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Abstract

In this poster, we introduce a rank-based surrogate-assisted
variant of CMA-ES. Unlike previous methods that employ
rank information as constraints to train an SVM classifier,
our approach employs a linear-quadratic regression on the
ranks. We investigate the method’s invariance empirically.
While this first algorithm outperforms CMA-ES with a few
exceptions, it falls short to entirely meet the lg-CMA-ES
performance levels. To address this, we propose an enhanced
variant that handles together two alternative surrogates, one
based on the ranks and one based on the original function
values. Although this variant sacrifices strict invariance, it
gains in robustness and achieves performance comparable
to, or even exceeding, 1q-CMA-ES on transformed problems.
This last algorithm shows how simply incorporating new
transformations of rank values could improve any surrogate-
based CMA-ES variant.

CCS Concepts

e Computing methodologies -~ Machine learning ap-
proaches; Cross-validation; e Mathematics of computing
— Stochastic control and optimization.
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1 Introduction

The Covariance Matrix Adaptation Evolution Strategy (CMA-
ES) is a well-established algorithm for single-objective black-
box optimization, known for its efficiency [8, 13]. It evolves
a normal distribution iteratively, relying solely on solution
rankings, ensuring invariance to strictly increasing transfor-
mations—a valuable property in optimization [5, 9]. Reducing
function evaluations is critical, especially in expensive opti-
mization, where surrogate models can help by approximating
objective values for ranking or pre-screening candidates [1].

Surrogate assistance in CMA-ES often compromises its
invariance, as the surrogate model may not preserve invari-
ance to strictly increasing transformations of the objective
function. This issue was observed in 1g-CMA-ES [6], which
employs successive linear and quadratic models. Our goal is to
design surrogates that preserve said invariance property. We
first review invariant surrogate-assisted CMA-ES methods,
then introduce our rank-based variant of 1lg-CMA-ES. Finally,
we analyze its invariance and compare its performance to

CMA-ES, 1g-CMA-ES, and “*ACM-ES.

2 Existing work related to Surrogate
assisted CMA-ES

Existing literature dealing with the addition of surrogates to
CMA-ES can be found in [3, 4, 6, 10, 12]. We narrow our focus
to review rank-based surrogate-assisted variants of CMA-ES .
To the best of our knowledge, the most notable ones include
RankSVM coupled with CMA-ES [14] and S*ACM-ES [12].

Rank Support Vector Machine (RankSVM). The Rank Sup-
port Vector Machine (RankSVM) approach, as detailed in
[14], employs a Support Vector Machine (SVM) classifier to
learn a utility function. This utility function replaces the orig-
inal function calls to rank candidate solutions. This approach
is inherently invariant to strictly increasing transformation of
the objective function since the model building depends only
on the pairwise comparison of solutions. The gains in terms
of number of function evaluations depend on the choice of
the kernel, as is the case for any kernel method. These gains
however are reported to rapidly decrease with the dimension
d of the problem in [14].

Self-Adaptive ACM-ES. Using the RankSVM method, the
self-adaptive ACM-ES (S*ACM-ES) uses the utility function
values to pre-screen offsprings from a sample larger than
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the population size. Similarly, this approach is invariant to
strictly increasing transformations of the objective function.
Additionally, S*ACM-ES remains invariant to rotations of
the search space, which is achieved by using the covariance
matrix adapted by CMA-ES as an SVM kernel [11].

Both RankSVM and “*ACM-ES rely on SVM classifiers,
which are known to be sensitive to the kernel choice. In the
following, we introduce a method that uses linear-quadratic
regression on ranks instead of function values.

3 1g-CMA-ES: A Linear-Quadratic
Surrogate-Assisted CMA-ES

The 1g-CMA-ES is a surrogate-assisted variant of CMA-ES,
originally introduced in [6]. In this method, a linear, first,
then quadratic model acts as the surrogate, hence its name.
The switch from linear to quadratic surrogate occurs when
sufficiently many observations of the true function have been
gathered. In lg-CMA-ES, the training dataset comprises the
solutions sampled by CMA-ES evaluated on the true function.
The decision to utilize or refine the surrogate depends on a
ranking quality criterion: the Kendall’s tau (7) correlation
coefficient between the rankings derived from the actual
function values and those inferred from the surrogate values
at a subset of assessed solutions [6]. The linear-quadratic
model is defined as the scalar product m’z(x;) where z is
the full quadratic features mapping of the solution x; with
m the vector of the model coefficients, learned by minimizing
the following weighted error for positive weights w;:

z:u)zz(rrfz(wz)—f(«’l?z))2 1)

