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Abstract
The role of grain size in determining fracture toughness in metals is incompletely understood
with apparently contradictory experimental observations. We study this grain-size dependence
computationally by building a model that combines the phase-field formulation of fracture me-
chanics with dislocation density-based crystal plasticity. We apply the model to cleavage fracture
of body-centered cubic materials in plane strain conditions, and find non-monotonic grain-size
dependence of plastic-brittle transgranular fracture. We find two mechanisms at play. The first
is the nucleation of failure due to cross-slip in critically located grains within transgranular band
of localized deformation, and this follows the classical Hall-Petch law that predicts a higher
failure stress for smaller grains. The second is the resistance to the propagation of a mode I
crack, where grain boundaries can potentially pin a crack, and this follows an inverse Hall-Petch
law with higher toughness for larger grains. The result of the competition between the two
mechanisms gives rise to non-monotonic behavior and reconciles the apparently contradictory
experimental observations.

Keywords
phase-field fracture, crystal plasticity, transgranular fracture, Hall-Petch size effect, strength, fracture
toughness
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• A phase-field model of fracture is coupled to dislocation density-based crystal plasticity.

• The model predicts a Hall-Petch size effect on the yield, failure stress and crack nucleation.

• The model predicts an inverse Hall-Petch size effect on fracture toughness.

• Large grains significantly increase the fracture toughness in bimodal microstructures.

1 Introduction1

Many metals and alloys with body-centered cubic, hexagonal closed-packed and non-face-centered2

cubic crystal structures fracture in a so-called plastic-brittle manner, where the yield behavior is3

followed by limited macroscopic plastic deformation before fracture (e.g., Pineau et al. (2016a);4

Ashby (1983)). Further, in many of these metals and alloys, the fracture surface is not dimpled5

as in the classical “ductile” fracture of face-centered cubic metals and alloys, but characterized by6

transgranular cleavage or relatively smooth fracture surfaces along certain crystallographic planes.7

An important question in these materials is to understand their fracture toughness and how this8

fracture toughness depends on the grain size.9

The literature is unclear on this dependence. Based on an approximate stress analysis, Curry10

(1978) used the model developed by Ritchie et al. (1973) to predict the grain-size dependence of11

fracture toughness. This analysis suggests that the fracture toughness would be a non-monotonic12

function of grain size, with a peak toughness at an intermediate grain size of ∼5 µm for mild steel.13

Other arguments suggests different trends. Since fracture follows yield, and the yield strength in-14

creases with decreasing grain size due to the Hall-Petch effect, we expect that the toughness would15

also increase with decreasing grain size. This is supported by the so-called Zener-Stroh and Cotrell16

mechanisms (Zener, 1948; Stroh, 1954, 1955; Cottrell, 1958). Alternately, we anticipate propagat-17

ing cracks to be pinned at the grain boundaries due to elastic and plastic heterogeneity (He and18

Hutchinson, 1989), and therefore expect the toughness to increase with increasing grain size.19

Recently, Reiser and Hartmaier (2020) reviewed the literature on the grain size effect on the20

fracture toughness and the ductile-brittle transition temperature (DBTT) of polycrystalline metals.21

The data that they collected shows that the fracture toughness can either decrease, increase or remain22

unaffected by the grain size depending on the material and the range of grain sizes investigated. The23

DBTT shows a similar non-monotonic behavior with respect to the grain size, but with an opposite24

trend. For small grains, the DBTT increases when the grain size increases. Then, it reaches a25

maximum value at an intermediate grain size (between 20 and 200µm), before decreasing again for26

larger grains. Conversely, as shown in Figure 1a, the fracture toughness displays a minimum value at27

an intermediate grain size. Notice that this is the opposite of the trend predicted by Curry (1978),28

and suggests a cross-over between the Hall-Petch effect and grain boundary pinning. Finally, Qiao29

and Argon (2003) measured the fracture toughness of polycrystalline Fe-2%Si alloy with grain size30

from 1 to 10mm. No discernable grain size effect was observed on the fracture toughness for such31

large grain sizes. This suggests a saturation of the grain size effect for sufficiently large grains.32

Reiser and Hartmaier (2020) attribute this non-monotonic dependence to the competition between33

two competing mechanisms. The first mechanism is the confinement of the plastic zone at the crack34

tip by the grain boundaries, which act as obstacles for gliding dislocations. The smaller the grain35

size, the earlier the dislocations pile-up at grain boundaries and the sooner the nucleation of new36

dislocations at the crack tip gets inhibited. This mechanism thus induces a decrease in the fracture37

toughness when the grain size decreases (later referred to as inverse Hall-Petch size effect, right38
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Figure 1: (a) Fracture toughness as a function of grain size displaying a Hall-Petch regime for small
grain sizes and an inverse Hall-Petch regime for large grain sizes. The fracture toughness reaches
a minimum value at an intermediate grain size (adapted from Reiser and Hartmaier (2020)). (b)
Normalized peak stress σmax as a function of the inverse square root of the mean grain diameter. (c)
Normalized J-integral as a function of the inverse square root of the mean grain diameter.

3



domain in Figure 1a). The second mechanism is the nucleation of dislocations where the crack front39

intersects with the grain boundaries. The smaller the grain size, the more intersection points there40

are and the more dislocations that can be nucleated. This mechanism thus induces an increase in41

the fracture toughness when the grain size decreases, which is consistent with the Hall-Petch size42

effect (left domain in Figure 1a). According to Reiser and Hartmaier (2020) the former mechanism43

dominates at larger grain sizes, while the latter prevails at lower grain sizes. However, it is unclear44

why this is the case.45

In this work, we use a computational model involving both fracture and plasticity in polycrys-46

talline body centered cubic materials to examine the role of grain size and texture in plastic-brittle47

fracture. We treat fracture using the variational phase field approach (Francfort and Marigo, 1998;48

Bourdin et al., 2000, 2008). We combine this with crystal visco-plasticity through dislocation density49

evolution equations (Hoc and Forest, 2001). We study these in finite deformation. Our formulation50

builds on that of Brach et al. (2019b) who considered fracture of elastic-perfectly plastic solids in51

small strains.52

Our main results are summarized in Figures 1b and 1c. We conduct two sets of calculations. In53

the first, we subject a representative volume consisting of a number of grains to uniaxial tension, and54

study the stress-strain behavior. We observe an initial elastic regime, which is followed by yield and55

hardening till the stress reaches a peak followed by a load drop. The peak stress is associated with56

the nucleation of cracks. We observe, as shown in Figure 1b that the peak stress follows the Hall-57

Petch relation and decreases with the (square-root of the) grain size. Briefly, the heterogeneity in58

slip activity due to plastic anisotropy and cross-hardening leads to stress concentration and further,59

crack nucleation. The heterogeneity in slip is larger in larger grains and this leads to easier crack60

nucleation. Thus, the crack nucleation threshold decreases with the (square-root of the) grain size.61

Once a crack has nucleated it has to propagate through multiple grains. This is studied in the62

second set of calculations, where we compute the critical energy release rate necessary for crack63

propagation over multiple grains in a polycrystalline specimen using the surfing boundary conditions64

following Hossain et al. (2014). We observe, as shown in Figure 1c, that the toughness as measured65

by the critical energy release rate necessary for crack propagation increases with increasing grain size.66

In other words, crack propagation follows the inverse Hall Petch relationship. This is true for various67

ratios of the relative strength to toughness ratios of the single crystal, though the effect decreases68

with increasing brittle behavior. Briefly, crack propagation is intragranular (especially in larger grain69

specimens), and the crack gets pinned at the grain boundaries as it tries to transition from one grain70

to another due to the heterogeneity induced by anisotropy.71

In summary, our results show that crack nucleation follows the Hall Petch relationship whereas72

crack propagation follows the inverse Hall Petch relationship. This leads to non-monotonic frac-73

ture resistance, with increased resistance at smaller and larger grain sizes and a minimum value74

at intermediate values. These results are consistent with the experimental observations described75

above.76

The paper is organized as follows. We provide an extended literature review on the fracture of77

metals in Section 2. In Section 3, we present the variational phase-field model of fracture coupled78

to crystal plasticity. In Section 4, we discuss the nucleation of cleavage cracks in polycrystals loaded79

in plane strain tension for grain sizes ranging from 1 µm to 100µm. In Section 5, we study the80

propagation of cleavage cracks in polycrystals with grain sizes ranging from 5 µm to 50 µm. We81

conclude in Section 6.82
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Figure 2: Macroscopic failure modes as viewed on a load vs. displacement curve. (Reproduced
from Gourgues-Lorenzon (2023).)

