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Optimal Control of an Interconnected SDE - Parabolic PDE System

Gabriel Velho!, Jean Auriol', Islam Boussaada?, Riccardo Bonalli

Abstract— In this paper, we design a controller for
an interconnected system where a linear Stochastic
Differential Equation (SDE) is actuated through a
linear parabolic heat equation. These dynamics arise
in various applications, such as coupled heat transfer
systems and chemical reaction processes that are
subject to disturbances. Our goal is to develop a
computational method for approximating the con-
troller that minimizes a quadratic cost associated with
the state of the SDE component. To achieve this,
we first perform a change of variables to shift the
actuation inside the PDE domain and reformulate
the system as a linear Stochastic Partial Differential
Equation (SPDE). We use a spectral approximation
of the Laplacian operator to discretize the coupled
dynamics into a finite-dimensional SDE and compute
the optimal control for this approximated system. The
resulting control serves as an approximation of the
optimal control for the original system. We then es-
tablish the convergence of the approximated optimal
control and the corresponding closed-loop dynamics
to their infinite-dimensional counterparts. Numerical
simulations are provided to illustrate the effectiveness
of our approach.

I. INTRODUCTION

Interconnected systems involving parabolic Partial
Differential Equations (PDEs) and Ordinary Differential
Equations (ODEs) have recently attracted significant
interest. In particular, systems where the coupling occurs
at one boundary of the PDE and the control input is
applied at the other have been a focus of recent research.
These dynamics arise in various applications, such as
coupled heat transfer systems and chemical reaction
processes [1].

To control these coupled systems, stabilization tech-
niques from parabolic PDE control have been developed.
A widely used approach is finite-dimensional approxima-
tion [2]-[4], which discretizes the system to make control
design more tractable. Another effective method is back-
stepping [5], which systematically transforms the system
into a stable target form. These techniques have been
successfully applied to parabolic PDE-ODE systems, as
seen in [6]-[8] for backstepping and [1] for the dimension
reduction approach.

In realistic settings, dynamical systems are often sub-
ject to disturbances arising from measurement noise,
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parameter uncertainties, or external influences [9], [10].
These disturbances can significantly affect the system
behavior, making their mitigation essential for ensuring
reliability and safety in control applications. Stochastic
Differential Equations (SDEs) provide a powerful and
flexible framework for modeling such uncertainties [11],
[12]. By leveraging stochastic control techniques, one can
design robust stabilizing controllers that effectively miti-
gate random fluctuations. In particular, optimal stochas-
tic control plays a key role in minimizing variance and
improving system reliability [13].

In interconnected PDE-ODE systems, accounting for
uncertainties in the ODE dynamics is often crucial for
achieving both efficiency and robustness. Several meth-
ods have been proposed for hyperbolic systems, address-
ing bounded or model-based noise in the ODE [14], [15],
as well as for stochastic differential equations (SDEs)
[16], [17]. Recently, significant progress has been made
in the control of parabolic Stochastic Partial differential
Equations (SPDE). In particular, the spectral approxi-
mation method has proven effective in stabilizing semilin-
ear systems [18], [19]. However, to the best of our knowl-
edge, no existing approach specifically addresses noise
mitigation in the context of coupled parabolic PDE-
SDEs. This perspective enables the modeling of a broader
class of dynamical systems, including processes governed
by diffusion, such as heat transfer phenomena, chemical
reactions, or the spread of biological populations. For
such systems, backstepping techniques may not be ideal,
as they introduce stochastic terms into the PDE, as
shown in [17]. Furthermore, applying the method pre-
sented in [8] to time-varying gains, such as those required
for optimal control, necessitates recomputing the back-
stepping kernels at multiple time instances, which can
be computationally expensive. Furthermore, leveraging
the structural properties of parabolic PDEs can lead to
more effective control strategies for minimizing stochastic
disturbances. For instance, the finite-dimensional ap-
proximation technique, which is well-suited for parabolic
systems, may not be directly applicable to hyperbolic
systems [20)].

This study aims to provide the first systematic ap-
proach to controlling interconnected parabolic PDE-SDE
systems. Specifically, we bridge the gap between deter-
ministic PDE control and stochastic control by integrat-
ing methodologies from both topics. Our contributions
are twofold:

1) Reformulating the optimal control problem for an

interconnected parabolic PDE-linear SDE system



as a well-posed Linear Quadratic (LQ) control
problem within the SPDE framework.

