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ABSTRACT: The Hamilton-Jacobi approach is a powerful tool to describe super-Hubble
dynamics during cosmological inflation in a non-linear way. A key assumption of this
framework is to neglect anisotropic perturbations on large scales. We show that neglecting the
anisotropic sector in the momentum constraint corresponds to discarding the non-adiabatic
mode of scalar-field perturbations at large scales. Consequently, the Hamilton-Jacobi approach
cannot be used to describe the evolution of large-scale perturbations during inflation beyond
slow roll, when non-adiabatic fluctuations play an important role on super-Hubble scales due
to the absence of an attractor trajectory. As an example, we analyse the case of cosmological
perturbations during a phase of ultra-slow-roll inflation.
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1 Introduction

Scalar fields play a central role in current models of the very-early high-energy evolution
of our universe. A canonical scalar field, ¢, with self-interaction potential, V' (¢), can drive
an accelerated expansion when its potential dominates over its kinetic and gradient energy
densities [1]. This inflation can lead to a homogeneous and isotropic patch described at least
approximately by a spatially-flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric [2].

Quantum fluctuations inevitably lead to local variations in the scalar field and a period
of slow-roll inflation naturally gives rise to an almost scale-invariant distribution of primordial
density perturbations after inflation. However, there has recently been renewed interest in
inflation models where a brief violation of slow-roll enables a strong enhancement of the
comoving curvature perturbation on small scales [3—6]. These amplified perturbations can
lead to interesting consequences such as an induced gravitational-wave background [7-10] or
the formation of primordial black holes, which arise from the collapse of sufficiently large
over-densities after inflation [11-15].

A homogeneous scalar field, ¢(t), in an FLRW spacetime obeys the Klein-Gordon equation

¢+3Hp+Vy=0, (1.1)



where V4 is the derivative of the potential with respect to ¢ and a dot denotes differentiation
with respect to cosmic time. The Friedmann constraint equation

L 1v(9)

2
H? = 3312 (1.2)

gives the Hubble expansion rate, H := a/a, where a is the scale factor. My, is the reduced
Planck mass and we work with natural units such that # = ¢ = 1. The Klein-Gordon
equation (1.1) is a second-order differential equation, leading to two arbitrary integration
constants in the general solution. Thus the density p = ¢2/2 4+ V(¢) and pressure P =
$? /2 — V(¢) can vary independently. In particular, small fluctuations about a reference
background solution admit both adiabatic pressure perturbations, 0 P,q = cgép, and non-
adiabatic perturbations,

P
OPua = P = b, (1.3)

where the adiabatic sound speed is given by the background trajectory, cg := P/p. Throughout
this paper we will identify non-adiabatic perturbations in scalars X and Y with

X
6Xy = 06X — =0, (1.4)

generalising eq. (1.3). Thus adiabatic fluctuations correspond to perturbations aligned with
the background trajectory in the background phase space [16, 17], i.e., corresponding to
an adiabatic evolution.

For adiabatic perturbations in a scalar-field-dominated cosmology the comoving curvature
perturbation, R, is conserved at first order in the fluctuations [16, 18-21] and it can be
shown that [22]

. 3H?
oV nad ( )
At the same time, each wavemode, Ry, with comoving wavenumber k, obeys a second-order
equation [18]

/
RZ+2%R§€+k2Rk —0, (1.6)

where z := agz‘b/ H and a prime denotes a derivative with respect to conformal time, d/dn :=
a(d/dt). In the long-wavelength limit, k& — 0, eq. (1.6) has the general solution

RO () :C+D/n Ll (1.7)

T ZQ(’F]) .
Comparing eq. (1.7) with eq. (1.5), we identify R(®Y) = C' with the leading-order term in a
gradient expansion of the adiabatic mode.

The time-dependent term in eq. (1.7), proportional to D, describes a non-adiabatic
perturbation. It is the decaying mode if we set 7, = 7enq at the end of inflation. In single-field



inflation this term is often neglected on large scales (typically taken to be wavelengths larger
than the Hubble scale, i.e. modes with comoving wavenumber k¥ < aH) [23-26]. This is
expected to be a good approximation in situations where there is an attractor trajectory in
the homogeneous phase space for the scalar field. This is because, in such cases, large-scale
fluctuations join the attractor and thus become aligned with the background solution, i.e.
they are adiabatic. For example, in slow-roll inflation, strong Hubble damping leads to a
quasi-equilibrium solution for the scalar field where the damping term in the Klein-Gordon
equation (1.1), 3H¢, is equal and opposite to the potential gradient, V.4, as the field rolls
down its potential. This slow-roll solution is an attractor for a sufficiently flat potential,
allowing one to neglect the non-adiabatic perturbation on super-Hubble scales.

While it has been known for some time that violation of slow roll can lead to rapid growth
of the curvature perturbation on super-Hubble scales [27, 28], there is some confusion as to
whether the existence of non-adiabatic perturbations in single-field inflation is consistent with
the long-wavelength limit of cosmological-perturbation theory, and in particular with the use
of the separate-universe approach, in which long-wavelength perturbations are described as
local perturbations of the homogeneous and isotropic equations of motion [16, 23, 29-40].
For a dissenting viewpoint, see [41-43].

