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Abstract

Background: The extraction of Williams higher-order terms (n > 1) is crucial, since these
terms control the crack stability and propagation, among other phenomena. Nevertheless,
current numerical methods strongly depend on the projection domain and/or are unstable,
and thus not suited to analysing experimental data.

Purpose: This paper aims to investigate the method based on the Bueckner-Chen
conjugate work integral, which provides a bilinear form in which Williams series terms are
orthogonal, to retrieve all Williams higher-order coefficients. We reformulate the original
path-independent integral into an Equivalent Domain Integral (EDI), more robust when
dealing with experimental data or finite element discretisation, and compare the convergence
of both approaches.

Methods: Williams fields are imposed on a meshed body with decreasing element sizes.
The different error sources, i.e. numerical integration, stress interpolation and Finite Element
(FE) discretisation, are decoupled by applying relevant boundary conditions to the linear
elastic problem.

Results: Predictably, the error due to FE discretisation is higher than the other types of
errors. Bueckner-Chen integral converges markedly faster than the J-integral on the same
domain and provides a better approximation of the Stress Intensity Factor (SIF). As expected,
the EDI formulation is more accurate and efficient to retrieve Williams higher-order terms.
Conclusion: This work presents a convergence analysis on a robust and efficient method
based on the Bueckner-Chen integral to retrieve Williams higher-order coefficients.
Keywords: Williams coefficients, higher-order terms, Bueckner-Chen integral,
equivalent domain integral, convergence analysis

Licence: CC-BY @QTheAuthors

1 Introduction

In Linear Elastic Fracture Mechanics (LEFM), the asymptotic displacement field in the vicinity of
the crack tip is accurately described by Williams Eigenfunction Expansion Form (EEF) [Williams,
1957]. These infinite series are parametrised by coeflicients denoted A,,, B,, referring to modes I,
resp. 11, that have various physical meanings. The coefficients at order n = 1 are called singular
and are proportional to the Stress Intensity Factors (SIF) K7 and Kj;. They are used to effectively
predict crack propagation, e.g. Paris’ law in cyclic fatigue, maximum hoop stress criterion for crack
orientation in brittle materials, Kanninen’s law in dynamic fracture [Kanninen and Popelar, 1985].
Moreover, the energy release rate G can be computed from Kj and Kjj or from the J-integral
[Rice, 1968]. Consequently, in pure mode I the SIF Kj can be derived from the J-integral:
J =G =K}?/E* (with 1/E* = (1 — v*)/E in plane strain).

The influence of some higher-order or subsingular terms has also been explored in a number
of different situations: brittle failure of polymers [Cotterell, 1966, Eid et al., 2023], fatigue crack
propagation [Bellecave et al., 2014, Bahaj Filali et al., 2025], failure of concrete [Nguyen et al.,
2020], among others. For instance, the coefficient A, is related to the T-stress, which influences
the stability of the crack’s direction, while the third coefficient refers to the B-stress and can be



responsible for the stability of the crack propagation. The fourth coefficient describes the sign of
the maximum shear stress gradient along the crack axis.

Consequently, the extraction of Williams coefficients is a question that still captivates the
fracture mechanics community. Most of the time, this extraction is to be performed using
displacement field data obtained either from finite element numerical simulation or more recently
from displacement field measured by digital image correlation during experiments.

The kinematic approach consists in minimising the distance between a displacement field and
Williams EEF. To ensure the convergence of the results, the minimisation is performed over several
orders of the series or over the so-called K-dominance zone if only SIF are sought for. One can
mention the work by Kim et al. [2010] in computational mechanics or that of McNeill et al. [1987],
Hamam et al. [2007] in experimental mechanics. It has also been proposed to directly extract
Williams coefficients by considering their amplitude as kinematic degrees of freedom [Roux and
Hild, 2006, Xiao and Karihaloo, 2007, Passieux et al., 2010, Roux et al., 2009]. On the other hand,
energetic approaches are based on path-independent integrals, such as the M-integral [Attigui and
Petit, 1997] or the interaction integral [Chen and Shield, 1977, Bui, 1983] which allow extracting
only one Williams coefficient at a time (usually the SIF). All these methods can be written under
the form of a scalar product between the actual displacement field and an extractor or auxiliary field
that can be associated with a kinematic or energetic norm [Réthoré et al., 2011]. Bueckner-Chen’s
conjugate work integral [Bueckner, 1973, Chen, 1985] stands out because the terms of the Williams
series are orthogonal in the sense of the bilinear form it provides.

