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First-order store and visibility in name-passing calculi

Daniel Hirschkoff Iwan Quémerais Davide Sangiorgi

Abstract

The 7w-calculus is the paradigmatical name-passing calculus. While being purely
name-passing, it allows the representation of higher-order functions and store.

We study how m-calculus processes can be controlled so that computations can only
involve storage of first-order values. The discipline is enforced by a type system that is
based on the notion of visibility, coming from game semantics. We discuss the impact of
visibility on the behavioural theory. We propose characterisations of may-testing and
barbed equivalence, based on (variants of) trace equivalence and labelled bisimilarity,
in the case where computation is sequential, and in the case where computation is
well-bracketed.

1 Introduction

The m-calculus is one of the best known process calculi. It has a handful of operators —
parallelism, input, output, restriction being the main ones — with which it achieves an
amazing expressive power. Yet, it has a rich algebraic theory and a wide spectrum of proof
techniques. In the m-calculus, computation is communication, by means of message-passing
synchronisations between processes. Names are the communication units; new names may
be created, and may themselves be exchanged in communications. When used for modelling,
m-calculus is normally typed, so to be able to support structured data values, beginning with
basic first-order values such as integers and booleans.

The m-calculus has been advocated as a model to interpret, and give semantics to, lan-
guages with higher-order features. For instance, the representation of functions as 7-calculus
processes has been widely studied, beginning with Milner’s seminal work [I4]. Usually,
higher-order languages include forms of store. It is therefore important to understand how
expected semantic properties of store can be captured in a language for pure concurrency
such as the m-calculus.

An aspect of store with strong semantic consequences is the distinction between higher-
order and first-order store. The term ‘first-order store’ refers to a memory model where
variables can hold only basic data types such as integers and booleans. This contrasts with
a higher-order store, where variables can also store functions, or code, or references to these.
Limiting the store to first-order data makes it easier to reason about program behaviours,
and verify behavioural properties. It may also enhance security and predictability guarantees
by preventing unintended behaviours associated with dynamic function storage and code



injection. A striking example of a property that may be broken with higher-order store is
termination. For instance, the simply-typed A-calculus is strongly normalising and therefore
terminating. This property is maintained by the addition of first-order store, but not with
higher-order store, as functions may recursively reference and invoke each other through the
store. In game semantics of higher-order languages, the distinction between first-order and
higher-order store has led to studying the concept of wisibility. Intuitively, visibility ensures
us that each move in a computational game is justified by prior interactions. With the
introduction of higher-order store, the visibility condition has to be relaxed, reflecting the
added complexity in tracking information flow within a program.

The goal of this paper is precisely to understand the meaning of first-order store and
visibility within the m-calculus. In functional languages based on the A-calculus, imposing
first-order store is simply determined by the constraint that all references may only store
first-order values. In the m-calculus, in contrast, there is no explicit notion of reference, and
therefore the meaning of ‘first-order store’ requires some care. In mw-calculi, a piece of store
is usually represented by an output message. For instance h(5) may be thought of as the
statement that name h currently contains 5. A process that inputs at A and then re-emits a
message at h, such as h(z). h(z+1), is a process that acts on such a store. In this case, h is a
first-order name, hence h implements a piece of first-order store. An example of higher-order
store is given by the process

P a). ((b(d).\d.R) | ¢.b(d).d. R (1)
Here, b(d) is a bound output, and represents the output of a ‘new’ name d, and similarly for
b(d'); whereas, e.g., d. R and c. () represent inputs in which no value is exchanged (i.e., d and
c carry unit values). In P, name a is higher-order, in that a carries a (pointer to a) service.
In the input at a, the service name received in the input (the parameter b) is used after the
input, but it is also stored, and used later when c is invoked. In other words, the visibility
of ¢ (the services that ¢ may call when invoked) depends on interactions that have occurred
earlier, at a. For this reason, P implements a form of higher-order store. When this does not
happen, that is, the visibility of a higher-order name (the set of services that may be called
when the name is invoked) may be determined at the point in which the name is created,
the process implements a form of first-order store. (The word ‘service’ is freely used, here
and elsewhere, to indicate the input end of a name; in 7w-calculus, a name may have multiple
input occurrences, in arbitrary syntactic positions within a process, in contrast with, say,
the function declarations in functional languages, which are supposed to be unique.)

The amazing expressive power of the m-calculus also makes the contexts of the calculus
very discriminating; as a consequence, behavioural equivalences, which are supposed to be
preserved by the contexts of the calculus, are rather demanding relations. A well-established
way of imposing constraints on the set of legal contexts, thus obtaining usefully coarser
behavioural equivalences, is to adopt behavioural type systems. Types may be used in order
to capture communication patterns on the usage of names, such as capabilities, linearity,
sessions, and so on on, e.g., [18, [10} 5 [I]. Type systems have also been designed to capture
specific properties of processes, such as termination, deadlock-freedom, lock-freedom, e.g.,
23, (1T, [17].



A further step is then to tune the proof techniques of the m-calculus to such type systems,
so to be able to actually prove the behavioural equalities that only hold in presence of
types. For instance, in the case of may testing (or contextual equivalence) this may yield
to refinements or modifications of the notion of trace equivalence; whereas in the case of
barbed equivalence this may lead to refinements or modifications of the standard notion of
labelled bisimilarity. The resulting proof techniques must be sound with respect to initial
contextually-defined relations; ideally, they should also be complete.

In this paper we propose a type system that guarantees first-order store in m-calculus
processes. The type system makes use of visibility functions, that is, partial finite functions
that specify, for each higher-order name b that may occur free in a process, the set of services
(i.e., higher-order names) that may be invoked when a call at b is made. In order to better
understand the behavioural effects of visibility, we combine it first with sequentiality and then
with well-bracketing. ‘Sequentiality’ intuitively indicates the existence of a single thread of
computation. That is, at any point there is a single process that is active and decides what
the next computation step can be. In the encodings of the A-calculus [I5] 20], a process
is active, i.e., it carries the thread, when it contains an unguarded output at a higher-order
name. When encoding A-calculi with first-order references, an active process may also expose
the thread by exhibiting an input at a first-order name. We follow such a convention also
in the paper: higher-order names carry the thread via outputs, first-order names via inputs
(other choices technically would however be possible). Sequentiality allows us to expose, in
isolation, the causality properties of service calls, within a standard (interleaving) semantics.
These aspects would be partially or totally obscured by the presence of other concurrent
threads.

In higher-order languages, the effects of having first-order store are particularly strong
in absence of control operators; that is, using a terminology borrowed from game semantics,
in a 'well-bracketed’ setting, where the call-return interaction behaviour between a term
and its context follows a stack discipline. We therefore also consider the refinement of our
visibility-based type system under the well-bracketing hypothesis. To see an example of the
effect of visibility, consider the following well-bracketed example:

vh (h(0) | alc,q). (le.h(2). h(z +1) [ q(y).Q))
Here, an external service a is called, exporting a local service ¢ capable of incrementing
a private reference h, and with a return channel q. If visibility holds, then the external
environment cannot store c¢. Therefore, after providing an answer at ¢ , the environment is
unable to call ¢ again, thus incrementing h, unless an access to c is explicitly provided again
(by process Q). This property may be used to perform optimisations, possibly including
garbage-collection of the service c¢ if at some point ¢ is not used anymore in Q).

