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FERMAT DISTANCE-TO-MEASURE: A ROBUST
MEASURE-BASED METRIC

Jérome Taupin* Frédéric Chazal*

January 21, 2026

Abstract

Given a probability measure with density, Fermat distances and density-driven metrics are conformal
transformations of the Euclidean metric that shrink distances in high density areas and enlarge distances
in low density areas. Although they have been widely studied and have shown to be useful in various
machine learning tasks, they are limited to measures with density (with respect to Lebesgue measure, or
volume form on manifold). In this paper, by replacing the density with the distance-to-measure (DTM),
we introduce a new metric, the Fermat distance-to-measure (FDTM), defined for any probability measure
in RY. We derive strong stability properties for the FDTM with respect to the measure and propose an
estimator from random sampling of the same measure, featuring an explicit bound on its convergence
rate.

1 Introduction

Fermat distances belong to the class of density-driven metrics that have been established as a useful tool for
machine learning tasks, such as semi-supervised learning or clustering, when the Euclidean metric does not
sufficiently exploit the geometry of the distribution underlying the data. Given a measure p with density f
with respect to the Lebesgue measure in a Euclidean space or the volume form in a more general Riemannian
manifold, the Fermat distance between two points x and y is defined as

i%f[yf_ﬁ (1)

where the infimum is taken over all rectifiable paths v from x to y and g > 0 is a parameter. The Fermat
distance has long been studied, with applications ranging from unsupervised and semi-supervised machine
learning to persistent homology computation in topological data analysis and signal processing—see, e.g.,
the recent paper [10] and the references therein. It also possesses the remarkable property that it can be
estimated from the metric induced by a simple weighted graph built on top of random samples of u, called
the sample Fermat distance. Although this estimator comes with convergence guarantees as the sample size
increases [11], quantitative bounds come on the other hand at the price of strict smoothness conditions on
the density f [8, 10]. Moreover, the existence of the continuous Fermat distance requires the measure u to
have a well-defined density f, restricting the convergence guarantees of the sample Fermat distance to such
measures.

The aim of this paper is to introduce a new family of measure-based metrics—called FDTM—that over-
comes the above limitations and holds strong stability properties with respect to perturbations of the measure.
We rely on the notion of DTM functions introduced in [4]. Given any probability measure on R¢, the DTM
is a distance-like function that behaves similarly to the inverse of a density. Intuitively, the DTM function
associated to a measure u at a point z € R represents how far z is from a given fraction m of the total
mass of p. It has been proven [1] that the DTM can be viewed as an estimator of the density of p (when it
is absolutely continuous with respect to the Lebesgue measure) and our approach roughly consists in replac-
ing f~# in Eq. (1) with the DTM. Thanks to regularity and stability properties of the DTM, the FDTM
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presents several benefits compared to the classical Fermat distance. First, it is well-defined for any measure
1, regardless of the existence of a density. Second, we provide quantitative stability results for the FDTM
with respect to (w.r.t.) perturbations of the measure in a Wasserstein metric and to perturbations of its
support in Hausdorff distance. Last, we propose a natural estimator of the FDTM from random samples of
the measure and, building on the stability properties of the FDTM, provide explicit convergence rates for
this estimator that do not depend on the ambient dimension but on some mild regularity properties of the
sampled measure.

The formal definition of FDTM and the statement of the above results are provided in Section 2. Section 3
is devoted to the study of geodesics and stability properties of the FDTM. The estimation of the FDTM from
random samples is studied in Section 4 where an effective estimator is provided together with an upper bound
on its convergence rate. A similar lower bound is also provided on the convergence rate of any estimator in
the worst case w.r.t. the measure. Finally, we give some numerical illustrations of our results in Section 5.
Although most of the proofs of the paper rely on simple ideas, they often require technical arguments and
intermediate results that are detailed in the appendices.

2 Definitions and Overview of the Results

The setting of this paper is the space R? endowed with the Euclidean norm | - ||. A list of notations used
throughout this paper is given in Table 1. In this section, we provide the definition of the DTM and FDTM
then give an overview of the results we obtain.

2.1 The Fermat Distance-to-Measure Metric

Given a probability measure y over R? and two real parameters m € (0,1] and p > 1, the DTM [4] is defined

for all x € R as
def (1 ™ L/p
@)™ (o [ o )

Opu() 4 inf {r>0: p(B=r) >u}

where

is the pseudo-DTM and represents the minimal radius of a ball centered at x that contains a mass u w.r.t.
. In this paper, the parameters m and p are fixed constants hence we omit the notational dependency of
the DTM w.r.t. these parameters to avoid heavy notations. Notice that J,, . is a finite function everywhere
for all w < 1. Therefore, when m < 1, d,, is well-defined and finite over the whole space R?. Moreover, it was
proven in [4] that d, is 1-Lipschitz, i.e.,

|du(2) = dp(y)| < |z —yl| for any z,y € R, (2)
and stable with respect to u, i.e.,

W (p, v)

I = dulloo < =2E2

where W), denotes the p-Wasserstein distance defined by

1
W)= nt ([ e lretanan)
R4 xRd

€I (p,v)

with II(p, v) the set of probability measures on R? x R? that have marginals y and v.

The function ¢, , generalizes the distance function to the support S(u) of u—the latter being exactly
d,,0—and reflects how far z is from a mass u of the measure . The DTM, obtained by taking the p-Holder
mean of 4, ,, over u € [0, m], intuitively behaves like the inverse of a density: d,(z) is large when z belongs to
a low-density area or when z is far away from the support of i, and d,(«) is small when z is in a high-density



area. Precisely, in the case where p has a continuous density f w.r.t. the Lebesgue measure over R?, it has
been shown [1] that md;d converges to the density f as m goes to 0.

These properties motivate the introduction of the FDTM between two points as the integral of the
DTM-—possibly elevated at some power greater than 1—minimized over paths between x and y.

Definition 1 (Fermat distance-to-measure (FDTM)). Let u be a probability measure over R?, F' be a closed
subset of R? and 3 > 1 be a power parameter. Given a rectifiable path v : [0, 1] — R%, we call FDTM length
of the path v the quantity

D) [ = [ a,a@) p)ar

Given z,y € R?, we call FDTM between z and y with measure p and domain F' the quantity

defnf D,(v),

D z,
M’F( 2 YELF(z,y)

where T'z(x,y) is the set of rectifiable paths v : [0,1] — R? such that v(0) = x, (1) = y and with the
additional constraint that v may leave the domain F' only by drawing straight lines: Formally, for all open
interval I C [0, 1] such that v(I) C R\ F, there exists a unit vector u € R? such that for all t € I,

YO = 7O -

As for m and p, B is a fixed parameter and we omit the notational dependency w.r.t. 8. In the following,
we shall focus on the case where the domain F' is chosen as the support of the measure u, see below for
more explanations. The FDTM can be interpreted as a generalization of the Fermat distance. Indeed, the
behavior of the latter is expected to be retrieved when choosing m close to 0 due to the DTM approaching
the density.

The rectifiable paths v belonging to I'p(x, y) are called admissible paths. Recall that a path - is rectifiable
if ||%]| is defined almost everywhere on [0, 1] and integrable. Its Euclidean length is then denoted by

1
def .
Iy &2 / 58l < +oc .
0

The notion of integration along a rectifiable path is well-defined. Moreover, such path may always be re-
parameterized as a Lipschitz path. In the sequel, paths v will often be implicitly assumed to be parameterized
with constant Euclidean velocity, i.e., such that ¢ — [|4(t)] is constant where it is defined. Some proofs shall
instead consider an arc length parameterization, where v is defined over [0, |y|] and such that [|¥(t)]] = 1
almost everywhere. The most basic path in I'p(z,y) is the segment ¢ — (1 — t)a 4 ty, which will be written
as [z, y] for short. Its FDTM length is given by

Dules) = e =l [ d((1= 0z +1) .

Note that the straight path is always admissible regardless of F’ since its derivative is constant. More generally,
we shall refer as [z1,22,...,zx] to the polygonal path going through x1, xa, ..., 2} in this order, which is
admissible if all intermediate points belong to the domain.

We now discuss a few remarks before stating our contributions.

Restriction to a compact subset K. Throughout the paper, K C R? denotes a compact convex set with
diameter diam(K). Without loss of generality and to achieve clearer results, we choose to restrict all objects
to be contained within K, that is, support of measures, domains and endpoints. The main benefit of this
assumption is to uniformly upper bound the DTM over K by diam(K), which in particular also holds over all
admissible paths. Indeed, if the support is in K then all points in K are at distance at most diam(K) from
any point of the support, thus the DTM is upper bounded by diam(K). Denote My the set of measures
with support included in K. Then for any such measure y € Mg, domain F' C K and endpoints x,y € K,

lldulloo, x < diam(K) and ||d,||co,y < diam(K) for any v € T'p(z,y) . (4)



Furthermore, intermediate results and proofs will often assume that diam(K) = 1 for clarity purposes. The
fact that these assumptions are without loss of generality is discussed in Section A.1. In particular, the
implication that p has compact support in R? is not very restrictive, as we show in Section A.1 that given
any measure ¢ and any compact area of study A C R?, the restriction of the FDTM of y over A coincides
with the FDTM of a “cropped” modification of y with support included in a larger compact subset K.

NOTATION DEFINITION
Il 1l Euclidean norm over R?
B(z,r) open ball centered at x € R¢ with radius r
B(z,r) closed ball centered at x € R? with radius r
1y V measures over R?
S(p) support of the measure
F.G domains for paths
m fraction of mass considered for the DTM
P exponent of the Holder mean considered for the DTM
B exponent of the integrated DTM considered for the FDTM
K compact convex subset of R? (often with diameter 1)
a,b parameters used of the standard assumption on measures
o lower bound on the DTM d,,
Mg set of measures with support included in K
Mk abo set of measures satisfying Assumption (A)
d, DTM associated with p
v rectifiable path in R?
v Euclidean length of path ~
lldu oo~ maximal value of the DTM reached on the path ~
L,s sublevel set of d,, below the value §
D, (v) FDTM length of the path ~
D, r(x,y) FDTM associated with p and F' from x to y
D, (z,y) Special case when F = S(u)
Tp(x,y) Set of rectifiable paths with domain F' from x to y
5 rlz,y) Set of geodesics paths for p with domain F' from z to y
[x1,22,. .., 2] polygonal path going through z1, za, ..., x}
Wy Wasserstein distance of order p
drv Total-Variation distance
dyg Hausdorff distance between closed subsets of R¢
n Number of sample points
X, Family of n random samples from a measure p
fin Empirical measure associated with X,

Table 1: Notations used throughout the paper

Lower bounding the DTM. For d, to vanish at a point x, u needs to have an atom of mass at least m at .
Assuming that this does not happen anywhere, d, is positive and, as a continuous and proper function,
achieves a positive minimum over R%:

Lemma 2. Let u be a probability measure over R? such that u({z}) < m for all z € R%. Then mind, > 0.