2 Background83

Fracture or rupture of materials is classified into various categories as shown in Figure 2, based on the84

macroscopic load vs. displacement curve (e.g., Gourgues-Lorenzon (2023)). Typically, ceramics fail85

in a brittle or quasi-brittle manner, while metals and alloys fail in a plastic-brittle or ductile manner.86

Ductile fracture, typical in metals with face-centered cubic crystal structure, involves significant87

macroscopic plastic deformation and the fracture surface is dimpled. On the other hand, plastic-88

brittle failure, often observed in non-FCC metals, especially at low temperatures, involves very little89

macroscopic plastic deformation and the fracture surface is not dimpled.90

The mechanisms of the fracture of metals have been a recurrent topic in materials science over the91

last century. These mechanisms were reviewed by Hollomon and Zener (1946); Zener (1948); Orowan92

(1949); Hall (1953); Petch (1954); Stroh (1957); Friedel (1959); Cottrell (1963); Low Jr (1963); Ashby93

(1983); Becker (2002); Pineau et al. (2016a,c,b). Ductile fracture proceeds by the nucleation, growth94

and coalescence of voids leading to the final rupture of the material. On the other hand, plastic-brittle95

fracture does not involve voids even though there is significant plasticity at the subgranular level,96

and is the result of complex interplay of local plastic deformation, crack nucleation and propagation.97

This can be either intergranular or transgranular.98

As shown in Figure 3, Ashby (1983) classifies transgranular cleavage mechanisms into three fields99

denoted as cleavage 1, 2 and 3, respectively. Cleavage 1, corresponds to the situation where the100

material contains preexisting cracks (growth defects, corrosion, abrasion, etc) which are large enough101

to trigger fracture upon loading without the need of plastic deformation. The failure stress is then102

given by103

σf ≃
√
EGc

πc
(1)

where E is the Young’s modulus, Gc the critical energy release rate (Griffith, 1921) and 2c the pre-104

existing crack length. Cleavage 2, involves the nucleation of cracks in regions of stress concentrations105

induced by plastic deformation. In the absence of sufficiently large preexisting cracks, the stress may106

reach the yield strength of the material and trigger plastic slip and/or twinning. While the stresses107

are relaxed above and below slip bands, or twins, particularly large stresses may be generated at their108

leading edges. Several mechanisms have been proposed. The Zener-Stroh mechanism (Zener, 1948;109

Stroh, 1954, 1955) (see Figure 3b) corresponds to the pile-up of dislocations at a grain boundary.110

The Cottrell mechanism (Cottrell, 1958) (see Figure 3b) corresponds to the pile-up of dislocations111

at the intersection of two slip lines. In both cases, a crack nucleus might be formed due to the112
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(a) Cleavage 1 (b) Zener-Stroh and Cottrell mechanisms (Cleavage 2) (c) Cleavage 3

Figure 3: Three regimes of cleavage fracture according to Ashby (1983). (a) Cleavage fracture
initiated from a preexisting crack. (b) Zener-Stroh crack nucleation at intersecting slip line and
grain boundary (Zener, 1948; Stroh, 1954, 1955) and Cottrell crack nucleation at intersecting slip
lines (Cottrell, 1958) (Cleavage 2). (c) Generalized plasticity or creep preceeding cleavage fracture
(Cleavage 3).

large opening stresses at the root of the pile-up, which can exceed the cohesive strength of the ma-113

terial. Other mechanisms, such as the termination of a tilt boundary (dislocation wall) within a114

single crystal (Orowan, 1954; Stroh, 1958) as observed experimentally in zinc under compressive load115

by Gilman (1954) or the interaction of twins (Hull, 1960; Honda, 1961; McMahon Jr and Cohen,116

1965) have also been proposed as crack nucleation mechanisms. In polycrystals, the size of such117

cracks is proportional to the grain size d, because this is the characteristic size of the internal stresses118

fluctuations. A crack nucleation stress can then be defined as119

σ∗ ≃
√
EGc

πd
(2)

A crack propagates as soon as it is nucleated if the flow or twinning stress (σy) exceeds σ∗. Conversely,120

if σ∗ > σy, new cracks formed by slip or twinning do not lead to immediate failure. The stress needs121

to be raised further to lead to failure. Cleavage 3, as shown in Figure 3c, corresponds to the regime122

generally at higher temperature, where the material undergoes generalized plasticity or creep before123

cleavage fracture. In this case, general plasticity and/or grain boundary sliding can lead to the124

growth of a preexisting crack or nucleation of a grain boundary crack. Once the crack reaches a125

critical size, on increasing loading by work hardening, it grows as a cleavage crack.126

In this work, we focus on the cleavage 2 regime which involves two competing mechanisms.127

Plastic strains are necessary to produce the stress concentration required for cleavage onset, but128

large plastic deformations relax the stresses at the crack tip and inhibit crack growth (Friedel, 1959;129

Rice and Thomson, 1974; Ohr, 1985). This synergy between plasticity and fracture is particularly130

interesting in polycrystals as it is associated with size effects. These size effects can be leveraged in131

order to enhance fracture properties such as strength, ductility or toughness. For an ideal single-132

phase material, the main characteristic length of the polycrystalline microstructure is the grain size.133

Since Eshelby et al. (1951), it has been known that this size plays a crucial role on the yield point134

of a polycrystal, because it limits the length of dislocation pile-ups. These pile-ups are formed as135

dislocations gliding in the same direction are arrested by a grain boundary. Eshelby et al. (1951)136

showed that, by limiting the length of a pile-up, which is proportional to the number of dislocations137

in the pile-up, the stress concentration at the root of the pile-up is reduced. Therefore, the applied138

stress required to let the dislocation pile-up overcome the grain boundary obstacle increases as the139
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grain size decreases. This analysis gives the well known relation140

σy = σ0 +
K√
d

(3)

which was later validated experimentally by Hall (1951) and Petch (1953, 1958). The yield stress141

of the single crystal is denoted σ0, and K is a material constant with units Pa
√
m. Eq. (3) closely142

resembles the definition of the failure stress for cleavage 2 in Eq. (2). Both the yield and the failure143

stress involve an inverse square root dependence on the grain size. This is due to the underlying144

mechanism, which in both cases involves a dislocation pile-up, the size of which is constrained by the145

grain size. Hull (1961) and Worthington and Smith (1966) showed that, in addition to an increase146

of the yield and failure stresses, a decrease of the grain size also leads to an increase in the strain147

at fracture in a 3% silicon-iron alloy for grain sizes between 9.8 and 625µm. The same observation148

was made later in NiAl by Schulson and Barker (1983) in a grain size range from 8 to 125µm. This149

effect apparently contradicts the strength-ductility trade-off (Ritchie, 2011) frequently encountered150

in the design of high-strength materials.151

The numerical modelling of the Hall-Petch size effect in polycrystals has been the subject of152

numerous studies. Following Kocks and Mecking (2003); de Sansal et al. (2010); Haouala et al.153

(2018), the Hall-Petch effect can be captured in crystal plasticity models by introducing a term Ks/δ154

in the Kocks-Mecking evolution equation of dislocation densities, where δ is the distance of a material155

point to the closest grain boundary. This approach results in an increased strain hardening capacity156

in the vicinity of grain boundaries. The lower the grain size, the larger the grain boundary surface157

area to volume ratio and hence, the greater the grain boundary effect on the macroscopic behaviour.158

Alternative approaches have also been proposed to capture grain size effects in crystal plasticity159

models. Cordero et al. (2010) proposed higher-order (generalised) continuum crystal plasticity models160

to predict scaling laws such as the Hall-Petch size effect (scaling exponent equal to -0.5). In their161

analysis, three concurrent models where compared based on the scaling exponent range they could162

predict. Their micro-curl model can produce scaling laws with exponent ranging from -2 to 0. Their163

Cosserat model leads to scaling exponents between -1 and 0. Finally, their curl-Hp model invariably164

leads to a scaling law exponent of -2. Grain size effects involving similar strain gradient plasticity165

models were obtained by Evers (2003); Borg (2007); Counts et al. (2008); Hamid et al. (2018); Sun166

et al. (2019); Haouala et al. (2020b); Pai et al. (2022). In the context of brittle fracture, Clayton and167

Knap (2015) were able to capture Hall-Petch size effect in a phase-field model of anisotropic fracture168

in the absence of plasticity. Giang et al. (2018) proposed a strain gradient plasticity model coupled169

with a cohesive zone model to study size effects in the nucleation of micro-cracks in a ferritic steel.170

Once a crack is nucleated and reaches a critical size, it propagates following cleavage planes.171

As the crack tip reaches a grain boundary and seeks to pass from one grain to the neighbor, the172

cleavage plane and elastic modulus changes due to the change in crystallographic orientation. This173

can potentially pin the crack. In the brittle setting, He and Hutchinson (1989) showed that cracks can174

get pinned at interfaces across which the elastic stiffness changes (from compliant to stiff). Hossain175

et al. (2014) built on this using variational phase field calculations and showed that in a layered176

material with varying elastic modulus, the overall fracture toughness increases with increasing layer177

spacing. Briefly, when the layer spacing is very small (compared to the K-dominant zone), the178

crack does not sense the elastic heterogeneity and is not pinned. However, when the layer spacing179

grows, the crack begins to sense the elastic heterogeneity and is pinned at the interface. This effect180

eventually saturates for large spacing. This suggests that crack propagation will follow an inverse181

