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A RELLICH-TYPE THEOREM FOR THE HELMHOLTZ EQUATION
IN A JUNCTION OF STRATIFIED MEDIA*

SARAH AL HUMAIKANI', ANNE-SOPHIE BONNET-BEN DHIAT, SONIA FLISST, AND
CHRISTOPHE HAZARDfT

Abstract. We prove that there are no non-zero square-integrable solutions to a two-dimension-
al Helmholtz equation in some unbounded inhomogeneous domains which represent junctions of
stratified media. More precisely, we consider domains that are unions of three half-planes, where
each half-plane is stratified in the direction orthogonal to its boundary. As for the well-known Rellich
uniqueness theorem for a homogeneous exterior domain, our result does not require any boundary
condition. Our proof is based on half-plane representations of the solution which are derived through
a generalization of the Fourier transform adapted to stratified media. A byproduct of our result
is the absence of trapped modes at the junction of open waveguides as soon as the angles between
branches are greater than /2.

Key words. Helmholtz equation, stratified media, open waveguides, generalized Fourier trans-
form, embedded eigenvalues, trapped modes, Rellich theorem, uniqueness theorem

MSC codes. 35A05, 35J05, 42A38, 78A50

1. Introduction.

1.1. Motivation and main result. In the present paper, we study the possible
existence of square-integrable solutions to a two-dimensional Helmholtz equation with
varying wavenumber in unbounded media that can be interpreted as junctions of
stratified half-planes.

We first introduce what we call hereafter a stratified half-plane, defined in a local
coordinate system (X,Y) by

(1.1) H:={(X,v) €R? |y >0} =R xR*,

where we denote Rt := (0, +00). This half-plane is called stratified in the sense that
it is associated with a real-valued wavenumber function K that only depends on the
X-coordinate, i.e., K = K(X). In other words, the stratification is orthogonal to the
boundary of H. In this paper, the direction parallel to the X-axis is called transverse,
whereas the perpendicular one (along the v-axis) is called longitudinal. Moreover we
assume that K is bounded and becomes constant outside a bounded interval, that is,
there exist positive numbers (K_,K) and a pair (Xx~,x") € R? with x~ < x* such
that

(1.2) Vx €R, K(X)=k_ifx<x  and K(X)=k, if x >x".

The media we are interested in, illustrated in Figure 1, represent junctions of
three such stratified half-planes, denoted Hy, Hy and Hg (where the indices stand re-
spectively for west, north and east). Each of them is associated with local coordinates
(X,y,Y,) and a wavenumber function K, = K,(X,) for J € {w, N, E}, as described above.
We choose a global coordinate system (x,y) which coincides with the local system
of the northern half-plane, whereas for each of the two other half-planes, the local
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Fic. 1. The two considered configurations. (a): right-angle, (b): general angle. The light gray
represents various constant values of k, whereas the dark gray stands for possible stratifications.

coordinates (X;,Y;) are obtained from the global ones (x,y) by a rotation of angle 6,
centered at a given point (ay,b;), for J € {w,E}. More precisely, we have

Xy [z X;\ [ cosf;, sind, T — ay
w9 (2)=() wi ()= (20 ) (28) oo

where 0y € (0,4n) and 0y € (—m,0). We denote by Q the union of the three half-
planes, i.e.,

Q) :=Hy UHy UH;g,
and we consider the wavenumber function defined in €2 by
(14) Vi € {W’NaE}7 V(Z‘,y) € HJ) k(xay) = KJ<XJ(xay))7

where the function X;(z,y) refers to the mappings (1.3) between global coordinates
(z,y) and local ones (X;,Y;). Of course, for this definition to make sense, it is necessary
that for all points (z,y) in the intersection of two half-planes, both possible definitions
of k(x,y) coincide. This clearly implies that k£ must be constant in each intersection,
hence that the stratifications must be located outside these intersections. This also
implies that |¢,| > 7/2 for J € {w,E}, since the stratifications are orthogonal to the
boundaries of the H;’s. In other words, we assume that

(1.5) Ow € [+7/2,+7) and 6Oy € (—m,—7/2].

These conditions lead us to consider the two configurations depicted in Figure 1.
The so-called right-angle configuration on the left-hand side corresponds to the limit
case where (fy,0;) = (+7/2,—m/2), for which Q is the complement of a semi-infinite
strip. In the other case that we call the general angle configuration, we have (0y, 6;) #
(+m/2,—m/2), which shows that € is now the complement of a triangle.

The aim of the present paper is to prove the following statement.

THEOREM 1.1. Considering Q@ C R? and a function k € L°() as described
above, if u € L?(SY) satisfies the Helmholtz equation

(1.6) —Au—Ek*u =0 in Q

in the distributional sense, then u =0 in 2.
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F1G. 2. Examples of situations where Theorem 1.1 can be deduced from existing results.

Theorem 1.1 can be deduced from existing results in some particular cases which
are illustrated in Figure 2. The simplest situation is the case where k is constant in
the whole domain 2. In the general angle configuration (case (a) of Figure 2), (1.6)
implies that u satisfies the Helmholtz equation outside a disk, then the well-known
Rellich’s uniqueness theorem [14] tells us that u vanishes outside this disk, hence also
in Q according to the unique continuation principle. In the right-angle configuration
(case (b) of Figure 2), Rellich’s theorem no longer applies, but one can use instead
the uniqueness theorem in [3], which is exactly the statement of Theorem 1.1 when
k is constant and € is a conical domain with vertex angle greater than m, that is,
Q:={(z,y) € R? | y > —|z|tan A} with 6 € (0,7/2). The latter result (together with
the unique continuation principle) also yields Theorem 1.1 for some cases of non-
constant k, as soon as k remains constant in a conical subdomain of €2 with vertex
angle greater than m. Such a condition is satisfied for instance in the general angle
configuration when k is constant in one of the three half-planes (case (c¢) of Figure 2),
or in Hy UHy (or Hy U Hy) in the right-angle configuration (case (d) of Figure 2).

Let us point out that no boundary condition is required in Theorem 1.1, nor in
the uniqueness results [3, 14] mentioned above. Indeed, these results express that in
some particular unbounded domains, the L? framework prohibits the existence of non-
trivial solutions to the Helmholtz equation. In other words, whatever the content of
R2\ © (i.e., the white semi-infinite strip or triangle of Figure 1), Theorem 1.1 applies.
Figure 3 shows some possible examples covered by Theorem 1.1: case (a) shows a
junction of three stratified media, whereas case (b) represents a more exotic junction
of three stratified media together with a periodic medium. From a physical point of
view, Theorem 1.1 ensures the absence of trapped modes, that is, localized vibrations
of an unbounded medium (provided the unique continuation principle in R?\ Q holds
true). From a spectral point of view, if we consider the selfadjoint operator which
describes the dynamics of such a junction, the absence of trapped modes amounts
to the absence of eigenvalues embedded in the essential spectrum [0, +00) of this
operator.

The possible existence of trapped modes at the junction of open waveguides ini-
tially motivated this paper. By open waveguide, we mean a stratified medium which is
unbounded in the transverse direction and such that time-harmonic waves can prop-
agate without attenuation in the longitudinal direction while their energy remains
localized in the transverse direction, near the core of the waveguide (the dark gray
areas in Figure 1). It is known that trapped modes do not exist in uniform straight
open waveguides, nor for local perturbations of such waveguides [2, 5, 8, 19, 20], nor
in straight junctions of such waveguides [4]. Thanks to [3], we also know that such
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Fic. 3. Examples of situations where Theorem 1.1 applies.

modes do not exist in curved open waveguides either, provided that the core of the
waveguides and all other possible inhomogeneities can be encased in a cone of opening
angle smaller than 7 (as in case (c) of Figure 2). The present paper provides other
configurations where this result holds true. In short, Theorem 1.1 implies the absence
of trapped modes at the junction of open waveguides, provided the angles between
branches are all greater or equal to 7/2.