One approach to determining the large-scale dynamics during inflation is the Hamilton-
Jacobi approach [23, 35]. This consists of solving the Hamilton-Jacobi equation, which is
obtained by injecting the solution to the momentum constraint into the Hamiltonian constraint
of general relativity. However, as noted in [44], at the moment of solving the constraints the
anisotropic part of the extrinsic curvature has already been neglected assuming it decays
quickly on large scales [23, 35]. As a consequence, what is referred to as the “momentum
constraint” is actually just its isotropic part. The main result of this paper is to show that,
by setting the isotropic part of the momentum constraint to zero in single-field inflation,
one automatically discards the non-adiabatic pressure perturbation and, therefore, may fail
to capture the large-scale dynamics beyond slow roll.

In section 2, we summarise the main ideas behind the Hamilton-Jacobi approach, and
explain why perturbations of the local expansion rate are proportional to perturbations of the
scalar field in this setup. In section 3, we briefly recap linear-perturbation theory and introduce
the gradient expansion. In section 4, we introduce the non-adiabatic pressure perturbation
and show how it is related to the isotropic part of the momentum constraint. In section 5,
we explicitly solve the dynamics in the context of linear perturbations to obtain d Pp.q both
in slow roll and ultra-slow roll (USR). We show that, in the spatially-flat gauge, 0 Pyaq does
not vanish in USR at leading order in a gradient expansion. As such, the Hamilton-Jacobi
approach may not be applicable in this context. We present our conclusions in section 6.

2 Hamilton-Jacobi approach

Let us start by reviewing the Hamilton-Jacobi approach. A detailed derivation of the equations
given below will follow, our goal in this section is to summarise the problem in simple terms.
General relativity is subject to diffeomorphism invariance, hence it comes with constraints
and Lagrange multipliers, corresponding to the freedom in the choice of the coordinate
system. When cosmological perturbations are expanded around a homogeneous and isotropic



background, described by the FLRW metric with a homogeneous scalar field as the matter
content, these reduce to two constraints in the scalar sector, the energy constraint and the
momentum constraint. Metric perturbations can be divided into isotropic perturbations and
anisotropic ones [45]. When only isotropic degrees of freedom are considered, the momentum
constraint reduces to [23]

0;H = 86, (2.1)

1 .
_ng
where H is the local expansion rate. This equation will be derived in detail in section 3,
while here we focus on its implications.

Dividing the field, ¢, and expansion rate, H, into a background, homogeneous component,
and a perturbation component, H (¥, t) = H(t) + dH (¥, t) and ¢(Z,t) = ¢(t) + 0p(Z, 1), it
is clear that the momentum constraint (2.1) is a statement about inhomogeneous pertur-
bations only,

1

SH = —
9M2

P3¢ (2.2)

This implies that § H, which a priori depends on all perturbed variables, is in fact a function
of d¢ only,

SH(Z,t) = fl6(T,1),1]. (2.3)

Moreover, at the background level, combining the Friedmann and Klein-Gordon equations,
one can readily show that H(t) = —¢?(t)/(2M2). Together with eq. (2.2), this implies that
H(t)6¢ = ¢(t)0H, hence the vector (6¢,0H) is aligned with (¢(t), H(t)) in phase space and
these perturbations are adiabatic in the sense given in eq. (1.4). This is why eq. (2.3) can
be promoted into a relationship between the full fields,

H(Z,t) = g[¢(7,1)] . (2.4)

This relation is the starting point of the Hamilton-Jacobi formalism, and it has been used to
track the evolution of adiabatic perturbations at large scales in various contexts [23-26] In
particular, combining eq. (2.2) with the Friedmann equation (1.2) one obtains the Hamilton-
Jacobi equation

(dH) _BH® V(e _ ¢ 25)
do 2M2  2MY AME )

This formula relies on one main assumption, namely that anisotropic degrees of freedom can
be discarded in the momentum constraint to obtain eq. (2.1). From the above consideration
we see that this is equivalent to requiring that perturbations in the (¢, H) phase-plane are
adiabatic. In following sections, we will show that this is justified on large scales only if a
specific gauge is chosen or a dynamical attractor exists in the phase-plane. The latter is true
in slow-roll inflation, but not during ultra-slow-roll inflation or other transient regimes.



3 Perturbed spacetime

Following the Arnowitt-Deser-Misner (ADM) formalism [46], we can foliate spacetime through
spacelike hypersurfaces. We assume that there exists a homogeneous and isotropic FLRW
background and we work in conformal time. We consider matter in the form of a scalar
field ¢, whose canonical momentum is my = a’¢’. The time-reparameterisation invariance
of the theory implies the presence of a background Hamiltonian constraint, namely the
Friedmann equation (1.2).

At first order in cosmological-perturbation theory, the line element of scalar perturbations
in the ADM form can be expressed as [20, 45, 47]

ds? = _a? (1 + 25@) dn? + 2a26;;0N'dy da? + a2 (czj + 53;) dr'de? . (3.1)

Here, SN and §N? denote the perturbations of the lapse function and shift vector respectively,
while d+;; represents perturbations of the spatial metric. We highlight the fact that, as the
FLRW background is homogeneous and isotropic, all spatial dependence appears at first
order only in the perturbations, e.g. &(n,%) — ¢(n) + d¢ (n, ). We will abuse notation
and denote the background variables as ¢, 7y, etc. In particular, we choose a background
parameterisation such that the background shift vector vanishes.

