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ABSTRACT

We present a new dynamic embedded grid refinement method performed only on the momentum coordinates, which we applied to a
relativistic Vlasov–Maxwell model. This refinement strategy, which maintains a uniform space coordinate grid, differs from the one usually
adopted in particle in cell (PIC) code. It involves embedded rectangles and may evolve over time. From an algorithmic point of view, it
displays the further advantage of allowing one to preserve MPI/OpenMP parallelization strategies possibly implemented in equivalent Vlasov
semi-Lagrangian solvers on an Eulerian grid, although it requires a change in the boundary conditions of the interpolation algorithm and in
the computing of integrals. A comparison between two versions of the same code, with and without mesh refinement, is here shown for a
transition between the oblique Weibel-type instability to the current filamentation instability for 2D2V and 2D3V geometries in both nonrel-
ativistic and relativistic regimes. The mesh refinement method is perfectly adapted to follow the formation of thin filaments in the momen-
tum space associated with the energy transfer in the Weibel-like instabilities and allows a remarkable computational gain.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0252704

I. INTRODUCTION

In collisionless electromagnetic plasma physics, to follow the evo-
lution of the distribution function of the species, we have to solve the
Vlasov equation coupled with Maxwell’s equations. The resolution of
this system requires the use of numerical methods where among the
main ones we can cite here: particle in cell (PIC)1,2 and semi-
Lagrangian (SL).3–5 The former one is more commonly used because it
is often cheaper in terms of computational time, but due to the finite-
size superparticles there is a numerical noise. In comparison, SL meth-
ods often require a large computational effort but have no statistical
noise.6 Therefore, reducing the computational cost of SL methods is
interesting.

Concerning the PIC method, several codes based on an explicit
approach in time have been developed, e.g., OSIRIS,7 EPOCH,8

SHARP,9 SMILEI,2 VPIC,10 WARPX,11 or PHARE.12 The latter
includes an adaptive mesh refinement (AMR) method. Severe limita-
tions may arise on the applicability of explicit codes, where the time
step and the grid spacing are determined by the most restrictive plasma
conditions in the whole simulation domain. When large density gra-
dients are involved, the local skin depth (de) and the inverse plasma
frequency (x�1

p ) could vary dramatically within the domain, and

interesting physics may take place only in very localized regions where
de ¼ c=xp and x�1

p are very small. Therefore, only those regions
would require finer grids and smaller time steps, but explicit methods
have the drawback of imposing restrictive simulation parameters in
the whole domain. For these reasons, extensive research has been
devoted to the development of implicit PIC codes. These essentially
involve an implicit discretization of Maxwell’s equations, together with
a particle pusher that may be nonlinearly coupled (resulting in the so-
called full implicit PIC solver) or may not be coupled to the electro-
magnetic field solver (leading in the last case to the semi-implicit PIC
codes like those of Refs. 13 and 14).

Another type of scheme is the finite volume method, where the
discrete unknowns are now the averages of the distribution function
on volumes paving the phase space. Taking the form of a flux balance,
this method was first introduced to the Vlasov equation by Fijalkow.15

An improved version is the positive and flux conservative (PFC)
method16 or more recently,17,18 which is not only conservative but also
preserves the positivity and the maximum of the distribution function.
In addition to the high dimensionality (the Eulerian or SL descriptions
being computationally much more demanding due to the six-dimen-
sional (6D) phase space), a further challenge stems from the fact that
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important plasma features can occur on small scales, in a way that they
only start to appear at fine resolutions in the simulation. Due to the
importance of the high dimensionality and small scales physics (as met
for instance in Weibel type instabilities), it becomes obvious that simu-
lations that are resolved finely enough may become too expensive in
CPU time and/or memory even for today’s HPC ressources. The semi-
Lagrangian approach thus constitutes a third technique compared to
the two standard methods mentioned earlier. It retains the advantages
of both Eulerian and Lagrangian methods while avoiding some of their
drawbacks. Unlike the Eulerian method, it does not require a
Courant–Friedrichs–Lewy (CFL) condition on the time step, which
necessitates a significant reduction of the time step in the Eulerian
approach. Moreover, it is inherently parallelizable due to its Eulerian
structure. Compared to particle-in-cell (PIC) codes, it is considered
“noiseless” in the statistical sense, as it satisfies the condition of a grain-
iness parameter g equal to zero.

Other types of semi-Lagrangian models have been developed,
notably introducing a forward integration of characteristics,19 as gener-
ally done in explicit PIC codes. The AMR technique presented here
maintains a standard formulation and will only be used for the integra-
tion of the distribution function in the momentum space. It relies on a
technique for tracing the feet of characteristics backward, a method
that has proven effective. A refinement criterion for nested grids is
introduced, particularly based on a condition on the L-infinity norm.
This effectively amounts to using a forward characteristics technique
to determine, in a first step, the regions of momentum space where
grid refinement is necessary.

Coming back to the semi-Lagrangian (SL) approach, the original
algorithm by Chen and Knorr20 has been cast into the more general
framework of SL methods by Sonnendr€ucker et al.21 and Nakamura
and Yabe.22 Hamiltonian splitting methods have been used in Ref. 23.
The semi-Lagrangian scheme uses two main steps.

First, the transport of the distribution f is made using the SL
backward characteristics, and then the value of f at the origin of the
characteristics is computed by reconstructing f from the mesh points
using an interpolation technique.

The PIC and SL approaches are thus two complementary techni-
ques, both of which solve the Vlasov equation under the assumption
that the grain parameter g ¼ 1=ðn0k3DÞ, with n0 as the density and kD
as the Debye length, tends to zero and both describe a fundamental
property of the Vlasov equation: the filamentation of f in momentum
space. While PIC codes are little affected by the filamentation problem
(but at the price of a considerable increase in plasma thermal noise
due to the reintroduction of grain effects (with a factor gPIC 6¼ 0)
related to the finite size of the superparticles), SL or Eulerian codes
generally require high sampling in the momentum space to follow the
dynamics of the increasingly thin filaments that appear therein. The
problem of filamentation is an intrinsic property of the Vlasov equa-
tion contained in the free streaming term.24 The source of filamenta-

tion lies in the treatment of the free-streaming term @f
@t þ p

mc � $xf ¼ 0,

whose exact solution in the Fourier space reads as

f ðk; p; tÞ ¼ f ðk; p; 0Þexpði k�pt
mcðpÞÞ. Instabilities can lead to the possibil-

ity of enhancing the filamentation process.25 The ongoing (relativistic)
filamentation leads to stronger and stronger momentum gradients,
whose inaccurate treatment leads to oscillations and finally to numeri-
cal instabilities.

In PIC codes, the processing is finally achieved by re-introducing
a discrete representation of the phase space, from the concept of super-
particles, in contradiction in some way with the non-grained character
of an ideal continuous collisionless solution. While the PIC method
involves a smoothing of information (which is in principle numerically
conserved during the dynamics), the SL scheme invariably implies a
loss of information linked to the emergence of thin structures that may
reach the size of the numerical grid. Free-streaming filamentation (typ-
ically of kinematic nature) is thus well resolved in PIC codes, and the
Lagrangian scheme is very well adapted to study the mechanism of fil-
amentation amplification driven by Weibel-type or current filamenta-
tion instabilities (provided that there are enough particles in the
affected regions), but a price must be paid in terms of the correspond-
ing amplified thermal noise. The numerical noise, however, limits the
efficiency of PIC codes to model resonant wave-particle Landau-type
interactions in the tail of the distribution function, where the small
number of superparticles does not allow an accurate description of the
particle trapping. Instead, Vlasov codes provide a powerful tool for low
noise studies of collisionless plasmas with a fine resolution of the phase
space including those regions where trapping occurs or where particles
move at velocities close to the phase wave velocity. A comparison
between the two standard approaches, namely, the Lagrangian parti-
cle-in-cell (PIC) method (with the forward characteristic determina-
tion, a pioneering technique used in Dawson 19831) and a classical
“semi-Lagrangian” method (which uses a backward tracing of the
characteristics of the Vlasov equation, as previously applied in Cheng
and Knorr 197620) provides an estimation of the resources required to
tackle a problem with a given “graininess parameter” (imposed by the
specific problem). Of course, these estimates offer a fairly general idea
considering the advancements of various techniques since the early
days of plasma modeling, where the methods employed for both PIC
codes and Vlasov simulations have significantly evolved (notably,
semi-Lagrangian methods can now use forward characteristics, and
implicit PIC codes can utilize backward characteristics). Nevertheless,
this method provides a rough order of magnitude. Assuming an equiv-
alent sampling of the spatial coordinate (i.e., the configuration space),
the ratio of the numerical efforts of a Vlasov code to a PIC code can be

estimated by NVlas=Npart ¼ gPICN
dp
p � 1,26,27 where NVlas denotes the

overall phase-space sampling used in the Vlasov solver, Npart denotes
the number of superparticles by cell, and dp denotes the number of
momentum dimensions. Typically, the sampling in the one-
dimensional space Npx is close to 100. Consequently, the effort is given
by Table I, reproduced from Ref. 26.

In Table I, both Vlasov and PIC codes use the same sampling in
the configuration space but not in the whole phase-space. In some
physical situation, we can take gPIC � 10�2 to study basic phenomena.
While the numerical efforts are equivalent on the diagonal, we see
clearly that the Vlasov code is more expensive in 2D and 3D

TABLE I. PIC vs semi-Lagrangian Vlasov code: ratio NVlas=Npart .

NVlas=Npart dp ¼ 1 dp ¼ 2 dp ¼ 3

gPIC ¼ 10�2 1 102 104

gPIC ¼ 10�4 10�2 1 102

gPIC ¼ 10�6 10�4 10�2 1
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momentum space. In the 3D case, the treatment of kinetic effects can
be investigated by both methods with an equivalent computational
cost, but only for a smaller value of gPIC , i.e., gPIC � 10�6, which corre-
sponds to a large number of macro-particles, seldom used in PIC
codes. Thus, to address a physical problem that requires a relatively
small graininess parameter on the order of 10�6, the CPU times
become very similar between PIC codes and Vlasov codes for accu-
rately describing wave-particle interactions (with an equivalent level of
description). It becomes evident that, in the case of semi-Lagrangian
techniques, a significant limitation is imposed by the necessity to use
high sampling, primarily in the momentum space in 3D dimensions.
Therefore, an AMR-type technique, or nested grids, restricted solely to
momentum space, allows for the alleviation of this constraint.
Generally, AMR techniques are usually applied in the global phase
space, meaning both in momentum space and in configuration space,
which can lead to additional difficulties in handling Maxwell equa-
tions. An AMR approach, limited to the momentum space alone, helps
to simplify the problem.

