1;C2).
In this sequel, we often identify the vertices of V; with Z2, using the canonical map:
Gi:7? =V,
(8) (k1, k2) — k1v1 + kove + pi,

where i € {1,2}. In other words, we have the following identifications:

9) (2% x {pi};C) ~ £(V3;C),
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FiGUuRE 1. Hexagonal lattice
e: clement of Vy; ¢: element of V5.

where i € {1,2}. From (6) and (9), we have the following isomorphism.
(10) (2% x {p1,p2}; C) ~ £2(Z%,C?) ~ 2(V,1;C).
For all f € (3(Z?,1), we have:

Uif(ni,n2) := f(n1 —1,n2), U f(n1,n2) = f(n1 + 1, n2),
Usf(n1,ms) = f(n1,ms — 1), Ui f(n1,ms) = f(n1,ma +1).
Recall (1). When m =1 and
£:VxV—{0,1}
1, i |l —nlge =1;

(I,n)— E(,n) = {

)

where [ = (I1,12), n = (n1,n2) and |n|gz := \/n? + n2. Under the identification (10) we rewrite Ay on
the hexagonal lattice as follows:

1 0 AzyH 1 0 id+ U 4+ U,
AH = = = — . .
3\ Ayg 0 3\ id+Uf +Us 0

Now, we perturb the metric of the previous case, by an amount that remains small at infinity. Using (1)
and (10) the Laplacian A, ¢ is given by

A : 2(V,m) = 2(V,m)

0 Ao
(11) f — Am,gf = % ( A . 26 € ) ( ;1 ) ,
1,m, 2

with

Ay e fi(na,ng) = o P— ((5 (Q1,Q2,p1), (Q1,Q2,p2)) + E((Q1, Q2,p1), (R1 + 1,Q2,p2))U7

E((Q1,Q2,p1), (Q1,Q2 + 1,p2)U. >f1> ny,Na),

Ag g fa(ni,ng) = o P—— <<5 (Q1,Q2,p2), (Q1,Q2,p1)) + E((Q1,Q2,p2), (Q1 — 1,Q2,p1))Us

E((Q1,Q2,p2), (Q1,Q2 — 17p1)U2> f2> (n1,n2),

where m and £ respectively satisfy the following hypotheses:

(HO) m(”l;”?api) = (1 + 77(”17”272%))7 where ( ingeZQ 77(”1,”2,171') > 717
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n(ni,n2,pi) — 0 if [n| — oo,

(Hl) 5((n17n27 api)a (nvpj)) = (1 =+ E((n17n27pi)7 (nl,nQapj)))a where
inf ) s Pi)y k ak s Vg > _13
(nl,n2),1(%17k2)ez2 e((n1,m2,p;), (k1, k2, pj))

e((n1,n2,pi), (k1, k2, p;)) — 0if [(n1,n2), (k1, ka)| — oo, where i,j € {1,2}.
Note that £ has the following properties:
e By symmetry of £, we have E((n1,n2,p:), (nh,n5,p;)) = E((n},n5,p;), (1, n2, pi)).
o Note that £((n1,n2,p;), (n},n5, p;)) # 0, then p; # p;.
If i =1, then (nf,nf) = (n1,n2) or (n1 + 1,n3) or (ny,ng + 1).
If i = 2, then (nf,n3) = (n1,n2) or (n1 —1,n2) or (n1,n2 — 1).
The operator A,, ¢ is self-adjoint and bounded on ¢%(V, m). Moreover, in the case where n = 0 and
e =0, we have A, ¢ = Ay and 0(Ay) = [-1,1] = cac(Apn), where o,.(-) is the absolutely continuous
spectrum, see | | and Lemma 3.6. Given a function W : ¥V — C, we denote by W (Q1, Q2) the
operator of multiplication by W. In particular (W (Q1, @2)f)(n1,ne, p;) := W(n1, na, p;) f(n1,ne, p;), for
all f € DW(Q1,Q2)). By (6), (7) and Proposition 3.21, we have W = W1 @ Wy, with W, := (-, -, p;). It
acts as follows:
W : 2(V,m; C) — 2(Vy,m; C) & £2(Vy, m; C)
(f1, f2) = (Wi f1, Wafa).
Hence, D(W) = D(W1) @ D(W3) and
D(Wi(Q1,Q2)) := {f € C*(Vi,m); (n1,n2) = Wi(n1,n2) f(n1,n2,pi) € £(Vi,m)}.
Let V:V — R2 and H := A, ¢ + V(Q) such that:
(H2) V(ni,nz,pi) = 0if [(n1,n2)] — oo,

where i € {1,2}. Note V(Q1,Q2) is a compact operator, as uniform limit of finite rank operators given
by 1j.,<rV, with R € N. The operator Hy, ¢ is self-adjoint on 62(]7,m). In fact, it can be regarded
as a compact perturbation of Ap, see Proposition 3.24 for a precise statement. Moreover, we have
Oess(Hm,£) = Oess(Amr), where oess(+) is the essential spectrum.

We now seek to refine the spectral property and ask for more decay. We set:

(12) An() == A() ( ij f; )

where A(ni,n2) = (n1) + (n2) and () := /4 +|-[2. Note that A(Q1,Q2) is an unbounded self-
adjoint operator. We fix v > 0, we assume a long-range decay for V, n and e: Let l1,l € {0,1}. Let
k € N*, h € {0,1,2}, b € N. We say that G : (Z? x {p1,p2})¥ — C satisfies the hypothesis (H3 ) if
the following condition hold

(H37k) max 1max sup A"’(nl, n2)<n1l1 — nglg)|G(Jk7h,1(n1,ng,pl)) — G(Jkﬁ,o(nl, ng,pg))l < 00,
h€{1,2} (ll,lz) (n17n2)€Z2

which is equivalent to

max max sup AV(n1,n2)(n1ln — nel2)|G(Jkn1(n1,n2,p2)) — G(Jk,n,0(n1,n2,p1))| < 00,
he{1,2} (l1,l2) (n1,n2)€Z?

where

Tinp : (22 x {p1,p2}) — (Z* x {p1,p2})*

(n1,n2,pi) = | (n1 — (*1)ib5h,1, ng — (*1)ib5h,2,pj), (n1,n2,p:)
—_———
k—1 times
and dj,,, is the Kronecker’s delta symbol.
We denote by o, () the set of pure point spectrum. We now state our main theorem:

Theorem 1.1. Suppose that (Hy), (H1) and (Hs) are true. We assume that n and V satisfy (Hs1) and
e satisfy (Hs,2) and we take s > % We obtain the following assertions:
1. Uess(Hm,E) = UESS(AH)'
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2. The eigenvalues of Hy, ¢ distinct from k are of finite multiplicity and can accumulate only toward k,
where Kk := {—1, —%, 0, %, 1}, the set of thresholds.
3. The singular continuous spectrum of H,, ¢ is empty.
4. The following limit exists and is finite:
lim sup [A7*(Q)(Hme — A —ip) "AT*(Q)] < oo,
p=0% xg[a,b]
where [a,b] is included in R\ (k Uop(Hpm,g)). Moreover, in the norm topology of bounded operators, the
boundary values of the resolvent:
[a,0] 2 A= lim A™*(Q)(Hyme — X\ —ip) " A™%(Q) ewists and is continuous.

p—0E

5. There exists ¢ > 0 such that for all f € (2(V), we have:

I8 @)e e By )1 Pt < el 1P,
where B, y)(Hm ) is the spectral projection of Hy, e above [a, b].

We now explain the hypothesis (Hs %) in more detail in our setting. The hypotheses on V' correspond
to the following cases: If k =1, we take G = V. For h = 1, the hypothesis (H3 1) gives

(IZIIE}X)( Su]? A (ny,n2)(nily — nala) [V (J1,1,1(n1,m2,p1)) — V(J1,1,0(n1,n2,p2))]
1,02) (ny,no)E€Z2

= (IlngzLX) sup  AV(n1,n2)(nily — nalz) [V(ny + 1,n2,p1) — V(n1,n2,p2)| < oo,
152) (ny,n2)€EZ2

For h = 2, the hypothesis (Hsz 1) gives

(rlnalx) sup 2/\7(711,712)(”111 —nale) [V (J1,2,1(n1,n2,p1)) — V(J1,2,0(n1, n2,p2))| 5
1502) (ny,n2)€ZL

=max sup AV(ny,n2)(nily — nale) |V(ni,ne — 1,p1) — V(n1,ne, p2)| < oo,
(l1:2) (ny,n2)ez?
Similarly for G = 7. The hypotheses on € correspond to the following cases: If £ = 2, we take G = .
For h = 1, the hypothesis (Hs 2) gives

max sup A’Y(nla n2)<n1l1 - TL212> |€(J2,1,1(n1,n27p1)) - 5((]21170(711, nz,pzm ,
(:l2) (ny,ns)ez?

= (Iln@lLX) sup  A7(n1,n2)(nily — nala)le((n1 + 1,12, p1), (01,12, p2))
152) (ny,ng)EZ2

—&((n1,n2,p2), (n1,n2,p1))| < 00,

For h = 2, the hypothesis (H32) gives

(IlnalX) sup  AV(n1,n2)(nily — nala) |e(Jo,2.1(n1,ne, p1)) — e(J2.2,0(n1, 12, p2))],
1,62) (nq,n2)€Z?

=max sup AY(n1,n2){nily — nala)le((n1,n2 — 1, p1), (N1, na, p2))
(I112) (ny,ng)€22

—e((n1,n2,p1), (n1,n2,p2))| < 00,

In point 1. we only need hypotheses (Hp), (Hi) and (Hs). Points 2.—5. are typical results derived from
Mourre’s theory. Specifically, we establish a Mourre estimate and verify the regularity assumptions. This
is the most technical part of our analysis. For historical context and an introduction to the topic, refer to
Section 2. Point 4. is called a Limiting Absorption Principle, which implies that the spectrum is purely
absolutely continuous above R\ (k U o, (Hy, ¢)). Particularly, Riemann-Lebesgue Theorem ensures that
the solution of the Schrodinger equation dissipates at infinity. That is, for f belonging to the absolutely
continuous subspace of H,, ¢ and n € 17,
(13) lim (e f) (n) = 0.
[t|—o0

This can be interpreted as the particle moving off to infinity, while point 5. suggests that the particle
focuses where A7}, is large. Point 5. corresponds to the observation that A7}, is locally H-regular over
[a, b], for example, | , Section VIIL.C].

Thanks to the concrete framework of this work, we can explicitly define the set of the critical points .
It corresponds to the energy where, after Fourier transform, the symbol of A is zero, at this energies see
Lemma 3.3. Intuitively, there is no propagation, see Lemma 3.16. In | |, the authors use a general
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and abstract Floquet Bloch approach. This ensures the existence of critical points by using the direct
integral decomposition, see also [ | for a general theory. They do not give this set explicitly.

We now outline the structure of our paper. Section 2 provides a brief overview of Mourre theory, and
Subsection 3.1 analyzes the model and establishs the Mourre estimate for the Laplacian operating on a
hexagonal lattice. Moreover, 3.2 introduces a perturbation to the metric and incorporates the potential.
Lastly, Subsection 3.3, we proves Theorem 1.1.

2. THE MOURRE THEORY

In 1956, C.R. Putnam introduced a criterion ensuring that the spectrum of a self-adjoint operator H
is purely absolutely continuous, based on the existence of a bounded, self-adjoint operator B satisfying
[H,iB] > 0. However, the boundedness of B presents a significant limitation for practical applications.
The Mourre Theory has attracted significant interest since its introduction in 1980 (cf., | , D-
Numerous works have proved the importance of Mourre’s commutator theory for understanding the
point and continuous spectra of a sufficiently large class of self-adjoint operators. Notable contributions

include | ) , , Sa], as well as the book [ |, the master courses [Go], and more
recent results such as | , Gé, ]

Now, we recall Mourre’s commutator theory. Let H and A be two self-adjoint operators acting
on a complex Hilbert space H. Suppose also H € B(H). We denote by || - || the norm of bounded

operators on H. Thanks to the operator A, we study several spectral properties of H. Given k € N,
we say that H € C*(A) if for all f € H the map R > ¢ > e** He *A f has the usual C*(R) regularity,
ie. R3¢t eHe 4 ¢ B(H) has the usual C*(R) regularity with B(H) endowed with the strong
operator topology. We say that H € C**(A) if the map R > t + e*AHe "4 ¢ B(H) has the usual
CF(R) regularity, with B(#H) endowed with the norm operator topology. The form [H,iA] is defined on
D(A) x D(A) by (f,[H,iAlg) == i((H*f,Ag) + (Af,Hg)). By | , Lemma 6.2.9] H € C'(A) if
and only if the form [H,iA] extends to a bounded operator in which case we denote by [H,i1A],. We say
that H € C%1(A) if

1
; dt
| e < e
O t

and that H € Cb1(A) if

1
. . dt
e e < o
0
Thanks to [ , D- 205], we have the following of vector spaces inclusions:
(14) C*(A) c chl(A) cch(A) c cH(A) c CO(A).

The Mourre estimate for H on an open interval Z of R holds if there exist ¢ > 0 and a compact
operator K such that:

(15) Ez(H)[H,iAl.Ez(H) > Ez(H) (¢ + K) Ez(H),
where E7(H) the spectral measure of H above Z. The aim of Mourre’s commutator theory is to prove

a Limiting Absorption Principle (LAP), see | , Theorem 7.6.8].

Theorem 2.1. Let H be a self-adjoint operator, with o(H) # R. Assume that H € C'(A) and the
Mourre estimate (15) true for H in Z. Then:

1. If K =0, then H has no eigenvalues in Z.

2. The number of eigenvalues of H in T counted with multiplicity is finite.

3. If HeCHi(A), v > % and T' a compact sub-interval of T containing no eigenvalue, then

sup (A)™7(H — 2)" YA is finite.

|
R(2)ET’,S(2)£0
4. In the norm topology of bounded operators, the boundary values of the resolvent:

'3\ lim (A)™V(H — X\ —ip) Y A)™7 exists and is continuous.
p—0
For further details, we refer to | , Proposition 7.2.10, Corollary 7.2.11, Theorem 7.5.2].

3. PROOF OF MAIN RESULT

We now prove Theorem 1.1. Subsection 3.1 studies the Laplacian on a hexagonal lattice and proves
its Mourre estimate. In Subsection 3.2 the metrics are perturbed and the potential is added. Finally in
Subsection 3.3, we prove Theorem 1.1.
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3.1. Laplacian on the hexagonal lattice. Let,

S = {f : Z? — C? such that, for all N €N sup  [(1+nj+ n%)Nf(nl,ng)‘Cz
(n1,n2)€Z2

<oo},

it is the discrete Schwartz space. We denote by CS° ([—n, 7]; C?) the set of functions defined on [—, 7]? of
class C* and 27-periodic. Now, we define the Fourier transform F : £2(Z2x {p1,pa}; C) — L*([—m,7]?x
{p1,p2};C) through

1 .
Fflz,pi) = o Zf(”,pﬂeﬂ(n@), Vf € £3(Z* x {p1,p2}; C).

The inverse Fourier transform F 1 : (L2([—7, 7|2 X {p1,p2}; C) — £2(Z? x {p1, p2}; C) is then given by

1

f_lf(nvpi) = %/{ 2 f(zapi)ei(n,m>d'r7 Vf € LQ([iﬂ-vﬂ-]2 X {pl,pQ};C),

where i € {1,2}. By (10), we rewrite the Fourier transform F : ¢?(Z?; C?) — L?([—m,7]?; C?) through
1 .
_ —i(n,z) 2772, 2
FI@) = 2 3 #0010, v € £ETY

The inverse Fourier transform F~! : L2([—7, 7]?; C?) — (?(Z?;C?) is then given by

FU = 5o [ S@E e v € (i),

T o
Remark 3.1. Note that F(S) = C2([—m, w]%; C?).
First, we rewrite the Laplacian on a hexagonal lattice.

Lemma 3.2. With the (10), we have:

1 0 AQﬁH 1 0 id+U; +Usy
Ag == =-1 . .
3\ Avm O 3\ id+U;+U; 0

Proof. Recalling (3), (4) and (8). Let f € £%(Z*;C?), we infer

fa(n=Vi) + fa(n — Vo) + fa(n — V3)
filn =V1) + filn — Vo) + fi(n — V3)
fa(ni,n2) + fa(n1 — 1,m2) + fa(n1,ne — 1)
filni,n2) + fi(ny + 1,n2) + fi(n1,na + 1) ’

1 n—
(Anf)n) = 3 (
n—
1
-3
where V; := %, Vy = % and V3 := QWT_UZ This gives the result. O
We turn to the Fourier transform.