Working in Fourier space, the variance of the field is given by the sum over all modes

T 3
(6X2 (n, 7)) :/é:)gwx (k)2 dInk. (3.2)

The dimensionless power spectrum is thus given by

k3
PX(na k) = ﬁ ’5X2("77 k) 5 (33)

from which we see that Fourier modes behaving as § X (1, E) o k~3/2 correspond to a scale-
invariant power spectrum.

Following ref. [48] we decompose spatial metric perturbations into trace and tracefree
parts in Fourier space,

8vij (77, E) = lej o1 (77,/2) + MZQJ (E) 0y (17, E) , (3.4)
where we introduce the orthonormal basis tensors
5 . 3 (kik: O
1 _ 79 2 — /(22 _
Mij="75 M (F) \/;< K3 ) ’ (3:5)

such that MM ge = 6555. The conformal perturbation, §v;, represents perturbations of the

trace of the spatial metric and therefore describes isotropic perturbations, while d describes
the tracefree, hence anisotropic, perturbations. Appendix A presents a translation between
these perturbations and other variables commonly used in the literature.

The phase space is six-dimensional and is totally described by the following sets of
canonical variables: (61, dm) and (92, dma) for metric perturbations and (d¢, dmy) for scalar-
field perturbations. We define the momenta as usual through the variation of the action with
respect to their generalised coordinates, and they must obey the Poisson brackets

{8XH (1, &), 6L, (2, )} = 8 6 (m — m2) 6@ (F = 7)), (3.6)
where X# = (6v1,072,0¢) and II, = (071, 972, 67y).



The perturbed lapse and shift, SN and § N?, play the role of Lagrange multipliers, which
lead to the existence of the scalar and the momentum constraints, S = 0 and dD; = 0,
respectively. Considering only scalar perturbations, we rewrite in Fourier space the shift
and the momentum constraint as 6N(¢, k) = ik!6 Ny (¢, k) /k and 6D;(t, k) = ik;0D(t, k). The
two linear constraints then read [48]

L k2 M2 k2
= 2/3a?H om — —= |2~V M2 = T
oS V3a®H ém /3 [aﬁ (@) + Mg, 02 om + /6 a 072

+% Sy + aPV 406, (3.7)

2M?2, 1
5D = 7y b0 — aH (5671 ~ V259 ) — 5y + \/557@) . (3.8)

22 (
V3 V3

3.1 Gradient expansion

It is often helpful to perform an expansion of inhomogeneous perturbations in terms of
spatial-gradient terms [23, 31, 49]. We can expand a particular solution for any perturbation
variable, 60X, in Fourier space as

0Xp (k) = fo(k) D K6X ™ (1) (3.9)

n=0

The Einstein equations then only involve terms of order k*™ in this gradient expansion, where
m is a non-negative integer. For example, the scalar constraint equation (3.7) relates terms at
order k%" and k2(»*1) in the gradient expansion (3.9), while the momentum constraint (3.8)
only relates terms of the same order k2". Higher-order terms in the gradient expansion are
obtained by iteratively solving the equations of motion for §X 1) (n) in terms of § X (™ (n) [31].

The general solution of this second-order system is thus

5X (k)= 3 Fr (RX ) + F- (KX ). (3.10)
n=0

where 6XJ(FO) (n) and 6X © (n) are two linearly independent solutions in the long-wavelength
limit where we set & — 0 in the Klein-Gordon and Einstein equations. Their overall k-
dependence is given by the functions fi (k) and f_(k) which are determined by initial
conditions. We will investigate examples corresponding to simple choices for the initial state
of field perturbations during inflation in section 5 which give simple power laws, fi(k) o< kP,
where py = —3/2 corresponds to a scale-invariant power spectrum.

Similarly, we expand the constraints (3.7) and (3.8) as follows:

5 (m.F) = 3 £ (RR6SE) () + £ (R3S (). (3.11)
n=0

5D (0 F) = 3 £+ (025D () + £ (RESD (). (3.12)
n=0



In the large-scale/long-wavelength limit we keep only the leading term in the gradient
expansion (3.10). In particular from egs. (3.7) and (3.8) we have,

2
w®:2ﬁ¥HMP—&Jg—VWﬂM@+?Mﬂ+ﬁmw@, (3.13)
DO — 1y 600 — 2oy ~Varl) - Za? (570 + Vasrl?) . (314

= Ty (b \/g Y2 \/g T + T : ( : )

In general the perturbation variables, such as the scalar-field perturbation, d¢, or the
metric perturbations, é-;, are gauge dependent, and thus the terms in the gradient expansion
will be gauge dependent. Hence we often prefer to work with gauge-invariant variables [50]. For
example, the gauge-invariant Bardeen potential, ¥, describes the spatial metric perturbation
57§N) in the Newtonian (or longitudinal) gauge in which 57§N) = 57T§N) =0 [50, 51], while the
gauge-invariant Mukhanov-Sasaki [52, 53] variable, u, describes the scalar-field perturbation,
adSF) | in the spatially-flat gauge in which 57§SF) = 6’y(SF) 0 [18, 20]. The same physical
solution will have different gradient expansions in terms of different gauge-invariant variables.
The scale-dependence of physical observables should be gauge invariant, but gauge-dependent
variables may have different scale dependence in different gauges, hence arise at different
orders in the gradient expansion.

