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On the stability of discrete boundaries conditions for linear
hyperbolic systems.

Geoffrey Beck∗, Nicolas Crouseilles†. Ludovic Martaud‡,

December 19, 2025

Abstract

This work concerns the numerical approximations of the boundary conditions for linear
hyperbolic systems. Discrete boundary procedure computations and an artificial viscosity
are proposed to corrected any three-points finite volume schemes. The fully discrete stability
of the resulting numerical schemes is established. Numerical test cases are performed to
illustrate the relevancy of the proposed procedure.

Key words: Finite-volumes schemes, Boundary conditions, Discrete stability estimates, Kreiss
symmetrizer.

1 Introduction

We investigate the stability of numerical schemes for linear initial hyperbolic boundary value
problems cast on a half-line. Namely, denoting | · |Rp the standard euclidean norm of Rp with
p ≥ 1 and u(t, x) ∈ Rp such that limx→+∞ |u(t, x)|Rp = 0, we are interested in the following
Initial Boundary Value Problem (IBVP):

∂tu+A∂xu = Qu, ∀(t, x) ∈ (R+
∗ )

2,

Nu(t, 0) = g(t), ∀t ≥ 0,

u(t = 0, x) = uin(x), ∀x > 0,

(1.1)

where A is a constant R-diagonalisable matrix in Mp,p(R), Q ∈ Mp,p(R). The initial data
uin is assumed to be regular enough, i.-e. belongs to L2. The matrix N and the smooth
data functions g(t) prescribe the boundary conditions and they must satisfy some conditions
ensuring the well-posedness of (1.1). In particular, the data satisfies on the edge {x = t = 0}
the following compatibility condition: Nuin(x = 0) = g(t = 0). The standard condition on
N is called Kreiss-Lopatinskii [29] (see also [8, 15, 24, 34, 35] and the references within). In
particular, such a condition imposes the number of boundary conditions to be equal to the
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number of positive eigenvalues of A. Moreover, the Kreiss-Lopatinskii condition implies a global
L2-weighted estimate on u(t, x) that formally writes

d

dt

∫
R+

(
uTSu

)
(t, x) dx ≲ |g(t)|, (1.2)

where ·T denotes the usual transposition of Rp and S ∈ Mp,p(R) is a symmetric definite positive
matrix. For sake of simplicity, this formal energy estimate is valid for A invertible and Q = 0
(see Proposition 2.5 for the general case).

From a numerical point of view, the design of numerical schemes for (1.1) satisfying a fully
discrete version of (1.2) is known to be challenging [11, 16–18]. The case of scalar equation,
i.-e. p = 1, is well studied (see [10–12] and the references within). For system of equations,
i.-e. p > 1, the main difficulties raise from the boundary conditions Nu(t, 0) = g(t) that do
not provide a complete knowledge of u(t, 0) whereas any standard numerical scheme requires
this knowledge. According to [19, 28] (see also the references within), the missing boundary
conditions are defined by an admissible set and their numerical computation is for instance
done with an exact resolution of the IBVP [19]. Another strategy consists in introducing the
boundary condition in the approximation of Au(n∆t, 0 + ∆x/2) (with ∆t,∆x > 0 and n ∈ N)
as follows:

Au(n∆t, 0 + ∆x/2) ≈ (A+ Ñ+ λb)u
n
1 − Ñun0 ,

where un0 ≈ u(n∆t, 0), un1 ≈ u(n∆t,∆x) and where (λb, Ñ) ∈ R×Mp,p(R) are chosen according
to Nu(t, 0) = g(t) and in order to enforce some stability properties. This strategy is derived
within a suitable formulation of Discontinuous Galerkin schemes in [1,2,13] and for finite volume
schemes in [14,26]. The numerical boundary conditions may also be computed with a boundary
layer correction based on a parabolic regularization of (1.1) combined with a asymptotic analysis
that studies the vanishing regularization limit [19,22]. On the other hand, the lacked boundary
conditions are reachable from the Riemann invariants that correspond to a reformulation of
(1.1) in the diagonal basis of A. In this regard, the Riemann invariants related to the negative
eigenvalues of A are often approximated with a downwind discretization [7] then coupled to a
three-points first-order finite volume scheme under the form