Hall-Petch relationship. Qiao and Argon (2003) also suggest that the transition from one cleavage182

plane to another across a grain boundary provides additional resistance to crack growth, though how183
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this depends on grain size is unclear. Similarly, all of this is in the brittle setting, and how crystal184

plasticity affects these considerations is also unclear.185

3 Variational phase-field approach to fracture coupled to crys-186

tal plasticity187

3.1 Kinematics in the finite strain setting188

Following Lee (1969); Mandel (1973b), the kinematics is described by the deformation gradient189

F = ∂x/∂X, where x and X represent the position vector in the current and initial configurations,190

respectively. The deformation gradient is multiplicatively decomposed into an elastic deformation191

gradient F e and a plastic deformation gradient F p such that192

F = F e · F p. (4)

The Green-Lagrange elastic strain tensor E is related to the elastic deformation gradient by E =193

(F e ·F eT − 1)/2. The velocity gradient tensor L is defined as L = Ḟ ·F−1 and can be expressed in194

terms of the elastic and plastic velocity gradients as follows195

L = Le + F e ·Lp · F e−1

, (5)

with Le = Ḟ
e · F e−1

and Lp = Ḟ
p · F p−1

. (6)

In this context, the Mandel stress tensor Π, lying in the isoclinic intermediate configuration (Mandel,196

1973a) is defined with respect to the Cauchy stress tensor σ as follows197

Π = det(F e)F eT · σ · F e−T

. (7)

3.2 Variational setting198

The variational approach to fracture proposed by (Francfort and Marigo, 1998; Bourdin et al., 2000,199

2008) is based on the minimization of a functional that combines the elastic energy and the fracture200

energy. It was extended to the case of elastic-plastic materials by Brach et al. (2019b); Alessi et al.201

(2014). The phase-field variable α is introduced to regularize the crack surface. It takes the value202

1 in the crack, 0 in the intact material and intermediate values near the crack lips. In this study,203

we extend this approach to the case of crystal visco-plasticity at finite strains. The variational204

formulation of the problem is given by the following functional205

Fℓ(α,uuu) =

∫
Ω

(
1

2
E : a(α)C : E +

3Gc

8

(
ℓ|∇α|2 + α

ℓ

)
+ b(α)

∫ t̄

0

π (Lp,Π) dt

)
dV (8)

where a(α) is the stiffness degradation function a(α) = (1− α)2 + ηe and C the fourth order elastic206

modulus (which has cubic symmetry in what follows). The numerical parameter ηe = 10−6 is chosen207

such that a small residual stiffness remains inside the crack (α = 1). The critical energy release rate208

is denoted by Gc and the phase-field length scale is ℓ. The visco-plastic dissipation is noted π and209

depends on the plastic velocity gradient Lp. The expression of the visco-plastic dissipation will be210

discussed in the next section. The function b(α) is the plastic degradation function and is chosen as211

b(α) = (1− α)2.212
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At equilibrium, the displacement and phase-field variables are the solutions of the following213

minimization problem214

(α∗,uuu∗) = argmin
uuu∈Ku, α̇≥0

Fℓ(α,uuu) (9)

where Ku is the set of kinematically admissible displacements fields subject to the boundary condi-215

tions. The phase-field variable α is subject to the constraint α̇ ≥ 0 to ensure the irreversibility of216

fracture. In the context of crystal visco-plasticity, the minimization problem (9) requires the com-217

putation of the Green-Lagrange elastic strain tensor E, the Mandel stress tensor Π and the plastic218

velocity gradient Lp. The constitutive evolution equations are derived in the next section.219

Our phase-field fracture model assumes an isotropic fracture energy, which does not explicitly220

account for cleavage plane anisotropy within grains or the dependence of grain boundary toughness221

on misorientation and defects. In real materials, cleavage strength varies with crystallographic ori-222

entation, and grain boundary fracture resistance is influenced by structural characteristics at the223

interface. Recent advances in phase-field models have introduced approaches to incorporate fracture224

anisotropy, either through an anisotropic non-local fracture energy (Li et al., 2015; Clayton and Knap,225

2015; Quintanas-Corominas et al., 2019; Li and Maurini, 2019; Noii et al., 2020) or an anisotropic226

degradation of elastic stiffness (Bleyer and Alessi, 2018; Li et al., 2021; Fassin et al., 2019; Li et al.,227

2021; Scherer et al., 2022). These models can capture strong anisotropy, but require either several228

phase-field variables to describe independent fracture modes, or add hoc dependence of the critical229

energy release rate on the material orientation, or complex numerical methods to maintain continuity230

of the phase-field variable for models that incorporate the Hessian of the damage variable. While our231

work focusses on elastic-plastic anisotropy, future work could incorporate these advanced techniques232

to better represent cleavage and grain boundary fracture characteristics in anisotropic materials.233

3.3 Crystal visco-plasticity model234

We adopt a dislocation density-based crystal plasticity model for body-centered (BCC) crystals. To235

showcase the coupling between phase-field fracture and crystal plasticity, while keeping the number236

of material parameters to a minimum, we consider a set of crystal plasticity constitutive equations237

similar to the one used by Hoc and Forest (2001). We consider two families of slip systems, ⟨111⟩{110}238

and ⟨111⟩{112}, with a total of 24 slip systems. Throughout the paper, a slip plane normal of a239

given slip system s is noted ns and the associated slip direction is noted ms. The resolved shear240

stress τ s is computed from the Mandel stress tensor Π as follows241

τ s = Π : (ms ⊗ ns). (10)

The plastic velocity gradient Lp is given by the sum of plastic strain rates γ̇s on each slip system s242

as follows243

Lp = Ḟ
p · F p−1

=
24∑
s=1

γ̇sms ⊗ ns. (11)

From Eq. (6), the rate of change of the elastic part of the deformation gradient F e is given by244

Ḟ
e
= Ḟ · F−1 · F e − F e ·Lp. (12)

9



Table 1: Decomposition of the interaction matrix asu.

Plane {110} ∩ {110} {110} ∩ {112} {112} ∩ {112}

Self a0 – ks0a0

Colinear k1a0 kp1a0 ks0k1a0

Non-colinear k2k1a0 kp2kp1a0 ks0k2k1a0

A visco-plastic flow rule is used to describe the evolution of the plastic strain rates γ̇s as a function245

of the resolved shear stresses τ s as follows246

γ̇s = sign(τ s)
〈 |τ s| − τ sc

K

〉n

(13)

where ⟨•⟩ = max(•, 0) and K and n are material parameters characterizing the viscosity of the247

material. The critical resolved shear stress τ sc is given by an extended Taylor law (Franciosi et al.,248

1980) as follows249

τ sc = τ0 + µb

√√√√ 24∑
u=1

asuρu (14)

where τ0 is the initial critical resolved shear stress, µ is the shear modulus, b is the magnitude of the250

Burgers vector, asu is a 24 × 24 interaction matrix and ρu is the dislocation density on slip system251

u. Following Hoc and Forest (2001), the interaction matrix is decomposed in 8 independent terms252

as described in Table 1.253

The dislocation densities evolve according to the following equations254

ρ̇s =
|γ̇s|
b

max

Ks

δ
,

√∑
u/∈coplanar(s) a

suρu

Kobstacle

+

√∑
u∈coplanar(s) a

suρu

Kcoplanar

− ybρs

 . (15)

Following Haouala et al. (2020a), the Hall-Petch effect on the yield stress can be modeled with the255

term Ks/δ, where Ks is a non-dimensional material parameter and δ(XXX) is the distance between the256

material point located at XXX and the closest grain boundary. Therefore δ is a field which depends257

on the position X. For the sake of simplicity δ is not updated during the simulation. The term258

Ks/δ increases significantly close to a grain boundary and is thus responsible for a sharp increase259

of dislocation densities in the vicinity of grain boundaries. This effect is a phenomenological way260

of modelling dislocation pile-ups at grain boundaries. One could also consider using strain-gradient261

plasticity models to account for this size effect (Cordero et al., 2010). The termsKobstacle andKcoplanar262

are non-dimensional material parameters and coplanar(s) is the set of slip systems coplanar with the263

slip system s. The negative term in equation (15) models the dynamic recovery of dislocations with264

y, a non-dimensional material parameter.265

The visco-plastic dissipation π entering the energy functional in equation (8) is given by the266

expression267

π
(
Ḟ

p · F p−1

,Π
)
=

24∑
s=1

γ̇sτ s. (16)
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3.4 Non-dimensionalization of physical quantities268