We then study characterisations for both may testing and barbed equivalence, as special
forms of trace equivalence and of labelled bisimilarity. Following the tradition of testing, the
language includes special success signals, that are used by testers (i.e, processes running in
parallel with the testees), and may be used at any time, to report success.

When developing such characterisations, some care is necessary so to distinguish between
the visibility of the tested and of the tester processes, as they need not be the same. For this,



we introduce visibility-constrained LTSs, in which process transitions are constrained by a
visibility function, intuitively expressing the possibility for processes to perform a certain
transition given a certain visibility function for the external observer. As a consequence of the
transition, the visibility function may need to be updated, so to yield the visibility function
for the next transition. In the case of well-bracketing, the constraints given by visibility have
to be coupled with those given by the stack names used to track well-bracketing (and again,
a distinction has to be made between the stacks for the testers and those for the testees).
Based on these LT'Ss, we introduce forms of trace equivalence and of labelled bisimilarity
that are proved to be sound and complete, for may testing and barbed equivalence, both in
the case of sequentiality and in that of well-bracketing.

We present the version of the m-calculus with higher-order and first-order names in
Section 2 In Section B we define the type system implementing visibility for sequential
processes. We define typed labelled transitions and present labelled characterisations of
behavioural equivalences in Section [l Section [ is devoted to the extension with well-
bracketing.

2 Background: the m-calculus language

The m-calculus language that will be used is called, technically, Internal = (7I) [21] (all
channels exchanged are fresh — no free object outputs), with the addition of first-order
values (such as integers and booleans), and expressions that evaluate to first-order values,
called first-order expressions. We do not specify what exactly first-order values and first-
order expressions are. We simply assume that, in a closed process, a first-order expression
evaluates to a first-order value. Moreover, only the output capability of names may be
exported. This means that, for instance, in an input a(b). P name b may only be used in
output in P. This constraint is often followed in theory and applications of the w-calculus,
as it simplifies various technical matters.

We assume that names are distinguished (partitioned) into higher-order names and first-
order names, and success names. Higher-order names are the ordinary 7l names; first-order
names may only carry first-order values, and they may not be passed around (the second
constraint simplifies the technical details, though it is not mandatory, see Section[3]). In later
sections, first-order names will be used to represent references. The fact that these names
may only carry first-order values, together with constraints on visibility, will ensure that the
calculus does not have (implicit or explicit forms of) higher-order store. The success names
are used, in the tradition of testing equivalences, by tester processes so to report results of
experiments on tested processes (thus, the processes compared in the examples of the paper
do not contain success names).

The calculi in the paper will be typed. For simplicity we define our type systems as
refinements of the most basic type system for m-calculus, namely Milner’s sorting [13], in
which names are partitioned into a collection of types (or sorts), and a sorting function maps
types onto types. We assume that there is a sorting system under which all processes we
manipulate are well-typed. Thus, the sorting system separates higher-order and first-order



[Higher-order names, HO| a,b,c [First-order expressions| e,
[First-order names, FO]  h, k [First-order variables] x,y
[Success names] w [First-order values] v, w

[Inputs) a = a(zb) | hz)  [Outputs] @ = ale)(b) | hle) | w
[Processes] P,Q,R == a.P | a@P | la.P| P|Q|vaP | vhP
|O‘ —|—Q‘ife:fthenPelseQ

Table 1: The syntax of the calculus

names; moreover we assume that first-order names are monadic, and that higher-order names
carry a pair of a first-order value and a higher-order name. Thus @(v)(b). P is the output
of the first-order value v and of the fresh higher-order name b at the (higher-order) name
a, with continuation P. When writing examples, we allow different sortings; for instance,
writing a. P and b. Q for inputs and outputs in which no value is exchanged.

The syntactic categories of the calculus are presented in Table [l As usual, input and
restriction are binding constructs, and give rise to the expected definitions of free and bound
names. An expression or a process is closed if it does not have free (first-order) variables. It
is intended that transitions are defined on closed processes.

The definition of structural congruence, written =, and of the strong and weak (untyped)

labelled transitions, written ——, =, and ==, are standard and are given in Appendix [Al
(later we will introduce typed variants of the LTS). We note fn(P) (resp. fn(u)) the set of
free names of P (resp. ). We sometimes abbreviate reductions P — P’ as P — P’

As behavioural equivalences we consider both may-testing and barbed equivalence. Both
relations are contextual, in that they are defined by requiring a closure under all ‘observers’.
They both use ‘barbs’ (or ’success’) signals; barbed equivalence, in addition, makes use of a
bisimulation game on reductions. We write |}, to indicate the possibility of exhibiting an w
barb, possibly after some reductions; i.e., P |, holds if there is P’ with P = P’ and P’
has an unguarded occurrence of w. Thus intuitively two processes are behaviourally equal if
they can produce ‘the same barbs’ under all legal observers running in parallel with them.
As we are in a typed setting, observer and tested processes should have compatible typings.
The meaning of ’compatible’ depends on the specific type system. For visibility, the meaning
will be specified in Sections Bl and Bl We write A F P, and say that P is a A-process, if P
is typable under A, and A - P, @ if both A+ P and A F @ hold. Behavioural equivalences
are defined on closed processes; they are extended to open processes (i.e., processes with free
first-order variables) in the usual manner, by considering all possible closing substitutions.
We only consider weak behavioural equivalences (i.e., equivalences that abstract from internal
moves of processes, the reductions), as these are, in practice, the most useful ones.

Definition 1 (May testing). Suppose that I'; A are compatible. Then two A-processes P
and Q are may testing equivalent at T, written P =L @, if for all R-processes and success
name w, we have (R | P) |, iff (R | Q) Y.



Definition 2 (Barbed bisimilarity and equivalence). Barbed bisimilarity is the largest sym-
metric relation ~ s.t. P ~ @Q implies:

1. whenever P — P’, there exists @' such that Q = Q' and P’ =~ Q';
2. for each w, if P |}, then also Q {,,.

Suppose that I'; A are compatible. Then two A-processes P and ) are barbed equivalent at
[, written P =% Q, if for all R with ' - R it holds that P | R~ Q | R.

We write P 2 @Q (resp. P &= Q) when P 24 Q (resp. P =L Q) holds under any typing
A for P, and any I' compatible with A.

We now introduce some notations that will be useful below. In the paper we use partial
functions whose codomains are finite powersets. If A is such a function, then A;7 +— A is the
extension of A in which 7 is mapped onto A, assuming that 4 is not in dom(A); conversely A~
is the restriction of A in which the entry for i is erased, both in the domain and codomain
of A. We also write i — A, j as an abbreviation for i — (AU {j}); and A |i (resp. A f1)
means that A is (resp. is not) defined on i. Function A; N A, has domain dom(A;)Ndom(A,),
and then is defined as (A1 N As)(p) = A1(p) N Ay(p); and likewise for Ay U Ay. We write
A; C Ay if dom(A;) C dom(A,), and for each i € dom(A;), we have Ay (i) C Ay (7).

