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Abstract

In the present paper we study a special case of a two unreliable machine series produc-
tion line separated by an intermediate buffer. We use the continuous model of the system
and we asume that the production rates of the servers are equal. The difference from the
classical model is the use of a control policy intended to minimize the number of stops of
the servers. The perfomance evaluation criteria that we use takes into account both system
productivity and the number of server stops. The exact solution of the model is obtained by
a singular systems technique and analytical formulae for the performance evaluation criteria
are deduced.

1 Introduction

We consider here the continuous model of an producer/consumer system composed by single
servers. The servers are supposed to be unreliable with failure frequencies and repair rates being
distributed exponentially and there is a finite capacity intermediate buffer.

The nominal production rates of the servers are considered to be equal and constant. The
main difference between the considered model and the classical two servers continuous model is
the control policy of the system. We are interested here to model packaging production lines.
In such production lines servers stops involves production loss. Then the control policy has to
minimize the number of servers stops.

There are two situation in which a server can be stopped. Naturally, a server will be stopped
when a failure occurs. We will call such a situation an uncontrollable stop and we will not consider
these stops in the optimisation criteria, as failure rates are independent from the control policy.

A second situation when a server is stopped occurs, by example, when the buffer is empty
and a failure occurs on the upstream server. Then the downstream server will be starved and
then stopped. Reciprocally, if the buffer is full and a failure occurs on the downstream server,
the upstream server will be blocked, and then stopped. We will call such stop situations a
controllable stop, and the control policy will be intended to avoid such situations, but keeping
however an acceptable production rate.

Then the optimisation criteria is of the form :

J = αt(1 − X) + αunsu + αdnsd, (1)

∗The author is also with Laboratoire d’Automatique de Grenoble, LAG/ENSIEG, B.P. 46 38402 Saint Martin
d’Hères, France
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where nsu and nsd are the numbers of controllable stops on the upstreeam and downstream
servers, and X is the productivity of the system,

X =
P

Pd

. (2)

In (2), P is the system throughput, and Pd is the (nominal) throughput of the downstream
server.

2 The control policy

The simplest control policy in order to avoid controllable stops, policy that will be studied in
the following, consist in regenerating a minimal level of the buffer, respectively a minimal level
of available places, after a starving, respectively a blocking. We use then an on/off switching
policy with different start/stop levels. The production rate control curve of each server has a
hysteresis shape defined by the stop and (re)start levels.

The conventional representation of the system is given in Figure 1. We notice the presence
of the start an stop levels used by the command policy (Figure 2).

M1

U1(hsu,hru)

M2

B12

l1 l2m1 m2

hsu

hsd

hrd

hru

U2(hsd,hrd)

Figure 1: The conventional representation of the system.

U
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Figure 2: The control policy.

We will describe in the following the behaviour of such a system. While the level of the
intermediate buffer stays between hsu and hsd levels both servers are started and they alternate
working and failure periods following the exponential distributions with rates λ1 end λ2 of failure
frequency and µ1, respectively µ2 for repair times.

When the level of the buffer equals, let say, the upper stop level hsu the upstream server is
stopped and we are waiting that the downstream server empties the stock to the upper restart
level hru. Then the upstream server is restarted and we turn back to the simultaneous function-
ing. Reciprocally, if the level of the intermediate buffer decreases until the lower stop level hsd

the downstream server is stopped while the upstream server remounts the buffer contents to the
restart level hrd.

In the “normal” functioning mode, as the nominal production rates are equal the buffer
contents level will be constant while both server are operational. Changes of the buffer level can
occur sequel to a failure of one of the servers. It follows that, for example, upper stop level can
be attained only if the downstream server is down and the upstream server is operation. Recip-
rocally the lower stop level can be attained if the upstream server is down and the downstream
server if operational. We can see that there are three possible states of a server: working, failed
or stopped. We will denote the state by the symbols: 1 – working, 0 – failed and S – stopped.
Then, an example of a possible state trajectory is given in Figure 3.
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Figure 3: A possible state trajectory of the system.