In practice, it is convenient to work with non-dimensional quantities to avoid ill-conditioned systems269

of equations. Furthermore, working with non-dimensional quantities allows comparison between270

results for different materials. We introduce the following non-dimensional quantities271

x̃ =
x

ηL0

, C̃ =
C
E0

, τ̃0 =
τ0
E0

, G̃c =
Gc

Gc0

=
Gc

E0ηL0

, ℓ̃ =
ℓ

ηL0

, δ̃ =
ηδ

b
, ρ̃s = ρsb2 (17)

where L0 is a characteristic length, η is a non-dimensional scaling factor and E0 is a characteristic272

Young’s modulus.273

We introduce a scaling factor η which may be regarded as an inverse grain size. A challenge of274

studying specimens with various grain sizes is that as we change the grain size, we also need to vary275

either the number of grains or the physical domain. These make computation difficult. So, we rescale276

each problem with the inverse grain size so that the number of grains and computational cell size277

remains the same even as we vary the grain size. One consequence of this is that the length scale278

in the phase field fracture is also scaled. We ensure that our mesh is fine enough in order to resolve279

the crack in all cases including the case with the largest grain size (and smallest rescaled phase field280

fracture size). To simplify notations, the tilde is omitted in the following.281

Following Anderson (2005), we define the plastic zone and fracture process zone radii and their282

ratio as follows283

rpl = α
E0Gc0

τ 20
= α

E2
0ηL0

τ 20
, rpz = β

Gc0

τ0
= β

E0ηL0

τ0
, (18)

q =
rpl
rpz

=
α

β

E0

τ0
,

(
α

β
∼ 1

)
(19)

where α and β are geometrical factors which depend on the mechanical state (e.g., plane stress, plane284

strain). These two geometrical parameters are neglected with the assumption that α/β ∼ 1. The285

plastic zone radius rpl characterizes the size of the region where plastic deformation occurs while the286

fracture process zone radius rpz characterizes the size of the region where fracture mechanisms are287

active. The ratio q is a measure of the relative size of these two regions. The quantity q is intimately288

correlated with the ductility of the material (as will be clear in the later sections).289

Figure 4 shows a schematic representation of the plastic and process zones within a polycrystal290

microstructure. The process zone size is usually smaller than the grain size. However, depending on291

the yield strength and grain size, the plastic zone can either engulf multiple grains or be contained292

within a single grain. This is a reason for taking the characteristic length L0 to be of the order of293

magnitude of the grain size. In practice, for many metallic alloys, the ratio q is in the range of 102294

to 104.295

3.5 Numerical implementation296

The model is implemented with the finite element software FEniCS (Logg et al., 2012). A fixed point297

algorithm is used to solve the mechanical equilibrium and the phase-field evolution problems. At298

each iteration, both problems are solved independently. The phase-field α is fixed when solving for uuu.299

Conversly, uuu is fixed when solving for α. The nonlinear mechanical equilibrium problem is solved with300

a Newton solver. The phase-field evolution problem is solved with the bound constrained optimization301

solver PETScTao (Balay et al., 2024). The gradam code (Scherer et al., 2021, 2022) was used to setup302

both problems, handle the iterations of the fixed point algorithm, apply boundary conditions and run303
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Figure 4: Schematic representation of the plastic and process zones sizes, rpl and rpz, at the crack tip
in a polycrystal. The plastic zone is the region where dislocations can glide due to the stress field at
the crack tip. The process zone corresponds to the volume in which damage mechanisms take place.
The process zone size has been exaggerated for the sake of clarity.

the simulations. The crystal plasticity material integration is performed with a semi-implicit time304

integration scheme implemented in MFront (Helfer et al., 2015). A Newton solver is used to find the305

increment of integration variables, namely ∆F e, ∆γs and ∆ρs, with the set of evolution equations306

given by Eq. (12), (13) and (15). The crystal plasticity implementation was adapted from Hure and307

Scherer (2023) and is available as open-source code (Scherer and Bhattacharya, 2025). The interface308

mgis.fenics (Helfer et al., 2020) is used to handle the communication between FEniCS and MFront.309

4 Crack nucleation in polycrystals310

4.1 Setting311

We first investigate the effect of grain size on the yield strength and the nucleation of cracks in poly-312

crystals. We consider four realisations of 2D polycrystal microstructures with a random distribution313

of grains and uniform distribution of orientations. These synthetic microstructures are generated314

using Neper (Quey et al., 2011; Quey and Kasemer, 2022). For each microstructure, the grain mor-315

phology is fixed and the grain size is scaled over two orders of magnitude, from 1 µm to 100µm. Each316

microstructure is composed of approximately 100 grains. The norm of the Burgers vector is fixed to317

b = 2.54×10−10m. The first realisation is shown in Figure 5. Tension is applied along the horizontal318

direction in 2D plane strain conditions. The non-dimensionalized material parameters are given in319

Table 2. Cubic elasticy is assumed with the following relations: C11 = E(1 − ν2)/(1 − 3ν2 − 2ν3),320

C12 = Eν(1 + ν)/(1 − 3ν2 − 2ν3) and C44 = µ. The Zener anisotropy ratio ar is defined as follows:321

ar = 2C44/(C11 − C12) = 2(1 + ν)G/E. With the set of parameters in Table 2, the ratio q is equal322

to 103.323
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Table 2: Non-dimensionalized material parameters.

E ν µ ar τ0 Gc ℓ ρs0 n K

1 0.3 1.154 3 10−3 10−5/η 10−2/η 6.4516× 10−8 10 5× 10−5

Kobs Kcop Ks y a0 k1 k2 kp1 kp2 ks0

33 100 5 3 0.4 1 1.15 1.05 1.05 1.3

Figure 5: One of the polycrystalline microstructures used to simulate crack nucleation. Tension is
applied along the horizontal direction with plane strain conditions. The colorscale represents the
first Euler angle ϕ1.
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4.2 Hall-Petch size effect324

The polycrystalline microstructures are initially free of cracks. Given the material parameters in325

Table 2, the four grain sizes considered lead to a plastic-brittle behaviour with varying ductility on326

loading under unaxial tension in the horizontal direction.327

The stress strain curves for the four grain sizes are shown in Figure 6. Note that we have four328

specimens (realisations) of polycrystals at each grain size. We see some variation among the samples329

at all grain sizes, but the overall trend is clear. The nominal yield strength, or the stress at 0.2%330

plastic strain, increases with decreasing grain size as does the overall ductility. This kind of behaviour331

is comparable to experimental data on plastic-brittle materials (Low Jr, 1963) such as in 3% silicon-332

iron (Hull, 1961; Worthington and Smith, 1966). The variability that is observed across the four333

realisations for each grain size is due to the random distribution of grains and the limited number of334

grains in each microstructure (∼100).335

The microstructures with the largest grain size display the most abrupt decrease of the load past336

the peak stress. On the other hand, microstructures with smaller grains display a more gradual337

decrease of the load. These distinct stress evolutions are associated with different crack nucleation338

histories. In microstructures with larger grains, the cracks first nucleate at several locations in an339

unstable way, i.e the phase field variable jumps from 0 to 1 within a short loading increment. This340

is shown in the first snapshot of the crack history in Figure 7a for the grain size d = 20 µm. In this341

figure, the contours where the phase field variable is greater than 0.5 are plotted (red colorscale)342

on top of the accumulated plastic strain field (blue colorscale). After nucleation, the crack grows343

rapidly over a short period. During the course of crack propagation, new crack nuclei are formed344

at a distance ahead of the crack tip (see the second and third snapshots in Figure 7a). These345

crack nucleation events occur preferentially at grain boundaries. Ultimately, the crack propagates346

towards these new nucleation sites till it has crossed the whole polycrystal. As shown in Figure 7b,347

for d = 1 µm, in microstructures with smaller grains, cracks nucleate at several locations almost348

simultaneously. Compared to larger grains, the increase of the phase field variable from 0 to 1349

is more progressive. In fact, the different nucleation sites merge together even before α reaches350

1 anywhere in the microstructure. This observation is consistent with the analysis presented in351

Section 1, where equation (2) shows that increasing the grain size reduces σ∗ and thus favors crack352

propagation immediately after nucleation.353

Figure 8 shows the phase field variable α and accumulated plastic slip after crack nucleation in354

the microstructure shown in Figure 5 for the four different grain sizes. As the grain size decreases,355

the apparent width of the crack increases because the non-dimensionalized phase field length ℓ0 is356

scaled with the factor ηL0. The coupling introduced in Eq. (8), between elastic energy density, plastic357

dissipation and the phase field, induces crack nucleation in regions undergoing severe plastic strains358

or high stress concentration. The crystal plasticity model leads to heterogeneous plastic strain fields359

with high plastic strain gradients in the vicinity of grain boundaries. Triple junctions also act as360

stress concentrators. The nucleation of cracks is hence favored in these regions. Although grain361

boundaries and triple junctions are preferential sites for crack nucleation, the crack can propagate362

through the grains. Abrupt changes in the direction of crack propagation can be observed for the363

two largest grain sizes. This is because the relative crack width decreases as the grain size increases.364

Hence, the crack interacts with fewer grains and is therefore more likely to bifurcate towards (i) one365

of its neighbours which undergoes severe plastic deformations or (ii) a neighbouring triple junction366

concentrating the stresses.367

Figure 8 also shows the total dislocation density field ρ for the same microstructures with a368

logarithmic colorscale. The dislocation density is particularly high in the vicinity of grain boundaries.369
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Figure 6: Stress-strain curves for four different grain sizes. Four different microstructures are con-
sidered for each grain size. The intersection between the dashed line and the solid lines is used to
compute the 0.2% plastic strain yield stress. The peak stress σmax is the maximum stress reached
during the simulation.