The above mentioned results, as well as others in the same vein (see e.g. [18])
could suggest a more general result stating the absence of trapped modes in any
unbounded domain. This is not true. Such trapped modes are known to occur in closed
waveguides, i.e., unbounded tubes with bounded transverse section, about which there
exists an abundant literature (see for instance the review papers [11, 13]). We also
mention the recent result of [10] which proves the existence of an embedded eigenvalue
for a so-called quasi-conical domain.

The proof of Theorem 1.1 follows exactly the same lines as in [3]. The key idea,
exploited also in [2, 4, 8], dates back to the pioneering work of [19]. There are two
main ingredients in the proof.

(i) On the one hand, we use a half-plane representation of u, whose construction
relies on separation of local space coordinates! in each of the three half-planes. In a
homogeneous medium, the usual Fourier transform along the transverse X-direction
provides such a representation, for it diagonalizes the transverse component of the
Helmholtz operator, that is, —92. This is no longer possible in a stratified medium,
since we cannot express conveniently the usual Fourier transform of k2w if k2 is not
constant. Fortunately we can construct a generalized Fourier transform which diago-
nalizes —92 — k? for non-constant k2 and then yields a half-plane representation (see
[12, 15] for examples of the use of the generalized Fourier transform in open wave-
guides). From a physical point of view, the latter representation is interpreted as a
modal decomposition of v on a continuous family of modes of the stratified medium.
There are two categories of modes depending on their behaviour in the longitudinal
direction : evanescent or travelling. Since we are concerned with localized (square-
integrable) solutions, the modal components of u associated with travelling modes
must vanish.

(ii) On the other hand, the second ingredient of the proof is an analyticity argu-

IRellich’s uniqueness theorem [14] also relies on separation of variables. But the separation is
made with polar (or spherical) coordinates instead of Cartesian coordinates. Let us mention that
even in the very particular sub-case of our problem where k only depends on the polar angle (which
may happen in the situations considered in section 3), separation of polar coordinates cannot be used
to prove Theorem 1.1.
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ment with respect to the Fourier variable, which ensures that the modal components
extend to an analytic function of the Fourier variable. Thanks to the isolated ze-
ros principle, the fact that the travelling components of u vanish implies that the
evanescent ones also vanish, hence that u = 0, which completes the uniqueness proof.

The paper is organized as follows. We start in subsection 1.2 by recalling the
sketch of the proof given in [3] for a homogeneous medium in the right-angle configu-
ration. Then, for the sake of clarity, we focus on a particular case of stratified media
composed of only two layers, for which more explicit calculations can be made. Sec-
tion 2 is devoted to the half-plane representation in such a two-layered medium, after
the presentation of the generalized Fourier transform in this context. In section 3,
we give the proof of Theorem 1.1 for a junction of two-layered media, considering
successively the right-angle and the general angle configurations. The case of general
stratified media is finally dealt with in section 4.

1.2. Sketch of the proof for a homogeneous medium. As our proof of
Theorem 1.1 is a generalization of the one presented in [3] in the case of a homogeneous
medium, we begin here by recalling the basic ideas of the latter proof. For the sake
of simplicity, we restrict ourselves to the right-angle configuration, i.e., (fy,60s) =
(+7/2,—m/2), see Figure 1 (strictly speaking, this case is not considered in [3], but
the proof is easily adapted). For greater clarity, we omit most of the technical details
concerning the functional framework.

Hence, in this subsection, function k(z,y) is constant, simply denoted k.

First step. The core ingredient of the proof is a half-plane representation of a
function u € L?(H) which satisfies

—Au—k*u=0 inH,

where H is the half-plane defined in (1.1). This representation is obtained by sep-
aration of space variables, thanks to the usual Fourier transform in the X-direction,
defined by

(1.7) VEER, Ff(€) ;:/Rf(x)e*i“dx.

Let u denote the partial Fourier transform of w in the X-direction, that is, u(£,Y) :=
Flu(-,Y)](&). Applying F to the Helmholtz equation shows that for (almost) every
§eR,

—83&(57 ) - (k‘l2 - 62) a(Ev ) =0 in (07 +OO)
Thus there exist some functions A(§) and B(&) such that
(E,¥) = A() e VETEY 4+ B(g eVETEY,

where we use for instance the convention 1/z := iy/—z if z < 0. As F is unitary
from L?(Ry) to L*(R¢), we infer from the initial assumption v € L?*(H) that @ €
L*(R¢ x (0,400)), which implies that for (almost) every £ € R, u(€,-) belongs to
L?(0,40o0). As a consequence, we have A(£) = 0 for |¢| < k and B(£) = 0 for £ € R,
which yields

0 if [€] <k,
(1.8) V(& Y) e R x[0,+00), u(é,Y)= { (e, 0) e~ VE kY ;f :2 i k.



6 S. AL HUMAIKANI, A.-S. BONNET-BEN DHIA, S. FLISS, AND C. HAZARD

Using the inverse Fourier transform, we finally obtain the so-called half-plane repre-
sentation of u, which provides an expression of u at any point of H from the Fourier
transform of its trace on the boundary of H:

1 ; ~
(1.9) V(X,v) €H, u(X,Y)=— X e VE R Y (g, 0) dE.
21 Jiel>k
Second step. Let us show now how to use this representation to prove Theo-
rem 1.1 in the right-angle configuration, i.e., when the relations between the local and
global coordinate systems (1.3) simplify as

o0 ()0 ()-(n) m ()-()

Suppose that u € L?(Q) satisfies the Helmholtz equation in € := Hy U Hy U Hy.
Hence, we can use the half-plane representation (1.9) for the restriction of u in each
of the three half-planes. For J € {w,N,E}, we denote by ¢, the trace of v on OH,,
considered as a function of the local coordinate X;, and by @, its Fourier transform
with respect to X;. We know from (1.8) for Y = 0 that @,(¢) =0 if |¢] < k.

In order to prove that u = 0, the key argument consists in proving that @y(€)
extends to an analytic function of £ in a complex vicinity of the real axis. As py(§)
vanishes on the interval (—k, +k), analyticity implies that it vanishes on the whole
real axis. The half-plane representation in Hy then tells us that u vanishes in Hy, so
finally also in the whole domain €2 by virtue of the unique continuation principle.

It remains to prove the analyticity of py(£). To do so, we start from the definition
of Py (recall that xy = ),

on(€) = /Ru(x,O) e % dg

and split the integral in three parts by setting

+oo

on(8) = / u(z,0) e % dx + / u(z,0) e % da + / u(z,0) e % dz .

—00 W B

=: @N,W(g) = @N,O(f) = @N,E(f)

Thanks to Morera’s theorem?, we see that the second integral Py o(¢) extends to an

entire function of ¢, since x lies in a bounded interval (so that e~'** remains bounded
for £ in any bounded complex domain). To deal with @y w(§) and Py r(€), we use the
half-plane representation in Hy and Hjy respectively. As both cases are similar, we
focus on Py,w(§). Using (1.10), the half-plane representation (1.9) becomes

1 in(y—by) —/Z k2 (— ~
V(x’ y) € Hy, u(x7 y) = % /l . em(y bw) e n?—k2(—z+ay) SOW(TI) dn.
n|>

Taking y = 0, we obtain

> 1 o —i — — —xtay) & —iéx
Prw(€) / ( /| L VIR ke 5 () dn>0 & da.
n>

:% .