un+1
i = uni − ∆t

∆x

(
F(uni , u

n
i+1)− F(uni−1, u

n
i )
)
+∆tQuni , ∀i ≥ 1, (1.3)

where ∆t > 0, F : (Rp)2 → Rp is a consistent continuous numerical flux [25,37,38,44] (see [32,43]
for detailed overviews and examples) and where (uni )i≥0 denotes a consistent approximation of
(u(n∆t, i∆x))i≥0, ∆x > 0 being the space mesh step size.

The goal of this work is to enforce discrete stability properties for schemes (1.3) when the
lacked boundary conditions are approximated with the discrete downwind Riemann invariants.
Namely, following the strategy introduced in [39–42] (see also [9, 23]), we derive an artificial
viscous correction for (1.3) in a such way the corrected scheme satisfies a fully discrete version
of (1.2).

The paper is organized as follows. In Section 2, we propose a reformulation for the relation
Nu(t, 0) = g(t) and an explicit symmetrization for (1.1) to derive L2-weighted estimates under
the form (1.2). Then, in Section 3, our numerical viscous correction for (1.3) and our main
fully discrete stability result is given (Theorem 3.1). We would like to emphasize the constants
involved in the continuous and discrete estimates are the same. Section 4 concerns the proof of
our main result. Section 5 is devoted to the numerical experiments that illustrate our numerical
procedure. In particular, one studies two specifics examples where one has explicit solutions to
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make comparisons: the usual wave equations and relaxed dispersive waves. To catch relaxed
dispersive waves, it was necessary to introduce the matrix Q and to consider the presence of
zero eigenvalues of A case.

2 L2-weighted estimate for linear initial boundary value prob-
lems

This section is dedicated to the derivation a L2-weighted estimate for (1.1). According to
[8,24,29], it is well-known that hyperbolic IBVP are well-posed if and only if the matrices (A,N)
satisfy the Kreiss-Lopatinskii condition. In this work, we assume a more restrictive assumption:

Hypothesis 2.1. (i) (Hyperbolicity.) One assumes that

A = PDP−1,

where D is the diagonal matrix that contains the real eigenvalues λi of A organized in
descending order. One assumes that the matrix A admits eigenvalues of both signs and
one defines

p+ = Card ({λ ∈ Sp(A) | λ > 0}) , π+ =

Ip+ 0 0
0 0 0
0 0 0

 ∈ Mp,p(R), (2.1a)

p0 = Card ({λ ∈ Sp(A) | λ = 0}) , π0 =

0 0 0
0 Ip0 0
0 0 0

 ∈ Mp,p(R), (2.1b)

p− = Card ({λ ∈ Sp(A) | λ < 0}) , π− =

0 0 0
0 0 0
0 0 Ip−

 ∈ Mp,p(R), (2.1c)

where Iα ∈ Mα,α(R) denotes the identity matrix of size α and Sp(A) the spectrum of A.

(ii) (Lopatinskii condition.) One assumes that N ∈ Mp+,p(R) (p+ lines and p column) satisfies

rank(NPπ+) = p+.

The Hyperbolicity assumption 2.1-(i) is a standard assumption [8, 15] and the existence
of positive eigenvalues is necessary to (1.1) defines an IBVP. In addition, the diagonalizable
character of A enables to introduce the Riemann invariants

φ(t, x) = P−1u(t, x), (2.2)

that satisfies
∂tφ+D∂xφ = P−1QPφ.