This is due to the Hall-Petch term Ks/δ in Eq. (15) which increases significantly close to grain370

boundaries. The greater hardening induced by this term explains why the plastic slip intensity is371

lower in these regions. The overall dislocation density is also higher for smaller grain sizes as expected372

from the Hall-Petch effect. The dislocation density apparently becomes artificially large inside the373

crack. This is however a chimera with no bearing on the physics, because the coupling introduced in374

Eq. (8) makes the plastic dissipation vanish inside the crack. From Figure 8 it is clear that, despite375

the larger dislocation density in the vicinity of grain boundaries, the crack can propagate through376

the grains. It is also observed that the dislocation density increases over a wider area where the crack377

intersects grain boundaries. This is the sign of crack pinning at grain boundaries. The stiffness can378

radically change from one side of a grain boundary to the other, and so does the plastic activity. The379

crack can hence be arrested and deflected (He and Hutchinson, 1989) at interfaces.380

The normalized yield stress at 0.2% plastic strain (σ0.2%) and peak stress are shown in Figure 9a381

and Figure 9b respectively. Both quantities follow a linear relationship with the inverse square root382

of the mean grain diameter. This corresponds to the well known Hall-Petch effect (Hall, 1951; Petch,383

1953, 1958). This effect on the yield stress is captured through the grain size dependent evolution384

equations of dislocation densities in Eq. (15). We show that the simple crystal plasticity-fracture385

coupling adopted in Eq. (8) is able to capture the Hall-Petch effect frequently obeserved on the peak386

stress as well (Sasaki and Yokota, 1975; Schulson and Barker, 1983). The increase of ductility with387

decreasing the grain size is also consistent with experimental evidence (Hull, 1961; Worthington and388

Smith, 1966; Schulson and Barker, 1983).389

15



(a) d = 20µm

(b) d = 1µm

Figure 7: Crack nucleation history for two different grain sizes. The phase field variable α and
accumulated plastic slip are shown for four different loading increments.
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(a) d = 1µm (b) d = 5µm (c) d = 20µm (d) d = 100µm

Figure 8: Accumulated plastic slip field (blue colorscale), phase field variable α (red colorscale)
and total dislocation density (logarithmic colorscale) for four different grain sizes. The contours of
the phase field variable where it is lower than 0.5 are not displayed. Tension is applied along the
horizontal direction.
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Figure 9: Normalized yield stress at 0.2% plastic strain (σ0.2%) (a) and peak stress σmax (b) as a
function of the inverse square root of the mean grain diameter. The gray solid lines are linear fits
indicating the Hall-Petch size effect.
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Figure 10: Polycrystalline microstructure used to simulate crack propagation in plane strain condi-
tions. The colorscale represents the first Euler angle ϕ1.

5 Crack propagation in polycrystals390

5.1 Setting391

We now investigate the effect of grain size on crack propagation in polycrystals. We consider a392

2D polycrystalline microstructure with a random distribution of grains and uniform distribution of393

orientation as shown in Figure 10. The grain morphology is fixed (one realisation) and the grain size394

is scaled over one order of magnitude, from 5 µm to 50 µm. To do so, we use the same scaling as395

before and then work on a fixed microstructure and computational domain. The microstructure is396

composed of 49 grains.397

The non-dimensionalized material parameters are identical to the previous section and are given398

in Table 2. In the subsequent sections, the ratio q between the plastic and process zone sizes399

as defined in Eq. (19) is varied by using different values of the non-dimensional yield stress τ0 ∈400

[10−3 ; 2× 10−3 ; 4× 10−3]. The ratio q is thus varied from 103 to 2.5× 102, where lower values of q401

correspond to a smaller plastic zone and thereby, a more brittle behaviour.402

A pre-crack of infinitesimal length is introduced in the middle of the left edge of the polycrys-403

tal domain. Following Hossain et al. (2014); Brach et al. (2019a,b), time-dependent displacement404

conditions corresponding to plane strain asymptotic mode I crack propagation (Anderson, 2005) are405

applied on the boundary of the domain. These so-called surfing boundary conditions are defined as406

follows407

u(x, t) = U(x− v0te1) = ψ

√
(1 + ν)Gc

2E
(3− 4ν − cos θ)

√
r

2π

(
cos

(
θ

2

)
e1 + sin

(
θ

2

)
e2

)
, (20)

where r(x, t) =
√

(x− x0 − v0t)2 + (y − y0)2 and θ(x, t) = arctan

(
y − y0

x− x0 − v0t

)
(21)

and where ψ is an arbitrary non-dimensional scaling parameter taken equal to 1 in the following.408

The coordinates (x0, y0) correspond to the initial position of the crack tip, i.e. the middle of the left409

edge of the domain. The boundary condition defined in Eq. (21) drives the crack from left to right410

at a velocity v0 at the macroscopic scale.411

The J-integral is defined here as412

J =

∫
Γ

ttt ·
(
(E : a(α)C : E)1−∇uT · a(α)C : E

)
· n ds, (22)

where Γ is a contour around the crack tip, t is the unit vector tangent to the crack at the crack tip413

and n is the outward unit normal to the contour. The J-integral describes the energy release rate if414
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the crack-tip contained in the region within the contour Γ were to advance. In a homogeneous elastic415

material, the J-integral is path-independent since there is no energy released away from the crack416

tip and thus, the far field J-integral also provides the driving force at the crack tip. In contrast, in a417

heterogeneous material or in an elastic-plastic material, the energy is released due to heterogeneity in418

elastic modulus and due to plastic dissipation as the crack advances. Physically, energy is released due419

to the heterogeneity and plastic processes as the crack propagates. Therefore, it is not independent of420

the contour. However, the J-integral becomes path-independent for contours that are large compared421

to the grains and the plastic process zone (Hsueh and Bhattacharya, 2016). This far-field J-integral422

provides the true driving force to advance the crack. In other words, it not only accounts for crack423

propagation but also the shielding effects of heterogeneity and plastic deformation in the vicinity of424

the crack tip. In this work, we compute the J-integral on the boundary of the computational domain425

(see also Hossain et al. (2014) for discussion).426

5.2 J-integral427

First, we study the effect of the grain size d and of the ductility ratio q on the J-integral. The J-428

integral is plotted as a function of the macroscopic crack length for three grain sizes and the largest429

ductility ratio of q = 1.0× 103 in Figure 11a. The J-integral is normalized by the numerical fracture430

toughness Gnum
c = Gc(1+ 3h/8ℓ) (Bourdin et al., 2008), where h is the mesh size. J/Gnum

c is greater431

for the largest grain size and continues to increase until the end of the simulation. The driving432

force is not yet high enough to let the crack propagate in a steady manner over a long distance and433

therefore the J-integral continues to increase as the loading progresses. For smaller grain sizes, the434

J-integral tends to saturate, which indicates that the driving force reaches the necessary threshold to435

let the crack propagate continuously. For this relatively large ductility ratio, the crack propagation436

and corresponding J-integral are mainly governed by plastic dissipation, hence the regime can be437

called plasticity-driven.438

The same analysis is performed for the intermediate ductility ratio of q = 5× 102 in Figure 11b.439

The J-integral is plotted as a function of the macroscopic crack length for three grain sizes. The440

behaviour is very different from the previous case. The J-integrals are non-monotonic and display441

large serrations. These serrations are particularly significant for the largest grain size and milder442

for the lowest grain size. The sudden drops of the J-integral are due to the crack jumps within the443

microstructure. The phase that precedes each jump corresponds to a plasticity-driven phase during444

which the driving force and J-integral increase. On the other hand, as the crack jumps, limited plastic445

dissipation takes place. These jumps are hence mainly governed by the available elastic energy stored446

ahead of the crack tip. The crack jumps occurs up to the point where it becomes sub-critical again.447