3 A Type System for Visibility

Our type system for visibility is built on top of that for sequentiality [3]. While visibility could
be defined as a standalone notion, the combination with sequentiality makes the behavioural
effects sharper and easier to grasp.

Intuitively, sequentiality ensures us that at any time at most one interaction can occur;
i.e., there is a single computation thread. A process that holds the thread, called active,
decides what the next interaction can be. It does so by offering a single particle (input or
output) that controls the thread. A given name may exercise the control on the thread either
in output or in input. Following [3], we require that, in higher-order names, the thread is
carried by outputs, whereas, in first-order names, it is carried by inputs. An input that
carries the thread maintains the thread, whereas an output releases it. (These appear to be,
practically, the most interesting combinations; other combinations could be adopted, with
the expected modifications.) Thus, for instance, the following process P is well-typed:

P = (h(z).alz)(b). (b(z,¢).Q | h(z))) | k(o)

The initial particles in P are the input at A and the output at k; however only the input at h
carries the thread, as h and k are first-order. Underneath the input, the thread is maintained
and released in the output at a (the thread will be acquired by the process in the external
environment performing the input at a); later, when the input at b is performed, process @
obtains the thread back. Sequentiality however does not exclude non-determinism: e.g., an
output particle may have the possibility of interacting with different inputs.



The type system for visibility intuitively allows us to specify which possible higher-order
outputs can be performed by a process that becomes active. Type environments are partial
functions, called wvisibility functions, acting on higher-order names and, for active processes,
on the special token *, representing the active thread. (Later, when studying well-bracketing,
type environments will have both a visibility function and a name stack.)

Definition 3 (Visibility function). A wisibility function is a finite partial function A : HOU
{*} — Prin(HO). Moreover the function should be transitive, that is, for all o € dom(A), if
Ala and a € A(o), then A(a) C A(o).

To see the use of x, suppose A(x) = {a,b}; this means that a A-process is active, and
may only perform outputs at a and b, as in the following process:

a(v)(c). ¢(d). b(w). 0

Name c is created in the output at a and therefore ¢ inherits a’s visibility.

Similarly, if A(d) = {a, b} then, in a A-process d(z, ¢). P, the continuation P of the input
at d may only perform outputs at a, b or at ¢ (as ¢ is the higher-order name received in the
input). The use of visibility functions also allows us to sort out implicit form of higher order
store; in the following example, p, ¢ are higher order names used for continuations.

Example 4 (Implicit forms of higher-order store). In the A-calculus, if a term without
higher-order references is well-bracketed then it necessarily obeys visibility. In our calculus,
even though we do not have explicit higher-order references, we can simulate higher-order

store. Consider
def _

P =1a(b,p).b(n,c,q).g(n).p(m).c.0
In P the visibility A(p) is defined when the output at a is made, therefore ¢ ¢ A(p), and
the final output at ¢ breaks visibility; indeed, the input at b, which justifies the output at c,
is answered by the output at ¢ before the output at c.

Transitivity ensures us that the visibility functions, viewed as ‘named sets’, represent
transitive sets. Transitivity is needed to guarantee the behavioural expectations of visibility.
If a process P calls a service a, with actual (higher-order) parameter b, then an output
triggered by such a call (and possibly directed back to P) should be either at b or at a name
in the visibility of a; however, the server a might call an external service c¢; this call should
not allow an increase of the visibility associated to a; hence the transitivity constraint that
the visibility of ¢ is contained in that of a. Technically, transitivity is necessary to ensure
preservation of typing under reduction (see Theorem [[0] and Example [IT]).

Remark 5 (Transitivity and functional languages). The issue of transitivity does not arise
in the semantics of purely functional languages such as the A-calculus [6]: visibility functions
do appear, but the domain and codomain of such functions are disjoint (technically, in the
game semantics terminology, the domain contains names introduced by Player, whereas the
codomain contains names introduced by Opponent). This makes transitivity trivial.



a€A(x) Ab— A(x), bk P Ajx — Ala), b P
0-HO I-HO

A Fa(e)(b). P At a(z,b). P
AP A [fx AFP Alx AFa. P Afx
0-FO — I-FO REP SUCC——
AF hie). P AF h(x). P AFla. P AFw. P
A+ P FP A [ x AFP AF P,
RES-HO——————  RESFO————  NIL—"——  SUM
A+ vaP A+ vhP AFO AP+ P
PAR Al F P Ag P (Al,AQ) S Spllt(A) IF AF P A P,
AFP | P At if e = f then P else P,

Figure 1: Typing rules for visibility

In the typing of a parallel composition, the visibility function has to be split between the
two components of the composition. This is important for elements of the domain of the
function that are linear, and therefore may only appear in one, but not both, components;
this is the case for %, and the linear continuation names that will be introduced in Section [5

Definition 6 (Split). Let A be a visibility function, we define split(A) as the set of pairs
(Al, Ag) such that Al U AQ = A and * ¢ dom(Al) N dOI’ﬂ(Ag).

The typing rules are given in Table[Il We comment on a few of them. Rule 0-HO specifies
that an output at a HO name a owns the thread, and that name a must be in the current
visibility. In the continuation P (which is not active) the visibility for b is determined by the
current visibility A(x) together with b itself, to allow for recursive calls at b. Symmetrically,
in rule I-HO, a process performing an input at a acquires the thread, with a visibility given
by A(a) plus the received name b. A replicated input is well-typed only if it is not active
(rule REP). When typing parallel composition, we use split to insure that at most one of the
components holds the thread. We simply remove the name from A when typing a restriction
(rule RES-HO). Visibility plays no role in rules I-FO and 0-FO; the only checks made are given
by sequentiality, concerning the respect of the thread.

Example 7. Consider

PY a(x, ). bz + 1)(d). a(z’, V). bz + 2')(d). 0

‘ CL(QIZ‘l, bl) bl <.f131>(d1) d1 (dQ) E(CL’ + 1)(01) 0

The process has three inputs at a; the first two are sequential, and make no requirements
on visibility, as their continuations only perform outputs at names received in the input; the
third one, in addition, has the effect of creating a name d;, whose input may activate an
output at the free name c¢. This input requires that in the visibility A of P, we find ¢ € A(a).

8



Example 8. (In this example, we ignore the first-order components of actions, as they are
not relevant.) A process of the form

PEaw).(Q| c(d).b(d). R)

is not typable: the initial visibility of ¢ may not include b, which is created fresh by a;
yet, P may perform an output at b after the input at c¢. Indeed, while P does not directly
create a form of higher-order store, it may do so indirectly: the external environment, after
completing the treatment of the initial call at a, is supposed to ‘forget’ the higher-order name
b. However, this is not the case, as the environment may regain access to b by invoking the
(unrelated) name c. In contrast P would become typable (in the straightforward extension
of our type system with polyadicity) if the initial output at a would be replaced by @(b, ¢):
now ¢ becomes a fresh name, initially unknown, and created in the initial output, together
with b, so that the visibility for b and ¢ can be the same and can include both names.

