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Abstract. Time modulation of the physical parameters offers interesting new possibilities for wave control.
Examples include amplification of waves, harmonic generation and non-reciprocity, without resorting to
non-linear mechanisms. Most of the recent studies focus on the time-modulation of the bulk physical
properties. However, as the temporal modulation of these properties is difficult to achieve experimentally,
we will concentrate here on the special case of an interface with time-varying jump conditions, which is
simpler to implement. This work is focused on wave propagation in a one-dimensional medium containing
one modulated interface. Properties of the scattered waves are investigated theoretically: energy balance,
generation of harmonics, impedance matching and non-reciprocity. A fourth-order numerical method is also
developed to simulate transient scattering. Numerical experiments are conducted to validate the numerical
scheme and to illustrate the theoretical findings.

Résumé. La modulation temporelle des propriétés d’un milieu de propagation offre de nouvelles possibi-
lités intéressantes pour le contrôle des ondes. Les exemples incluent l’amplification des ondes, la géné-
ration d’harmoniques et la non-réciprocité, sans avoir recours à des mécanismes non linéaires. La plu-
part des études récentes se concentrent sur la modulation temporelle des propriétés physiques volumiques
d’un milieu de propagation. Cependant, cette modulation étant difficile à réaliser expérimentalement, on
se concentre ici sur le cas particulier d’une interface avec des conditions de saut variables en temps, plus
simple à mettre en œuvre. Ce travail se concentre sur la propagation des ondes dans un milieu monodimen-
sionnel contenant une interface modulée. On étudie théoriquement de nombreuses propriétés des ondes
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diffusées : bilan d’énergie, génération d’harmoniques, adaptation d’impédance et non-réciprocité. Une mé-
thode numérique d’ordre 4 est développée pour simuler les ondes transitoires diffractées. Des expériences
numériques sont menées pour valider le schéma numérique et illustrer les résultats théoriques attendus.

Keywords. Elastic waves, Imperfect jump conditions, Time-varying media, Non-reciprocity, Numerical
methods for hyperbolic equations.
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1. Introduction

Since the early 2000s, periodic modulation of physical properties in space has led to significant
developments in wave control. Based on homogenization theory and Floquet-Bloch analysis,
these so-called metamaterials have made it possible to achieve cloaking, negative refraction or
perfect lensing, to cite a few of the exotic effects. We refer the interested reader to [1] for an
overview of this abundant subject in the case of acoustics.

In recent years, the technical possibility of modulating physical properties in time has opened
new perspectives in the field of metamaterials [2–4]. Time-varying metamaterials exhibit un-
usual phenomena such as time reflection and time refraction [5], nontrivial topology [6, 7], fre-
quency conversion [8, 9] unidirectional and parametric amplification [10–12]. Numerous works
have emerged since the late fifties, investigating this physics both theoretically [13–40] and ex-
perimentally [41–52]. In particular, systems that are periodically modulated in both space and
time have the ability to alleviate some of the constraints of static media, such as the breaking of
reciprocity [53]. As a result, exciting wave control possibilities have been identified, such as uni-
directional amplification [54], coherent perfect absorption [55] and non-reciprocity [47, 56–58].

Nevertheless, a current limitation relies on the difficulty to achieve time modulation of bulk
parameters experimentally (e.g. density or Young’s modulus of elasticity). It is easier to modify
properties at discrete points, for example, by modifying the stiffness of a membrane or a surface
impedance [59, 60], or by vertical oscillations of a submerged plate within a water tank [61].
Recent work has focused on the theoretical analysis of wave propagation in systems with time
modulation at discrete points using multiple scattering [62], transmission-line theory [63], and
capacitance matrix [64, 65].

The aim of this paper is then to study theoretically and numerically the propagation of waves
across a time-modulated interface. For this purpose, the article is structured as follows. Section
2 describes the time-dependent jump conditions, which generalize the static jump conditions
widely used to describe imperfect contacts [66]. Interface dissipation is also incorporated
to be closer to experimental devices. An energy balance is conducted. The generation of
harmonics is studied through a harmonic balance analysis. The particular case of reflectionless
modulated interface is discussed. Section 3 describes the time-domain numerical methods used
to simulate transient wave phenomena. Integration of the momentum equation and of the
constitutive law is done by a fourth-order finite-difference ADER scheme. The time-varying jump
conditions are discretized by the Explicit Simplified Interface Method (ESIM) [67, 68], requiring
new developments of this method. Validation of the numerical results is done by comparisons
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with a semi-analytical solution. Section 4 presents different numerical experiments, illustrating
the theoretical findings: amplification of waves, generation of harmonics, impedance matching,
and non-reciprocity. Lastly, Section 5 draws future lines of research such as homogenization of a
network of such modulated interfaces.

2. Physical modeling

2.1. Problem statement

Let us consider a one-dimensional linear elastic medium with density ρ(x) and Young’s modulus
E(x) = ρ(x)c2(x), where c is the sound speed (the analysis is however relevant to other wave
physics problems such as acoustics or s-polarization and p-polarization in electromagnetism, see
Remark 1). These parameters may be discontinuous at x = x0. The conservation of momentum
and the Hooke’s law are formulated as follows:{ ∂t (ρ(x)∂t u(x, t )) = ∂xσ(x, t )+F (x, t ), (1a)

σ(x, t ) = E(x)∂x u(x, t ), (1b)

with u being the displacement field, σ the stress field, and F a body force with compact support
that does not contain x0. The velocity field is denoted by v = ∂t u. For any function g (x), we
define the jump and mean operators J.Kx0

and 〈〈.〉〉x0 as

JgKx0
= g+(x0)− g−(x0), 〈〈g 〉〉x0 =

1

2

(
g+(x0)+ g−(x0)

)
, (2)

where

g±(x0) = lim
η→0+

g (x0 ±η). (3)

To simplify the notations, the indices and arguments denoting space and time will be omitted
when no risk of ambiguity occurs; in particular, x0 is omitted in the jump and mean operators
from now on. As can be seen from direct computations, for any two functions g and h, these
operators satisfy the property

Jg hK= JgK 〈〈h〉〉+〈〈g 〉〉 JhK . (4)

Introducing interface parameters of stiffnessK(t ) > 0, complianceC(t ) = 1/K(t ), inertiaM(t ) ≥
0 and dissipation QC ,M (t ) ≥ 0, the imperfect interface is modelled by the time-dependent jump
conditions:  Jv(·, t )K= ∂t (C(t )〈〈σ(·, t )〉〉)+QC (t )〈〈σ(·, t )〉〉, (5a)

Jσ(·, t )K= ∂t (M(t )〈〈v(·, t )〉〉)+QM (t )〈〈v(·, t )〉〉. (5b)

Five remarks arise from (5):

• The modulated jump conditions are assumed to result from an external stimulus. Such a
modulation of JvK and JσK can be obtained by piezoelectric components [47] and time-
modulated membranes [60], respectively;

• As seen further in Section 2.2, the compliance C(t ) and the inertia M(t ) must be inside
the time derivative to ensure a sound energy balance;

• The terms in (5a) are reminiscent of the Maxwell model of viscoelasticity in the case of a
static dissipation parameter QC (t ) =QC ;

• When C = 0, M = 0,QC = 0 andQM = 0, the conditions of perfect bonding are recovered;
• If QC = 0, then (5a) can be recast in the more usual form with displacement:

Ju(·, t )K=C(t )〈〈σ(·, t )〉〉;
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Remark 1. The problem studied in this article is generic to various wave physics problems. For
instance, the case of acoustics is obtained by changing u into the acoustic pressure, E into the
inverse of mass density and ρ into the compressibility. Similarly, the case of s-polarization (resp.
p-polarization) in electromagnetism can be obtained by changing u into the transverse electric
(resp. magnetic) field, ρ into the permittivity (resp. permeability) and E into the inverse of the
permeability (resp. inverse of the permittivity).