The performance of the algorithm depends on the func-
tion values. As discussed in [6], the 1g-CMA-ES algorithm
demonstrates strong performance on several functions such as
the sphere function and the ellipsoid function. However, the
application of a strictly increasing transformation strongly
affects the performance of 1q-CMA-ES as shown in [6]. This
is because the model building relies on the function values, as
evident in the expression of the weighted error Equation (1).
Next, we present a simple way to achieve invariance with
respect to any increasing transformation of f in the context
of optimization with surrogates.

4 1g-CMA-ES on a dataset of ranks

In our proposed method, Rank-1q-CMA-ES, we apply lg-
CMA-ES to a dataset of rank values computed from the orig-
inal function values. Given candidate solutions @;.,, where
i represents the i*" best solution in the model’s archive, we
transform them using the mapping «;., — ¢ to replace func-
tion values with rank values. The new weighted error, derived
from Equation (1), is expressed as: ¥, w2, (m" 2(@im) - i)

Any stricly increasing transformation of the original fitness
values results in the same rank data, ensuring invariance of
the model building and therefore the resulting algorithm to
strictly increasing fitness transformations. Nevertheless, since
the algorithm employs a linear-quadratic model, the use of
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rank-transformed data inherently affects the quality of the
model either positively or negatively.

5 Rank-1g-CMA-ES on transformed ranks

Invariant surrogate assisted CMA-ES with transformed
ranks. In general, ranks can be substituted with any strictly
increasing transformation of ranks (ti)05i<n' Since the t;’s
only depend on the ordering of the function values, the
algorithm remains invariant. We propose an extended variant
of Rank-1g-CMA-ES using multiple transformations of rank
values to build the linear quadratic model. Algorithm 1 details
the steps of this new variant.

Core Concept. The extended Rank-1g-CMA-ES’s main idea
is to dynamically select, during runtime, the most suitable
transformation from a set of rank-value transformations for
constructing the linear-quadratic model. The chosen trans-
formation maximizes the quality of the resulting model.

Algorithm 1 Model selection based on transformations

Require: m transformations of rank values {T1,...,T}
of size n with T} = {tjl', ...,t}}, model archive X =
{Z1m, ..., Tnn } sorted by true fitness, 1q learning model,
k, the number of cross-validation sampling steps.

Ensure: Vje{l,...,m} t{ <t%<...<tf1

T<{}

: for j < 1tom do

Sj < {($11’ﬂ7 t{)’ R (x”mv tﬁ,)}
7; < k-Fold_Cross-Validation(S;, k,1q)
Append 7; to T

end for

: Identify Thest with the best kendall-7

: Train 1q on Shest to obtain Mmpest

: return Mmpest

© PN F RN

Transformation selection. We perform a cross-validation
process to evaluate the ranking quality of each transforma-
tion/model. Specifically, we use an implementation of the k-
fold cross-validation method from the library scikit-learn.
The quality of the transformation/model is measured by the
Kendall’s 7.

Independent transformations. When transformations are
applied without incorporating any information from the orig-
inal function values, aside from their ranking, the resulting
algorithm remains invariant to strictly increasing transforma-
tions of the objective function. This foundational structure
can then be combined with any learning method to develop
an invariant surrogate-assisted CMA-ES variant.

As a proof of concept, we examine two algorithms: the basic
Rank-1g-CMA-ES and an extended variant, where addition-
ally the original function values are used. Remark that the
function values are an increasing transformation of the ranks.
Hence we use two datasets, defined as {t; = i,t7 = f(2in)}.
Since the transformation set includes the original function
values, the extended variant is not invariant to strictly increas-
ing transformations of the objective function. The following
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sections detail the experiments conducted on both variants
of Rank-1q-CMA-ES, encompassing both the experimental
setup and results.