3.2 Isotropic-anisotropic splitting

To facilitate the comparison with the usual separate-universe approach, we split the con-
straints (3.7) and (3.8) into an isotropic part, denoted by an overbar, and an anisotropic
part, denoted by a tilde

58 = 38 + 48, (3.15)
§D = 8D +4D. (3.16)

The isotropic parts depend only on (6¢,d71,dmy, 0m) and we have

2 2
N a T k
oS = 2\/§G2H om — % £ -V (¢) + Mgl? o

25 0mg + V436 (3.17)

— M? 2
0D = T 5(;5 - \/gaH&yl - ﬁa%m s (318)

while the anisotropic part depends on (072, dms)

—~  MZK?
— 2
5D = \/‘g (MZaHsy, — a*ms) . (3.20)

It is instructive to write the isotropic parts of the constraints in terms of the perturbed
expansion rate

§H = — sm (3.21)

H 5 1
2v/3a2 n V3M2a



and the perturbed energy density

2
35 Tg V3T 3

Thus we have the large-scale limit of the isotropic parts of the constraints (3.17) and (3.18)
38" = o (690 — 6MZHOH©O) | (3.23)
D = (360 +2M26H)) | (3.24)

While the anisotropic part of the energy constraint (3.19) automatically vanishes in this
large-scale limit,

38" =0, (3.25)

the anisotropic part of the momentum constraint (3.20) does not in general vanish on
large scales,

SO _ 2V2
5D v

The energy constraint (3.7) thus reduces to the isotropic constraint (3.23) on large scales,

(Mg1 Ho a257r§°)) . (3.26)

which relates the perturbed expansion rate to the perturbed energy density as would be
obtained from directly perturbing the background Friedmann equation (1.2), consistent with
the separate-universe approach. However the momentum constraint (3.7) cannot necessarily
be reduced to its isotropic part (3.24) on large scales.

We see that setting the isotropic part of the momentum constraint (3.24) to zero on
large scales is required to impose the relation (2.2). We will refer to this as the Hamilton-
Jacobi constraint. The Hamilton-Jacobi approach [23—26] therefore implicitly discards the
anisotropic part of the constraints at large scales [44]. We will now show that the presence of
non-adiabatic pressure perturbations on large scales can invalidate the use of the Hamilton-
Jacobi approach. This is reminiscent of the fact that higher orders of the gradient expansion
can become relevant in models beyond slow roll [27].

4 The non-adiabatic pressure perturbation

The perturbed energy density is given in eq. (3.22) while the perturbed pressure is obtained by
replacing V4 — —V 4 in this equation. In terms of field and metric perturbations, an explicit
computation thus leads us to the following equation for the non-adiabatic pressure (1.3):

243V, 1 Vgme 2 Vy
6Poad = | —2 5y — 6T, 4.1
ad ( 673 ¢H> ¢+<\f H) " <3 H) T (4.1)

where the adiabatic sound speed for the scalar field is

C2:£:1 ga3V¢_
s p 37’l’¢H

(4.2)



We can then rewrite the scalar constraint (3.7) in terms of the non-adiabatic pressure
perturbation (4.1) and the isotropic part of the momentum constraint (3.18) to obtain [54]

Mgle 071 ]\41321!4:2 09

1 — T
— 58 =6D+ —2 6P, oz
3H + 2V, " T 3V3 oH 36 aH

The scalar constraint S = 0 can be solved at an initial time, and is then automatically

(4.3)

conserved over time on the surface of constraints. At leading order in the gradient expansion
we drop the terms of order k? and higher in eq. (4.3) and we have

—(0) _ _ Tp <(0)
D) = 2V¢5Pnad. (4.4)

© _ 0, requires the non-

We see that imposing the Hamilton-Jacobi constraint, 6D
adiabatic pressure perturbation (4.1) to vanish in the large-scale limit. In this case we can
recover the results using the Hamilton-Jacobi approach, see, e.g., eq. (2.11) of [23] or eq. (2.8)
of [26]. However, since § P,,q is gauge invariant, setting 6Pn2d = (0 corresponds to a physical
restriction on the solutions that can be obtained in this large-scale limit.

For example, when working in the spatially-flat gauge, where 57£SF) = (HéSF) =0, one

obtains from eq. (4.3)

—~~(SF s

5D — —ﬁ(SPnad , (4.5)
on all scales. If we wish to describe the effect of non-adiabatic field fluctuations in scenarios
beyond slow-roll inflation, then we should not set E(SF) to zero in the spatially-flat gauge. In

) in terms of field and metric perturbations

the next section, we will compute 6 P,,q and 57D(SF
in the spatially-flat gauge to explicitly show that they do not vanish on large scales for the
Bunch-Davies vacuum state in ultra-slow roll.

Conversely, when working in the Newtonian gauge where &éN) = 57réN) = 0 [50, 51]
the anisotropic part of the momentum constraint (3.20) vanishes by construction, and then
the isotropic part of the momentum constraint is automatically satisfied, @(N) =0. As
a consequence, the Hamilton-Jacobi constraint (2.2) is valid in the Newtonian gauge. In
this case the energy constraint (4.3) reduces to

T MEk? o )

6 Ppad = —
2V¢ ad 3\/§G,H M

As a consequence, the non-adiabatic pressure perturbation appears only at first order in a

(4.6)

gradient expansion in the Newtonian gauge [27, 54-57].