2.2. Energy balance

We take the product of the momentum equation (1a) by v = ∂t u and integrate over (−∞, x0).
Integrating by parts and using (1b) give∫ x0

−∞
ρ v ∂t v d x =

∫ x0

−∞
v ∂xσd x +

∫ x0

−∞
F v d x,

= −
∫ x0

−∞
σ∂x v d x + [vσ]x0−∞+

∫ x0

−∞
F v d x,

= −
∫ x0

−∞
1

E
σ∂tσd x + v−(x0, t )σ−(x0, t )+

∫ x0

−∞
F v d x.

(6)

Similarly, integrating over (x0,+∞) yields∫ +∞

x0

ρ v ∂t v d x =−
∫ +∞

x0

1

E
σ∂tσd x − v+(x0, t )σ+(x0, t )+

∫ +∞

x0

F v d x, (7)

where we have used the fact that F is compactly supported and that the fields vanish at infinity.
Summing (6) and (7) leads to

d

d t

(
1

2

∫
R

(
ρ v2 + 1

E
σ2

)
d x

)
=−JvσK+

∫
R

F v d x. (8)

The property (4) and the jump conditions (5) lead to

JvσK = JvK〈〈σ〉〉+〈〈v〉〉JσK ,

= (
C′(t )〈〈σ〉〉+C(t )〈〈∂tσ〉〉+QC (t )〈〈σ〉〉)〈〈σ〉〉+ (

M′(t )〈〈v〉〉+M(t )〈〈∂t v〉〉+QM (t )〈〈v〉〉)〈〈v〉〉,

= d

d t

(
1

2

(
C(t )〈〈σ〉〉2 +M(t )〈〈v〉〉2))+ 1

2

(
C′(t )〈〈σ〉〉2 +M′(t )〈〈v〉〉2)+QC (t )〈〈σ〉〉2 +QM (t )〈〈v〉〉2.

(9)
It leads to the following energy balance.

Proposition 2. Let Em =Eb +Ei be the total energy, with the bulk energy

Eb(t ) = 1

2

∫
R

(
ρ v2 + 1

E
σ2

)
d x (10)

and the interface energy

Ei (t ) = 1

2
M 〈〈v〉〉2 + 1

2
C 〈〈σ〉〉2. (11)

Introducing the power of external forces due to body forcing

P(t ) =
∫
R

F v d x, (12)

one has
d

d t
Em(t ) =P(t )− 1

2

(
M′(t )〈〈v〉〉2 +C′(t )〈〈σ〉〉2)− (

QC (t )〈〈σ〉〉2 +QM (t )〈〈v〉〉2) . (13)

Five remarks arise from Proposition 2 and positivity of M, C, QC and QM :
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• both Eb and Ei are positive, hence Em ≥ 0;
• in Ei one recognizes the kinetic energy and the potential energy of a spring-mass system

when static parameters are considered;
• if there are no body force (F = 0), no time-modulation (both M and C are constant in

time) and no dissipation term in the jump conditions (QC =0 and QM =0), then the total
mechanical energy is conserved;

• if no body force is applied (F = 0) and both M and C are constant in time, but QC or QM

is non-zero, then the total mechanical energy is dissipated;
• if F = 0 but either M or C varies with time, then the total mechanical energy may vary,

due to the power of external forces required to modify M and C. The sign of the right-
hand-side in (13) is arbitrary, so that Em may increase or decrease.

2.3. Some additional properties

The latter remark about the amplification of energy raises the question of possible parametric
amplification. Under suitable assumptions, the next Proposition states that such an amplifica-
tion is not possible, and that the solution remains bounded. The proof is given in Appendix C.

Proposition 3. Let us assume:

(i): a sinusoidal modulation of the interface compliance C(t ) and the dissipation term QC (t );
(ii): no jump of stress (ie M(t ) = 0 and QM (t ) = 0);
(iii): a body force in (1a) in the form F (x, t ) = δ(x −xs )S(t ), where S is bounded.

Then the scattered fields v and σ remain bounded for all t .

This result is counter-intuitive, since modulated systems often exhibit resonance (e.g. a mod-
ulated spring-mass system). An interpretation is that the energy may be evacuated on both sides
of the domain, preventing from an unbounded increase. A similar conclusion holds by inter-
changing the roles of C and M. The case where both interface compliance and interface inertia
are modulated remains open but this limitation seems, a priori, purely technical. Indeed, our
numerical experiments suggest that the same result will hold in this case.

Proposition 4. When only QC (t ) ̸= 0, i.e M(t ) = 0, C(t ) = 0 and QM (t ) = 0, the limits between
which the solutions evolve are determined analytically (Appendix B) and correspond to the static
cases with the extreme values of QC (t ). The limits for the case with only QM (t ) ̸= 0 can be obtained
using the same reasoning.

2.4. Generation of harmonics

The interaction of a single-frequency wave with a modulated interface generates an infinite
number of harmonics. Here we shortly describe how to compute them. For simplicity, constant
physical parameters are considered around the interface at x0 = 0. In this part, a sinusoidal
modulation for C, M, QC and QM is chosen:

C(t ) =C0 (1+εC sin(Ωt )) ,

M(t ) =M0 (1+εM sin(Ωt )) ,

QC (t ) =QC0

(
1+εQC sin(Ωt )

)
,

QM (t ) =QM0

(
1+εQM sin(Ωt )

)
,

(14)
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withΩ= 2π fm , where fm is the modulation frequency, and C0 ≥ 0, M0 ≥ 0 and −1 < εX < 1, with
X =C , M ,QC ,QM . A harmonic incident wave v in and σin of the form

v in(x, t ) = e iω(t−x/c); σin(x, t ) =−ρc e iω(t−x/c)

impacts the interface from the left. Thus, we can write

v tot(x, t ) =
{

v in(x, t )+ v ref(x, t ) for x < 0
v trans(x, t ) for x > 0,

and

σtot(x, t ) =
{
σin(x, t )+σref(x, t ) for x < 0

σtrans(x, t ) for x > 0,

for some reflected and transmitted wave fields v ref, σref, v trans and σtrans that also satisfy the
governing wave equation. Floquet theorem states that these fields write

v ref(x, t ) = ∑
k∈Z

Rk e iωk (t+x/c), σref(x, t ) = ρc
∑

k∈Z
Rk e iωk (t+x/c), (15)

v trans(x, t ) = ∑
k∈Z

Tk e iωk (t−x/c), σtrans(x, t ) =−ρc
∑

k∈Z
Tk e iωk (t−x/c), (16)

for some reflection and transmission coefficients Rk and Tk to be determined, and where we
denote ωk ≡ω+kΩ. One introduces the auxiliary quantitiesΨk = Tk −Rk andΦk = Tk +Rk .

2.4.1. Dealing with the first jump equation

Using (15) and (16), together with the definition of the jump operator, we find that

Jv totK= e iωt

(
−1+ ∑

k∈Z
Ψk e i kΩt

)
and 〈〈σtot〉〉 =−ρ c

2
e iωt

(
1+ ∑

k∈Z
Ψk e i kΩt

)
.