The Bueckner integral [Bueckner, 1973] is based on Betti’s reciprocal theorem: let us consider
two symmetrical load systems denoted by Q) and Q®. The work accomplished by the tractions
of QM) through the displacements of Q) is equal to the work done by the tractions of Q®) through
the displacements of Q(*). An application was given by Rice [1972]: if the displacements and STF
are known for any arbitrarily chosen load system Q®), then it is possible to determine the SIF for
any other load system Q("). A decade later, Chen [1985] continued this work and demonstrated, for
a carefully chosen auxiliary load case Q(?), the orthogonality property of Williams EEF with respect
to the Bueckner integral. Thanks to this property, he was able to retrieve the SIFs and he proved
the equivalence of his approach with the J-integral in mode I [Rice, 1968]. More generally, this
orthogonality property lets any coefficient of the Williams series be retrieved regardless of the order
or mode. To this end, Melching and Breitbarth [2023] developed an automatic procedure based on
the Bueckner-Chen integral to extract any subsingular term. They proved the path-independence
of the Bueckner-Chen Line Integral (LI) with varying crack distance and under several loading
conditions.

For these reasons, we focussed our research on this particular integral and continued Melching
and Breitbarth’s work to verify the numerical convergence of the Bueckner-Chen integral.
Furthermore, for a robust estimation of SIF, path integrals are usually transformed into Equivalent
Domain Integrals (EDI) using the concept of virtual crack extension field [Destuynder et al., 1983,
Moran and Shih, 1987]. We thus propose a new formulation of the crack features extraction problem
based on the Bueckner-Chen EDI. This paper is divided into two main parts. Section 2 details
the analytical methods employed, from Williams series to the determination of its coefficients with
Bueckner-Chen LI and EDI. Then, Section 3 presents the numerical study that has been led to
verify the convergence of the extraction method based on the Bueckner-Chen integral, both with
the LI and EDI formulations. The results are also compared with the J-integral. In this study,
we endeavour to separate and quantify the numerical errors due to numerical integration, stress
interpolation and FE discretisation.

2 Analytical methods

2.1 Williams series

We work within the framework of Linear Elastic Fracture Mechanics (LEFM) and consider a
cracked plate with a local polar coordinate system centred on the crack tip (see Fig. 1). Williams
Eigenfunction Expansion Form provides the following mathematical expression for the 2D stress
and displacement fields for a semi-infinite straight crack:

+oo
oij(r,0) = > rE N (A fri(0,n) + Bufiri(6,n)) (1)

n=—oo



“+o0 n

wilr6) = 37 5 (Angra(®:m) + Bagut(6,m) 2)

n=—oo

where A, B, € R are Williams coefficients. The stress trigonometric functions for modes I and 11
are defined as:
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The displacement trigonometric functions are defined as:
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These expressions depend on several material parameters, namely,

e the Young’s modulus F,

e the Poisson ratio v > 0,

o the Kolosov constant, defined by x = (3—v)/(1+v) under plane stress and x = 3 —4v under

plane strain conditions,

o the shear modulus = E/(2(1 4 v)).

The terms of order n < 0 in the EEF don’t have any physical meaning. However, they can still
be considered in regions excluding the crack tip for estimating the position of an equivalent elastic
crack tip or the size of a process zone when experimental displacement fields [Roux et al., 2009]
or cohesive zone model simulations [Réthoré and Estevez, 2013] are analysed. In the following, we
will restrict our study to positive orders of the EEF, i.e. singular and subsingular terms.

2.2 Bwueckner-Chen Line Integral and determination of Wailliams
subsingular terms

Melching and Breitbarth [2023] implemented the Bueckner-Chen conjugate work integral
[Bueckner, 1973, Chen, 1985] to extract the coefficients of Williams subsingular terms. In the
following, we recall this procedure for the path-independent Line Integral (LI).