Thus the validity of the Hamilton-Jacobi equation in the large-scale limit may depend
upon the choice of perturbation variables, or equivalently the choice of gauge used to describe
field and metric perturbations. If one studies the evolution of scalar field fluctuations in the
spatially-flat gauge one can include non-adiabatic field fluctuations and study the evolution
of the comoving curvature perturbation, RO 2 0, in the large-scale limit. However if one
works in the Newtonian gauge the field perturbations are constrained to be adiabatic, and
thus R = 0, in the large-scale limit, and the time-dependence of R can only arise at higher
order in the gradient expansion in that gauge.



5 Applications

In this section we will present the gradient expansion for field perturbations in the spatially-
flat gauge during slow-roll and ultra-slow-roll inflation. We will consider solutions of the
Mukhanov-Sasaki equation [52, 53]

7
u” + <k2—2>u:0, (5.1)

where we recall that z = a¢§/H = oav/2¢1 Mp,, with €1 := —H/H2 the first slow-roll parameter,

and we define o = sign(¢). The Mukhanov-Sasaki variable

1
u = adp — ﬁ <571 - \/5572> (5.2)

is gauge invariant. In the spatially-flat gauge, u is directly proportional to the field pertur-
bation, u = ad¢pF) | and the perturbed scalar-field momentum becomes [48]

57TéSF) = a2 <6¢(SF)' - qu&;ﬁ(SF)) . (5.3)

In the remainder of this section we will work in the spatially-flat gauge and drop the (SF)
superscript. In this gauge, the non-adiabatic-pressure perturbation (4.1) reduces to

3

My H
0Ppq =0 3P13 V2¢€1 (6 4 €2 — 2¢7) [57‘% _¢
a

A (e2 — 2€1) 5(1)] ) (5.4)

where the background factors have been expressed in terms of slow-roll parameters, see
appendix B.

The initial values of d¢ and dmy (or equivalently ¢ and d¢’) can be set independently,
and the constraints (3.7) and (3.8) then determine the remaining perturbations d7; and s,
remembering that dv; and dv9 have already been set to zero in this gauge.

5.1 Slow roll

First we consider the case of slow-roll inflation, where €1, |e2| < 1 and expand the solutions
up to next-to-leading order in the slow-roll parameters. By Taylor expanding the slow-roll

parameters about the time 7, = —1/k of Hubble-radius exit, one finds
1 { n
a~ — 1+ €14 —€141n ()} , 5.5
o o (5.5)
H~ H, [1 + e In ("ﬂ , (5.6)
I

see appendix B.1. Slow-roll inflation is known to exhibit an attractor solution meaning
that ¢’ — ¢’ (¢) in the background phase space and, as argued in section 1, we expect
the non-adiabatic pressure (5.4) to vanish in the large-scale limit. We will show that this
is indeed the case.

To determine the behaviour of d¢, we solve the Mukhanov-Sasaki equation (5.1), in
the spatially-flat gauge, setting the initial state at kn — —oo in the Bunch-Davies vacuum
state [58, 59,

u = adg = T (o) P2H (<), (5.7
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where H,EQ) is the Hankel function of the second kind and

3 €2x
V_§+€]_*+7. (58)

In the large-scale limit, |kn| < 1, a gradient expansion for H,Sz) gives

_iCw) (2 1\ (kn)?
1@ k) = S () e s

ie'™ (—kn)”

1 _
* 2T (1 + v) sin(7v)

[1 +0 (kn)ﬂ .

(5.9)

+0 (kn)“]

Combining egs. (5.7), (5.9) and (5.5), the scalar-field perturbations in slow roll, where
v ~ 3/2, are thus given by the gradient expansion

66 = fi(k) [06 (n) + 1266 () + OG")| + Ok n+2/2) (5.10)
where
(k) = ZHEEZ% (’;) o (5.11)

together with

2
560 (m) = (—=n)** " 1 — e1. + €1 In (l)} , ool = ﬁ&bgﬁ)) - (512)

On the one hand we see that the leading term, proportional to fy(k) o< k7%, in eq. (5.10)
gives rise to an approximately scale-invariant growing mode in the long-wavelength limit as
expected, since from eq. (5.8) we have v ~ 3/2 in slow-roll inflation. On the other hand, the
term proportional to k¥ in eq. (5.10) corresponds to the leading-order term in a gradient
expansion for the decaying mode! and can be neglected with respect to the k%f, (k)-term
for v > 1 on super-Hubble scales.

From the definition of dmy in terms of d¢’, eq. (5.3), we obtain

676 = f1 (k) [o7 () + 297D () + O(KY)] + O (k7" 72) (5.13)
where
0 (=) (e
W _ (=) [ 3. en (”)]
ny’ = 20— )2 1+ €l — T Tl In o)l (5.15)

One notices that, at leading order in gradient expansion, d7m is also approximately scale
invariant but is of order ¢; in the slow-roll expansion.