Lemma 2.2. Let assume Hypothesis 2.1 and let consider the notation (2.2) for the Riemann
invariants. Let us denote

g̃(t) =

(
g(t)
0

)
∈ Rp, (2.3)

and Ñ =

(
N
0

)
∈ Mp,p(R). Then there exists B ∈ Mp,p(R) such that, for all time t, the boundary

conditions Nu(t, 0) = g(t) on {x = 0} are equivalent to

u(t, 0) = PB
(
g̃(t) + (π0 + π−)φ(t, 0)

)
. (2.4)
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Proof. Inserting the Riemann invariants φ = P−1u in Nu(t, 0) = g(t) and thanks to the definition
of the projectors (πα){+,0,−} given by (2.1), we have

g̃(t) = ÑPφ(t, 0) = ÑPπ+φ(t, 0) + ÑP (π0 + π−)φ(t, 0).

Adding (π0 + π−)φ(t, 0) on both sides of the above equation, we deduce

(ÑPπ+ + π0 + π−)φ(t, 0) = g̃(t) + (I − ÑP )(π0 + π−)φ(t, 0).

According to Hypothesis 2.1-(ii), ÑPπ++π0+π− is necessary invertible so the above formulation
is equivalent to

φ(t, 0) = (ÑPπ+ + π0 + π−)−1(g̃(t) + (I − ÑP )(π0 + π−)φ(t, 0)).

Using u = Pφ in this last equation, we deduce the expected result, that concludes the proof.

Since (2.4) is equivalent to π+φ(0, t) = B
(
g̃(t) + (π0 + π−)φ(t, 0)

)
, above Lemma 2.2 high-

lights the different status of the Riemann invariants φ(t, 0). The Riemann invariants π+φ(t, 0)
related to the non-negative eigenvalues of A are entirely defined by the data g̃(t) and by the
Riemann invariants (π0+π−)φ(t, 0) related to the negative eigenvalues of A. The quantities g̃(t)
and φ(t, 0) are coupled with the B matrix whom the existence is ensured by Lemma 2.2. The
proof of the above lemma provides a procedure for the derivation of B and we give in Section 5
practical examples for its computation. In the sequel, we assume the conditions of Lemma 2.2
are fulfilled. As a consequence, the hyperbolic IBVP (1.1) now reads

∂tu+A∂xu = Qu, ∀(t, x) ∈ (R∗
+)

2,

u(t, 0) = PB
(
g̃(t) + (π0 + π−)φ(t, 0)

)
, ∀t ≥ 0,

u(t = 0, x) = uin(x), ∀x > 0.

(2.5)

Equipped with this definition, we now give estimates for (2.5). For the clarity in the forth-
coming developments, ||| · ||| stands for the matrix norm induced by | · |Rp and we introduce
K ∈ Mp,p(R) as follows:

K = P−1QPB. (2.6)

Our first following lemma concerns an estimate on the trace of the Riemann invariants associated
to null eigenvalues.

Lemma 2.3. Let assume Hypothesis 2.1. The Riemann invariants π0φ = π0P−1u related to
the null eigenvalue of A satisfy

1

2

d

dt
|π0φ(t, 0)|2Rp ≤ 1

2

(
|||π0Kπ+||| + 2|||π0Kπ0||| + |||π0Kπ−|||

)
|π0φ(t, 0)|2Rp

+
1

2
|||π0Kπ+||| |g̃(t)|2Rp +

1

2
|||π0Kπ−||| |π−φ(t, 0)|2Rp ,

(2.7)

where K ∈ Mp,p(R) is given by (2.6).