This intermediate ductility can hence be characterized by an alternating sequence of plasticity-driven448

and elasticity-driven phases.449

Figure 11c shows the normalized J-integral as a function of the macroscopic crack length for450

the lowest ductility ratio of q = 2.5 × 102. The J-integral is plotted for three grain sizes. Similar451

to Figures 11a and 11b, the maximum peak values of the J-integral are reached for the largest452

grain size. However, for this low ductility case, the difference between the J-integral values for the453

different grain sizes is less pronounced. Except for the largest grain size, the normalized J-integral454

remains in the range of [1.0, 1.5]. This indicates that the crack propagation is close to the theoretical455

limit of Gnum
c corresponding to purely brittle fracture. The crack propagation is mainly governed456

by the elastic energy release rate and this behaviour is mainly elasticity-driven. The larger grain457

size displays rapid variations of the J-integral over distances shorter than the grain size. This is the458

indication of a sensitivity to the spatial discretization. For this particular grain size, the ratio of the459
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phase field length scale and the mesh size ℓ/h is equal to 1. A refined mesh could be used to cancel460

the sensitivity to the mesh size, however this would not drastically change the crack path, nor the461

J-integral values.462

The J-integral for an intermediate grain size of 20 µm is plotted as a function of the macroscopic463

crack length v0t in Figure 11d for the three different ductility ratios q. For the lowest value of q,464

the J-integral is close to the theoretical value of Gnum
c corresponding to brittle fracture. Small drops465

in the J-integral correspond to short crack jumps at grain boundaries due to the elastic mismatch466

between neighbouring grains (He and Hutchinson, 1989). The elastic anisotropy and the different467

crystal orientation in each grain induces a variation of the singularity exponent λ in σ ∝ r−(1−λ) at468

grain boundaries. When the crack reaches (from left to right) an interface where the apparent stiffness469

in the vertical direction is higher on the right of the interface than on the left, then the singularity470

exponent λ increases, i.e. (1 − λ) decreases (Tanné et al., 2018; Hsueh et al., 2018). In this case,471

the singularity is sub-critical in the sense of Griffith, hence the crack is pinned at the boundary and472

needs to renucleate. On the contrary if the crack transitions from a stiff to a compliant grain, the473

crack will jump into the compliant grain as it approaches the interface. For the intermediate value474

of q, the J-integral reaches higher values. The plastic activity relaxes the stresses at the crack tip475

which are no longer singular (Ritchie et al., 1973). A larger driving force is thus required to increase476

the stress sufficiently, over a large enough distance, to let the crack propagate. The J-integral shows477

large drops which are due to long crack jumps. As the crack jumps, little plastic dissipation occurs.478

The J-integral therefore decreases until it reaches the theoretical limit of Gnum
c corresponding to479

purely brittle fracture. For the highest value of q, the J-integral is the highest. The crack propagates480

continuously at a slow rate and hence the J-integral steadily increases. This steady increase is due481

to the significant amount of plastic dissipation throughout the crack propagation.482

5.3 Grain size effect483

Following Hossain et al. (2014); Brach et al. (2019a); Brodnik et al. (2021), the effective fracture484

toughness of a heterogeneous material can be characterized by the peak value of the J-integral over485

a sufficiently long crack propagation distance. Assuming that such a distance is reached in our486

simulations, we compute the peak values Jmax of the J-integral for the three grain sizes and three487

ductility ratios. Figure 12 shows these values as a function of the inverse of the square root of the488

grain size. In contrast with the Hall-Petch size effect obtained for crack nucleation in plane strain489

tension in Section 4.2, the Jmax values display an inverse Hall-Petch size effect.490

The grain size effect is particularly significant for the largest ductility ratio. The Jmax value is491

approximately 3.1 times larger for the largest grain size (50µm) compared to the smallest grain size492

(5 µm). For the intermediate ductility ratio, the grain size effect is less pronounced, with a 2.4 ratio493

of the Jmax value between the largest and the lowest grain size. For the lowest ductility ratio, the494

grain size effect is even less pronounced, with the Jmax value being only 1.6 times larger for the495

largest grain size compared to the smallest grain size. This dependence of the grain size effect on the496

ductility ratio can be explained by the competition between plastic relaxation and crack propagation.497

As the ductility decreases, the plastic zone vanishes and therefore the grain size effect included in498

the plasticity model becomes less significant. In the pure brittle fracture limit, a grain size effect499

persists for grain sizes comparable to the phase field length scale (Hsueh et al., 2018). The effect500

of the ductility ratio decreases as the grain size decreases. This observation is consistent with the501

analysis proposed by Friedel (1959) who noted that the stress necessary to propagate a crack should502

be independent of work hardening for sufficiently fine grains (below ∼10 µm).503

Figures 13a, 13c and 13e show where the phase field α is greater than 0.5 (red colorscale),504

20



0.0 0.2 0.4 0.6 0.8 1.0
v0t

0

2

4

6

8

10

J
/G

n
u
m

c

φ = 5 µm

φ = 20 µm

φ = 50 µm

(a) q = 1.0× 103

0.0 0.2 0.4 0.6 0.8 1.0
v0t

0

1

2

3

4

5

J
/G

n
u
m

c

φ = 5 µm

φ = 20 µm

φ = 50 µm

(b) q = 5.0× 102

0.0 0.2 0.4 0.6 0.8 1.0
v0t

0.0

0.5

1.0

1.5

2.0

2.5

J
/G

n
u
m

c

φ = 5 µm

φ = 20 µm

φ = 50 µm

(c) q = 2.5× 102

0.0 0.2 0.4 0.6 0.8 1.0
v0t

0

1

2

3

4

5

6

7

8

9

J
/G

n
u
m

c

q = E0/τ0 = 2.5× 102

q = E0/τ0 = 5.0× 102

q = E0/τ0 = 1.0× 103

(d) d = 20µm

Figure 11: Normalized J-integral as a function of the macroscopic crack length. In (a), (b) and
(c) the ductility ratio q is fixed at 1.0 × 103, 5.0 × 102 and 2.5 × 102 respectively and the grain
size is varied. (c) The ductility ratio q is varied and grain size fixed at 20 µm. The J-integrals are
normalized by the numerical fracture toughness Gnum

c = Gc(1 + 3h/8ℓ).

21



4 6 8 10 12 14

1/
√
d (mm−0.5)

0

2

4

6

8

10

12

14

J
m
a
x
/G

n
u
m

c

q = rpl/rpz

1.0× 103

5.0× 102

2.5× 102
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superimposed on the accumulated plastic slip field (blue colorscale) for three different grain sizes and505

a fixed value of the non-dimensional ductility ratio q = 1.0 × 103. The Figures 13b, 13d and 13f506

show the corresponding total dislocation density. These plots are all shown at the same time step,507

i.e. after the same loading history. We can observe that the crack propagates a longer distance in508

the microstructure with smaller grains and the length of propagation decreases with increasing grain509

size. As the grain size decreases, the Hall-Petch size effect increases and thus, the maximum stress510

and plastic strain amplitude reached ahead of the crack tip increase. Since the fracture toughness511

Gc is kept independent of the grain size, the crack propagates more easily in the microstructure512

with smaller grains. Similarly to what was observed in Section 4, the apparent width of the crack513

increases as the grain size decreases, because the non-dimensionalized phase field length ℓ0 is scaled514

with the factor ηL0. For the ductility ratio of q = 1.0× 103, the crack path is jagged because of the515

plastic activity ahead of the crack tip. Cracks bifurcate at grain boundaries and are attracted by516

triple junctions. These regions concentrate stresses, plastic strain gradients and dislocation density.517

5.4 Ductility effect518

Figure 11d highlights the strong competition between plastic relaxation and crack propagation (Rice,519

1992). The plastic activity, which corresponds in practice to dislocation emission, shields the crack520

tip and thus delays crack growth. The ductility ratio controls the balance between these two mecha-521

nisms. For the lowest value of q, the crack propagates in an almost brittle manner with little plastic522

dissipation. For the intermediate ductility, the crack propagates in an unsteady manner, with al-523

ternating phases of plastic dissipation and crack jumps (Brach et al., 2019b; Brach, 2020). For the524

highest ductility, the crack propagates continuously and the J-integral increases steadily as both525

mechanisms are active simultaneously. As the ductility increases, i.e. when τ0 decreases and q in-526

creases, with constant fracture properties, the crack propagation transitions from an elasticity-driven527

to a plasticity-driven behaviour and the crack path becomes more tortuous. Figures 14 and 15 show528

the phase field α and the dislocation density for two other values of the non-dimensional ductility529

ratio of q = 5 × 102 and q = 2.5 × 102 respectively. In both figures, the crack paths, plastic strains530

and total dislocation density are shown for three grain sizes.531

At the intermediate ductility (q = 5 × 102), the crack propagation occurs in successive jumps532
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(a) d = 5µm (b) d = 5µm

(c) d = 20µm (d) d = 20µm

(e) d = 50µm (f) d = 50µm

Figure 13: Phase field, accumulated plastic slip field (a, c, e) and dislocation density field (b, d, f)
in a polycrystal submitted to surfing boundary conditions. The ductility ratio q = rpl/rpz is equal to
103.
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(a) d = 5µm (b) d = 5µm

(c) d = 20µm (d) d = 20µm

(e) d = 50µm (f) d = 50µm

Figure 14: Phase field, accumulated plastic slip field (a, c, e) and dislocation density field (b, d, f)
in a polycrystal submitted to surfing boundary conditions. The ductility ratio q = rpl/rpz is equal to
5× 102.