From the above expressions we note that the combination 267, — a3H (ex — 2¢€1)d¢,
appearing in eq. (5.4) for the non-adiabatic pressure, vanishes at zero-th order in the gradient
expansion, hence

sPO. =0. (5.16)

'When writing Hl(,Q) in terms of Bessel functions J, and Y., this terms comes from the series expansion of
the regular Bessel function J, .
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Up to first order in the gradient expansion, one finds
6 Ppaq = =20 f4 (k) Mp H2\/2¢1, [1 4+ O(€;)] (kn)?. (5.17)

From eq. (4.5) for §D in the spatially-flat gauge we conclude that requiring that the isotropic
part of the momentum constraint to vanish at zero-th order in the gradient expansion (i.e.,
E(O) = 0) is valid for the Bunch-Davies vacuum state in the slow-roll approximation. Indeed,
the fact that the momentum constraint is gradient suppressed was already shown for the case
of slow-roll evolution [60] or more generally in the presence of any background attractor [61].

5.2 Ultra-slow roll

In a USR phase, the potential is assumed to be almost flat and the Klein-Gordon equation (1.1)
reduces to

¢" +2aH¢ ~0. (5.18)

This equation determines the rate at which |¢'| decreases in the case where V4, = 0, which
gives ¢/ o< a~2. In this scenario, the second slow-roll parameter e; = —6 and, since €; o< a6
decreases rapidly, we will neglect terms of order O (e1). At this order H is constant and the

scale factor reduces to the following relation (see appendix B.2 for details):

1

a:—Fn,

(5.19)
which yields z”/z = 2a?H?. When choosing the initial vacuum state to be that of Bunch-
Davies, the solution to the Mukhanov-Sasaki equation (5.1) gives the field perturbations
in the spatially-flat gauge [59]

_ o
5p = m(l ]W?)e m, (5.20)

Expanding the exponential in (3.10) up to order @ (kn)?, we obtain the first two terms in

the gradient expansion

_ (k) 3/2
66 = Fo(k) |1+ = | + O(kn)*2, (5.21)
where we pull out the k-dependent factor
H
Folk) = “Zg3/2, (5.22)

V2

Taking the conformal-time derivative and substituting this into the momentum (5.3), we
find the leading-order terms in gradient expansion of dmy,

Sy = fulk) (5#(;0) + k:257r§}>) +O(kn)/2, (5.23)
where
©) _ o _ 1

— 12 —



In USR, the non-adiabatic pressure is small since it is proportional to V4, ~ 0. Keeping
explicit the presence of the potential derivative, eq. (4.1) then reduces to

O0Phad = —2V4 |00 + H2(_n)357r¢] . (5.25)
The leading-order terms in the gradient expansion are thus
OPuaa = F1(k) (GPGL, + K2OPL) L) + Okm)*2, (5.26)
where
OPOh, = =2V, PLL = —1PVe/3. (5.27)

At leading order in the gradient expansion, d P,,q is non-zero for V4 # 0 and is scale invariant,
0 Pyaa o< k732,

A similar conclusion holds at the level of the isotropic part of the momentum con-
straint (4.5), given by

— v2€1 k:2772 3/9
oD = _UMPIWf+(k) L+ =5~ | +O(kn) /2. (5.28)

While the Hubble rate is constant at leading order in €7, the first slow-roll parameter decays

as €1 o 1%, so \/2e1/H?n? remains constant, and we see that DV

is conserved [48], but non
zero. Although the non-adiabatic pressure perturbation (5.25) is small (on all scales) because
of the overall factor V4, this factor does not appear in the isotropic part of the momentum
constraint. We conclude that 6D is non-vanishing at large scales in the spatially-flat gauge

for the Bunch-Davies vacuum state in USR.

5.3 Gradient expansion of the anisotropic sector

As a final remark, let us comment on the behaviour of the anisotropic sector. Since the
complete momentum constraint is 6D = —§D, the anisotropic sector can be directly related
to the non-adiabtic pressure perturbation. In the spatially-flat gauge, this is simply

3
579 = —\f¢5pna . 2
T 24a2V¢ d (5.29)

In the slow-roll approximation, eq. (5.16) shows that at leading order in the gradient expansion
the anisotropic sector can be safely neglected, 5%50) = 0. In the USR case, however,
eq. (5.27) yields

520 vV 3€1

7T2 - — 277 UMPI; (530)

when neglecting terms O (e;). Ignoring the anisotropic perturbations is therefore not justified
beyond slow roll and leads to inconsistencies.

Finally, let us comment on the behaviour of the traceless part of the extrinsic curvature
A; The latter can be related to dmy in the spatially-flat gauge as follows (see appendix A):

Kk V6
k2 aM2

§A% = omy,  Vi#j. (5.31)
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By solving the equation of motion for dmo in the spatially-flat gauge, see egs. (3.32), (3.36)
and (3.39) in [48], one finds that at zero-th order in the gradient expansion 57r§0) x a2

in conformal time, meaning that
6A§»(0) xa 3. (5.32)

This is consistent with the analysis by Salopek and Bond [23] who went on to argue that one
could thus neglect contributions from the anisotropic sector on large scales and in particular,
that one could impose the Hamilton-Jacobi constraint (3.24). We have shown that this
is equivalent to neglecting the non-adiabatic pressure on large scales, eq. (4.4). However,
using (5.29), one finds that in general

Vv Vv
SPO o 22 o 0 5.33
nad T4 X a3H\/a ( )
While in slow roll we have (/e o< Vig/H 2 and thus 5Pé221 o Ha™3 corresponds to a decaying

mode on large scales, in ultra-slow roll we have /e; o< H ~1¢=3 and thus 5PIS221 x Vg

corresponds to the growing mode, eq. (5.27).