About the role of F. The domain F' C R? is introduced to achieve both general stability results and interesting
convergence rates for the estimation of the FDTM in a way that allows to evaluate all admissible paths with
reasonable computational complexity independent of the ambient dimension d—see Section 4. In this case
F will be chosen to be the support of u, so that sampling points according to p creates a point cloud that
fills the domain and allows to recover all admissible paths. On the other hand, straight edges outside the
domain are allowed in order to improve the stability of the FDTM w.r.t. the domain, and do not affect the
estimation properties by a point cloud as the straight edges can still be approximated.



In general, if F C G C R? then I'r(x,y) C Tg(z,y) for all endpoints = and y, and it follows immediately
that D, (z,y) < D, p(z,y). Moreover, (F,D, r) is a metric space (see Section A.2). In particular, the
triangular inequality applies when considering endpoints within F'. However, this is not true when considering
general endpoints: If z,y € F and z ¢ F, it may happen that

Du(l',z) + Du(z,y) S DH([ZE,Z,y]) < D#((t,y)

if the polygonal path [z, z, y] does not belong to I'r(z,y).

2.2 Overview of the Results

We now summarize our contributions.

Ezistence of geodesics and upper bound on their Fuclidean length. Without domain constraints, the FDTM
metric can be seen as a continuous conformal transformation of the Euclidean metric via the DTM function,
and the existence of minimizing geodesics follows from classical arguments (see for instance Proposition 2.5.19
in [3]). The proof is adapted to account for domain constraints in Section 3.1.

Theorem 3 (Existence of geodesics). Let p be a probability measure over R? and F' C R? a closed domain.
Then for all z,y € R?, there exists a path v € I'p(x,y) such that

Dy.r(2,y) = Du(v) -
We denote I', (x,y) the set of such paths, called (minimizing) geodesics.

Notice that Theorem 3 holds regardless of the measure p or the domain F'. In particular, the existence
of geodesics holds for all measures in R?, including those without compact support. This is tied with the
fact that geodesics may not escape a large ball around the endpoints due to the regularity properties of the
DTM—see Corollary 6—regardless of the measure. This observation contrasts with the Fermat distances,
for which one may construct a measure whose support is made of a family of disjoint strips from z to y that
make increasingly longer detours while being thinner but with higher density. More precisely, consider a
family of strips (sx)x with respective lengths (Lg)g, thickness (hy)r and density (ag)x such that

o L — 400, hy = 0, ap — +0o0.

e The series with general term Lihrax converges to 1, ensuring that the underlying measure is a proba-
bility.
. Lka,:B is decreasing, ensuring that each strip is shorter in the sense of Eq. (1) despite being longer

Euclidean-wise.

In this example each strip s; yields a lower Fermat distance between x and y than the previous one, so that
there are no geodesics for the Fermat metric.

In addition to the existence of geodesics, the 1-Lipschitz property of the DTM (Eq. 2) and the fact that it
cannot take small values on a subset that is too large—see Lemma 13—allow to upper bound their Euclidean
length, regardless of the underlying measure and domain. This upper bound then plays a fundamental role
in establishing stability properties of the FDTM.

Theorem 4 (Upper bound on the Euclidean length of geodesics). Let p be a probability measure over R?
and F C R? a closed domain. Then for all geodesic v € I p(@,y),

1B HduHoo;y (5)

where < hides a multiplicative constant—made explicit in the proofs—only depending on m and 3.

Corollary 5. Assume that S(u) C K, F C K, 2,y € K and let v € I'}, (2, y). Then
7| < diam(K)

where < hides the same multiplicative constant as in Eq. (5).



Corollary 6. Let v € I'} p(z,y). Then

S llz =yl
where < hides a multiplicative constant depending on 8 and the constant from Eq. (5).

The reasoning to derive Theorem 4 is described in Section 3.2. Corollary 5 is a direct consequence of
Egs. (4) and (5). As for Corollary 6, it is also a direct consequence of Eq. (5) if ||d,|lec,y is smaller than
|z —yl|. Else, it is still possible to obtain the domination by the Euclidean distance by simpler means, which
is detailed in Section B.3.

Recall that under mild assumptions on the measure p, the DTM is lower bounded by a positive quantity
(see Lemma 2). In this special case the Euclidean length of geodesics can be upper bounded in a straightfor-
ward manner, albeit with a dependency in the DTM lower bound. Proposition 7 is also proven in Section 3.2.

Proposition 7. Assume that mind,, > 0 and let v € F:;F(J}, y). Then

maxj, 1 d A
|7§<.[ il ) |z —yll -
5

Under the same assumptions as in Corollary 5, this further implies that

Il < (diam(K))Bdiam(K) .

mind,,

Stability of the FDTM. Beyond the fact that the FDTM metric is defined for any probability measure on
R?, one of the main motivations to introduce it as a variant of the Fermat distance is that it turns out to be
more stable w.r.t. the measure. This property follows from Theorem 4 and the Wasserstein stability of the
DTM (Eq. 3) and is proven in Section 3.3.1.

Theorem 8 (FDTM stability w.r.t. the measure). Let pu,v € Mg and F C K a closed domain. Then
D = Durl| o e S diam(EK)” Wy, v)

where < hides a multiplicative constant—made explicit in the proofs—only depending on m and 5.

Likewise, the FDTM is stable w.r.t. the domain. This property is obtained by approximating a geodesic
for the first domain using a path that is admissible for the second domain—see Section 3.3.2.

Theorem 9 (FDTM stability w.r.t. the domain). Let 4 € Mg and F,G C K two closed domains. Then
|Dur — Ducll, jo S diam(K)*+2\/du(F, G)

where < hides a multiplicative constant—made explicit in the proofs—only depending on m and 5 and
du(F, G) denotes the Hausdorff distance between F' and G defined as

def
du(F,G) = max (||d(-, G)lloo,r, ld(-, F)|l.,c) -

Both Theorems 8 and 9 require no assumption on the regularity of the measures and domains. This is
possible due to the definition of admissible paths allowing “shortcuts” to override irregularities in the domain.

Empirical FDTM. The previous stability results provide efficient tools to study the estimation of the FDTM
from random samples. Given n > 1 sample points (Xi,...,X,) drawn independently and identically dis-
tributed (i.i.d.) from p, we denote X,, = {X1,..., X, } the corresponding point cloud and i, = 2 3"} éx,
the empirical measure. Estimation results are restricted to the special case where the domain F' is chosen
as the support S(u) of the measure, and we denote D, = D, s(,) for simplicity. Indeed, to avoid a strong
computation cost depending on the ambient dimension d, it is easier to compute paths made up of straight
lines between sample points, which are exactly the paths admissible for the domain X,,. Since dj,, is expected



to converge towards d,, and X,, = S(fi,,) is expected to fill up the whole support S(u), the FDTM D,, can be
estimated by the empirical FDTM D;, = Dj,, x,,, which is the metric of a finite weighted graph. The weights
are the integrals of the DTM over edges, hence cannot be reasonably computed in general. In practice, as
the DTM is 1-Lipschitz, each integral can be approximated by a discrete sum over a regular subdivision of
the underlying edge, using finer subdivisions as n grows to retain convergence properties. For simplicity we
keep the original definition of the weights in our theoretical results. Practical considerations are discussed in
Section 4.3.

In order to control the convergence rate of the empirical FDTM over K, the offset is decomposed into
two terms as

| D — D,

soic S Pps) = D5l o i + 1 Pin.560) = D0 || o i -

Then, Theorems 8 and 9 are used to upper bound both terms by quantities for which convergence rates can
be derived. To do so, the following assumption is used.

Assumption (A).
(i) The support of p is included in a compact subset of R%: S(u) C K.

(ii) p is an (a,b)-standard probability measure for some ¢ > 0 and b > 1, i.e., for all z € S(u) and
0<r<a

w(B(z,r)) > ar®.

(iii) mind, > o for some o > 0.
(iv) S(p) is connected.

Recall that Assumption (A).(i) is without loss of generality (see Section A.1). Assumption (A).(ii) is
the most important assumption and will direct the rate of convergence of the empirical FDTM. b may be
interpreted as an upper bound on the intrinsic dimension of the support of . Regarding Assumption (A).(iii),
Lemma 2 ensures that it is satisfied by any measure without atoms of mass larger than m. Assumption (A).(iii)
and .(iv) are technical assumptions that do not have a fundamental impact on the results. We denote Mg 4.0
the set of measures satisfying Assumption (A) for given K, a, b and o, and can now state our main result.

Theorem 10 (Convergence of the empirical FDTM). Assume that u € Mg 4, satisfies Assumption (A)
and that m < % Then for all n > %,

. 1
E [HDu - DﬂnHoo,K} < ddlam(K)BHM

n
where < hides a multiplicative constant depending on m, p, 8, a, b and ¢/ diam(K).

A more detailed statement is provided in Section 4.1. A weaker version may be stated without Assump-
tion (A).(iii) and (iv), which does not require any lower bound on the DTM but features an additional term
of order n=1/2P_ possibly achieving a worse rate of convergence when p is large.

The main strength of Theorem 10 is its generality. The most restrictive assumption is the (a, b)-standard
assumption which remains light compared to regularity conditions on the density or on the support of
the measure. Compared to the convergence result provided by [11, Theorem 2.3] for the Fermat distance,
Theorem 10 is not reduced to the asymptotic regime and does not involve any normalization constant.