While in one dimension in the momentum space, the semi-
Lagrangian code offers better capabilities in terms of description of
wave-particle interactions and accuracy, the treatment of plasma
dynamics for a higher dimensionality in the momentum space consti-
tutes a technical obstacle and a real challenge in computational phys-
ics. Thus, PIC codes and Vlasov codes (semi-Lagrangian) are two
complementary approaches that both solve the Vlasov equation, which
corresponds to the case where the grain parameter g is zero (the
Vlasov equation being a continuous system). Therefore, the use of
finite-size superparticles reintroduces a non-zero grain parameter
(gPIC), while g is zero in the Eulerian approach. It is worth noting that
in real situations, g remains finite but very small, on the order of 10�9

for astrophysical plasmas.
One step toward improving the efficiency of Vlasov codes is

the implementation of adaptative grid methods which can enhance
the resolution in the momentum space, while saving the computa-
tional CPU time. A method that may be compatible with MPI/
OpenMP is the use of AMR. The aim is to locally refine the mesh
of a numerical problem only where more accuracy is needed. If the
region of the domain where the refinement is needed is small
enough with respect to the whole domain, the computational effort
to perform the AMR can be largely compensated by the gain asso-
ciated with the smaller number of points needed to achieve an
equivalent resolution in a uniform mesh. When the refinement of
the mesh evolves over time, it is referred to as dynamically/auto-
matically AMR. Some codes have already tried some AMR meth-
ods for Vlasov–Poisson,28,29 and for non-relativistic and—more
recently—also for relativistic Vlasov–Maxwell codes.27,30–33 We
can differentiate two types of AMR methods: tree methods29 and
patch methods.34 The mesh refinement we use here relies on a
patch method.

This work presents a dynamically adaptive mesh refinement
method only in momentum. This method differs from traditional
refinement methods applied to the coordinate space, like it is the case
for most PIC codes12,35,36 and Vlasov codes.27–29,31 Using a local error
estimate for measuring the rapid variation in the solution, we may
identify regions of interest, i.e., the “grids” that should be refined. The
refinement process can be repeated recursively to form a hierarchy of
refinement levels, each composed of a rectangular patch/grid.

While standard AMR methods require at least two types of mesh
hierarchies—one confined to the configuration space (x) and another
in the momentum space (p)—the AMR technique employed here uses
a single hierarchy limited to the treatment of the momentum space.
This approach offers two major advantages: the first relates to the
absence of nested grids in configuration space, thereby avoiding insta-
bilities caused by boundaries where electromagnetic waves may reflect,
leading to various numerical instabilities (see Refs. 35 and 36) The sec-
ond, of a more fundamental nature, allows for the consideration of the
filamentation process of the distribution function in velocity space (or
momentum space), which inevitably leads to the emergence of increas-
ingly thinner and thinner filaments. This can induce, through weak
turbulence, a heating process of the distribution function as observed
in Refs. 25 and 37.

We adapted this method to VLEM (VLasov ElectroMagnetic)
solver, a fully parallelized relativistic Vlasov–Maxwell code.4,5 The
AMR upgrade of VLEM has been made for VLEM2D2V first and then
for VLEM2D3V and is expected to be made for VLEM3D3V soon.

In the Sec. II, we will recall the architecture of VLEM with the
time-splitting scheme and the field computations. In Sec. III, we will
describe the way we implement the rectangular embedded grid mesh
refinement method. To show an application of the AMR solver to a
physics test case, we consider a case of nonlinear evolution of beam-
plasma instabilities of Weibel/two-stream type.

Previous linear studies of the Weibel-type instabilities have
identified different classes of electron beam-plasma instabilities:
the current filamentation instability (CFI)38 with a wave vector k
perpendicular to the beam direction, the (electrostatic) two-stream
instability (TSI) with k parallel to the beams, and finally the obli-
que instability (OI)39,40 for an arbitrary direction of k. The special
case of two counter-propagating beams is relevant to astrophysical
plasmas, or the gamma-ray burst production scenario,41 and in
interpenetrating plasma flows in Ref. 42. Such physical instabilities
are linked to the emergence of a spatial filamentation of f that
makes an impact on the kinematic filamentation property of the
Vlasov equation. Thus, a turbulent cascade can take place, which
produces thinner and thinner filaments first in the configuration
space, and finally in the phase space. Such a process induces an
enhancement of the filamentation of f (a kind of “augmented” fila-
mentation25) that leads to strong modifications in the energy
transfer and can lead to a stochastic plasma heating. The emer-
gence of these nonlinear effects introduces asymmetries (element
of irreversibility) between two fundamental aspects of the Vlasov
equation: the filamentation of the distribution function related to
the time reversibility of the Vlasov equation and the transfer of the
magnetic energy into kinetic energy, a process already observed in
magnetic reconnection.

The specific choice of an AMR technique only in momemtum
space, allows us to highlight the multiscale character of the p space as
well and the possibility to follow the phenomenon of filamentation of
the distribution in space. To this purpose, two test cases for OI and
CFI instabilities will be examined, to compare the accuracy and accel-
eration of the new versions of VLEM. The first case will be a low rela-
tivistic regime, which we will study with an AMR version of
VLEM2D2V and VLEM2D3V and the second will be a relativistic
case, which we will only study in the two-dimensional momentum
space (2D2V).
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II. VLEM CODE
A. Basic equations

VLEM is a semi-Lagrangian code that solves the evolution of the
electron distribution function, where the ions are considered as a fixed
background, with the relativistic Vlasov equation

@f
@t

þ p
mc

� $xf þ e Eþ p� B
mc

� �
� $pf ¼ 0; (1)

with c the Lorentz factor that can be written as

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

m2c2

r
: (2)

From Eq. (1), one also obtain the differential form of the conservative
Vlasov equation

df
dt

¼ @f
@t

þ $x � p
mc

f
� �

þ $p � e Eþ p� B
mc

� �
f

� �
¼ 0: (3)

By introducing $ ¼ ð$x;$pÞ the six-dimensional phase space vector

U ¼ Ux;Upð Þ ¼ _x; _pð Þ
¼ V ¼ p

mc
; F ¼ e Eþ p� B

mc

� �� �
(4)

the six-dimensional phase space flow vector, the Vlasov equation takes
a conservative form

df
dt

¼ @f
@t

þ $ � Ufð Þ ¼ 0: (5)

Both conservative form (3) and advective form (1) are strictly
equivalent thanks to the Liouville’s theorem.

In Ref. 4, the numerical resolution of VLEM is explained in detail,
but we will give a short summary here. Different versions of the code
exist but we will focus on the 2D2V and 2D3V [i.e., two dimensions
for the space and three for the momentum (velocity)]. This is moti-
vated by the fact that 3D codes require much more computational
resources.

VLEM combines Eq. (1) with three Maxwell equations, Eqs. (6)
and (7) to solve the evolution of the electromagnetic field, and Eq. (8)
to add a correction to the electric field and ensure a better conservation
of the energy

@B
@t

¼ �rotðEÞ; (6)

@E
@t

¼ c2rotðBÞ � c2l0J; (7)

divE ¼ q
e0
: (8)

The current can be computed with the integral

J ¼ e
ð

p
mc

fd3p; (9)

together with

q ¼ e
ð
fd3p� en0; (10)

where n0 is the fixed ion density, and with charge conservation
condition

@q
@t

þ divJ ¼ 0: (11)

The various variables in the code are normalized: this normali-
zation is determined by the choice of normalizing two variables, veloc-
ity (v) and time (t), which are normalized, respectively, to the light
velocity in vacuum c, due to special relativity, and inversely to the
plasma frequency defined by xp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ne2=me0

p
. This choice leads to

the normalization of the different quantities that appear in the code.
Thus, the momentum (p) is normalized tomc, the electric E and mag-
netic B fields components are normalized to mxpc=e and mxp=e
respectively, the mean density n is normalized to the ion density
n0 assumed constant, and the kinetic energy density is normalized to
n0mc2.

It should also be noted that the normalization of the distribution
function depends on the dimensionality of the momentum space. In
the case of 3D, the distribution function is normalized to m3c3=n0,
which allows for the description of relativistic distributions of the
Maxwell–J€uttner type in the general form (3D)

f ðpÞ ¼ n0
4 pm3 c3 hK2

1
h

� � exp � cðpÞ
h

� �
; (12)

where cðpÞ is the Lorentz factor, and K2 is the modified Bessel func-
tion of the second kind and h ¼ kBT=ðmc2Þ. Note that this standard
normalization also leads to the same type of normalization for the
parameter e, defined subsequently based on the definition of the
parameter d given in Eq. (30).

To solve the Vlasov equation, a time-splitting method is used.
The idea is to separate Eq. (1) into many simpler equations that can be
solved by doing advections sequentially in each direction. In relativity,
due to the Lorentz factor c, we cannot do this separation for the
momentum components43 so all the momentum advections are done
together leading to what we will call the rotation.

B. The numerical scheme

Although the overall integration scheme of the Vlasov–Maxwell
system has been presented in Ref. 4, it is useful to outline the main
steps involved in solving the VLEM code. A time-splitting technique is
introduced, allowing the Vlasov equation (1) to be decomposed into
two primary advection processes

@f
@t

þ p
mc

� $xf ¼ 0; (13)

@f
@t

þ e Eþ p� B
mc

� �
� $pf ¼ 0: (14)

Since Eq. (13) can be easily expressed in a conservative form

given by @f
@t þ @x

px
mc f
	 


þ @y
py
mc f
	 


¼ 0, where the Lorentz factor c is

independent of the spatial variables, an additional splitting along the x
and y directions can also be performed. This allows the establishment
of one-dimensional spatial advections, a property that is utilized in the
VLEM code to achieve local interpolations.

The overall temporal integration scheme is illustrated in Fig. 1,
utilizing a time-splitting technique with a global sequence Y

2
X
2 R

X
2
Y
2 to
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determine the distribution function f nþ1 ¼ f ðx; p; t ¼ tnþ1Þ. This
indicates a symmetrized sequence of five successive advections:
one-dimensional local advections in the spatial directions y and x
(represented by the operators Y

2 and X
2 , where the factor of 1/2 denotes

advections performed over a half time step), and a three-dimensional
(or two-dimensional, depending on the dimensionality of the system)
advection in momentum space denoted byR (for the global rotation).
Furthermore, the symmetrization of the various advections enables the
achievement of a global scheme that is second-order in time step (see
Refs. 4 and 44 for more details). Without symetrization, the splitting
time scheme would be of first order accuracy only. This leads to
apply the successive sequences of shifts and rotation in the form
ðY2 X

2 R
X
2
Y
2 Þn which is equivalent to the following sequence:

Y

2
X

2
R
X

2
Y
X

2

� �n�1

R
X

2
Y

2
:

Except the edges of the sequence, the main steps for the resolu-
tion may be summarized as

rotationR : f �ðx; y; pÞ ¼ f nðx; y;Pðx; y; pÞÞ; (15)

shiftX=2 : f ��ðx; y; pÞ ¼ f � x � px
mc

Dt
2
; y; p

� �
; (16)

shiftY : f ���ðx; y; pÞ ¼ f �� x; y � py
mc

Dt; p
� �

; (17)

shiftX=2 : f nþ1ðx; y; pÞ ¼ f ��� x � px
mc

Dt
2
; y; p

� �
; (18)

with f n the distribution function at the nth iteration.