Similarly, though it is slightly longer, we find that

∂t 〈〈C(t )σtot〉〉 = e iωt
(
CεC

4
ω−1e−iΩt − iC

2
ω− CεC

4
ω1e+iΩt

)
+ e iωt

∑
k∈Z

(
−CεC

4
ωkΨk−1 −

iC

2
ωkΨk +

CεC

4
ωkΨk+1

)
e i kΩt ,

where we have introduced the reduced quantity C = ρ cC0. Therefore the first jump condition
(5a), after dividing through by e iωt and rearranging slightly becomes∑

k∈Z

(
CεCωk − iQCεQC

4
Ψk−1 +

(
1+ QC

2
+ i

C

2
ωk

)
Ψk −

CεCωk − iQCεQC

4
Ψk+1

)
e i kΩt

= CεCω−1 − iQCεQC

4
e−iΩt +

(
1− QC

2
− i

Cω

2

)
− CεCω1 − iQCεQC

4
e+iΩt ,

(17)

where QC = ρ cQC0 . Since the e i kΩt functions are linearly independent, we obtain this system in
matrix form:

A(C,εC ,QC ,εQC ,ω,Ω)Ψ= V(C,εC ,QC ,εQC ,ω,Ω), (18)

where

Ψ≡ (. . .Ψ−N , . . .Ψ−1,Ψ0,Ψ1, . . .ΨN , . . .)⊤ ,

V(C,εC ,QC ,εQC ,ω,Ω) =
(
. . . 0 . . .

CεC

4
ω−1 − i

QCεQC

4
, 1− QC

2
− i

C

2
ω, −CεC

4
ω1 + i

QCεQC

4
, . . . 0 . . .

)⊤
,

(19)
andA is a tri-banded antidiagonal matrix. Now we can truncate this system so thatA becomes a
(2N +1)× (2N +1) matrix, and the truncated vectorΨ can be recovered by simple inversion.
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2.4.2. Dealing with the second jump equation

One obtains directly

JσtotK= ρc e iωt

(
1− ∑

k∈Z
Φk e i kΩt

)
and 〈〈v tot〉〉 = 1

2
e iωt

(
1+ ∑

k∈Z
Φk e i kΩt

)
.

Similarly, we find that

∂t 〈〈M(t )v tot〉〉 = e iωt
(
−M0 εM

4
ω−1e−iΩt + iM0

2
ω+ M0 εM

4
ω1e+iΩt

)
+ e iωt

∑
k∈Z

(
M0 εM

4
ωkΦk−1 +

iM0

2
ωkΦk −

M0 εM

4
ωkΦk+1

)
e i kΩt .

Upon introducing M=M0/(ρc) and QM =QM0 /(ρc), the second jump condition (5b) leads to∑
k∈Z

(
MεMωk − iQMεQM

4
Φk−1 +

(
1+ QM

2
+ i

M

2
ωk

)
Φk −

MεMωk − iQMεQM

4
Φk+1

)
e i kΩt

= MεMω−1 − iQMεQM

4
e−iΩt +

(
1− QM

2
− i

Mω

2

)
− MεMω1 − iQMεQM

4
e+iΩt .

(20)

We end up with a system of the form

B(M,εM ,QM ,εQM ,ω,Ω)Φ= W(M,εM ,QM ,εQM ,ω,Ω). (21)

The matrix B and the vector W are obtained by replacing (C,εC ,QC ,εQC ,ω,Ω) by
(M,εM ,QM ,εQM ,ω,Ω) inA and V. The vectorΦ is

(· · · ,Φ−N , · · · ,Φ−1,Φ0,Φ1, · · · ,ΦN , · · · )⊤.

As before, this system can be solved for any truncation by simple inversion.

2.4.3. Final reflection and transmission coefficients

OnceΨk andΦk are computed, the reflection and transmission coefficients are given by:

Rk = 1

2
(Φk −Ψk ), Tk = 1

2
(Ψk +Φk ). (22)

Two limit-cases are highlighted:

• Without modulation, the only non-zero coefficients are R0 and T0. These coefficients are
given in Appendix A;

• If M = C, εM = εC , QC = QM and εQC = εQM , then the two matrix systems (18) and (21)
are exactly the same, and so Φ = Ψ, which leads to Rk = 0 for all k. This property of
impedance matching is summarized in the following proposition.

Proposition 5. Let us consider a homogeneous medium of impedance Z = ρ c. Under the
following equalities

M0 = Z 2C0, QM0 = Z 2QC0 , εC = εM , εQC = εQM , (23)

then no reflected wave is generated at the modulated interface.

Proposition 5 generalizes the impedance matching condition already obtained with static jump
conditions and no dissipation in [66].

Remark 6. Proposition 5 can be extended to any periodic modulation, while respecting M(t ) =
Z 2C(t ) and QM (t ) = Z 2QC (t ), using the linearity of the equations and the fact that periodic
functions can be decomposed into Fourier series.
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3. Numerical modeling

3.1. Numerical scheme

First-order formulation. A velocity-stress formulation of the evolution equations is used. We
introduce the compact notations

U(x, t ) =
(

v(x, t )
σ(x, t )

)
, F(x, t ) =

 F (x, t )

ρ(x)
0

 ,

A(x) =
 0 − 1

ρ(x)
−E(x) 0

 , B(t ) =
(

0 C(t )
M(t ) 0

)
, E(t ) =

(
0 QC (t )

QM (t ) 0

)
,

(24)

where A and E can be discontinuous at the interface. From (1) and from (5), one obtains the
boundary-value problem 

∂t U+A∂x U = F, x ̸= x0, (25a)

JU(·, t )K= ∂t (B(t )〈〈U(·, t )〉〉)+E(t )〈〈U(·, t )〉〉. (25b)

It is assumed that the body force is zero at the interface: F(x0, t ) = 0, which is not restrictive.

ADER-4 scheme. A uniform grid with space step∆x and time step∆t is introduced, to determine
an approximation Un

j of U(x j = j ∆x, tn = n∆t ). Integration of (25a) is done by a fourth-order
ADER scheme. This explicit two-step finite-difference scheme is fourth-order accurate in space
and time, using a stencil of 2 neighboring points on the right and on the left. It is stable under the
usual CFL condition

ζ= max(c(x))
∆t

∆x
≤ 1, (26)

where c(x) =
√

E(x)
ρ(x) is the sound speed. The reader is referred to [69] for implementation details.

3.2. Immersed interface method for time-modulated jump conditions

Discretization of the modulated jump conditions (25b) is done by implementing the Explicit
Simplified Interface Method (ESIM). The philosophy of this numerical method is as follows:
based on the jump conditions and the interface geometry, smooth extensions of the solution
U on either side of the interface are constructed at each time step (Figure 1). Evaluation of these
extensions leads to modified values U⋆

j of the solution. At a point x j on one side of the interface,
the integration scheme (ADER 4 here) then uses the usual values Un

j if x j is on the same side, and
U⋆

j if x j is on the other side of the interface. This method has been applied to various interface
problems, notably to constant imperfect interfaces in 1D [67] and 2D [68].