Another idea to achieve a similar result in the case where the Fermat distance cannot be defined do to u
not having a density, is to use the original Fermat distance but with a “smoothed” version of p, for instance
through a convolution with a Gaussian measure, instead of replacing the density with the DTM in Eq. (1).
However by doing so the intrinsic dimension of the measure would default to the ambient dimension, which
would affect negatively the convergence properties of the Fermat distance. In Theorem 10, the convergence
rate does not involve the ambient dimension.

Minimazx lower bound. Our final point of interest is to evaluate how close to optimal is our proposed FDTM
estimator from a minimax viewpoint. We establish a lower bound on the convergence rate of any estimator
of the FDTM in its worst case scenario for the measure p—see Section 4.2.



Theorem 11 (Minimax lower bound). minimax Fix K C R? and b > 1 and assume that K C R? is not a
segment. Then there exist z,y € K and constants ag, o9 and ng depending on m, p, § and b such that for
all a < ag, 0 < o0g and n > nyg,

_ o|B+1
=yl
~ iz

min ma.; E [ D-D x, }
Dep, MEMK?E,&,U ’ u( y)’

where D,, is the set of possible estimators of D, (z,y) from n sample points and 2 hides a multiplicative
constant depending on m, p, 8 and b.

The above lower bound features a convergence rate depending on the inverse of the intrinsic dimension,
similarly to the upper bound in Theorem 10, although a gap subsists when b > 2. Our estimator is therefore
minimax optimal when b = 1. The minimax optimal convergence rate when b > 2 remains unclear and its
precise study is beyond the scope of this paper.

3 Geodesics and Stability Properties of the FDTM

This sections details how the existence of geodesics for the FDTM is ensured, how to obtain a uniform bound
on their Euclidean length, and how this ensures quantitative stability bounds on the FDTM.

3.1 Existence of Geodesics

Let p be a probability measure with support contained in a compact convex set K, F' C K a closed domain
and x,y € R% Recall that these assumptions are without loss of generality (see Section A.1). Without
domain restrictions, the existence of geodesics can be derived from compactness arguments (see Proposition
2.5.19 in [3]). In general, the FDTM model does not exactly fit the framework for this result due to the fact
that the concatenation of two admissible paths may not be admissible if both paths meet outside the domain.
In the following we adapt the proof to account for this issue.

Proof of Theorem 3. We first treat the case of endpoints x,y € F. Note that the topologies of both the
Euclidean and the FDTM metrics are equivalent (a rigorous explanation is given in Section A.2). In particular,
since F' is a closed subset of K, (F, | -||) is a compact metric space and so is (F, D, r). Moreover, the set
of rectifiable curve, i.e., of curves with finite Euclidean length, is the same as the set of curves with finite
FDTM length.

Let (v&)k>1 a sequence of paths in I'p(x,y) such that limy_, oo D, (%) = Dy, r(2,y). This sequence has
uniformly bounded FDTM length by definition. Therefore, according to [3, Theorem 2.5.14] and replacing
the sequence with a subsequence if needed, ~y; converges uniformly to a rectifiable curve 7. Moreover, [3,
Proposition 2.3.4.iv] states that v +— D, (v) is lower semi-continuous, which implies that

< fim _ _
D,(v) < lim +Hgof Dy(vk) = Dy, r(z,y)

It remains to show that v € I'p(z,y). It is immediate from the uniform convergence that v(0) = = and
7(1) = y. Now, given any open interval I such that y(I) C R?\ F, it suffices to show that 4 has constant
direction over all segments J C I. First, v(J) is compact and at positive distance away from F, so that by
uniform convergence v, (J) C R%\ F for k large enough, hence 4 (t) = ||§%(t)|ux for all ¢t € J where uy, is a
unit vector. Then for all s <t € J,

t t
w(®) = (s = [ Ia®llundt = [ a0t u
S S
Due to the uniform convergence of v to v, yx(t) — yx(s) converges to v(t) — v(s). ug is a unit vector and

therefore

lim wp = lim e (t) = (s) = D) = 7(s) .
koo — kotoo [|ye(t) — ()|l [Iv(®E) = ()|




Since this is true for arbitrary s,t € J, we get

Y@ = 17(®)[|u

for all ¢ in the interior of J, where u = limg_, y o, ug. This concludes the fact that v € Tp(x,y). Therefore,
is a geodesic.

If « does not belong to F, notice that any path in I'p(z,y) is made of a straight line [z, z] going to F
followed by a path in I'p(z,y), where z € F' may be equal to y. Thus

Dy p(wy) = if (Dy([e,2]) + Dy (1)

is the infimum of a continuous function of z over the compact set F', hence a minimum. Therefore, there
exists a geodesic. The same reasoning goes for y ¢ F' with the addition of the direct path [z,y] which may
not go through F' at all. This concludes the proof in the general case. O

3.2 Bounding the Length of Geodesics

In the particular case where the DTM is lower bounded by a positive quantity, a bound can be obtained
on the length of geodesics depending on the lower bound by using elementary arguments. In general, the
properties of the DTM allow to obtain a bound that does not require any assumption on u, although this
requires a more complex reasoning.

3.2.1 Case of a Lower Bounded DTM

When mind,, > 0, the length of geodesics can easily be upper bounded. Indeed, the FDTM between two
endpoints z and y is at most the FDTM length of the segment [z, y] and

Dy r(x,y) < D[z, y]) < [l =yl r[gayfdfi :

Then, if v € I'}, z(z,y), by using the lower bound on the DTM,

Dy r(z,y) = Du(7) = |y|(mind,)” .
Therefore,
maxr, .1 d A
o= (M) ey
m

which proves Proposition 7.

3.2.2 General Case (sketch of proof)

We now focus on the general case where the upper bound from Theorem 4 can be derived with no dependency
on the measure itself nor on the domain. The study of the Euclidean length of geodesic paths requires to
consider the sublevel sets

Lus € {zeR?: d,(z) < 6}

of the DTM. A key property of the DTM is that d,(z) being small implies that a substantial amount of
mass from u lies nearby x. This remark allows to upper bound the packing and covering numbers of L, s,
for which we recall the definitions.

Definition 12. Let A C R?, F a finite family of points in A and r > 0.

e F is said to be a r-packing of A if points in F are at least r apart from each other, i.e., if B(x,r/2)N
B(z',7/2) = () for any distinct points x,z’ € F.

e F is said to be a r-covering of A if all points in A are at most r apart from a point in F, i.e., if

ACUperBlz,r).



The packing number is then defined as

pack(A4,r) = max {n >0 : A admits a r-packing of size n}
and the covering number as

cov(A,r) =min{n >0 : A admits a r-covering of size n} .

A r-packing F of A is mazimal if no point from A can be appended to F while preserving the packing
property. A maximal r-packing is thus also a r-covering. In particular, cov(A,r) < pack(A4,r).

Lemma 13 (Covering property of the DTM sublevels). Let p be a probability measure. Then for all § > 0,

cov (LW;,ZL(S) < pack (LW;,M) < % .

Proof. Let § > 0. For all € L,, 5, since u + §,, () is non-decreasing,

m

oF > d,( m/ Opu(x)Pdu > - S u(x)Pdu > %(5#7,,1/2(96)1’ ,

m/2

hence 6, 2(z) < 21/P§ < 26, which by definition implies that p(B(z,26)) > 2. Consider a maximal
44-packing of L, 5 by points (z;)1<i<n where N = pack (L. s,46). By definition, the balls (B(z;, 25))1‘ are

pairwise disjoint. Since p is a probability measure it follows that

N
12,u<|_|8(ati,25> Z,u (24,26) >N%7

i=1

therefore pack (LW;, 46) < O

l.
m

The upper bound on the Euclidean length of geodesics stated by Theorem 4 builds upon the Lipschitz
property of the DTM (Eq. 2) and Lemma 13. Indeed, one can modify the trajectory of a geodesic path within
a given sublevel to create an alternative path that avoids long squiggling in areas of low DTM. Both the
Euclidean and FDTM lengths of this alternative path within the sublevel can be upper bounded knowing
that the DTM is Lipchitz and that the size of the sublevel is proportional to the level itself.

Before giving more details on this reasoning we introduce some notations. To formalize the decomposition
and concatenation of paths, we work in the Abelian free group generated by all paths where the + operator
represents the concatenation in a general sense, that is without assuming that endpoints are shared. Precisely,
we use the quotient group that identifies two general paths when they represent the same overall trajectory,
e.g., [z, y] + [y, 2] = [y, 2] + [z,y] = [z,y,2]. The Euclidean and FDTM lengths both naturally extend as
morphisms to general paths:

Y+ =W+ and  Du(y+9") = Du(y) +Du(y') .

This is also true for countable concatenations of paths. Given v € I'rp(x,y) and § > 0, we call sub-§ sections
of v, denoted by [y]°, the connected sections of the path located in the sublevel area L, s of the DTM.
Likewise, the remaining part of the path is called super-§ sections of v and denoted by [v]s. The part of the
path located in L, 5 \ L, s is denoted by

M €M - e

Finally, the connected sections of a path that do not belong to the domain F', which are required to be
straight lines by definition, are called outer sections. On the other hand, connected sections remaining within
the domain are called inner sections.

Lemma 14 (Path Modification). Let v € T'gp(z,y) and 6 > 0. Then there exist constants ¢ and p depending
on m and 8 and a decomposition of the path v = n+ x+w along with a modified path ¥ = 7+ x+® € T'r(z,y)
such that
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(i) n C [7y]#° and D, (7}) < cdP+L.

(it) X € x and |[x)°] < 1|1’
(il) @ Cw C [v]s.

Section B provides more insight on the construction of the alternative path of Lemma 14 (see for instance
Figs. 6 and 7) along with the complete proof. Precisely, Lemma 14 is first proven in the case where no
constraints are put on the domain, i.e., F = R?, in Section B.1. The proof in the general case is more
technical and is detailed in Section B.2.