2Morera’s theorem tells us that if f is a continuous complex-valued function defined in a given
open disk D of the complex plane, such that fT f(&)dg = 0 for every triangular path T C D, then
f is analytic in D. To apply it to @x,0(£), we simply use Fubini’s theorem.
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Fubini’s theorem then yields

~ e—i{a“ o A/ n?—k?—i T—a —1 ~
onw(8) = / - (/ eV =k =ig) (@ —aw) dx) e by Pw(n)dn
n|>

27 oo
e—iEa“ e_inb\\ @VV(T]) dn
2 Sk /0? — k2 — i€

Using again Morera’s theorem, we conclude that the latter integral extends to an
analytic function of £ in C\ iR (since the denominator does not vanish). Proceeding
in a similar way on the east side, we have finally proved that @x(§) extends to an
analytic function of £ in C\ iR, which completes the proof.

Remark 1.2. To ensure that the above approach is rigorous, we need in particular
to justify that all the integrals we have used are well defined in the Lebesgue sense.
Among other things, we must have @, € L(R) for each J € {w,N,E}. This is not
true in general, since the hypotheses of Theorem 1.1 do not provide any regularity
assumption on the ¢,’s. This explains why in the sequel, we will use, for the half-
plane representations, traces on lines which are contained in the interior of €2 instead
of traces on the boundaries of the half-planes (see subsection 2.3).

2. Fourier half-plane representation for a two-layered medium. In this
section and the next one, we are concerned with the simplest case of layered media,
composed of only two layers. We therefore consider a wavenumber function K given
by

K_ if X <0,
(2.1) K(X) := { Ky ifx>0,

where K_ and K, are positive constants. The next section provides the proof of
Theorem 1.1 for a junction of such media. The present section focuses on the core
ingredient of the proof, that is, the extension of the half-plane representation (1.9) to
a two-layered medium. This requires us to introduce a generalized Fourier transform
which diagonalizes the X-dependent part of the Helmholtz operator, more precisely
the unbounded selfadjoint operator A : D(A) C L*(R) — L*(R) defined by

(2.2) YU € D(A) := H*(R), AV := -0 —k?V.

We will see that this transform can be interpreted as an operator of “decomposition”
on a family of generalized eigenfunctions of A which are introduced below.

2.1. Generalized eigenfunctions. As A is selfadjoint, its spectrum is neces-
sarily real. Its eigenelements are thus pairs (A, ¥) € R x H?(R) such that AV = \ ¥,
that is,

(2.3) —02U —k*U =)V inR.

This equation can also be derived from the Helmholtz equation by separation of
variables, i.e., by searching for solutions to —Au — kK?u = 0 in the form u(X,Y) =
U(x) etVAY | The latter behavior in the y-direction will be implicitly understood below
in the physical interpretation of the generalized eigenfunctions.

It is easily seen that with the assumption ¥ € H?(R), the only possible solution
to (2.3) is ¥ = 0 for any A € R, which shows that the point spectrum of A is empty.
However, if we forget this assumption and search for bounded solutions, the dimension
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of the space of bounded solutions is 0 if A < —max(k2,k%), 1 if —max(k?,K3) <
A < —min(k?,k%) and 2 if A > —min(k%,k2 ). We introduce a particular basis of
this space. Denoting

(2.4) AF = (—KZ, +00),
we consider two functions U* : A* x R — C defined for all (), x) € A* x R by

eFIFEX L RE(N) eHAT WX if £ x>0,
TE(N) eFBT (N x it x>0,

(2.5) TENX) = {

where
A+ K3 if A > —KZ,
(2.6) BE(N) = = :
iy/-A—K% if A< -k,
BTN
B=(N)

:

(N = 26+ ()
(A + BN +B87(A)

For a given \, W= ()\,) is called a generalized eigenfunction of A, because it is
a solution to the eigenvalue equation (2.3), but it does not belong to D(A) (nor to
L?(R)), which justifies the word generalized. This function can be interpreted as
the response of the two-layered medium to an incident wave with unit amplitude and
wavenumber 3F()). In the notation U, the sign indicates the side where the incident
wave lies, i.e., X > 0 for + and x < 0 for —. The behaviour of ¥*(),-) depends on
whether 8% ()) is real or imaginary. To fix ideas, let us assume for instance that
K_ > Ky, i.e, —KZ < —K2.

First consider W (),-) for a given A € AT := (—k2,+00). Noticing that both
B7(A\) and BT ()) are real, we see that function ¥+ (), -) can be written more explicitly
as

(2.7) Ri()\) = gi and Ti()\) =

efiq/)\#’KiX + R+(>\) eig//\#»KiX if x> O,

T\, X) =
) { TH(A)e VATKEX if X < 0.
Hence, on the + side, it represents the superposition of an incident wave which prop-
agates from +oo and a reflected wave which propagates back towards 400 and whose
amplitude is given by the reflection coefficient R (), which is real. On the — side,
it becomes a transmitted wave which propagates towards —oo and whose amplitude
is given by the transmission coefficient TT()), which is also real.

Consider now ¥~ (), -) for a given A € A~ := (—Kk2, +00). Two situations occur.
On the one hand, if A > —K%, as both 7 ()) and 1 ()) are real, the interpretation
of U~(A,-) is the same as above by swapping the roles of both sides. On the other
hand, if A € (—k2, —Ki)7 then S~ ()) is still real, but 87 (\) becomes imaginary, so
that

ei’/)‘Jer— X4 Ri(/\) efiq/)nt}(?_x if X < 0,
T=(N)e V ATKEX if X > 0.

Hence, on the — side, it represents the superposition of an incident wave which prop-
agates from —oo and a reflected wave with a reflection coefficient R~ (A) which is now

U~ (A, X) :{
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F1G. 4. Behavior of the generalized eigenfunctions in the case where K— > K.

a complex number such that |[R~(\)| = 1. On the + side, the transmitted wave is now
evanescent. This case corresponds to the well-known phenomenon of total reflection.
These comments are summarized in Figure 4. Of course, similar interpretations
hold in the case where K_ < K, swapping the roles of both sides.
The following proposition gathers some properties which are needed in the sequel.

PROPOSITION 2.1. (i) The generalized eigenfunctions are bounded, in the sense
that

(2.8) V(A x) € A xR, |TE(N X)| <2
(ii) Consider
(2.9) D :=C\ (—oo, —min(x*,k%)].

Each of the following functions has an analytic continuation in D: BE(N), RE(N),
TE(N), as well as WE(\,X) for any fized X € R. Moreover the analytic continuations
of UF(\,X) are bounded in any compact set of D x R.

Proof. (i) As F(\) € RTUIRT for A € A*, we have |[R¥(\)| < 1 and [T*()\)| < 2
on A%, which yields (2.8) since the exponentials involved in the expression (2.5) are
either oscillating or evanescent.

(ii) Consider the definition (2.6) of 3% ()) restricted to A € (—k2%, +00). Using the
principal determination of the complex square root, i.e., v/z := |z|'/2e!(®82)/2 with
arg z € (—m,+7), we see that $%()\) has an analytic continuation in C \ (—o0, —K2].
Hence, as both functions S~ (A) and A1 (\) are involved in the definition (2.7) of
R*()\) and T*()), the latter functions extend to analytic functions in D, which is
the common domain of analyticity of 7 (\) and 87 (\) (note that the denominator
BF(A) + B~ (A\) cannot vanish in D). Therefore the same holds for U+ (), x) for any
fixed X € R. Moreover, as e*#* (VX is hounded in any compact set of D x R, so is
UE(\ X). ]

Remark 2.2. In this section we interpreted complex exponentials as being ingoing
or outgoing based on an implicit convention, a time-dependence in e~ “!. For a
time-dependence in e“*, the U*’s would then be replaced by their conjugates and
everything that follows would hold true with this alternative choice.
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2.2. Generalized Fourier transform. The usual Fourier transform F' defined
in (1.7) can be interpreted as an operator of “decomposition” on the family of functions
Ue(x) := X for ¢ € R, which appear as generalized eigenfunctions of the operator
—i0x in the sense that they satisfy —idx\V¢ = £ V. Moreover F' diagonalizes —i0x,
in that it transforms the action of this operator into a multiplication by &, which can
be written in a synthetic form —idy = F~1¢ F. In this relation, ¢ plays the role of a
spectral variable that lies in the spectrum of —idy, which covers the whole real line
R.