separated by periods of slow crack growth accompanied with crack tip blunting. Blunting is par-533

ticularly significant in the microstructures with larger grain sizes in Figures 14c, 14d, 14e and 14f.534

During the blunting phases, the crack growth rate is much slower than the imposed macroscopic535

crack growth velocity v0 in Eq. (21). This is due to a significant amount of energy being dissipated536

by plastic slip ahead of the crack tip. As the crack lags behind, significant amount of elastic energy537

builds up ahead of the crack tip. This energy is then released in a sudden jump of the crack. Friedel538

(1964) already noted that "a plastically relaxed crack can [...] move forward only by becoming elastic539

or nearly elastic again [and that] this is most easily done in fairly brittle materials [...]". Tetelman540

and Robertson (1963) observed such alternating crack tip blunting and brittle crack propagation in541

hydrogenated 3% silicon-iron single crystals. This effect was also observed by Brach et al. (2019b);542

Brach (2020) in the phase field fracture modelling of isotropic plastic materials. In our polycrystal543

simulations, the length of these crack jumps are comparable to the grain size. This highlights the544

importance of the grain boundaries for interrupting unstable crack growth. The crack propagation545

is more continuous in the microstructures with smaller grains (see Figure 14a and 14b). In this case,546

the crack path is smoother and the crack growth rate is more uniform.547

For the lowest ductility (q = 2.5 × 102), the crack growth is continuous. Due to the larger yield548
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(a) d = 5µm (b) d = 5µm

(c) d = 20µm (d) d = 20µm

(e) d = 50µm (f) d = 50µm

Figure 15: Phase field, accumulated plastic slip field (a, c, e) and dislocation density field (b, d, f)
in a polycrystal submitted to surfing boundary conditions. The ductility ratio q = rpl/rpz is equal to
2.5× 102.

strength, the plastic zone radius is smaller. The dislocation density plots in Figures 15b, 15d and 15f549

show that the plastic activity is contained in a single layer of grains above and below the crack path.550

The microstructures with larger grain sizes display an almost elastic-brittle behaviour. In this case,551

the small deflections of the crack at grain boundaries are due to the elastic anisotropy rather than552

plasticity.553

5.5 Bimodal grain size microstructures554

We now investigate the propagation of cracks in polycrystals with a bimodal distribution of grain555

sizes. The microstructures used are shown in Figure 16. The average grain sizes of the two populations556

of grains are denoted d1 and d2 respectively. Each population occupies half of the surface area of557

the whole domain. The ratio d1/d2 between the grain size of each population is varied from 1 to558

4. The size of the first population of grains is kept constant at d1 = 20 µm and the size of the559

second population of grains is varied accordingly. The value d1/d2 = 1 corresponds to the equiaxed560

microstructure, with a single population of grains, shown in Figure 10. The ductility ratio is set to561

q = 5.0× 102.562
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(a) d1/d2 = 2

(b) d1/d2 = 3

(c) d1/d2 = 4

Figure 16: Bimodal polycrystal microstructures, with two grain sizes d1 and d2, used to simulate
crack propagation in plane strain conditions. The equivalent grain diameter of the first population
is kept fixed at d1 = 20 µm while d2 is varied. Each population of grains occupies half of the surface
area. The colorscale represents the first Euler angle ϕ1.
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The crack path, accumulated plastic slip and dislocation density fields are shown in Figure 17563

for the three bimodal microstructures with d1/d2 > 1. The three microstructures display crack564

propagation with at least one crack jump. These unstable crack growth events systematically occur565

at grain boundaries, as the crack exits a grain belonging to the population with the larger grain566

size. Except for the microstructure with d1/d2 = 3 (Figure 17c), the crack jumps at the interface567

between a large and a small grain. The crack then propagates through several grains of the smaller568

population. It is then pinned at a grain boundary either between two small grains (first jump in569

Figure 17a and 17e), two large grains (second jump in Figure 17e) or a large and a small grain570

(Figure 17c).571

All the crack jump events are preceded by phases of intense plastic dissipation at the crack tip.572

In Figure 17c and 17e, two of these crack jumps are preceded by the separation of the crack into two573

branches nuclei. After inititation of these branches, a single branch continues to propagate while the574

other stops. The resulting plastic activity relaxes the stresses at the crack tip and thus slows down575

the crack propagation. As a constant macroscopic crack tip velocity is imposed through the surfing576

boundary conditions (Eq. (21)), the phase-field crack lags behind the macroscopic crack tip. The577

elastic energy built up ahead of the crack tip is eventually released in a sudden crack jump, thereby578

reducing the distance between the phase-field crack tip and the macroscopic crack tip positions.579

In the microstructure with d1/d2 = 2 (Figure 17a), the crack path exits the horizontal middle580

plane which is the macroscopically imposed propagation direction. This is because, locally, the crack581

path is slanted in each grain and bifurcates only at grain boundaries. As the grains are larger in the582

d1/d2 = 2 microstructure, the crack propagation direction is more prone to have a significant vertical583

component than for microstructures with smaller grains.584

The dislocation density fields show the difference of behaviour between the two populations of585

grains in each microstructure. The term Ks/δ in the dislocation densities evolution equations (15),586

leads to a larger dislocation density in the smaller grains. This effect is particularly visible in the587

microstructure with the smaller second population of grains, i.e. d1/d2 = 4 (Figure 17f). This larger588

dislocation density in smaller grains induces higher local stresses. This might be the reason why the589

earliest crack jump is observed in the microstructure with d1/d2 = 4 (Figure 17e).590

In all three microstructures, the accumulated plastic slip is largest in the larger grains. On the591

contrary, the dislocation density is largest in the smaller grains. This suggests that the presence of a592

secondary population of larger grains in a fine grained microstructure might have a toughening effect593

on the material behaviour as the resulting plastic activity has a shielding effect on the crack tip.594

The J-integrals corresponding to the bimodal microstructures are shown in Figure 18. As dis-595

cussed previously, sudden drops of the J-integral are associated to crack jumps. The peak values596

reached in the different microstructures are in the range [3.2; 3.8]Gnum
c . The maximum peak value is597

reached in the microstructure with d1/d2 = 3 and the minimum peak value for d1/d2 = 2. In Fig-598

ure 12 we had noted that, in a microstructure with a single population of grains, decreasing the grain599

size leads to a decrease of the peak J-integral value. For an equiaxed microstructure, with a grain600

size d = 5 µm, and q = 5.0× 102, the peak J-integral value is approximately 2.2Gnum
c . In a bimodal601

microstructure with half of the surface area occupied by grains of size d1 = 20 µm and the other half602

by grains of size d2 = 5 µm (i.e. d1/d2 = 4), the peak J-integral value is approximately 3.3Gnum
c .603

This value is comparable to the peak J-integral value obtained for the unimodal microstructure with604

d = 20 µm in which Jmax ≈ 3.6Gnum
c . The bimodal microstructure with d1 = 20 µm and d2 = 5 µm605

thus shows a 67% increase of the peak J-integral with respect to the unimodal microstructure with606

a single population of grains with d = 5 µm. This confirms the significant toughening effect of larger607

grains embeded in a fine grained microstructure.608

Bimodal microstructures composed of two populations of grains with different sizes have been609
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(a) d1/d2 = 2 (b) d1/d2 = 2

(c) d1/d2 = 3 (d) d1/d2 = 3

(e) d1/d2 = 4 (f) d1/d2 = 4

Figure 17: Phase field, accumulated plastic slip field (a, c, e) and dislocation density field (b, d, f)
in bimodal polycrystals submitted to surfing boundary conditions. The ductility ratio q = rpl/rpz
is equal to 5.0 × 102 and the equivalent grain diameter of the first population is d1 = 20 µm. Each
population of grains occupies half of the surface area.
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Figure 18: Normalized J-integral as a function of the macroscopic crack length for four different
bimodal microstructures d1/d2, with d1 = 20 µm and a ductility ratio of 5.0× 102. The J-integral is
normalized by the numerical fracture toughness Gnum

c = Gc(1 + 3h/8ℓ).

investigated in the literature for their high-strength and high-ductility potential for ductile metals610

and alloys (Legros et al., 2000; Tellkamp et al., 2001; Wang et al., 2002; Jin and Lloyd, 2004; Zhang611

et al., 2014; Wu et al., 2015). The population of fine grains provides the high strength through the612

Hall-Petch effect, while the population of coarse grains is responsible for the high ductility by crack tip613

blunting. The same type of mechanisms were identified by Li et al. (2020) in Mo–12Si–8.5B bimodal614

microstructures failing by combination of intergranular and cleavage fracture. Their data shows that615

a 36% increase of the fracture toughness is achieved with a 36.19 vol% of coarse grains (d1 ∼ 2.76−616