Lemma 3.3. For all f € L?([—7,7]|?; C?), we have:
((}—AH}—_l) f) (.Tl,l'g) = (F(Q1,Q2)f)(l'1,$2) = F($1,$2)f(.%‘1,1‘2),

—_— —

with
1 0 1+ e i1 4 emiv2
F(.Tl,l'g) = = . a .
3\ 1471 4 elo2 0
Proof. Let f € L?([—n,n]?;C?), we have:
1 .
F(Ur @1 F7' f)(w) =5 ;wlf-lf)(n)e—‘w
1

=5 D (F = 1ng)e 0™

1

:% Z(}-ilf)(nlv n2)671<9”1*”1+1>+<12,n2)
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:_Z 1f nl,ng)efizlefi@’”).

Then, F(U1F~1f)(z) = e @1 f(x). The other terms are treated in the same way. We obtain the
result. d
Now, we turn to the diagonalization of the matrix F.

Lemma 3.4. For all (v1,72) € = := [—m, 7]\ {(f%ﬂ, %’r) , (%’T, —%ﬂ)} , we have:
F = PDP-!, with
B(x1,22) 0
D(l‘l,xg) = 3 5
0 vV 5(21,12)
1 1

P($1,$2) = /ﬂ(ﬂh,ﬂcz) 71+eia:1+eia:2 s
14+e 1 4e 172 /B(Ihiw)
14e— %1 eiv2

24/ B(z1,72)

 lgeiTiqeTiTa
24/ B(z1,22)

and f(x ) = |1 + e + €1*2|2 = 3 + 2 (cos(z1) + cos(z2) + cos(z1 — 2)) .

1 (ar02) € { (5. ) (=25, —25)}, then

D(x1,29) = F(z1,22) = < 8 8 )

Pz, 20) :=

Nl= Nl

Proof. Tt suffices to verify that det F'(x1,x2) # 0, thus P is invertible and det(F — \id) = A2 — @. O
Lemma 3.5. On = the critical points of \/B is the set

(16) Ii=A{(=m —7); (=m,7); (7, —m); (m,7); (=m,0); (x,0); (0,—m); (0,7); (0,0)}

and /B (T) = {1, 3}.

Proof. We have /B € C! on =. We obtain:

(17) \Y% (\/B) ($1,$2) = %

We introduce the functions:
X = (,CCl,ZEQ) = CoS (iﬂl ‘;-’LQ) s Y = (,CCl,ZEQ) — COS (-’L'l ;-’L'Q) .

Using trigonometric formulas, we obtain:

B=1+2(2XY +2Y?).

Recall S is a smooth on =. We have:

VB =4(YVX + (X +2Y)VY),

1 1 1 — —1
VX($1,$2):—§SiD (xlng) < 1 ), VY(ZCl,ZEQ): isin(zl 5 1'2) ( ) )

By (17), V(V/B)(z1,22) = 0, then VS(z1,72) = 0. In particular, VX and VY are orthogonal. Thus,
they are independent vectors unless one of them is zero. Therefore:

VB(x1,22) =0 <= (VX (21,22) = 0= VY (21,22))
r (VX(z1,22) =0,VY (21,22) # 0, and (X + 2Y)(a; ) =0)
r (VY (z1,22) =0,VX(21,22) #0, and Y (21, 22) =
r (VX,VY(x1,22) are independent, Y (z1,22) =0, (X +2Y)(z1,22) =0).

where:

We observe that we cannot simultaneously obtain that:

Y(21,22) = 0 and VY (21, 22) = 0.
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In the case of independent VX (z1,22) and VY (r1,22), we have X (x1,22) = Y (x1,22) = 0, hence

v/ B(x1,x2) = 1. This actually occurs for (z1,22) € {(—m,0); (m,0); (0,—m); (0,7)}.

In the case VX (x1,22) = 0 = VY(x1,22), we must have | X (z1,22)] = |Y(21,22)] = 1. Then
Blx1,x2) = 3 if X(x1,22)Y (x1,22) > 0 and /B(x1,22) = 1 if X(21,22)Y (21,22) < 0. The first

case occurs at (x1,x2) € {(0,0); (—m, —7); (=7, m); (m,—7); (m,m)}.

In the last case, we have VX (z1,22) = 0, VY (21, 22) # 0, and (X +2Y)(x1,z2) = 0. Since VY (21, z2) #

0, 71 # xo thus —7 < w < m, yielding X (z1,22) > —1. Since VX (z1,22) = 0, | X (21, 22)| = 1.

Thus, X (z1,22) = 1 and Y(z1,22) = —3. Then /B(z1,22) = 0. This case occurs for (21,z2) =
(=2, 28) and (21, %2) = (55, —2F), which does not belong Z. We have shown that /3 (') = {1, 3}. O

Next, we turn to the spectrum.

Lemma 3.6. o(F(Q1,Q2)) =[-1,1].

Proof. By | , Vol 1, p. 229] and Lemma 3.4, we obtain o(F(Q1,Q2)) := {
In the other hand, we have B(x1,z3) = 3 4 6¢(x1, x2), where

v ‘;(””),vx € [—7‘(‘,71’]2} .

d(r1,22) = % (cos(z1) + cos(z2) + cos(x1 — z3)) .

By | , Lemma 3.3], we obtain that o(¢(Q1,Q2)) = [f%, 1]. We conclude that o(F(Q1,Q2)) =
[-1,1].
([l
Let g € C52 ([—m, @)% C), we set:

~ i

Ag:= -
973

L)

(w%-v+v-v5%)g

Remark 3.7. The power % should be the natural try but it does not seem to lead to a self-adjoint operator.
Here we take power g for two reasons: First it allows to obtain a self-adjoint operator and second, it
can be explicitly set back to the original space which, in turn, permits to deal with the perturbation of
the metric. Note that in [Ta2] he chose to localize in energy away from 0 to circumvent the difficulty.

However, he does not deal with the metric perturbation.

Lemma 3.8. For g € C52([—m,7w)%; C), we have:

Ag(x1,22) :=5i3% (1, 22) ( (—sin(zq) — sin(x; — 2)) ('f—:cl(xl’ x2)
+ (—sin(xq) + sin(x; — z2)) ;—52(1131, 1132))

+ 151 ﬁ(ml,xg)(siHQ(a)l) + sin?(29) + 2sin®(z1 — x9)
+ 2sin(z1 — x2) (sin(z1) — sin(za)) ) Fla1,a2)
— 5i8% (a1, zg)(cos(zl) +2cos(z1 — 2) + Cos(xg))g(:cl, 2).

Proof. Let g € C53 ([—, m]*; C), we have:

< 896152 ) (x1,22) =5 < ﬂ (1, 22) (= sin(z1) — sin(z1 — 22)) )
’ B

(x1,22) (—sin(xs) + sin(z1 — x2))

vl wjw

and

0, B ] 583 (o) [ (= sin(ze) — sin(zr — o)) 2L (21 2
<( amzﬁ >,<5129 >>($1,$2) =53 ( 15 2)(( ( 1) ( 1 2)) axl( 1, 2)

+ (—sin(zg) + sin(x; — 2)) (,f—xg?(:nl, 1132))

This concludes the Lemma. (I



10 NASSIM ATHMOUNI, MARWA ENNACEUR, SYLVAIN GOLENIA, AND AMEL JADLAOUI
Lemma 3.9. We next denote Ar := PApP~! the conjugate operator associated to F(Q), where

A 0
Ap = .

Let f ="'(f1, f2) € C53 ([—m, 7% C?), we have
1. If (x1,x2) € E, we obtain

0 Ay lke g2 | P dde ige 02
_ VB (z1,22) V/B(w1,22)
A]-‘f(l'1,.%'2) = 1+eim1+eim2/\1+ 14el®1 4eiza —~ 0
VB(z1,32) VB(z1,22)
fi
X ($1,$2).
( £
2. If (z1,32) € {(—F, %), (35, —3)}, we have Axf is extendable by continuity in (x1,x2) and
Arf(x1,22) :=0.

Proof.
1. After a straightforward calculation.
2. We have

1 4 eizl + eiIz P 1 + eiml 4 eizQ 5
————A1f(z1,22) =—F—=——="Vp2 - Vf(21,22)
Bla1,x2) B(a1, x2)
(18) =5 (14 € + ei””?)2 (14 e +e7'72)
: . of
x | — (sin(z1) + sin(x1 — x2)) =—— (x1, z2)
axl
: : of
+ (—sin(xs) + sin(xy — x2)) =—=—(z1, x2) |,
63@2
1 + eiml 4 eizQ P 1 4 eizl + eiIz 5
——————— Ao f(z1,22) =—F———="V - VB2 f(21, 22)
B(x1,22) B(z1,z2)
(19) =15 (1 +el®t 4 6”2) <sin2($1) + sin2($2) + 251112(951 — I9)

+ 2sin(zy — x2) (sin(z1) — sin(zg)) ) f(z1,22)
-5 (1 + eiml + ei12)2 (1 + e*iibl + efixg)
X <cos(x1) +2cos(x1 — x2) + cos(u)) f(z1, 22).

By (18) and (19), we have

1 izq ize
lim &Aj(m,m)

(Z17z2)—>i(277r7—27”) \/ 6(1‘1 s $2)

1 iy iry
_ lim &AQf(xl, 22) =0,

(e1,22)=>£(3F,— ) v/ B(x1,x2)

then Arf is extendable by continuity.
We now define the conjugate operator Ay on S. We denote by Ay := FArF !, where

A
Ay = 0 2. H
Al g 0

is the conjugate operator associated to Ag.
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Lemma 3.10. On S, we have

5i
A g =§Q1(1 + U+ Us)2(L+ Uy + Us) (UF — Uy + UUy — UL U3)

51 * *
+ 5@2(1 + U +U3)?(1+Us + Us) (Us — Uy — (U Uz — U1 U3))

gGu+m+%leUm+ngﬁ+%m%m%Y

+2(ULUs = U1U5) (Uf = Uy — (Us — U3)) )

+%Hﬂ?ﬁ@%+m+wﬂw+m+@+@+%W%+w@»>

Similarly, we obtain Az g as the adjoint operator of Ay m.
On S, we can rewrite A; g as follows:

A =Roo(U1,Us) + > (Qily — Qsla) Ry, (U, Us)
l1,lo€{0,1}

— 0,0r7irri
= Z o;; U Us + Z (@1l — Q2l2)
i,j€{—3,-2,-1,0,1,2,3} 11,12€{0,1}
lilagriprd
X E a; U Us.
i,j€{-3,-2,-1,0,1,2,3}
where

Roo(Ur,U2) :=— < (3(1 + U7 + U2)((U1 —U1)* + (U — U2)? + 2(UT Uz — U1 U3)?

+2(UiUs = U2U5) (UF = Us = (Us = U2)) ) +2(1 + U} +U3)?

X (1+U1+U2)(U1*+U1+U2*+U2+2(U1*U2+U1U2*))>

::f%(maﬁf+5U%+wa@f+ﬁU§+&ﬁ+6U§+MUﬁs
+ 5(U3)% + 16U, + 16Uy 4 15(U;)2U2 + 15U (U3)? + 4ULUs
+ 12U32U5 + 25U, (U3)? + 9U; (U3)? 4+ 18U U; + 8(UT)*Us
+7(UF)*Us + 9(UY)?Us + 8(U1)*(Us)* + TUL(U3)? + 25(U5)?Us
+mm@+mw%+@

= ) of U3,
i,j€{-3,-2,-1,0,1,2,3}

where

Q
I
n
| 2
po
=}
=}
oo

| © o oo
I
Q

—~
DO
o

N
Q

—

I
Q
|

—_

Il

Q Q
o oo oo oo

o nvo
]
Il
Q

Q
=

I

Q

5i
Ruﬂhl&y=§<_4+4Uf—mh—Uf—mb+mUp3+aUﬁ2+agﬁ
+(UD)?Us2 + 2(U7)?Us + 2(U7)*Us + 507Uz + U7 (U3)?

— 5U0Us — UhUs — U1 (U3)* — 2U3U; — U%(U2*>2>,
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5i L 0mio

— ) tr7d

D) E o;;UUs,
i,j€{-3,-2,-1,0,1,2,3}

with
1,0 1,0 1,0 _ 10 _ 10 _ 1,0__ 1,0 __ 1,0 _ 1,0
oo =—4 algo =gy =al3; =0l =1 g =0 =0y, =y =—1,
1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0
(21) O o 1 =& 91 = 2, Qo = Qg 1 = -2, Qo0 =0C_1 1~ 5, Q1 =% 0= -9,
,0
a’yg = 4
ii _ * 772 3 *\ 2 *\2 *\3
R 1(U1,U2) = 5 444U5 — 55U, — U5 + Uy + 5(U3)* + (U7)* + Uy (U3)
+ 22U (U3)? + 2U,(U3)? + 5U;Us + (UT)*Us — 5U; Uy
— U\Us — (UY)*Us — 2U U3 — (Uf)2U§>
51 0,1774 j
=3 > a;; Urlz,
i,j€{-3,-2,-1,0,1,2,3}
with
0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 _
apo=—4, ag_g=al,g=a; _g=aly =1 oy =aj; =aly; =aly,=—1,
0,1 0,1 0,1 0,1 0,1 0,1 1 01
(22) QG _9=0Q o= 2, Q19 =0 o= -2, Qp_og =03 1= 9, Q11 = Q1 = —9,
048:171 =4
5i * * *
Ry 1(Uy, Us) =5 <4U1* +6U; 4 6U; + Uy + Uy +2(UF)? + 2(U3)? + 2U; U3
+ 55U Us 4 5ULUS + 5(U7)?*Us + 5UL (U5)? + U U3
+ULUs +2(U7)*U3 +2U% (U3)? + (U7)°Us
+UL(U3)° + (UF)°U3 + Uf(UJP)
51 1,1 i j
=3 > ;; UrUs,
i,j€{-3,-2,-1,0,1,2,3}
with
LIS AR 1S N I NG o R I (NP SR (5 S O BN
Q_10=% Qg = _19=A 37 =0 _39=1, Qg _o5=0Qy_9 = —4
1,1 1,1 1,1 1,1 1,1 1,1
(23) Qg =Qg g =04 _3=0y_; =—1, a’yy=a’y,=2,
1,1 1,1 1,1 1,1 1,1
Q11 =Q® 91 = 5,y = Qy o= 5, Qp 1 = —4

Similarly, we rewrite Ay f.
Lemma 3.11. There exists C > 0 such that for all f € S, we have:
[AufII* < ClIAu(@)FI*-
Proof. Let f € S. Here, all constants are denoted by C' and are independent of f. We have:
[Am fI1? =1 Av i fill? + [| Az, m f2 |

So, we obtain:

| A1 1 f1]]? = Z Ro,0(U1,Us) + Z (Q1lr — Q2l2) Ry, 1, (U1, Us) | fi(n1,n2)

(’n1,’n2)€Z2 ll,lze{o,l}
< Y 2[Roo(Ur, Us) fr(na, o)
(n1,n92)€Z2?

+2 Z (Q1l1 — Q2l2) Ry, 1, (U1, Uz) f1(n1, n2)

l1,l12€{0,1}
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<0 (@ + A+ 1@+ AR + LA ) < CIAQUAIE

Similarly, we show that:

Az, fo|* < CIAQ)fl* -

This concludes the result. O
Remark 3.12. By applying Lemma 3.11 and since |[(Au)°f||? < [|AY(Q)f||?, for all f € S, by real
interpolation, e.g. | , Theorem 4.1.2,p.88], for all v € [0, 1], we remark that there is Cy such
that

(AR) FI? < Cy |AL I, for all f € S.
Lemma 3.13. Ap is essentially self-adjoint on S. We write Ag for its closure in the sequel.