2) Extending the finite-dimensional approximation
methods used to compute optimal LQ controls for
parabolic PDEs [1], [4] to the stochastic setting.
Specifically, we establish the convergence of the
approximated Riccati operator and the resulting
controlled dynamics.

The remaining of the paper is organized as follows:
After recalling some standard notations the problem
under consideration is stated in Section II. In Section ITI
it is shown that the considered coupled PDE+SDE can
be recast into an SPDE. We give our control strategy in
Section IV and prove convergence of our control method
in Section V. Finally, some numerical results are shown
in Section VI.

II. PROBLEM FORMULATION
A. Notations

We assume that we are given a filtered probability
space (Q,F £ (Ft)telo,00), P), and that stochastic per-
turbations are due to a one-dimensional Wiener process
W, which is adapted to filtration F. Let T' > 0 be some
given time horizon. For a Hilbert space H, we denote
by L%([0,T]; H) the set of square integrable processes
Z :[0,T) x Q — H that are F—progressively measurable,
whereas the subset C%([0,7]; H) C L%([0,7]; H) con-
tains processes whose sample paths are continuous. The
associated norm is

126y omyan = | sup 12013
0<t<T

We also recall the Burkholder-Davis-Gundy (B-D-G) in-
equality for stochastic integrals [21]: for p > 1,

T p/2
E[sup ||Z<t>€q}<cpE ( / Z(t)szt)
0<t<T 0

) (1)
where C, is a constant which depends on p uniquely.
The spaces of semi-definite and definite positive sym-
metric matrices in R"™ are denoted by S and
S;F, respectively. We denote by H'(0,1) £ {u €
L?*([0,1];R), such that v’ € L?([0,1];R)}. It is a Hilbert
space with the scalar product

1 1
< u,v >Hlé/o u(m)v(m)dx-i—/o o (z)v (z)dz.

B. Control system
We consider coupled PDE+SDE systems of the form

ue(t, ) = Au(t, x) + cu(t, x)
dX, = (AX, + Bu(t,0))dt + (CX, + Dul(t,0))dW,
Ou(t, 1) =U(t), 0Oyu(t,0)=0
u(0,2) = up(x), X(0)=Xp
)
in the time-space domain [0, T] % [0, 1], where T > 0. The
state of the system is (X;,u(t,-)) € RY x H(0,1). The

coefficient ¢ is a constant modeling the rate of growth
(¢ > 0) or decay (¢ < 0) of the solution u at each point in
space. The matrices A € R9%9, B € R?*1 C e R4, D ¢
R?*! are also constant. The control input U takes values
in R. We denote by Dom(A) £ {u € H2(0,1), 0,u(0) =
d,u(1) = 0}. Finally, the initial condition (Xo,uo) €
RYxDom(A) is assumed to be deterministic. We consider
the state space H'(0, 1) for the PDE solution in order to
ensure continuity at the boundary, which is guaranteed
by the trace theorem for H1(0,1). Note that the terms
cu(t,z) and AX; can introduce instabilities in the PDE
and the SDE if they are positive. The class of systems
described by (2) naturally arises in scenarios where a
heat equation governs one part of the system—such
as a pipe transmitting heat—while it is coupled to a
temperature system influenced by random perturbations.
A typical example is the temperature regulation of a
building, where external factors like fluctuating outdoor
temperatures or varying sunlight exposure introduce
stochastic disturbances. In these settings, the Neumann-
type conditions model a set flow between the systems.
We defer the proof of the well-posedness of system (2) to
Section III.

C. Optimal Control Problem

Our primary objective is to develop a method for
computing a control that ensures the reliable regulation
of our system. A natural approach is to design controls
that minimize the variance of the SDE state [13]. To
achieve this, we consider a quadratic cost of the form

JU)2E l/OT (XF QX +rU(t)%)dt + X7 GXr| (3)

where X; is subject to the dynamic (2). The matrices @
and G are in Sq+, and r > 0 is a positive constant. To
obtain a controller that is both computationally tractable
and practical for implementation, we minimize the cost
over the set of feedback controls [11]. To do so, we first
perform a change of variables in the PDE, which allows
the control to act within the domain rather than at
the boundary. We then formulate the resulting dynamics
within the SPDE framework, using the existing literature
to ensure the existence of an optimal control. Finally, we
approximate the optimal control using spectral methods
and establish the convergence of both the control approx-
imation and the associated cost toward their respective
optimal values.