Proof. By definition, the Riemann invariants related to the null eigenvalues of A are such that
∂tπ

0φ = π0P−1Qu. As a consequence, using the boundary conditions (2.4) and (2.6), we have

1

2

d

dt
|π0φ(t, 0)|2Rp

=
(
(π0φ)T∂tπ

0φ
)
(t, 0),

=
(
π0φ(t, 0)

)
)Tπ0P−1QPB

(
g̃(t) + (π0 + π−)φ(t, 0)

)
,

=
(
π0φ(t, 0)

)T(
π0Kπ+

)
g̃(t) +

(
π0φ(t, 0)

)T(
π0Kπ0

)
π0φ(t, 0) +

(
π0φ(t, 0)

)T(
π0Kπ−)π−φ(t, 0).
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Now, using the Young inequality aTAb ≤ |||A|||(aTa + bTb)/2 that holds for all matrices A and
for all vectors a, b of relevant sizes with respect to A, the above equality becomes

1

2

d

dt
|π0φ(t, 0)|2Rp

≤ 1

2
|||π0Kπ+|||

(
|g̃(t)|2Rp + |π0φ(t, 0)|2Rp

)
+ |||π0Kπ0||||π0φ(t, 0)|2Rp ,

+
1

2
|||π0Kπ−|||

(
|π0φ(t, 0)|2Rp + |π−φ(t, 0)|2Rp

)
,

that concludes the proof.

We now give an L2-weighted estimate for the solution u of the IBVP (2.5). In this regard,
we introduce the following Sobolev space:

L2
S

(
(R+)2,Rp

)
=

{
u : (R+)2 7→ Rp |

∫
R+

(
uTSu

)
(t, x) dx < +∞

}
, (2.8)

where S ∈ Mp,p(R) is a symmetric definite positive matrix. In this work, we propose to choose
S such that

Sm = P−T
(
π+ +m(π0 + π−)

)
P−1, (2.9)

where m > 0 and where the diagonal projectors (πα)α∈{+,0,−} are defined in (2.1). The above
matrix Sm Friedrich-symmetrizes (2.5), i.e. (SmA)T = SmA and the goal is to constrain m > 0
in (2.9) to reach a Kreiss symmetrization of (2.5). Such a strategy is not new [27, 31], but we
recall it because the discrete stability proposed in this work will mimic the same approach. The
first following lemma establishes an estimate for the energy E(t) defined as

E(t) :=
∫
R+

(
uTSmu

)
(t, x) dx. (2.10)

Lemma 2.4. Let assume Hypothesis 2.1. Let m > 0 and Sm ∈ Mp,p(R) reads under the form
(2.9). For all m > 0 and for all u ∈ L2

Sm

(
(R+)2,Rp

)
solution of (2.5), we have the following

statements

(i) The energy E(t) defined in (2.10) also writes

E(t) =
∫
R+

|π+φ(t, x)|2Rp dx+m

∫
R+

|(π0 + π−)φ(t, x)|2Rp dx, (2.11)

where φ = P−1u denote the Riemann invariants and it satisfies

(ii)
1

2

d

dt
E(t) ≤ 1

2
(uTSmAu)(t, 0) + γmE(t), (2.12)

where γm ≥ 0 is given by

γm =
(
1 +

1

2
√
m

+

√
m

2

)
|||P−1QP |||. (2.13)

Proof. Since (i) is directly obtained by inserting (2.9) in (2.10), we focus on the proof of (ii).
Multiplying (2.5) by uTSm and integrating on x ∈ [0,+∞) leads to∫

R+

(
uTSm(∂tu+A∂xu)

)
(t, x) dx =

∫
R+

(
uTSmQu

)
(t, x) dx.
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Using the definition of E(t) given by (2.10) and since ST
m = Sm, (SmA)T = SmA, the above

formulation writes
1

2

d

dt
E(t) = 1

2
(uTSmAu)(t, 0) +

∫
R+

(
uTSmQu

)
(t, x) dx. (2.14)

Now, let consider the last term. From the definition (2.9) of Sm and since the Riemann invariants
write P−1u = φ = π+φ+ (π0 + π−)φ, we get

uTSmQu

= φT
(
π+ +m(π0 + π−)

)
P−1QP

(
π+φ+ (π0 + π−)φ

)
,

= (π+φ)TP−1QP (π+φ) +
1√
m
(π+φ)TP−1QP

(√
m(π0 + π−)φ

)
+
√
m
(√

m(π0 + π−)φ
)T

P−1QP (π+φ) +m
(
(π0 + π−)φ

)T
P−1QP

(
(π0 + π−)φ

)
.