Given a geodesic v, its Euclidean length can then be upper bounded by considering the modifications
given by Lemma 14 associated with a well-chosen decreasing sequence of thresholds (dx)r>0 ranging from
ldullso,y to 0. Indeed, the part of v belonging to L, s, \ Ly, immediately satisfies

Ok+1

D ( 5k+1) = | 5k+1| k-‘rl

and the left-hand side can be upper bounded by comparing it to the FDTM length of the modification
associated with the threshold §; using the geodesic nature of «. This reasoning is detailed in Sections B.1
and B.2—in the case of F = R? then in the general case—and eventually yields Eq. (5). Finally, Section B.3
contains the detailed computations to establish Corollary 6.

3.3 Stability of the FDTM

The upper bound on the length of geodesics allows to derive stability results in a straightforward manner.

3.3.1 Stability with respect to the Measure

We state a more precise version of Theorem 8. While the Lipschitz stability w.r.t. the Wasserstein distance
is interesting in itself, an intermediate bound will be used instead when dealing with convergence rate of the
empirical FDTM. Theorem 15 is a direct consequence of the upper bound on the length of geodesics from
Corollary 5 and of the Wasserstein stability of the DTM from Eq. (3).

Theorem 15. Let p,v € Mg and F' C K a closed domain. Then

A
1Dy = Doyl e < Acliamn(E) | — 2], e < 250 diam(K)? Wiy (10 0)

where A is the hidden constant in Eq. (5).
Proof. Consider two endpoints z and y in K and let v € I'; #(x,y) be a geodesic. Since by definition
Dy r(z,y) = Dyu(y) and Dy, p(z,y) < Dy(7),

D) = Dyrleyy) < [ 15 = a1 < bla? = di o < Nian() | — ]
Y

where A > 0 is the hidden constant in Corollary 5. Switching the roles of u and v gives the same bound for
the opposite quantity. Then, using the 8 diam(K)?~!-Lipschitz property of ¢ € [0, diam(K)] > t* along with
Egs. (3) and (4) yields

BA

|D,U,,F(xay) - DV,F(£73/)| < B)\d1am(K)B||d# - dl’“oo > m

diam(K)° W, (j1,) |

which concludes Theorem 15. O
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3.3.2 Stability with respect to the Domain (sketch of proof)
We state an intermediate version of Theorem 9.

Theorem 16. Let p € Mg and F,G C K two closed domains. Assume that any point in F' is at distance
from G at most diam(K)

iam
A, G))eor £ ———
(@)l < 52

Then for all z,y € K,
D,.c(x,y) < Dy r(w,y) + cdiam(K)*+ 2\ /|[d(-, G)||oo,r

where ¢ = 10/BX and A is the hidden constant in Corollary 5.

It is straightforward that Theorem 16 directly implies Theorem 9 when the Hausdorff distance dy (F, G)
is smaller than the given threshold. In the other case, the constant A given in Section B.2 is larger than one
so that being above the threshold implies that

diam(K) < 258 dg(F,G) < 1008\* du(F,G) .

Then, considering the straight path [z,y] € T'¢(z,y) gives the desired upper bound on the FDTM by using
Eq. (4):

Duc(z,y) < |z — y||(m}gxdﬂ)’3 < diam(K)P*t! < 10y/BA diam(K)P* 2 \/dy(F, G) .

We now describe the main reasoning behind Theorem 16. Given a geodesic v w.r.t. the domain F', vy is
approximated by another path which is admissible for the domain G. This is done by cutting + into small
bits, identifying the nearest neighbor in G at each step and drawing a polygonal path between the resulting
points. The presence of long outer sections where points are not in F' requires some caution. Indeed, the
points outside F' may not be approximated efficiently by points in GG. In this case however, since the outer
section must draw a straight line between two points in F’ by definition, the segment connecting their nearest
neighbors in G still provides a good approximation of the geodesic. This analysis is detailed in Section C
and eventually shows that if bits are chosen with a typical length r—barring long outer sections—then the
resulting FDTM offset is at most proportional to r + %maxze rd(z,G). Therefore, r is best chosen to scale
as the square root of max,cr d(x,G), which eventually yields Theorem 16.

4 Estimating the FDTM

In this section, we study the special case where the domain is chosen as the support of the measure and the
FDTM D, = D, s(u) is estimated by sampling a set X, of n points i.i.d. according to y and considering the
empirical FDTM Dﬁn = Dﬂmxn.

4.1 Theoretical Convergence Rate

Applying the previous stability results to compare D, x, to D, s, allows to obtain explicit convergence
rate of the empirical FDTM under Assumption (A). In Assumption (A).(ii), b may be interpreted as an
upper bound on the intrinsic dimension of the support of p. This is true in the sense of the Minkowski
dimension, which coincides with standard notion of dimension if S(y) is a sub-manifold of R?. Conversely, if
p is supported on a compact manifold of dimension b with density bounded by below, then p is (a, b)-standard
where a depends on the density lower bound and on the geometry of the manifold [12]. Finally, note that if
a measure j is (a, b)-standard, then for all " > b it is also (a/,b')-standard for small enough a’.* In order to
control the convergence rate of the empirical FDTM over K, we decompose the offset into two terms as

D4 = Daoll o e < 1Prst0) = Pinssnlsoic + 125 0) = Dt 30 || o s - (6)

1By letting o’ = a®' /%, one has (a/)~Y/% = a=1/% and ar® > a’r? for 0 <r < (a’)~1/Y.
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Both terms can be further upper bounded using our stability results Theorems 9 and 15, involving ||dﬁ -
d} lleo and di(S(p),X,) respectively. These two quantities then converge with known rate under Assump-
tion (A).(ii), namely

OO)K} < 1osg/(ﬁn) and  E[du(S(p),X,)] < <1og7£n))b | o

The former is directly deduced from [5] whereas the latter is a standard result. Note that the conditions
(iii) and (iv) in Assumption (A) are required only to obtain the convergence rate on the empirical DTM.
Without these assumptions, one could instead study the convergence of the empirical measure in Wasserstein
distance. Indeed, [2] showed that, assuming that u is (a, b)-standard,

B[ - d

,:l””

B[, ()] S max ()

L 1
nr MnNnb

This would however lead to a term of order n~1/2? in the final bound, which is slower than the statement
below if p > b. Equations (6) and (7) put together with Theorems 9 and 15 allow for the following convergence
rate which is a slightly more detailed version of Theorem 10.

Then for all n > %,

Theorem 17. Assume that y € Mg 45, satisfies Assumption (A) and m < %

£ MD” - Dﬂ"“oo,Ki| < diam(K)*! <<dla1;1(K)> P=PIV0 g ljgﬁ(n) + (logén)>zlb>

where < hides a multiplicative constant depending on m, p, 8, a and b.

Details on the above discussion are provided in Section D.

4.2 Minimax Lower Bound

In this section we describe the reasoning to get the minimax lower bound stated in Theorem 11, which
is based on Le Cam’s Lemma (see for instance [14]). This lemma essentially states that if two measures
pi, 2 € Mg qp,o are sufficiently close in total variation distance while maintaining a significant FDTM
offset, then any estimator of the FDTM cannot distinguish between both FDTMs up to a certain amount of
samples. This provides a worst case lower bound on the convergence rate of any estimator of the FDTM for
the class of measure Mg 4. We now describe an example of such measures such that Le Cam’s Lemma
yields the lower bound of order n~'/? stated in Theorem 11.

Ezample 4.1. Let x and y be the basis vectors of R%. Given a € (0,1), 7 >0 and 0 < e < (1 — a)/?, let

w=mad_p, +m(l —a)d., + (1 —m)p,

u:,u—mebdry—b-m)\,

where p is the uniform probability measure over [3ry,4ry] and A has density z — b||z — (r — &)y||>~! with
regard to the Lebesgue measure on [(r—¢)y, ry|, amounting to a total mass )\([(r—s)y, ry}) = b, Then, there
exists a choice of a < % and r < i depending on p and 8 along with positive constants a, ¢ and C depending
on m, p and (3 such that for all 0 < e < ¢, u and v are both (a, b)-standard, satisfy dry (i1, ) = me® and

D,(-z,x) — D,(—xz,z) > Ce .

Figure 1 illustrates the reasoning behind Example 4.1, which is to add the smallest amount of mass
allowed by the (a, b)-standard assumption to enable a shorter path that drastically changes the FDTM. The
presence of a small atom of mass « is necessary to ensure that the shorter path admissible only for v is indeed
shorter FDTM-wise. The p part of the measure does not play a significant role besides simply holding the
rest of the mass far away from the setup of the example so that it doesn’t interfere with the reasoning. It is
not defined as an atom to ensure the assumption that there are no atoms of mass greater than m.
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ry (with mass 1 — )

—ry (with mass «)

Figure 1: Example 4.1 in the case m = 1 with the main admissible paths. The dotted line represents the
addition of a small density in v which allows for a new shorter path (drawn thicker) that is shorter which is
the reason for the significant offset in FDTM.

Notice that the measures in Example 4.1 do not have connected support. However, a curve of small
enough density may be added to connect all components of the support, taking sufficiently long detours away
from the origin so that it does not enable shorter paths. Provided that this curve has a mass small enough
that it changes the DTM by a negligible amount, the result still holds with different constants. The technical
computations required to establish the inequality in Example 4.1 are omitted here, as they do not involve
any particularly deep arguments.

The assumption that K is not a segment in Theorem 11 ensures due to convexity that one can find a
2-dimensional disc within K in which one can fit the example measures from Example 4.1. Moreover, the
dependency in ||z —y||?*! comes naturally from the scaling behavior of the FDTM as discussed in Section A.1.
Theorem 11 is then obtained using Le Cam’s Lemma with Example 4.1 and letting € be of order n=/? so
that drv(p1, pe) is of order n~'. In the case where b = 1, the lower bound of order n~1/2 can be obtained by
considering two atoms on a line with a uniform density on the segment between them, and creating a second
measure by shifting a small amount of mass from one atom to another.

4.3 Practical Computations and Heuristics

Regarding the computational complexity of the estimator, notice that the restriction of Dy to the sample
points X,, is the metric of a complete weighted graph with vertices X,, and weights

1
B
wm[]%HIWZWA%AOtM+md%
z,y

where, letting k = [mn] and d'(z,X,,) be the distance from z to its i-th neighbor in X,,,

" b mn — »
@MM;A(MWM1<21W@&W+kWH@&»>

m \“<—n n
=1

While theoretically possible, computing such metric is unreasonable in practice, hence we propose a few

methods to reduce time complexity while ensuring that the limiting object remains the same.