Remark 1: Note that the cost function (3) does not ex-
plicitly account for the PDE state u(t, x), as our primary
focus is on controlling the SDE, with the PDE modeling
the medium through which the control goes through.
However, it would be possible (at the cost of additional
notational complexities) to incorporate an additional

term of the form E [fOT < Mu(t,-),u(t,-) >m dt} in (3),
where M is a positive self-adjoint operator. We leave it
as a future work.



IIT. RECASTING INTO AN SPDE LQ PROBLEM
A. Change of variable

In this section, we perform a change of variable in the
PDE state as in [22], which results in the input operator
becoming bounded, at the cost of adding regularity on
the control input U. Consider the new PDE state z(t, )
defined by

z(t,x) £ u(t,x) — p(2)U (1), (4)

where p € H'([0,1]) is the unique solution to the elliptic
equation

{ —Ap(z) + (M - c)p(x) =0 (5)
9:p(0) =0, up(l)=1

where p1 > c¢. The parameter p is required to guarantee
the well-posedness of equation (5) through the Lax-
Milgram theorem [23, Corollary 5.8]. In practice, we want
to choose p relatively close to ¢, as the change of variable
(6) in the control is proportional to a term e*f. The
variable z verifies the PDE system

dz(t,x) = Az(t, x)dt+cz(t, x)+pp(x)U(t)dt— p(x)dU (t).
Therefore, by choosing U(t) such that

{ dU (t) = pU(t)dt + V (t)dt

U(0) = o, (©)

with V(t) being the new control variable, we obtain the
following dynamic on z and X}

zi(t, @) = Az(t,x) + cz(t, x) — p(z)V (1)

dX, = (AX, + B(z(t,0) — p(0)U(t)))dt
+(CXy + D(2(t,0) — p(0)U(t))) dW, 7

dU (t) = pU(t)dt + V(¢)dt

0.2(t,1) =0, 0,2(t,0)=0, U(0)=U,

(0, ) = uo(z) — p(z)U,
Note that we can retrieve U from the new control V with
the formula U (t) = e"tU0+fOt ett=9)V (s)ds. We keep the
parameter Uy undefined for the moment, as we use it to
further minimize the cost function (3) later on.

X(0) = Xo.

B. Well-posedness of the system

We now prove the well-posedness of the coupled PDE-
SDE system (7) and state some regularity properties of
the solution.

Proposition 2: Let V(-) be a stochastic process in
L% ([0,T],R). Then, equation (7) has a unique solution.
Moreover, the state (z, X) enjoy the following regularity:

VweQ, z(w)eC(0,T); H'(0,1)) N L*([0,T]; H*(0,1)),
X() € Cx([0, T);RY)

Proof: We first prove the statement for the PDE
state z since the SDE does not directly act on the PDE.
For all realizations w € €2, the control law V (t,w) is in
L?([0,T],R), and therefore (t,z) — —p(z)V(t,w) is in
L2([0,T] x [0,1],R). Using [23, Thm 10.11] and the fact
that 2(0,-) € H?, we obtain the existence, uniqueness,

and the above stated regularity of z. Since z2(¢,-) € H'
we have by Morrey’s inequality [23, Thm 9.12] that

El/o 12(t,0)| dt /0 12t )| dt]<oo

for some constant C' > 0, implying that ¢ — 2z(¢,0) €
L%, and therefore ¢t — 2(t,0) — p(0)U(t) € L%. We can
now use [24, Chap. 1 - Thm 6.3] to obtain the existence,
uniqueness, and the above stated regularity regularity
properties for the SDE solution X. ]

As stated in the previous proof, z — z(0) is a con-
tinuous linear form on H'([0,1]). By Riesz’s theorem
[23, Thm. 4.11], there exists a unique vo € H([0,1])
such that Vz € H'([0,1]),2(0) =< 70,2 >x1. In what
follows, we use the notation z(0) = ~jz for the sake of
conciseness.