Proof. First, we recall that Ay is symmetric operator on S. By Lemma 3.11, there exists C' such that
for all f € S, we have:

1A fI* < CIA@)S
By the Nelson’s Lemma, e.g. | , Theorem X.37], it suffices to prove

3C >0, Vf €S, [{f,[AQ), Aulf)| < C||AZ(Q)f]|.

to ensure to that Ay, defined on S, extends to a self-adjoint operator. Let f € S. We denote all
constants by C, we have:

I(f, [Au(Q), Aulf)| <[(f2, [MQ), A1 ] fi)| + [(f1, [MQ), A2, 1] f2)]
=2|(f2, [AMQ), A1, ] f1)] -

Then,
[(f2, [AMQ), A1, 1] f1)]

= Z f2(n1,mo2) (A(m,nz) Ro,0(U1,U2) + Z (nily — nal2) Ry, 1, (Ur, Us)
(n1mayez? (11,12)€ {0,112, (11,12) £(0,0)
— | Ro,0(U1,Uz) + Z (n1ly — nalo) Ry, 1, (Ur, Uz) | A(na, nz)) fi(ni, n2)
(ll712)6{011}27(111l2)7é(070)

Z f2(n1,n2)< Z ag,jo (A(nl,n2) —A(n1 +1,m9 +j))

(n1,m2)€Z? i,j€{-3,-2,-1,0,1,2,3}

+ Z (n1ly — nals)

(11,12)€{0,1}2,(11,12)#(0,0)

X Z aészlz (A(ni,n2) — Alny +i,m2 + 7)) ) filng +i,ns + 5)
i,j€{-3,-2,-1,0,1,2,3}
- A2TL,TL *A2n+i,n+'
) Z f2(”1a”2)< Z a?’f < /\En1 nQ; +A(7(”L 1—1—@' n 2+ ;))
(n1,m2)€22 i,je{-3,-2,-1,0,1,2,3} 1,72 1+in2+j

+ Z (n1ly — naly)

(11,12)€{0,1}2,(11,12)#(0,0)

A%(ny,n2) — A%(ny +i,n —|—))>
11,1 1,72 1 y 2 T ] . .
% E a2 ( - _ filna +id,no + )
0.

ije{—3,-2,-1,0,1,2,3} Alnr,nz) + Al +4,m2 + )

_ —%iny — 2jng + i + 2
fa(ni,n2) a? ( . -
(n17%622 i1j€{31;110711273} J\ A(n1,n2) + A(ny +4,n9 + 7)
+ Z (n1ly — naly)

(11,12)€{0,1}2,(11,12)#(0,0)

—2ing — 2jng +i% + 52 . .
X Z aéylz (A( 1— 272 J >>f1(n1 +i,m2 + 7)

ije{—3,-2,-1,0,1,2,3} n1,m2) + Alm +4m2 + )
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—2iny — 2y + i% + j2 _ ,
< Z |f2(n1,n2)|< Z OZ?’JQ< . =~ ) fi(n1 +i,n2 + )
(n1,n2) €22 ije{-3,-2,-1,0,1,2,3} Alna,nz) + Alm +,m2 + )
—2iny — 2jng +i% + 2
T S N ot
(11,12)€{0,1}2,(11,12)%(0,0) ije{—3,-2,-1,0,1,2,3} A(n1,n2) + A +1,m2 + )

X fi(ny +i,n2 + j)

)

<C (ILOMAON+ I8 @£OIAH @A) due to -
<C (1012 + 1A + 1A @)L + 1AL @ A0

1
<ClIAZ (@I
As S is a core for Ay (Q), applying | , Theorem X.37|, we prove that:

7A@, Auln)| < © @]

72’L'TL1 — 2]7L2 + ’L.2 +j2

is bounded.
(nlan2)+A(n1 +ian2 +.7) ' o

Lemma 3.14. On C52 ([—7,7]?%; C?), we have:
(24) Ar = .FAHfil.

Proof. We have: . .
(FULFH ) () = e f(),  (FUSF'S) (2) = €2 f(a),
% (FU; = UL F 1 f) (2) :% (et — e f(z) = sin(x1) f(z),
= (F(0UF ~ U{U2) F'f) () = sin(ar — ) /()
and

(Fi@)F 1) @) = 5L (@),

where i € {1,2}. Similarly, we treat the other terms. So, we obtain the result.

Remark 3.15. Since F(S) = C52([—n, 7% C?), we now recall Lemma 3.1/ by density we have, Ar is
essentially self-adjoint on CS2 ([77‘(, 7]?; (CQ) and we denote by Ar its closure. Note that (24) extends to
the closure and D(Ay) = F'D(Ax).

Lemma 3.16. We have, \/B(Q) € C*(A) and therefore Ay € C*(Ag). Moreover,

(25) (VE@.i4]_=2||vBvs| @.
Proof. For f € C3S([—m,n]?;C), we have:
[VB@)i4] f(a1,22) = = [VBQ), V- VB (Q)] f(z1,22)

= - maiamj (amjﬁg) (Q)] f(.%'1,l'2)
_ g [\/m,i% (ﬁgaz,ﬂ) (Q)] f(z1,22)

2
= 23" VBl w0, (810.,57) (e1,2)
j=1
+ s, (B°0x,8f) (1, 22)

:Zﬂ(zl, 22) (0, 8) (1, 22) f (21, 22).
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As BV € L*°([—m, 7% C) then there exists ¢ > 0 such that H [\/ Q),iﬁ} fH < ¢||f]l. By density and

thanks to | , Lemma 6.2.9], we obtain \/B(Q) € C'(A). Recalling F(S) = C52([—m,]2;C2),
as the Fourier transform is unitary, we obtain ||[Ag,iAx]g|| < ¢||g|| for all g € S which ensures that
Ay € Cl(AH) [l

We now focus on the Mourre estimate for the unperturbed Laplacian.
Proposition 3.17. We have 1/5(Q) € Cl(g). Moreover, let T be an open interval such that its closure
is included in [—1,1]\k, where k := i@ U {0}, with T is given in (16), there exists ¢ > 0 such that:
(26) Ez(vB(@Q))[VB(Q),1ALEz(v/B(Q)) = cEz(v/B(Q)).

Equivalently, we have:
(27) EI(AH)[AH,IAH]OEI(AH) Z CEI(AH)
The set k is called the set of thresholds.

Proof. We work in L?([—m,7]? C). The C! property is given in Lemma 3.16. Let Z be an open in-
terval such that its closure is included in [—1,1]\. Since Z is bounded then by Bolzano-Weierstrass

Theorem, its closure is compact. There exists ¢ > 0, such that for all (561,562) € VB _1(1), we have:

%HWVBHQ(JQ,@) > c. Recalling {\/W } H\/—VﬁH by functional calculus, we

have:

Er(v/BQ)VB@),1AlEz(VB(Q) = cEz(v/B(Q)).
Using (7), (10), from (26) and thanks to Lemma 3.9 and Lemma 3.10, we obtain (27) by going back to
2(V;C). 0

Proposition 3.18. We have \/B(Q) € C%(A) and therefore Ay € C*(Ax).
Proof. We denote the constant by c¢. By Lemma 3.16 and for f € C52([—m,7]?), we obtain:

(V5@ 3] =[S Vel 057

Hence,
. . 0
H\/_VﬁH ),15i3% (Q) (— sin(Q1) — sin(Q1 — Q2)) —— | f(a1,22)
4 8951
25 3 . . 6 VB
=—032(Q) (—sin(z1) — sin(z1 — H\/_ H (z1,22) f (21, z2).
4 0y
As w € L>([—m,m]?), we deduce:
) 2 3 . . 0 2 2
1] vEva| (@561 @) (—sin(@u) —sin@1 Qo) | 1| <l
Similarly, we treat the other terms. Hence, by density and | , Proposition 5.2.2]. As in Lemma
3.16, we also obtain that Ay € C?(Ay), this proves the lemma. O

3.2. The perturbed model. In this subsection, we perturb the earlier case by modifying the metric
and introducing a potential. We require both the modified metric and potential to be in some sense,
small at infinity. We address some technical details and begin with the properties of Ag.

Proposition 3.19. Ay satisfies the following assertions:

2. There is ¢ > 0 such that for all r > 0, —ir belongs to the resolvent set of Ay (Q) and r||(Au(Q) +
ir)71||6(220~}71)) <ec.

3. t — €1 (@) has a polynomial growth in 52(]7, 1).

4. Given £ € C*(R;R) such that £(x) = 0 near 0 and 1 near infinity and T € 3(52(9, 1)) symmetric, if

[ Ca)r

then T € CO1(Ap).

dr < oo,
B2(V,1))
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Proof. See | , Proposition 3.14] . O

Corollary 3.20. With the notation of Proposition 3.19, let v € (0,1) and T € 3(62(17, 1)) symmetric.
Assume that B

(Au)'T € B(£*(V,1)),
then T € CYY(Ag). Moreover, if T € C*(Ag), T € CH1(Ag).

3.2.1. Unitary transformation. The perturbation of the metric introduces a second Hilbert space. To
address this difficulty, we apply the following transformation:

Proposition 3.21. Set the following map
Tyom : 2(V,1;C) — £2(V,m;C)

f — T1_>mf(7’b) =

) f(n).

Then, the transformation T1_,, is unitary.
Proof. See | , Proposition 3.17]. O
Recalling (11) and the hypothesis (Hp) and (H;). We can now send A, ¢ in ¢2(V, 1) with the help of

this unitary transformation. Namely, let A := Tf_{mAm,ngﬁm. We have the following result:

A= 2 %),
Ay 0

Proposition 3.22. We have:

where
(29) A = 1 E((Q1,Q2,p1), (Q1,Q2,p2)) . 5((@176227171)7(@1+1,Q2,p2))U1*
3v/ma(Q1,Q2) m1(Q1,Q2) m1(Q1+1,Q2)
n E((Q1,Q2,11), (RQ1,Q2+ LP2))U*
5.
my(Q1,Q2 + 1)
and
(30) A, = 1 E((Q1,Q2,p2), (R1,Q2,p1)) n E((Q1,Q2,p2), (Q1 — 17Q27P1))U1
3v/mi(Q1,Q2) ma(Q1,Q2) ma(Q1 —1,Q2)
n E((Q1,Q2,p2), (Q1,Q2 — 17P1))U2
mo(Q1,Q2 — 1)

We establish the following expression for the perturbation:

Proposition 3.23.
1. For alli,j € {1,2}, i # j, we have:

(31) Di= g — A;: (V1) = (V1)
fi— % (Li,g + Ty m + Si,m) fr(n),
where
E((Q1,Q2,pi), (Q1,Q2,p5))
Li I3 =1- i )
(Lo fi) (n) ( ¢mi<c21,@2>¢mj<@1,@2>> i)
. E((Q1,Q2,p:), (Q1 — 1+ 7,Q2,05)) \ ;i—j
Ti n) .= 1-— U i\n
(i fr() ( \/mi(Ql_i+jaQ2)\/mj(Q1;Q2)> 1 i)
and

- 5((@1;@2;?1’); (QhQQ — 1 +jap]))
Vmi(Q1, Q2 — i+ j)/m;j(Q1,Q2)
2. We have D; is a compact operator in €*(V;, 1).

Proof.
1. This is by Proposition 3.22 and straightforward calculation.

(Simfi) (n) = <1 ) U™ f;(n).
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2. We have
(Az‘,H - Ai) fi(ni,n2)

E((Q1,Q2,pi), (Q1+h, Qa2+ kan))) U-hk )
o€{0—i} (hk)e{(0,i—1)}2, htk=o (( Vmi(Q+h Qe+ k)y/my(Q1,Q2) ) T v

Z Z ((mj(Q1,Q2)(m(Q1 +h, Q2+ k) —e((Q1,Q2,pi), (Q1 + h, Q2 + k, pj)))

o€{0,j—i} (h,k)€{(0,j—1)}>
+ g((Qla QQapi)a (Ql + ha QQ + k’p_])) (nJ(Qla QQ) - 5((@1) QQapi)a (Ql + ha Q2 + kapj)))
1

@ T R Ga R (@1 Q)

1
x
(\/m1(Q1 +h, Q2 + k)/m2(Q1,Q2) + £((Q1, Q2,p:), (Q1 + h, Q2 + kapj)))

By using the hypotheses (Hy) and (H; ), we have 01 ((n1+h, na+k))—e((n1, n2, pi), (n1+h, np+4,pj)) —
0 if (n1,n2) — oo and n2(n1, na) —e((n1, na, i), (M1 +h, na+k,p;)) — 0if (n1,n2) — oo and Uy Uy ™"
is bounded. So have that the operator A; g — & is a finite sum of compact operators. This concludes
the result. O

We have a first spectral and general result.

)UthQkfi> (nl,ng).

Proposition 3.24. Lete, n and V be three real-valued bounded functions satisfying respectively (Hy), (Hy)
and (Hz). We have:

1. H,, ¢ is self-adjoint and bounded.

2. O—ess(Hm,S) = Uess(AH)-

Proof.
1. By hypotheses (Hs), we deduce that V(Q) is compact. By using the fact that Ay is self-adjoint and
thanks to | , Theorem XIII.14], we conclude that H,, ¢ is self-adjoint.

2. Thanks to Proposition 3.23 and using the fact that V(Q) is compact, we infer that cess(A + V(Q)) =
Oess(A ). The unitary transformation assures that gess(Hpm,g) = Tess(A ). O

3.2.2. Perturbed potential. We start focus on the potential V. The perturbation of the metric is more
complicated. It will be treated in the following subsection. We start with same auxiliary and general
results.

Remark 3.25. 1. For all k € N*, Jk70,0 = Jk71,0 = Jk,270.
2. If h=0 and Vk € N, Vb € N, we have Ji 0,6 = Jr,0,0-

Lemma 3.26. Let G : (Z? x {p1,p2})* — C satisfying the hypothesis (Hs ), then we have

(Hyr) max max  sup  AV(ni,na)(nily — nalo)|G(Jgn0(n1,n2,pi))
he{1,2} (11,12) (ny ,ny)€z2

— G(Jg,n,0(n1,n2,p5))| < 00,
where k € N*, {i,j} = {1,2}.
Proof. Let h € {1,2}, b’ € {1,2}\{h}. For all I1,l5 € {0,1}, we have:
A7 (n1,n2)(nily — nalo) |G(Jk,n0(n1,n2,pi)) — G(Jkn,1 (01, n2, pi))|

< A7(nq,n2){nil — nals) ( |G (Jk,n,0(n1,n2,pi) — G(Jk,n1(n1,m2,p5))]

+1G(Jkn1 (01,12, 05)) = G(Jrw 1 (01,12, 00))| 4 |G (Jk w1 (01,2, 0i)) — G(Jk,hr,o(nl,m,pj))l).

Thanks to the hypothesis (Hs ), we deduce the result. (]
Lemma 3.27. Let G : (Z? x {p1,p2})* — C satisfying the hypothesis (Hz 1) and Lemma 3.26, then we
have

(Hs %) max  max  max max max sup AY(ng,n2)(nily — nals)

i€{1,2} je{1.2}.5#i he{1,2} h'e{1,2) W #£h (11.12) (ny ny) €72
(|G (T no(n1,m2,p5)) — G(Jkpa(n1 — (=1 61, m2 — (—=1)764r 2, p5))]) < o0,
where k € N* and {i,5} € {1,2}.
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Proof. Let h € {1,2} and b’ € {1,2}\{h}. For all l1,ls € {0,1}, we have:
A7(nq,n2)(n1ly — nals) (‘G(Jk,h,o(m,m,pi)) — G(Jgni(ny — (=1)76p 1, m9 — (—1)j5h',2,]?j))‘)
< AV (ny,n){nily — nala) ( |G (Jk,n,0(n1,n2,p:i)) — G(Jk,n,1(n1, 02, ;)]
+ G (Jkna(n1,m2,p5)) = G(Jkno(n1, 12, i)
+ |Gk, 0(n1,n2,p:)) — G(Jk,pr1(n1,n2,p5))|, by Remark 3.25
+ |G(Jno(na + (=1)704 1,2 — (—1)?6nr 2, 05)) — G(Jkp0(n1 + (—=1)"6nr 1, n2 — (—1)"6pr 2, pi))|
+ |G (Jkno(n1 + (=1)" 6 1,m2 = (=1)704,2,p:)) — G(Jen1(n1 + (=1)70k1,m0 — (_1)j6h’,2;pj))|)-

Thanks to the hypothesis (Hs ) and Lemma 3.26, we deduce the result. O
We turn to the regularity of V' with respect to Ag.

Proposition 3.28. Let V : V5 R? be a function. We assume that V' satisfying (Hz) and (Hsz 1) holds
true, then V(Q) € CY(Ay) and [V(Q), Axlo € C¥Y(Ag). In particular, we obtain V(Q) € CH1(Ap).

Proof. We show this proposition in two steps. First, we prove that V(Q) € C*(Ag). We establish there
is ¢ > 0 such that
IV(Q),iAu])* < el fI?, Vf € S.