Let I" be a closed path around the crack tip, n; an outward unit normal to I' and x; coordinates
with 23 in the thickness direction as illustrated in Fig. 1. Let also (u), o) and (u(?,o?)
be pairwise-coupled fields corresponding to linear elastic solutions of two different loadings for
a planar crack. The Bueckner integral [Bueckner, 1973] is a conjugate work integral whose
path-independence property stems from Betti’s theorem. It writes:

IF(UEU, cey 52), )= / (U(l)u( ) Ugi)ugl)> n; dl’ (5)
r

where dI' is the arc length along I' and the stress fields are given by Hooke’s law, o = C : V*u.
Chen [1985] established that:
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Figure 1: Integration domain and virtual crack extension field

what states for the orthogonality of Williams eigenfunctions with respect to the updated conjugate
work integral. In practice, the solution fields for which we seek to extract the unknown coefficients
Ay, By, is denoted by the subscript (1) and the auxiliary fields by the superscript (2). According
to( g]hen, the solution displacement () is defined by Eq. 2 and the auxiliary displacement field
u®) writes:

m/2
T R R
u? =0l (m) = » (Amgl,i + BmgH,i> (7)
Inserting into Eq. 5, we denote:
Ir(m) = In(u{?, . ..uP(m),...) (8)

Due to the orthogonality property, we get the relations between the sought coefficients A,,, B, at

A A~

order n when m = —n. For pure mode I (B,, = 0), resp. II (4,, = 0), they write:
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Finally, the values for A,,, B, are obtained by setting A,, = B, =1 [Melching and Breitbarth,
2023]:
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2.3 Bueckner-Chen Equivalent Domain Integral

In this section, we rewrite the Bueckner-Chen LI into an Equivalent Domain Integral (EDI).
The demonstration is similar to those of other path-independent integrals in fracture mechanics
[Destuynder et al., 1983, Moran and Shih, 1987].

Let us define an area A delimited by a closed integration path C = I' + Tt — T +T'7, as
illustrated in Fig. 1. The Bueckner-Chen integral along I'c writes:

IFE =—Ic+Ir + Ip+4p- (11)



where Ir. = It due to the path-independence property of the integral. We then define a scalar,
continuous and differentiable virtual crack extension field such that:

. {0 onT (12)
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Upon insertion into Eq. 5, the contribution of this virtual field transforms Eq. 11 into:
1 2 1) (2 2) (1
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where the term over I' vanished. We also assume tension-free crack faces, which translates into
Ejl)nj = az(j)nj = 0, thereby simplifying the last term of the equation:
Ir+ip-=0 (14)

Applying the divergence theorem transforms the closed contour integral over C into a domain
integral over A:
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The principle of equilibrium states that O'S)J = O'g)J 0. Furthermore, the major and minor
symmetry properties of C in isotropic linear elasticity lead to:
oD = Gt = o) (6)

With these two simplifications, the first member of the integral is dropped. The contour integral
over I'e is equal to the domain integral over A, which provides the final expression for the
Bueckner-Chen EDI:

IA(u§1)7...,uz(-2),...) :A(J(?)u() (1) (Z)quA (17)

The orthogonality property in Eq. 9 is still valid: the Williams coefficients from the equilibrated
elastic field (u(l), o)) can thus be retrieved using the procedure described in Section 2.2 (Eq. 10).
In the context of a screte finite element solution over a mesh, the resolution of the extraction
problem with the domain integral is simplified compared to the procedure based on contour
integration. Indeed, stress values, typically computed at Gauss points of the mesh, do not need to
be interpolated at contour points (typically edges of the mesh, where the finite element stress field
is discontinuous).

3 Convergence study

In this section, we verify the convergence of the Bueckner-Chen LI and EDI with various numerical
approximations to decouple the effects of numerical integration, stress interpolation and FE
discretisation. We also compare the accuracy and efficiency of the proposed integral to those
of the J-integral.