< CE

C. Existence of an optimal controller

By using the SPDE framework, we can now rewrite
our optimal control problem as a Linear-Quadratic (LQ)
problem in a Hilbert space. Let H be the Hilbert space
H 2 RYxRx HY(0,1). We consider the augmented state

Xy
Z 2| Y
Zt
Therefore, we infer the following linear SPDE

€ H, where Y; stands for the signal U(¢).

dZ, = [(A+ A)Z, + BV (t)]dt + CZ,dW,.
X
( 0 (8)
Ug — PUo
with

~ 0 0 O 3 A —Bp(0) B~}
A2l 0 0 O , A& 0 " 0 ,

00 A 0 0 c
) 0 [ C —Dp(0) Dy
B2 1 , C=& 0 0 0

—p 0 0 0

The cost (3) can in turn be expressed as

T
JV,Us) 2 E [/ < QZy, Zy >y dt+ < GZr, Zr >3] ,
0
9)

where Q and G are positive self-adjoint operators defined
by

N Q 0 0 i G 0 0
Q21 o r 0], G2l 0 0 0
0 0 0 0 0 0

To guarantee that this LQ problem admits a unique
solution, we need to add a regularizing term in the cost
function, ensuring strong convexity with respect to the
new control variable V. Although there exists a one-to-
one correbpondence between V and its integral U, the
term 7 fo (t)2dt in the cost function does not fully
penalize variations in V', rendering the optimal control



problem ill-posed. We therefore recast the modified cost

function Js as
T
/ V(t)2dt1 : (10)
0

where ¢ > 0 is a parameter that can be chosen small at
will. In this setting, our control problem is well-posed,
and the optimal controller ensures a low-variance state,
leading to reliable system regulation. We therefore focus
now on finding the solution to

=
J5 = min Js(V, Uo).

Js(V,Uo) £ J(V,Up) + 6E

We can now use the results from [25] to obtain the
existence and explicit form of the optimal feedback LQ
controller.

Proposition 3: There exists a unique optimal con-
troller V' that minimizes the cost function (10) under
the dynamic (8). It is in the form of a feedback law:

V(t) = —6 ' B () Z,, (11)

where TI(+) is a bounded self-adjoint positive operator in
‘H, defined as the unique mild solution to the operator-
valued Riccati equation

T+ II(A + A) + (A + A)II

+C*IIC + Q — 6 'IBB*TI = 0, (12)
I(T) =G.
Moreover, the minimal cost is given by
J(V, U()) =< H(O)Zo, Zo > . (13)

Proof: As a classic result from functional analy-
sis, the Laplacian A with domain Dom(A) = {z €
H?2,0,2(0) = 9,2(1) = 0} generates a strongly contin-
uous semigroup of operators on H' [23]. Since the oper-
ators A, B and C are bounded, we can apply theorem
[25, Thm 9.1] to obtain the desired result. ]
We can further minimize the optimal cost by choosing
an optimal value for the problem parameter U,. For
conciseness, we define

0 Xo
L,= 1 , My = 0 , (14)
—p Uo

Proposition 4: The cost function J5(V,Zp) is mini-
mized for the parameters V =V as given in (11), and
7o < H(O)Lp, My >4
07 T SI(0)L,, L, >x
if <II(0)L,, L, >3# 0, or Uy = 0 otherwise.

Proof: Remark that L, and My are defined such
that Zg = L,Uy + My. Let us define F(Uy) =
Js(V,L,Uy + Mp) the functional we seek to minimize.
We have through Proposition 3 that

F(Uo) =< T(0)(LyUo + Mo), (LpUop + Mo) >4,

(15)

which is a quadratic polynomial in Uy. It is straightfor-
ward to show that, if < II(0)L,, L, >x# 0, then F(Uy) is

minimal for Uy as defined in (15). If < II(0)L,, L, >»=
0, then, since TI(0) is a non-negative self-adjoint operator,
II(0)L, = 0. This implies that

< T(0)L,, My >=< L,,TI(0)My >= 0

, meaning that F(Up) is constant, and we can choose
UO =0. |

Numerically solving the infinite-dimensional Riccati
equation requires discretization [3], and choosing an
appropriate method is crucial for ensuring both conver-
gence and feasibility. In the deterministic setting, sev-
eral numerical approaches have been proposed, including
spectral methods that discretize the state by projecting
onto the first eigenvectors of the Laplacian operator [2]-
[4], as well as more general Galerkin methods [26] based
on finite element techniques. The Galerkin approach has
also been extended to the stochastic setting in [27], and
a splitting method was introduced in [28] to approximate
the Riccati solution. In the next section, we extend the
spectral method to the finite-time LQ control problem
for SPDEs, to the best of our knowledge, for the first
time.