The following lemma shows that a visibility function may always be enlarged (both in
the domain and codomain), as long as sequentiality (i.e., being defined on ) is respected.

Lemma 9 (Weakening). Suppose Ay = P, Ay C Ag, and (Ag]* iff Ay|x). Then As + P.
Some other technical lemmas that are used in proofs are presented in Appendix

Theorem 10 (Subject reduction). Suppose A+ P and P2 P'. We have:

e if i is a T action or a first-order input, then A+ P’; the same holds if u is a first-order
output and A Jfx*;

o if u="a(v)(b) then a € A(x) and A*;b— A(x),b+ P’;
o if u=a(v)(b) and A [*, then A;x — A(a),bt P'.

Example 11. Transitivity of visibility functions is necessary. Indeed, consider process P o
a.b.Q | @, and the non-transitive function A = a ~— {a, b}, * = a. We have A - P. However
P 5 b.Q, with A ¥ b.Q, violating Subject Reduction (Theorem [IT).

To adapt the generic definitions of behavioural equivalence in Section Pl to the type
system for visibility, we only have to specify the meaning of compatibility between typing
environments (which in our case are visibility functions). Compatibility means ensuring that
processes typed under the two typing environments cannot both be active.

Definition 12. Two typings A; and Ay are compatible if * ¢ dom(A;) N dom(Ay).

We discuss some examples of equivalences in which the behavioural constraints imposed
on legal observers by visibility are essential: the equivalences would otherwise be broken.



Example 13. Consider a process

PEa(,c). P for  P'E(b(d).R)| c(cr).al), ). (e2).B(d). Q

where we assume b does not occur in () and R. Process P interrogates an external service
a, providing access to local services b and ¢, and the derivative is P’. Now, P’ may either be
interrogated at b, or at c. In the former case, the output b(d’). Q becomes dead code (as the
environment may not install any input at b). In the latter case, the environment is again
called at a; now, since visibility ensures us the environment cannot remember b, the input
and the output at b in P’ may only interact with each other; we can therefore inline the call
at b. We can express this behaviour using expansion as follows:

P = ab, c).( b(d). (R | c(c)).
+ c(cr).at', ).

a(t/,d).d(c2).04)
c(

e2).mvd (Q | R{4ja}))

where 0, indicates an active process that cannot perform any action (e.g., by (bs. 0)). (This
equality holds under any visibility, hence we use the symbol 2.)

If we replaced the second output at a with an output at a different free name, say o,
then the processes could still be typable, and the equalities above would still hold. However,
the equalities would not hold if we replaced the second output at a with an output at c¢;.
Indeed, while the environment may not store b or ¢ for using them in a later call at a (or
at an unrelated name such as a’), the environment is allowed to use b and ¢ within services
that are created following the first call at a; for instance, the environment could be

a(b, c).e(c1). ley(c)). b(d"). 0

The following example illustrates the use of visibility to perform garbage-collection on
names that will never be used. We refer to Appendix [B.3 for the full definition of the
corresponding pruning function.

Example 14. Consider a typing environment A, a A-process
PEa.Q | 6.2.1a.Q, | 1d.7.0

and a visibility I' compatible with A such that I' U A is transitive. I' is intended here to
represent the observer’s visibility. Suppose a ¢ I'(x); that is, the observer is active but its
current visibility does not include a (which may however be in the visibility of other names in
I'). We then have P 28 !b.2.0. The pruning is possible because, intuitively, the transitivity
of AUT ensures us that an observer, whenever active, cannot have a in its current visibility.
For instance, if the observer interrogates b, then the transitivity of the visibility functions
ensures us that a ¢ A(b); then ¢ € A(b) (which is necessary for P to be typable) gives us
also a ¢ I'(c). Similarly, exploiting transitivity, we deduce that also d ¢ I'(x), and that an
observer may never be able to interrogate d; thus we can also remove the input on d.

10
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Figure 2: Visible LTS

4 Labelled Semantics

4.1 Trace-based proof techniques

The definition of may-testing makes use of contextual quantifications. We study here proof
techniques without such quantifications, as forms of trace equivalence. For lack of space,
analogous proof techniques for barbed equivalence are only reported in Appendix The
first step is to express the transitions for a process that are allowed by an observer subject
to certain visibility constraints. We call these the type-allowed transitions. They are of the
form [[] P % [I'] P’, to be read ‘an observer that has visibility T' allows process P to make
a transition p and, as a result of the transition, the process becomes P’ and the visibility
of the observer becomes I”’. Type-allowed transitions are defined by the rules in Figure 2
Intuitively, an observer typable under I' can initially test inputs of processes at names in
['(x), if T"| *, and outputs of processes in dom(I") otherwise. The weak transitions —> and

=L are defined in the usual manner from the strong one; for instance, [['] P £ [I'] P’ holds
if [ P = [['| P”, and [[| P" & [I"] P”, and [I'] P"" = [I"] P', for some P" and P".

An action 7 is called a reduction (or an internal action); the remaining actions are
called interactions. We use T to range over traces, which are finite sequences of interactions
{1 ... fn (n > 0) in which the bound names are all distinct and different from the free
names (the definition of bound and free names is as for processes, viewing a trace as a
sequence of prefixes). A trace ;... pu, is trace of Py under visibility Ty if there are P;, T';
with [Fz] P, “—_2> [Fi—l—l] Pi+1, for 0 <i < n.

Definition 15 (Typed trace equivalence). Two A-processes P and ) are trace equivalent at

[, written P =% Q, if A, T are compatible and P, Q have the same sets of traces under T

We show the main compositionality lemmas, and a trace-based characterisation of may
testing. Other technical lemmas needed in proofs may be found in Appendix

Lemma 16 (Restriction). If P =% Q then also va P =L, va Q.
Lemma 17 (Input). If P =X Q and T }[x*; then also a(z,b). P igi*ir(b))fb a(z,b).Q.

Lemma 18 (Output). If P =X Q and T [x, then also a(e)(b). P i?Ai;:»b—)A(b))*b ale)(b). Q.
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Lemma 19 (Parallel composition). Suppose P =% Q and (I'y, ) € split(T'). ThenTs - R

implies P | R i{iufg)+ Q | R where (—)T indicates the transitive closure.

In the proof of Lemma [I9] a trace of P | R is split into a trace for P and one for R. We
have then to ensure that the condition of the lemma are maintained throughout the trace,
notwithstanding modifications of the visibility functions. Some care is needed in case of
synchronisations between P and R, where the typing of the external observer has to remain
the same; we also use the restriction Lemma Other cases also exploit the extension
Lemma [36] and the transitivity of the visibility function, to make sure that the views on free
names are not increased along the trace.

Theorem 20 (Characterisation of may testing using trace equivalence). Suppose A F P, Q)
then P =% Q if and only if P = Q.