Second, we take v € [0,1) such that o/ < . We prove that [V (Q),iAx], € C®1(Ay). We show there
exists ¢y > 0 such that

IAY(Q) [V(Q)idn]|® < eI fIIP, Vf € S.
We have

i 0 0 iA 0 iA i 0
Vi@.idn = | A T U N
0 VQ lAl,H 0 1A27H 0 0 V2

_ 0 i(ViAg g — A2, 5Va)
i(VaAig — Ar,aVh) 0

We are going to treat the term in Vo A; g — A1 g V1. We work on S. We infer:
(VaA1,m — A1,5V1) f1(n1,n2)

<V2 Ro,0(U1,Us) + Z (Q1lh — Q2l2) Ry, 1, (U1, Us)

l1,12€{0,1}

— | Ro,o(U1,Us) + Z (Q1lh — Q2l2) Ry, 1,(Ur, Us) V1>f1(n1,n2)

l1,l12€{0,1}
- Z O‘?,}Q (Va(ni,n2) — Vi(ni +i,n2 +3)) fi(n1 +4,n2 + j)
i,j€{-3,~-2,-1,0,1,2,3}
+ Z (Q1l1 — Qal2)
11,12€{0,1}2,(11,12)#(0,0)
X Z aiylz (Va(ny,ng) — Vi(ny +i,n2 + 5)) fr(n1 +i,mn2 + j)
i,j€{-3,-2,—1,0,1,2,3}
- Z al? (Va(n1,n2) — Vi(na,na)) fi(na +i,na + j)
i,j€{-3,-2,—-1,0,1,2,3}
+ Z 04?,}0 (Vi(n1,n2) — Vi(ny +i,n9 4 ) fi(n1 +i,no + §)
i,j€{-3,-2,—1,0,1,2,3}
T Z (Q1l1 — Qalo)
11,12€{0,1}2,(11,12)#(0,0)
X Z aé,ljb (Va(n1,n2) — Vi(ni,n2)) fi(ny +1i,n2 + j)
i,j€{-3,~-2,-1,0,1,2,3}
+ Z (Q1l1 — Qal2)

l1,12€{0,1}2,(11,12)#(0,0)
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x > @ (Vi(ny,na) = Vina +i,ma + 5)) fr(na +i,n2 + )
i,j€{-3,-2,-1,0,1,2,3}

= Z 0‘?,}0 (Va(ni,n2) — Vi(ni,n2)) fi(ny +i,m2 + )
i,j€{-3,-2,—1,0,1,2,3}

[71-1
+ Z oz?ﬁ’j0< Z (‘/Q(Tll, ng + sgn(j)h) — Vi(ni,na + sgn(j)(h + 1)))

i,je{—3,—2,—1,0,1,2,3} h=0
li|—1
+ Z Va(ny + sgn(i)h,na + j) — Vi(n1 + sgn(i)(h + 1), ng +j)> filny +i,n9 +5)
h=0
+ > (@1l — Qala)
11,12€{0,1}2,(11,12)#(0,0)
x Z O‘i,lyzlz (Va(n1,n2) — Vi(ni,n2)) fi(ni +14,n2 + j)

i,j€{-3,-2,-1,0,1,2,3}

+ Z Z aé,l]?b (Q1l1 — Q2l2)

11,12€{0,1}?,(I1,12)#(0,0) i,j€{—3,-2,-1,0,1,2,3}

i —1

X ( Z Va(ny + sgn(i)h,n2) — Vi(ny + sgn(i)(h + 1), n2)
h=0

] -1

+ Z Va(ni +i,n2 + sgn(j)h) — Vi(ni +i,n2 + sgn(j)(h + 1))) filna +id,n2 + ).

h=0

We assume that (Hz), (Hs1) and (Hy4,1) are true. Let f; € S, we obtain:

@ v i

<|A7(Q1.Q2) > al? (VQ(QhQQ) - V1(Q1,Q2)) fi
.

711

+HIAT(Q1,Q2) Y ) Y (V2(Q1, Q2+ sgn(j)h) = Vi(Qr, Q2 + sgn(j)(h + 1)))f1
g h=0

(32) + Z Zaéfjlz (Q1lh — Q2l2) <V2(Q1, Q2) — V1(Q1, Q2)> f
11,12€{0,1}2,(11,12)#(0,0) 0.
+ Z Zai?jZQ (Q1l1 — Q2l2)

11,12€{0,1}2,(11,12)#(0,0) 0.

li|—1
X ( Z Va(Q1 + sgn(i)h, Q2) — Vi(Q1 + sgn(i)(h + 1),Q2)> bil
h=0

ey |l fall;

where sgn(i) := 1, if i > 0, and := —1, otherwise. The other terms are treated similarly. Then, by
[ , Lemma 6.2.9], we obtain V(Q) € C'(Ag). Now, to prove that [V (Q), Ax]o € CO¥*(Ag) it is
enough to use (32), there is ¢ such that HAV/(Q) V(Q),iAx], fH < c¢y|fll, Vf € S. Finally, thanks to

Corollary 3.20, we apply | , Proposition 7.5.7] and the result follows. O

3.2.3. Perturbed metric. We now move to the most technical section. We start with technical lemmata.

Lemma 3.29. Let G : (Z2 x {p1,p2})* — C satisfying the hypothesis (Hz 1) and Lemma 5.26, then for
k € N*, we have

(Her) max max  sup  AV(ng,na){nil — nala) |G(Jgno(n1,n2,pi)) — G(Jin,1(n1,n2, p;))| < oo.
he{1,2} i€{1,2} (n,,ny)ez?

Proof. Let {i,j} € {1,2}, h € {1,2}. For all I1,1s € {0,1}, we have:
A7(n1,n2)(nily — nala) |G(Jkn0(n1, n2, pi)) — G(Jkn (01, n2, pi))|
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< AV (ny,n2) (il — n212>( |G (Jk,n,0(n1,n2,pi)) — G(Jk,n0(n1,12,p5))]

+ |G (Jk,n0(n1,n2,5)) — G(Jk,n,1 (01, n2, i) )
Thanks to (Hs 1) and Lemma 3.26, we obtain the result.

Lemma 3.30. Let k € N*. Let G : (Z* x {p1,p2})¥ — C satisfying the hypothesis (Hs ) and

H G(J, ; 01b
(Hr7.i) hgﬁuf;}jg%} (Jr,hp(n1,n2,p5)) — 0 if b — o0,

for all (n1,n2) € Z%. Then we have:

(Hsx) max  sup  A7(ny,n2) |G(Jkno(n1,n2,pi))| < oc.
ie{1,2} (n1,n2)€Z?

Proof. We fix i € {1,2}. We suppose that (H7 ) hold true, then for all j € {1, 2}, we have:

A7 (n1,n2) |G(Jk,n,0(n1,n2, pi))|
= lim A7(n1,n2) |G(Jk,n0(n1,n2,pi)) — G(Jk,np(n1,n2,05))|

b——+o0

First of all, by using (Hs ) and (Hg k), for i, € {1,2} and o € {0,1}, we have

M hoiy = max  sup A7V(ng,ng)(nily — n2l2>‘G(Jk,h,0(n1;n?;pi))
(I1,12) (ny,n0)€72

- G(Jk,h,a(m,nz,l?j))‘ < 0.
To get (Hs ), it suffices to find an upper bound for the function

(n1,n2) = A% (n1,n2) |G (Jk,n,0(n1, 2, p:))|
on the set Z2 \ {(0,0)}.

First case: [n1| > 1 and |n1| > |nz|. Let j € {1,2} such that (—1)7*1n; = |ny|. For b € N, we have

fo(na,na, pi) == A7 (n1,m2) |G(Jk1,p+1(n1, 2, p5)) — G(Jk,1,0(n1, 12, )|
< A7(nq, n?)(|G(Jk,1,b+1(n1; n2,pj)) — G(Jr,1,0(n1,n2,p;))|

+ |G (Jk,1,0(n1,n2,p5)) — G(Jk,1,0(”17n27pi))|)

b
< A7 (na, nz)(z |G (Jk1,041(n1,m2,5)) — G(J1,(n1, n2,p5))]
=0
+ |G (Jk1,0(n1,m2,p;5)) — G(Jk,l,O(n17n27pi))|)
b

= N, m2) (D0 |G+ (~ 1)t 4 1), m2, 1) = Gl + (<1)7 14, m, )|
t=0

+1G(Jk,1,0(n1,n2,p5)) — G(Jk,l,O(n17n27pi))|)

b
< AV(nq, 712)(2 ‘G(Jk,l,l(nl + (=17, na,ps)) — G(Jk1,0(na + (—1)j+1t7n27pj))‘
=0

+ Mk7h,07i,jA_7(n1,n2)<n1>_1), by (Hyr), see Lemma 3.26.

Changing the index in the last sum and using |na| < |n1|, by (Hex), we get:

ny+(b4+1)(—1)7+1
fo(n1,n2,pi) < Mpo,i,i(na) ™"+ M paj A7 (01, n2) > ATV ma)(0)

Z:n1
ny+(b+1)(=1)7 1
<M [ 1427(n)7 Z <£>—1—v + <n1)—1

f=ny4(—1)it1

=M <3 +27(m)? /OO <s>“ds> <M (3 +27(n1)? /Ool sl'Yds>
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§M<3+£- <”1>7) swz(zw@),

vl

with M := max(My 0,5, Mk 1) Since G tends to 0 at infinity, we may take the limit b — oo
: 2v2)"
A7 (n1,12)| G (k0 (n1,m, pi))| = B fy(ny, 2, pi) < M <3 + (T)> :

Second case: |na| > 1 and |ng| > |n1|. Take j € {1,2} such that (—1)7T1ny = |na|.
O
Since explicitly writing out the expression for the commutator is extremely laborious (requiring thou-
sands of elementary operations), we adopt a more systematic approach to simplify the process. In
particular, we introduce an important lemma that serves as a computational algorithm in the following
proof. The proof itself is provided in the appendix.

Lemma 3.31. We set:
I, = {(i j) € Z2, such that o}}}* # 0}
zl = {(0,4) € I 4,, such that (i+1,5) ¢ I} ;,},
l11l2 = {(i,j) € I}, ;,, such that (i,j+1) & I} .},
I} 4, = {(i,§) € I ,,, such that (—i,—j) ¢ I ;,}
l1 Iy * { i) EIll 1o, such that (_i_l’—j)¢fﬁ,12},
Ill I { i,7) EIll 1,» such that (_i’_j_1)¢1l01,l2}a
Ip = {’L] €17 ,,, such that (i—1,j+1)¢ 1) ..},
1171,12 = { i,j) € 111712, such that (—i —1,—j) ¢ Il()lJz and (—i,—j — 1) ¢ Ilolyb}’

I8 1y = {(0,5) € I 1y, such that (i = 2,—j) ¢ If, 4, and (i = 1,—j = 1) ¢ I}, },

R, = {(i,j) eIf,,, such that (—i—1,—j—1) ¢ 10, (=i,—j—2) ¢ I0 .,

(hj+1) ¢ I, and (41,5 +1) 15, }.

We denote
min(ly,l2 .o . . .
Ilg:lZ (CRENS {(Z,j) 61101712, such that (—z—mm(ll,lg),f])gé[?hlz},
where I, ") = 13 i 11,1y € {(0,1),(1,0), (0,0)} and IR = 1k il € {(1,1))
1. Let (i,5) € Il4 l;mn(ll l2) , then at least one of the following conditions is satisfied :
(33) i. (—i—24min(ly,lo), —j) € I} 4,, i (=i —1+min(ly,lp),—j —1) € I} ,,,
iii. (=i —min(ly, ) +1,5) € I, 00,

2. Let (i,j) € Il51 1, then at least one of the following conditions is satisfied:

(34) i (—i—1,-j—1) €1, i (—i,—j—2)€l},, i (—i—1,—j+1)eL} .
We denote

1 12
CLTLd (Z — min(ll, 12)7 7] - 1) ¢ 1121712}7

where I} MR = T if (1, 1) € {(0,1), (1,00, (0,0)} and 1] = 18 if (1, 1) € {(1,1)}

Ilijrlr:in(ll’b) = {(z j) € Ingrmm(ll’lz), such that (i — 1 — min(ly,1l2),—7) ¢ 1111712

3. We have I e = (Z) and [7+2nm(l1 d2) C [l117l2 U Il217l2 U Ilgl znm(ll 12)-
4. For all (i,5) € I, ;, we have:
(35) 11712 + aihllz] + ai1j,l21 _ (_1)max(l1,lg) ( lj;lgj + al:;lflyij n Ozlj;lij 1)

5. For all (i,j) € I, ;, we obtain:

l1,l2 l1,l2 l1,l2 _ max(l1,l2) l1,l2 l1,l2 l1,l2
(36) (T B O TSP e TN R (=1 a2y taliTy s ta i ).
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6. For all (i,7) € I} ;, we get:

l1,l2 l1,l2 l1,l2 _ max(l1,l2) l1,l2 l1,l2 l1,l2
(37) a7 o oy = (1) ali? a2y i taliti ).

—i,—

7. For all (i,5) € Il41,lz we get:

l1,l2 l1,l2 l1,l2 _ max(l1,l2) l1,l2 l1,l2 l1,l2
(38) L B TP e T W (=1 a7y taliT, ey ).

We turn to the regularity of metric with respect of Ag.

Proposition 3.32. We assume that (Hy) and (Hy) hold true, n satisfy (Hs1) and € satisfy (Hs2), we
have A € C(Ag). Moreover [A,iAg]s € COY(Ay). In particular, A € CH(Ag).

Proof. We prove this proposition in two steps. In the first step, we will establish that A € CY(Ag). We
show there is ¢, such that:

~ 2
(39) H [AH _ A,iAH} fH < |f|I2 Vf €S

Hence, by density and thanks to Proposition 3.18 and | , Proposition 6.2.9], we obtain that
A € C}(A). In the second step, we aim to show that [A,idx], € C%1(Ay). Using (Ho), (Hi), (Hs k),
(Har), (Hsk), (Hex) and thanks to Lemma 3.30, we derive, for all 4/ < 7 such that 4’ €]0,1[, there
exists an integer c,/, such that:

(40) |47 @1, @2) [Arr ~ Boian] 1| < exllsl?, Vs es.