Similar properties hold for every selfadjoint operator in a Hilbert space (see, e.g.
[1]). Theorem 2.3 below tells us that that the projection on the family of generalized
eigenfunctions defined in (2.5) diagonalizes the operator A introduced in (2.2). In
order to make precise the functional framework in which this diagonalization takes
place, we need to introduce a few notations to complement (2.4)—(2.7).

Considering the functions p* : AT — R given by

1 1
(2.10) YA e AE pE(N): =

AmBE(N) 47r,/>\+KZ_L’

we denote L2(A*, p*) the weighted space of square integrable functions on A* for the
measure pTd), i.e., the space composed of measurable functions p* : A* — C such
that

84 e 2= [, 1PEOI 22 3) aA < +oc.

We will also use the space L'(A*, p*) composed of measurable functions 3+ : A* — C
such that

/ =] o (V) dA < +oo.
At
Then we define the Hilbert space

7:2 = L2(A7»P7) X LQ(A+7p+),

which acts as the spectral space in the diagonalization theorem below. The proof
of this theorem is based on the spectral theorem, following the same lines as in the
pioneering book of Titchmarsh [17]. An explicit construction can be found for instance
in [12].

THEOREM 2.3. The generalized Fourier transform F defined for all p € L*(R) N
L*(R) by

(2.11) Fo:= (F o, FTo) with FErp(\) ::/cp(X)\IJi()\7X)dX for A € A%,
R

extends by density to a unitary operator from L?(R) to H. It diagonalizes A in the
sense that

(2.12) Vo € HX(R), Ap=F 'AFop,

where the notation \ stands for the operator of multiplication by X\ in ﬁ.AMoreover,
the inverse transform F~1 writes explicitly as follows, for all (p—,p") € H such that
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@j: c Ll(Ai,pi):
(2.13) VxeR, F Y@ ,pN)Kx) = Z/ PEN) TEN, X) p(N) dA.
T JA%

Remark 2.4. Note that formula (2.11) makes sense for all functions ¢ € L'(R),
since (2.8) tells us that ¥*(\, X) remains bounded. But for ¢ € L2(R)\ L*(R), it
becomes an improper integral whose definition follows from a density argument as in
the definition of the usual Fourier transform in L?(R). Again thanks to (2.8), the
same holds true for formula (2.13), which makes sense for all = € L'(A*, pT).

Theorem 2.3 provides us a spectral decomposition of L?(R) associated with op-
erator A. On the one hand, F acts as an operator of “decomposition” on the family
composed of the U*’s, in the sense that it furnishes the spectral components F of ¢.
These components are functions of the variable A that lies in the spectrum of A, which
is purely continuous and given by A~ UA* = [~ max(k?,K2),400). On the other
hand, F~! appears as an operator of “recomposition” which allows us to reconstruct
a function ¢ from its spectral components.

It is instructive to understand how this generalized Fourier transform relates to

the usual one in the particular case of a homogeneous medium, that is, when K_ = K.
Simply denoting K this common value, we have in this case A~ = AT = (—k?2, +0)
and

YA e (=K%, 400), BN =8"(AN)=VA+K2 REN)=0 and TH(\) =1.
Therefore,
V(A X) € (=K%, +00) x R,  WH(\ X) = eTVATEX,

This shows that the definition (2.11) of the generalized Fourier transform simplifies
as

Fo:=(F ¢, Fty) with FEp(N) ::/<P(X)eii“““2xdx for A € (K%, +00).
R

We observe that we return to the definition (1.7) of the usual Fourier transform simply
by setting £ = Fv\ + K2. More precisely, introducing the operator C associated to
this change of variable, defined for a function g of the {-variable by

Cg:=(C"g,C"g) where Crg(\) = g(FVA+K2) forXe (—K?, 4+00),
we have
F=CF.
Note that this formula allows us to derive the unitary nature of F asserted in Theo-

rem 2.3 from that of the usual Fourier transform. Indeed we know on the one hand
that F is unitary from L?(Ry) to L?(R¢, (27r)~1). On the other hand, noticing that

1 2 _ +oo 3\ (2 1
o [ 1ot df—%/_ﬂ 9 VA
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we infer that C is unitary from L2(Re, (27)~%) to H. Thus their product is unitary
from L%(Ry) to H. The above formula explains the presence of the weight functions
pE(N) in the spectral space of the generalized Fourier transform.

2.3. Deriving the half-plane representation. We are now able to generalize
the half-plane representation (1.9) to a two-layered medium. The technical difficulty
mentioned in Remark 1.2 leads us to modify our definition (1.1) of H, without loss
of generality. From now on, H denotes the half-plane defined in a local coordinate
system (X,Y) by

(2.14) H:={(x,Y) eR? | v > —¢},

where ¢ > 0 is a fixed parameter whose role is simply that the x-axis ¥ := R x {0}
is now contained in H. Our aim is to derive a half-plane representation of a solution
u € L?(H) to the Helmholtz equation in H, i.e., to express u by means of its trace on
Y. As ¥ C H, interior regularity of solutions to the Helmholtz equation (2.15) shows
this trace is well defined as a continuous function (since u € HZ (H)).

PROPOSITION 2.5. Suppose that u € L*(H) satisfies
(2.15) ~Au—xK?u=0 inH,

in the distributional sense, where K = K(X) s given in (2.1). Then,

(2.16) VY(X,Y) € R x [0,400), u(X,Y) Z/ A)TEN, X) e VY pE () d),
R+

where UE and p* are defined respectively in (2.5) and (2.10), and $* := FFu(-,0)
has the following properties:

(2.17)  FEN) =0ifx e (—k%,0) and X @E(\) € LY(RT, p*) for s > —%

Remark 2.6. Note that the integral in (2.16) is well defined (in the Lebesgue

sense). Indeed ¥* (), X) is bounded (see (2.8)), as well as e VN fory € [0, 4+00), and
@* belongs to L' (A%, pT) (according to (2.17) with s = 0).

Proof. As u € L*(H), we know that for almost every Y € (—¢,+0o0), we have
u(-,Y) € L2(R), so that we can define its partial generalized Fourier transform in the
X-direction by @(-,v) := (@ (-,Y),u"(-,Y)) where u*(-,v) := Fru(-,Y). As F is
unitary from L2(R) to #, we have

2
I ez = 2T zaas oy
Integrating on (—e, +00) with respect to v then yields
2 e ot 2+
(2.18) it =3 [ [ @O0 0 dray
+ —€ AT
_ ~t 2 +
=5 [ IO N iy P AN
+
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where the second equality follows from Fubini’s theorem. This shows in particular
that

(2.19) for almost every A € A, 4% (\,-) € L?(—¢, +00).