The sketch of the proofs is the same as for characterisations of may testing with trace
equivalence in untyped calculi, exploiting substitutivity properties of trace equivalence in the
case of Soundness, and reason by contradiction in the case of Completeness. In addition, one
has to take care of the observer visibilities, how it changes, and use type-allowed transitions.
A similar results of characterisation also hold for barbed equivalence, using a typed form
labelled bisimilarity, and are presented in Appendix [Cl

We can use typed trace equivalence to prove equalities such as those in Examples [13] and
[I4: the proofs are simple, following the definition of the equivalence and exploiting type-
allowed transitions. See also Appendix [B.3] for the proof about the pruning function that
generalises Example [[4 (Similarly, the proofs can be carried out for barbed equivalence,
using the labelled bisimilarity in Appendix [C])

4.2 Visibility property on traces

We formalise the link between our type system and the notion of visibility in game se-
mantics [6]. The reader not familiar with game semantics may safely skip the section. In
game semantics, the notions of visibility and well-bracketing are defined based on a justifi-
cation relation between moves performed by Player. These moves correspond to interactions
on higher-order names in our setting, and the notion of justification can be formulated as
follows.

Definition 21. Let w1, 12 be two interactions at HO names. We say that py justifies po,
noted py N pg, if: (i) either pu; = a(v)(b) and py = b(v')(c), or (i) pw; = a(v)(b) and
pa = b(v')(c). When this is not the case, we write 111 vA fio.

11 g captures the dependency induced by the fact that uo performs an interaction at
a name that has been previously introduced by p;. In contrast with the situation in game
semantics, though, there is no notion of question and answer in our setting.

We can now define the notion of view. In the definition below, we allow a starting
visibility A, because we want to consider processes that already have some knowledge about
the observer (Opponent).

12



Definition 22 (View). Given A C HO, we define the view with starting visibility A of a trace
T, written views(7T), as follows:

viewq(e) = A views(TipTapz) = viewa(T1) UnHO(pg) UnHO(uo) if pg v o
viewq(po .. phn) = AUDHO(y,) if VO <@ <n— 1, u; A pin
where nHO(i) denotes the set of higher-order names appearing in the action p.

Views capture the idea that when an action is justified by another one, the names created
in between must have been forgotten, otherwise this would mean that the process had the
ability to store these names in order to reuse them. In the last clause in Definition 2] the
action is justified by an action that happened before the beginning of the trace, therefore
it has the starting visibility. In particular, viewy(7) yields the usual definition in game
semantics.

Definition 23 (Respecting views). Consider A C HO, a trace (ug . . . ftn) respect views under
starting visibility A if £n(pp) € A and V1 < i <n,fn(p;) C viewa(uo. .. fi—1)

Lemma 24. Consider A,I', P such that A = P, I'" is compatible with A, and A UT 1is
transitive. Let A = (I'U A)(x), then every trace of P under visibility I' respects views with
starting wisibility A.

The idea of the proof is that for a trace (ug. .. ) there exist Py, ..., Pyi1, Do, ..., Ay,
Fo,...,rn+1 such that PO = P, AO = A, F(] =TI and for all 0 S 1 S n, [FZ]R % [Fi—l—l] Pi+1
and A; F P;. We show by induction that for each 1 <1 < n, ([TUA;)(x) C viewa(puo . .- fti—1);
it thus follows that the trace respects views under starting visibility A. The condition of
A UT being transitive is crucial, otherwise (I'; U A;)(*) could grow in unwanted ways.

5 Adding Well-Bracketing

5.1 Type system

In the previous sections we have studied visibility in connection with sequentiality. In this
section we do the same for a refinement of sequentiality, namely well-bracketing. We begin
by reviewing well-bracketing, following [3], and then outline how visibility is accommodated.

From sequentiality to well-bracketing. In languages without control operators, well-
bracketing intuitively means that return-call interactions among terms follow a stack-based
discipline. In a well-bracketed system, a service that is interrogated, say S, acquires the
thread and is supposed to return a final result (unless the computation diverges) thus releas-
ing the thread. During its computation, S may however interrogate another service, say 7T,
which, upon completion of its computation, will return the result to S; service S must re-
ceive the answer from 7' before returning the final result. The implementation of this policy
requires continuation names, that are used to handle the return messages. When a service is
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interrogated, it receives a fresh continuation name that is used once, in output, to deliver the
final result. Accordingly, a client that has interrogated the service will use the continuation
name in input to receive the result. Thus continuation names are linear [10] — they may
only be used once. In contrast with [3], we do not require receptiveness [22] — the input-end
of the name needs not be made available as soon as the name is created. Enforcing only
linearity allows us to gain flexibility. To ensure the well-bracketing policy, the type system
in [19] makes use of stacks.

Definition 25 ([19]). A stack, o, is a sequence of input- and output- tagged continuation
names, in which the input and output tags alternate:

o =0y } o1 oo = 1p°, 01 } 0 o1 u=7p', 00 } 0

Moreover: a name may appear at most once with a given tag; and, if a name appears with
both tags, then the input occurrence should immediately follow the output occurrence.

We write p° € o (resp. p* € o) if there is an occurrence of p° (resp. p') in 0. We write
p € o if either p° € o or p! € 0.

Intuitively, a stack expresses the expected usage of the free continuation names in a
process. For instance, if P can be typed using stack p; : o,ps :1,p3:0,p3:1,p4: 0, then
p1,--,ps are the free continuation names in P; among these, p; will be used first, in an
output; then p, will be used, in an input interaction with the environment. P possesses
both the output and the input capability on ps, so it shall perform a reduction at ps; the
computation for P terminates with an output at ps. This behaviour however concerns only
the free continuation names of P: at any time when an output usage is expected, P may
decide to create a new continuation name and send it out, maintaining its input end.

Visibility. We now discuss how to combine the visibility in Section 3l with well-bracketing.
Higher-order names are partitioned into the set SER of server names, and the set CON of con-
tinuation names. Now a, b, c range over server names, while p, ¢, r range over continuation
names. By convention, server names carry a triple consisting of a first-order value, a server
name and a continuation; whereas continuations carry a first-order value and a server name.
Accordingly, outputs on higher-order names are of the form a(n)(b,p) and p(n)(b), and
similarly for inputs. First-order names are as before.

Visibility functions are then transitive partial functions from SER U CON U {x} to
Psin(SER U CON). Server names are handled essentially like HO names in Section Bl In
contrast, some care is needed on continuation names because they are linear. For this rea-
son, some of the notations for handling visibility functions have to be revisited. A visibility
function A is duplicable, written A §, if dom(A) C SER. This predicate is useful to insure
that continuation names are used linearly. In particular, the definition of splitting is refined
as follows: split(A) is the set of pairs (Ay, Ag) such that A; UAs = A and (A1 N Ag) 3.