3.1 Numerical implementation
3.1.1 Mechanical problem

We consider a rectangle plate with a single edge crack under plane stress hypothesis. The rectangle
is defined by its height H = 200 mm and its width W = 200 mm; the crack is centred on the edge
and its length is a = 50 mm. The material behaviour is isotropic linear elastic and is parameterised
by the Young’s modulus £ = 1 MPa and the Poisson ratio v = 0.3.

A coarse mesh is generated thanks to Gmsh’s Frontal Delaunay algorithm [Geuzaine and
Remacle, 2009] using triangle elements with linear shape functions for the displacement field;
the crack is described by twin nodes along the crack path. Features that facilitate the numerical
evaluation of the Bueckner-Chen integrals, i.e. a path I' and a domain 4, are added to the design
according to the following specifications illustrated in Fig. 2:

o Discretised circle arcs I and T',, as illustrated in Fig. 1, will be used to evaluate the LI
and EDI. They are defined by radii R and Rj,; respectively.
« The domain A" used for EDI is composed of all elements between I'* and T,.

o Element length is set to hout = 16 mm on the outer boundaries (crack faces excluded).

o Element length is set to h = 1.6 mm on I'*, T and on the crack faces between the crack

tip and T'.
Two domains are considered to evaluate the EDI: one is such that R;,; = 5 mm and excludes the
crack tip, while the second is defined by Riyt = 0 mm. The contour ' used for LI is the one

obtained when R;,; = 0 mm.

Ah —

crack —\

Fh —

. —

int

] X VAvav/

Figure 2: Schematic representation of the mesh near the crack tip and features used for numerical
evaluation of the integrals

More refined meshes are built by splitting the coarse mesh four times. The final element lengths
and number of elements (lines or triangles) used for integration are given in Tab. 1.

h/R 0.16 0.08 0.04 0.02 0.01

I'" (R =10 mm) 40 80 160 320 640
A" (R=10 mm, Ry =0 mm) 344 1376 5504 22016 88 064
A" (R=10 mm, Rype =5 mm) 278 1112 4448 17792 71168

number of
elements:

Table 1: Mesh specifications

The convergence study aims to investigate the convergence rate and accuracy of the numerical
integration implementation. To this end, we seek to recover the Williams coefficients used to define
solution displacements u" and stresses 6"V written under the form of Williams EEF in pure mode
I with:

AV = RV 2 yp=1...4 (18)



Thereby, all Williams orders contribute similarly to stresses along I'", while K-dominance is ensured
within the integration domain.

Finally, we define the virtual crack extension field g as a linear function between I'* and T'?,
and its gradient will be computed analytically assuming I' and T, are circles. This projection
circumvents the need for an interpolation technique and the ratio between the element size and

the area lost by discretising the circle is sufficiently small to justify the validity of this hypothesis.

3.1.2 Convergence indicators

In this section, we distinguish between two sets of integration points:
e triangle integration points (one point per element) refer to the FE mesh and the Gaussian
quadrature method used for solving Boundary Value Problems (BVP),
e edge integration points are used to evaluate the Bueckner-Chen LI, the number of points per
edge depends on the chosen order for numerical integration.
We define the relative error between A" (used to define solution fields) and A,, computed with
the Bueckner-Chen integral:

AV — A,
A
This error is theoretically independent of the integration contour [Chen, 1985, Melching and
Breitbarth, 2023]. Nevertheless, it depends on the mesh, the numerical integration approximation
and the definition of the input fields u(*) and ¢(*). Therefore, we characterise the influence of

these parameters by evaluating:
(A) the numerical integration error that is obtained when u(!) and o) are known exactly, i.e.
at every edge integration point we have u(*) = 4" w

(19)

QI‘I:’

and oM = oW,
(B) the error that is due to interpolating solution displacements and stresses from nodes, resp.
triangle integration points, to edge integration points,*
(C) the FE discretisation error is calculated by applying displacements on the specimen
boundaries, then solving the BVP with the FEM as described above.
Each of these errors (see Fig. 3) adds up to the previous ones.