Numerically, to solve Eqs. (15)–(18), we will use a semi-Lagrangian
method. The distribution function is defined on grid points using an
Eulerian grid [i.e., f ðix; iy; jx; jyÞ for two dimensions in momentum
space, where we use ix , iy , jx , and jy as indices for x, y, px , and py respec-
tively], with an interpolation method to compute its value after the advec-
tion. Spatial advections and those in momentum space are not performed
in the same way, primarily due to the constraints related to parallelism,
i.e., the domain decomposition that is carried out in the position space.

The standard semi-Lagrangian technique is carried out in two suc-
cessive steps: “particles” are generally positioned at the grid points of
phase space at the time corresponding to the end of the advection, so it is
necessary to perform a backward characteristic search to determine the
required shifts. In a second step, an interpolation is then needed to deter-
mine the values of the distribution function. This is a global method that
typically requires the inversion of a tridiagonal matrix. It is used for the
determination of the distribution function during rotation in momentum
space, which corresponds Eq. (15). This method employs a 3D (or 2D)
characteristic, and the interpolation is done using a tensor of three (or
two) one-dimensional B-splines in momentum quantities.

The spatial advections corresponding to Eqs. (16)–(18) are per-
formed using a local technique. Due to the domain decomposition
introduced here, the inversion of the tridiagonal matrix is abandoned
in favor of a local spline interpolation method, based on a modification
of the boundary conditions.

This local approach (i.e., local spline interpolation4,45) is essential
due to the parallelization of VLEM. Indeed, VLEM is decomposed into
rectangular patches over the spatial domain. This means that each
patch is computed using different MPI (message passing interface)
processes. The local advections lead to reduce considerably the MPI
communications only on the two neighboring processes for a given
spatial direction x or y. Due to the relativistic nature of the various
shifts in the position space (the components of the velocity vector
p=mcðpÞ in shifts X and Y being smaller than the speed of light) the
advected quantities in shifts X and Y will respect the condition
j pamc jDt � cDt. As the CFL condition [Eq. (27)] ensures that

cDt � Dx, the interpolation method for each MPI process can be
restricted to the closest points of the first neighbor process in the posi-
tive and negative direction (i.e., j pxmc jDt � Dx, for example).

Those local advections are done using cubic spline interpolation
with Hermite boundary conditions that only need the ten closest
points of the value of the distribution function of the two neighboring
cells,45 i.e., ten points in the positive direction and ten points in the
negative direction.

When the electric field is zero, the characteristics of Eq. (14) can
be exactly determined since the particle rotates around a magnetic field
line at constant velocity, at the cyclotron frequencyxc ¼ ejBj=mc (the
Lorentz factor c being conserved). This equation is solved very effi-
ciently by decoupling the electric and magnetic fields in the standard
way. This is done with the Boris method used in PIC model.

However, there is a difference between the Lagrangian and
Eulerian approaches. In the Lagrangian approach, the Boris formula-
tion is not Lorentz invariant and can lead to significant errors, necessi-
tating a correction in the treatment of the leapfrog scheme used in PIC
codes.46 Since it is possible to decouple the electric and magnetic fields
in Eq. (14), leading to two 3D advections of the form @f

@t þ eE � $pf ¼
0 and @f

@t þ e p�B
mc � $pf ¼ 0, this decoupling can be achieved, provided

that a 3D advection is maintained when the Lorentz force is taken into

FIG. 1. Numerical scheme used in full kinetic and AMR VLEM codes: the top frame
correponds to the computation of the electric field component Enþ1

2 at time

tnþ1
2
¼ nþ 1

2

	 

Dt, while the middle frame is related to the computation of the mag-

netic field Bnþ1, at time tnþ1 ¼ ðnþ 1ÞDt, using a temporal leapfrog scheme. At
the end of this sequence, the quantity Bnþ1

2 is computed using
Bnþ1

2 ¼ ðBn þ Bnþ1Þ=2, used in the rotation. The electric field is then corrected
before each rotation using the Poisson equation to ensure charge conservation.
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account. In particular, in relativity due to the Lorentz factor, it is not
possible to further divide the 3D advection that includes the Lorentz
force into three one-dimensional advections (see Ref. 43).

The rotation is made at Eq. (15) and can be developed as

Px ¼ � eDtEx
2

þ pdxRxx þ pdyRxy þ pdzRxz ; (19)

Py ¼ � eDtEy
2

þ pdxRyx þ pdyRyy þ pdzRyz; (20)

Pz ¼ � eDtEz
2

þ pdxRzx þ pdyRzy þ pdzRzz ; (21)

where

pd ¼ p� eDtE
2

; (22)

and with R the rotation matrix4

R ¼
b2x þ ð1� b2xÞ cos/ bxbyð1� cos/Þ � bz sin/ bxbzð1� cos/Þ þ by sin/

bxbyð1� cos/Þ þ bz sin/ b2y þ ð1� b2yÞ cos/ bybzð1� cos/Þ � bx sin/

bxbzð1� cos/Þ � by sin/ bybzð1� cos/Þ þ bx sin/ b2z þ ð1� b2zÞ cos/

0
BB@

1
CCA; (23)

with ba ¼ Ba=jBj and / ¼ xcDt, with xc the cyclotron frequency.
This matrix is only valid for VLEM2D3V. For VLEM2D2V we should
take bx ¼ by ¼ 0 and bz ¼ 1 because this version fixes Bx ¼ By ¼
Ez ¼ 0 as they are related to Jz which needs pz to be computed. Matrix
(23) is used to accurately determine the characteristics during the rota-
tion of the particle around the magnetic field.47 P represents the solu-
tion obtained from the characteristics of the Vlasov equation in
momentum space.

To solve Eq. (15), we need a three-dimensional (or two-
dimensional) interpolation method to make the advection related to
the rotation for VLEM2D3V (or VLEM2D2V) [Eqs. (19)–(23)]. The
cubic B-spline method, in three (or two dimensions) is used. It was
already described in Ref. 21 for a two dimensional case but the exten-
sion to three dimension is trivial. For each momentum dimension, it
solves a system of linear equations to find the spline coefficients. This
limits the dimension of the distribution function to a rectangle as the
number of points for pa should be constant and not depend on the
other pb coordinate. Moreover, the step Dpa should be constant for a
given direction.

Concerning the Maxwell equations, we here limit the presen-
tation to a linearly polarized electromagnetic case with Ex , Ey , and
Bz components. In this algorithm, the continuous derivatives in
space and time are approximated by second-order accurate, two-
point centered difference forms. A leapfrog integration in time is
used to update the fields. The determination of the electric and
magnetic components of the electromagnetic field (E, B) is carried
out by solving Eqs. (7) and (6), respectively. A leapfrog scheme in
time is used to update the fields, provided that initially the electric
field satisfies Maxwell–Gauss’s equation (8). The fact that the ini-
tial electric field corresponds to the electrostatic component is suf-
ficient to achieve an accurate determination of the overall
magnetic field.48

The Ex component is located at half x and integer y grid points,
i.e., ix þ 1

2 ; iy
� �

while the Ey component is located at ix; iy þ 1
2

� �
. The

magnetic field component Bz is located at ix þ 1
2 ; iy þ 1

2

� �
. In general,

in 3D, the electric field components are at the center of the edge of a
cell, while the magnetic field components are at the center of a face.
These grid points are chosen to accommodate the interleaved leapfrog

algorithm that makes up the Yee method. The discretized and unnor-
malized versions are

E
nþ1

2

x ixþ1
2;iy

¼ E
n�1

2

x ixþ1
2;iy

þ c2Dt
Dy

Bn
z ixþ1

2;iyþ1
2
� Bn

z ixþ1
2;iy�1

2

	 

� Dt

e0
Jnx ixþ1

2;iy
;

(24)

E
nþ1

2

y ix ;iyþ1
2
¼ E

n�1
2

y ix ;iyþ1
2
� c2Dt

Dx
Bn
z ixþ1

2;iyþ1
2
� Bn

z ix�1
2;iyþ1

2

	 

� Dt

e0
Jny ix ;iyþ1

2
;

(25)

Bnþ1
z ixþ1

2;iyþ1
2
¼ Bn

z ixþ1
2;iyþ1

2
þ Dt
Dy

E
nþ1

2

x ixþ1
2;iyþ1 � E

nþ1
2

x ixþ1
2;iy

	 


� Dt
Dx

E
nþ1

2

y ixþ1;iyþ1
2
� E

nþ1
2

y ix ;iyþ1
2

	 

: (26)

The numerical scheme uses a CFL condition,4 related for solving
the Maxwell equations, such that

c2Dt2ðDx�2 þ Dy�2Þ � 1: (27)

From a numerical point of view, the Gauss equation [Eq. (8)] is
rarely verified in its discrete form, which can lead to poor conservation
of the global charge. To overcome this problem, the Poisson equation
is solved, at each time iteration, at the end of the sequence of solving
Maxwell’s equations (see Refs. 4 and 48–51) So, in addition to the Yee
algorithm, a correction is made to the electric field using Eq. (8), by
calculating the error such that

eE ¼ divE � q
e0
: (28)

We compute the electric potential associated with this error with
r2u ¼ eE using Fast Fourier Transform and Inverse Fast Fourier
Transform, we can then correct the electric field with

Ecorrige ¼ E � ð�$uÞ: (29)

This correction of the electric field using the Poisson equation
helps to improve the charge conservation of the code.

The temporal evolution of the Yee scheme and the sequence of
advections are schematically shown in Fig. 1. We can also summarize
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in a simple way the global algorithm for the compact sequence
ððRÞðX=2ÞðYÞðX=2ÞÞ by removing the part in �� in Algorithm 1.

III. EMBEDDED GRID
A. Refinement strategy

As we have seen in the introduction (Sec. I), the AMR techniques
prove to be particularly useful in the momentum space, especially with
respect to the computational gain that they can bring to a standard
semi-lagrangian Vlasov solver with respect to a PIC solver with equiva-
lent space resolution and fixed number of macro-particles. Moreover,
it is in the p-space that the phenomenon of kinematic filamentation of
f occurs and this constitutes the strongest constraint, since it requires
the use of a high sampling in the p-space to describe the filamentation
process. The filamentation of the distribution function is not a numeri-
cal artifact and can be forced or even amplified by certain physical
instabilities or during reconnection processes. These lead to the neces-
sity of adding mesh refinement methods to VLEM but the complexity
of the latter leads to the choice of a specific type of mesh refinement:
the embedded grid.

The technique subdivides cells that not only satisfy the required
refinement criterion (here associated with the filamentation descrip-
tion) but also the cells that complete the rectangle form of the grid,
and enhances the local resolution in the momentum space. If a certain
cell needs to be refined, 2dp child cells with half the size of the parent
cell are generated, where dp is the dimension of the momentum space.