An important ingredient of ESIM is to determine the jump conditions satisfied by the solution
and its successive spatial derivatives. As the jump conditions here vary as a function of time, an
important modification has to be made to the method, as detailed now. From (2) and (25b), we
obtain

U+− 1

2
∂t (B U+)− 1

2
E U+ = U−+ 1

2
∂t (B U−)+ 1

2
E U−, (27)

where the superscripts ± refer to the limit values, as in (3). Using (25a), we then have(
I− 1

2
(∂t B+E)

)
U++ 1

2
B A+∂x U+ =

(
I+ 1

2
(∂t B+E)

)
U−− 1

2
B A−∂x U−, (28)

where I is the 2×2 identity matrix. Successive time-derivatives of (28) up to an order k yields the
matrix relation

C+
k (t )U+

k +Γ+k+1 = C−
k (t )U−

k +Γ−k+1, (29)
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Figure 1. Scheme of the principle of ESIM at an interface with a discontinuous solution
U(x, t ) (blue line) and its smooth extensions U⋆(x, t ) (red dotted lines).

with the 2(k +1) vectors of limit values

U±
k =

(
U±, ∂x U±, · · · , ∂k

x U±
)⊤

,

Γ±k+1 =
(

0, 0, · · · , 0, ∓ (−1)k+1

2
B

(
A±)k+1

∂k+1
x U±

)⊤
,

(30)

where C±
k are (2(k +1))× (2(k +1)) time-dependent matrices, 0 is the 2×2 zero matrix, and Γ±k+1

are 2(k +1) vectors. The matrices C±
k depend on the bulk parameters (through the matrices A±)

and the successive time derivatives of the jump conditions (through the matrix B(t ) and E(t ) in
(24)). Moreover, the matrices C± have a structure of block lower diagonal matrix; the 2×2 blocks
below the diagonal depend on the successive time derivatives of C(t ), M(t ), QC (t ) and QM (t ).

Neglecting the (k +1)-th spatial derivatives (Γ±k+1 = 02(k+1)) and inverting (29) yields

U+
k = (

C+
k (t )

)−1 C−
k (t )U−

k ,

:= Dk (t )U−
k .

(31)

The transfer matrices Dk (t ) of order k (31) are the building-block of the ESIM. These are used
to calculate extrapolation matrices, which are used to determine the modified values U⋆

i at each
time step. Once computed, the rest of the method follows the usual lines. The reader is referred
e.g. to [70] for practical details. Four remarks can be made concerning the implementation and
the properties of the ESIM:

• The transfer matrices Dk in (31) depend on time. Consequently, the extrapolation
matrices must be recalculated at each time step. This is an important difference with the
cases previously dealt with by ESIM, where the extrapolation matrices were calculated
once during a preprocessing step;

• The calculation of Dk is tedious, especially for large values of k. A naive idea to simplify
this calculation is to freeze the jump conditions at the instant under consideration, so
that ∂t B = 0 in (28), and Dk (t ) depends only on B and E and not on their successive
derivatives. This is a bad idea: the time evolution of the modulated interface conditions
is then poorly described, leading to inaccurate numerical results;

• The problem under study has similarities with other time-varying interface problems.
But here we are in a kinematic case, where the jump conditions are known and imposed,
unlike dynamic cases such as [71], where the jump conditions are unknown and depend
on the solution in a non-trivial way;

• The optimal choice of the derivation order k is important. In the case of static jump
conditions (see e.g. [67]), a numerical analysis of the ESIM has been carried out, and we
will reuse these results here. In the limit case where the interface disappears (C0 = 0,
M0 = 0,QC0 = 0 andQM0 = 0), U⋆

j = Un
j is needed to recover the scheme in homogeneous
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medium. This consistency property is obtained if k is odd and k ≥ 2s − 1, where s is
the width of the stencil. Additionally, the local truncation error of a r -th order accurate
scheme is maintained at the interface if k ≥ r . Putting together these two conditions
yields

k = max(r,2s −1) and k odd. (32)

Here r = 4 and s = 2, so that k = 5 is the optimal value, which will be used in the
numerical experiments. We will examine numerically the convergence properties using
this value in Section 3.4 since we have no proof that it still holds in the current modulated
case.

3.3. Numerical set-up

We consider a medium of length L = 400 m, discretized on Nx = 400 grid nodes. The bulk
parameters are constant and correspond to those of a bar of Plexiglass: ρ = 1200 kg/m3 and
c = 2800 m/s. The CFL number in (26) is ζ= 0.95.

A modulated interface lies at x0 = 200 m. The values of the interface parameters used further
have no physical origin, and they are only chosen to illustrate clearly the expected phenomena.
Typically, modulation magnitudes of the order of 0.75 or 0.9 are used, whereas real systems lead
to magnitudes of the order of 0.2 [63].

(a) (b)

0 50 100 150 200 250 300 350 400

x (m)

−0.0010

−0.0005

0.0000

0.0005

0.0010

v
(m

/s
)

t =0 s

0 50 100 150 200 250 300

f (Hz)

0.00

0.05

0.10
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0.20

0.25
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Figure 2. Forcing of simulations. (a) Cauchy problem (33) with fc = 45 Hz. (b) Spectrum of
the source (35); the vertical dotted line denotes the central frequency fc .

Two types of forcing are considered: i) a Cauchy problem with an initial data associated with a
right-going wave

U(x,0) =
(

ρ

−1/c

)
S

(
t0 − x

c

)
, (33)

where t0 allows to position the initial wave on the left of the interface, or ii) zero initial conditions
with a time-dependent forcing at a Dirac source point

F (x, t ) = S(t )δ(x −xs ). (34)

Both forcings involve the source function S, chosen as a combination of truncated sinusoids:

S(ξ) =


4∑

m=1
am sin(bmωc ξ) if −0 < ξ< 1/ fc

0 otherwise,

(35)
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where fc = ωc /(2π) is the central frequency, bm = 2m−1, the coefficients am are a1 = 1, a2 =
−21/32, a3 = 63/768, and a4 = −1/512. This source entails C 6([0,+∞[) smoothness. Figure 2
illustrates a Cauchy problem (a) and the spectral content of S (b).

The time dependence of C and M writes

C(t ) = C0
(
1+εC φC (t )

)
,

M(t ) = M0
(
1+εM φM (t )

)
,

QC (t ) = QC0

(
1+εQC φQC (t )

)
,

QM (t ) = QM0

(
1+εQM φQM (t )

)
,

(36)

where C0 ≥ 0, M0 ≥ 0, QC0 ≥ 0, QM0 ≥ 0, and εX φX > −1, with X = C , M ,QC ,QM . The functions
φC , φM , φQC and φQM may differ from each other. If φX = 0 or εX = 0, then C, M, QC and QM do
not depend on t , and one recovers the static conditions of imperfect contact investigated in [67].
In addition to the sinusoidal modulation (14), two modulation functions are introduced for the
numerical simulations: a quasi-periodic modulation and a rectangular one. It follows

φX (t ) =



sin(Ωt ), (sinusoidal),

sin(Ωt )+ sin
(p

2Ωt
)

, (quasi-periodic),

(−1)n , with n =
⌊(
Ω t

2π
mod 1

)
−ν

⌋
(rectangular),

(37)

where ⌊g ⌋ denotes the floor function of g , 0 > ν> 1, and Ω = 2π fm , where fm is the modulation
frequency. In this work, we assume φC = φM = φQC = φQM (which implies that the modulation
frequencies are the same), but this is only for simplicity. The numerical scheme presented above
does not depend on this assumption. Therefore, this scheme and our implementation of it
remain valid for functions that differ from one another.