T

e node

) O triangle integration
point

4+ edge integration

point

Figure 3: Location of known fields for the convergence study: (left) integration error, (centre)
interpolation error, (right) FE discretisation error.

Stresses are evaluated from the triangle to the edge integration points thanks to a piecewise
linear interpolation method provided by the Scipy library [Virtanen et al., 2020]. The 2D
interpolator is based on a Delaunay triangulation constructed with Qhull [Barber et al., 1996].

3.1.3 Comparison with J-integral

We wish to compare the Bueckner-Chen integral accuracy and convergence rate with the J-integral
[Rice, 1968], which is commonly used for plane stress and plane strain problems.
For a straight crack, the J-integral writes:

J = y{(w&j —Jijui,l)nj dr (20)

where w is the strain energy density and § the Kronecker symbol. This definition extends to an
EDI:

J = —/ (w (51]‘ — aijuiﬂl) q.j dA (21)
A

IThe linear interpolation of displacements from nodes provides the exact values at edge integration points.



with ¢ the virtual crack extension field defined in Eq. 12. Both integrals are computed according
to the numerical strategies given in Section 3.1.2. The displacement gradients are evaluated at the
same locations as stresses and interpolated to the edge integration points if necessary.

For plane stress and mode I, Williams coefficient A; can be directly inferred from J:

Ay = \/f (22)

3.2 Line integral: numerical results and discussion

The following section presents the results obtained with the Bueckner-Chen and J-integrals when
computing the three types of errors introduced in Section 3.1.2.

3.2.1 Exact integration

We first evaluate the numerical integration error (A) for the Bueckner-Chen integral with a
Gaussian quadrature technique of the Scipy library, which is based itself on Fortran library
QUADPACK. This routine adapts the number of integration points required, therefore performing
the numerical equivalent of exact integration. Since the numerical fields u(*) and (¥ are known
exactly, considering the finite sample is equivalent to solving the extraction problem for an infinite
medium. Tab. 2 summarises the relative errors on Williams coefficients obtained for orders
n = 1...4 and these results demonstrate that exact integration is actually achieved.

n 1 2 3 4

AV — A,
A

0 1.76x1071 971 x10716 658 x 10716

Table 2: Relative error on Williams coefficients due to numerical integration with locally enriched
Gaussian quadrature

3.2.2 [Evaluation of convergence indicators

In this section, we evaluate the convergence of the Bueckner-Chen LI with the three indicators
defined in Section 3.1.2.

Fig. 4 provides the relative error on Williams coefficients obtained for orders n = 1...4 with
the Bueckner-Chen LI and one integration point per edge (rectangle method, midpoint rule). The
upper left graph shows the comparison between Buckner-Chen and J-integrals for n = 1. Several
conclusions stem from these results. The error on Williams coefficients that is due to numerical
integration (orange curves with plus markers) decreases like h? (h being the element length) for
all four orders. The results obtained with the J-integral for n = 1 are very similar. Since the
numerical fields u) and (! are assigned their exact analytical value, considering the finite
geometry is equivalent to solving the extraction problem for an infinite medium. Hence, increasing
the ratio h/R, which comes down to decreasing the number of edge integration points, is essentially
the same as reducing the distance to the crack tip. The orange curves in Fig. 4 thus demonstrate
the path-independence property of the Bueckner-Chen integral. The numerical scheme (B) adds
the contributions of stress interpolation to the relative error. It provides the same decreasing rate
of the relative error with regard to element length and a similar accuracy for orders n = 1...4.
As emphasized by Melching and Breitbarth [2023], although the contribution of the higher-order
terms (n > 2) in the Williams function vanish when r — 0, the displacement and stress auxiliary
functions in the Bueckner-Chen integral behave like r—™/2, resp. ~"/2~1 and thus diverge in the
same area. This leads to numerical discrepancies when calculating higher-order terms too close to
the singularity and might explains the unexpectedly low stress interpolation error for n = 4. The
errors due to numerical integration, stress interpolation and FE discretisation add up to give the
performance of the global scheme. The blue curves provide the global error, which decreases like h
and is, as expected, higher than the others. Calculating Williams coefficients on a very coarse mesh
in an infinite domain comes down to reducing the distance to the crack tip, thereby decreasing the
accuracy of the results as observed for the coarsest mesh (largest h/R). Interestingly, the J-integral
provides FE discretisation errors higher than Bueckner-Chen by several orders of magnitude.
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Figure 4: Relative error on Williams coefficients for an integration path with one integration point
per edge (solid lines represent the error obtained with the Bueckner-Chen integral, dotted lines
show the error on A; computed with the J-integral, colours refer to the three error types)