First, VLEM is a fully parallelized code that uses a domain
decomposition in space allowing to perform the different advections in
a parallel way using MPI processes together with open-MP paralleliza-
tion. Therefore, the choice of a mesh refinement in the momentum
space maintains this parallelization without changing the architecture
of VLEM. Indeed, a mesh in space would require more MPI processes
and communications betweeen neighboring processes and optimizing
such a code is really challenging. Moreover, if you only want to
increase the accuracy in space, i.e., the number of points, you can sim-
ply increase the number of processors you need. The computational
time will remain the same thanks to the good weak scalling in VLEM,4

but the computational cost will increase.
While the configuration space uses a domain decomposition,

allowing MPI-type parallelization in the spatial directions (correspond-
ing to the shifts in x and y), the OpenMP parallelization is used at local
level for the AMR technique. This allows simple use of the method
since no AMR technique is used for solving Maxwell’s equations, thus
avoiding any numerical instability of Yee’s method. Indeed, it is well
known that the propagation of electromagnetic waves at the connec-
tion zones between the different refinement grids can produce numeri-
cal instabilities.35,36

Another criterion that we have to take into account when imple-
menting the mesh refinement is the rotation (R). Indeed, Eq. (15) is
solved by using cubic spline method, which requires to have the infor-
mation for the distribution function at a given x in a third (or second)
order tensor that can be compared to a kind of rectangular cuboid (or
a rectangle). That is why we chose the term “rectangle” embedded
grid. The term has been retained for the 2D3V version but we are talk-
ing about a rectangular parallelepiped. This means that the distribution
function can be seen as a set of embedded rectangles, one per level of
refinement, with the number of points per momentum volume
increasing as you move to more internal rectangles.

The AMR technique benefits from a reduction of the total num-
ber of cells and computer resources associated with the introduction of
finer cells hierarchically placed only in regions, of the momentum
space, where particle trapping, filamentation or wave-particle interac-
tion take place, and where a higher resolution is required.

Finally, the spatial advections Eqs. (16)–(18) also introduce a con-
straint on the refinement. Indeed, these advections are made using
local spline interpolations,4 which means that we need to have the
information of the distribution function at a given pi for all the xi
points of the patch and the closest ten points of the two neighboring
patches. This means that the “rectangle” of a given point in (ix , iy)
should be the same for all the values of (ix , iy), i.e., for the whole spatial
grid.

In this way, we end up with the idea of a “rectangle” embedded
grid in the momentum space, with the same grid over the whole space.

B. Method

In this section, for the sake of simplicity but with no loss of gener-
ality, all the explanations and figures will refer to an implementation
on VLEM2D2V.

FIG. 2. Representation of the embedded grid mesh refinement. (a) View of the com-
munication between the different grids at a given point in (ix , iy ). The red arrows
show the downhill of information between points located at the same place in phase
space. (b) View of the combined distribution function in px /py for a given point
in (ix , iy ). (c) View of the combined distribution function in x/px for a given point in
(iy , jy¼ Npy /2).
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As we speak about embedded grid, which means that the distri-
bution function will be described on different levels defined by their
refinement level R. The basic level is R ¼ 0 and it will be fixed in
dimension for the boundary from pxminð0Þ/pyminð0Þ to pxmax ð0Þ/pymaxð0Þ
which will be the dimension of our system. Then, other levels will have
their own pxminðRÞ, pyminðRÞ, pxmax ðRÞ, pymax ðRÞ which will change dur-
ing the iterative process and which can go up to the limit of R ¼ 0. We
will call Rmax the maximum level of refinement allowed, which can be
adapted depending on the simulation, and Rmax

n the level of refinement
at the time t ¼ nDt. So, we will have Rmax

n þ1 rectangular grids discre-
tising the distribution function. Each of them is independent and will
only communicate at some specific points (Fig. 2).

The refinement ratio between two grids is two. So, for
VLEM2D2V, a grid of level R ¼ mþ1 will have a density of points in
momentum space four times greater than the grid R ¼ m and for
VLEM2D3V it will be eight times greater. Figure 2 shows how each
grid is located with respect to each other. The arrows show the points
that are defined in both grids, located on the same phase space and
that will communicate after each advection with a downhill of infor-
mation (see Sec. III E). We can also comment the fact that the border
of a grid of level Rþ1 should end on point described by the level R.
This will be justified in Subsec. III E.

Recall that we use ix , iy , jx , and jy as indices, respectively, for x, y,
px , and py . The point located at (ix , iy , jx , jy) of the grid R describes the
same position as (ix , iy , 2jx, 2jy) of the grid Rþ1. The points that are
specific of Rþ1 and undefined on R will be the points that contain one
or more odd values for jaðRþ1Þ.

The modified version of the code VLEM containing the embed-
ded grid mesh refinement will be called VLEM_EG.

C. Initialization of the grid

Before starting the time evolution of the problem, we need to
make the right initialization. The main steps to refine the initial mesh
are given as follows.

• Step 1 : At first the base grid (R ¼ 0) is defined in the classical
way with the distribution function adapted to the problem
(Fig. 3).

• Step 2 : Then, to create and define the new grids, we use the cubic
spline interpolation to obtain the values of the distribution func-
tion at (jxþ 1

2, jyþ 1
2). We choose those points for the interpolation

because they should provide the worst interpolation results com-
pared to any other location.

• Step 3 : The values of this interpolation will be compared with the
real values of the distribution function known at those points

d ¼
����finterpolated ix; iy; jxþ 1

2
; jyþ 1

2

� �
� freal ix; iy; jxþ 1

2
; jyþ 1

2

� �����:
(30)

If we have

d > e2�ðRþ1Þ; (31)

then the grid needs to be refined on that point, otherwise it is not
necessary.The parameter d introduced above allows for a mea-
surement of the level of variation of the distribution function.
Thus, the parameter d, along with the coefficient e used to esti-
mate the level of refinement, are two quantities with similar nor-
malizations to that of f, that is, with a normalization of ðmcÞdp=n0
where dp is the dimension of momentum space. In the case of
3D, this normalization is m3c3=n0. This refinement criterion is
inspired from Ref. 28 and is chosen to reduce the L1 error on the
first momentum derivative. In this way the parameter e, which is
normalized, is the maximum of this error. In the case of only two
refinement level (i.e., Rmax ¼ 1), it is also directly the maximal
L1 error wanted on the distribution function.

• Step 4 : This difference [Eq. (30)] will be computed for each point
(ix , iy) and we will keep the minimum and maximum value of
each ja. If there is no point where the creation condition is
reached no grid will be created because the interpolation is
already good enough to describe the problem. If it is not the case,
we create the first refined grid R ¼ 1 and we complete the value
of its distribution function with the initial value of the distribu-
tion. We also fixed the condition that the edge of a grid should
end on an even value of ja (Fig. 3).

We then restart this process with the interpolation of the grid
R¼m to know if we create the grid R¼mþ 1 until we reach either
mþ 1 ¼ Rmax (the maximum level of refinement we wanted) or if a
grid is not created. The last grid created will fix the initial value of
Rmax
n . Note that Rmax will not change over time as it is an input param-

eter fixing the maximum level of refinement where Rmax
n can change

from 0 to Rmax depending on the current refinement.
When all the grids are created the code can normalize the mean

density n to n0 and start the time iterative process.

D. Grid evolution in time

The time evolution process is a sequence ððRÞðX=2ÞðYÞ
ðX=2ÞÞnmax and every j iterations of this sequence, we will check
if the mesh is still adapted to our problem. We choose j ¼ 5 but
this one can be adapted to the simulation. This value is a good com-
promise between a good grid evolution and low computational impact.

FIG. 3. Representation of the process of initializing the grid in px /py for all the points
in space. The steps are indicated and they are explained in Subsec. III C.
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In the future, we can suppose a value that will change depending on
the current evolution of the process, mostly when there will be a strong
evolution of the field or a huge acceleration of particles.

This process will work in a close way as the initialization one
(Fig. 3). That means that we will use the grid R to interpolate the value

at the point (jx þ 1
2, jy þ 1

2) and we will compare it with the value of the
point located at (2jx þ 1, 2jy þ 1) for the grid Rþ1. This last point will
be freal in Eq. (30) (Fig. 4, step 4). We recall all the steps and we start
with R ¼ 0.

• Step 1 : We got our distribution function defined on the level R.
• Step 2 : We use the cubic spline interpolation to obtain the values
of this distribution function at (jx þ 1

2, jy þ 1
2).

• Step 3 :We compute d [Eq. (30)] with the values of this interpola-
tion (finterpolated) and with the already existing values of the distri-
bution function on the level Rþ1 (freal). Again we have the
condition (31) to refine the grid on that point. We add another
condition for d to make the possibility to create a new level of
refinement if Rmax

n 6¼ Rmax . So, if d > e2�R, that means that this
point also needs to be refined on the level Rþ2. The value of e is
here the same as previously.

• Step 4 : We will keep the minimum and maximum value of each
ja. If there is no point where the creation condition is reached, no
grid will be created and if the grid Rþ1 already existed, it is
destroyed.

• Step 5 : If at least one point needs to be refined we will anticipate
where it will be located in j time steps. This means that we will
do a forward advection. As we have the same grid on each point
(ix , iy), it will be useless to do the spatial advections. So, we will
only look at the forward rotation such as

Pa ¼ eDTEa
2

þ pd
0

x R
�1
ax þ pd

0

y R
�1
ay þ pd

0

z R
�1
az ; (32)

with DT ¼ j � Dt and where R�1, the inverse of R, is

R�1 ¼
b2x þ ð1� b2xÞ cos/ bxbyð1� cos/Þ þ bz sin/ bxbzð1� cos/Þ � by sin/

bxbyð1� cos/Þ � bz sin/ b2y þ ð1� b2yÞ cos/ bybzð1� cos/Þ þ bx sin/
bxbzð1� cos/Þ þ by sin/ bybzð1� cos/Þ � bx sin/ b2z þ ð1� b2zÞ cos/

0
B@

1
CA; (33)

where pd
0

a ¼ pa þ eDTEa
2 and / ¼ xcDT . With Eq. (32) we can

now take the minimum or maximum value between pa and Pa to
have the biggest rectangle. In that way, we are now sure that the
refined grid will be well defined for all j iterations, before the
next recalculation of each grid.

• Step 6 : We will increase the size of the rectangle from one point
in each direction to create “ghost cells.” Their utility will be
explained in Subsec. III E.

• Step 7 : Again, we force the boundaries of the rectangle to be on
even values of ja.
We repeat steps 1–7 until either we reach R ¼ Rmax or until no
more grids need to be created and we proceed to step 8:

• Step 8 : For this mesh refinement method, we need a “graded
grid”. This means that between two meshes with two levels of dif-
ference (R and Rþ2) there should be a certain number of points
of the Rþ1 level mesh. The number of points is not only chosen
to be three to reduce the numerical propagation of the error in
the distribution function but also to be consistent with the inte-
gration method explained in Subsec. III F. So, we check whether

this condition is already respected by the previous steps, either
we will increase the size of the grid of Rþ1 level to match this
condition. This condition is necessarily met when the grid is at
the edges of the momentum box, since the value of the distri-
bution function outside the box is fixed at 0. Note that at the
end of this process, the “ghost cells“ of each grid will be located
at an even value of ðjx; jyÞ and will still be at the edge of the
grid.