3.4. Validation

In this part, a validation of the numerical scheme is proposed. A pulse is initially located on the
left of the interface (33). The interface parameters are K0 = 2.45 GPa/m, M0 = 0. The central
frequency if fc = 30 Hz. A semi-analytic solution of (25) can be obtained by the method of
characteristics when M0 = 0 or C0 = 0. Technical details are given in Appendix B in the case
where only the stiffness is modulated.

Figure 3-(a) and (b) illustrates the case without modulation: εC = 0 . The other subfigures
are computed using εC = εQC = 0.9 and various values of the modulation frequency fm = Ω

2π .
Cases without dissipation in the interface conditions (QC0 = 0 and QM0 = 0) are presented on
the left column and cases with modulated dissipation (QC0 = 2 ×10−7 m2·s/kg and QM0 = 0) are
on the right side. The value of QC0 have been chosen to have an effect of the same order as
the compliance effect. One observes an excellent agreement between the exact and numerical
values, which validates the numerical method detailed in Section 3. There is also an enrichment
of peaks in the scattered waves when | fm − fc | increases.

The particular case where only QC is non-zero and modulated is presented on Figure 4. Here
again, the agreement between the analytical solution and the result of the numerical model is
excellent. On the left side, the envelope curves has been added to highlight the Proposition 4. In
this case with a sinusoidal modulation, the extreme values ofQC (t ), used to determine the dotted
curves, are equal to QC0 (1±εQC ).

In the rest of this work, we only consider cases withQC0 = 0 andQM0 = 0.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3. Scattering by an interface with modulated stiffness, for various frequencies of si-
nusoidal modulation fm . Snapshot of the solution at t = 0.045 s with (a-b): no modula-
tion, (c-d): fm = 100 Hz, (e-f) fm = 500 Hz, and (g-h) is a zoom on the reflected wave when
fm = 500 Hz. Left: cases without dissipation. Right: QC0 = 2 ×10−7 m2·s/kg and QM0 = 0.
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(a) (b)

Figure 4. Scattering by an interface with modulated dissipation (QC0 = 2×10−7 m2·s/kg and
the other parameters are zero) at the frequency fm = 500 Hz at t = 0.045 s. (a): Snapshot of
the solution with a zoom on the reflected wave, (b): analytic solution with envelope curves
(dashed lines).

(a) (b)

Figure 5. Scattering by an interface with modulated stiffness, for non-harmonic modula-
tion at the frequency fm = 100 Hz at t = 0.045 s. (a): quasi-periodic modulation, (b): square
modulation.

Figure 5 illustrates the two other modulation types given by (37) at the frequency fm = 100
Hz. Figure 5-(a) displays the results obtained in the quasi-periodic modulation, while Figure 5-
(b) investigates the rectangular modulation (ν = 0.65 in (37)). Here again, there is an excellent
agreement between the exact and numerical solution. In the case of a square modulation, the
terms corresponding to the derivatives of the modulation in (31) are set to zero.

Measures of convergence have been performed to verify the conclusions obtained in [67]. The
Figure 6 presents the evolution of the error εv committed on the velocity field v at t = 0.045 s, and
defined by:

εv =
√√√√∆x

Nx∑
i=0

(
v(xi , t )− vn

i

)2. (38)

On the left side, convergence measurement are shown for a sinusoidal modulation of the com-
pliance C using K0 = 2.45 GPa/m and M = 0. On the right side, the analog case is presented (i.e.
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M0 = 2 ×104 kg/m2 and C = 0). The other numerical values of the parameters are εC ,M = 0.75,
fc = 45 Hz and two different frequencies of a sine modulation are tested: fm = 100 Hz (plain
blue line) and fm = 10 Hz (orange dashed line). These measurements show a convergence of or-

(a) (b)

Figure 6. Convergence measurements for fm = 100 Hz in blue line and fm = 10 Hz in
orange dashed line in the case where (a) C(t ) ̸= 0 and M(t ) = 0, and (b) C(t ) = 0 and
M(t ) ̸= 0. The green dotted line shows a slope of order 4 (in log-log scale).

der 4 for both modulations and both frequencies. The two curves corresponding to fm = 100 Hz
present a slope discontinuity for the higher value of ∆x but we only consider the limit for small
values of ∆x. Moreover, due to the generation of harmonics with larger frequencies, the value of
the error is more significant for a modulation frequency at fm = 100 Hz than at fm = 10 Hz.

4. Numerical experiments

Here we illustrate the various properties analyzed in Section 2. We conclude with an illustration
of non-reciprocity.

4.1. Modulation of energy

A pulse of the form (33) with central frequency fc = 45 Hz is initially located on the left of
the interface. The interface parameters are K0 = 2.45 GPa/m and M0 = 2 × 104 kg/m2 with
a modulation frequency fm = 100 Hz. Figure 7 investigates the scattered waves for different
modulations. The left column shows a snapshot of the velocity v . The right column shows the
temporal evolution of the energies (10)-(11) as a function of time. The background gray scale
represents the time evolution of the interface parameters.

The total energy Em is constant until t ≈ 0.01 s, when the incident wave impacts the inter-
face. The initially zero interface energy Ei then increases and remains non-zero as long as the
wave/interface interaction lasts. As a consequence Em also varies. After the wave has passed
through the interface, the interface energy is radiated and reconverted into bulk energy, which is
then conserved. Depending on the sign of εC ,M , different evolutions of energy are observed;

• In the first case εC ,M = 0.75 (a-b), the final total energy value (= 0.0013) has almost
doubled compared with the initial energy (= 0.007);

• In the second case, the modulation is inverted by choosing εC ,M =−0.75 (c-d). The total
amount of energy decreases from = 0.007 to = 0.006;

• In the third case, a rectangular modulation is applied with εC ,M = 0.75 and ν= 0.65 (e-f).
The interface energy (and consequently the total energy) is then discontinuous.
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Figure 7. Interaction of a pulse centered on fc = 45 Hz with a modulated interface. Left
row: snapshot of the scattered velocity v at t = 0.045 s. Right row: time evolution of the
energy, where the gray shaded areas denote the evolution of the interface parameters with
modulation frequency fm = 100 Hz. Sinusoidal modulation using (a-b): εC ,M = 0.75 ; (c-d):
εC ,M =−0.75 and a rectangular modulation (e-f) with εC ,M = 0.75 and ν= 0.65.
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Figure 8. Influence of the modulation parameters on the variation of energy after crossing
the interface. (a) influence on the amplitude of the modulation εC ,M and (b) influence of
the ratio fm/ fc .

In the first case, the interface is reached when the value of εC ,M sin(Ωt ) is at its maximum value,
whereas these values are negative in the second case. In conclusion, the work used to modulate
the interface parameters can logically increase or decrease the total energy, as expected and
predicted in our remarks to Proposition 2.

Figure 8(a) presents the variation of the energy ∆E = Em(t )−Em(0) between t = 0 s and t =
0.04 s (time after which the wavelet has completely crossed the interface) for different values of
the amplitude of modulation εC ,M ∈ [−0.95,0.95], and for four different modulation frequencies
( fm = 50 Hz, fm = 100 Hz, fm = 150 Hz and fm = 750 Hz). This figure shows that the gain of
energy is not linear with respect to εC ,M . Moreover, for low values of fm , there exists a range of
modulation for which energy is lost, but this range depends also on the choice of the modulation
frequency. For the highest frequencies, the variation of energy is always postive and is symmetric
because the phase shift due to the modification of sign of εC ,M does not have a significant effect.
Figure 8(b) shows the variation of the energy ∆E as a function of fm

fc
for three values of εC ,M . At

lower frequencies (until fm = 400 Hz, i.e. fm
fc

≈ 9, not presented here), the variation of energy
∆E depends strongly on the modulation frequency fm . This is because, at such low modulation
frequency, the state of the interface when the pulse crosses it varies a lot with fm . On the contrary,
at higher frequencies (presented here), ∆E appears to tend monotonously to a limit value, that
could be interpreted as an effective (averaged in time) behaviour.