So, by density, we obtain [Ay — A,idg], € C%'(Ag). Therefore, thanks to Corollary 3.20 and by

Proposition 3.18, we deduce that [A,idy], € CY%1(Ay). In particular, by Proposition 3.18, we get
A eChi(Ap).
Now, we proceed to prove (40), from which (39) follows as a consequence. We recall (31). We have:
~ DsA1 g — As gD 0
[Ap—Aidy) =i 0N TR .
0 D1As g — A1 a Do
We denote Diag(Z*) := {(n,n), n € Z*}. In the sequel, to simplify matters, for ((n1,n2), (n1,n2)) €
Diag(Z*), we write
ElDiag(z4)x {p1,p2} (N1, 12, 01), (N1, M2, p2)) = E(n1, N2, p1,P2)
and we write
m(ni,na,p;) := mi(ni,n2), where i,j € {1,2}.
We next treat the term i (D1 A g — Ay g D2). It gives three types of terms, the ones in: fa(ny + 4,12 +
J)s fo(ni+i+1,n2+j) and fa(ni +i,m2 +j +1). We have:
i(D1Az, i — A1, uD2) fa(n)

=i ((A1,H - &) Asm — ALl (AQ,H - A~2)) fa(n)

3
1

(Lyg+Tim+S1m) Ay — Argr (Lo +To i+ S2.11)) fa(n)

=3 <(L1,H +Tv,m+ S1,u) | Roo(Ur,Uz) + Z Ry 1, (U1, U2)(Q1ln — Q2l2)
11,l2€{0,1}

+ [ Roo(U, o)+ Y (@il — Qalo)Riy 1, (Ur, Us) | (Lost + Tor + Sa.mr) ) fa(n).
11,l12€{0,1}

As the first step, we analyse the terms in Ry o, we have

< (Li,g +Tig + S1.1) Ry o(Ur, U2) + Roo(Ur, U2) (L2, + To,m + S2.1) ) fa(n)

E(n1,na,p1, ' '
_ <1 (m na, p1, P2) ) Z a?jjqu(m +i,n2+7)
(

\/ml(nl, nz)\/m(”lv n2) i,5)€If o
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1 5(”1*%”2*],?2,171) 0,0 . .
+ - : - - = | % fa(n1 —i,m2 — j)
=, \/m1(n1—l,n2—j)\/m2(n1—Z,?’Lg—j)
(717.7)6[0,0

E((n1,n2,p1), (n1 + 1,n2, p2))
1—
* < \/ml(n1 + 1,n2)\/m2(n1,n2)> (

Z a?,fo(nl +i+1,m2 +j)
RIS

+ Z (1 _ E((m —i—1,n2 —j,pa), (M — i, no LPl))) a(_),_on(m —i—1,ns—j)

- > - - ]
(et \/ml(nl—z,ng—j)\/mg(nl—z—l,ng—j)

Z i fa(na +i,na +j + 1)
i.5)€18 o

E((n1,m2,p1), (n1,n2 +1,p2))
1—
+ ( \/ml(nl,nngl)\/mg(nl,ng))(

S (1_5((711 —J—1.p2), (m z‘,m—j,pl))>aa,]_on(m_MQ_j_l)

= Vmi(ni —i,ng — j)y/ma(ng —i,na —j — 1)
(717.7)6[0,0

_ Z ( <1 B &(n1,m2,p1,p2) ) a%]q 4 (1 B E((n1,n2,p1), (N1 + 1,7127172))) 04?7_01,3‘

Gers Vmi(ni, ng)/ma(ni, n2) Vmi(n +1,n9)y/ma(ni, na)

E((n1,n2,p1), (n1,n2+1,p2)) \ 00
+(1- Q1
\/m1 (n1,n2 + 1)\/7712(”1,”2)

+ 11—

E(ny +i,n2 + J,p2,01) 000
1(n1 +i,n9 + j) \/m2n1+l na + J) -

(e S((nlJrz na + j,p2), (M1 +i+1,n2 + j, p1) o0
\/ml ny+i+1,n2+j) \/m2n1+zn2+] 11’]
( )a—L—J 1>f2(n1+i,n2+j)-

+ 11—

)
)
E((n1 +i,n2 4+ 4,p2),(n1 +i,ne+ 35+ 1,p1))
Vmi(ng +i,m2 + j + 1)y/ma(ng +i,na + j)

We turn to the norm, by Lemma 3.30, we infer
2

A”/(nl, na) ( (L1,g +T1,5 + S1,1) Ry o(U1,Uz2) + Roo(Ur, Uz) (La,g + To, 5 + So,1) ) fa(n)

<2

A (n1,ng) Z <m1(n1,n2) (n2(n1,n2) — e(n1,n2,p1,p2))
(LIEL, 1,

1

\/ml(n17n2)\/m2(n1, nz)

+ &(n1,n2,p1,p2) (M (n1,n2) — €(n17n27p17p2))>

1
Vmi(n1,n2)/ma(ni, na) + E(ni, na, p1,p2)

>

n

al? fa(ny +i,m2 + )

A (nin) Y (ml(nl + 1,n2) (n2(n1,n2) — e((n1,n2,p1), (11 + 1,12, p2)))

(Z,])EILQ Iy

+ E((n1,n2,p1), (n1 + 1,n2,p2)) (M (n1 + 1,n2) — e((n1,n2,p1), (N1 + 1,712,172))))
o 1
Vmi(ny +1,n2)/ma(n, ns)
1
X
Vmi(n1 + 1,n2)y/ma(ni, na) + E((n1,n2,p1), (n1 + 1,n2,p2))

a?;ol_’jfg(nl +1i,n2 + j)

+Y A (name) D (ml(n17n2+1)(772(n1,n2)—5((n1,n2,p1),(n1,n2+1,p2)))

n (GHEL, 4,
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+&E((n1,n2,p1), (n1,n2 + 1,p2)) (M1 (n1,n2 + 1) — e((n1, n2,p1), (N1, N2 + 1,172))))
1
Vmi(n1,n2 + 1)y/ma(ni, no)
1
\/m1(n1,n2 + 1)\/m2(n1,n2) + E((n1,n2,p1), (n1,m2 + 1,p2))

ayly fa(ny +i,na + )

+D (A (name) > (ml(nl+i7n2+j)(772(n1+i,n2+j)5(n1+i,n2+j7p1,p2))

n (z,])ellz Iy

+E(n1 +i,m2 + 4, p1,p2) (M (1 +i,m2 +5) —e(n1 +14,n2 Jr]}pl,pz)))

1
X . . . .
\/ml(nl +1i,n9 —|—j)\/m2(n1 +i,n2 + )

(V/malna i, + )/ maln + i,z + )

2

. . =1 . .
+S(TL1+’L,TL2 +]7p15p2)) 0[(17?7_jf2(n1 +’L,7’L2 +])

+Z (n1,my) Z (ml(n1+i+1,n2+j)(n2(n1 +i,n2 + j) —e(ny +i,n2 + j,p1,p2))
(Z,j)efluzylz

+E&((n +i+1,n2+7,p1), (1 +i,n2 + J, p2))

X (ml(nl +’L+ 17”2 +]) _5((”‘1 +’L+ 1,7’L2 +jap1)) (nl +i,7’L2 +]ap2)))>

1
X . . . .
\/m1(n1 +i141,n9 —|—j)\/m2(n1 +i,n9 + 7)

(\/ml(nl +’L+ 1,TL2 +j)\/m2(n1 +7:,7L2 +j)

2

(=1)
+&((n +i+1,n2+4,p1), (n1 + 14,12 +JQP2))) iy _jfa(ny +iyna + j)

+Z A (ny,ma) Z (ml(n1+i,n2+j+1)

(GIEL, 1,
X (m2(ny +i,m2 4+ 7) —e((n1 +4,n2 4+ 7,p1), (N1 +i,m2 + j + 1,p2)))
+ 5((”1 + 7:5 n2 +j7p1)7 (nl + 7:5 na +] + 17p2))

X (m(ny+i,n2+7+1) —e((n+i,n2 + 4,p1), (N1 +i,n2 +j + 17]72))))

1
X . . . .
Vmi(ng +i,m2 + j + 1)y/ma(ni +i,n2 + j)

(\/ml(nl +i,mn0+ 7+ 1)\/7’712(711 + %, Ng +_j)

2
. . . . (=1 . .
+E&((m +i,m2 + j,p1), (N1 +4,n2 + 7 + 1,172))) 0‘01Q—j—1f2(”1 +i,n2 + )

—1,

<l fo]*.
Let S :={(1,0),(0,1),(1,1)}. Now, we treat the terms in Ry, ;,, we have:

((Ll,H + 11,5+ S1,1) Z Ry 1, (U1, U2) (@1l — Qal2)
(I1,l2)€S

+ > (@il = Qalo) Ry, 1, (Ur,U) (Lo, + To,m + S?,H))ﬁ(”)
(ll,lg)ES

= (1 5(711,712,]71,]72 ) Z Z ((711 + i)h - (7’LQ “rj)lg) ll’lZfQ(Tn + ’L N9 “rj)

\/m1 (n1,n2) \/mz (n1,n2) (lil2)eS (LeL,
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g —1 - '7 )
T Z Z (n1ly — nalz) (1 (n1 —i,n2 — j, p2, p1) )

(l1,12)€S (i.)€I?, Vmi(ni —i,ng — j)y/ma(ng —i,na — 5)

x 0L fo(ny — i, na — j)

E((n1,m2,p1), (n1 +1,n2,p2)) , .
+(1- ((n1+i+ 1)l — (n2 +j)l2)
< V(i + 1 ng)y/ma(ny, nz) (h%es(i-,j);l“

lg,l2

X Oéé?jlzfé(m +i+1,n2+47)

+ Z Z (n1ly — nals) <1 E((m —i—1,n3—j,p2), (m —i,n2—j7p1))>

(lh.12)€S (i,j) el Vmi(nig —i,n2 — j)y/ma(ni —i—1,ns — j)

lg,l2

1,1 . ,
X a;'3? fa(ny — 1 —1,m — j)

5((”1an2ap1),(n17n2+1,]?2))) ) ,
+ 11— ((n1+0)lh — (na+ 35+ 1)la)
( Vmi(ni,ne + 1)y/ma(ni, no) (11§65(i,j§

lo,l2
x ot fo(ny +i,na + j + 1)

+ > Y (mh —naly) (1 ~ E((n —i,ne —j —1,pa), (n1 —d,mo j,pl))>

(l1,l2)€S (i,_j)e]l(’%l2 \/ml (nl —1,No — j)\/mQ(nl — 1,19 _j _ 1)

Il . ,
x ;% fa(ny —id,ma — j —1).

Using 1., 2. and 3. in Lemma 3.31, and a change of variable, we derive:

(UJLH + T+ 5,n) Z R}, 1, (U1, U2)(Q1ly — Q2l2)

l1,l12€{0,1}
+ Y (@il — Qalo) Ry, 1, (U, U2) (Lot + ot + Sa ) ) fa(n)
l1,l€{0,1}
= ((M{l,o.,m} + Mp1,00 + Mo,y + M{*l-,*min(ll.,lz),fl,o}) f2) (n1,n2),

where

(M{1,0,1,04f2) (n1,n2)

=) > <((n1 + i)y — (ng + j)lo) < (1 E(ny,na, p1,p2) ) ol

(l1,l2)es (i’j)ellol,LQ \/m1(n1,n2)\/m2(n1,n2)

E((n1,n2,p1), (n1 + 1,m2,p2)) l1,lo E((n1,n2,p1), (n1,n2 + 1,p2)) s
- a7+ (1= ;2
\/m1(n1 + 1,n2)\/m2(n1,n2) \/m1(n1, no + 1)\/m2(n1, n2)

E(ny +i,n2 + j, pa, Lils
sty (1 S tbre i)Y
\/m1(n1 +1i,n2 +j)\/m2(n1 +i,n2 4+ 7) ’

Lyl tinat i) (mtitbinatjip)) | nn
\/ml(n1 +i+1,n9 +j)\/m2(n1 Ting tj —i—1,—j

)

E((ny +i,n0+ 4,p2),(n1 +i,na+j+1, s . .

(1= ((m 2 J P?) (n1 2 J. Pl)‘) Oél,;l,j,l fo(ny +i,m2 + 5),
\/ml(n1+l,n2 +j+1)\/m2(n1+l,n2 +7) 7

(M{1,1,1,04f2) (n1,n2)

= Z Z <((n1 +i+ 1)l — (n2 + j)l2) < <1 E((n1,m2,p1), (n1 + 1,n2,p2))> ol

_ b,
(11.02)€S (.)el} . Vmi(ni + 1,n2)/ma(ni, na)

E((n1,m2,p1), (N1, n2+1,02)) \ 1,0,
+|1- Qiir1,5-1
Vmi(ni,ne + 1)y/ma(ni, no)

25
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11 .
+ (s —maly) | [1- f?(nl +i+ 212 +J,p2,p%> _ ) atie,
Vmi(ni +i+1,n2 + j)y/ma(ni +i+ 1,ns + j) ’

oWttt linatgpa) (mtit2netip))) u
Vmi(ni+i—2,n2 +j5)y/ma(ni +i+1Lne+j)) >

E((ni+i+1,no+74,p2),(ny+i+1,no+35+1, s . .
+ 1= m — JpQ.) m = 2 p1).) a2, —j—1 | f2(n1+i+ 1ma + ),
Vmi(n +i+1,ng + 5+ 1)y/ma(ng +i+ 1,n2 + j) ’

(M{l,o,l,l}fQ) (n1,n2)

PIEDD <((n1 £~ (n2 4+ D) ( (1 _ &l ng,py), (o & “’2”) aé};lz>

(hmes (el Vmi(ni,na + 1)y/ma(n1, n2)

& ] i+ 1
+ (mly — nals) 1_ .(nl + l., ng +J+ 7172717%) ' al_lélz_j_l
\/ml(n1+z,n2+]+1)\/m2(n1+z,n2+j+1) ’

" 175((”1+i7”2+j+17p2)a("1+i+1,n2+j+17p1)) ol
Vmilm i+ Lng+j+ D)y/ma(n +ina+j+1)) h!

E((ny+1,ne+ 75+ 1,p2),(n1 +12,n2+ 7+ 2, ) .
+11- (( 1 2 J : p2) ( 1 2' J .pl)) al_l;lij_Q fg(n1+z,n2+j+1),
Vmi(ng +i,na + j +2)y/ma(ny +i,m2 + j +1) ’

(M{_1,— min(y,12),—1,01 f2) (n1,72)

= Z Z (nlll —nglg)

.. T4+min(lq,l
(llﬂlz)es(z’j)elll,lz (l1,12)

( <1 ~ E((m —d,n2 — j —min(ly, l2), p2), (N1 — i, no —jap1))> i1l

Vmi(ny —i,ne — j)y/ma(ni —i,no — j — min(ly, ls)) ~animmin(uta)

ll l2
z (71)min(l1,12)_j
l1,l2

) az+min(l1,l2)7jl>>

We estimate on the norms. Firstly, we treat the terms on fy(ni + i,n2 + j), the sum is over Ilo1
obtain:

e E((ny —i—min(ly,12),n9 — j, p2), (N1 — i + (—=1)™n00R) ny — 5 pp))
\/ml(nl — i+ (=1)mintil2) 'ny — §)y/mo(ng —i — min(ly, l2), n2 — 5)

. E((n1 — i —min(ly,l2),n2 — j,p2), (n1 — i —min(l1,lz),n2 — j +1,p1))
\/ml(nl —i—min(ly,lz),ne —j + 1)\/m2(n1 — 4 —min(ly,la),ne — 7)

X fa(ny — i —min(ly,l2), ne — j).

o we

’ 2
HA7 (n1,n2) (M{1,0,1,04f2) (m,nz)H

<2

(41) x (e(n1 +14,n2 4 j,p2, p1) — e((n1 +14,n2 4 j, p2), (N1 +4i + 1,02 + 5,p1)))
1

x . . . . . . . .
Vmi(ny +1i,n2 + §)/ma(ni +i,n2 + j)v/mi(n +i+ 1,no + j)y/ma(ng +14,n2 + j)

A'Y,(nl,ng) Z Z (nlll — 7’?,212) <\/m1(n1 —+ i, no +j)\/m2(n1 4+ i,?’LQ 4+ j)

(l1,12)€S (i,j)el?. .

(42) +E&(ny +14,n2 +j7p27p1)(m1(n1 +i+1,n2+47) (n2(n1 +i,n2 + j) — m(n1 +i,n2 + j))

(43)  +ma(n +i,n2+ ) (m(n +i+1,ne + j) — na(n +i,n2 +j)))
« 1
Vmi(ny +1i,n2 + §)y/ma(ni + i,n2 + j)v/mi(na +i+ 1,no + j)y/ma(ng +i,n2 + j)

1
X
mi(ny +i,n2 + j)ma(ny +i,n2 + j5) + mi(ny + i + 1,ne + j)ma(ny + i,n9 +j)>
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2

X ali;lfl_,,jﬁ(nl +i,m2 + )

+ AW'(m,ng) (n1lh — nals) (\/ml(nl +i,m9 + 3)v/ma(ny +i,n9 + 5)

X (E(nl + ’L',Tlg +j7p27p1) - 5((n1 + i7n2 +jap2)7 (nl + ’L',Tlg +.7 + Lpl)))
1

x . . . . . . . .
Vmi(ny +1i,n2 + §)/ma(ni + i,n2 + j)y/mi(na +4,m2 + j + 1)y/ma(ny +14,n2 + j)
+E&(ny +14,n2 +j7p27p1)(m1(n1 +i,m2 47+ 1) (m2(ny +i,m2 + ) —m(ny +i,n2 + j))

+mi(ny +i,n2+3) (mny +i,me+ 5+ 1) —na(ng + 4,19 +j)))
1
X
Vma(ny +i,ng + j)y/ma(ng +i,n2 + j)y/mi(ny + i,na + j + 1)y/ma(ny + i, ng + j)

1
X
my(ny +i,n2 + j)ma(ny +4,n2 + j) +mi(ny +i,n2 + j + L)ma(ny +14,n2 +J’)>
2

x alt:2 jo1f2(na +i,n2 + )

—i,—

+ Z A"’/(nl,ng) Z Z (’Lll —jlg) ((5(711 + %, n9 +j,p2,p1)

(l1,l2)eS (i,j)e]lo1 1o

x (mi(n1 +1i,n2 + j) — e(n1 +14,n2 + j, p2,p1))

+wumq+an2+jﬂmuu+wnm+¢>—sml+an2+mp%m»>

1
>< . . . .
\/m1(n1 +1,n2 +])\/m2(n1 +1i,n2+j)

1
X
Vmi(ni +i,m2 + j)v/ma(ni +i,ns + §) + E((n1 + i,na + 4, p2), (N1 + i, na +j,p1))>
2

ly,l 1,1 11,1 . .
(Oé,hl‘7 2 + azlffﬁj + a;‘]jl) f2(n1 + 1,2 +j)

te

x (e(n1 +1i,m2 + j,p1,p2) — £(n1, N2, p1,p2))
1

X
\/ml(nl + 4, n2 —|—j)\/m2(n1 + 4, M2 +j)\/m1(n1,n2)\/m2(n1,n2)
+ 5(711 + %, Ng +j,p1,p2)(m1(n1,n2) (772(7117712) — 771(711 + 4,9 +]))

A"’/(nl,ng) Z Z (’Lll —jlg) <\/m1(n1 + 7,9 +j)\/m2(n1 + %, Mno +j)

(lil2)eS (e,

+mi(n1 +d,n2 + j) (n(n1,n2) — n2(n1 +14,n2 +j)))
y 1
Vmi(ni 4 i,ng + j)v/ma(n1 + i, n2 + §)\/ma(n1,n2)y/ma(ni, na)

1
X - - - -
my(n1,n2)ma(ni, n2) +mi(ny +14,n2 + j)ma(n1 +4,n2 +J)>
2

X 42 fo(ny + i, na + §)
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LY

n

nl,ng Z Z (lef‘]lg) <\/m1(n1 +i,n2 +j)\/m2(n1+i,n2 +])

(h,l2)eS (e,

X (5(77‘1 + i7n2 +japlap2) - 5((711,712,])1), (nl + 1,”27]72)))
1
Vmi(ni +i,m2 + j)v/ma(ni +i,n2 + j)y/mi(n1 + 1,n2)y/ma(ni, na)

+E&(ny +14,n2 +j7p17p2)(m1(n1 +1,n2) (m2(n1,n2) — m(n1 +14,n2 + j))

+my(n1 +i,n2+7) (M(n1 + 1,n2) —n2(ny + 4,9 +j)))
1
Vmi(ni +i,m2 + j)v/ma(ni +i,n2 + j)y/mi(n1 + 1,n2)y/ma(ni, na)

1
ma(ny + 1, n2)ma(n1, ne) + ma(ny +i,n2 + j)ma(ni + 4, no +j)>

2
l1,l2

x ;U7 fa(na +d,m2 + j)

A’Y’(nl,nz Z Z (ill—jlg) <\/m1(n1 + i, n9 +j)\/m2(n1+i,n2 +])

(l1,l2)€S (i,5)eI?