(2.15)

Arguing the Young inequality and observing |π+φ|2Rp +m|(π0 + π−)φ|2Rp = uTSmu, we deduce
from the above identity:

uTSmQu ≤ |||P−1QP ||||π+φ|2Rp +
1

2
√
m

|||P−1QP |||(|π+φ|2Rp +m|(π0 + π−)φ|2Rp)

+

√
m

2
|||P−1QP |||(|π+φ|2Rp +m|(π0 + π−)φ|2Rp) +m|||P−1QP ||||(π0 + π−)φ|2Rp ,

≤
(
1 +

1

2
√
m

+

√
m

2

)
|||P−1QP ||| uTSmu.

(2.16)
As a consequence, using the above upper-bound and the definition of γm ≥ 0 given by (2.13),
(2.14) becomes

1

2

d

dt
E(t) ≤ 1

2
(uTSmAu)(t, 0) + γmE(t). (2.17)

It is worth noticing that if uTSmQu ≤ 0, then the constant γm in (2.12) vanishes. The above
lemma and Lemma 2.3 enable to derive the L2-weighted estimate that is given under the form
defined by Kreiss in [29] (see also [8, 15, 24, 34, 35] and the references within). This estimate is
reached by constraints on m > 0 in (2.9).

Proposition 2.5 (Kreiss type inequality for (2.5)). Let α,Cα, C
′
α > 0 and Krm ∈ R such that

Cα = max
i∈[[1,p]]

max(0, λi)(1 + α)|||π+Bπ+|||2 + 1

2
|||π0Kπ+|||, (2.18a)

C ′
α = max

i∈[[1,p]]
max(0, λi)

(
1 +

1

α

)
|||π+Bπ0|||2 + 1

2
|||π0Kπ+||| + |||π0Kπ0|||

+
1

2
|||π0Kπ−|||,

(2.18b)

−Krm = max
i∈[[1,p]]

max(0, λi)|||π+Bπ−|||2 + 1

2
|||π0Kπ−||| + m

2
max
i∈[[1,p]]

min(0, λi). (2.18c)

If m ≥ 0 is such that Krm ≥ 0, then the following holds:

1

2

d

dt

(
|π0φ(t, 0)|2Rp + E(t)

)
+Krm|π−φ(t, 0)|2Rp

≤ Cα|g̃(t)|2Rp + C ′
α|π0φ(t, 0)|2Rp + γmE(t),

(2.19)

where E(t), γm ≥ 0 are defined in (2.10), (2.13) respectively.
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The constants Cα, C
′
α > 0 defined in (2.18) depend on α > 0 that is an additional parameter.

This parameter is left free for the trade off minimization of constants Cα and C ′
α. For instance,

if A,N are such that π+Bπ0 = 0 then α = 0 is an admissible choice. The prove of the above
proposition now requires a Kreiss-like symmetrizer for (2.5). Such a symmetrization is detailed
below.

Lemma 2.6 (Kreiss-like symmetrizer for (2.5)). Let α,Cα, C
′
α > 0 and Krm ∈ R given in

proposition 2.5. One has

(uTSmAu)(t, 0) ≤−
(
Krm − 1

2
|||π0Kπ−|||

)
|π−φ(t, 0)|2Rp +

(
Cα − 1

2
|||π0Kπ+|||

)
|g̃(t)|2Rp

+
(
C ′
α − 1

2
|||π0Kπ+||| − |||π0Kπ0|||

)
|π0φ(t, 0)|2Rp .