4.2. Generation of harmonics

Here we illustrate the calculations carried out in Section 2.4. The reflection and transmission
coefficients Rk and Tk in (15) are determined by solving (22) with N = 12 Fourier modes. This
number has been chosen experimentally to ensure the convergence. The interface parameters
are K0 = 2.45 GPa/m and M0 = 2 ×104 kg/m2, with modulation amplitudes εC = εM = 0.75.

The forcing is a Dirac source point (34) on the left of the interface (xs < x0). The velocity field
is recorded at a receiver on the right of the interface (xr > x0), and then a FFT is performed.
Three cases are studied considering different frequencies of the source ( fc = ω/(2π)) and of the
modulation ( fm = Ω/(2π)). Their values are i) fc = 100 Hz and fm = 30 Hz in the first case, ii)
fc = fm = 30 Hz in the second one, and iii) fc = 30 Hz and fm = 100 Hz in the third one.
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(a) (b)

(c) (d)

(e) (f)

Figure 9. Generation of harmonics. Coefficients of reflection Rk (left row) and transmission
Tk (right row) in (15). The vertical dotted line denotes the frequency fc of the incident
wave. (a-b): fc = 100 and fm = 30; (c-d): fc = fm = 30; (e-f): fc = 30 and fm = 100. Blue
lines denote the FFT of direct simulations, whereas plain circles and plain stars denote the
results of harmonic balance respectively for ωk < 0 and ωk ≥ 0.
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Figure 9 compares the Fourier spectra of the reflected and transmitted signals obtained by FFT
of direct simulations (blue lines) with the theoretical values obtained by harmonic balance (plain
circles and stars). We represent here only the positive part of the frequencies as the spectrum is
symmetric. The theoretical coefficient corresponding to negative (resp. positive) values ofωk are
then plotted in green circles (resp. purple stars). A vertical dotted line is set at the frequency fc .
In the three cases, the higher coefficient corresponds to the fundamental mode (k = 0) and the
coefficient values decrease when |k| increase. In each case, an excellent agreement is obtained
between results of simulation and of harmonic balance, even for a small number of Fourier
modes. The following observations are done:

• when fc > fm , the influence of negative frequencies is weak (almost zero) because it
corresponds to higher modes. Moreover, the values of the coefficients decrease rapidly.
The coefficients of the first harmonics are smaller than the half of the value at the
frequency ω;

• when fc = fm , then ω−1 = 0 and the calculations show that R−1 = T−1 = 0. In this case,
green circles and purple stars are located at the same frequency because ω−k = ωk−2

and in practice, the coefficients computed for ωk ≤ 0 are strictly zero and the same
observation applies if fc is a multiple of fm . This is an expected behaviour in the light
of Section 4 of [61];

• when fc < fm , there is a stronger influence of the modes at negative frequencies. It can
be explained by the fact that, as visible on the Figure 3, the signal is strongly modified
with a high-frequency modulation. The first harmonic for the reflection coefficient is for
example almost equal to the fundamental frequency (≈ 0.29), and there are twelve modes
that can be noticed while only five or six were visible for a smaller modulation frequency.

4.3. Impedance matching

The interface is modulated sinusoidally at fm = 100 Hz and its parameters are M0 = 12 × 103

kg/m2, K0 = 941 MPa/m, so that the properties (23) are verified. Both parameters are modulated
at the same frequency and with the same amplitude εC ,M = 0.75. Bulk parameters are given in
Section 3.3.

Figure 10 illustrates the behavior of a wave at this modulated interface. On the bottom left side,
a snapshot of v is presented. At the left of the interface, no reflected wave propagates because of
the impedance matching. The shape of the transmitted signal is similar to that obtained with the
first configuration in Figure 7(a). The spectrum of the transmitted wave is presented in Figure
10(b) and compared to the spectrum of the source. The harmonic generation is then visible. As
previously, the total amount of energy is modified when the pulse crosses the interface (Figure
10(c)).

Proposition 5 about the impedance matching has only been proven for the case of sinusoidal
modulation. Nevertheless, Figure 11 shows that the results can be extended to other functions
defined by (37) ifφC (t ) =φM (t ). Two cases are tested: a quasi-periodic modulation with fm = 100
Hz (a), and a rectangular modulation with fm = 100 Hz and ν = 0.65 (b). The latter case
corresponds to the framework of Remark 6. In both cases, no reflection is observed.

4.4. Non-reciprocity

Lastly, we investigate numerically the non-reciprocity induced by time-modulating the parame-
ters of the interface. The configuration is the same as in the previous Section. Figure 12 shows a
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Figure 10. Reflectionless interaction of a pulse centered on fc = 45 Hz with a modulated
interface due to impedance adaptation. (a): snapshot of the scattered velocity v at t = 0.045
s. (b): spectra of the incident wave and of the transmitted wave with harmonic generation;
the vertical dotted line denotes fc .
(c): time evolution of the energy, where the gray shaded areas denote the evolution of the

interface parameters. The modulation function is sinusoidal.

(a) (b)

Figure 11. Snapshots of reflectionless interaction of a pulse centered on fc = 45 Hz with
a modulated interface at t = 0.045 s. Impedance adaptation (a) with a quasi-periodic
modulation and (b) with a rectangular modulation.
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comparison of temporal signals measured when we swap source and sensor (Figure 12(a)) for dif-
ferent values of fc and fm . The positions of the sources and sensors are xs = 150 m and xr = 225
m, respectively at a distance ℓs and ℓr from the interface.

(a) (b)

(c) (d)

Figure 12. Illustration of non-reciprocity. (a) Scheme of the numerical experiment where
the positions of the sensor and the source is inverted. The signals measured by the sensor
are represented for (b) fm = fc = 30 Hz, (c) fc = 100 Hz and fm = 30 Hz and (d) fc = 30 Hz
and fm = 100 Hz.

The transmission of waves through the interface is altered because of the change of state of
the interface, when the wave reaches it. It is due to the difference in travel time from the source
to the interface. In both cases, the measured signals are different, which illustrates the fact that
the reciprocity theorem is no longer verified.

We propose in this Section to quantify the non-reciprocity by computing the difference
between signals. Figure 13 presents a measure of the difference between the two signals vs ,
measured by the sensor at x = xr due to the source in x = xs , and vr , measured by the sensor
at x = xs due to the source in x = xr at t = 0.07 s. This quantity is defined by

ϑv = fc

√√√√ Nx∑
i=0

(vs − vr )2. (39)

Two types of modulation are studied, a sinusoidal one (14) and a quasi-periodic one (37) for 100
values of the modulation frequency fm from 0 to 400 Hz. For both the periodic and quasi-periodic
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modulations, two different frequencies of the pulse are tested: fc = 30 Hz represented with the
plain blue line and fc = 50 Hz with orange dashed line. As the wavelength differs in the two cases,
ϑv is normalized using the source frequency.