All the steps are summarized in Fig. 4.
At the end of all those steps, there are now three scenarios for a

point of a grid of level Rþ1:

• The point does not exist anymore, in that case its value is
destroyed.

• The point is still there, here the value will stay the same.
• The point needs to be created. In this case we will do a four-
points Lagrange interpolation with R to determine the new value
of the point. This is one of the reasons why we need a graded
grid. The Lagrange interpolation can also be replaced by the cubic

FIG. 4. Representation of the iterative refinement of the grid in px /py for all the
points in space. The steps are indicated and explained in Subsec. III D. Step 4 is
the same as in Fig. 3 and Subsec. III C.
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spline interpolation depending on the precision or speed we want
for the algorithm.

E. Modification of the global numerical scheme

The time splitting scheme remains the same
ððRÞðX=2ÞðYÞðX=2ÞÞ sequence as in VLEM.

First the rotation will happen and will be done in a separate way
on each grid. To work with the cubic spline method and the boundary
conditions. We will use the “ghost cells” only for the interpolation, but
their values will be determined at the level below. Here, is the plan for
the new rotationR.

• Grid R¼Rmax
n computes the rotation and replaces its distribution

function except for “ghost cells”.
• Grid R¼Rmax

n � N > 0 computes the rotation and replaces its dis-
tribution function except for “ghost cells” and for the points that
have already been computed by Rmax

n � Nþ1. It also uses the
cubic spline interpolation to determine the values of the ghost
cells on the level Rmax

n � Nþ1.
• Grid R ¼ 0 computes the rotation and replaces its distribution
function by the interpolated values except for the edge that are
fixed to 0 and for the points that have already been computed by
R ¼ 1. We also determine the values of R ¼ 1 ghost cells.

Note that the reason we put the “ghost cells” on even value of ja
is to make less errors on the computation of their values.

After that, there is a downhill information sharing from the
points that are at the same places as the ones from the grid
bellow. This sharing happens after each advection. It is represented
by the red arrow in Fig. 2(a). This closes the calculation for the
rotation.

Then, we do the first ðX=2Þ advection. In VLEM the local spline
is computed for each px but we will do the advection for each grid only
at the points where the grid level is the most refined. This means that
the level R will compute this advection only on the black points in
Fig. 5 and not on the inner red and orange points which are better
defined by grid Rþ1. The downhill of information, which is carried
out after each advection, replaces the values that are not computed by
the level R.

The same process is done for ðYÞ and the other ðX=2Þ. We sum-
marized in a simplified way the new version of the iterative algorithm
in Algorithm 1.

F. Electromagnetic field

The electric and the magnetic fields are not directly impacted by
the mesh refinement as they are defined only in the space variables.
Their time evolutions are computed using Eqs. (6) and (7) and the
standard Yee method.4

Equation (6) shows that the time evolution of the magnetic field
will only depend on the electric field but the evolution of the electric
field will depend on the magnetic field and the current density [Eq.
(7)]. The current density will be computed with the normalized version
of Eq. (9). In VLEM, the integral is just a summation that can be writ-
ten for the specific 2D2V case

JVLEMa ðx; yÞ ¼
ð

pa
cðpÞ f ðx; y; pÞdp

¼
Xjxmax

jx¼jxmin

Xjymax

jy¼jymin

pa
cðjx; jyÞ f ðx; y; jx; jyÞDp; (34)

with Dp ¼ DpxDpy . We can generalize this to all the integrals Iðx; yÞ
in the momentum space by writting

FIG. 5. Representation of ghost cells between two grids in the plan (px ; py ). In
orange are represented the ghost cells that are always located on even points, in
red the other points of level Rþ1 and in black the points of level R.

TABLE II. Value of 16� Cðjx ; jyÞ at a border. The points that are not represented
and are not affected by other grid interfaces have a value of Cðjx ; jyÞ ¼ 1.

n� 2 n� 1 n nþ 1 nþ 2

14 16 32 16.5 2M
16 16 16 2Mþ 1

ALGORITHM 1. Simplified algorithm of VLEM_EG, applied to the 2D2V case, where
� � represents the terms that are specific to VLEM_EG and do not exist in VLEM. fR
is the distribution function defined on the level R and nmax is the maximum number
of iterations.

�Initial Refinement with Steps 1–4�
While n � nmax do

Solving Eq. (6) ðBzðtn�1=2Þ ! Bzðtnþ1=2ÞÞ
Computing E�

xðtnÞ; E�
y ðtnÞ; B�

z ðtnÞ
If modðn; 5Þ ¼ 1 then
j �Iterative Refinement with Steps 1–8�
end
Rotation R

�Downhill ðfRðx; y; jx; jyÞ ¼ fRþ1ðx; y; 2jx; 2jyÞÞ�
Local advection X=2
�Downhill ðfRðx; y; jx; jyÞ ¼ fRþ1ðx; y; 2jx; 2jyÞÞ�

Local advection Y

�Downhill ðfRðx; y; jx; jyÞ ¼ fRþ1ðx; y; 2jx; 2jyÞÞ�
Local advection X=2
�Downhill ðfRðx; y; jx; jyÞ ¼ fRþ1ðx; y; 2jx; 2jyÞÞ�
Solving Poisson’s equation (correction of Ex and Ey)

Solving Eq. (7) ð ExðtnÞ ! Exðtnþ1Þ
EyðtnÞ ! Eyðtnþ1Þ Þ

n ¼ nþ 1
end
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Iðx; yÞ ¼
Xjxmax

jx¼jxmin

Xjymax

jy¼jymin

Fðx; y; jx; jyÞDp; (35)

with F as the function we want to integrate.
In VLEM_EG this summation cannot be done because we do not

have a regular step between each point. We assume a homogeneous grid
at the level Rmax

n [i.e., with DpðRmax
n Þ] defined everywhere on the

momentum box. Since it is a homogeneous grid, we can consider the
integral as a summation of all terms, as in VLEM [Eq. (35)].We redistrib-
ute the values of the missing points, those that are not defined on the grid
Rmax
n , by using a 4-point interpolationmethod that will modify the weight

of the points that are defined on the level Rmax
n � 1, such that

FRþ1ð2jxþ1; 2jyÞ ¼ 1
16

�FRðjx � 1; jyÞ þ 9FRðjx; jyÞ
�

þ 9FRðjxþ1; jyÞ � FRðjxþ2; jyÞ�; (36)

FRþ1ð2jxþ1; 2jyþ1Þ ¼ 1
16

�FRþ1ð2jxþ1; 2jy � 2Þ�
þ 9FRþ1ð2jxþ1; jyÞþ9FRþ1ð2jxþ1; 2jyþ2Þ
� FRþ1ð2jxþ1; 2jyþ4Þ
;

(37)

where FRðjx; jyÞ ¼ FRðix; iy; jx; jyÞ is the function we want to integrate,
which depends on the distribution function defined on the level R. We
recall that the point located at (x, y, jx , jy) of the grid R describes the
same position as (x, y, 2jx , 2jy) of the grid Rþ1. So, only the point that
does not exist on the grid Rþ1 and that contains one or more odd val-
ues of ja will be redistributed along the points of the grid R.

This process is then repeated (if possible) for the missing points
of level Rmax

n � 1 to redistribute their values on level Rmax
n � 2. This

stops when the level R ¼ 0 is reached, which is defined on the whole
momentum box.

This will give more weight to the point where the grid is less
refined, that is why we will reintroduce DpðRÞ. Also, the points located
close to the edges of a refined grid will have more weight than those
inside of the grid. Therefore, we introduce another factor C in Eq. (38)
that will differentiate the weights between the points of the same region.
We can now rewrite the general integral in VLEM_EG such that

Iðx; yÞ ¼
XRmax
n �1

Rn¼0

X
jx ;jy2SRn nSRnþ1

FRnðjx; jyÞCðjx; jyÞDpðRÞ
" #

þ
X

jx ;jy2SRmax
n

FRmax
n
ðjx; jyÞCðjx; jyÞDpðRmax

n Þ: (38)

If we applied that to the current, we have

JVLEM EG
a ðx; yÞ ¼

ð
pa
cðpÞ f ðx; y;pÞdp

¼
XRmax
n �1

Rn¼0

X
jx ;jy2SRn nSRnþ1

paðjaÞ
cðjx; jyÞ fRnðjx; jyÞCðjx; jyÞDpðRÞ

" #

þ
X

jx ;jy2SRmax
n

paðjaÞ
cðjx; jyÞ fR

max
n
ðjx; jyÞCðjx; jyÞDpðRmax

n Þ:

(39)

Equations (38) and (39) are valid only if Rmax
n 	 1 either there is

no mesh refinement and the expression of Eqs. (35) and (34) are used.
The integrated domain SRmax

n
corresponds to the grid of maximum level

of refinement, for example, the yellow dot in Fig. 2. While the inte-
grated domain SRnnSRnþ1 can be compared to the brown dot for R ¼ 1.
As we only have rectangular grids, the interfaces between two grids are
simple, for example, in 2V we will have the border and the corners of
the rectangle. So, we can write the value of the coefficient C in tables
depending on the kind of interface we have, for two dimensions in
momentum we reference the value of C in Tables II and III and for the
three dimensional cases we reference the values in the Appendix A
(Tables X–XII). It is important to take into account the points that are
not represented in the limits of the tables, but which play an important
role, to recover the values on the tables.

Table II shows the coefficient of C for a 2V code in the case of a
side between two grids R and R� 1. The parameters n and M will
help writing those coefficients in a general way for the four different
sides. We have n ¼ jamax ðRÞ and nþ 1 ¼ jamax ðRÞ þ 1 where a will
represent the dimension orthogonal to the side. We also have 2M that
represents the even values and 2M þ 1 the odd values of jbðRÞ, with b
the other direction of the 2V system. This is valid as long as
jbminðRÞ þ 2 < 2M < jbmax

ðRÞ � 2. The blank spaces in Tables II and
III represent the points in R� 1 that do not exist and so do the values
of C.

Table III shows the values of C where the intersection between
the grids R and R� 1 is a corner located at (n,m). The values of n are
the same as for Table II and those of m are m ¼ jbmaxðRÞ and
mþ 1 ¼ jbmaxðRÞ þ 1. As this table is symmetrical, we can choose a
and b to represent either x and y or y and x.

For both Tables II and III, the points that should exist and that
are not represented got a value of C ¼ 1.