Selecting edges. When considering the complete graph over X,,, the quadratic amount of edges affects both
the computation time of weights and the shortest path algorithm. In the context of classic Fermat distance,
the graph edges may be restricted to a subset of order nlog(n) by pruning the graph, connecting each vertex
to its log(n) closest neighbors. It is indeed guaranteed that with high probability such procedure doesn’t
affect the Fermat distance as n grows larger [11, Proposition 2.16]. This trick however cannot be performed
in the context of FDTM without altering the limiting object as it would effectively restrict paths to remain
constrained within the support, which may exclude geodesics. If it is known that no geodesic exits the
support, e.g., when the latter is convex, such method may be applied.

A similar method that can be used in general is to use a graph spanner that restrict the edges while
preserving some edges to span all directions. This is done by Yao graphs [13], which divide the space from
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each vertex into a set of cones and keeps the shortest edges in each cone, effectively keeping one edge in each
possible direction. Building a log(n)-nearest neighbors graph has complexity O(nlog(n)), whereas building
a log(n)-directions Yao graph has complexity O(n?) in general, but can be computed in O(nlog(n)) in
dimension d = 2 [9].

Both the pruned graph and the Yao graph are sub-graphs with O(nlog(n)) edges. Yao graphs are an
efficient method when d = 2 as it is fast and do not restrict the paths to the support. However, it does not
scale well with dimension, hence a nearest neighbors method may be wiser in higher dimension, at the cost
of potentially altering the limit.

Computing weights. The exact formula for w,, , can be first simplified by rounding m to [mn]/n and replacing
the integral with the discrete approximation of the segment

B

P

r k
_ llz =yl LS~y P
Wew = 2 k;d(xt,xm

where k = [mn] and x1,...,2, is a regular subdivision of the segment [x,y]. By choosing r = log(n) to
increase accuracy with n, each weight has a complexity of nlog(n) to compute. A faster approximation would
be to first compute the DTM on each sample points, which has a complexity of O(n?) but in practice does not
appear to be the computational bottleneck for reasonably sized datasets. Then w, , may be approximated
by the average DTM value %(dﬂ(x)ﬁ +d,.(y)? ) While this approximation is not accurate on longer edges,
it is on shorter ones as the DTM is Lipschitz, which is sufficient if using a nearest neighbors approach which
only selects shorter edges.

Computing geodesics. Computing all geodesics from one source has a complexity of order O((|E|+n)log(n))
using Dijkstra algorithm, where |E| is the amount of edges. Using the previous edge selection methods, this
yields a complexity of O(nlog(n)?).

5 Numerical Illustrations

Finally, we display a few simulations of the FDTM on different setups to illustrate its general behavior.
Computations were made using the GUDHI library (see https://gudhi.inria.fr/), which provides an
efficient way to compute the DTM.

5.1 Convergence of the Empirical FDTM on the Unit Circle

Consider y the uniform distribution on the unit circle in R2. In this specific case, the FDTM can be explicitly
computed and geodesics between two endpoints on the circle are always made up of finite number of equally
sized cords—see Fig. 2. We see in Fig. 3 that the theoretical upper bound from Theorem 10 (in this case
with b = 1) is coherent with the experiment.

5.2 Comparison with the Fermat Distance

Given a > 1, the sample Fermat distance is the complete graph metric with vertices the sample points and
edges weights w, , = ||[z—y||*. It has been shown [11, Theorem 2.3] that the sample Fermat distance converges
under appropriate normalization and regularity assumptions on the measure towards the (continuous) Fermat
distance defined by Eq. (1). One shortcoming of the Fermat distance is its requirement to have a density
supported on a manifold of fixed dimension. As a consequence, while the sample Fermat distance can be
defined for any point cloud, there are no guarantees on its convergence if the underlying measure is a mixture
of measures of different dimensions.

Figure 4 provides an example of a measure that can be modified to “trick” the sample Fermat distance
by adding a shortcut of negligible mass but lower dimensionality, allowing for a more efficient path. As the
FDTM is based on mass and not density, it is not affected by this shortcut, which highlights its robustness.
In each column, the bottom point cloud is obtained by shifting approximately /n points (where n is the total
amount of points) among the top point cloud to create a shortcut in the middle. This means that the Total
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Figure 2: An example geodesic on the unit circle for p = 2 and various values of m and . Background colors
represent the values of the DTM cropped to a relevant range. The smaller m or the higher 3, the closer
geodesics stay to the support circle.
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Figure 3: Convergence of the empirical FDTM on the unit circle compared to the theoretical rate n=%°. The

FDTM parameters are m = 0.1, p = 2 and § = 2. The empirical FDTM is averaged over 500 iterations of
sampling the points.
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Figure 4: Sample Fermat (orange solid line) and FDTM (blue dashed line) geodesics. The sample Fermat
parameter is « = 1.1 and the FDTM parameters are m = 0.1, p =2, § = 2.

Variation distance between both point clouds vanishes as n grows larger, but the typical distance between
points is the same on the shortcut as on the ring so that the sample Fermat distance favors the shortcut.
Figure 5 plots the relative offset of the distance caused by the addition of the shortcut, i.e., “_l—lll where [
is the distance for the point cloud without shortcut and I’ the distance with shortcut. We see that the FDTM
offset vanishes as the number of points increases, whereas the Fermat offset remains consistent despite the

Total Variation distance between both measures decreasing.

6 Conclusion and Future Work

In this work we introduced a new type of density-based metric inspired by the Fermat distance and derived
quantitative properties of stability and estimation. The FDTM metric is defined without any restriction on
the subject measure and our results hold for minimal assumptions on this measure. Moreover, our proposed
estimator of the FDTM is naturally defined as the FDTM of the empirical measure and its convergence is
not influenced by the ambient dimension of the data.

Future work may investigate the design of an efficient estimation algorithm for practical applications
based on the ideas developed in Section 4.3. Theoretical questions like the optimal minimax bounds for
the convergence of the empirical FDTM or the generalization to non-Euclidean spaces are also of interest.
Moreover, in the optic of further adapting results coming from the Fermat literature, objects such as the
Fermat graph Laplacians studied in [10] may be adapted to the FDTM model, hopefully with analogous
results. Finally, as of now the link between Fermat distance and FDTM is mainly reduced to the intuition
that they should behave similarly. The relationship between both metrics may be studied more thoroughly,
building upon previous work such as [1], especially in the case where m is chosen close to 0.
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Figure 5: Relative offset in distance due to the addition of a shortcut. Each point is obtained by averaging
the offset over 200 random datasets.
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A Complementary Discussion

The first part of this section details the discussion about the assumption of considering all objects within
a large convex compact subset K C R? The second part details the fact that the FDTM and Euclidean
metrics share the same topology over the domain F'.

A.1 Restriction to a Compact Set

As long as we restrict the study of the FDTM to endpoints that belong to a compact set A, the fact that d,,
is a Lipschitz and proper function ensures that geodesic paths remain in a greater compact set B. Indeed,
for all z,y € A,

Dy () < Dyl(a,y)) < diam(A) -max

and any path leaving a compact set B chosen large enough would achieve a greater FDTM length, making
it impossible to be a geodesic. Therefore, replacing F' with the cropped domain F' N B does not affect the
FDTM within A. Moreover, the compact subset K defined as the convex hull of

U E(x,éu,m(x))

z€EB

contains all points that are relevant w.r.t. the DTM in B, so that replacing x with the push-forward measure
(7K )« where mg is the projection over K does not affect the DTM within B, nor does it affect the FDTM
within A by extension. Therefore, the assumption that all objects are included in a great compact convex
set K is without loss of generality.

Now, notice that scaling through h : z + diam(K) 'z sends K to a subset of unit diameter and that all
objects considered behave coherently with this scaling: all distances are multiplied by diam(K)~!, including
the DTM. Therefore, for all z,y € K,

o Iy (h(x), h(y)) ={hov,v €r(z,y)}
o Vy €Tr(2,y), Dh.u(hoy) = diam(K)~ D, (y).

o I} wm(@y)={hov,y €T} p(z,y)}.

® Dy ey (W(@), h(y)) = diam(K) "V D, p(z,y).

As a consequence, any result can be proven with the assumption that diam(K) = 1, then extended to the
general case by scaling accordingly with diam(K).

Finally, let us detail Eq. (4): Since S(u) C K, all the mass lies entirely within a radius of at most diam(K)
from any = € K, hence 6, ,(z) < diam(K) for any u € (0,1) and thus d,(z) < diam(K). As a consequence,
since admissible paths for z,y € K are included in the convex hull of FU{z,y} and therefore in K, it follows
that d,, < diam(K) over any path v € T'p(z,y).

A.2 Equivalent Topologies
Here we detail the following statement from Section 3.1.
Lemma 18. D, r defines a metric over F' and its topology is equivalent to the Euclidean topology.

Proof. D,, is immediately non-negative and symmetric. Provided that z,y,z € F, if v € T'p(z,y) and
v € Tr(y, z) then the concatenation of both paths belongs to I'p(x, z). The triangular inequality follows
from considering the infimum over v and ~'.

Now, let us show that in R?, any ball for the Euclidean metric contains a ball for the FDTM metric.
First, the DTM may be equal to 0 only over a finite set, as d,(z) = 0 if and only if ; has an atom of mass
at least m at 2. Then, for all x € R? and small enough r > 0, d,, is lower bounded over the sphere S(z,r)
by some ¢ > 0. Given any point y at Euclidean distance larger than r from z, any path v € T'r(x,y) must
intersect S(z,7) and its FDTM length can be lower bounded by some € = f(r,§, 3) > 0 by Lipchitz property
of the DTM. Therefore, for all small enough r > 0 there exists a FDTM ball of radius ¢ included in the
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Original path Modified path

Figure 6: Example of the modification process of Lemma 19. The blue area represents a sublevel and the
dashed circles on the right figure represent a covering of this sublevel. The sublevel sections of the original
path are replaced with new sections making up 7 (in orange) on the right figure. Some of the superlevel
sections of the original path are removed due to creating loops and the remaining parts make up @ (in green).