We prove now that applying the partial generalized Fourier transform to the
Helmholtz equation (2.15) yields

(2.20) —92ut(\, )+ ATE(N, ) =0 in (—¢,400)

in the distributional sense, for almost every A € A*. The idea is to use test functions
with separated variables, i.e., in the form ¥ (X) x(Y). Indeed, the Helmholtz equation
(2.15) amounts to saying that for all ¢ € D(R) and x € D(—¢, +00) (usual spaces of
compactly supported indefinitely differentiable functions), we have

(( = OFu — 0fu — Pu, ¥ x), ), = 0,

where we distinguish the anti-duality products in the X and Y variables, which can be
interchanged. From the definition of derivatives in the distributional sense, we deduce
that

(. ~(020) x — 0 (820), ), — (2,0 X)), = 0.
or equivalently
(s 026, = (w0, ~ (G080, ), =0

Asu € L?(H), the anti-duality products in this expression can be replaced by integrals,
which allows us to rewrite it as

[ w0, (= 08009~ K(0P000) dx [ (ulx, ), 08, D) dx = o

R R

Interpreting both integrals as inner products in L?(R), we can use the generalized
Plancherel’s identity following from the unitary nature of F from L?(R) to H. De-
noting (1~ ,%™") := F4, we infer that the first integral is equal to

Zi:/Ai @A), x), AE(N) pE(A) dA

Indeed, on the one hand, we have F(—021) —k?1) = F(A)) = A F1p thanks to (2.12).
On the other hand, the generalized Fourier transform of X — <u(X, ), X>y is given by
(WA, ), X>y, which amounts to interchanging F with the Y-anti-duality products.
This permutation is obvious when F applies to functions with separated variables;
as these functions span L?(H), the general case follows from a density argument.
Computing the second integral yields finally

S [ (a0, - @000, ) T an o
+

As this equality holds true for all ¢ € D(R), we infer that the quantity between
parentheses must vanish for almost every A € A* and every y € D(—e¢, +00), which
is exactly equation (2.20).
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From this equation, we deduce that there exist functions A*()\) and B*()) such
that

TE(NY) = AF(N) e YAOF) L BE() eH VA,
where we keep the convention v/A := iy/=X if A < 0. Thanks to (2.19), we infer that
AE(N) =0if A € (—k3,0) and B¥()\) = 0 for all A € A*. Therefore,
EOY) = AT\ e VAOF)  where  AE(M) = 0 if A € (—K2,0).

According to the definition $* := F*u(-,0), this can be written equivalently

GENY) =3\ e YA where 3F(\) =0if A € (—x2,0).

Using the expression (2.13) of F~1, we obtain the half-plane representation (2.16),
where the existence of the integral will be justified, once (2.17) is proven (see Re-
mark 2.6).

To do so, notice that for almost every A € A¥,

~ 2 - 2 [T & |90i()\)|2 2vxe
Hui()ﬂ')H[ﬂ(,s_’Jroo) = ‘(Pi()\)’ / e 2 AYd.Y = T

—&
Hence we deduce from (2.18) that
Ve

e2
el =3 [ —pm) ax

which shows that A~1/4eV< 3%£()\) € L2(RY, p*). Therefore Cauchy-Schwartz in-
equality yields

/ As’@i(}\)‘pﬂ:()\) d)\S H)\—l/ﬁleﬁs @:ﬁ:(/\)‘ As+l/4e—ﬁs
R+

L2(R+,p¥) ’ L2 (R, p*)
where the last norm is bounded provided s > —3/4, which proves (2.17). a

The following corollary of Proposition 2.5 tells us about the behaviour of v in any
non-transverse direction.

COROLLARY 2.7. Let u defined as in Proposition 2.5. Then for any half-line
Ly :={(tcosa,tsina) e R? [t > 0} C H where a € (0,7), we have up, € L'(Ty).

Proof. Using the half-plane representation (2.16), then (2.8) and Fubini’s theo-
rem, we obtain

—+o0
/ |u(t cos o, tsin o) | dt
0

“+oo
:/ Z/ @i()\)‘l’i()\,tcosoz) —Vtsina i()\)d/\ dt
0 = Jr+

+o00
SQZ ’@i()\ —VAtsina i()\)d)\dt
R+

= 2Z/+ ﬁsma D
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F1c. 5. Junctions of two-layered media.
where the last integral is bounded, according to (2.17) with s = —1/2. O

3. Junction of two-layered media. In this section, we come back to the junc-
tion of stratified media as defined in subsection 1.1, but we restrict ourselves to the
particular case of two-layered media, as considered in section 2. Hence each of the
three half-planes Hy,, Hy and Hg is characterized by a two-valued wavenumber func-
tion K, for 3 € {w, N, E}, where K,(X) = K, + if £X;, > 0. By construction, we have

(3.1) Kw+ =Ky-— and Kg_ =Ky,
as well as Ky _ =Kg 4+ if (Ow,0p) # (+7/2,—7/2).

The various objects introduced in section 2 for a single half-plane will simply
be indexed by J € {W,N,E}: the transverse wavenumbers 3 ()), the reflection and
transmission coefficients R (\) and T:F()\), the generalized eigenfunctions Ui (), X,),
the weight functions pi()\) and the generalized Fourier transforms F, (see (2.5)-(2.7),
(2.10) and Theorem 2.3).

Recall that we have replaced the initial definition (1.1) of H by (2.14) so that the
X-axis ¥ := R x {0} is now contained in H. The same goes for each half-plane H,
for 3 € {w, N, E}, whose local coordinates are still related to the global ones (x,y) by
(1.3). We denote by X; the X;-axis of H;, which is contained in H;. Note that the
three points (aw, bw), (0,0) and (ag, bx) are located respectively at the intersection of
¥, with the interface of the two-layered medium filling H;.

We prove now Theorem 1.1 in the context described above. For the sake of clarity,
we begin by the case of the right-angle configuration (see Figure 5, left).

3.1. Right-angle configuration. We follow the same approach as in the second
step of subsection 1.2. Recall that in the right-angle configuration, the relations
between the local and global coordinate systems are given by (1.10).

Suppose that u € L?(f) satisfies the Helmholtz equation in Q := Hy U Hy U Hy.
Hence, we can use the half-plane representation of Proposition 2.5 for the restriction
of u in each of the three half-planes. For J € {w,N,E}, we denote by ¢, the trace of
uw on Y, considered as a function of the local coordinate X,, and by (@;, 87) = Fyp,
its generalized Fourier transform with respect to X;.

In order to prove that u = 0, the key argument consists in proving that @ (\)
extends to an analytic function of A in the domain

(3.2) Dy :=C\ (—o0,— min(Ki,_, K§7+)]
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introduced in Proposition 2.1. As (2.17) tells us that @T(\) vanishes on the interval
(fKI%,i, 0), analyticity implies that it vanishes also on (0,400), hence g5 = 0. The
half-plane representation (2.16) in Hy then tells us that u vanishes in Hy, so finally
also in the whole domain ) by virtue of the unique continuation principle.

It remains to prove that T (\) has an analytic continuation in Dy. We focus on
the case of @ (\). The case of P ()\) can be dealt with in the same way. We start
from the definition (2.11) of T (\) (recall that Xy = x):

MAE (i 400 B = [ pu(a) TTOVD) de
R

According to Remark 2.4, this integral is well defined (in the Lebesgue sense) if
ox € LY(R), which is not obvious. This actually follows Corollary 2.7 applied for
both half-planes Hy, and Hg, which ensures that u|s ~p, and u|s Ap, are integrable,
that is, Ox|(—cc,aw) € L'(—o00,ay) and Onl(ap,+00) € L'(ay, +00). We can then split
the above integral in three parts as follows:

(33) &N =
“+oo

/ " (@) TT O a) do+ / " (@) U () da+ / on(2) T (N 7) e

—o0 w B

= @;w()‘) = 9/0\1—\1"_,0()‘) =: Q—N‘r,h()\)

First consider the second integral cﬁ; o(A). Recall that Proposition 2.1 tells us
that for any = € R, the function (—K3 ,,+00) 3 A — ¥§ (X, z) has an analytic
continuation in Dy and (\,x) — ¥F (), x) is bounded in any compact set of Dy x R.
Then, the function (—K3 ,,+00) 3 A — U (A ) also has an analytic continuation in
Dy, simply defined by Ui (A, z), and (\,z) — ¥ (), z) is bounded in any compact set
of Dy x R. Using Morera’s theorem, we infer that @;‘ o(A) has an analytic continuation
in Dy.