Comparatively, Fig. 5 provides the relative error on Williams coefficients with:
one integration point per edge for the error due to numerical integration, 7.e. the same orange
curves as in Fig. 4,
exact integration over the contour for the errors due to stress interpolation and FE
discretisation. In other words and contrary to Fig. 4, the numerical integration error does
not contribute to the stress interpolation and FE discretisation errors.
The FE discretisation errors (blue curves) is higher than the integration errors (orange curves) for
n = 1...4, therefore justifying the choice of an approximate evaluation of the integral with one
integration point per edge, which provides reasonable accuracy at a reduced computational cost.
In our numerical method, stresses are interpolated from triangle to edge interpolation points
with a piecewise linear operator based on a Delaunay triangulation (see Section 3.1.2). Therefore,
when each edge counts several integration points, i.e. in the case of exact integration, stresses
aren’t constant along the edge. This approximation adds up to the uncertainty on the FE fields
and might explain the discrepancies in the FE discretisation errors that we observe in Fig. 5 for
n=1...3.
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Figure 5: Relative error on Williams coefficients computed with line integration. The integration
error is computed with one integration point per edge, the stress interpolation and FE discretisation
errors are computed with exact integration (solid lines represent the error obtained with the
Bueckner-Chen integral, dotted lines show the error on A; computed with the J-integral, colours
refer to the different error types)
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3.3 Equivalent Domain Integral: results and discussion

This section focusses on the new EDI formulation for the Bueckner-Chen integral introduced in
Section 2.3. We study the convergence of this integral and compare its performance with the
J-integral and LI formulations.
EDIs are evaluated on a discretised annulus-shaped domain A" defined by its outer and inner

radii denoted R, resp. Riy. Two sets of parameters define A":

(1) R =10 mm, Rj,; = 0 mm, includes the crack tip and therefore considers a worst-case scenario,

(2) R =10 mm, Rj,; = 5 mm, excludes the singularity.
In both cases, A" is defined within the path I'" used for LI, since the latter was defined by
a radius R = 10 mm. Numerical integration is performed at the triangle integration points,
thus bypassing the need for stress interpolation. For this reason, we subsequently investigate the
numerical integration and FE discretisation errors only. The displacements are interpolated onto
the integration points using the FE shape functions.

3.3.1 Evaluation of convergence indicators

Relative errors on Williams coefficients due to numerical integration are plotted in Fig. 6 for an
equivalent domain that includes the crack tip (Ri,y = 0 mm) and compared with the method
based on line integration. For n = 1, the error with the EDI decreases like h, at a slower rate
than with the LI. The results provided by the Bueckner-Chen and J-integrals are similar in terms
of convergence rate. The lower performance of the EDI compared to LI thus comes from the
definition of the integration domain, which includes the singularity. For higher orders, the diverging
supersingular fields at the crack tip dominate in the Bueckner-Chen integral, slowing down and
eventually preventing convergence. Conversely, the error due to numerical integration decreases

og(|(A1" — A1)/AY|)
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< <
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Figure 6: Integration errors on Williams coefficients for LI and EDI with Ri,; = 0 mm (solid lines
represent the error obtained with the Bueckner-Chen integral, dotted lines show the error on A
computed with the J-integral, the red curve with square markers is for the EDI and the orange
one with cross markers for the LI)

like h? when the integration domain excludes the singularity (Rij,; = 5 mm), the EDI and LI
numerical schemes behaving similarly (Fig. 7).