Euclidean ball of radius r. This implies that the FDTM between two distinct points is positive—hence the
FDTM is a metric—and coincidentally shows that the FDTM topology is finer than the Euclidean topology.

Conversely, the Euclidean topology is finer than the FDTM as a direct consequence of the continuity of
D,, w.r.t. the Euclidean topology. This concludes that both topologies are equivalent. O

B Upper Bound on the Euclidean Length of Geodesics

This section provides the missing proofs of Section 3.2.2 needed to obtain Theorem 4. We first consider
the simpler case where the domain F is the entire space R? in Section B.1 to showcase the main reasoning
without too many technicalities. Section B.2 then generalizes the reasoning to work with any F'. Section B.3
finally details the computations required to obtain Corollary 6.

B.1 Details without Domain Constraints

We provide in this section the details omitted in Section 3.2.2 in the case where F' = R, i.e., disregarding
any constraint on the domain. The resulting bound on the length of geodesics is smaller than in the general
case. The first step is Lemma 14, which we rewrite below in the specific case where no domain constraints
are considered.

Lemma 19. Let v € I'(x,y) and 6 > 0. Then there exists a modified path ¥ = 7 + @ € T'(z, y) such that
(i) 7 is a modification of the sub-§ sections [y]° and satisfies

Dy (i) < 67t (8)

=B
where ¢ = 1657
m

(ii) @ C [v]s is a subset of the super-J sections of ~.

Proof. Denote 1, € T'(x1,91), ..., ni € ['(x;,%), .. . the connected paths making up [y]°. Consider a minimal
45-covering F of the sublevel L, s. Then according to Lemma 13, |F| < % For a given ¢ > 0, z; and
y; belong to the same connected component of L, s since they are connected by 7;, and therefore can be
joined by “hopping” between points in F: There exist pairwise distinct points z;1,..., 2k, € F such that
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|2 — 2ziall < 46, [lys
T = [Tiy 2i1, 202 - -+ 5 Zikim1, Zi ks » Yi] € T p(24,y;) the corresponding polygonal path from z; to y;, along with

=[v]5+Zm 7+Z —m) € T(x,y)

a new path replacing subsections of v with these new paths. Finally, we define 4 as the result of deleting
all loops from % occurring in F, so that each point z € F is visited at most once by 4. Moreover, we write
¥ =7+ @ where 7 C >, 7; and @ C [y]s; are the remaining parts after the removal of the loops. This
concludes the construction of the modified path 5 € I'(z, y).

It remains to upper bound D, (7). Breaking down the straight lines [2i,ks Zi k+1] Into two halves in the
definition of the paths 7j; shows that 7 is the sum of at most 2|F| paths of the form [w,z] or [z, w] where
zeFCL,sandwe B(z,46) is either an endpoint z; or y;, or a point halfway to another 2’ € F. It follows
immediately that |77| < 8|F|d. Moreover, 7 remains at any point at distance at most 46 from F C L, 5, hence
7 C L, 55 by Lipschitz property of d,,. Thus,

_ ~ 16 -5°
D, (7) < 7| - (56)° < 755“ )

which concludes the proof. O
We are now able to bound the length of any geodesic.

Proof of Theorem /. Let v € I',(z,y) be a geodesic and 5y > 0. For all k> 0 let 6, = p k8 with p = 21/8,
Consider 4, = 7y + @i the modified path associated with the sub-dj level given by Lemma 19. Then

B 1 B S
G|y 5k+1| <D ([’Y]ai+ ) (dﬁ > Opyq over [y, )
< Dy( w(()s)
<D ( ) D, (&) (v is optimal and &y C [7]s,.)
= Du( k)
<edftt. (Eq. 8)
Therefore,
too ﬁ+1 +oo 1+1/8
2 4cf
5 _ Ié] -ks _
Y| = Z| Mol < Z P > p % = o —1% < o) %
i=0 k41 k=0

The inequality (2/# —1)~' < B/log(2) was used at the last step. In particular, choosing &y = ||d,,|lc~
provides an upper bound on the length of the entire geodesic and concludes the proof. O

B.2 Details with Domain Constraints

We now provide the details omitted in Section 3.2.2 in the general case. First, we state an intermediate result
to upper bound the length of any segment within a sublevel of the DTM.

Lemma 20. Let A be a measurable subset of R? and z,y € R%. Then for all » > 0,
|[:E,y] N A| < cov(A,r)-2r

Proof. Denote | = ||z — y|| and v : [0,1] — R? the arc length parameterization of [z,y]. Let F be a minimal
r-covering of A. Then

l l
|[x7ymA\:/0 uA<v<t))dt§/0 U o) dt<2/ sy (4(8))

a€F
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Original path Modified path

Figure 7: Example of the modification process of Lemma 22. The blue area represents a sublevel, the brown
area and squares represent the domain. The 7 sections of the original path (left figure, orange) are partially
replaced (right figures, orange dashed lines) to make up 7 (right figure, orange). The x and w sections (purple
and green respectively) are left untouched in this example as no loop is removed.

If a € F and ~(t),7(s) € B(a,r), then t — s = ||¥(t) — v(s)|| < 2r. Therefore,

[z, y] N A| < Z (sup{t: y(t) € B(a,r)} —inf{t : v(¢) € B(a,r)}) < cov(A,r)-2r .
acF

Together, Lemmas 13 and 20 yield the following result.
Corollary 21. Let § > 0 and 2,y € R?. Then

16
Hm,y] mLuﬁ’ < Eé .

Recall Lemma 14 in the general case, here with precise constants.

Lemma 22. Let v € I'p(x,y) and 6 > 0. Then there exists a decomposition of the path v = n+ x +w along
with a modified path 4 =74+ ¥ + & € I'r(z, y) such that

(i) 7 C [7]?° contains the inner sections of [y]° and the outer sections of v that intersect L, s while not
being too long outside this sublevel, with p =1+ %2 7 is a modification of 7 satisfying

Dy (77) < e6”* (9)

58 1657
where ¢ = 1657 +1152:1657
m

ii contains the remaining outer sections of ~ intersecting L,, s and satisfies
X g Y g Ly,

X C X is a subset of these outer sections.
(ili) w contains the rest of v and @ C w C [v]5 is a subset of this remaining part.

When dealing with the domain constraints to modify the sublevel of a path, the main issue is that if a
long outer section crosses the sublevel, then it is not possible to modify only the sublevel part of this outer
section. Indeed, doing so would break the segment at a point that is outside the domain F' and the new path
would no longer belong to I'p(z,y). To account for this issue, we choose to modify the “problematic” outer
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sections when their length outside the sublevel is small enough similarly as we do with inner sections of the
sublevel. All these sections make up 7. The remaining outer sections make up x and have the property that
their length inside the sublevel is smaller than a fraction of their length outside, which allows to bound the
overall length by other means.

Figure 7 illustrates the process described in Lemma 22. Notice that a loop subsists in the modified
path, which cannot be removed as it occurs at a point outside the domain. This example illustrates how it
not always possible to modify the path with limited length within the sublevel proportional to its covering
number, as x sections may not be reliably modified due to their arbitrarily large length, even when they
create loops.

Proof. Denote 1y € Tp(x1,91), ..., 7 € Tp(xs,y:), ... the connected paths making up [y]° N F and [a1, by],

.., [a;,b4], ... the outer sections of v that intersect with the sublevel L, s and such that any part of the

segment outside L, s is of length at most 6§ = %5, which in particular implies that all a; and b; belong

to L, s5+0 by Lipschitz property of d,,. Denote n = >, n; + Zj laj,b;], x the remaining outer sections of
intersecting with L, s and finally w = v —n — x C [7]s the rest of the path.

Consider a minimal 46-covering F of L, s N F. According to Lemma 13, |F| < % For a given ¢ > 0,

x; and y; belong to the same connected component of L, s N F' since they are connected by ;. Therefore,

there exist pairwise distinct points z;1,..., 2k, € F such that ||x; — 2 1] < 49, ||y
1<k <ki—1,||zix—zirr1] < 8. Wethen define for all i, T} = [2:,2i1,2i.2,- - - Zi ki1, Zi ks> Yi) € Dr(2i, i)
the corresponding polygonal path from x; to y;.

Consider a minimal 4(é + 6)-covering G of {ay,by,.. aj, iy} C Lyste. According to Lemma 13,

G| < 2. For all j > 0, define 72 = [a;, 2/ |, 2 5, b; Where z% 1 and 2’ , are respectively the closest neighbors
m J m; 30 %5,10 %5,2> 05 j:1 352 Y &
of a; and b; in G, and finally let

T=DWAY MAxFw=1+Y (@ - +Z — [a;,b;
% 7 i

Since 7 is the result of replacing some sections of v with straight lines between points in F', ¥ € I'p(x,y).
Finally, we define 4 as the result of deleting all loops from % occurring at points in F UG C F, so that
¥ € I'p(z,y) and each point z € FUG is visited at most once by 4. Moreover, we write ¥ = 77+ X + @ where
=0+ and 7' C 3, M, 72 C > 75, X C x and @ C w C [7]5 are the remaining parts after the removal
of the loops. This concludes the construction of the modified path 7.