The stop levels hsu and hsd are fixed by technological constrains (in the real case a server
cannot be stopped instantaneously, then there is some “accelerating” and “decelerating” curves).
As we consider here only the control curve, and not the real one, we simply fix hsu and hsd at
some values in (0, C), and we consider all states corresponding to buffer levels in [0, hsd) or
(hsu, C] being inaccessible. Then, the buffer comportement is similar to the case of a buffer of
capacity hsu − hsd.

3 The model

We will model the system as a Markov chain with mixed state space, the discret part of the
model characterizing the server states changes and the continuous part corresponding to the
buffer status.

3.1 The state space

A state of the system will be denoted by a triplet (α1, α2, h) were α1,2 ∈ {0, 1, S} and h is the
buffer level.

From the point of view of possible server states pairs, sequel to the description of the system
functioning in the previous section the feasible set of state pairs is

E = {(0, 0), (1, 1), (0, 1), (1, 0), (S, 1), (S, 0), (1, S), (0, S)}

that represents the discret state space. In order to describe the complete state space we remark
that one can describe three functioning modes : the “nominal” mode E1 = {(β1, β2)|β1,2 ∈
{0, 1}} when both servers are operational, and the “single” modes E2 = {(S, β2)|β2 ∈ {0, 1}}
and E3 = {(β1, S)|β1 ∈ {0, 1}} when only one server is operational, the other one being stopped.

In the nominal mode the level of the intermediate buffer can vary between minimal and
maximal levels, then the mixed state space of this mode is : E1 = {(β1, β2, h)|β1,2 ∈ {0, 1}, h ∈
(hsd, hsu)}.

In single modes the level of the buffer can vary only between the upper stop level and the
upper restart level for the mode (S, β2) and between the lower stop level and the lower restart
level for the mode (β2, S). Then the corresponding state spaces are : E2 = {(S, β2, h)|β2 ∈
{0, 1}, h ∈ (hru, hsu)} and E3 = {(β1, S, h)|β1 ∈ {0, 1}, h ∈ (hsd, hrd)}.

The transitions between modes are made only from the boundary states (1, 0, hsu) (between
the nominal mode and the single mode (S, β2)) and (S, 1, hrd) (the reciprocal transition) and
symmetrically (0, 1)hsd) (nominal mode → single mode (β1, S)) and (1, S, hrd) (back to the
nominal mode).
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3.2 Internal dynamics

The internal dynamics characterizes the internal transitions (discrete or continuous) inside each
functioning mode.

3.2.1 The nominal mode

In nominal mode the internal dynamics are given by the classical two-machines line continuous
model as described in [3]. We redraw bellow the equations in matrix form :

Aḟ = Bf, (3)

where,

A =











U 0 0 0
0 −U 0 0
0 0 0 0
0 0 0 0











, B =











−λ1 − µ2 0 λ2 µ1

0 −λ2 − µ1 λ1 µ2

µ2 µ1 −λ1 − λ2 0
λ1 λ2 0 −µ1 − µ2











, (4)

and f is the column vector

f = [f10 f01 f11 f00]
T

As we are interested by the stationary behaviour of the system we write directly ḟ for ∂f
∂h

. It has
been shawn in the literature that f is a vector of probability density functions [4, 3]. We prefer
the formulation (3) with the matrices A and B as in (4) in order to apply a DAE approach to
the solution of the system (this technique will be detailed in the following section).

The Markov chain corresponding to the internal dynamics (3) is presented in Figure 3.

(1,1,h)

(1,0,h)

(0,1,h)

(0,0,h)

l2

l2

l1

l1

m1

m1

m2

m2

U

U

hÎ(hsd,hsu)

Figure 4: The Markov chain describing the nominal mode.

The equation system (3) is a DAE system with linear algebraic constant. In order to solve
that system we will apply a transformation that bring the system to an ODE system. Such a
technique is frequent in DAE problems and details can be found, for example in [1].