TABLE III. Value of 256� Cðjx ; jyÞ at a corner. The points that are not represented
and are not affected by other grid interfaces have a value of Cðjx ; jyÞ ¼ 1.

n� 2 n� 1 n nþ 1 nþ 2

264.25 262 255.75 mþ 2
mþ 1

488 256 704 262 m
256 256 256 m� 1
191 256 488 264.25 m� 2

FIG. 6. Sketch of the initial configuration with two counter-propagating beams along
the y direction. The linear perturbation has a wave vector k with components in the
x, y plane. For Secs. IVA andIV B, we have Teq?1 ¼ Teq==1 ¼ Teq?2

¼ Teq==2 ¼ 6keV=kB. For Sec. IV C, we have Teq?1 ¼ Teq==1 ¼ 2MeV=kB and
Teq?2 ¼ Teq==2 ¼ 5keV=kB.
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All integrals over the momentum components done with
VLEM_EG use this method. It also extends to all Casimir invariants
(i.e., also the moments of the distribution function) and the kinetic
energy.

Note that the choice of three points for the graded grid is compat-
ible with this method as the modification affects the three closest
points to the edge of the grid.

IV. RESULTS

In this section, we test the computational acceleration and accu-
racy of the results for VLEM2D2V and VLEM2D3V with and without
embedded grids. The amplification of magnetic fields can be driven
also by any momentum anisotropy. The first process is exemplified by
the Weibel instability (WI),52–55 when the perpendicular temperature
T? is larger than the parallel temperature Tk, where the symbols ?
and k refer to the direction with respect to the wave vector.

As mentioned in the introduction, previous linear studies of the
Weibel-type instabilities have identified different classes of electron
beam-plasma instabilities: the current filamentation instability
(CFI),38,56 driven by a momentum anisotropy (with the wavevector k,
being perpendicular to the beams), the electrostatic two-stream insta-
bility, with k aligned to the beams, and finally the oblique instability
(OI),39,40 for an arbitrary direction of k.

Current filamentation and oblique instabilities can lead to the
emergence of a direct cascade to large wave numbers in the presence
of turbulent processes. Therefore, these instabilities provide an ideal
framework for studying these processes and the effectiveness of AMR
techniques in describing them.

Our code is first checked against the problem of two counter-
streaming electrons beams (Fig. 6) for CFI and OI [taking into account
the possibility of an electrostatic two-stream instability (TSI)] that
takes place in the refined regions in the momentum space. We will
look at the transition between OI and CFI first for a low relativistic
case and then for an antisymmetrical relativistic case.

A. Study of the instability transition from the OI to the
CFI with VLEM2D2V

1. Performance

We study a problem with two counterpropagating electron beams
in the y direction as represented in Fig. 6. We can write the distribution
function as f ðx; y; p; t ¼ 0Þ ¼Pj¼0;1 njF0jðpÞ where

F0j ¼ 1

2pm2c2b2thj
exp � p2x þ ðpy � pjÞ2

2m2c2b2thj

 !
; (40)

with bthj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBTeqj=mc2

q
as the normalized thermal velocity and pj as

the normalized mean momentum of the beam. This kind of initial dis-
tribution function is well adapted to VLEM_EG because there is no
initial spatial fluctuation.

Depending on the direction of the wave vector k in the plane, the
nature of the instability is modified leading to two stream instability
(k ¼ ð0; kyÞ), the current filamentation instability (k ¼ ðkx; 0Þ) or
more generally to the Weible-type oblique (k ¼ ðkx; kyÞ) instability. In
Ref. 57, the authors solve the dispersion relation and find two different
branches for the oblique instability, the “high” and the “low” frequency
branches. We will focus here on the “low” frequency branch already
studied in case B of Ref. 5. This branch is propagative and for
kBTeq1 ¼ kBTeq2 ¼ 6keV , p0 ¼ �p1 ¼ 0:9mc and n1 ¼ n2 ¼ n0

2 can
be triggered by exciting the mode kxde 
 3:07 and kyde 
 5
(de ¼ cx�1

p ). Fixing the normalized dimension of the box to Lx ¼
4:088 de ¼ 2p

Dkx
and Ly ¼ 2:513 de ¼ 2p

Dky
, this corresponds to the

Fourier mode (nx; nyÞ ¼ ð2; 2Þ. We will put an initial perturbation for
this mode on the magnetic field in the form

dBz ¼ dB0 sinðnxDkxx þ nyDkyyÞ: (41)

We take edB0=ðmxpÞ ¼ 0:005 as initial normalized perturbation,
Dtxp ¼ 0:004 as a time step with 60 000 iterations, the space grid
NxNy ¼ 128� 128 distributed over 64 MPI-processes (512 cores)
including eight OMP threads per patch.

As we perform the same numerical experiment as in case B
of Ref. 5, we will be able to compare with their results and we will
go further in time. This type of simulations will lead to a transi-
tion from oblique to current filamentation instabilities. This will
produce magnetic structures where the distribution function
will take more space with respect to the momentum variables.
This is one of the reasons why a mesh refinement method is
needed.

We will look at four different cases with VLEM_EG over two val-
ues of e (e ¼ 10�5 and e ¼ 10�3) [Eq. (31)].

• Case 1, with normalized momentum boundaries between �3 and
3 and with 127 points uniformely located in each direction.

TABLE IV. Different cases studied with VLEM2D2V_EG. Boundary for R ¼ 0 means ðpðx=yÞmin
ð0Þ=pðx=yÞmax

ð0ÞÞ.

VLEM_EG Case 1 Case 2 Case 3 Case 4

Rmax 0 1 2 2
Boundary for
R ¼ 0 (in mc)

�3=3 �3=3 �3=3 �6=6

Dpx=yðRmaxÞ (in mc) 4:76� 10�2 4:76� 10�2 2:38� 10�2 4:76� 10�2

TABLE V. Different cases studied with VLEM2D2V.

VLEM Case A Case B Case C

Boundary (�px=y=px=y)
(in mc)

�3=3 �3=3 �6=6

Dpx=y (in mc) 4:76� 10�2 2:38� 10�2 4:76� 10�2
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TABLE VI. Computational time information for different cases explicit in Table IV for VLEM_EG with e ¼ 10�5.

Case 1 Case 2 Case 3 Case 4

Computational time (in hours) 3.97 3.32 9.4 5.23
Theoretical computational time (in hours) 3.77 2.92 8.17 4.83
Mean number of momentum points 16 129 12 500 34 008 19 920
Mean computational time per point per iteration (in 10�7 s) 4.62 4.98 5.18 4.92

TABLE VII. Computational time information for different cases explicit in Table IV for VLEM_EG with e ¼ 10�3.

Case 1 Case 2 Case 3 Case 4

Computational time (in hours) 3.97 2.88 6.68 3.63
Theoretical computational time (in hours) 3.77 2.40 6.17 3.38
Mean number of momentum points 16 129 10 282 25 668 13 954
Mean computational time per point per iteration (in 10�7 s) 4.62 5.25 4.88 4.88

TABLE VIII. Computational time information for different cases explicit in Table V for VLEM.

Case A Case B Case C

Computational time (in hours) 3.77 15.38 15.51
Number of momentum points 16 129 64 009 64 009
Mean computational time per point per iteration (in 10�7 s) 4.38 4.50 4.54

FIG. 7. Comparative representations of the distribution function in x � px phase space, integrated over py, for case 3 with e ¼ 10�5 (top) and case B (bottom) at txp ’ 67,
86, and 134 for a point located at (iy ¼ Ny=2). The grids are represented and for case 3 which is made with VLEM_EG, it follows the structures well.
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• Case 2, with one level of refinement over the same boundary with
the grid R ¼ 0 with 64 points in each direction, leading to a max-
imum of 127 points in each directions for R ¼ 1.

• Case 3, we add another level of refinement to case 2.
• Case 4, we keep three levels of refinement but we increase the
size of the box up to �6/6 for the normalized momentum bound-
ary. This will give the same Dpx=y as case 2. This should reduce
the loss of density as the distribution function will be far from the
edge of the box.

Those different parameters are recalled in Table IV.
We will compare these simulations with VLEM in three cases

developed in Table V. The first case (case A) with normalized momen-
tum boundaries between �3 and 3 for px and py and with 127 points
in each direction. The second one (case B) with the same boundary
and 253 points in each momentum direction. The last one (case C)
with 253 points in each direction with normalized boundaries between
�6 and 6.

Cases 1 and 2 from VLEM_EG will be compared with case A of
VLEM, case 3 with case B and case 4 with case C, this is to have the
same Dpx=y and the same box size.

The results of the computational time for each simulation are shown
in Table VI for e ¼ 10�5 and in Table VII for e ¼ 10�3 in Eq. (31). We
also add the theoretical time (st) which corresponds to the time the code
should take if the number of points is linearly proportional to the compu-
tational time of the reference code (sVLEM). We can determine it by using
the mean number of momentum points of VLEM_EG (NpEG ) and the
number of momentum points of VLEM (NpVLEM ) in

st ¼
NpEG

NpVLEM
sVLEM : (42)

The results for the comparative case with VLEM are shown in
Table VIII.

For both values of e, we can see that case 1 gives a slightly greater
computational time of about 5% in comparison with case A. This shows
that the changes induced by the AMR method, which are not related to
the creation of the grid, are well implemented in VLEM. Although the
increase in computational time may be due to a difference in the pro-
cessors selected for the simulation, we recognize an increase in the com-
putational effort due to the implementation of the AMR scheme.

For the next three cases we can see that both value of e will give
an acceleration of the computational time. Case 2 shows a small accel-
eration of 12% for e ¼ 10�5 and 24% for e ¼ 10�3 in comparison
with case A. This is due to an already low precision in the initial
parameters for the grid R ¼ 0 so an important need of grid precision.

For case 3 and even more for case 4, the computational gains
become much more important. It is respectively 39% and 66% for e ¼
10�5 and 57% and 76% for e ¼ 10�3. Results for case 3 show that a
high precision is needed but mostly at the center of the momentum
grid (Fig. 7). This gives a good reduction of the computational time in
comparison with VLEM that needs to take the same precision even
where it is not necessary. For case 4, the computational time of
VLEM_EG is greater than case 2 (about 50% more), even if there is the
same momentum precision, mainly due to the limit of the grid of the
momentum box.

FIG. 8. Comparative plots of the normalized amplitude of Ex for the simulations case 3 (top) for e ¼ 10�5 and case B (bottom) at txp ’ 67, 79, and 86. The transition between
OI and CFI happens in both codes in the same way.
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Tables VI–VIII also show the mean computational time per point
per iteration. This value counts a point located at (x, y, px, py) only
once, even if it is defined on several grids, and takes into account the
parallelization MPI and OpenMP to be more comparable between the
simulations. The closer the results for VLEM_EG are to the results of
VLEM, the better the implementation has been done. Looking at cases
2–4 we found a mean value of this parameter of 5:01� 10�7s, while
the mean value of this parameter for VLEM is 4:52� 10�7s. This dif-
ference of about 11% is small and shows that the modification of the
algorithm due to the mesh refinement method (Algorithm 1) is well
implemented and not expensive in terms of computational time.