It remains to establish Egs. (9) and (10). With the exact same reasoning as for Eq. (8), || < 8|F]d,
7' C L, 55 and thus

_ 5 16 - 57
D, (7") < |7'|- (56)F < TCS[}H . (11)

On the other hand, 72 is the sum of at most |G| paths 77; (either whole or just part of them). For all j, [a;, bj]

has length at most ¢ outside L, s by assumption and at most 165 inside L,, s due to Corollary 21. Moreover,
by definition of G, [la; — 2%, || < 4(0 +0), [[bj — 2 || < 4(0 + 9) and

16
1251 = zj2ll < 1250 — ajll + llaj = bsll + [1b; — 2o/ < 8(0 +6) + 6 + o
so that
—2 / / / / 16 32
ImﬁzH%gﬁmﬂ+HszzmH+H%2*%”§1ﬁ5+®+ﬂ+755§;50+ﬂ9:1%

and finally
1152

7 < 16| -
Then, for all j, any point of ﬁ? is at distance at most 4(d + 0) from [a;,b;] C Ly 510, hence 7> C Ly, 5(5+0)
and

1152-165555+1

B
1152 /160
D (72 =2\ . B p+1
w(77) <]+ (500 +6))7 < 2 ( m 5) VS m2+B : (12)
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Put together, Egs. (11) and (12) yield

_ N N 16 - 5% + 1152 - 165°
Du(n) = Du<771) + Du(nz) < m2+B st
Now, denote (X )x the different segments making up x. For each segment ,,, according to Corollary 21,
1
X fg—a_fa<5[ 15| - (13)
The last inequality is due to the following: If [X]s C L s1¢ then it follows immediately from the assumption
that |[X4s| > 6. Else, X, intersects both L, 5 and R?\ L, 514, which are separated by a distance of at least

0 by Lipschitz property of d,,, so that |[Yk]g+9‘ > 6. Then, summing Eq. (13) over all , yields

Liqpsp Ly qps
] < S1Da5°) < 5057
2 2
where p = % =1+ 32 which concludes the proof. O

We are now able to bound the length of any geodesic.

Proof of Theorem 4. Let v € L' r(7,y) be a geodesic and § > 0. For all k > 0 let 0, = p~*§y with
p=1+2= 32 " Consider v = ni + x +wi and 35 = 7 + Xx + @ the decomposition and modified path associated
with the ¢ sub Sx level given by Lemma 22. Recall that by construction [y]% = ny 4 [x%]%*, thus

Z| 5k+1‘_Z|nk5k+1 5k+1{*2|nk5k+1’+2’><k6k : (14>

On one hand, |[xz]%| < %|[’y]5z‘l| for all k > 0 by Eq. (10), hence

+oo
> ™| < Z| | = !v]’”50| (15)
k=0

On the other hand, for all £ > 0,

k+1| "k 5k+1’ < D/t([nk 5k+1) (dﬁ 2 6k+1 over [nx)s,,)
D, ()
Du(v) = Dyu(xk + wr)
D,(A) — D, (xk + @x) (v is optimal and xx + @x C Xk + wk)
= Du(nk)
<edftt. (Eq. 9)
Therefore
too 6+1 i1
Z’nk5k+1’<cz —CP'BZPkO_C 7150- (16)
k=0 lc+1

It follows from Egs. (14) to ( 6) that

50 + 1 pdo
|[y)%| < L 50 + 2|[ ]|
and then
(50 1 P‘sO
|[7%| < 2c 700+ 015"
In particular, choosing 6y = ||/d,||c,y provides an upper bound on the length of the entire geodesic and
concludes the proof with
P!
Il < QCP 1 ldpulloc,y -
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B.3 Local Bound

Finally, we provide the proof of Corollary 6. The first step is to upper bound the DTM over a geodesic using
its values at the endpoints and the Euclidean distance between them.

Lemma 23. Let 2,y € R and v € I'", p(%,y) be a geodesic path. Then

Idyllocy < max (dy(2), du(y)) + llz =yl -

Proof. Denote r = ||z — y|| and Jy = max (d,(z),d,(y)). For all ¢ € [0,1], by Lipschitz property of d,,
du((1 =ty + ty) < du(x) +t|z —y| < 8o+ tr, so that

1
D,([z,y]) < 1"/0 (60 + tr) dt ((50 4y 55“) . (17)

!
CB+1

Let v € I'}, p(2,y) be an arc length parameterization, that is, v : [0,[v]] — R? with ||¥()|| = 1 almost
everywhere. Denote ||d,|loo,y = 0. If § < Jy then the result is immediate. Else, assume that ¢ > ¢y and
denote 7 € [0, |v|] such that d,(y(7)) = . The Lipschitz property of d,, ensures that § — d,(x) < 7 and the
FDTM length of the section of v between times 7 — 0 + d,(z) and 7 can be lower bounded as

T 0—dy(x)
/ dy (v (1)) dt > / (6 —t)Pdt = L(55+1 — dyy ()P
T—8+d,(2) 0 B+1

Doing the same reasoning for the integral between 7 and 7+ 6 — d,,(y) then implies that

1 1 2
Dur(v) 2 m(5“1 —d(2)*) + BT (0°F! — d,(y)? ) > Br1 (P41 — 557 . (18)

Now, the fact that + is a geodesic together with Eqgs. (17) and (18) imply that

: 1 B+1
ﬁ(aﬁﬂ — 55 < Du(y) < Dy([z,y]) < R ((60 +r)"T 5g+1) ’
hence
s < % ((50 +7,)ﬁ+1 +6g+1) < (60 +T>/3+1
and finally

ldulloe.y =0 < do + 1 = max (dy(x), du(y)) + [|lz = yll
O

Proof of Corollary 6. Let v be an arc length parameterization of a geodesic. From Theorem 4 and Lemma 23
we know that

] < A (max (dy (), du(y)) + llz — yll)

where A is the hidden constant in Eq. (5). If max (d,(z),d,(y)) < 2°F2||z — y|| then the result follows
immediately as

< @72+ DAz — gl -

Else, assume without loss of generality that d,(z) > 26+2||2 — y|| and notice that by Lipschitz property of
d

0

z B
D) < Do) < = ol (dp) + Y ) < 2o~ (@)’ (19)
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On the other hand,

o A, (@)
D,L(v):/o du(w(t))ﬂdtz/o (du(z) — 1) dt . (20)

Let us show that |y| < 2d,,(z). Indeed, assuming that |y| > 2d,(z) implies that

D,(7) > /Oéd“(w) (du(z) — ) Pat > @) (d#(x) - W)B _ <d#($))5+1 7

2 2 2
hence with Eq. (19),
du(2)7T < 27D, (7) < 2772z — yl|dy(2)”
and
dy(x) < 2772z —y]|

leading to a contradiction. Now, the fact that |y| > $d,(z) allows to further lower bound Eq. (20) as

D= [ " ) — 0 > <d2(x)>ﬁ .

Together with Eq. (19) this finally implies that
2\’ .
< (g) 2o = vl <24 o=yl
m
In either case it always holds that
ol < @+ DAz~

which concludes the proof. O

C Stability with regard to the Domain

This section is devoted to the proof of Theorem 16. We fix K ¢ R? F C K and p € My and assume
without loss of generality that diam(K) = 1 (see Section A.1), which allows to upper bound d, < 1 over
K (see Eq. 4). In particular, since d,, is 1-Lipschitz and ¢ € [0, 1] — t# is B-Lipschitz, it follows that dﬁ is
B-Lipschitz over K.

C.1 Preliminary Bounds

First, we provide various upper bounds that will be used to compare the FDTM length of slightly offset
paths.

Lemma 24. Let z,y € K. Then

Dy(fa,3]) < Dyl ) + Sl —

Proof. Let v € F;,F(:c, y) be a geodesic and 7 = [z, y] the straight path from z to y, both with an arc length
parameterization. First, cut the integral in two halves as

1~

[71/2
Dy () = / 4, (7(t))Pdt + /|/2 4, (7(t)Pdt |
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Let us compare each half to its equivalent half in D, p(x,y) = D, (7). Recall that dﬁ is B-Lipschitz over K.

Then
[71/2 [71/2 [71/2
[ a@ras [T ae0raes [ 6wl
0 0 0

The first term is less than the first half of the integral D, (v) as [J] = ||z — y|| < |v|. As for the second term,
both 7 and + are 1-Lipschitz and coincide at 0 so that ||5(¢) — y(¢)|| < 2¢t. Then

172 /2 8
N\ B Pl —ul2 .
/0 4, (3(0))Pdt < / Ay () dt + 2z — ]

With the exact same reasoning, a similar bound holds for the end of the paths as

71 o]
L aeoras [ e G-

71/2 Ivl/2

Finally, summing both inequalities concludes that

Dy () < Dyl y) + 5 o — il

O
Lemma 25. Let z,y,2’,y’ € K such that ||z — 2'|| < e and ||y — ¢|| < e. Then
Dyu([2",y']) < D[z, y]) + Bllz — ylle + 2¢ . (21)
Moreover, if x,y € F,
B 2
Du(la’y']) < Dpp(@,y) + 5 (lr =yl +2¢)" + 22 . (22)
Proof. First, by triangular inequality,
2" =yl < lla’" =2l + = =yl + lly = ¥l < ll= = yll + 22 (23)
and
(A =tz +ty) = (A-t)a" +t) | < QA =t)]w =" + ey —y/[ <. (24)
Recall that dﬁ is B-Lipschitz over K. Then
D) =1 1 [ (1= 00+ o)
< ([lz = yll + 2¢) / du((1—t)2’ + ty')ﬁdt (Eq. 23)
0
1
< |z -yl / du((1—t)a’ —|—ty’)’8dt + 2¢ (d, <1 over K)
< ||£E—y||/ (1—t x+ty) +B£) dt + 2¢ (Eq. (24))
= Dy([z,y]) + Bl — ylle + 22
which is Eq. (21). Alternatively, if z,y € F, then [2/, z] + [z, y] + [y, 2'] € Tr(2’,y’) and
Dyu([e",y']) < Dur(@',y) + gllw' —y'II? (Lemma 24)
<D, r(z,y) + ng’ — >+ D,.r(2',2) + D, r(y,y) (triangular inequality)
< D, plx,y)+ g(ux —yll+2)* +2¢ (Eq. (23) and d,, < 1)
which is Eq. (22). O
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C.2 Main Proof

In order to establish the stability result we show that for all » > 0 any path can be decomposed into sections
of length close to r, excluding long outer sections that cannot be broken down, and with the exception of
a possible small section between two long outer sections. This decomposition will be applied to a geodesic
v € I'}, p(@,y) to construct a path in I'(z,y) that approximates 7. From now on, the convention used for
path parameterization is to use an arc length parameterization: v : [0, |y|]] — R? with [|§(¢)|| = 1 almost

everywhere.