The idea is the following : by a variable change f = Qy and a multiplication of the system
by some matrix P we transform the problem into an equivalent ODE problem :

PAQẏ = PBQy, (5)

with

PAQ =

[

I 0
0 0

]

PBQ =

[

T 0
0 I

]

. (6)
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We will not comment here the existence of matrices P and Q. The proof of their existence can
be found in [2, 1]. In particular P and Q can be chosen such that T is a Jordan form, but then
the computation of transform matrices becomes difficult.

For our purposes, given the fact that A and B can be written in the block form :

A =

[

A1 0
0 0

]

B =

[

B11 B12

B21 B22

]

with A1 and B22 non-singular, it was proved in [1] that we can choose

Q =

[

A1 0
B21 B22

]−1

P =

[

I −(B11Q12 + B12Q22)
0 I

]

(7)

In our case

A1 =

[

U 0
0 −U

]

B22 =

[

−(λ1 + λ2) 0
0 −(µ1 + µ2)

]

(8)

and then

Q =













U−1 0 0 0
0 −U−1 0 0
µ2

(λ1+λ2)U − µ1

(λ1+λ2)U
− (λ1 + λ2)

−1 0
λ1

(µ1+µ2)U − λ2
(µ1+µ2)U

0 − (µ1 + µ2)
−1













(9)

P =











1 0 λ2
λ1+λ2

µ1

µ1+µ2

0 1 λ1
λ1+λ2

µ2

µ1+µ2

0 0 1 0
0 0 0 1











. (10)

Then, in this case the matrix T is of the form :

T =
λ1 + λ2 + µ1 + µ2

(λ1 + λ2) (µ1 + µ2)U

[

−λ1 µ2 −λ2 µ1

λ1 µ2 λ2 µ1

]

, (11)

and let K = λ1+λ2+µ1+µ2

(λ1+λ2)(µ1+µ2)U . Obviously, the solution of the equation (5) is of the form :

y = [y1 y2 0 0]T , (12)

where y
r

= [y1 y2]
T is the solution of the ODE :

ẏ
r

= Ty
r
, (13)

witch is the of the form :

y
r
(h) = eThC, (14)

where C is some constant vector.
In order to obtain the explicit solution, one must find the eigenvalues and eigenvectors of the

matrix T . As we can easily prove T is a singular matrix, then one of the eigenvalues is 0. The
second one equals λ2µ1 − λ1µ2 and is non-zero if I1 6= I2. It follows that two different solutions
must be considered.
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3.2.2 The case I1 = I2

In this case both eigenvalues of T are zero and, if one compute the matrix exponential, it will
equal

eTh =





1 − Kλ1λ2
I

h −Kλ1λ2
I

h

Kλ1λ2
I

h 1 + Kλ1λ2
I

h



 ,

Then

y
r

=

[(

1 −
Kλ1λ2

I
h

)

c1 −
Kλ1λ2

I
hc2,

Kλ1λ2

I
hc1 +

(

1 +
Kλ1λ2

I
h

)

c2

]T

and

y =

[(

1 −
Kλ1λ2

I
h

)

c1 −
Kλ1λ2

I
hc2,

Kλ1λ2

I
hc1 +

(

1 +
Kλ1λ2

I
h

)

c2, 0, 0

]T

.

Eventually, with

K′ =
Kλ1λ2

I
,

the general solution of the nominal mode is

f =











f10

f01

f11

f00











= Qy =





















(1−K′ h)C1

U
− K′ hC2

U

−K′ hC1
U

− (1+K′ h)C2

U

(λ2−K′ (λ1+λ2)h)C1

I(λ1+λ2)U − (λ1+K′ (λ1+λ2)h)C2

I(λ1+λ2)U

I(λ1+K′ (λ1+λ2)h)C1

(λ1+λ2)U −
I(λ2+K′ (λ1+λ2)h)C2,1

(λ1+λ2)U





















. (15)

3.2.3 The case I1 6= I2

As pointed out in the beginning of the section in this case the matrix T posses one non-zero
eigenvalue equal to λ2µ1 − λ1µ2. It follows that there will be an exponential term moreover
than a linear one in the expression of the general solution. After some manipulation the matrix
exponential of T is obtained as :

eTh =







−
(

I2 − I1e
K1h(I1

−1
−I2

−1)
)