(2.20)

Proof. Using the spectral decomposition A = PDP−1, the definition (2.9) of Sm and φ = P−1u,
we have

(uTSmAu)(t, 0) =
(
uTP−T(π+ +m(π0 + π−))P−1PDP−1u

)
(t, 0),

=
(
φTπ+Dφ

)
(t, 0) +m

(
φTπ0Dφ

)
(t, 0) +m

(
φTπ−Dφ

)
(t, 0),

=
(
φTπ+Dφ

)
(t, 0) +m

(
φTπ−Dφ

)
(t, 0).

Since D contains the eigenvalues of A organized in descending order, we have(
φTπ+Dφ

)
(t, 0) +m

(
φTπ−Dφ

)
(t, 0)

≤ max
i∈[[1,p]]

max(0, λi)|π+φ(0, t)|2Rp +m( max
i∈[[1,p]]

min(0, λi))|π−φ(t, 0)|2Rp .
(2.21)

But, using (2.4) to reformulate π+φ(t, 0), then arguing the triangle inequality and the Young
inequality 2ab ≤ αa2 + b2/α that holds for all (a, b, α) ∈ R2 × R+

∗ , we deduce

|π+φ(t, 0)|2Rp = |π+B
(
g̃(t) + (π0 + π−)φ(t, 0)

)
|2Rp ,

≤ 2|π+B
(
g̃(t) + π0φ(t, 0)

)
|2Rp + 2|π+Bπ−φ(t, 0))|2Rp ,

≤ 2(1 + α)|π+Bg̃(t)|2Rp + 2
(
1 +

1

α

)
|π+Bπ0φ(t, 0)|2Rp + 2|||π+Bπ−|||2|π−φ(t, 0)|2Rp ,

≤ 2(1 + α)|||π+Bπ+|||2|g̃(t)|2Rp + 2
(
1 +

1

α

)
|||π+Bπ0|||2|π0φ(t, 0)|2Rp

+ 2|||π+Bπ−|||2|π−φ(t, 0)|2Rp .
(2.22)

As a consequence, inserting (2.22) in (2.21), one has (2.20).

Equipped with the above Kreiss-like symmetrizer for (2.5), the proof of Proposition 2.5 is
now given.

Proof of Proposition 2.5. Inserting (2.20) in (2.12), one has the following estimation of the en-
ergy

1

2

d

dt
E(t) ≤ max

i∈[[1,p]]
max(0, λi)

(
(1 + α)|||π+Bπ+|||2 |g̃(t)|2Rp +

(
1 +

1

α

)
|||π+Bπ0|||2 |π0φ(t, 0)|2Rp

)
+
(
max
i∈[[1,p]]

max(0, λi)|||π+Bπ−|||2 + m

2
max
i∈[[1,p]]

min(0, λi)
)
|π−φ(t, 0)|2Rp + γmE(t),
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then adding (2.7) to the above inequality and arguing the definition of Cα, C
′
α > 0 and Krm ∈ R

given by (2.18), we deduce

1

2

d

dt

(
|π0φ(t, 0)|2Rp + E(t)

)
≤ Cα |g̃(t)|2Rp + C ′

α |π0φ(t, 0)|2Rp −Krm|π−φ(t, 0)|2Rp + γmE(t).

Since m > 0 is such that Krm ≥ 0, the above inequality leads to the expected result that
concludes the proof.

Denoting K̃rm := Krm |||P |||−1(1 + |||B|||)−1 when A is invertible, the energy estimate (2.19)
and the boundary conditions formulation (2.4) imply the following classical Kreiss estimate

1

2

d

dt
E(t) + K̃rm|u(t, 0)|2Rp ≤

(
Cα + K̃rm |||P ||||||B|||

)
|g̃(t)|2Rp + γmE(t). (2.23)

In that case, the inequality (2.20) also implies that Sm defined in (2.9) is a Kreiss symmetrizer:

(uTSmAu)(t, 0) ≤ −K̃rm|u(t, 0)|2Rp +
(
Cα + K̃rm |||P ||||||B|||

)
|g̃(t)|2Rp . (2.24)

From Proposition 2.5 one deduces that if m > 0 is large enough in (2.9), then the solution u
of (2.5) satisfies a L2-weighted estimate given by (2.19). Hence one has a control of ∥u∥L∞

t L2
Sm

and Krm∥π−φ(·, 0)∥L2
t
. More regular initial and boundary conditions that satisfy additional

compatibility conditions on the edge {x = t = 0} lead to control of space Sobolev norm of u
(see [31] for the details).

Well-posedness in L2
Sm

(
(R+)2,Rp

)
follows from the Proposition 2.5 if one assumes Hypothesis

2.1 and in addition Ker(A) ⊂ Ker(N) (in the case p0 ̸= 0, see [8, 33]) and the compatibility
condition Nuin(x = 0) = g(t = 0) on the edge {x = t = 0}. It is also possible to show well-
posedness in more regular Sobolev framework with more regular initial and boundary conditions
that satisfy additional compatibility conditions.

Our goal is now to define a numerical scheme that mimics the L2-weighted estimate estab-
lished in Proposition 2.5.

3 Definition of the numerical scheme and discrete stability result

The space-time domain (t, x) ∈ [0,+∞)2 is discretized by meshes (xi+ 1
2
)i≥−1 and (tn)n≥0 such

that
xi+ 1

2
= (i+

1

2
)∆x, tn = n∆t, ∀(i, n) ∈ [[−1,+∞[[×N, (3.1)

where ∆x,∆t > 0 denote constant space-time steps. The quantity u(·, tn) ∈ Rp is approximated
within the finite volume framework namely by a sequence (uni )i≥0 ⊂ Rp displayed in Figure 1.

uni ≈ 1

∆x

∫ x
i+1

2

x
i− 1

2

u(tn, x) dx

x = i∆x
•

xi− 1
2

xi+ 1
2

x

−∆x
2

x = 0
•

∆x
2

x = ∆x
•

3∆x
2

un0 = PB(g̃n + (π0 + π−)φn
0 )

un1 ≈ 1

∆x

∫ x 3
2

x 1
2

u(tn, x) dx

Figure 1: Finite Volume numerical approximation of the IBVP (1.1).
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The initial sequence (u0i )i≥1 is given by u0i =
1

∆x

∫ x
i+1

2

x
i− 1

2

uin(x) dx, for all i ≥ 1. From the

sequence
(
uni

)
i≥1

, we propose to compute the updated sequence
(
un+1
i

)
i≥1

with a viscous version
of a generic three-points explicit numerical scheme (1.3). Namely, we consider finite volume
scheme under the form

un+1
i = uni − ∆t

∆x

(
F(uni , u

n
i+1)−F(uni−1, u

n
i )
)
+∆tQuni , ∀i ≥ 1, (3.2)

where F : (Rp)2 → Rp is given by

F(uni , u
n
i+1) = F(uni , u

n
i+1)−

1

2
P (νn

i+ 1
2

+ |D|)P−1(uni+1 − uni ), ∀i ≥ 0. (3.3)

In the above definition, the second term stands for the artificial viscosity where (νn
i+ 1

2

)i≥0 ∈
Mp,p(R) is a sequence of diagonal matrices, |D| denotes the diagonal matrices that contains
the absolute value of the eigenvalues of A organized in descending order. According to [9, 23],
the artificial viscosity term can be added to any consistent numerical flux F : (Rp)2 → Rp that
satisfies the consistency relation F(u, u) = Au. The main originality of this work is to consider
a non-homogeneous and anisotropic viscosity to enforce stability properties in the presence of
boundaries conditions u(t, 0) defined in Lemma 2.2. The discrete version of these boundaries
conditions is denoted un0 ∈ Rp and it now requires a suitable definition to complete the viscous
scheme (3.2).