+2
" 1,0lg

X (E(nl + i7n2 +.]ap15p2) o ((n15n25p1)5 (n15n2 + 15p2)))
1

Vmi(ni +i,m2 + j)v/ma(ni +i,n2 + j)y/mi(n1,n2 + 1)y/ma(ni, na)
+E&(ny +14,n9 +j7p17p2)(m1(n1,n2 +1) (n2(n1,n2) — mi(ny +i,n2 + j5))

+mi(n1 +d,n2 + j) (1 (n1,n2 + 1) = n2(n1 + i, n2 +j)))
1
Vmi(ni +i,n2 + j)\/ma(n1 + i,n2 + §)v/mi(n1,n2 + 1)y/ma(n1, n2)

1
X - - - -
my(ny,ne + 1)ma(ny, n2) + my(ny +14,n2 + j)ma(ny +i,n2 + j)

2
X iljl21f2(n1 +i,n2 + j)

A’y/ (nl, 712) Z Z ((Tl1 + 2)11 — (NQ +])l2)

(lil2)esS (LHe |,

(50) E(n1 +id,m2 + j,p1,p2) _ E(n1,na2,p1,p2) Il
\/m1(n1+i,n2 +j)\/m2(n1 +i,n2 4+ 7) \/ml(n17n2)\/m2(n1;n2) !
+ g(nl + ’L',TLQ +jap1;p2) _ g((n1)n2)p1) (nl + 1 n25p2)) all,lz.
Vmi(ni +i,ne + j)/ma(ni +i,n0 +7)  /mi(ng + 1,n2)/ma(ni,n2) | b
N E(ny +i,m2 + J, p1,p2) _ &((n1,n2,p1), (n1,n2 + 1,p2)) it
Vmi(ni +i,me 4+ j)y/ma(ni +i,na +3)  /mi(ni,ne + 1)y/ma(ni,na) i1
2

X fa(ni +14,n2 + j)

<cy | fll?

We treat (50) as follows:

li]—1
Z A (n17n2) Z n1l1 — TLQZQ
n (11,l2)€S (4,5)€I® ,  h=0

l1,l2
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<\/m1 n1 + sgn(i)(h 4 1), na)/ma(n1 + sgn(i)(h + 1), n2)

61 x (2l + sgn(i)(h+ 1).mapr.pa) - =l -+ sgn(ih,na.pr. )
1
\/ml (n1 + sgn(i)(h + 1),n2)\/ma(n1 + sgn(i)(h + 1), n2)
1

i+ s, ma) /el + sgn(h 1z)
(52) -+ &+ sgn(i)(h+ 1),nz,p1,p2) (ma (n1 + sgn(i)h,ne) (ma(n1 + sgn(i)het, na)
x =i (na + sgn(i)(h+1),n2))
(53) -+ + sgn(i)(h+1),n3) (m (1 + sgn(i)h + 1,m2) = (s + sgn(i)(h +1),m)) )

1

\/ml (n1 + sgn(i)(h + 1), n2)\/ma(n1 + sgn(i)(h + 1),n2)
1

. Vmi(ni + sgn(i)h, na)y/ma(ni + sgn(i)h, na)
X (ml(nl + sgn(i)h,na)ma(ny + sgn(i)h,na)

+ma(n1 + sgn(i)(h + 1), na)ma(n1 + sgn(i)(h + 1), n ))(1)>

2
11,1 . .
;' fa(ny +i,m2 + 5)

and we estimate (49) like in the proof of Proposition 3.28. Here, we have used (Hs o) for (41) and (44),
(Hs,1) for (43) and (46), (H4,1) for (42) and (45), (Hs1) and (Hg o) for (47), (Hs2) for (48), (Hs2) for
(51) and (Hs1) for (52) and (53). The other terms have the same treatment.

Then, there exists a constant ¢, > 0 such that

, 2
‘ A (n1,n2) (Mg1,0.1.0p + M{1,1.1,00 + M{1,01,13 + M{—1,— min(1.,12),—1,0}) fz(m,nz)H <y fol?
To conclude, we obtain (39) and (40). O

3.3. Proof of the main result. The main result of this section is Theorem 1.1. We begin by establishing
the Mourre estimate in the case of perturbation. Since the ambient space is now ¢2(V, m;C), we extend
the operators acting on ¢2(),m; C) into this space. First, let us begin with a remark.

Remark 3.33. Let Ay e = T1 mAgT L, V2 € C\ R, T1 (A — 2)7 ' T L = (Ame — 2)7 "
By functional calculus, this z'mplies Tl_,meitAHTf_l)m = etAme . Moreover if S bounded in ¢2(V,1;C),
then S € C*(Ag) < T1mST L € C*(Ap.g), where a € {1;2,0,1;1,1} and for o = 1, we also have

1—-m

[TlﬁmSTlﬁm) iAn, S]o = T1—>m[S 1AH] 1im
Next, since V(Q) is an operator of multiplication, so V(Q) := T1 ., V(Q)T, %, .

Tiosm(A + VQ)T = Tiosm AT, + TV (Q)T L = Ae +V(Q) = Hunge.

Theorem 3.34. Let V : V — R2. We assume that (Hy), (H), (Hs), (Hs) and (Hy) hold true. Then
A+ V(Q) € CYY(An). Furthermore, for all compact interval T C [—1,1]\k(Hym.c), there are ¢ > 0 and
a compact operator K such that:

Er(A+V(Q) [A+V(Q).idn| Br(A+V(Q)
(54) > cEr(A+V(Q)) + K.

Equivalently, we obtain:

Consequently, we have

(55) Er(Hp.e) [Hme,iAmel, Er(Hm,g) > cEr(Hpme) + K g,

e~

where K, ¢ 1= Tl_,mKT_

1—-m-
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Proof. By Proposition 3.32, Proposition 3.28 and Proposition 3.18, we have A + V(Q) € C1'(Ay). By
hypothesis V(Q) is compact and by Proposition 3.23, we have (A H— ﬁ) is a compact operator. Then,

by using Proposition 3.17 and by | , Theorem 7.2.9], we obtain (54). Using the transformation
unitary T1_m,, Remark 3.33 proves (55). ([l
Proof of Theorem 1.1: Proposition 3.24 provides point 1. and Theorem 3.34 gives the points 2. To
prove point 4., it suffices to consider s > l. Applying | , Proposition 7.5.6], we obtain:

lim sup |(Ame)™°(Hme—A— ip)_l(Am,g)_sH is finite.

=0t xe[a,b]

Furthermore, in the norm topology of bounded operators, the boundary values of the resolvent:

[a,b] 5 A — lim (Apm.g) *(Hpm.e — X —ip) (A g)~* exists and is continuous,
p—0

where [a, ] is included in R\ (k Uop(Hp,¢)). In particular, this proves Point 3. By Remark 3.12, there
exists ¢ > 0 such that:
[(Hm,e)* FII < ¢ A*(@) ],
for all f € D(A®(Q)). We conclude that:
lim sup [[A™%(Q)(Hpme — A —ip) 'A™*(Q)]| is finite.
=01 xe[a,b]

The point 5. follows directly as a consequence of 4. (I

4. APPENDIX

The appendix presents the proof of Lemma 3.31, using structured tables. First we recall (17), (21),
(22) and (23). The highlighted cells correspond to the pairs (i, ) such that (lelj’l2 = 0.
1. The following tables provide points 1., 2. and 3.. The cells highlighted in same color other than pink,
contain the pairs (h, k) such that aﬁjﬁ’,ﬁz = 0 and satisfying one of the following properties:

(56) If (~h,—k—1) €I ,;,, then (h—1,k) € I} ;, or (h,k+1) € I}

4— mm(ll,lg)

or (—h - min(ll, lg), —k/’) S Ill Iy

(57)  If (~h — 14 min(ly, lo), —k) € L7202 then (h—1,k) € I} 4, or (hk—1) € T2,

I1,l2

or (—h —min(ly,1l3), —k) € irmintalz)

I1,la
To sum up, (56) establishes Point 1., (57) proves Point 2. and Point 3. follows directly from (56) and
(57).
Note that the colors of one table are independent of the colors an other table.

TABLE 1. Rp1
In this case, we have min(l,l3) = min(0, 1) = 0, then I7t™in(.l2) — 7 For example, here if we consider
the lime cells, we have (h, k) = (—1,0) therefore (—h — 1+ min(0,1),—k) = (0,0) € I§,, (h — 1,k) =
(=2,0) € I5y, (h,k —1) = (=1,-1) € I§; and (—h —min(0,1), —k) = (1,0) € I3 ,. For the yellow cells
(h,k) = (2,—1), we have (—=h,—k — 1) = (=2,0) € I§, and (—h —min(0,1), —k) = (=2,1) € I§,. For
the blue cells (h, k) = (2 — 3), we have (—=h,—k — 1) = (=2,2) € I§, and (h —1,k) € I} ,.
From this table we can easily see that:

111:{(_2 0) (1 a( ’Qa( 5(1’ )’(Oa ( )}a
), )

Is, =A{(0, 2) (1,1),(=2,2), (1, -2),(=1,2), (=1, =)},
I5, ={(0,-3),(=2.0),(1,-3), (=2, -1),(=2,1), (-1, - )(—1,1)7(270)},
Ig1 = {(0,0),(0,-3),(1,-3), (=2, 1)},
Igy ={(=2,0),(-2,-1),(-2,1),(-2,2)},
Ig, = {(0, 2)( ,2), (=1,2)},
Iy ={(=2,1)},
1071—1011—@
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(1,j) (i+1,j) | (L,i+1) | (inj) | (-1,-j) | (-i,-j-1)
(0,0) (1,0) (0,1) (0,0) (-1,0) (0,-1)

(0,-3) (1,-3) (0,-2) (0,3) (0,2)

(-2,0) (-1,0) (-2,1) (1,0) (2-1)

(1,-3) (1,-2) (-1,2)

2-1) | (1-1) | (-2,0) 2,1) (1,1)

(0,2) (1,2) (0,3) (0,-2) (-1,-2) (0,-3)

(1,1) (2,1) (1,2) (1) | (201 | (12
(-2,1) (-1,1) (-2,2) (2,-1)

(-2.2) (-1.2) (1,-2)

1:2) | (02 | (1-1) (1,2) (0,2) (1,1)

(1,-2) (-1,2) (-2,2) (-1,1)

(-1.2) (0,2) (1,-2) (0,-2) (1,-3)

(0,-2) (1,-2) (0,-1) 0,2) (-1.2) (0,1)

(1-1) | (0-1) (-1,0) (1,1) (0,1) (1,0)

(-1,1) (0,1) (12) [ -1 (1-2)

(0,1) (1,1) 0,2) 0-1) | (1.1 | (0.2

(0,-1) (0,0) (0,1) (-1,1) (0,0)

(1,0) (1,1) (-1,0) (2,00 | (1-1)

TABLE 2. R
Here, we have min(ly,l5) = min(1,0) = 0, hence I7+t™in(:12) — J7_ From this table we can easy see that:

I ={(2,0),(1,1),(2,-2),(-2,1), (2, - 1), (=1, - 1)},
7o ={(0,-2),(=3,1),(2,0),(1,1),(=2,1),(0,1), (~1,0)},
o ={(-3,0),(0,-2),(=3,1),(~1,-2),(1,-2),(2,-2), (~2,1), (0, 1), (1, 1)},
I ={(0,-2),(~1,-2),(1,-2),(2,-2)},

o =1{(0,0),(~3,0),(=3,1),(1,-2)},

o ={(0,1),(=3,1),(1,1),(-2,1)},
117,0 = {(L _2)} )
Ifo = {(0,-2)}

Iy=0.
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(i-)) (i+1,)) | (41 | Cind) | (i-15)) | (i--1)
(0,0) (1,0) (0,1) (0,0) (-1,0)

(-3,0) (-2,0) (-3,1) (3,0) (2,0)

(0,-2) (1,-2) (0,2) (0,1)
(-3,1) (-2,1) (2,-1)

(-1-2) (0:-2) (-1-1) (1,2) (0,2) (11)
(2,0) (3,0) (2,1) 2,0) (-3,0) (-2,-1)
(1,1) (2,1) (1,2) (-1,-1 (-2,-1) (-1,-2)
(1-2) (2,-2) (1,-1) (-2,2)

(2,-2) (2,-1) (-2,2) (-2,1)
(-2-1) | (1-1) (-2,0) (2,1) (1,1) (2,0)
(-2,1) (-2,2) (2,-1) (1-1) (2,-2)
(0,1) (1,1) (0,2) (-1,-1) (0,-2)
(2,-1) (2,0) 2,1) (-3,1) (-2,0)
(-2,0) (-1,0) (-2,1) 2,0) (1,0) (2,-1)
(-1,-1) (-1,0) 1,1) (0,1) (1,0)
(1-1) (2,-1) (1,0) (-2,1) (-1,0)
(1,0) (2,0) (1,1) (-1,0 (-2,0) (-1,-1)
(-1,0) (0,0 1,0 (0,0) (1-1)

TABLE 3. R
Here, we have min(ly,l5) = min(0, 0) = 0, hence I7+t™in(1:12) — J7_ From this table we can easy see that:

I ={(2,0),(1,1),(2,-2),(2,-1),(0,2), (2, -3)},

I§o =1{(2,0),(1,1),(0,2),(~1,2),(~2,2),(-3,2)},
Io={(=3,0),(=3,1),(~1,-2),(~2,-1),(0, =3), (1, =3), (2, -3), (-3,2)},
Ioo ={(0,-3),(1,-3),(2,-3)},

Igo = 1{(=3,0),(=3,1),(=3,2)},

Igo ={(0,2),(-1,2),(~2,2),(3,-2)},

Ig,o = Ig,o = Ig,o = 0.
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TABLE 4. Ri1
min(1,1) = 1, so I7+min(1l2) — J7. From this table we can easy see
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In this table, we have min(ly,3)

that:



(27_2)

('170)

('171)

(0,0)
l1,l2

l1,l2

—i,—j—1

+ a;

i,5—1

(1,'1)
(_2,1)
(_2?2)
(_1,1)
l1,l2
i—1,7
l1,l2
—i—1,—

+ «

_ e
®ij

l1,l2

—i—j T

(_1,1)
(_1?2)