These arguments cannot apply for @i (X) nor @ ,(X), since V(N ) is expo-
nentially increasing as * — 400 or £ — —oo for non-real A\. The idea is to use the
half-plane representation in Hy and Hy respectively. Consider the case of ¢ ,(A). De-
noting uy the restriction of u to Hy, considered as a function of the local coordinates
(Xw, Yw), the half-plane representation (2.16) writes as

(3.4) Gt v) = 3 [ EE 0 WG x) € 5 ) i
+

for all (Xy,Yw) € R x [0,4+00). According to (1.10), for all z € (—o0, ay), we have
ox(2) = u(z,0) = uw(—=bw, —2 + ayw). Hence, for A € (—K3 , ,+00),

PrwN) = / <Z /R+ B (1) Wik (1, —by) e VI o) p(yy) d“) ¥ (A, z) da.
+

— 0o
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In order to use Fubini’s theorem, note that thanks to (2.8), we have

J Ll

1, —by) e~ VI T+ TE () x)’ (1) dpdz

which is bounded, according to (2.17) with s = —1/2. Switching the integrals in the
above expression of @ (A) and using the expression (2.5) of Wi (A, z) then yields

SIEI?I‘:VV(A) -
Aw s h—
S [ o ([ e 07 e ) i) W) )
+ JR —00

since T)f () and By (A) are real on (—KZ ,,+00). Computing the integral between
parentheses, we finally obtain

A W ) bw
B5) Bl =TT 3 [z fﬂﬁ“() ) o () d.

Now, we can use again Morera’s theorem to conclude that @y, (\) has an analytic
continuation in Dy, since (/i +ifg (A) cannot vanish for p > 0 and A € Dy.

We can proceed in a similar way for @;‘,‘ =(A). Using the half-plane representation
in Hy, we obtain instead of (3.5)

lﬁn (A) as e*iﬁ&*’()\) ag
Px, W RFON) ) FE() U, by) pE () dp,

which also extends to an analytic function of A in Dy thanks to Proposition 2.1. This
completes the proof.

3.2. General angle configuration. We only detail here the items of the proof
which differ from the right-angle configuration presented above. Indeed, the ideas
are exactly the same, but the calculations are more complicated, since the relations
between the local and global coordinate systems are given now by the general form
(1.3) with (Oy,60s) # (+7/2,—m/2) (see Figure 5, right). These relations show in
particular that the intersection points of ¥, NXy and ;N Xy are located respectively
at (axw,0) and (ayg, 0) where

Onw = Qw — by cot By and  ayg := ag — by cot Ox.

Therefore the splitting (3.3) of &7 (\) becomes here
Py (N) =
+oo

/ o) T )t [ " o) VI On ) da + [ e@wad,

—00 anw ang

=: Piw(N) =: G0N = Gi (V)
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As previously, the second integral aﬁ:f o(A) has an analytic continuation in Dy. But as
we will see, this is no longer true for the two other integrals. We focus on @ ().
The half-plane representation (3.4) is still valid, but (1.3) shows now that

Vo € (—o0,axw), ©n(x) =u(z,0) = uy (Xw(x),YW(x)) where

Xw(z) := (x — aw) cos Oy — by sinfy  and Yy (z) := (ayw — ) sin Oy .

Therefore (3.4) yields

— 00

B = [ (Z [ B W G xu() T ) du) W) de.
+
From Fubini’s theorem, we obtain

(3.6) BN =) . AT\ 1) () pE () du where
+

AE(\ ) ::/ VAW W (1 xy (1)) TF (A, 2) do

— 00

ax

Using the expression (2.5) of U and Ui (note that Xy (z) > 0 for all z € (—00, anw)),
as well as the fact that B (1) = B85 (1) (see (3.1)), the calculation of the latter integral
yields

T () €8s () Xo(asw)

AT = 2y e
—iBy (1) Xw(axw) R+(‘LL) e+i,3N_ (1) Xw(anw) o
At = [ & W TH(\) s () asw
A < D) DH(\, ) v (M)e

where we have denoted

DE\, ) := /1 sin Oy + 187 (1) cos O + 165 (N).

For a fixed pu > 0, the function A* (), 1) has an analytic continuation in any com-
plex subdomain of Dy (see (3.2)) in which the denominators D~ (A, u) and D (\, u)
do not vanish. On the one hand, D~ (A, ) cannot vanish, for

VA €Dy, Vu >0, Im(D™(\np) =—By (1) cosbyw + Re(B5 (N)) >0,

since cosfy < 0 and Re(B5 (\)) > 0 for all A € Dy (according to our choice of the
complex square root, see the proof of Proposition 2.1). On the other hand,

DY\, pu) =0+ \/)\ +K: = —\/p + K2 _ cos Oy +iy/p sin by
> A= (1 cos(20y) — K3 _ sin®Oy) —1i (\/ﬁ B+ KE Sin(29w)) .

The latter equation defines a curve Ay parameterized by 4 in the upper complex
half-plane Im A > 0 (since sin(20y) < 0, see (1.5)), which reaches the real axis at
Avw i= —K2 _ sin? @y when 1 = 0. As a consequence, going back to (3.6), we deduce

from Morera’s theorem that @i w(A) has an analytic continuation in Dy \ Ay -
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FiG. 6. Relevant domain of analyticity of 3y (gray area) for Ky + = 10, Ky — = 9, fy = —57/6,
Ow = 27/3.

We proceed in the same way to deal with @, (X). The only differences in the
computations is that we use now the expression of Ui (A, x) for z > 0 (see (2.5))
and UF instead of WE. We are then faced with the possible cancellation of four
denominators, which leads us to solve the following four equations:

Vi sin Oy £ BT (1) cosOp £iBT(N) =0,

where both + are independent. As above, only two of them have a solution, which
yields

A= (p cos(26) — K§’+ sin? 0p) £1i (\/ﬁ B+ KE sin(29E)) .

Instead of one curve, we then obtain two curves AﬁE which are complex-conjugate to
2

each other and reach the real axis at Ay := —K5 ¢ sin? f;. We conclude again that
@1 5(A) has an analytic continuation in Dy \ (Ag; UATL).

To sum up, @ (A) has an analytic continuation in Dy \ (Ayw UAg, UAS ). The
curves are represented in Figure 6. We are interested in the analyticity of @1 (A) in
the gray area: as 7 (\) vanishes on the interval (max(Ayw, Axs),0), it implies that
@1 (A) also vanishes on (0, +00).

Finally, the same arguments apply to @5 (\), so that Theorem 1.1 is now proved
for a junction of two-layered media in the general angle configuration.

Remark 3.1. Notice that when (0y, 05) tends to (+m/2, —m/2), the union of the
curves represented in Figure 6 formally tends to the half-line (—co, —min(K3 _, K3 )]
on the real axis. We then recover the domain of analyticity Dy of the right-angle

configuration (see (3.2)).

4. Extension to the general stratification case. We consider now the junc-
tion of general stratified media as described in subsection 1.1. We follow the same
steps as previously, first focusing on a half-plane, explaining how the generalized
Fourier transform is written in that case, detailing the properties of the half-plane
representation and then using them to derive Theorem 1.1.