Typing environments include a stack; thus a typing environment is a pair (A | o) of
a visibility function and a stack. In the typing rule for parallel composition, we rely on
splitting as well as on inter(oy,03), the interleaving of stacks o1 and os.
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Figure 3: Typing rules with visibility and stack

Definition 26 (Interleaving). We write o1 € inter(oy;03) if (i) oy is a stack, and (ii) o is
an interleaving of o5 and o3 as by the following inductive rules:

1. 0 € inter(0;0)

2. p:o,01 € inter(o,;p: 0,03) if 01 € inter(oy;03)
3. p:o,01 € inter(p : 0,0,;03) if 01 € inter(o,;03)
4. the same as (2) and (B]) with p: 1 instead of p: o

If a name appears both in o5 and in o3 with the same tag, then inter(o,;03) is empty.
Figure [3] gives the typing rules. The rules combine the handling of visibility and the update
of the stack. For instance, in rule 0-SER, newly created names b and p are added to the
visibility when typing the continuation P, and p' is added on top of the stack, meaning
that P shall perform an input at p before interacting on other continuation names. The
output capability on p is transmitted along the output at a; correspondingly, in rules I-SER;
and I-SERy, p° is added to o. In contrast with [3], we do not impose o = {) in rule I-SER,,
as we do not enforce input receptiveness on continuation names. Performing inputs and
outputs at continuation names has the effect of consuming the corresponding particle on top
of the stack. The stack is empty when typing a replicated input, so to avoid duplication of
continuation names. In rules I-SER, and NIL we need to check that A is duplicable to make
sure that all the input on continuations are defined. Rules SUCC, 0-FO, I-FO, RES-FO, SUM
and IF are like in Figure [l and are omitted.

Theorem 27 (Subject reduction). Suppose (A | o) = P and P % P'. We have:

15



o if =T, then either o = p° p’, 0" with p € Ncon \ £n(P’), in which case (A7P | ¢") -

P,
r{A|oyr P ;
o if u=a(v)(b,p) then a € A(x) and (A™*;b— A(x),b;p— A(x),b | pfo) = P ;
o if u =Dp(v)(D) then o = p® 0", p € A(x) and (A™*;b— A(x),b| o”) F P ;
o if u=a(v)(b,p) and A fx then (A;* — A(a),b,p|p° o) - P ;
o if u=p)(d) and A [* then o = pt ¢% o" and (A7P;x — A(p),b| ¢° ") - P ;
)

o if u=h{v) or (n="h{v) and A [*) then (A | o) - P'.

As previously, we have to define compatibility of typing environments so to be able to
use the contextual forms of behavioural equivalence from Section 2]

Definition 28. (A | 01) and (A, | 09) are compatible if (A; N Ay) $ and inter(oy,03) # 0.

Example 29. Consider the process

PEvh(0() |

(b, q)-( b()h(f)-(ml”rl) |P-0) |
h(z). h{x).¢(d,r).r. h(y). h(y).if x = y then 5.0 else 0,))

Here h is used as an integer reference, initially set to 5. The process calls a service a, giving
access to a name b that can be used to increment the reference. When the call at a returns
(at q), the reference is read twice and, in between, a call at ¢ is made. Without visibility,
the two values read for h might be different: as b has been exported, the environment could
freely use b and increment the reference in between the two reads. Visibility ensures us
that, when the initial call at a is returned, name b is ‘forgotten’ by the environment, which
cannot therefore use it anymore. Thus, if () is the process defined like P but with the last
line replaced with ¢.¢(d,r).r.s.0, then we have P = (). We refer to Appendix [D.] for an
ML-like presentation of the example above, as well as for a longer example, also showing
how re-entrant calls may sometimes make visibility boundaries hard to predict.

5.2 Labelled semantics

To represent the point of view of the observer, we use typing environments of the form [I" | ],
where I is a visibility function and « is a stack. Figured defines the typed transitions, written
[T | k)P & [TV | &]P'. Rules TrTau, TrO-fo and TrI-fo are similar to their counterpart in
Figure 2] and are omitted.

A trace pig ..., is a well-bracketed trace of Py under [y | ko] if there are P;, Ty, k;

(1 S 1 S n) with [Fz | KZ]PZ M—_Z> [Fi+1 | I€i+1]Pi+1 for all 0 S 1< n.
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Figure 4: Visible LTS with stack

Definition 30 (Typed trace equivalence). Two (A | o)-processes P and Q) are trace equiv-
alent at [I' | K], written P J—“&'ﬂ) Q,if (A ] o) and [I" | k| are compatible and P and @ have

the same sets of well-bracketed traces under [I' | &].

This typed version of trace equivalence enjoys properties, including substitutivity proper-
ties, similar to those of the trace equivalence in Sectiondl We only report the characterisation
result with respect to may testing.

Theorem 31 (Characterisation of may testing using trace equivalence). Suppose (A | o) =
P,Q; then P =\ Q if and only if P =11, Q.

The analogous result for typed bisimilarity is in Appendix [D] together with results about
the shape of type-allowed traces akin to those in Section

6 Conclusions and Future Work

In this paper we have studied the meaning of visibility, originating from game-semantics
interpretations of typed A-calculi and reflecting absence of higher-order store, in a calculus
of pure name-passing such as the m-calculus. In contrast with A-calculi, in the m-calculus
there is no explicit notion of store, and no unique identities (e.g., the input end of a name
may have multiple occurrences, arbitrarily structured). These aspects determine considerable
differences in the semantic analysis of visibility. For instance, in the m-calculus visibility has
to be enforced by means of a dedicated type system; and the visibility functions have to
satisfy special properties such as transitivity. We have highlighted such differences, and
investigated the behavioural effects of visibility. In particular, we have shown full abstract
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characterisations of may testing and barbed equivalence, as form of trace equivalence and
labelled bisimilarity.

There are several directions for future work that we would like to pursue. In game
semantics, further aspects related to first-order store have been studied; for instance allowing
first-order references as values (that can be passed around) [12, 8], or allowing to store first-
order references (i.e., references with types such as int ref ref [16, [9]). We would like to
investigate the effects of such distinctions on our types and proof techniques.

We have worked with 7l, a dialect of m-calculus in which all names exchanged are newly
created. Thus 7l lacks the free-output construct, where the communication of existing
names is permitted. As shown in the literature [4, 24, [7], 71 is closer to game semantics
than the standard m-calculus. We would like to see whether our results can be adapted so
to accommodate also the free output construct. While free output can be modelled in 7l
[2], it allows a direct representation of idioms such as ‘delegate to someone else the task of
answering’, or the expression of tail-call recursion.

We have studied visibility on top of type systems for sequentiality and well-bracketing.
Allowing concurrency would probably require relaxing the definition of the visibility func-
tions; we leave the details to future work.
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Section [2: Definition of the Operational Semantics

Structural congruence, written =, is the smallest relation that is an equivalence relation,
contains a-conversion, is preserved by all operators of the calculus, and satisfies the following
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axioms:

PIQ=Q|P PIQIR = (PIQIR Pl0=P P+Q = Q+FP

a ¢ fn(Q)
P+(Q+R) = (P+Q)+R P+0=P (vaP) | Q = va(P|Q)
vavbP = vbvaP lo.P=la. Pl a. P

Similar versions of axioms for restrictions of the form vh instead of va have been omitted.
To define the labelled transition system (LTS), we introduce actions, defined by the
following grammar:

poos= 7 | a@®) | aw®) | aw) | By | w

Actions are early for first-order values, and late for the transmission of HO names. We write
bn(u) (resp. fn(p)) for the bound (resp. free) names of action pu, defined by saying that b is
a bound name in actions a(v)(b) and a(v)(b), and the other names in actions are free.