6 Conclusions

The separate-universe approach [16, 34-36] is a powerful approach to treat perturbations
non-linearly. This uses the equations of motion for a homogeneous cosmology to follow the
local evolution in each patch of an inhomogeneous universe smoothed on a suitably large
scale (usually the Hubble scale or larger). Such an approach considerably simplifies the
non-linear evolution requiring only the solution of ordinary differential equations for the local
time evolution, rather than non-linear partial-differential equations. This neglects spatial
gradients, and thus we expect the separate-universe approach to correspond to taking the
zero-th order limit of a gradient expansion in cosmological-perturbation theory [23].

The Hamilton-Jacobi approach [23, 24, 35] further simplifies calculations within each
separate-universe patch by reducing the phase space to a one-dimensional trajectory, H(¢).
This approach uses the scalar and momentum constraints on large scales, to obtain the
Hamilton-Jacobi constraint (2.2) [23-26]. However, the solution of the constraints is obtained
after having discarded the anisotropic part of the momentum constraint (3.20). The Hamilton-
Jacobi approach therefore requires the vanishing of the isotropic and anisotropic parts of
the momentum constraint separately.

In the Newtonian gauge, anisotropic metric perturbations are set to zero (57§N) = (57T§N) =
0 [50, 51]) and thus when we drop spatial gradients at zero-th order in the gradient expansion
we automatically recover the dynamics of a homogeneous and isotropic FLRW cosmology [48].
The anisotropic part of the momentum constraint (3.20) vanishes by construction, and
therefore the isotropic momentum constraint at leading order in a gradient expansion (3.24)
imposes the Hamilton-Jacobi constraint (2.2). As a consequence we can only describe
adiabatic scalar-field perturbations, along the background trajectory, in the large-scale limit.
This approach is thus restricted to describing a 1D phase space, H(¢). In this gauge the
non-adiabatic pressure, 0 Pyaq in (4.6), only appears at higher order in the gradient expansion
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and capturing the full evolution beyond slow roll requires a solution at higher order in the
gradient expansion [54, 56, 57, 62, 63].

Conversely, if we work in the spatially-flat gauge (5'y£SF) = 57§SF) =0 [18, 20]) we can
recover the full 2D phase space, H (¢, QS), in the large-scale limit where we neglect the spatial
gradients. In this paper we have shown that, in linear-perturbation theory, the anisotropic
part of the momentum constraint (3.20) may remain finite in the large-scale limit, and
indeed we have shown that this is necessary in order to describe non-adiabatic scalar-field
perturbations (5.29). However we cannot then apply the Hamilton-Jacobi approach in the
spatially-flat gauge on large scales.

One might worry that the local dynamics cannot be described by a FLRW cosmology
when anisotropic perturbations remain finite on large scales. However the separate-universe
approach uses only the homogeneous-scalar-field evolution equation and the scalar (Friedmann)
constraint to describe the local evolution of the scalar field. The anisotropy appears solely
in the momentum constraint (3.8), and plays no role in the scalar constraint (3.7) (since
57§SF) = 0 in the spatially-flat gauge). Thus the scalar-field perturbations in this large-scale
limit can be identified with evolution of a homogeneous scalar field in an isotropic FLRW
spacetime, and the momentum constraint is only required to relate the local frame in a
separate-universe patch to the global background chart in perturbation theory [59, 64].

The isotropic part of the momentum constraint in the spatially-flat gauge is proportional
to the non-adiabatic pressure perturbation. By setting it to zero, the Hamilton-Jacobi
approach therefore requires scalar-field fluctuations to follow the background phase-space
trajectory. The isotropic part of the momentum constraint has been shown to be gradient-
suppressed in the presence of a slow-roll attractor during inflation [60, 61]. However this
does not in general hold beyond slow roll, and we have shown explicitly by computing
the isotropic part of the momentum constraint that it is not suppressed on large scales
in ultra-slow-roll inflation.

The separate-universe approach is a key ingredient in many non-linear analyses of
cosmological perturbations, and in particular in the stochastic-inflation formalism, where
fields are coarse-grained above some smoothing scale [65-67]. Quantum fluctuations within
each patch then give a stochastic kick to the local evolution of the coarse-grained field as they
are stretched beyond the smoothing scale. Quantum field fluctuations can be calculated using
the Mukhanov-Sasaki variable (5.2) which describes the field fluctuations in the spatially-flat
gauge and as we have seen this can lead to non-adiabatic field fluctuations in models of
inflation beyond slow roll. As a consequence, the Hamilton-Jacobi approach implemented
in refs. [25, 26] fails to describe the full stochastic evolution in the spatially-flat gauge on
large scales in ultra-slow roll and other models of inflation beyond slow roll. Instead one
must allow for stochastic evolution in the full two-dimensional phase space, H (¢, d)), on
super-Hubble scales [22, 44, 68-74].
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A Notations in the Lagrangian formalism

We here translate our notations in terms of the variables commonly used in the Lagrangian
formalism. Namely, the perturbed metric (3.1) is written in conformal time as [20]

ds® = —a® (14 2A) dn? + 2a*0;Bdnda’ + a*[(1 — 2¢) 6;j + 20;0; E] dz'da? . (A.1)