(2,'1)
(0,1)

l1,l2 |
S0
2,0 =

l1,l2 .
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('272)

(1,0)

(17_1)
S,

(0,0)
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2. The following four tables provide point 1. of the lemma. For all (I1,12) € {(0,0),(0,1),(1,0),(1,1)},

we define

and
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TABLE 5. Property of Ry in I§, - computing S?:g and 5’8:8

35

The highlighted cells are not included in 1870, as they contain the pairs (h, k) such that ag’(z = 0. Thanks

to Table 3, we have:

(i.j) (i-1,j) | (1) | (i) | (i-109) | (inj-1) | ST | S22
(0, 0) (-1, 0) (0,-1) (0, 0) (-1, 0) (0,-1) 12 12
(-3, 0) (-4, 0) (-3, -1) (3, 0) (2, 0) (3,-1) 5 5
(0,-2) (-1, -2) (0,-3) (0, 2) (-1, 2) (0, 1) 33 33
(-3, 1) (-4, 1) (-3, 0) (3,-1) (2,-1) (3,-2) 12 12
(-1,-2) | (2,-2) | (-1,-3) (1, 2) (0, 2) (1, 1) 9 9
(2, 0) (1, 0) (2,-1) (-2, 0) (-3, 0) (-2, -1) 33 33
(1, 1) (0, 1) (1, 0) (-1,-1) (-2,-1) (-1,-2) 36 36
(1,-2) (0,-2) (1,-3) (-1, 2) (-2, 2) (-1, 1) 51 51
(2,-2) (1,-2) (2,-3) (-2, 2) (-3, 2) (-2, 1) 48 48
(-2, -1) (-3,-1) (-2, -2) (2, 1) (1, 1) (2, 0) 9 9
(-2, 1) (-3, 1) (-2, 0) (2,-1) (1,-1) (2,-2) 51 51
(0, 1) (-1, 1) (0, 0) (0,-1) (-1,-1) (0,-2) 42 42
(2,-1) (1,-1) (2,-2) (-2, 1) (-3, 1) (-2, 0) 51 51
(-2, 0) (-3, 0) (-2, -1) (2, 0) (1, 0) (2,-1) 33 33
(-1, -1) (-2, -1) (-1,-2) (1, 1) (0, 1) (1, 0) 36 36
(1,-1) (0,-1) (1,-2) (-1, 1) (-2, 1) (-1, 0) 54 54
(1, 0) (0, 0) (1,-1) (-1, 0) (-2, 0) (-1, -1) 42 42
(0, 2) (-1, 2) (0, 1) (0,-2) (-1, -2) (0,-3) 33 33
(0,-3) (-1, -3) (0,-4) (0, 3) (-1, 3) (0, 2) 5 5
(-1, 1) (-2, 1) (-1, 0) (1,-1) (0,-1) (1,-2) 54 54
(-1, 2) (-2, 2) (-1, 1) (1,-2) | (0,-2) | (1,-3) 51 51
(1,-3) (0,-3) (1,-4) (-1, 3) (-2, 3) (-1, 2) 12 12
(-2, 2) (-3, 2) (-2, 1) (2,-2) (1,-2) (2,-3) 48 48
(2,-3) (1,-3) (2,-4) (-2, 3) (-3, 3) (-2, 2) 15 15
(-3, 2) (-4, 2) (-3, 1) (3,-2) | (2,-2) | (3,-3) 15 15
(0,-1) (-1,-1) (0,-2) (0, 1) (-1, 1) (0, 0) 42 42
(-1, 0) (-2, 0) (-1,-1) (1, 0) (0, 0) (1,-1) 42 42
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TABLE 6. Property of Ry in I§; - computing S?,’é and Sg:é
The highlighted cells are not included in Ig)l, because they contain the pairs (h, k) such that oz(,)b"}c = 0.
By Table 1, we obtain:

(i,j) (i-1,j) | (i,j-1) (i) | i1,-5) | (ie-1) | ST | Sz
(0, 0) (-1, 0) (0,-1) (0, 0) (-1, 0) (0,-1) 0 0
(0,-3) | (1,-3) | (0,9 (0, 3) (-1, 3) 0, 2) 1 1
(-2, 0) (-3,0) (-2,-1) (2, 0) (1, 0) (2,-1) 2 -2
(1,-3) (0,-3) (1,-4) (-1, 3) (-2, 3) (-1, 2) 2 -2
2,-1) | (3,-1) | (2,-2 (2, 1) (1, 1) (2, 0) 1 1
(0, 2) (-1, 2) (0, 1) (0,-2) | (1,-2) | (0,-3) -8 8
(1, 1) (0, 1) (1, 0) CL-D) | (2,1 | (1,-2 -8 8
(-2, 1) (-3, 1) (-2, 0) (2,-1) (1,-1) (2,-2) 0 0
(-2, 2) (-3, 2) (-2, 1) (2,-2) (1,-2) (2,-3) -2 2
-1,-2) | (2,-2) | (-1,-3) (1, 2) (0, 2) (1, 1) 2 2
(1,-2) (0,-2) (1,-3) (-1, 2) (-2, 2) (-1, 1) 8 -8
(-1, 2) (-2, 2) (-1, 1) (1,-2) (0,-2) (1,-3) -8 8
(1, 0) (0, 0) (1,-1) (-1, 0) (-2, 0) (-1, -1) -6 6
(0,-2) | (1,-2) | (0,-3) (0, 2) (-1, 2) (0, 1) 8 8
(-1, -1) (-2, -1) (-1,-2) (1, 1) (0, 1) (1, 0) 8 -8
-1, 1) (-2, 1) (-1, 0) (1,-1) | (0,-1) | (1,-2) -6 6
(0, 1) (-1, 1) (0, 0) (0,-1) (-1,-1) (0,-2) -14 14
(0,-1) | (1,-1) | (0,-2 (0, 1) (-1, 1) (0, 0) 14 | -14

TABLE 7. Property of Ry in IRO - computing 5118 and 5’218

The highlighted cells are not included in [?,0: as they contain the pairs (h, k) such that a}l’% = 0. Using
Table 2, we get:

(i,j) (i-1,)) | (i,j-1) (-i-) | (3-1,-3) | (ij-1) | Sy | Sa
(0,0) (—1,0) (0,—1) (0,0) (—1,0) (0,—1) 0 0
(-3,0) (-4,0) (-3,-1) (3,0) (2,0) (3,-1) 1 -1
(,0,-2) (-1,-2) (0,-3) (0,2) (-1,2) (0,1) 2 -2
(-3,1) (-4,1) (-3,0) (3-1) (2,-1) (3,-2) 2 -2
(-1,-2) (-2,-2) (-1,-3) (1,2) (0,2) (1,1) 1 -1
(2,0) (1,0) (,2,-1) (-2,0) (-3,0) (-2,-1) -8 8
(1,1) (0,1) (1,0) (-1-1) (-2,-1) (-1,-2) -8 8
(1,-2) (0,-2) (1,-3) (-1,2) (-2,2) (-1,1) 0 0
(2,-2) (1,-2) (2,-3) (-2,2) (-3,2) (-2,1) -2 2
(-2,-1) (-3-1) (-2,-2) (2,1) (1,1) (2,0) 2 -2
(-2,1) (-3,1) (-2,0) (2,1) (1-1) (2,-2) 8 8
(0,1) (-1,1) (0,0) (0,-1) (-1,-1) (0,-2) -6 6
2-1) (1-1) (2-2) (-2,1) (-3.1) (-2,0) 3 8
(-2,0) (-3,0) (-2,1) (2,0 (1,0) (2-1) 8 -8
(1-1) (2-1) (-1-2) (1,1) (0,1) (1,0) 8 -8
(1-1) (,0,-1) (1,-2) (-1,1) (-2,1) (-1,0) 6 6
(1,0) (0,0) (1,-1) (-1,0) (-2,0) (-1,-1) -14 14
(-1,0) (-2,0) (-1,-1) (1,0) (0,0) (1,-1) 14 -14
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TABLE 8. Property of Ry in I - computing 511:5 and S;:é
The highlighted cells are not included in I ?71, as they contain the pairs (h, k) such that a,ll’}q = 0. From
Table 4, we have:

(i) (i-1,§) | (1) | (i) | (i-19) | (-i3-1) | Sil | Salo
(-1 0) (-2 0) (-1-1) (10) (0 0) (1-1) 6 -6
(0,1) (-1,1) (0, 0) (0,-1) (-1 ,-1) (0,-2) 6 -6
(—1, 2) (-2 ,2) (—1 , 1) ( 1, —2) ( 0, -2) ( 1, —3) 8 -8
(—3, 1) (-4 , 1) (—3, 0) ( 3, —1) ( 2 ,-1) ( 3, —2) 1 -1
(-3 , 2) (-4 , 2) (—3 ,1) ( 3 ,—2) ( 2, -2) ( 3, —3) 2 -2
( 2, -2) ( 1 ,-2) ( 2 ,-3) (-2 72) (-3 , 2) (-2 , 1) -8 8
( 0 ,—2) (-1, -2) ( 0, -3) (0 ,2) (-1 ,2) (O 71) -2 2
(1, 0) (0 ,0) (1,-1) (-1,0) (-2,0) (-1, -1) -6 6
( 2 ,-3) ( 1, -3) ( 2, —4) (—2, 3) (-3 , 3) (-2 , 2) -2 2
( 1, —3) ( 0 ,—3) ( 1, —4) (—1 , 3) (-2 , 3) (-1 , 2) -1 1
(2,1) (1,1) (2,2 (-2, 1) (-3,1) (-2, 0) -8 8
(—2, 0) (—3 , ()) (—2 ,—1) (2, 0) (1, 0) ( 2 ,—1) 2 -2
(-2, 2) (-3 , 2) (-2 , 1) ( 2, -2) ( 1, -2) ( 2, -3) 8 -8
(-1,1) (-2,1) (-1, 0) (1,1) (0,-1) (1,2 14 -14
(-2,1) (-3,1) (-2,0) (2,1) (1,-1) (2,2 8 -8
(1,-1) (0 ,-1) (1,2 (-1,1) (2,1) (-1,0) -14 14
(1-2) | (0-2) | (1,-3) | (1,2 (-2, 2) (-1, 1) -8
(0,-1) (-1 -1) (0,-2) (0 ,1) (-1,1) (0 ,0) -6 6

3. Point 2. of the Lemma is shown in the following four tables, where

lile . 1,2 l1,l2 l1,l2
SUiT =it ey

and
l1,l2 . l1,l2 l1,l2 l1,l2
52,1 : Jici—jtali Ty s talit g,

for all (I1,15) € {(0,0),(0,1),(1,0), (;1)}

TABLE 9. Property of Ry in Ij, - computing S?,’? and 5’8:10

The highlighted cells are not included in I&yo, as they contain the pairs (h, k) such that oz(,)b’(,l = 0. By

Table 3, we own:

(i.j) (i+1,§) | (+1,-1) | (-i-1,§) | (-i-2,-j) | (-i-1,-j-1) | ST7 | 8579
(2,0) (3,0) (3,-1) (-3,0) (-4 ,0) (-3 ,-1)

(1,1) (2, 1) (2,0) (-2 -1) (-3, -1) (-2 ,-2) 9
( 2 ,—2) ( 3, —2) ( 3 ,—3) (—3 , 2) (-4 , 2) (-3 , 1) 15 15
( 2 ,—1) ( 3, —1) (3 ,—2) (—3 , 1) (—4 ,1) (-3 , O) 12 12
(0 72) (1, 2) (1 71) (-1, -2) (-2, -2) (-1 ,—3) 9 9
( 2 -3) ( 3 ,—3) (3 ,—4) (—3 , 3) (—4 ,3) (—3 , 2) 8 8
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TABLE 10. Property of Ry in I}, - computing 5[1):11 and Sg:ll
The highlighted cells are not included in 111,0, because they contain the pairs (h, k) such that oz,lb’(,l =0.
From Table 2, we obtain:

(i.j) (i+1,§) | (+1,4-1) | (-i-1,5§) | (-i-2,5§) | (-i-1,-5-1) | SYy | Soi
(—2,0) (—1,0) (—1,—1) (1,0) (0,0) (1,—1) 6 —6
(1,—3) (2,—3) (2,—4) (—2,3) (—3,3) (—2,2) 1 -1
(0, 2) (1,2) (1, 1) (71, —2) (72, 72) (71, 73) -2 2
(1, 1) (2, 1) (2,0) (72, —1) (73, 71) (72, 72) -1 1
(1,72) (2,72) (2,73) (72,2) (73,2) (72,73) 2 —2
(0,-1) (1,-1) (1,-2) (-1,1) (—2,1) (—1,0) 6 —6
(1,0) (2,0) (2, —1) (—2,0) (—3,0) (—2, —1) -2 2

The highlighted are not included in 10171, as they contain the pairs (h, k) such that a%}c = 0. Thanks to

TABLE 11. Property of Ry in [(%,1 - computing Sllf and 521?

Table 4, we obtain:

(i.j) (i+1§) | (41,1 | (1) | (8-2)) | (i-1-5-1) | S35 | 8579
(2,-3) (3,-3) (3,-4) (-3,3) (-4, 3) (-3,2) -1
( -1, 0) (0,0) (0,—1) (0,0) (-1,0) (0,—1) 0
(0,1) (1,1) (1,0) (-1,-1) (-2,-1) (1,-2) 0
(-1,2) (0,2) (0,1) (0,-2) (-1,-2) (0,-3) 2 -2
(2,—2) (3,-2) (3,-3) (—3,2) (—4,2) (—3,1) -2 2
(1,0) (2,()) (2,-1) (—2,0) (—3,()) (—2,-1) -2 2
(2,-3) (3,-3) (3,-4) (-3,3) (-4,3) (-3,2) -1 1

The highlighted cells are not included in I 11_’1, as they contain the pairs (h, k) such that a}l’y}c = 0. Using

TABLE 12. Property of Ro,1 in I} - computing Sy’ and Sy'|

Table 1, we get:

(i) | (+Lj) | (+Lj-1) | (1) | (-2,) | (i1-1) | Sin | Spi
(0,-2) (0,—1) (-1,-1) (0,1) (0,0) (-1,1) 6 —6
(-3,1) (—3,2) (—4,2) (3,-2) (3,-3) (2,-2) 1 -1

(2,0) (2,1) (1,1) (—2,-1) (—2,-2) (=3,-1) -2 2

(1,1) (1,2) (0,2) (-1,-2) (=1,-3) (—=2,-2) -1 1
(-2,1) (—2,2) (—3,2) (2,-2) (2,-3) (1,-2) 2 -2

(0,1) (0,2) (—1,2) (0,-2) (0,-3) (—1,-2) -2 2
(-1,0) (-1,1) (-2,1) (1,1) (1,-2) (0,-1) 6 —6

4. The following tables provide the proof of point 3.. Let
Sty = ol agi + el
and
Sél,élz : lj;fijfl + O‘li%ljl,fjfl + O‘Zi%{ijfzv

for all (I1,15) € {(0,0),(0,1),(1,0), (;1)}



The highlighted cells are not included in 1370, as they contain the pairs (h, k) such that oz(,)b’(,l = 0. By

TABLE 13. Property of R in I§, - computing S?;S and SS;S

Table 3, we have:
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(i.j) (Li+1) | (-Li41) | (-ij-1) | (-ij-2) | (i-1,-5-1) | ST5 | 8572
( 0 ,-2) ( 0 ,-1) (-1 ,-1) (0 71) (0 ,O) (-1 , 1) 42 42
(2, O) (2, 1) (1 71) (-2 ,-1) (-2 ,—2) (-3, -1)

(1, 1) (1,2) (0,2) (-1,-2) (-1, -3) (-2, -2) 9 9
(-1 ,—1) (—1 , 0) (—2 , O) (1, O) (1 ,-1) (0 ,0) 42 42
(0,2) (0,3) (-1,3) (0,-3) (0,-4) (-1,-3) 5 5
(-1 , 2) (—1 , 3) (—2 ,3 ( 1 ,—3) (1, -4) ( 0 ,-3) 12 12
(-2 , 2) (-2 , 3) (-3 , 3) ( 2 ,-3) ( 2 ,—4) (1 ,-3) 15 15
(-3,2) (-3,3) (-4, 3) (3,3) (3,-4) (2,-3) 8 8

The highlighted cells are not included in I 1270, as they contain the pairs (h, k) such that a,ll’(; = 0. From

TABLE 14. Property of Ry in I} - computing Si’g and 5’217’3

Table 2, we get:

)