Lemma 26 (Path Decomposition). Let v € T'p(x,y). For all » > 0 one can construct a sequence of
parameters 0 = tg, ...,txy = |y| and associated points x; = y(¢;) such that

e Forallie {0...,N}, z; € FU{z,y}.
e Forall i€ {0...,N — 1}, the section [t;,t;11] satisfies one of the following:

(a) t;+1 —t; > r and [t;,t;11] is an outer section of v w.r.t. the domain F'.
(b) %7’ < ti+1 —t; < 2r.
(¢) ti+1 —t; < ir and nearby sections [t;_1,t;] and [t;41,%;42] (if defined) both satisfy (a).

Furthermore, denote {0...,N —1} = AU BUC with A (resp. B and C) a set of indices ¢ such that [¢;,#;11]
satisfies (a) (resp. (b) and (c)). Assuming that 7 is not composed of a single section of type (c), it holds that

e (22(% ;) + 2Bl + |cr) . (25)

i€A

Note that the case of a single section of type (c) is excluded from Eq. (25) for technical reasons and
correspond to the case where the length of the path is negligible compared to the parameter r, which will
later be chosen proportional to /max,cr d(z, G). Theorem 16 is easy to derive in this case regardless, which
will be done at the end of the section.

Proof. First, identify all the outer sections [s,t] of v such that (¢t — s) > r. These sections all satisfy (a), and
to conclude it suffices to show that the remaining connected parts of v can each be decomposed into sections
of type (b) or (c).

Consider such section [tg,?—1]. By assumption, no outer section [s,t] C [tg,t—1] has length ¢t —s > r. In
other words, if t — s > r, then ([s,¢]) intersects F. If |y| < ir, then the whole section satisfies (c) right
away and no decomposition is needed. Else, we construct the decomposition iteratively. Assuming tq,...,%;

are constructed and t_1 —t; > %r—which is true for i = 0—we do the following:
o If ¢t 1 —t; <2r set t;11 =t_1. Then [t;,¢;41] satisfies (b), which concludes the construction.
e Else, set ;41 = inf{t > t; + 3r : 7(t) € F}. Then:

—tiy1— 6 < %r. Indeed, else [t; + %r, t; + %r] would be an outer section of length at least r, leading
to a contradiction. Therefore, [t;,t;+1] satisfies (b).
— We have
tr—tipr =t —t;— (L —tip1) 2 2r — gr =1,

which allows to continue the construction.

Then each section of this decomposition of [tg,¢_1] satisfy (b), which concludes the construction.
We now proceed to prove Eq. (25). By definition of the decomposition, after a type (c) section comes a
type (a) section or the end of the path, hence |C| < |A| + 1, which in turns implies |C| < 2|A| provided that
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|C| =0 or |A| > 1, which is true as long as the path is not composed of a unique type (c) section. In this

case,
M= > (tirr—t:)

i€ ALUBLIC

> (tig1 — \B\r (tiy1 —t; >7/2if i € B)
ZEA

> = Z i+1 — |A|’I‘ + = |B|’I“ (ti+1 — ti >r ifi e A)
ZGA

| \/

(22 (tisr — t:) + 2/ Blr + |0|r> (14] > [c1/2)

€A

which concludes the proof. O

Given a geodesic v, Theorem 16 is proven by constructing a path 7 admissible for the domain G as close
as possible to . This is done by decomposing v as in Lemma 26 and forming the polygonal path going
through the closest neighbors in G of each intermediate step. Upper bounds from Lemma 25 are then used
to compare the FDTM distance between each section of v and the corresponding segment in 7.

Proof of Theorem 16. Let v € F# #(x,y) be a geodesic and denote

1
e =maxd(z,G) < and r=,/%.

zEF - 25ﬁ ﬂ
In particular, ¢ < . Consider the decomposition of v given by Lemma 26 with such r and assume that we

are not in the case of a single type (c) section. Let z, = z, 2’y = y and for each 1 <i < N — 1, 2 € G such
that ||z; — #}|| < e. The polygonal path ¥ = [z(, 2], ..., 2] belongs to I'¢(z,y) as it is made of segments
between points of GU{x,y}. Then, upper bounding the difference between D, ([x}, x; ]) and D, p(x;, i11)
and summing over ¢ allows to obtain the desired result.

The following provides bounds for all three cases. They are obtained by using Lemma 25, the bounds
on ¢ and by upper bounding complex numerical fractions by “cleaner” constants. If i € A, the geodesic
~v draws a straight line between x; and x;y1, which implies that this line itself is a geodesic and that
llx; — xi1]| = tiz1 — t; > r. Then, the first inequality in Lemma 25 eventually yields

Dy ([}, 24 1])) = Dy (i 2ig1) < (BVE +2v/B) (tix1 — ti)Ve < 5/B(tis1 — ti)VE . (26)
If 1 € B, ||z; — xi4+1]] < 2r and the second inequality in Lemma 25 eventually yields
D, ([}, 2 1)) — Dpp (@i, 2ip1) < §(2r +26)2 4 2 < 5/Brye . (27)
Ifi € C, ||z; — xj41|| < § and the second inequality in Lemma 25 eventually yields
W, B (r 2 5
D[z, @i g1]) — Dy (@i, wig1) < 3 (5 + 25) +2e < 5\/37"\@ : (28)
Upper bounding the FDTM on the path 7 according to Eqgs. (26) to (28) then yields

D;L,G’(xay) < D/J(W)
= Z Du([l‘;,x;_,_l])

i€ ALUBUC
)
< > Dulmimig) + 5\/B (2 > (tig1r —ti) +2[Blr + |Cr> Ve
i€ AUBUC i€EA
5
) +5VB Al Ve (Eq. 25)

== D;L,F(:Evy) + ]'O\/Bh/'\/g )
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which concludes the proof since || is upper bounded by a constant according to Corollary 5. It now remains
to treat the case of a single type (c) section in the decomposition of . In this case, ||z —y|| < § = %\/s/ﬁ
along with ||z —y|| < |y| and we have by Lemma 24

Dy(w.) = Dyorle) < Gl =yl < iz /5 < 10V/BIvE

D Convergence of the Empirical FDTM

This section is devoted to proving Theorem 17 which we recall below.

%. Then for all n > %,

E[[|Dy = D | | S dimn(K)7! ((dmm> P04 log(n) (log(n)>21b>

Theorem 17. Assume that y € Mg 45, satisfies Assumption (A) and m <

o vn n
where < hides a multiplicative constant depending on m, p, 8, a and b.

This result derives from convergence results regarding ‘dﬁ — dﬁn’ and dp(S(u),X,,). The following briefly
detail these results and how they imply Theorem 17 using Theorems 9 and 15. In the following, assume
without loss of generality that diam(K) =1 (see Section A.1), which allows to upper bound d,, <1 over K
(see Eq. 4). First, we state the convergence of the empirical DTM.

Proposition 27. Assume that u is (a,b)-standard, S(p) is connected and that m < . Then there exists a

1
5.
constant ¢ > 0 depending on m, p, a and b such that for all n > %7

log(n)
B~ &, . ] < a5

Proposition 27 is due to [5, Theorem 3] which provides this convergence rate” with a constant depending
on the modulus of continuity of u — 6, ,,(2)?. Under our regularity assumptions, this modulus of continuity
can be upper bounded according to [5, Lemma 3] by the function

1
o
w:iveE [0,1]|—>p(7)b .
a
We now state the convergence of the sample point cloud to the support in Hausdorff distance.

Proposition 28. Assume that u is (a,b)-standard. Then there exists a constant ¢ > 0 depending on a and
b such that for all n > 1,

E[dn(S(), X)) < ¢ (lg(”)) |

n

Proposition 28 may be obtained following the same overall reasoning as in [7] or [6]. Intuitively, the
standard assumption implies that any point x in the support should be at distance of order (an)_l/ b from
X,, at most. Indeed, ,u(B(a:, (an)*l/b) > %, so that this ball is expected to contain at least 1 point in X,,.
Moreover, the standard assumption implies that the covering number of the support when using balls of
radius n=1/? is of order n. Therefore, the Hausdorff distance can be upper bounded by the covering radius
plus the maximal distance from any of the n centers to X,,, which eventually leads to an upper bound on the
expectation of order (log(n)/n)'/" as stated. The precise computations are omitted here and we now move
on to the proof of Theorem 17.

2[5] only discusses the case where m = £ for some integer k. The general statement for any m € (0, 1) is interpolated with

a slightly larger constant c. "
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Proof of Theorem 17. Recall that we assume diam(K) = 1 without loss of generality. In order to use Propo-
sition 27, assume that m < % and n > % Decompose the offset into the offset w.r.t. the DTM and the offset
w.r.t. the domain as

D4 = Daoll o e < 1Prst0) = Dinssnllsoic + 125 0) = D 30 || o s - (29)

Recall that o < d,, <1andd;, < 1almost surely (a.s.) over K by assumptions. If 5 > pthent € [0,1] — to/p
is %-Lipschitz hence
B

a7 — a7, < 2~

Else if 3 <p, forallt > 0 and s > 0, tPPsP < s# < 8 =B—PtP if s < t and tP~PsP > 5B > P = ¢B—PeP if
s > t, so that either way

’tﬁ _ SB’ < tﬂ—P‘tP _ SP’ )
In particular, with t = d, and s = dj,,,
B B B— P B— I
| = da, | < 7P\ —df | < o”|df —df | as.
Therefore, whether 3 is larger or smaller than p, it always holds that

B s
|df — d> | < max (p,aﬁ Pl —db | as. (30)

The first term in Eq. (29) can thus be bounded as follows:

E {HDH,S(M) - Dﬂms(u)Hoo,K] SE {Hdﬁ N dgn oo,K}

< max (f aﬁ—f’) E|d - llor] — (Ba30)

d log(n)
~ U(P*B)VO\/E

(Theorem 15)

(Proposition 27) (31)

where < hides a multiplicative constant depending on m, p, 8, a and b. Regarding the second term in

~

Eq. (29),

E [HDM —Dy.x, OO,K} <E { dH(S(,u),Xn)} (Theorem 9)
< \/IE [du(S(p),Xy)] (Jensen’s inequality)
%
< (lwg;gn)) . (Proposition 28) (32)

Putting together Egs. (29), (31) and (32) concludes the proof of Theorem 17. When diam(K) # 1, the
dependency with diam(K) appears naturally in the inequality as the FDTM is homogeneous to a distance
at power 8 4 1 and o is homogeneous to a distance. O
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