To verify the results of VLEM_EG we compare the value of
the distribution function in (x; px) (Fig. 7) and also the spatial evo-
lution of Ex (Fig. 8) and Bz (Fig. 9) between VLEM and VLEM_EG
for e ¼ 10�5. We choose to show the comparison between cases 3
and B because those are the cases with the greatest precision. It is
easily verified that both simulations provide the same results for
the transient time (left), the linear phase (middle), and the satura-
tion (right) for Figs. 7–9. We also recovered in Fig. 7 the electro-
static and magnetic trapping structure that were observed in Ref. 5
but as we have been further in time we can oberve a kind of final
stationary state. It is reached at time txp ’ 122 and continues until
the end of the simulation. The electrons will be trapped in the
region of low magnetic field energy (i.e., when Bz 
 0). This is
maintained by the self-generated electric field, which oscillates
twice as much in space as the magnetic field (Figs. 8 and 9). This
evolution is typical of CFI and has already been discussed for a
non-relativistic case in Ref. 58.

For e ¼ 10�3, we get the same results for Figs. 8 and 9 but there
is the appearance of an error of the order of 10�5 which appears in
f ðx; pxÞ near the edge which is not present here for e ¼ 10�5 in Fig. 7.
This one seems to be negligible for the timescales we are considering
but could probably play a role on longer timescales. Even though the
figure is not shown for this case, we will see later in Fig. 11 the error
due to e ¼ 10�3.

2. Influence of the filamentation

One of the most difficult points in developping the AMR code is
the selection of the refinement criterion for cell splitting. The criteria
have to be carefully determined so that key features involved in physi-
cal processes of interest are properly described. For instance in AMR
techniques, used in PIC codes for study for instance of reconnection
processes, the PIC method35,36 requires that the cell size must be as
small as the local Debye length and this spatial scale must be taken
into account in the refinement criteria. In the oblique instabilities (OI),
many unstable modes, e.g., driven by the high frequency branch of OI,
are expected to grow leading to a direct-like cascade to smaller scales.
In Refs.,25,37 it has been shown that such a process can lead to the
reversion of the energy transfer associated with this direct-like turbu-
lent cascade. The current filamentation instability tend to re-inforce
the production of thinner and thinner filaments in the phase space,
coupling with the (kinematic) filamentation of the distribution func-
tion, a process referred to as the “reinforced” filamentation. This
mechanism can induce deep modifications in the energy transfer and
lead to a strong (stochastic) heating.

FIG. 9. Comparative plots of the normalized amplitude of Bz for the simulations case 3 (top) for e ¼ 10�5 and case B (bottom) at txp ’ 67, 77, and 86. The transition between
OI and CFI happens in both codes in the same way.
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Here, the refinement criteria used in Eq. (31), allow such a physi-
cal process to be taken into account, particularly if the size of the ele-
mentary cell in momentum space is small enough to follow the process
of augmented filamentation. This is particularly the case when the
value of e is chosen to e ¼ 10�5. Furthermore, the AMR technique,
restricted to the momentum space, is perfectly adapted to follow the
formation of thin filaments and the method subdivides all cells that
satisfy the refinement criterion so that it enables us to achieve an effi-
cient refinement to recover a complicate re-inforced filamentation that
takes place in the momentum space.

Note that this physical process is already at work in Fig. 10, which
shows the distribution function in momentum space at three different
times with the representation of the grid. The initial conditions chosen
correspond to the excitation of a mode localized on the low-frequency
branch, thus minimizing this type of process, which nevertheless seems
to persist.

Indeed if we look at Fig. 10 that shows the evolution of the grid
for case 4 for e ¼ 10�5, we see the “heating” of the distribution func-
tion which will take more place in momentum space. At the bottom
image, for txp ’ 134:4 the internal grid is larger (around
pamin=maxð2Þ ¼ �4=4mc) than the maximum grid for case 2
(pamin=max ¼ �3=3mc). This shows that the size of the momentum box
for case 2 needs to be increased, to follow some elements of the distri-
bution function that may be lost due to the boundary of the momen-
tum grid. This is the kind of scenario where this mesh refinement
method is better suited. Note that even if some information is lost due

to the fixed size of the momentum boundary in cases 1–3, the simula-
tions still give accurate results as this has only a small impact.

Figure 10 also shows that AMR are well suited for the transient
stage, here located at txp � 75. Indeed, during that phase the electric
and magnetic fields are slowly increasing leading to low perturbation
on the distribution function. This results in a lower number of points
required for the refined grid, which in turn results in lower computa-
tional costs.

Figure 11 shows the same results as Fig. 10 but for e ¼ 10�3. We
can see that the number of points in the momentum space is always
lower than for e ¼ 10�5 which justifies the shorter duration of the sim-
ulation. However, this low number of points, together with the close
proximity of the grid to the distribution function, leads to the appear-
ance of an error of up to 5� 10�5 in many cells. For this reason we
will choose e ¼ 10�5 in the next simulation.

B. Study of the instability transition from the OI to the
CFI with VLEM2D3V

We will now look at the same instability but with three
dimensions for the momentum. This makes possible the current
in the z direction (Jz) and so the component of the related electric
and magnetic fields, Ez , Bx , and By . Magnetic reconnection in the
x-y plane is thus possible now. We now compare simulations per-
formed with a smaller phase-space resolution than before, to
reduce the global computational cost. So, we choose Dtxp ¼

FIG. 10. (Top-left) Time evolution of the number of momentum points for case 4 with e ¼ 10�5. The vertical red lines represent the different times of the three other figures.
Representation of the distribution function in px � py phase space for case 4 with e ¼ 10�5 at txp ’ 67 (top-right), 86 (bottom-left) and 134 (bottom-right) for a point located
at (ix ¼ Nx=2; iy ¼ Ny=2). The embedded grids are represented and follow accurately the evolution of the distribution function.
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0:008 with 24 000 time steps over eight time intervals each after
3000 time steps, NxNy ¼ 64� 64 over 128 processors with eight
OMP threads per patch. All the other parameters describing the
perturbation and the initial distribution function are the same as
in Subsec. IV A.

For VLEM_EG we choose one level of refinement with bound-
aries for each normalized momentum coordinate between �3 and 3, a
level R ¼ 1 up to 793 points and e ¼ 10�5. This will be compared to
VLEM with 793 points for the momentum dimension. Both simula-
tions have Dpx ¼ Dpy ¼ Dpz ¼ 0:0769mc.

Looking at the computational time needed for each time interval
(Table IX), we can again compare VLEM, VLEM_EG and the theoreti-
cal time. It is not surprising to find out that the computational time for
VLEM is quite the same for each simulation due to the fixed number
of points. For VLEM_EG, we found out an average reduction of the
simulation time of 54%. This result however is strongly influenced by
the number of points at each time of the simulation (Fig. 13). Indeed,
before 80txp, the number of points in momentum is fixed at 193 605.
If we compare this to the evolution of the distribution function (px; py)
in the 2D2V case (Fig. 10) or in (py; pz) (Fig. 12), we are still in the
case where there is no visible evolution in the shape of the distribution
function, i.e., we are still in the transient stage. This means that the
number of cells for R ¼ 1 is the lowest, and so the computational cost
is the smallest one (Fig. 13 and Table IX). Then, there is an increase in
the number of points up to 303 575 with a time oscillation behavior.
This corresponds, in the first part, to the linear stage and so to the
expansion of the distribution function in the momentum space (Figs.
10 and 12). In the second part we are at the beginning of the saturation
regime before the final stationary state, explaining the oscillations. For
those two parts, the distribution function is defined on a larger set of
cells which changes over time. This leads to an increase in the compu-
tational time with a maximum reached between txp ’ 96 and txp ’
120 (Fig. 13). Then, the oscillations decrease and stop at 284 409 points
for the last time interval leading to a slight decrease in the computa-
tional time. This final state corresponds to an equilibrium where the
instability is reached and the electrostatic trapping keeps a regular
motion in time (as in Fig. 7).

TABLE IX. Computational time (in hours) for VLEM2D3V between the different time
step intervals. The theoretical time is computed using Eq. (42), where the mean num-
ber of momentum point can be deduced from Fig. 13.

Time intervals (in txp) 0–24 24–48 48–72 72–96

VLEM 7.33 7.33 7.33 7.33
VLEM_EG 3.03 3.07 3.05 3.77
Theoretical 2.88 2.88 2.88 3.48

Time intervals (in txp) 96–120 120–144 144–168 168–192

VLEM 7.33 7.33 7.33 7.33
VLEM_EG 3.03 3.07 3.05 3.77
Theoretical 2.88 2.88 2.88 3.48

FIG. 11. (Top-left) Time evolution of the number of momentum points for case 4 with e ¼ 10�3. The vertical red lines represent the different times of the three other figures.
Representation of the distribution function in px � py phase space for case 4 with e ¼ 10�3 at txp ’ 67 (top-right), 86 (bottom-left) and 134 (bottom-right) for a point located
at (ix ¼ Nx=2; iy ¼ Ny=2). The embedded grids are represented and showing the appearance of edge errors due to the large value of e.
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It is also interesting to focus on the reason for this low computa-
tional cost. Indeed, the number of points in each direction is lower
than the one for case 2 in the previous subsection. That means that the
grid R ¼ 1 will fill the entire domain ðpx; pyÞ at least at the saturation,
but the computational gain in time is made on the pz direction where
there is almost no fluctuation or expansion of the distribution function
(Fig. 12). The grid in pz is around pzmax=minðR ¼ 1Þ ¼ �1:8=1:8mc
leading to approximately 60% of theoretical acceleration. Looking at
Fig. 12 it can be noted that there are slight differences between the two
numerical results at txp ¼ 134:4, due to the near edge of the box
which has a small effect on the distribution function. However we will
see from the energy comparison (Fig. 13) that this difference has little
effect on the code.

If we also compute the mean computational time per point per
iteration, we found out 5:57� 10�7s for VLEM against 6:03� 10�7s
for VLEM_EG. This shows that VLEM2D3V is slightly less efficient
than VLEM2D2V but also that the AMR technique is better imple-
mented on this version.

The low expansion of the distribution function leads to low cur-
rent in the z direction and so Ez , Bx, and By will have a low contribu-
tion to the problem. This explains the similar results between the two-
and three- dimensional cases in the momentum space.

We will now compare the densities and the different energies
obtained by VLEM and by VLEM_EG (Fig. 13). Due to the similarity
between the simulations, the evolution of the energies is very close to
the two-dimensional case in momentum. We calculate the kinetic, the
magnetic and the electric energies respectively as Ek ¼ 1

LxLyÐ
d2x

Ð
d3pmc2ðc� 1Þf , Em¼ e0

2LxLy

Ð
d2xc2B2 and Ee¼ e0

2LxLy

Ð
d2xE2.