6 COCO benchmarking

COCO Ezperimental Setup. We evaluate Rank-1g-CMA-ES
against CMA-ES, lg-CMA-ES, and “*ACM-ES using the bbob
testbed in the COCO platform [7]. Rank-lg-CMA-ES in both
variants uses an implementation ' based on the code from [6].
The rest of the performance data is taken from COCO archive.
Following [6], algorithms run until reaching maxfevals =
10* x dimension function evaluations. IPOP restarts are used,
doubling the population size before each restart [2]. The initial
solution per restart is set by the initial solution proposal
method from cocoex, with an all-zeros solution evaluated at
the start. The initial step size is 2, and no parameter tuning
was performed.

COCO plots. The runtime distributions (in function evalu-
ations) to reach specific function value targets are shown in
Figure 1 for dimensions 3, 5, 10, and 20, aggregated over all
test functions in the testbed. The results include also data
from COCO’s data archive for CMA-ES (CMA-ES-2019), lg-
CMA-ES (1g-CMA-ES), and “*ACM-ES (IPOPsaACM), along
with results of Rank-1g-CMA-ES (ranklq-CMA-ES) and the
extended variant (cvranklq-CMA-ES). We use 1gq-xcma, a re-
run of 1g-CMA-ES from [6], as the baseline instead of lg-
CMA-ES to account for changes observed between COCO’s
dataset and our implementation.

The cvranklq-CMA-ES performs similarly to 1q-CMA-ES,
while rank1q-CMA-ES experiences a performance decline, which
worsens in higher dimensions, aligning with CMA-ES at
dimension 20. Compared to **ACM-ES, Rank-1q-CMA-ES
shows advantages in lower dimensions (up to 5), but “*ACM-ES
scales better and outperforms Rank-1g-CMA-ES in 20-D.

7 Invariance Experiments

Setup. We empirically investigate the invariance behavior
of the extended Rank-1q-CMA-ES algorithm with regard to
strictly increasing transformations of the objective function.
We follow the experimental setup outlined in [6]. We apply
the CMA-ES, 1g-CMA-ES, and Rank-1q-CMA-ES with both
variants to the transformation f — (f — f°**)” across various
problems sourced from the bbob testbed in COCO. We take
a in a range a little wider than [0.1,10]. Initial solutions are
sampled from a normal distribution zo ~ N (z°?*~2,0.1), with
an initial step size set to 1. To account for stochastic effects,
each experiment was repeated 1 +|20/dimension| times.

Figure 2 shows the average runtime in terms of number
of function evaluations to reach a target (f — f°P*)* < 107
against « (in x axis). We can see that CMA-ES is invariant
w.r.t a.

lethon implementation is available at
https://github.com/mgharafi/rank-lg-cma-es as well as the full
COCO performance data
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The Rank-lg-CMA-ES implementation is also invariant. It
shows a little more variance than CMA-ES. This variance
can be attributed to the sensitivity of the algorithm to the
initial conditions in particular the initial training set. We
confirmed that by running the same experiments and remov-
ing the stochastic effects by fixing the initial conditions for
all a-values (not shown), we got perfect horizontal lines? for
both CMA-ES and Rank-1q-CMA-ES.

The Extended Rank-lg-CMA-ES : Striking a Balance. The
extended variant of Rank-1g-CMA-ES strikes a balance be-
tween invariance and performance, as illustrated by the ma-
genta curve labeled cvrank-1q-CMA-ES. This extended vari-
ant achieves performance comparable to 1g-CMA-ES on raw
problems (a = 1) while maintaining robustness on trans-
formed problems, closely aligning with the performance of
the strictly invariant algorithm rank-1q-CMA-ES. However,
there are still some rare cases where the extended variant
performs slightly worse than both Rank-lg-CMA-ES and
lq-CMA-ES.

8 Summary and Conclusion

We introduce a surrogate-assisted CMA-ES using linear-
quadratic regression on ranks, ensuring invariance to strictly
increasing transformations of the objective function. Unlike
previous rank-based approaches, our method performs regres-
sion on rank data instead of using it as constraints for an SVM
classifier. While it shows some advantages over CMA-ES, it
generally underperforms compared to both Ig-CMA-ES and
S*ACM-ES. To address this, we propose an extension that
applies transformed rank values, selecting a strictly increasing
transformation from a predefined set via cross-validation. An
example demonstrates improved performance, highlighting
the potential of this approach despite deviation from strict
invariance. This opens avenues for research on optimizing
transformations to enhance algorithm performance.
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