We suppose that any closed first-order expression e can be evaluated to some value v. We
write e |} v for the corresponding evaluation relation. We furthermore suppose that equality
between values can be tested.

The LTS is defined, on closed processes, by the rules in Figure [l

We write P |, if P 2, ie., if P contains an unguarded occurrence of an w prefix at
toplevel. We write P}, when this is not the case.

B Additional Material for Section

B.1 Properties of the type system
Lemma 32. Suppose A+ P and a ¢ tn(P). Then also A= P.

Lemma 33 (Invariance of typing w.r.t. structural congruence). If (A | o) - P and P = P/,
then also (A | o) = P'.

B.2 Properties of trace equivalence

Lemma 34 (Shrinking). Suppose I" C T, A and I" compatible and P =X Q. Then also
P=LQ.

Definition 35 (Projection). Let I" be a visibility function and N a set of names. We define
a visibility function as follows:

HOU {*x} — "P(HO)

Proj(N:I): ¢ dom(I) AN — T(a)n N
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el v

(e, ). P2 Plofa afe)(v). P % p h(w). P2 Plo/a]
h a.P%Q P Q
Rle). P 20 p w.P %0 0. P20 o P Vapi)yanwffn(M)
i) h ¢ £n() _PoP p 20, @ WO,
vh P 5 vh Q P+Q5 P PlQ5uvb(P|Q)

h(v) h{v)

P—5%P Q—5Q PL P

fn(Q) Nbn(p) =0

PlQ5P|Q PlQ=P|Q
elv flov PEP elv fUu v£d Q5 Q
if ¢ = f then P else Q &5 P’ if e = f then P else Q 5 Q'

Figure 5: Labelled transition semantics.
Symmetric versions of the rules for parallel composition and for sum have been omitted.

Lemma 36 (Extension). Consider A,T',T", P,Q such that proj(fn(T’, P,Q),I") =T and A
and " are compatible. If P =% Q then P =%

In the statement above, fn(I", P, Q) stands for the union of all names mentioned in T,
together with the names occurring free in P and Q).

B.3 Pruning Processes using Types

Consider a visibility function A and S C HO. We write o~ S when « is an input of the form
a(z,b) and either a € S or (a € dom(A) and A(a) N S # 0).

We define inductively the pruning function on processes that removes all instances of the
names in S as follows:

0if o~ S
a.Prg(P) otherwise

Oifa™S
la. Prg (P) otherwise

Pr?(a.P) = { Pr@(!a.P) = {

Pr(a@. P) = a@.Prg(P) Pr(va P) = va Prg(P) Prg(vh P) = vh Prg(P)
Prg(P| Q) =Prg(P) |Prg(Q)  Prg(P+Q)=Prg(P)+Prg(Q)  Pr§(0)=0
Pr(w) =w Pr5(if e = f then P else Q) = if e = f then Pr§(P) else Prg(Q)
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Lemma 37 (Pruning). Let I') A, P such A+ P and I' and A are compatible and A U T
is transitive. Then for all S C HO such that S N (' U A(x)) = 0, A=  Prg(P) and
P =L prg(P).

We actually remove more than the names in S. Indeed, to preserve sequentiality, we
cannot simply remove an output; we actually remove all inputs that may cause an output
on the names in S.

The idea of the proof is to show that S N (I' U A(x)) = 0 is an invariant throughout the
trace; for this we use repeatedly transitivity of I' U A.

Proof. Let ... p, atrace of P under I'; let P;, I'; be the processes and visibility functions
given that trace and A; the visibility functions given by subject reduction. We show by
induction on ¢ that there exists I';, A} such that I, D T'; and A} D A; and SN(T,UAL) (%) =0
and that A} and I'; are compatible, have a transitive union and coincide on the intersection
of their domains. The case ¢ = 0 is immediate, let 0 < ¢ < n, we assume the induction
hypothesis on ¢ and show it for ¢ + 1 by cases on p; :

o if ; = 7, or p; = h{v) or yu; = h(v) then I';y; = T; and A, = A, these cases are
immediate by setting I}, = I'; and A} ;| = Al

o if y; = a(v)(b) then I'iyy = I'y;x — Ii(a),b and Ay = A0 — Ay(x),b. Let
IV =T = Al(x),b O I'iyq because a € A;(*) therefore I';(a) € A;(x). And let
Al = AT b = Al(x),b.

I, and Aj_; are compatible, their union is transitive and they coincide on the inter-
section of their domains.

(I UAL ) (%) = (I U A)) (%), b where b is fresh therefore b ¢ S and by induction
hypothesis S N (I, UAL ) (x) = 0.

e if ; = a(v)(b) the case is similar to the previous one, swapping I and A.

This ensures us that none of the p; are inputs or outputs on higher-order names in S.
Moreover if a € dom(A) and A(a) NS # () then for all 7, a ¢ (T'; UA,;)(*) otherwise we would
have 0 # A(a) NS = Aij(a) NS C (T; UA;)(x) NS = 0.

Therefore the trace p; . . . i, is also a trace of Prg(P) under T. O

C Section [4: Labelled Bisimilarity

A typed relation is a set of triples (I', P, () intended to represent the visibility of the observer
for processes P and () in the bisimulation game.

Definition 38 (Typed Bisimulation). A typed relation R is a typed (weak) bisimulation if
whenever (T, P,Q) € R :

1. if [[] P & [I] P’ then there is Q' such that I'Q LN I'Q and (I, P', Q") € R;
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2. the converse, on the actions from Q).

Typed bisimilarity, written =, is the largest typed bisimulation. For two A-processes P, Q)
we write P ~L Q when (', P,Q) € ~ and A and I" are compatible. In this case, we say that
P and @ are bistmilar under T'.

Example 39. As for barbed equivalence the visibility of opponent also plays an important
role in determining whether two process are bisimilar under some I'. Consider A and T’
compatible, and a A-process of the form @ = P | a.b. R with b ¢ fn(P) and b € dom(I'):

o if a € £n(P), we may have, for example, P =a. R/, in which case Q L R'| b. R; such
derivative is not bisimilar with P under I', as only R’ | b. R can make an output on b;

e if a € T'(x), then we have Q@ = P | b. R, which is not bisimilar to any P’ such that
P % P’ for the same reason as in the previous case;

e however, if both a ¢ fn( ) and a ¢ I'(x), then @ cannot make an input on a, and
therefore we have Q =% P.

The analogues of Lemmas [[6HI9 and [37 also hold for typed bisimilarity.