(I1 − I2)
−1 −

(

1 − eK1h(I1
−1

−I2
−1)

)

I2 (I1 − I2)
−1

(

1 − eK1h(I1
−1

−I2
−1)

)

I1 (I1 − I2)
−1

(

I1 − I2e
K1h(I1

−1
−I2

−1)
)

(I1 − I2)
−1






,(16)

where

K1 =
λ1 λ2 (I1I2 (λ1 + λ2) + λ1 I2 + λ2 I1)

(λ1 + λ2) (λ1 I2 + λ2 I1) U
. (17)

After some multiplication with a constant vector and the transformation matrix Q, in the same
manner as in the previous case, we obtain the general solution of the nominal mode in the case
of different availabilities:











f10

f01

f11

f00











=











































−

(

I2−I1e
−

K1(I1−I2)h
I1I2

)

C1

U(I1−I2)
− I2

(

I2−e
−

K1(I1−I2)h
I1I2

)

C2

U(I1−I2)

−I1

(

I1−e
−

K1(I1−I2)h
I2I1

)

C1

U(I1−I2)
−

(

I1−I2e
−

K1(I1−I2)h
I2I1

)

C2

U(I1−I2)

−

(

(λ1+λ2)I2−(λ1 I2+λ2 I1)e
−

K1(I1−I2)h
I1I2

)

C1

(λ1+λ2)I2U(I1−I2)
−

(

(λ1+λ2)I1−(λ1 I2+λ2 I1)e
−

K1(I1−I2)h
I2I1

)

C2

(λ1+λ2)I1U(I1−I2)

−I1I2

(

λ1 I2+λ2 I1−(λ1+λ2)I1e
−

K1(I1−I2)h
I1I2

)

C1

(λ1 I2+λ2 I1)U(I1−I2)
− I1I2

(

λ1 I2+λ2 I1−(λ1+λ2)I2e
−

K1(I1−I2)h
I2I1

)

C2

(λ1 I2+λ2 I1)U(I1−I2)











































(18)
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3.2.4 The single modes

As the behaviour of the system in the two single modes is symmetric the internal dynamics
follows easily.

In each single mode the non-stopped server acts isolated, then the system dynamics corre-
sponds to the server dynamics. For example in (S, β2) mode the Markov chain which describes
the system behaviour is the one in Figure 5.

(S,0,h) (S,1,h)

m2

l2
U

hÎ(hru,hsu)

Figure 5: The Markov chain describing the (S, β2) mode.

The corresponding dynamics are the flow conservation equations in the two discrete states :
{

UḟS1 = µ2fS0 − λ2fS1

0 = µ2fS0 − λ2fS1
(19)

The obvious solution of (19) is then

fS1 = Cu, fS0 = I2Cu, (20)

where Cu is some constant to be determined. Symmetrically the solution of the internal dynamics
of the mode (β1, S, h) is

f1S = Cd, f0S = I1Cd, (21)

where Cd is the integration constant to be determined.

3.2.5 The complete chain

Consequently to the model description once the system is in the state (1, 0, hsu), the upstream
server is stopped and then the unique event that can occur is a reparation of the downstream
server which brings the system in the single mode (S, β2). When the second server empties the
buffer to the level hru and the system is in state (S, 1, hru) the upstream server restarts and the
system stays in the same state until a failure occurs on one of the servers and this brings the
system back to the nominal mode. Symmetrical transitions exist between nominal mode and
single (β1, S) mode on the lower boundary. Then the complete Markov chain is the one given
in Figure 6

3.3 Boundary conditions

There are 16 boundary states in the system, corresponding to buffer levels hsu, hru, hrd and
hsd. Only four boundary states posses non-zero stationary probabilities. States (0, 1, hsu),
(1, 0, hsd), (S, 1, hsu) and (1, S, hsd) are transient states as the system cannot stay in those
states (for example in state (0, 1, hsu) the buffer level begins instantaneously to decrease as the
only operational server is downstream server). States (0, 0, hsu), (0, 0, hsd),(1, 1, hsu), (1, 1, hsd),
(S, 0, hsu) and (0, S, hsd) have zero stationary probability as they can be reached only from
transient states, while states (S, 0, hru), (0, S, hrd) are unreachable.