IV. DISCRETIZATION OF THE SYSTEM

To compute an easy-to-implement numerical approxi-
mation of the optimal control (11), we employ a spectral
approach [4].We start to discretize the system dynamics
onto a finite-dimensional subspace Hy C H. We then
solve the optimal control problem within H  and demon-
strate that the resulting finite-dimensional optimal con-
troller provides a good approximation of the true optimal
controller. Furthermore, we establish the convergence of
both the approximated controller and its associated cost
to the exact optimal controller and its corresponding
minimal cost, respectively.

A. Finite-Dimensional System

We consider the Laplacian eigenfunctions ¢, and
eigenvalues \,, verifying

—Aqﬁn(z) = Mon (16)
and we arrange these eigenvalues in increasing order, i.e.,
0 =X < A1 < ....In our case, we can explicitly solve

the Sturm-Liouville problem, the solutions being given
by
A\p = 7202,

(17)

On = Apcos(nrz),

with coefficients A,, = ,/W%ng chosen such that ¢, is

a orthonormal basis in H'. In what follows, we denote
the discretization of H' with H} = Span(¢o,...,dn),
and we accordingly denote by Hy £ R? x R x H3}; the
discretization of H. We denote by Py the projection of
‘H onto Hp, which is given by projecting onto the first N
eigenvectors ¢y, . .., ¢n. The explicit expression of Py is

X X
Pyl v | = Y
z ery:o<zv¢n > ¢n

(18)



This projector is orthogonal, as for Z € H and ¢ € Hy
< PNnZ,d >uny=< PNZ, ¢ >u=<Z,0 > .

The adjoint operator Py, is therefore the injection of H
back into H. We now solve the optimal control problem
for the approximation of (8) on Hy. We define the
matrices Ay = PyAP};, Ay = PyAPj; Cy = PyCPy,
and By = Py DB, and consider the approximated state
ZN € Hy that verifies the linear SDE

az) = [(Ax + AN)ZY + BNV (1)]dt + Cn ZN dW,
ZYN = PnZj.

(19)

The different matrices can be written explicitly along the

basis of vectors (¢o,...,¢N) as
i 00 0 i A =Bp(0) B(y)"
AN = 0 O 0 s AN = 0 o 0

0 0 —Ln 0 0 cln

T

. C —Dp(0) D(v) 3 0
Cv=1 o0 0 0 , Bn= 1

0 0 0 —p

with LN = diag()\o,...)\N), ’}/év = ((250(0),
and pN £ (< pad)o >Hi, ooy < pad)N >H1)T

) ¢N(O))T

B. Approxzimation of the optimal feedback control
We now define the approximated cost .J év (V,ZY) as

JN(V,Zg) 2 E l /0 T((ZtN V'QNZN + 6V (1)) dt

(20)
+E[(Z7)"Cn 27 ],

where Qn 2 PyQPj; and Gy 2 PyGPj. Classic
results from optimal linear quadratic control [24] yields
the following optimal controller.

Proposition 5: There exists a unique optimal con-
troller Vy that minimizes the cost (20) under the dy-
namic (19). Moreover, this optimal controller is given by
the feedback law

Vn(t)=—-0"*Bilyt)zZN, (21)

where TIx(+) is a positive symmetric matrix in £(Hy),
and is the unique solution to the matrix-valued Riccati
equation

Iy + HN~(AN +~1‘~1N) + (AN + A}‘QHAL
+CHINCN +Qn — 0TIy By BRIy =0,
y(T)=Gy.
(22)
Finally, the associated minimal cost is given by

J(Vn, ZN) =< TN (028, 28 >3, - (23)
As done in Proposition 4, one easily shows that there
exists an optimal value of Uy, denoted Uév , that further
minimizes the cost J(V , Z{¥). The feedback controller
Vy is straightforward to compute in practice [24]. We
show in the next section that V y is a good approxima-
tion of the optimal control V' when N is big enough.

