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Abstract. This paper studies the application of a fast inner-loop con-
troller on top of a Nonlinear Model Predictive Control (NMPC) to in-
crease tracking performances of aerial robots in presence of disturbances
and model mismatches. We investigate the use of Incremental Nonlinear
Dynamic Inversion (INDI) and Time Delay Control (TDC), discussing
their close relations. Finally, a TDC formulation is developed as inner
tracking loop running at 1 kHz, and applied to a NMPC. Close-to-real
simulations with a fully-actuated hexarotor demonstrates the effective-
ness of the inner-loop control and its main drawbacks in presence of input
saturation.
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1 Introduction

Model Predictive Control (MPC) and its nonlinear variant (NMPC) have been
successfully used for accurate trajectory tracking in Micro Aerial Vehicles (MAVs)
despite challenges like disturbances and input saturation [4, 5, 2]. NMPC, in par-
ticular, excels at handling these issues thanks to its predictive capabilities but
comes with the trade-off of high computational demands, the need for precise
model knowledge, and suitable software frameworks.

Some recent works highlighted the benefits of having an additional inner-
loop controller [9, 8], running at higher frequency and able to compensate for
model mismatches and external disturbances, such as aerodynamic forces which
are very difficult to model and are thus often neglected. Incremental Nonlinear
Dynamic Inversion (INDI) [7] is an effective inner-loop controller that delivers
high-performance tracking for nonlinear systems without needing detailed model
knowledge. Initially applied to attitude control, INDI uses measured or estimated
acceleration to incrementally compensate for model uncertainties. The benefits
of high-frequency direct acceleration feedback are discussed in [3]. A similar
control method is Time Delay Control (TDC) [10], whose strong analogies with
INDI have been discussed in [1]. TDC is basically an INDI with fixed gain, and
the acceleration feedback plays a similar role to an integral action in the control.
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In this paper, we further discuss the relation between INDI and TDC for
MAVs, we show how TDC may be more appropriate and we highlight its crit-
icality when applied to NMPC in the presence of input saturation. In fact, we
demonstrate that these low-level controllers do not provide guarantees about
stability in presence of input saturation, which can happen due to disturbances,
to dynamically infeasible trajectories that require motor thrusts exceeding their
limits, or both. The results are shown through close-to-real simulations of a fully-
actuated hexarotor [6] controlled by a NMPC with inner TDC loop running at
1 kHz, which is applied to the whole model and not only to the rotational part.

2 System Modeling

Consider two right-handed reference frames: a world frame FW with z axis op-
posing gravity and a robot frame FR attached to the vehicle Center of Mass
(CoM). The position of the origin of FR expressed in FW is denoted as p, while
the orientation (attitude) of robot frame with respect to (wrt) world frame is
represented by the rotation matrix R and parametrized by the unit quaternion
q = [qw, qx, qy, qz]

⊤ ∈ S(3). The angular velocity of FR wrt FW , expressed in
FR, is ω. Following the Newton-Euler formalism, expressing the translational
dynamics in world frame and the rotational dynamics in robot frame, we can

write the hexarotor model as ṗ = v, q̇ = 1
2q ⊗

[
0 ω⊤ ]⊤

and[
mI3 03

03 J

] [
v̇
ω̇

]
=

[
−mgzW

−ω × Jω

]
+ cf

[
R 03

03 I3

]
Gw◦2, (1)

where v is the linear velocity, ⊗ is the quaternion product, m is the robot mass,
g is the gravity, J is the constant inertia matrix, I3 and 03 are the identity and
zero matrix respectively, G is the allocation matrix computed as in [2]. In (1)
we have used the well known relation γ = cfw

◦2, where γ ∈ R6 is the vector of
motors thrusts, ·◦ is the Hadamard power and w ∈ R6 the rotors speeds vector,
which is the final command sent to motors. The vector Gγ = [f⊤τ⊤]⊤ is the
body wrench, namely forces and torques applied to the robot by the actuators.