We denote by Pα,β,h the stationary probability of the state α, β, h. In the following we will
develop the boundary states equilibrium equations that will be used in order to determine the
integration constants.

Firstly we will analyze a special set of interior to boundary equations that will made explicit
the character of the internal dynamics of the nominal mode.
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(1,1,h)

(1,0,h)
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l2

l1

l1

m1

m1

m2
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U
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(1,0,hsu)

l2 l2

l1

m1

m1

m2
(1,1,hsu)

(0,1,hsu)

(0,0,hsu)

l2

l1

l1

m1

m2

m2

(1,1,hsd)

(0,1,hsd)

(0,0,hsd)
(0,1,h)

(1,0,hsd)

m1

U
l1

(0,S,hsd)

(1,S,hsd)

(1,S,hrd)

(0,S,hrd)

m1

m1

(S,1,hsu)

(S,0,hsu)

(S,0,hru)

(S,1,hru)

l2

m2

m2

m2

U

l1

l2

l2

l1

Figure 6: The complete Markov chain.

3.3.1 Interior-to-boundary equations. Discontinuity of the nominal mode dynam-

ics.

At the upper and lower restart levels (hru and hrd) the system switch back to the nominal mode
under a failure of one of the servers. The particularity of these transitions is that the system
will go into an internal state of the nominal mode. This phenomena is illustrated in Figure 7
for the transition at level hru

The state (1, 0, hru) is an internal state of the nominal mode and therefore its stationary
probability is zero. But, is we write the flow conservation equations for this state, as the PS,1,hru

is positive we detect a discontinuity of the internal dynamics of the nominal mode :

λ2PS,1,hru
+ Uf10(hru

−) = Uf10(hru
+). (22)

It follows that the solution f of the internal dynamics is piece-wise continuous on the intervals
(hsd, hrd), (hrd, hru) and hru, hsu), and on each interval, f is of the form (15), respectively (18).

Let fd, fm and fu denoting the continuous pieces of f on the three intervals of continuity. Their
will be, then, of the form (15) or (18), being particularized by different integration constant pairs
(cd

1, c
d
2), (cm

1 , cm
2 ) and (cu

1 , cu
2 ).

We see the that the complete solution of our system is determined if we can fix the eight
integration constants (cd

1, c
d
2, c

m
1 , cm

2 , cu
1 , cu

2 , Cu, Cd).
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(1,0,hsu)

m2

l2

U

(S,1,hsu)

(S,1,hru) (1,0,hru)

l1
U

Figure 7: Transition from a boundary state of a single mode to an internal state of the nominal
mode.

Boundary-to-interior equations similar to (22) will provide a first set of four equations :


















λ1PS,1,hru
+ Ufu

01(hru) = Ufm
01(hru)

λ2PS,1,hru
+ Ufm

10(hru) = Ufu
10(hru)

λ1P1,S,hrd
+ Ufm

01(hru) = Ufd
01(hru)

λ2P1,S,hrd
+ Ufd

10(hru) = Ufm
10(hru)

. (23)

3.3.2 Interior-to-boundary and boundary-to-boundary equation

The remainder set of boundary conditions is obtained by inspection of stationary equations of
boundary states.

States (1, 0, hsu), (0, 1, hsd)

{

µ2P1,0,hsu
= Ufu

10(hsu)
µ1P0,1,hsd

= Ufd
01(hsd)

. (24)

States (0, 1, hsu), (1, 0, hsd)

{

0 = Ufu
01(hsu)

0 = Ufd
10(hsd)

. (25)

States (S, 1, hsu), (1, S, hsd)

{

µ2P1,0,hsu
= UfS1

µ1P0,1,hsd
= Uf1S

. (26)

States (S, 1, hru), (1, S, hrd)

{

(λ1 + λ2)PS,1,hru
= UfS1

(λ1 + λ2)P1,S,hrd
= Uf1S

. (27)
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3.4 Constant determination

In the following we will sketch the constant determination algorithm using the equations (23)–
(27).