V. CONVERGENCE RESULTS

A. Convergence of the Dynamic Operators

In what follows, we denote by S(-) and Sy(-) the
strongly continuous semi-group generated respectively
by A and Ay. It is a known result that the spectral
approximation of the Laplacian Ay verifies the Trotter-
Kato theorem [4, Thm 4.3]. Consequently, we have that

VZ €H, lim sup |PvSn({t)PnvZ —S(t)Z|y =0,
N—+4o00 0<t<T
(24)

Moreover, we can verify that all the other bounded
operators converge strongly pointwise, that is

VZ €N, ||AZ - PYyANPnZ||ly — 0,
|CZ — P};CnPnZ|3 — 0,

|B — P Byll3 — 0.

(25)

These convergences also hold for the adjoints of the
operators A*, B* and C*.

B. Convergence of the Feedback Operator

In this subsection we prove the strong convergence of
the feedback operator IIy towards II.

Proposition 6: Let Z € H. We have that

ITL(t)Z — PRIIN(t) P Z |3 — 0,
sup |T1(£)Z — PyTLy () Py Z|l3 — 0.
te[0,T]

Proof: The Riccati equation (12) closely resembles
the classical Riccati equation solved in the deterministic
setting [4], with the main difference being the additional
term C*IIC which is not particularly difficult to handle.
However, since we could not find a proof that allows for
a direct adaptation, we provide a full proof here using
a standard approach. Let ¢ € [0,7] and Z € H, we
prove this convergence result through an estimate on the
difference II(¢t) Z — PN 1IN (t) Pn Z. Let T € [t, T), we define
by F(7)Z and Fy(7)Z the C! functionals

(26)

F(1)Z 2 S(r —t)*I(1)S(T — t)Z,
FN(T)Z e PX/SN(T - t)*HN(T)SN(T - t)PNZ.

Through the fundamental theorem of analysis, we have
T .
F(TZ-Ft)Z = / F(r)Zdr
v i i
= / S(r —t) (A*I(7) + I(7)A)S(T — t) Zdr
t

+ /T S(r —t)*TI(7)S(r — t) Zdr.



Using the Riccati equation (12), and the fact that F(t) =
TI(t), we obtain

(t)Z = S(T — t)*GS(T —t)Z
- /tT S(r —t)* <A*H(r) +1I(1)A
+Q+C(r)C
— 07 'I(r)BB (1 ))S(T —t)Zdr
Similarly, we have
Piln(t)PyZ = Py Sn(T — t)*GnSn (T
+ /tT Sn(r—t)* (A;*VHN(T) + Ty (1) AN
+Qn + CyIIn(T)Cn

— (5_1HN(T)BN37VHN(T)) SN(T — t)PNZdT.

— )Py Z

Al operators  Sn(-),Hn("),An, BN,Cn,GN,QN, Py
have an operator norm that is uniformly bounded (for
IIy, see the method proposed in [26] for a proof).
Therefore, there exists a (possibly overloaded) positive
constant K, depending on the bounds of the operator
norms, such that

IT(t)Z — PNTIn (8) Pn 2|l
T
< K/ ITL(7)Z — P} TIn(T)Pn Z || 2edr
t

+ K(HAZ — PRANPNZ|ln + |CZ — PRCN PN Z||n

+|QZ — PXQnPNZ|n + |GZ — PxGNPNZ|n
+||BB*Z — P;;BNBNyPnZ||n

+ sup ||5(T)Z—PJ§SN(T)PNZ\|H).

T€([0,T]

We conclude the proof thanks to Gronwall’s Lemma, and

(24) and (25). ]

We can now show the convergence of the controller and
the optimal cost.

C. Convergence of the Controller and the Optimal Cost

We show first the strong convergence of the closed-loop
state, then of the controller and finally of the optimal
cost.