A direct comparison with the notations used in eq. (3.1) leads to

. ON(tk
A (tk) = W (A.2)
B (tE) = (mgt’k), (A.3)

a(t) 23 21/6

E(LF) = 1\/?372(“{) (A.5)

2V 2 k2a2(t)

w (t7 ];) 1 (_(5’}/1 (t, k) n 5’)/2 (t, k)) ’ <A4)

For convenience, we also give the expression of the gauge-invariant Bardeen potential
in both conventions

Up = ¢ —aH (B~ E) (A.6)
1 1 1 27

N \/7 RN v

(2\/§a2) n 21/6 a2 * M2Kk2V 3 (2a6 + )

1 3
+ (W\/;a9> 57‘(’2 . (A7)

Let us show that the Bardeen potential is proportional to the non-adiabatic pressure

02

perturbation. Omne can use the expression of D, eq. (3.8), in order to replace the dmy
contribution in §S, eq. (3.7). Such a combination of the two constraints boils down to

VTG | MK 5
9 a5 \/ga 71

2 7.‘,2 M2 k?

0= (a3‘/7¢—|—371'¢H> 0o + %(57‘% — <

_l’_
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Injecting eq. (A.8) in the expression for the non-adiabatic pressure perturbation (4.1) in order
to get rid of the d¢ and d7my contributions, one can recast 6 F,,q into the form

2M2K? V. 2 aHV M2E? [2 V
5Pna _ Pl P 5 4\/>M2 P Pl \/> 9 §
d ( 3\/§ a7r¢,H> m + ( 3 Pl 7T¢ + 3 3 a7r¢,H 72

2a2V¢
Y/ DY Sl L A9
E vy 02 (4.9)

One can check explicitly that

4M§1k2 aV:(z,

5Pnad: 3 7%7H B

(A.10)

where g is the Bardeen potential in conformal time, as defined in eq. (A.7).2
One can also consider the usual extrinsic-curvature tensor. On a FLRW background,
when restricting to scalar perturbations in the spatially-flat gauge, its traceless part reduces to

i 1 i S
0Aj = OON', Vit (A.12)

In Fourier space, this yields

Kk g Ky VO KTk 3w

AL = — S R L -
J ak K2 ab2 T k2 1a3V M3

6Poad, Vi#j, (A.13)

in conformal time, where we used eq. (3.36) of [48] and eq. (5.29) for the second and third
equalities respectively. Note that in the spatially-flat gauge, the non-adiabatic pressure
perturbation is directly related to the traceless part of the extrinsic curvature.

B Slow-roll parameters

The slow-roll parameters in conformal time are defined as

H/
= —— B.1
€1 CLHZ ) ( )
1 €,
€ = —". B.2
A direct computation for the first and second slow-roll parameters leads to
2
1 7T¢
= , B.3
VT M2 oS H? (B-3)
3
a’Vg
€ = —0+4+2¢ —2——. B4
2 + 261 Hry (B.4)
2This can also be recast in the form
2V, VU
0Phaq = _73H¢') TrCa? (A.ll)
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As a consequence,

Ty = oMuma®H/2€ (B.5)
Vo = —UH2MP1’/%(6—{—62—261) , (B.6)

with o := sign (m4).

The scale factor can be expanded in terms of the slow-roll parameters (see [59] for
more detailed calculations). Below, ¢ refers to cosmic time. It relates to the conformal
time as follows:

dt 1 e1da

ni=[—

4 [ace B.
a aH + a’H (B.7)

After an integration by parts and an expansion in terms of the first slow-roll parameter,
the integral boils down to

o 1 €1 da 2
n——aiH—ajiH—F/ElEQiazH—{—O(ﬁl) . (B8)

B.1 Slow-roll expansion

In slow roll, both €; and ey are small. Therefore, at first order in slow-roll expansion the
conformal time (B.8) approximates to

n= —(%H (14+€). (B.9)

The slow-roll parameters can be Taylor expanded and, when neglecting terms of order O (e?),
€1 is approximately constant €; = €1,, where the * refers to the Hubble-crossing time of the
mode considered, 1, = —1/k. Inverting the above equation to integrate H, one eventually gets

L [1 — e ln (")} . (B.10)
Qx n e

Taking eq. (B.8) at time 7, we get the initial condition a.n. = — (1 + €1.) /H.. Plugging
this identity in the expression for a we get

1 [ 7
a=— 1+ €14 <1ln>} , B.11
oo o (B.11)

at first order in slow roll.

B.2 Ultra-slow-roll expansion

In the USR case the potential is considered to be almost constant. As a consequence
€2 =~ —06 + 2¢; and terms of order €1e5 should not be neglected. Taking this into account,
eq. (B.8) can be approximated to

B 1 €1 e1da 9
n_—————G/azﬂJrO(el), (B.12)
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where we, however, neglect terms of order O (e%) The integral in the right-hand side can

be integrated by parts, leading to

e1da 1 ¢
== B.13
/ a’H TaH ( )
The expression for 7 therefore becomes
1 €1
=—(14+—=]. B.14
n=-(1+%) (B.14)
In this paper, we will focus on the leading order in €; only and approximate n = —1/(aH).
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