(a) (b)
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Figure 13. Quantification of non-reciprocity for various modulations frequencies in (37).
(a) periodic modulation with two different values of fc : blue line for 30 Hz and orange
dashed line for 50 Hz. (b) quasi-periodic modulation with fc = 30 Hz and fc = 50 Hz.

Measurement with a periodic modulation, as the sinusoidal one treated on Figure 13-(a),
shows that some frequencies exist, for a couple source/sensor positions, for which ϑv = 0. The
link between these values is ℓs−ℓr = p c

fm
, with p ∈Z. For these frequencies, the interface is in the

same state (due to being phase-shifted by a temporal period) when the incident wave crosses the
interface. In particular, the case p = 0 corresponds to a symmetric case and the measures of non-
reciprocity are always zero. It is important to notice that the modulation frequencies with zero
non-reciprocity do not depend on the source frequency. One can notice that the non-reciprocity
tends to increase with the ratio fm

fc
.

Figure 13-(b) corresponds to a quasi-periodic modulation. Except for the case ℓs = ℓr , there
are no longer values of fm ̸= 0 for which ϑv = 0, so the measures of non-reciprocity are always
strictly positive and the signals are always different. Similarly to the case of a periodic modulation
in Figure 13-(a), the non-reciprocity tends to increase with the ratio fm

fc
, albeit at a slower rate and

with a more complex pattern.

5. Conclusion

In this study, we investigated the interaction of waves with an interface whose jump conditions
are modulated in time. These jump conditions can be experimentally implemented by consider-
ing e.g. membranes, spring-mass systems or vibrating plates whose thickness is small compared
to the wavelength. Numerical methods for time-domain simulations have been developed. Nu-
merical experiments have demonstrated and validated theoretically predicted properties: ampli-
fication of the energy, harmonic generation, impedance matching, and non-reciprocity.

Under the assumptions of Proposition 3 (only one sinusoidally modulated interface parame-
ter, the other parameter being zero), we proved that no parametric amplification resonance can
occur. That said, we were not able to conclude on this when these assumptions were relaxed. A
more complete theoretical study of the energy evolution remains to be carried out, especially in
order to better understand the high-frequency regime.
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While mentioning resonance, it is worth noting here that we have only considered non-
resonant jump conditions. A relaxation of this assumption could be envisaged, and would allow,
for example, to study the case of Helmholtz resonators whose physical or geometrical properties
vary with time [32, 63].

Another natural follow-up to this work is to consider a set of modulated interfaces, in phase
or not, and periodically distributed in space. In the case where the wavelength is large compared
with the spacing between interfaces, asymptotic homogenization can be applied. The work
carried out in [72] for the case of non-linear but static interfaces is currently generalized to the
case of modulated interfaces. This work, currently under finalization, will be the subject of a
forthcoming publication. It could also be interesting to study the effective properties induced by
a network of time-modulated resonators, as considered in [73, 74].
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Appendix A. Scattering coefficients in the static case

In the case of static jump conditions (C(t ) =C0, M(t ) =M0, QC (t ) =QC0 and QM (t ) =QM0 ), the
scattering coefficients can be calculated analytically. The physical parameters are assumed to be
piecewise constant:

(ρ, c) =
{

(ρ0, c0) inΩ0 (x < x0),

(ρ1, c1) inΩ1 (x > x0).

Upon introducing the following quantities

Z0 = ρ0 c0, Z1 = ρ1 c1, Z2 = ρ0 c1,

Y0 =C0 Z0 Z1 −M0, Y1 =C0 Z0 Z1 +M0, ω2
♯ =

C0M0

4
,

(40)
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the reflection coefficient R and the transmission coefficient T at frequency ω are given by

R(ω) =
(Z1 −Z0)

(
1−

(
ω

ω♯

)2

+ QC0 QM0

4

)
−QC0 Z0 Z1 +QM0 − i ω

(
Y0 + 1

4

(
QC0 M0 +QM0 C0

)
(Z1 −Z0)

)
(Z1 +Z0)

(
1−

(
ω

ω♯

)2

+ QC0 QM

4

)
+QC0 Z0 Z1 +QM0 + i ω

(
Y1 + 1

4

(
QC0 M0 +QM0 C0

)
(Z1 +Z0)

) ,

T (ω) =
2 Z2

(
1+

(
ω

ω♯

)2

− QC0 QM0

4
− i ω

1

4

(
QC0 M0 +QM0 C0

))
(Z1 +Z0)

(
1−

(
ω

ω♯

)2

+ QC0 QM0

4

)
+QC0 Z0 Z1 +QM0 + i ω

(
Y1 + 1

4

(
QC0 M0 +QM0 C0

)
(Z1 +Z0)

) .

(41)
In the particular case where the density and the Young’s modulus are constant, the impedance

Z = ρ c = √
ρE is constant. Additionally, let us assume that the two following conditions are

satisfied
M0 = Z 2C0, QM0 = Z 2QC0 . (42)

Then R(ω) = 0: no reflected wave is generated at a static imperfect interface, at any frequency.
One recovers the impedance matching condition given in Proposition 5. Moreover, these coeffi-
cients can also be obtained by calculating R0 and T0 using (22) when the interface parameters are
static.

Appendix B. Analytical solution of scattered fields

Here we determine the exact solution of (25) with initial data (33). As in Appendix A, the
physical parameters are assumed to be piecewise constant. We consider the case where only
C(t ) andQC (t ) are and the interface stiffness is modulated, whereas the interface inertia and the
corresponding dissipation term is taken to be zero (M(t ) = 0 andQM (t ) = 0). The reciprocal case
M(t ) ̸= 0,QC (t ) = 0 andC(t ) = 0 can be treated in a similar manner. In both cases, the calculation
relies on the method of characteristics, illustrated on Figure 14. The proof follows the lines of [75].

Figure 14. Sketch of the method of characteristics for computing semi-analytical solution
using Riemann invariants.

To express U(x, t ) in terms of limit-values of the fields at x0, we use the Riemann invariants
J R,L that are constant along the characteristics γR,L . The invariants for linear Partial Differential
Equations with constant coefficients satisfy

γR :
d x

d t
=+c ⇒ d J R

d t

∣∣∣∣
γR

= 0, with J R (x, t ) = 1

2

(
v − 1

ρ c
σ

)
(x, t ),

γL :
d x

d t
=−c ⇒ d J L

d t

∣∣∣∣
γL

= 0, with J L(x, t ) = 1

2

(
v + 1

ρ c
σ

)
(x, t ).

(43)
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Using the continuity of stress (5b) and the invariant (43), along with the initial data condition of
compact support inΩ0, one obtains for t ≥ t0

σ±(t ) =−ρ1 c1 v+(t ),

v−(t ) =−ρ1 c1

ρ0 c0
v+(t )+2 J R

0 (x0 − c0 t , 0) ,
(44)

where the subscript i on J R,L
i refers toΩi . The solution U(x, t ) can be expressed in terms of v+(s),

with t0 ≤ s ≤ t , and of the initial values of the Riemann invariants. Introducing the travel times

tA = t − 1

c0
(x0 −x), tB = t − 1

c1
(x −x0),

the solution U(x, t ) is given inΩ0 by

U(x, t ) =
(

1 1

−ρ0 c0 ρ0 c0

) (
J R

0 (x − c0 t , 0)

∆A(x, t )

)
,

with ∆A(x, t ) =
−ρ1 c1

ρ0 c0
v+(tA)+ J R

0 (x0 − c0 tA , 0) if tA ≥ 0,

J L
0 (x + c0 t , 0) otherwise,

(45)

and inΩ1 by

U(x, t ) =
(

1

−ρ1 c1

)
∆B (x, t ),

with ∆B (x, t ) =
{

v+(tB ) if tB ≥ t0,

0 otherwise.