Proposition 7: Let Z, be the solution to the closed
loop dynamic (8) with the controller V defined in (11),
and let Ziv be the solution of (19) with V y defined in
(21). Then

\z Pz

(27)
C3([0,T];H)

Proof: Similarly to what has been done in the proof
of Proposition 6, we first express Z; and Z, as integrals
involving uniformly bounded operators. We then bound
their differences and establish the desired result using
the B-D-G inequality for the stochastic integral given in

equation (1), combined with Gronwall’s Lemma. We have
the following expression for Z;,

Zy=S(t)Zo + /Ot S(t — s)CZdW;
- "S(t - 8)(A— 5 BB Zudt
Similarly,
7Y = snt)z + /Ot Sx(t = 5)CnZY dw,

t
+/ SN(t—S)(AN—5_1BNB?VHN(t))7£th.
0

Let us focus on the stochastic integral. Due to the B-D-G
inequality (1), there exists K > 0 such that

2

H‘|

E | sup
0<s<t

/ (S(s —)CZr — P} Sn(s — T)éNZﬁV)dWT

2

sup ||S(s —7)CZ, — P]{,SN(sz)C'NZiV ds
0<7<s
2
sup ||Z, — Z ds
0<7<s H

[sup (€ - Pyonen )2,
0<7<s

+K/0 e o e —wa—ﬂpw)%”i] -

Note that we can add PyPj = Iy anywhere in the

. N . .
expression of Z, to factorize each term appropriately.
To prove the convergence to 0 of the last two integrals,
we use the following lemma from [29].

Lemma 8: |29, Lem 5.1] Let ¥(-) : [0,7] — L(H)
and for N > 1, Un(-) : [0,T] — L(H) such that the
operator norm of ¥y (¢) is uniformly bounded for N and
t, and VZ € H, Un(t)Z — ¥(t)Z uniformly in t. Let
g :10,T] = H be a continuous function, then

)g(t) — ¥ (t)g(t)

Since for all realizations w € €, the function ¢t
Z(w) is continuous in H, we can apply the previous
lemma pointwise in w. We then use the boundedness of
the operators and of Z; in C%([0,T];H) to apply the
dominated convergence on the integral of the expectation
and show convergence to 0. Using this method, we can
show that

v 0.
oSl b~

— N2
E{sup Zy— 7, ]S@N
0<s<t H
t o _N 2
—|—K/]E{sup Zr— 7, ]ds
0 0<r<s H

with O — 0. We can now conclude using Gronwall’s
Lemma. [ |
We can now show convergence of the control and of the
cost.



Proposition 9: The following holds as N — oo:

V- Vﬂbc;([(imm) -0,
UO — Uvo7

TN (V. Ty ) = Js(V,Ty).
Proof: Proposition 7 combined with Lemma 8 yields
directly the results. [ |
These convergence results confirm that the easily imple-
mentable controls V y serve as accurate approximations

of V, as they become sufficiently close for large N.

(28)

VI. SIMULATIONS

To show the effectiveness of our control method, we
consider an academic example within the framework of
(2), with a real valued SDE. In our simulations, we chose
for the SDE the parameters A = 2,B =2,C =1,D =
0.5 and Xy = 1. The PDE parameters are ¢ = 0.5
and ug = 1. Note that with this choice of parameters,
both the PDE and SDE are unstable. We apply the
control strategy defined in proposition 5 with N = 3,
Q = 10,R = 1,G = 10 and § = 0.5. The PDE was
simulated using a Galerkine method with an order higher
than N.

Closed-loop Evolution of the Distribution of u(t,x)

Solution (u)

Closed-loop Evolution of X_t

35 —— Evolution X_t
=== x=0

Time (t)

Fig. 1. Realization of a closed-loop trajectory with N =3

Figure 1 shows that despite an initial spike induced by
the PDE, the controller effectively stabilizes the state,
overcoming instabilities and disturbances. However, the
PDE state itself remains unstabilized, which is expected
since it is not penalized in the cost function. Instead, it
naturally adjusts to minimize the variance of the SDE
state.

VII. CONCLUSION AND PERSPECTIVES

In this paper, we introduced a method for the optimal
control of an interconnected system composed of a heat

PDE cascaded into a linear SDE system. Our approach
extends spectral approximation methods developed for
parabolic PDE to the stochastic setting. We established
the convergence of the approximated optimal controller
to the true optimal control of the original system, as
well as the convergence of the corresponding closed-
loop state dynamics. Future research directions include
extending our framework to more general PDE opera-
tors with sufficiently fast-converging finite-dimensional
approximations. Additionally, we aim to investigate the
case of stochastic systems with possibly nondeterministic
coefficients in the SDE, further enhancing the applicabil-
ity of our results.
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