3.06 µm) compared to a fine grained (d2 ∼ 0.60−0.62 µm) unimodal microstructure. This is consistent617

with our results showing a 67% increase of the peak J-integral value in a bimodal microstructure with618

half of the volume occupied by large grains. However, it was pointed out by Chakrabarti et al. (2009)619

that a bimodal microstructure can increase the scatter of measured fracture toughness compared to a620

unimodal microstructure. The increased scatter, measured across several low-carbon steel specimens,621

is attributed to the different microstructures (fine grained or coarse grained dominated) that can622

exist ahead of the notch-root in a bimodal microstructure material. To summarize, coarse grains in a623

bimodal microstructure can have a significant toughening effect, but the presence of two populations624

of grains can lead to a larger scatter of the measured fracture toughness across specimens.625

In Appendix A we investigate the effect of the texture on the crack propagation. The effect626

of elongated grains in the longitudinal and transverse directions is compared to the equiaxed mi-627

crostructure. The main findings are that the texture has a limited impact on the peak J-integral628

value. However, the crack propagation is smoother in the longitudinal textured microstructure com-629

pared to the equiaxed and transverse textured microstructures, where crack jumps are observed.630

6 Conclusion631

In this work, we address the non-monotonic behavior of the fracture resistance observed in plastic-632

brittle non-face-centered-cubic metals and alloys (see Figure 1a adapted from (Reiser and Hartmaier,633
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2020)). We develop a computational model including both crystal plasticity and fracture, and focus634

on body centered cubic materials by combining crystal visco-plasticity through dislocation density635

evolution equations Hoc and Forest (2001) with variational phase field approach (Francfort and636

Marigo, 1998; Bourdin et al., 2000, 2008) in finite deformation. Our main results are summarized in637

Figures 1b and 1c, and these are consistent with the observed non-monotonic behavior.638

We subject a representative volume consisting of a number of grains to uniaxial tension in plane639

strain, and observe observe that both the initial yield and the peak stress display the classical Hall-640

Petch relation where the strength decreases with the (square-root of the) grain size – see Figure 1b.641

Importantly, we find that the peak stress is associated with the nucleation of cracks. Thus, the642

crack nucleation threshold follows the Hall-Petch relationship. Once a crack has nucleated it has to643

propagate through multiple grains, and we study this using surfing boundary conditions (Hossain644

et al., 2014). We observe that the fracture toughness characterized by the critical energy release645

rate for propagation follows the inverse Hall-Petch relation where the toughness increases with the646

(square-root of the) grain size. Thus, crack propagation follows the inverse Hall-Petch relationship.647

Together, we conclude that it is difficult to nucleate cracks when the grain size is small, and to648

propagate cracks when the grain size is large, with easy nucleation and propagation at intermediate649

grain-size. This explains the experimentally observed non-monotonic behavior in fracture.650

Our computations also provide insights into the origin of this behavior. As a polycrystal deforms,651

the anisotropy of the grains leads to inhomogeneous stress and plastic slip activity. This inhomoge-652

neous plastic slip gives rise to stress concentrations in regions where slip bands kink and this leads653

to crack nucleation. The modified dislocation evolution equations and cross-hardening induce in-654

creased strain hardening in the vicinity of grain boundaries. This leads to a Hall-Petch grain size655

effect in both yield and failure stresses since inhomogeneous slip increases significantly as the grain656

size increases. This relationship has been widely verified experimentally both for yield and failure657

strength (Sasaki and Yokota, 1975; Schulson and Barker, 1983). We also observe an increase in658

ductility with decreasing the grain size, and this is also consistent with experimental evidence (Hull,659

1961; Worthington and Smith, 1966; Schulson and Barker, 1983).660

In the case of propagation, the grain boundaries act as interfaces across which elastic and plastic661

properties change and can thus trap the cracks. Therefore, crack propagation is characterized by662

alternating sequence of slow crack growth episodes interrupted by sudden crack jumps. This is663

most pronounced when the grain size is large, and this leads to the inverse Hall-Petch relation ship.664

Further, this effect is enhanced when the ductility ratio of the material is high and diminished when665

the ductility ratio is small. This is again consistent with experimental observations (Reiser and666

Hartmaier, 2020).667

Finally, the paper also explores the role of bimodal grain size distribution and texture on crack668

propagation. Our results show that, transverse and longitudinal texture do not have a significant669

effect on the fracture toughness when the ratio between the longest and shortest size of the grain does670

not exceed 4. The crack propagation is more intermittent and tortuous for the transverse texture,671

while it is more continuous for the longitudinal texture. Significant toughening is achieved when a672

secondary population of coarse grains is embeded in a fine grain microstructure. These larger grains673

efficiently relax the stresses at the crack tip and hence increase the crack propagation resistance. As674

a result, materials with bimodal microstructures can exhibit high strength (Hall-Petch effect) while675

maintaining good fracture toughness.676
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A Effect of texture684

In this section, we investigate the effect of the texture of the polycrystal on crack propagation. In685

addition to the equiaxed microstructure shown in Figure 10, two additional textured microstructures686

are considered with grains elongated in the horizontal and in the vertical directions respectively687

(see Figures A1a and A1c). The texture can be characterized by the ratio of the grain sizes in the688

horizontal and vertical directions as dx/dy. This ratio is varied from 0.25 to 4.0. The equiaxed689

microstructure, i.e. dx/dy = 1, used in previous sections was shown in Figure 10 and is replotted690

in Figure A1b to aid the comparison with textured microstructures. The equivalent grain diameter691

d corresponding to a circular grain with identical surface area, is set to 20 µm. Crack propagation692

simulations were carried out for these microstructures with a ductility ratio q = 5.0× 102.693

The crack path, accumulated plastic slip and disloctation density fields are shown in Figure A1694

for the three microstructures. For the microstructure with grains elongated in the vertical direction,695

i.e. dx/dy = 0.25 (transverse), the crack propagation is composed of periods of slow crack growth696

interrupted by sudden crack jumps. A similar crack growth mode was already observed for the697

equiaxed microstructure with dx/dy = 1 in Figure 14c and is replotted in Figure A2c to aid the698

comparison with textured microstructures. The dislocation density plots in Figure A2b and A2d699

reveal a difference between the transverse texture and the equiaxed microstructure. For the latter,700

the crack jumps from a grain boundary to the next, crossing only a single grain. For the former,701

the crack jumps across two or three grains without getting arrested by the first grain boundary702

on its path. This suggests that grain boundaries might not always be strong enough barriers to703

arrest unstable crack growth. In addition, in the transverse textured microstructure, the crack path704

is more tortuous than in the equiaxed microstructure. This is because the grain size is smaller in705

the crack propagation direction and thus the crack could bifurcate each time it intersects with a706

new grain boundary. For the microstructure with grains elongated in the horizontal direction, i.e.707

dx/dy = 4.0 (longitudinal), the crack propagation is more continuous. In contrast with the other708

two microstructures, unstable crack growth events are not observed. Despite the elongated shape709

of the grains, it is interesting to note that the crack remains predominantly transgranular. Since710

the grains are elongated in the horizontal direction, the crack crosses only 4 grain boundaries, while711

in the equiaxed microstructure it crossed 10 of them. The crack might have not yet encountered a712

grain that is not well aligned for plastic slip on its path. This could explain the continuous crack713

propagation and the absence of crack jumps.714

The normalized J-integral for these three microstructures are plotted in Figure A3. The texture715

does not seem to have a strong impact on the maximum value of the J-integral. However, the716

equiaxed and transverse textured microstructures display abrupt drops of the J-integral which are717

associated with crack jumps and renucleation. Conversly, the longitudinal textured microstructure718

shows a steadier evolution of the J-integral, because the crack propagates continuously without being719
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(a) dx/dy = 0.25 (transverse)

(b) dx/dy = 1 (equiaxed)

(c) dx/dy = 4 (longitudinal)

Figure A1: Textured polycrystal microstructures, with grain sizes dx in horizantal direction and dy
in vertical direction, used to simulate crack propagation in plane strain conditions. The colorscale
represents the first Euler angle ϕ1.
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(a) dx/dy = 0.25 (transverse) (b) dx/dy = 0.25 (transverse)

(c) dx/dy = 1 (equiaxed) (d) dx/dy = 1 (equiaxed)

(e) dx/dy = 4 (longitudinal) (f) dx/dy = 4 (longitudinal)

Figure A2: Phase field, accumulated plastic slip field (a, c, e) and dislocation density field (b, d, f)
in textured polycrystals submitted to surfing boundary conditions. The ductility ratio q = rpl/rpz is
equal to 5.0× 102 and the equivalent grain diameter d = 20 µm.
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Figure A3: Normalized J-integral as a function of the macroscopic crack length for three different
textures dx/dy, with and equivalent grain diameter d = 20 µm and a ductility ratio of 5.0× 102. The
J-integral is normalized by the numerical fracture toughness Gnum

c = Gc(1 + 3h/8ℓ).

pinned at grain boundaries.720
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