(46)

To complete the analytical solution, it remains to determine v+(t ). For this purpose, the jump of
displacement (5a) is differentiated, leading to

v+(t )− v−(t ) = (C(t ))′σ+(t )+C(t )∂tσ
+(t )+QC (t )σ+(t ). (47)

From (44), it follows(
1+ ρ1 c1

ρ0 c0
+ρ1c1

(
C′(t )+QC (t )

))
v+(t )−2 J R

0 (x0 − c0 t , 0) =−ρ1 c1C(t )∂t v+(t ). (48)

Setting
y(t ) = v+(t ), h(t ) = 2 J R

0 (x0 − c0 t , 0) , (49)

one obtains the non-autonomous Ordinary Differential Equation if C(t ) ̸= 0:

y ′(t ) = 1

ρ1 c1C(t )

(
h(t )−

(
1+ ρ1 c1

ρ0 c0
+ρ1 c1

(
C′(t )+QC (t )

))
y(t )

)
, (50)

which is integrated by the usual Runge-Kutta 4 method. If C(t ) = 0 andQC ̸= 0, (48) gives:

v+(t ) = 2 J R
0 (x0 − c0 t , 0)

1+ ρ1 c1

ρ0 c0
+ρ1c1QC (t )

. (51)

This solution lies within the bounds defined by the solutions associated with the extreme (mini-
mum and maximum) values ofQC (t ).

The reciprocal caseM(t ) ̸= 0,QM ̸= 0 andC(t ) = 0,QC (t ) = 0 can be treated using the following
expressions:

∆A(x, t ) =
− 1

ρ1 c1
σ+(tA)− J R

0 (x0 − c0 tA , 0) if tA ≥ t0,

J L
0 (x + c0 t , 0) otherwise,

(52)
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∆B (x, t ) =
−σ

+(tB )

ρ1 c1
if tB ≥ t0,

0 otherwise.
(53)

and by solving

z ′(t ) =− ρ1 c1

M(t )

(
g (t )+

(
1+ ρ0 c0

ρ1 c1
+

(
M′(t )+QM (t )

)
ρ1 c1

)
z(t )

)
, (54)

where
z(t ) =σ+(t ), g (t ) = 2ρ0c0 J R

0 (x0 − c0 t , 0) . (55)

As previously, the particular case where M(t ) = 0 andQM (t ) ̸= 0 leads to

σ+(t ) =−2ρ0c0 J R
0 (x0 − c0 t , 0)

1+ ρ0 c0

ρ1 c1
+ QM (t )

ρ1 c1

, (56)

which is bounded by the static solutions obtained with the extreme values ofQM (t ).

Appendix C. Bounded amplification

Here we prove Proposition 3. The assumptions are:

• homogeneous medium, with ρ0 c0 = ρ1 c1 = Z ;
• source point at xs < x0, with a bounded source function S;
• T -periodic modulation of the compliance and of the corresponding dissipation parame-

ter (36), with φX (t +T ) =φX (t ) =ϕX (Ωt ), T = 2π/Ω, and X =C ,QC ;
• continuity of stress (M0 = 0 and QM = 0). Similar conclusions hold with a modulated

inertia and continuity of velocity (C0 = 0 andQC = 0).

The mean of a function w(t ) over T is denoted by

w = 1

T

∫ T

0
w(t )d t . (57)

We need the following Lemmas.

Lemma 1. Consider the Ordinary Differential Equation

y ′(t ) =α(t ) y +β(t ), (58)

where α(t ) is a T -periodic function, and β(t ) is bounded. If α≤ 0, then y(t ) is bounded.

Proof. The integrating factor method yields

y(t ) = e A(t )
(

y0 +
∫ t

0
e−A(s)β(s)d s

)
, with A(t ) =

∫ t

0
α(s)d s. (59)

If α≤ 0, then e A(t ) does not grow exponentially and y(t ) is bounded. □

Lemma 2. Let the function

g(a,b) = 1+ a

b

(√
1−b2 −1

)
(60)

defined on the domain D= {(a,b) ∈R2/ |a| < 1, |b| < 1, b ̸= 0}. Then g(a,b) > 0 for all (a,b) ∈D.

Proof. One introduces
h(a,b) =−a

b

(
1−

√
1−b2

)
.

For (a,b) ∈D, one has

1−
√

1−b2 ∈ (0,1),
∣∣∣a
b

∣∣∣< 1

|b| ,

so that
|h(a,b)| < 1

|b|
(
1−

√
1−b2

)
:= H(b).
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The real function H satisfies

H(b) = |b|
2

+o(b) →
b→0

0, H(b) →
b→±1

1.

For b> 0, its derivative writes

H ′(b) = 1−
p

1−b2

b2
p

1−b2
> 0,

so that H is increasing from 0 (at b= 0) to 1 (at b= 1). Lastly, H is a continuous even function. For
all b ∈ (−1,1), one deduces that

0 < H(b) < 1.

It follows |h(a,b)| < 1, and hence

g(a,b) = 1+h(a,b) > 1−1 = 0,

which concludes the proof. □

Following the same lines as in Appendix B, it can be proven that y(t ) = v+(t ) satisfies the
Ordinary Differential Equation

y ′ = a(t ) y +b(t ), (61)

with

a(t ) =− 1

Z

2+Z
(
C′(t )+QC (t )

)
C(t )

, b(t ) =− 1

Z

S(t )

C(t )
. (62)

The function a(t ) is T -periodic, and b(t ) is bounded. If a ≤ 0, then the conclusion of Lemma 1
holds and y(t ) is bounded. Let us consider again the modulation ϕX (t ) = sin(t ), with X =C ,QC .
From (62), one obtains

a(t ) =− 1

Z C0
f (t ), (63)

with

f (t ) = 2+ZQC0 +γ cos(Ωt )+ZQC0εQC sin(Ωt )

1+εC sin(Ωt )
, γ= Z C0 εC Ω. (64)

The mean value of f writes

f = 1

T

∫ T

0

2+ZQC0 +γ cos(Ωt )+ZQC0εQC sin(Ωt )

1+εC sin(Ωt )
d t ,

= 1

2π

(
(2+ZQC0 )

∫ 2π

0

d s

1+εC sin(s)
+γ

∫ 2π

0

cos(s)

1+εC sin(s)
d s + ZQC0εQC

∫ 2π

0

sin(s)

1+εC sin(s)
d s

)
.

(65)
Classical change of variables, and integration of a periodic function over one period, gives∫ 2π

0

d s

1+εC sin(s)
= 2π√

1−ε2
C

,
∫ 2π

0

cos(s)

1+εC sin(s)
d s = 0,

∫ 2π

0

sin(s)

1+εC sin(s)
d s = 2π

εC

1− 1√
1−ε2

C

 ,

(66)

Straightforward calculations give

f = 1√
1−ε2

C

(
2+ZQC0 g(εC ,εQC )

)
, (67)

where g(., .) has been introduced in (60). Equation (63) and Lemma 2 yield

a =− 1

Z C0

2+ZQC0 g(εC ,εQC )√
1−ε2

C

< 0. (68)

Lemma 1 implies that the solution of (61) is bounded, which concludes the proof of Proposition 3.
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