Fig. 8 and Fig. 9 provide the errors computed with the global scheme for the mesh with R;,; =
0 mm, resp. Rjys = 5 mm. Although it is difficult to characterise the convergence in the first case,
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Figure 7: Integration errors on Williams coefficients for line and domain integrals with R,y = 5 mm
(solid lines represent the error obtained with the Bueckner-Chen integral, dotted lines show the
error on A; computed with the J-integral, the red curve with square markers is for the EDI and
the orange one with cross markers for the LI)

the latter proves to be more accurate and converges faster than LI. In both cases, the Buckner-Chen
integral is more accurate than J. Regarding the first integration domain (Rj,; = 0 mm), the same
numerical discrepancies as in Fig. 6 appear at higher orders. When the singularity is excluded
from the integrated fields however (Fig. 9), the error due to FE discretisation decreases like h for
n = 1...4. Additionally, Bueckner-Chen is always more accurate than the J-integral by several
orders of magnitude, as demonstrated by the error levels on A;.

3.3.2 Comparison of Stress Intensity Factors

This last section summarises the previous results and compares the four methods: the J- and
Bueckner-Chen LIs and EDIs. To this end, we compute the values obtained for Ki, which are
directly inferred from A; using the following relation:

K = AV2rn (23)

The pseudo-boundary conditions described for the FE discretisation error are used (see
Section 3.1.2, (C)). All numerical schemes behave similarly in terms of convergence rate, since
the relative error on Kj decreases like h with all four methods. However, the Bueckner-Chen
integral proves to be more accurate than the J-integral regardless of the integration method (LI
or EDI), even when the integration domain includes the singularity. Moreover, the error on K is
even lower when the integration domain (line or surface) excludes the crack tip. Therefore and
from a strictly numerical point a view, the Bueckner-Chen integral is an accurate, robust and fast
converging method to extract the SIF and Williams higher-order terms. The line and domain
integrals provide similar results but the latter does not require stress interpolation.

4 Conclusion

This work aimed to prove the numerical convergence of the Bueckner-Chen LI and EDI to retrieve
Williams coefficients. For this reason, we uncoupled the errors due to numerical integration, stress
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Figure 8: FE discretisation errors on Williams coefficients for line and domain integrals with
Rint = 0 mm (solid lines represent the error obtained with the Bueckner-Chen integral, dotted
lines show the error on A; computed with the J-integral, the dark blue curve with big markers is
for the EDI and the light blue one with small markers for the LI)
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Figure 9: FE discretisation errors on Williams coefficients for line and domain integrals with
Rin¢ = 5 mm (solid lines represent the error obtained with the Bueckner-Chen integral, dotted
lines show the error on A; computed with the J-integral, the dark blue curve with big markers is
for the EDI and the light blue one with small markers for the LI)
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Figure 10: Comparison of relative errors on K1 computed with line and domain integrals (solid
lines represent the error obtained with the Bueckner-Chen integral, dotted lines show the error on
K7 computed with the J-integral, colours refer to different integration domains)

interpolation and FE discretisation and showed that the latter is always greater by several orders of
magnitude. Regarding the EDI, the convergence order of the numerical scheme naturally depends
on the integration domain. When it includes the crack tip, the convergence order of the extraction
method based on the Bueckner-Chen integral depends on the Williams order. Nevertheless, with
an adequate domain (7.e. one that excludes the crack tip) the convergence order is about 2. The
comparison with the values obtained for the SIF proves the efficiency and the robustness of the new
method compared to the J-integral. The results obtained with LI and EDI are similar, although
the latter bypasses the need for stress interpolation onto the integration contour.

The next step consists in applying the procedure based on the Bueckner-Chen EDI to
experimental data. Adding noise will inevitably degrade convergence, especially as the
Bueckner-Chen integral depends on experimental stresses, usually obtained by computing the
displacement gradients in the framework of LEFM. In this context, quantifying the orthogonality
loss would be an interesting lead to explore: given the approximation due to the numerical
integration, does the method conserve the orthogonality property of Williams eigenfunctions? Can
we adjust the virtual crack extension field ¢ to correct this orthogonality loss and offset noise?
These questions should be addressed in a future work to investigate further the quality of the
method based on the Bueckner-Chen integral for the extraction of Williams coefficients.
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