From equation (24) end (26) one can eliminate constants Cu and Cd and identify
{

fS1 = fu
10(hsu)

f1S = fd
01(hsd)

. (28)

Equation (25) can be used to express two of the constants (for example cu
2 and cd

2) as functions
of cu

1 , respectively cd
1.

Summing the first two equations of (23) and eliminating PS,1,hru
between the result and the

first equations of (27) and (28) allows to obtain the relation

fu
01(hru) + fm

10(hru) − fm
01(hru) − fu

10(hru) = fu
10(hsu). (29)

After replacement of the expressions of f from (15) or (18) and some simplification, (29) reduces
to

cm
1 + cm

2 = 0.

The same relation can be obtained using the last two equations of (23) and the second equations
of (27) and (28). This allows the elimination of cm

2 , and, after replacement in (15) and (18) one
can see that these formulas becomes similar to the classical formulas in [3]. This means that in
the median interval (hrd, hru) where the single modes does not interact with the nominal mode,
the system behaviour is similar to the free system (no control policy).

Finally, cu
1 and cd

1 can be expressed as function of cm
1 by combining the first equations of (23)

and (27), respectively the third equation of (23) and the second equation of (27).
At this point all integration constant are expressed as function of cm

1 .
The constant cm

1 is computed using the normalization equations such that the total proba-
bility of the states of the system is equal to 1.

PS,1,hru
+ P1,S,hrd

+ P1,0,hsu
+ P0,1,hsd

+

∫ hrd

hsd

fd(h)
−→
1 dh +

∫ hru

hrd

fm(h)
−→
1 dh

+

∫ hsu

hru

fu(h)
−→
1 dh + (fS1 + fS0)(hsu − hru) + (f1S + f0S)(hrd − hsd) = 1 (30)

This completely determines the solution of the system.

4 Performance evaluation criteria

We turn back our attention to our initial goal, the performance evaluation criteria J (1). The
productivity of the system will be, as usual, the product between the proportion of time that the
second server is producing and the production rate U of the server. The proportion of time the
second server is producing pw equals the sum of probabilities of the states in which the server
is working.

pw = PS,1,hru
+ P1,S,hrd

+

∫ hrd

hsd

fd
01(h) + fd

11(h)dh +

∫ hru

hrd

fm
01(h) + fm

11(h)dh

+

∫ hsu

hru

fu
01(h) + fu

11(h)dh + fS1(hsu − hru). (31)

The mean number of controllable stops by period of each of the servers will be equal to the
proportion of time that the server is stopped divided by the mean length of a stop. As a stop
occurs on a server when the other is failed and the level of the buffer attains the stop level,
the mean length of a stop is equal to the residual time to repair of the other server plus the
time necessary of the other server to bring the buffer level to the restart level. In the case of
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exponential repair rates, the residual repair time is known to be also exponential and of the
same rate [3]. The second term of the mean length of a stop is equal to the time needed by the
server to produce the required quantity of work. This will represent a proportion of the working
rate U equal to the availability of the server

E =
1
λ

1
λ

+ 1
µ

=
1

1 + I
.

In summary

nsd =
psd

1
µ2

+ (1+I2)(hrd−hsd)
U

nsd =
psu

1
µ1

+ (1+I1)(hsu−hru)
U

where

psd = P0,1,hsd
+ (f1S + f0S)(hrd − hsd)

psu = P1,0,hsu
+ (fS1 + fS0)(hsu − hru)

5 Conclusions

In this paper we have analyzed a case of two machines production lines with variable production
rates. Actually variability of production rates is considered being driven by an on/off control
policy, and nominal rates are supposed equal on both servers. The immediate continuation of
our work is the analysis of the case with different nominal production rates. Further developpe-
ments will include analysis of different control policies such that continuous linear variation of
production rates and steppest variation with multiple controle levels (the actual on/off pilicy is
a particular case of steppest variation with only two control levels).
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