3 Nonlinear Model Predictive Controller

The NMPC algorithm for trajectory tracking iteratively solves an Optimal Con-
trol Problem (OCP) and computes optimal states and inputs for the prediction

horizon. State and input vectors are x =
[
p⊤q⊤v⊤w⊤]⊤ ∈ R3 × S(3)×R6 and

u = w◦2 ∈ R6, respectively. The control objective is to track as close as possible

a desired state trajectory xd(t) =
[
pd(t)

⊤qd(t)
⊤vd(t)

⊤ωd(t)
⊤]⊤ which may not

be dynamically feasible considering actuation constraints. States and inputs are
discretized in N equally spaced intervals with discretization step dt, obtaining
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the following Non Linear Program (NLP)

min
x0, ..., xN ,

u0, ..., uN−1

N−1∑
k=0

(
||xk − xk,d||2Q + ||uk − uk,d||2U

)
+ ||xN − xN,d||2QN

subject to xk+1 = f(xk,uk) k ∈ [0, N − 1]

x0 = x̂

umin ≤ uk ≤ umax k ∈ [0, N − 1],

(2)

where Q = diag(Qp,Qq,Qv,Qω), Q⋆ and U are positive definite weight ma-
trices, QN = Q because we are equally interested in tracking every point of
the reference trajectory, f(xk,uk) is the discretized version of the dynamics
obtained with, e.g., RK4 integrators, x̂ is the current state from state estima-
tion, umin and umax are the minimum and maximum squared rotors velocities,
respectively. In the cost function of (2) a reference input uk,d is also specified.

4 TDC Inner-Loop Tracking Controller

Here we derive an expression of the TDC applied to the considered fully-actuated
vehicle, and we compare it to the INDI controller. Finally, application to NMPC
and practical consideration are drawn.

4.1 Time Delay Control

Model (1) can be rewritten as a nonlinear system in control affine form

ẋ1 = h(x1,x2) (3a)

ẋ2 = f(x) + F (x)u, (3b)

where x1 = [p⊤ q⊤]⊤ ∈ R3 × S(3), x2 = [v⊤ ω⊤]⊤ ∈ R6, u = w◦2 ∈ R6,

x =
[
x⊤
1 x⊤

2

]⊤
and h is a function expressing the non-linearity of the quater-

nion derivative. Introducing the matrix G̃ = ḠR̄G with Ḡ a constant diagonal
positive-definite gain matrix, R̄ = diag (R, I3), G the allocation matrix, (3b)
can be rewritten as

G̃
−1

ẋ2 = H(x, ẋ) + u, (4)

where H(x, ẋ) = (G̃
−1 − F−1(x))ẋ2 + F−1(x)f(x) includes all unknown dy-

namics. F (x) is full-rank thanks to the full actuation of the system. Considering
a sufficiently small time interval ∆t, the value of H(x, ẋ) at time t is close to
that at time t − ∆t. By defining ẋ2,0 = ẋ2(t − ∆t), u0 = u(t − ∆t), uncer-
tain terms can be measured from sensors and/or state estimation algorithms,
obtaining the Time Delay Estimation (TDE) form of H(x, ẋ) as

Ĥ(x, ẋ) = G̃
−1

ẋ2,0 − u0. (5)
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Note that (5) uses the most recent sampled values of ẋ2 and u to approximate the
unknown dynamics, thus making this approach sensor-based . By substituting
(5) in (4), considering the virtual control input ẋ2 = ν as in [1], we obtain

u = u0 + G̃
−1

(ν − ẋ2,0), (6)

where, as discussed in [1], ν is a virtual control input that includes a reference
acceleration and a stabilizing PD action. Note that (6) slightly misuses the term
TDC, as G̃ depends on the state via the rotation matrix. However, since the
rotation matrix only changes the direction of a vector and not its magnitude,
we still consider it a TDC. The key property of a fixed, tunable gain remains by
assuming no uncertainty in the attitude provided by the state estimator. In (6),
mass and inertia are absent, but there is a dependency on the allocation matrix,
thrust coefficient, and geometric parameters. Indeed, unlike manipulators, UAVs
cannot directly control the body wrench; the controlled variables are the motors’
rotational speeds.