4.1. Generalized Fourier transform. We consider again the unbounded self-
adjoint operator A defined by (2.2) where K now satisfies the general assumptions of
subsection 1.1: it is a bounded function which is constant outside a bounded interval,
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more precisely K(X) = K4 if £X > £x*. A main difference with the two-layered
medium is that, in addition to the generalized eigenfunctions appearing previously,
the operator may now have L? eigenfunctions. This means that there may exist pairs
(A, ¥) € R x H*(R)\{0} such that

(4.1) —02U —kK*¥U =)V inR.

Using that ¥ has to be decreasing where K is constant, we infer that there can exist
such eigenpairs only for A < —max(k? ,K%) otherwise non-trivial solutions to (4.1)
cannot be L?. As this equation is one dimensional, all eigenvalues are of multiplicity
one. Writing

K3 == esssup (K2(X)),
Xe(x—,xt)

and denoting A the possibly empty point spectrum of A, multiplying (4.1) by ¥ and
integrating by parts, it follows that

(4.2) A" C [-K3;, —max(k?,K3)] C R™.

Then, an obvious necessary condition for the existence of eigenvalues is

Ky > max(K?, K7).

We can exhibit sufficient conditions ensuring the existence of at least one eigenpair.
For instance, if K_ = K, a sufficient condition [16, Corollary 4.5.2] is that K satisfies

/R(Kz(x) —K2) dx > 0.

Using the min-max principle, it is also possible to derive conditions on K ensuring the
existence of any given number of eigenvalues. For instance, if K = Ky; on an interval
of size [ and there exists a non-zero integer n such that

n?m?

Ky — max(k?, k%) > PR

then there exist at least n eigenvalues.

Finally, it is proven in [16, Theorem 4.7.1] that there is at most a finite number
of eigenvalues.

In what follows, for the sake of conciseness, we consider the situation where the
point spectrum is not empty. The empty case then follows easily since we will see in
Proposition 4.3 that the existence of eigenfunctions does not impact the core of the
proof. We denote by N > 1 the number of eigenvalues (A\")"_; and for all n € [[1, N,
by ¥" : R — C an associated eigenfunction normalized in L?(R) associated to A\".

As previously, we also consider generalized eigenfunctions (which are bounded
but not L? solutions to (4.1)) for A > — max(k%,k?). The dimension of the space
of bounded solutions is once again 1 if — max(k?,k2) < A < —min(k%,k?) and 2 if
A > —min(k?,Kk?%). The generalized eigenfunctions ¥* : A* x R — C are now more
complicated to describe. They are uniquely defined (see Appendix A) as solutions to
(4.1) that have the following form outside of the interval (x~,x1): V(\, X) € AT x R,

eFIBENX L RE(N) eHAT VX i 4 x> 4xE,
TE(\) eFAT (V)X if £x > FxTF,

(4.3) TE(\ X) = {
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for some complex coefficients T%()\), R¥(\). If K is piecewise constant, we can still
retrieve explicit expressions for the generalized eigenfunctions in (x~,x™) and for the
associated coefficients T+ ()\) and R*()\) [12, Section 2.3], but in general, it is no
longer possible.

We are now ready to give the diagonalization theorem for the general stratification
case. A proof can be found in [12, Section 2]. The spectral space adapted to this
situation writes as follows:

H = L*(A, p*) x L*(A~, p7) x CV,

and is endowed with the norm

N
Ve = (87,87, (@)l € Hy 101G = 118 2 ar oy +118 N1 2(a- ) 2 1871
n=1

where we used the same notations as (2.4) and (2.10) since the continuous spectrum
is unchanged.

THEOREM 4.1. The generalized Fourier transform F defined for all p € L*(R) N
L3(R) by
Fo = (F o, Fro, (F'o)N_)) with, for A € A* and n € [1,N],

FEo(\) ::/(p(X)\I/i(/\,X) dx and Fo ::/(p(X)\IJ"(X) dx,
R R

extends by density to a unitary operator from L*(R) to H. It diagonalizes A on L*(R),
in the sense that

Yo € HQ(R), Ap = F 1IN Fo,

where the notation A\ stands for the operator of multiplication by X\ in H. Moreover,
the inverse transform F~1 writes explicitely as follows: for all (3—, 5, (p™)N_1) e H
such that o+ € LY(A*, p*r), for all X € R,

N 400
FH@E @5 @Mlx) = > v (x)e" + Z/ CTELX)BEN) (VA
+ YKL

n=1

Remark 4.2. By construction [12, Lemma 2.4.8], the U*’s are uniformly bounded
on A* x R so that the formulas make sense for L' functions (as mentioned in Re-
mark 2.4).

4.2. Half-space representation. Let us point out that compared to the two-
layered situation, two difficulties arise when generalizing the proof of Theorem 1.1.
Firstly, we now have to handle the L? eigenfunctions in addition to the generalized
ones. Secondly, since we do not have explicit expressions of the generalized eigenfunc-
tions anymore, it is more technical to derive the necessary analyticity properties.

We start by handling the first difficulty and we show that since all the eigenvalues
are negative, the eigenfunctions do not contribute to the half-plane representation of
L? solutions of the Helmholtz equation. More precisely, the following proposition
states that the half-plane representation of an L? solution to (1.6) still writes as in
(2.16) without the components associated to the eigenfunctions ¥".
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PROPOSITION 4.3. Considering H a half-plane as defined in (2.14), suppose that
u € L*(H) satisfies

(4.4) ~Au—K*u=0inH

in the distributional sense where K is defined as in subsection 4.1.
Then, writing (3=, 3+, (§™)N_,) = F u(-,0), we have

(4.5) vne[1,N], $"=0,

and,

(46) ¥(Y) ER X [0,400), u(x,¥) =] / FEO)TE (A, )oY pE(A)dA,
+ JRT

with % satisfying (2.17).

Proof. Following the same reasoning as in the proof of Proposition 2.5, we can
define a family of L? functions @™ (Y) := F"u(-,Y) for almost every Y € (—¢,+00)
and for n € [1, N]. Then applying the partial generalized Fourier transform in the
X-direction to the Helmholtz equation (4.4), we have that for all n € [1, N,

—920™ + A"u" =0 on (—¢, +00)
in the distributional sense. Then, there exist constants A ", B™ € C such that

a”(y) _ A\ne—(\(-&-a)\/)\i’l + B\7le+(y+6)\/)‘7.

Since U™ € L?(—¢,+00) and since all the eigenvalues are negative by virtue of (4.2),
we have that A” =0 and B™ = 0.
The properties on $* are then derived as in Proposition 2.5. ]

The conclusion of Corollary 2.7 still holds for the hypotheses of Proposition 4.3
by virtue of Remark 4.2.

To proceed as in the proofs detailed in section 3, we need an additional analyticity
result on the general eigenfunctions for which we cannot rely on explicit expressions
anymore. Recalling D defined in (2.9), we have the following.

PROPOSITION 4.4. The mappings A — RT(\) and A\ — T ()\) corresponding
to the coefficients of the generalized eigenfunctions outside (X~,X") as defined in (4.3)
have meromorphic continuations in Dy. Moreover, for any X € R, the mappings to
the generalized eigenfunctions A\ — WE(\,X) also have meromorphic continuations
in Dy with poles independent from X. Finally, the meromorphic continuations of U+
are bounded in any compact set of D\P x R where P denotes their set of poles.