We see that there is quasi no difference for the evolution of each
energy between each code. This is also the case for all the 2D2V cases.
The transfer between kinetic and magnetic energies is well computed
and is a characteristic of the current filamentation instability. We also
note that the total energy (Etot¼EkþEmþEe) and the mean density

n¼ 1
LxLy

Ð
d3p
Ð
d2xf

	 

are well conserved (around 1% of variation)

and are quasi-similar in both codes. We remind that the integral for
the computation of the density, as it is the case for all the integration
involving the momentum space, is done for VLEM_EG with the
method introduced in F while for VLEM the standard summation is
done.

These cases validate the good implementation and the gain of
computational time of the AMR method in VLEM2D2V and
VLEM2D3V.

C. Study of the relativistic oblique instability with
VLEM2D2V

In this part we will look at more relativistic and asymmetrical
interaction between the electron beams. To better represent the distri-
bution we will now describe each beam with a drifting Maxwell–
J€uttner distribution function. The representation of Fig. 6 is still valid
but the temperature will be the same in the x and y directions due to
the Maxwell–J€uttner distribution. Its three-dimensional expression is

F0j ¼ 1

4pm3c3hjK2
1
hj

� � exp �ðcðpÞ � bjpyÞ
hj

 !
; (43)

where bj is the normalized drift velocity in the y direction, with cðpÞ
the relativistic factor, 1=hj ¼ mc2=ðkBTjÞ is the normalized inverse
temperature and K2 is the modified Bessel function of second order.
For the problem we are going to address, we can specialize Eq. (43),
which is valid in a general 3D3V problem, to a general 2D2V
problem to get a good momentum precision. Then, the
distribution function can be rewritten in a similar way with
F0j ¼ A expð�h�1

j ðcðpÞ � bjpyÞÞ, with A a normalization factor.
We will perturb the system to excite the oblique instability but

this time with asymmetric temperature with two beams, a cold one
and a hot one. For this case we take Lx ¼ 15:707 de and
Ly ¼ 20:943 de. This normalized spatial box size which corresponds to
Dkx de ¼ 0:40, Dky de ¼ 0:30. For the cold beam we take a tempera-
ture kBT1 ¼ 5keV and for the relativistic one kBT2 ¼ 2MeV . We keep
n1 ¼ n2 ¼ n0=2 but we change b1 ¼ �b2 ¼ �0:745. These parame-
ters correspond to Fig. 3 of Ref. 59 and so we can refer to that to
choose the maximum growth rate. The initial perturbation is again
applied to the z magnetic component in the same way as before [Eq.
(41)] with ðnx; nyÞ ¼ ð1; 1Þ corresponding to the most unstable mode.
For the other normalized parameters we take: edB0=ðmxpÞ ¼ 0:005,
Dtxp ¼ 0:01 with 30000 time step, NxNy ¼ 2562 and 2048 process-
ors. Each process simulates one patch on eight threads through an
Open-MP parallelization.

This type of simulation has already been done in Ref. 60 where
the authors take the same parameters except for the temperature. In
first place they take kBT1 ¼ 10keV and kBT2 ¼ 2MeV and then
kBT1 ¼ 20keV and kBT2 ¼ 1:5MeV , these choices where made for
computational reasons. Indeed as the hot beam occupies a large inter-
val in momentum space, the size of the box needs to be large but as the
cold beam is very narrow in comparison, the precision needs to be
important to describe it well. Therefore, a warmer cold beam was cho-
sen to reduce the need for a high sampling in momentum. It is for this
type of cases that the AMR method is well suited as it increases the
accuracy required for the cold beam but only in the momentum space
where it is needed.

We make the VLEM2D2V simulation with a box pxmin=pxmax ¼
�30mc=30mc and pymin=pymax ¼ �20mc=80mc and with Npx ¼ 255,
Npy ¼ 511. For the comparison we take VLEM2D2V_EG with one
level of refinement where the maximum number of points corresponds
to that of VLEM and with the same box size. We choose to decrease
the parameter e to 10�7 to better follow the micro-oscillations of the
distribution function (i.e., as we have Rmax ¼ 1, the value of e is related
to the L1 error of distribution function).

Again, the results are the same, both for the evolution of the dis-
tribution function and for the evolution of the field. The reference
code takes 19 h and 37min to compute compared to 8 h and 56min
for the AMRmethod, hence about 55% of gain in computational time.

We can see from Fig. 14 that during the first steps, at the begin-
ning of the transient time, the refined grid is well focused on the cold
beam, resulting in a low number of points and thus a lower computa-
tional cost. Then, when the instability starts in the region of px < 0 the
grid follows well the filamentation and acceleration of particles. The
fact that at the end of the simulation the AMR grid still represents less
than 60% of the total grid explains the good acceleration. This is due to
the smoothness of the distribution function for px > 0.

The mean computational time per point per iteration is
5:64� 10�7 for VLEM against 5:36� 10�7 for VLEM_EG. This
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FIG. 13. Comparison of the evolution of the total energy (top-left) and the mean density (top-right) between VLEM2D3V and VLEM_EG2D3V. (Bottom-left) Evolution of the
kinetic (dotted line), magnetic (dashed line), electric (line), and total energy for VLEM_EG2D3V. (Bottom-right) Time evolution of the number of velocity points of the finer grid
R ¼ Rmax

n for VLEM_EG2D3V. The red dashed lines represent the different time intervals used in Table IX.

FIG. 12. Comparative representations of the distribution function in py � pz phase space for VLEM_EG2D3V (top) with e ¼ 10�5 and VLEM2D3V (bottom) at txp ’ 67, 86,
and 134 for a point located at (ix ¼ Nx=2; iy ¼ Ny=2). The embedded grids of VLEM_EG are represented explaining the computational gain time due to the nonexpansion
in pz .
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result may seem unlogical as VLEM_EG has a more complex algo-
rithm than VLEM and so should have a longer mean computational
time per point per iteration, but it is possible that the smaller num-
ber of points per momentum grid could have led to easier memory
access and thus a faster simulation per point.

At the end of this simulation, another transition from the OI to
CFI is triggered. Further investigations on those relativistic oblique
modes with VLEM_EG will be discussed later in another article.

V. CONCLUSION

The AMR technique is one of the most promising methods for
studying physical phenomena which are highly localized and involve a
numerous physical scales which are coupled with each others. The
standard AMR technique has been first introduced in PIC codes to
achieve large-scale kinetic simulations. The AMR technique, when
used in the configuration space, subdivides the computational cells
locally in space and dynamically in time. The technique leads to main
problems. First, it is very difficult to reduce the numerical noise associ-
ated with the electromagnetic fields when implementing the AMR
technique in the staggering spatial grid.36,61 The electromagnetic field
information must be communicated properly among the hierarchical
levels, so that electromagnetic waves must propagate smoothly across
the boundary refinement regions without causing a numerical

instability. Another challenge in the AMR usually implemented in PIC
solvers is to keep the charge load balance among the processors by
controling the number of superparticules in refined cells.36 Because of
the Eulerian feature of the distribution function, the semi-Lagrangian
scheme simplifies the programming structure because one does not
have to cope with the allocation of the “particles” between processors
since Euler elements stay in place.

Not only does the use of AMR techniques, restricted to the
momentum space alone, remove one of the technical hurdles associ-
ated with sampling the momentum space, i.e., reducing the Nvlas=Npic

numerical cost of a Vlasov code compared with a PIC code with fixed
gPIC and with equal space coordinate sampling of the Vlasov code, but
it also offers the possibility of adapting the refinement criterion to the
filamentation process of the distribution function in the momentum
space. This enables one to accurately follow multiscale process in p.

We have implemented a dynamically adaptive mesh refinement
method in the relativistic solver VLEM, preserving the patch decom-
position and the global architecture of the code. To do this, we have
chosen to make embedded rectangular grids only in the momentum
space. The main modifications were the boundary condition of the
cubic spline interpolation method and the way of computing integrals.
An important part is also the downhill of information (from finer to
coarser grids) that should be done after each advection to keep the

FIG. 14. (Top-left) Time evolution of the number of momentum points for VLEM_EG2D2V with e ¼ 10�7. The vertical red lines represent the different times of the three other
figures. Representation of the distribution function in px � py phase space for VLEM_EG2D2V with e ¼ 10�7 at txp ’ 10 (top-right), 160 (bottom-left), and 300 (bottom-right)
for a point located at (ix ¼ 218� Nx=255; iy ¼ Ny=2). The embedded grids of VLEM_EG are represented showing an initial good description of the cold beam then following
the fluctuations of the distribution function.
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independence between the different levels of refinement of the distri-
bution function.

All together we test the code on an OI to a CFI case in both
2D2V and 2D3V configurations and in both nonrelativistic and rela-
tivistic cases. VLEM and VLEM_EG give the same results for the evo-
lution of the distribution function and the fields. We reach up to 76%
of acceleration for a case with a small value of e and where the distribu-
tion function was initially really localized in momentum space before
the “heat” of the distribution function caused it to spread out. The
parameter e, which is used for the refinement criterion [Eq. (31)], is
one of the most important parameters to reduce the computational
time of such a method but it must be chosen to adapt to the desired
precision.

Beside of speeding up the computation, this type of mesh refine-
ment methods is well suited to follow the acceleration of the distribu-
tion function. Indeed, a uniform grid need to find the balance between
the size of the box, the accuracy and the computational time to follow
acceleration process, where with the AMR we could take a wide box
one and expect the mesh to be placed only where it is needed. This
should reduce the losses at the edge while maintaining a reasonable
computational time.

This AMR method is also well suited to describe relativistic pro-
cesses characterized by an important scale mixing. This is the case for
oblique and current filamentation instability with different beam tem-
peratures, which is quite common in nature.

Future improvements that can be added to the method include
spatial variation for the rectangular grids with redistribution of the
MPI patch. Several rectangles could also be used to describe the same
level to better follow the anisotropic process.

Although this article describes the method applied to
VLEM2D2V and VLEM2D3V, the extension to VLEM3D3V is trivial
and is already under development. It should facilitate its use by reduc-
ing its computational cost.
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APPENDIX A: VALUE OF C FOR THE 3V CASE

Here, we present the values of the C coefficient (see Sec. III F),
used in the integrals, for the AMR method with three dimensions
for the momentum space.

TABLE X. Value of 16� Cðjx ; jy ; jzÞ on a face. The points that are not represented
and are not affected by other grid interfaces have a value of Cðjx ; jy ; jzÞ ¼ 1.

n� 2 n� 1 n nþ 1 nþ 2

12 16 48 16.5 2M 2L
16 16 16 2Mþ 1

16 16 16 2M 2Lþ 1
16 16 16 2Mþ 1

TABLE XI. Value of 256� Cðjx ; jy ; jzÞ on an edge. The points that are not repre-
sented and are not affected by other grid interfaces have a value of Cðjx ; jy ; jzÞ ¼ 1.

n� 2 n� 1 n nþ 1 nþ 2

264.25 262 255.75 mþ 2
mþ 1

720 256 1152 262 m 2L
256 256 256 m� 1
126 256 720 264.25 m� 2

mþ 2
mþ 1

256 256 256 m 2Lþ 1
256 256 256 m� 1
256 256 256 m� 2
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