4.2 Analogies with INDI

As discussed in [1], INDI can be viewed as TDC control with a state-dependent
gain, Ḡ(x0) instead of Ḡ, which enhances system stability. However, for UAVs
with fixed geometry, mass, and inertia, INDI would have a fixed gain, making it
less flexible and more reliant on hard-to-obtain parameters like inertia [9, 8]. For
MAVs, TDC is more suitable, as it allows greater tuning flexibility through the
gain matrix Ḡ, similar to the integral gain approach in [3]. This does not apply
to platforms like aerial manipulators, where inertia changes with the state. A
comparison between TDC and incremental PID is also provided in [1].

4.3 Application to NMPC and Practical Implementation

In (6), ν includes a desired acceleration and a PD action on the state as stated in
[1]. To apply TDC as inner loop, the reference values are obtained from NPMC:
at each control step the algorithm outputs optimal states and inputs along the
prediction horizon, namely xopt

k for k = 0, . . . , N and uopt
k for k = 0, . . . , N − 1.

Since the TDC inner-loop runs at higher frequency than NMPC, the optimal
states and inputs are interpolated between the first and the second shooting
nodes, namely between xopt

0 , uopt
0 and xopt

1 , uopt
1 considering the current time.

Linear and angular reference accelerations are computed using optimal interpo-
lated states and inputs and inverting the model (1). In practical implementations,
as discussed in [7, 9, 8], the noisy acceleration feedback signals must be low-pass
filtered with the same filters in order to accumulate the same amount of delay.
Moreover, the angular acceleration in (6) (last three elements of ẋ2,0) cannot be
directly measured by sensors and it is obtained by numerically differentiating the
angular velocity. Concerning the input feedback u0 in (6), if it cannot be mea-
sured, it is necessary to estimate it considering the actuation delay as explained
in [7]. We use a first-order filter with time constant τ applied to the most recent
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computed input. The delayed input, according to [7], is further filtered with the
same filter used for the accelerations in order to synchronize the signals.

5 Numerical Results

In this section, we report the comparison between NMPC (2) and NMPC + TDC
(6) without saturation, then we show that NMPC + TDC is unstable in case of
infeasible reference trajectory. We simulate the fully-actuated hexarotor [6] using
Gazebo simulator, with a plugin1 that allows to simulate motors dynamics with
vibrational radial and axial forces and torques and noise in the thrust direction.
The NMPC runs at 100 Hz, while state estimation and TDC are implemented as
GenoM32 modules written in C/C++ running at 1 kHz. In order to have more
realistic simulations, we also add model mismatches between nominal parameters
used by the controllers and real model parameters. In particular, the real mass
and inertia are 30% higher, the real cf is 10% lower, and the tilting angle of
some motors is varied of ± 1 or 2 degrees to simulate an imprecise assembly.

We propose three simulations where the desired state trajectories are sym-
metric chirps. In the first two simulations, the maximum chirp frequency is
0.4Hz, in the last it is 0.6Hz and it is dynamically unfeasible (it leads to in-
put saturation). The NPMC costs in (2) are tuned in order to give more im-
portance to position tracking. Moreover, dt = 50 ms and N = 20. The de-
sired input uk,d is set to the hovering value. The TDC parameters are Ḡ =
diag(0.001, 0.001, 0.0004, 0.01, 0.01, 0.01), τ = 0.02, and the low pass filters are
second order with cutoff frequency 8Hz.

In Fig. 1 we show position and attitude errors, with normalized inputs. It is
clear that the inner-loop controller helps in reducing the position error, but it is
unable to manage input saturation leading to instability in this case (Fig. 1(c)).

6 Conclusion

We examined the application of a fast inner-loop controller to an outer-loop
lower frequency controller to increase tracking performances in presence of dis-
turbances. The relation between INDI and TDC have been discussed relative to
MAVs and the application of TDC to a fully-actuated hexarotor with NMPC
outer loop are reported. Finally, realistic simulations demonstrate advantages
and main limitation of this approach. We are currently working on the solution
of this problem and performing real-world experiments with the hexarotor.
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Fig. 1. Simulation results: (a) just NMPC, (b) NMPC+TDC, (c) NMPC+TDC with
input saturation. Red dashed lines represent lower and upper actuation limits.
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