Proof. The idea is to prove that the W¥(-,X)’s are meromorphic for all X €
[x~,x*] which directly yields the same property for the coefficients R*(\) and T*(\)
and then for any X € R. The proof is given in Appendix A. ]

4.3. Proof of Theorem 1.1. We use the same notations as in the previous
proofs. We can once again derive the following expression:

PN =
+o00

[ awE s [T o s [ @ R,

—o0 anw Qang

= Giw(N) = Pio(N) = Gup(N)
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By virtue of the definitions of the three stratified half-planes detailed in the intro-
duction, we necessarily have [Xy,X{] C [anw, axe]. Then, ¥ can be expressed semi-
explicitely as in (4.3) in both @, and @ ;. The fact that there is no explicit expres-
sion of U in (ayw,axs) does not matter. Indeed, since @;0 is defined by an integral
on a bounded interval, by virtue of Proposition 4.4, we can use Morera’s theorem as in
section 3 to show that this term is meromorphic. Moreover, we also have Xy (z) > X
on (—00, any) and Xg(x) < X5 on (ayg, +00) so that the ¥ ’s, 3 € {E, W}, both have
semi-explicit expressions of the form (4.3) where they are considered. This allows us to
detail @;{W and @;I"E as previously. Then, proceeding as in section 3 and using Propo-
sition 4.4, we get that @y()) has a meromorphic extension to Dy \ (AywUAS UAT ).
Consequently, we can define a neighbourhood of (—n, +00), for some n > 0, where
®n(A) is analytic and conclude as previously.

5. Conclusion. In this paper, we proved that in media that can be described as
the union of stratified half-planes, there does not exist non-trivial square-integrable
solutions to the two-dimensional Helmholtz equation. The tools used in the proof
led to considering angles between the stratifications greater than 7/2. In particular,
the absence of trapped modes at the junction of waveguides when the angle between
at least two branches is smaller than 7/2 is an open question. We conjecture that
the result still holds and that this limitation is purely technical, due to the use of
separation of variables in half-planes.

Interestingly, our result still holds without imposing that k2 be positive every-
where. Indeed, our proof only requires the positivity of Kii, which means that K% 4
and Ka)_ can be negative. In other words, even if waves do not propagate in the
southern quadrants of Hy and Hy,, the presence of propagating waves in Hy is suf-
ficient to prevent the existence of trapped modes. Let us point out that without
information coming from the southern quadrants of Hy and H,,, we cannot conclude.
Indeed there exist non-trivial L? solutions to the Helmholtz equation in a half-plane,
see [3] for the homogeneous case.

Note that we could have considered instead of the Helmholtz equation (1.6) a
more general equation of the type

—div(pVu) — pu = 0.

Our result remains valid as soon as p and p satisfy the hypotheses given on k2 in this
paper, provided that p is bounded from below by a positive constant. As mentioned
above, the case of negative p in the southern part of the domain is also allowed.

Let us now consider the Helmholtz equation in a three-dimensional domain  x R
where Q C R? and k = k(z,y) independent from the third coordinate z both satisfy
the hypotheses of subsection 1.1. Our result means that there cannot exist so-called
guided waves, i.e. non-trivial solutions of the form

U(l‘, Y, Z) = ﬂ($7 y)CiEZ
with 4 € L*(Q) and £ € R if €2 < min(K3 ,,K{ ).

A natural extension would be to apply our approach to three-dimensional do-
mains that are the union of half-spaces (five in a right-angle configuration and four
otherwise), such that in each half-space, k depends only on the transverse coordinates.
However, this extension is far from straightforward as adapting the proof raises several
difficulties. In particular, Corollary 2.7 does not directly extend to higher dimensions.
Again, it is possible that this limitation is only due to the technique that we use. In-
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deed, in the homogeneous case, this difficulty was circumvented by a tricky use of the
two-dimensional result (see [3]). Unfortunately, this approach does not extend to the
heterogeneous case we are interested in here.

It could be interesting to investigate links with the results concerning the so-called
Landis’ conjecture [7] which also applies to the Helmholtz equation with non-constant
coefficients in exterior domains. This conjecture provides an upper bound for the rate
of exponential decay at infinity of trapped modes.

Appendix A. In this appendix, we first prove the existence and uniqueness of
the generalized eigenfunctions W* (), -), introduced as the bounded solutions to (4.1)
satisfying (4.3) for A € AT, and then we prove Proposition 4.4.

To prove that the U*’s are uniquely defined, we notice that they can be defined
as the solutions to (4.1) which satisfy the following Robin conditions at x*. For ¥+
we have,

KU (A, XT)+i~ (NPT (\,x7) =0,

A B () I8 I (A, x) = 208 (e O

and for U~ (notice that only the right-hand side changes),

(A.2) 0T (A, X7) +1B7 (VW™ (A, X7) = 28~ (\)elh” X",
KU~ (A, XT) —ipT (NPT~ (A, xT) =0.
The idea is to show constructively that the generalized eigenfunctions can be defined
as linear combinations of entire canonic solutions to an ODE and derive the different
properties from this description.
Let us then introduce, for A in C, s(), ) and ¢(, -) the two solutions in C1(R) to

—02u(\,X) — (K*(X) + Mu(\,X) =0 inR

in the distributional sense, such that

c(A,Xx7)=1 and Oxc(\,X7)

0,
s(A,Xx7)=0 and Jxs(\,x)=1.

It is well-known that for all x € R, s(+,X) and ¢(+, X) are entire functions (see for
instance [9, Section 4.2]).

Since the W*’s satisfy the same equation as ¢ and s, there exist complex coeffi-
cients A*(\) and B¥()) such that

(A.3) VA e AL VX e R, TE(\ X) = AF(N\)s(\, X) + BE(N\)e(), X).

The Robin conditions (A.1) and (A.2) on U* then yield the following system

1 iB=(N) AEN)N _
<8Xs(/\,x+) CiBH(\)s(A, X)) Bxe(), XF) w(A)c(A,xﬂ) (Bi(A)) = L=V,

where LT (\) only depend on 3% ()).

To prove that the ¥*’s are uniquely defined for A\ € A*, it suffices to prove
that the determinant of the above matrix never vanishes. We give the proof for
A € (—min(x?%, k2 ), +00) where both S%()) are real. It can easily be extended to
A € (—max(k?,k?), —min(k?, k%)) where one of the %()\)’s is imaginary.
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Let us assume by contradiction that the determinant vanishes for some A €
(—min(k?,K?%), +oc). This yields, as both s(},-) and ¢(, ) are real-valued for all
AeR,

S()\ X+) M
- N SR APVEAXPYA
(B ISty ey o B X

B=(\)
Consider now the wronskian of ¢ and s defined by
YAeC,VxeR, W(\X):=c(\X)0xs(\, X) — s(\, X)xe(\, X).
It is a constant function of X. By definition of ¢ and s, W(A,X7) = 1, but (A.4) yields

BTN xF))?  (Oxe(A xT))?

YA e (— mln(K_,_, 2),400), WA XT)=— -V VTN

which gives a contradiction.

Now, we prove Proposition 4.4. Notice that the coefficients of the matrix and the
right-hand term can analytically be extended to D. Since the determinant can vanish
on D outside of A*, the solutions of the linear system (A% (\), B¥()\)) have mero-
morphic continuations and have poles whenever the determinant vanishes. It follows
that for every x € [x,x*], the U*(-,X)’s now have a meromorphic continuation to
D with poles independent from X.

Finally, the fact that the ¥*’s are bounded on any compact of D x R where they
are analytic follows directly from their decomposition (A.3) since the mappings ¢ and
s are bounded on any compact of C x R [9, Theorem 4.5].

Remark A.1. The existence, uniqueness and meromorphicity of the ¥*+’s can also
be derived from scattering theory using the analytic Fredholm theorem. The well-
posedness of the problems defining U+ is a consequence of the energy conservation
and the poles of the meromorphic extensions correspond to the so-called scattering
resonances [6].
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