(i.j) (Li+1) | (-Li41) | (-inj-1) | (-ij-2) | (-i-1,-5-1) | Si5 | S50
(0,-2) (0,—1) (-1,-1) (0,1) (0,0) (—1,1) 6 -6
(-3,1) (-3,2) (-4,2) (3,-2) (3,-3) (2,-2) 1 -1
(2,0) (2,1) (1,1) (-2,-1) (-2,-2) (-3,-1) -2 2
(1,1) (1,2) (0,2) (-1,-2) (-1,-3) (-2,-2) -1 1
(-2,1) (—2,2) (—3,2) (2,-2) (2,-3) (1,-2) 2 -2
(0,1) (0,2) (—1,2) (0,-2) (0,-3) (—1,-2) -2 2
(-1,0) (-1,1) (-2,1) (L,1) (1,-2) (0,-1) 6 -6

The highlighted cells are not included in 10271, as they contain the pairs (h, k) such that a%}c = 0. Thanks

TABLE 15. Property of R in I§, - computing S(l); and Sg;

to Table 1, we obtain:

() | (i+1) | (-Lj+1) | (1) | (ij-2) | (1--1) | STy 522
(-2,2) (-2,3) (-3,3) (2,-3) (2,-4) (1,-3) -1 1
(-1,2) (-1,3) (-2,3) (1,-3) (1,-4) (0,-3) -2 2
(-1,-1) (-1,0) (-2,0) (1,0) (1,-1) (0,0) 1 -1
(0,2) (0,3) (-1,3) (0,-3) (0,-4) (-1,-3) 6 -6
(1,1) (1,2) (0,2) (-1,-2) (-1,-3) (-2,-2) -2 2
(1,-2) (1,-1) (0,-1) (-1,1) (-1,0) (-2,1) 6 -6
TABLE 16. Property of Ry,1 in I7, - computing Sy’ and Sy
The highlighted cells are not included in I 1271, as they contain the pairs (h, k) such that a}l’y}c = 0. From

Table 4, we have:
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(i.) (,4+1) | (-Li+1) | (dej1) | (00§-2) | (i-1,5-1) | Si S33
(0,1) (0,2) (-1,2) (0,-2) (0,-3) (-1,-2) 2 -
(—1,2) (-1,3) (-2,3) (1,—3) (1,—4) ((),—3) 1 -1
(-3,2) (-3,3) (-4,3) (3,-3) (3,-4) (2,-3) 1 -1
(1,0) (1,1) (0,1) (-1,-1) (-1,-2) (-2,-1) 0 0
(2,-1) (2,0) (1,0) (-2,0) (-2,-1) (-3,0) -2 2
(-2,2) (-2,3) (-3,3) (2,-3) (2,-4) (1,-3) 2 -2
(O,—l) (0,0) (—1 0) (0,0) (O,-l) (—1,0) 0 0

5. Point 4. is demonstrated in the following tables. Let

and

where (lla 12) € {(0, 0)7 (Oa 1)7 (1’ 0)7 (

l1,l2

liyla 1,02 l1,l2
Sta =0t F o

l1,l2 |
52,4 :

=«
1,1)

l1,l2 ta

—i—1,—j

.

l1,l2
Zitg T«

l1,l2
Zic1,—j—1

TABLE 17. Property of R in Ij, - computing 5[1)7’2 and 5’87’2

The highlighted cells are not included in 16170, as they contain the pairs (h, k) such that 042’(,1 = 0. By
Table 3, we own:

(i.j) (i+1,§) | (+1,4-1) | (i-15§) | (-8-2,§) | (i-1,5-1) | S7 So'a

(O,-S) (1, -3 ) (1, -4 ) ( -1, 3 ) ( -2, 3 ) ( -1, 2 ) 12 12

(1,-3) (2,:-3) (2,-4) (-2,-3) | (-3,3) (-2,2) -2 2
(2,-3) (3,-3) (3,-4) (-3,3) (4,3) (-3,2) -1 1
(2,-1) (3,-1) (3,-2) (-3,1) (-4,1) (-3,0) -1 -1

TABLE 18. Property of Ry in I{, - computing Sy’j and Sy}

The highlighted cells are not included in I fyo, as they contain the pairs (h, k) such that a}ﬁ, = 0. From
Table 2, we get:

(i.) (+13) | (41,1 | ([-1,9) | (8-25) | (3-1-5-1) | S50 Sye
(0,-2) (1,-2) (1,-3) (-1,2) (-2,2) (-1,1) 0 0
(-1,-2) (0,-2) ((),-3) ((),2) (-1,2) (0,1) 2 -2
(1,-2) (2,-2) (2,-3) (-2 2) (-3,2) (-2,1) -2 2
(2,-2) (3,-2) (3,-3) (-3,2) (-4,2) (-3,1) -1 1

The highlighted cells are not included in 161,1, as they contain the pairs (h, k) such that «

TABLE 19. Property of Ro; in Ij, - computing S?:i and ng

Table 1, we obtain:

0,1 _
ngk =0 Using

(i) (i+1)) | (41,1 | (1) | (8-20) | (i-1,-5-1) | Si Sy
(0,0) (1,0) (1,-1) (-1,0) (-2,0) (-1,-1) -14 14
(0,—3) (1,-3) (1,-4) (-1,3) (-2,3) (-1,2) 2 -2
(1,—3) (2,-3) (2,-4) (-2,3) (-3,3) (-2,2) -1 1
(-2,1) (-1,1) (-1,0) (1,-1) (0,-1) (1,-2) 6 -6




LIMITING ABSORPTION PRINCIPLE FOR LONG-RANGE PERTURBATION IN A GRAPHENE... 41

TABLE 20. Property of Ry in I{; - computing S’i’i and 5’217’41

The highlighted cells are not included in I fl, as they contain the pairs (h, k) such that a,ll’}c = 0. From
Table 4, we have:

(L) | (41 | (L1 | (1) | (-24) | (RL-j-1) | S 534

('150) (070) (07'1) (070) ('170) (07'1) 0 0

(051) (171) (170) ('17'1) (_27'1) (_17'2) 0 0

(2a'3) (37_3) (37_4) ('373) ('473) ('372) -1 1

(1,—3) (27_3) (27_4) ('273) ('373) ('272) -2 2
REFERENCES

[AmBoGe| W.O. Amrein, A. Boutet de Monvel, and V. Georgescu, Cp-groups, commutator methods and spectral
theory of N-body hamiltonians, Birkhaduser (1996), https://doi.org/10.1007/978-3-0348-7762-6-9.

[AnIsMo]| K. Ando, I. Isozaki, and M. Morioka, Spectral properties of Schriodinger operators on perturbed Lattices,
Annales Henri Poincaré 17 (2016), 2103-2171, https://doi.org/10.1007/s00023-015-0430-0.

[AnTo] C. Anné and N. Torki-Hamza: The Gauss-Bonnet operator of an infinite graph, Anal. Math. Phys., 5, No.
2, 137-159 (2015), https://doi.org/10.1007/s13324-014-0090-0.

[AlFr] C. Allard and R. Froese: A Mourre estimate for a Schridinger operator on a binary tree, Rev. Math.
Phys. 12 (2000), no. 12, 1655-166 7, https://doi.org/10.1142/50129055X00000575.

[AtBaDaEn] N. Athmouni, H. Baloudi, M. Damak and M. Ennaceur: The magnetic discrete laplacian in-
ferred from the Gauss-Bonnet operator and application, Annals of Functional Analysis 12,33 (2021),
https://doi.org/10.1007 /s43034-021-00119-8.

[AtDa| N. Athmouni and M. Damak, On the non-propagation theorem and applications, Turkish Journal of Math-
ematics: Vol (2013) , https://doi:10.3906 /mat-1010-75.

[AtEnGo| N. Athmouni, M. Ennaceur, and S. Golénia, Spectral analysis of the Laplacian acting on discrete cusps
and funnels, Complex analysis and operator theory (2021), https://doi.org/10.1007/s11785-020-01053-8.

[AtEnGoJa| N. Athmouni, M. Ennaceur, S. Golénia, and A. Jadlaoui, Limiting Absorption Principle for long-
range perturbation in the discrete triangular lattice setting, arXiv: no. 2403 .06578v2 (2024),
https://doi.org/10.48550/arXiv.2403.06578.

[BaGoJe] H. Baloudi, S. Golenia, and A. Jeribi: The adjacency matriz and the discrete Laplacian acting on forms,
Math Phys Anal Geom (2019) 22: 9, https://doi.org/10.1007/s11040-019-9301-0.

[BeJoLoJo] Bergh, Joran; Lofstrom, Jorgen (1976), Interpolation spaces. An introduction, Grundlehren der Mathema-
tischen Wissenschaften, vol. 223, Berlin-New York: Springer-Verlag, pp. x+207, ISBN 978-3-540-07875-3.

[BoKeGoLiMii] M. Bonnefont, M. Keller, S. Golénia, S.Liu, and F. Miinch: Magnetic sparseness and Schrodinger operators
on graphs, Annales Henri Poincaré 21 (2020), 1489-1516, https://doi.org/10.1007/s00023-020-00885-6.

[BoSal A. Boutet de Monvel and J. Sahbani: On the spectral properties of discrete Schrodinger operators: the
multi-dimensional case, Rev. Math. Phys. 11 (1999), no. 9, 1061-1078 , https://doi.org/10.1016/S0764-
4442(98)80078-5.

[BrKe| J. Breuer and M. Keller: Spectral Analysis of Certain Spherically Homogeneous Graphs, Oper. Matrices 7
(2013), no. 4, 825-847 , dx.doi.org/10.7153 /oam-07-46.

[GeGéeMy| V. Georgescu, C. Gérard, and J.S. Mgller: Commutators, Co-semigroups and resolvent estimates, J. Funct.
Anal. 216 (2004), no. 2, 303-361, https://doi.org/10.1016/j.ja.2004.03.004.

[GeGo] V. Georgescu and S. Golénia: Isometries, Fock spaces, and spectral analysis of Schrédinger operators on
trees. J. Funct. Anal. 227 (2005), no. 2, 389429, https://doi.org/10.1016/;.jfa.2005.01.001.

[Gé] C. Gérard: A proof of the abstract limiting absorption principle by energy estimates, J. Funct. Anal. 254
(2008), no. 11, 2707-2724 , https://doi.org/10.1016/j.jfa.2008.02.01.

[GeéNi| C. Gérard and F. Nier: The Mourre theory for analytically fibered operators, J. Funct. Anal. 152 (1998),
no. 1, 202-219 , https://doi.org/10.1006/JFAN.1997.3154.

[Gol S. Golénia: On the absolute continuous spectrum of discrete operators Sémin. Congr., 32 Société Mathé-
matique de France, Paris 2018, 87-145, https://doi.org/10.1016/j.jmaa.2017.03.002.

[GoJe] S. Golénia and T. Jecko: Weighted Mourre’s commutator theory, application to Schrédinger operators with
oscillating potential. J. of Operator Theory. 70 (2012), https://doi: 10.7900/jot.2011may06.1922.

[GoTx| S. Golénia and F. Truc: The magnetic Laplacian acting on discrete cusp, Doc. Math. 22 (2017), 1709-1727
, http://dx.doi.org/10.7900/jot.2011may06.1922.

[GoMa)| S. Golénia and M. Mandich: Propagation estimates for one commutator regularity, Integral Equations
OperatorTheory. 90 (2018), no. 4, Paper No.47,40 pp, https://doi.org/10.1007 /s00020-018-2471-5.

[GoMo| S. Golénia and S. Moroianu: Spectral analysis of magnetic Laplacians on conformally cusp manifolds, Ann.
Henri Poincaré. 9 (2008), no. 1, 131-179, https://doi.org/10.1007 /s00023-007-0353-5.

[GiiKe] B. Giineysu and M. Keller: Scattering the geometry of weighted graphs. Math. Phys. Anal. Geom. 21 (3).
28 (2018) , https://doi.org/10.1007/s11040-018-9285-1.

[HiNo] Y. Higuchi and Y. Nomura: Spectral stucture of the Laplacian on a covering graph, European Journal of

Combinatorics, 30 (2009), 570-585 , https://doi.org/10.1016/j.€jc.2008.03.008.



42

[HiSh|
[KoMg|
[KoSal

[JeMoPe|

[M&RiTi|
[Mol]
[Mo2]
[PaRil]
[PaRi]
[ReSi]
[RiTs|
[Sa

[Tal]

[Ta2]

NASSIM ATHMOUNI, MARWA ENNACEUR, SYLVAIN GOLENIA, AND AMEL JADLAOUI

Y. Higuchi and T'. Shirai: Weak Bloch property for discrete magnetic Schréodinger operators, Nagoya Math.
J. 161 (2001), 127-154, https://doi.org/10.1017,/S0027763000022157.

E. Korotyaev and J. Mgller: Weighted estimates for the Laplacian on the cube lattice, Ark. Mat. 57,(2019),
397-428, https://doi.org/10.4310/ARKIV.2019.v57.n2.a8.

E. Korotyaev and N. Saburova: Spectral estimates for Schrodinger operators on periodic discrete graphs
St. Petersburg Math. J. 30, (2019), no. 4, 667-698, https://doi.org/10.1090/spmj/1565.

A. Jensen, E. Mourre, and P. Perry: Multiple commutator estimates and resolvent smoothness in quantum
scattering theory, Ann. Inst. H. Poincaré. vol. 41 (1984), no. 2, 207-225, https://doi.org/10.1090/S0002-
9947-1985-0797050-9.

M. Mantoiu, S. Richard, and R. Tiedra de Aldecoa: Spectral analysis for adjacency operators on graphs,
Ann. Henri Poincaré 8 (2007), no. 7, 1401-1423, https://doi.org/10.1007/s00023-007-0339-3.

E. Mourre: Absence of singular continuous spectrum for certain self-adjoint operators. Comm. Math.
Phys. 78 (1980), 391-408, https://doi.org/10.1007/BF01942331.

E. Mourre: Opérateurs conjugués et propriétés de propagation, Comm. Math. Phys. 91 (1983), 279-300,
https://doi.org/10.1007/BF01211163.

D. Parra and S. Richard: Continuity of the spectra for famillies of magnetic operators on Z2, Anal. Math.
phys. 6 (2016), 327-343, https://doi.org/10.1007/s13324-015-0121-5.

D. Parra and S. Richard: Spectral and scattering theory for Schrédinger operators on perturbed topological
crystals, Rev. Math. Phys. 30 (2018), no. 4, 1850009, 39 pp, https://doi.org/10.1142/S0129055X18500095.
M. Reed and B. Simon: Methods of Modern Mathematical Physics, Tome I-IV: Analysis of operators
Academic Press, https://doi.org/10.1088/0031-9112/23/12/045.

S. Richard and N. Tsuzu: Spectral and scattering theory for topological crystals perturbed by infinitely many
new edges, Rev. Math. Phys. 34, (2022), no. 4, 2250010, https://doi.org/10.1142/S0129055X 22500106

J. Sahbani: Mourre’s theory for some unbounded Jacobi matrices, J. Approx. Theory. 135 (2005), no. 2,
233244, https://doi.org/10.1016/j.jat.2005.04.009

Y. Tadano: Long-range scattering for discrete Schrédinger operators, Ann. Henri Poincaré 20 (2019),
1439-1469, https://doi.org/10.1007/s00023-019-00763.

Y. Tadano: Longe-range scattering theory for discrete Schrodinger operators on graphene, J. Math. Phys.
60 (2019), 052-107, http://doi.org:/10.1063/1.5087013.

LUNIVERSITE DE GAFsa, CaMPUS UNIVERSITAIRE, 2112, TUNISIE
Email address: nassim.athmouni@fsgf.u-gafsa.tn

2DEPARTMENT OF MATHEMATICS, COLLEGE OF SCIENCE, UNIVERSITY OF HaIlL, HA’IL 81451, SAUDI ARABIA
Email address: mar.ennaceur@uoh.edu.sa

3Un1v. BorpEAUX, BorpEAUX INP, CNRS, IMB, UMR 5251, F-33400 TALENCE, FRANCE
Email address: sylvain.golenia@math.u-bordeaux.fr

4UNIVERSITE DE SFAX. ROUTE DE LA SOUKRA KM 4 - B.P. n° 802 - 3038 Srax, TUNISIE
Email address: amel.jadlaoui@yahoo.com



	1. Introduction and main result
	2. The Mourre theory
	3. Proof of main result
	3.1. Laplacian on the hexagonal lattice
	3.2. The perturbed model
	3.3. Proof of the main result

	4. Appendix
	References