Lemma 40 (Restriction). If P ~4 Q, then also va P~ ", va Q.
Lemma 41 (Input). If P ~% Q and T [x, then also a(z,b). P gﬁ?mb)rb a(z,b). Q.

Lemma 42 (Output). If P~ Q and T [x, then also a(e)(b). P NIEA**:A(I))) » ale)(h). Q.

Lemma 43 (Parallel composition). Suppose P =L Q and (T'y,T3) € split([). ThenTy F R
implies P | R ~! Aum L Q| R.

Lemma 44 (Pruning). Let ', A, P such A+ P and T and A are compatible. Then for all
S C HO such that SN (T UA(x)) =0, A=5 - Prg(P) and P ~% Prg(P).

Technical lemmas similar to those for trace equivalence also holds, such as the following
ones.

Lemma 45 (Shrinking). Suppose I' C T', A and I compatible and P ~% Q. Then also
<

Lemma 46 (extension). Consider I',T", P, Q such that proj(fn(I', P,Q),I") =T and A and

I are compatible. If P ~% Q then P ~% Q.

We report the characterisation results. Soundness follows from the substitutivity prop-
erties of labelled bisimilarity. For completeness, as usual with characterisations of barbed
equivalence, the proof uses induction, via an inductive stratification of bisimilarity, and
requires image-finiteness of processes (that is, up-to a-conversion, the set of possible type-
allowed weak transitions emanating from a process is finite). The image-finite condition
is needed in the characterisation of bisimilarity via the inductive stratification. Also, and
again in line with proofs about barbed relations, the proof exploits the presence of the sum
operator and of success signals that can be emitted by a testing context whenever needed.
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Theorem 47 (Soundness of bisimilarity for barbed equivalence). Suppose A = P,Q with
~% Q. Then also P~ Q.

Theorem 48 (Completeness of bisimilarity for barbed equivalence). If P and Q) are image-
finite processes, and if P &% Q, then P ~X

D Additional Material for Section

D.1 About Example

The process discussed in Example can be seen as the m-calculus counterpart of the fol-
lowing ML program, which might be more readable for a reader familiar with functional
languages:

let h = ref 0 in
let b () =h := !'h +1 in
begin
a b;
let x
C X;
let y = 'h in
if x=y then loop() else ()
end

'h in

Re-entrant call. The following example first shows an equality similar to that of Exam-
ple 29 and then develops the example so to show how re-entrant calls may sometimes break
‘expected’ visibility boundaries.

We define two processes P, and P,, which access a reference h (implemented using a
first-order name), and can call a server b. When calling b, the processes first pass the name
incr of a server that increments the value stored in h. Once the call on b is answered the
processes read the value in A and make another call to b passing the identity function. After
that, the processes read again the value of h. Finally, P, outputs the first value read in h
while P, outputs the second one.

P d:efg(incr, @)-q1- h(z1). (h{zy)
| b(id, g2).
G2 h(ws). (h(w2)
| p(xi)))

We first compare the processes

Vh(h<0> | a(b7p)-P1 | CQincr ‘ Qid) and Vh(h<0> ‘ a(b7p>’P2 | CQincr | Qid>7
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where Qiner (resp. Qiq) is the encoding of function incr (resp. id).
Here, the only way to change the value stored in h is by calling incr, which is not visible
by the observer after the input on ¢;. These two processes are bisimilar under any visibility.
Then we compare the processes

def N def —

Ql =V (h<0> | 'a(bap)Pl | Qincr | Qid)) and QZ =V (h<0> | 'a(bap)PQ | Qincr | Qid)-
We are be able to distinguish them using a re-entrant call :

R Ea(b, p). (b(incr, q).a(d,r). (1d(—, s). Incr(t).t.5

| r(n).if n =1 then q else w)

| p(m))

The idea is to call a a second time when incr is still in the observer’s visibility; this means
that the new server passed to a has access to incr during both calls. With the observer R,
only ()2 will be able to send a success signal. Therefore, for any visibility function I' such
that a € T'(x), @1 and @3 are not bisimilar under visibility T

The processes )1 and () can be seen as the w-calculus counterparts of the following ML
program. (This example, with re-entrant calls, has been inspired by similar examples in
game semantics of functional languages):
let h = ref 0 in

let incr () = h := 'h +1 in
let id x = x in
let a b =

b incr;

let x; = 'h in

b id;

let x9 = 'h in

X

These programs can be distinguished by the following ML program that corresponds to

the process R :
let b £ =

letd _=1f O in

let n=ad in

if n = 1 then () else w
in
ab

The idea is the same as before: d calls £ which will be incr in the first call to b; therefore
at each call to d the reference is incremented. As a consequence, first program returns 1
while the second one returns 2.
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D.2 Typed bisimilarity

Definition 49 (Typed Bisimulation). A typed relation R is a typed (weak) bisimulation if
whenever ([ | k], P,Q) € R :

1. if | k]P & [IV | ¥']P" then there is Q' such that [I' | K]Q L I | ¥']Q" and (]I |
K, PLQ) €R;

2. the converse, on the actions from Q.

Typed bisimilarity, written /=, is the largest typed bisimulation. For two (A | o)-processes
P, Q) we write P %EFA‘% Q@ when ([I' | k], P,Q) € = and (A | o) and [I" | k] are compatible.

Theorem 50 (Soundness of bisimilarity for barbed equivalence). Suppose (A | o) + P,Q
with P %EFA‘% Q. Then also P EE&'% Q.

Theorem 51 (Completeness of bisimilarity for barbed equivalence). If P and Q) are image-
finite processes, and if P E@% Q, then P %EFA‘% Q.

D.3 Properties of traces: views and well-bracketing

Along the lines of the material presented in Section 4.2 we can reason about the traces
produced by typable processes, based on the notion of justification. For this, we adapt
Definition 22| to define views for traces. The notion of respecting views (Definition 23] is also
adapted straightforwardly, which allows us to obtain the analogue of Lemma [24]

Lemma 52. Consider A, T',0,k, P such that (A | o) = P and [I" | k| is compatible with
(A]o). Let A= (I'UA)(x), then every trace of P under [I' | k] respects views with starting
visibility A.

As highlighted in [3], continuation names allow us to formulate a property of well-

bracketing for traces, enforced by our type system. In contrast with [3], however, we we
do not impose input receptiveness on continuation names.

Definition 53 (Well-bracketing). An action of the form a(v)(b,p) or @(v)(b,p) is called a
question. An action of the form p(v)(b) or p(v)(b) is called an answer.

A trace p ... iy, is well-bracketed if for all ¢ < j, if y; is a question and p; is an answer
with ;A . and pp oA py for all @ < k < j, then p; o ;.

A stack o is clean if each name has at most one occurrence, with any tag, in 0. A

trace fig . .. [, is a typed trace emanating from Py if there are Ay, 01, ..., Ay, 00, P, ..., P,
such that for all 0 < j < n we are in one of the cases given by Theorem 27, which gives

(Aj1 | 0j41) when Py =55 Py,

Lemma 54. Suppose (g | 0¢9) b Py, where o is clean. All typed traces emanating from Py
are well-bracketed.
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