According to Lemma 2.2 (see also Figure 1) un0 is such that

un0 = PB(g̃n + (π0 + π−)φn
0 ), ∀n ≥ 0. (3.4)

Therefore, un0 is defined by the knowledge of
(
g̃n, (π0+π−)φn

0

)
∈ (Rp)2 that stands for a consis-

tent discretization of the boundary data g̃(tn) and of the Riemann invariants (π0 + π−)φ(tn, 0)
satisfying

(π0 + π−)(∂tφ)(t
n, 0) + (π0 + π−)D(∂xφ)(t

n, 0) = (π0 + π−)P−1Qu(tn, 0). (3.5)

In this work, g̃n ∈ Rp is left free, but we define the discrete Riemann invariants (π0 + π−)φn
0 as

follows:
(π0 + π−)φ0

0 = (π0 + π−)P−1u01,

(π0 + π−)φn+1
0 = (π0 + π−)φn

0 − ∆t

∆x
(π0 + π−)D (φn

1 − φn
0 )

+ ∆t(π0 + π−)P−1Qun0 , ∀n ≥ 0,

(3.6)

The formulation (3.6) is consistent with (3.5). If the data are regular, we also have

(π0 + π−)P−1u01 = (π0 + π−)P−1u00.

Our main result given below concerns a fully discrete L2-estimate for the scheme (3.2), (3.4),
(3.6).

Theorem 3.1 (Fully discrete L2-weighted estimate for (3.2), (3.4), (3.6)). Let us consider the
IBVP (2.5) endowed by a symmetrizer Sm ∈ Mp,p(R) of the form (2.9) with m > 0 such
that Krm ≥ 0 in (2.18c). Furthermore, let assume Hypothesis 2.1. Let (uni )i≥0 a non-constant
sequence such that

∑
i≥0(u

n
i )

TSmuni ∆x < +∞ and let

En =
∑
i≥1

|π+φn
i |2Rp ∆x+m

∑
i≥0

|(π0 + π−)φn
i |2Rp ∆x, with φn

i = Puni . (3.7)
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Let us also consider a viscous scheme (3.2) and assume the existence of bounded diagonal matrices
k : (Rp)2 → Mp,p(R) satisfying

2(v − u)TSm

(
F(u, v)− 1

2
A(u+ v)

)
≤ (v − u)TSmPk(u, v)P−1(v − u), (3.8)

for all (u, v) ∈ (Rp)2. If (νn
i+ 1

2

)i≥0 in (3.3) is such that

(un1 )
TSm

(
F(un0 , u

n
1 )−

1

2
A(un1 + un0 )−

1

2
Pνn1

2

P−1(un1 − un0 )
)

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni )

− 1

2

∑
i≥0

(uni+1 − uni )
TSmP |D|P−1(uni+1 − uni ) < 0,

(3.9)

then there exists (explicit) ∆t
∆x > 0 small enough such that (En+1, (π0+π−)φn+1

0 ) given by (3.2),
(3.6) satisfy:

|π0φn+1
0 |2Rp − |π0φn

0 |2Rp

2∆t
+

En+1 − En

2∆t
+Krm|π−φn

0 |2Rp

≤
(
Cα +

m∆x

2
|||(π0 + π−)Kπ+|||

)
|g̃n|2Rp + C ′

α|π0φn
0 |2Rp + C ′′

mEn,

(3.10)

with K = P−1QPB given by (2.6), Cα, C
′
α > 0 and Krm, γm ≥ 0 are given by (2.18), (2.13) and

where
C ′′
m = max

(
γm,

1

2
|||(π0 + π−)Kπ+||| + |||(π0 + π−)K(π0 + π−)|||

)
. (3.11)

We recall that if uTSmQu ≤ 0, then the constant γm in (3.11) vanishes. Up to the term
m∆x|||(π0 + π−)Kπ+|||/2 ≥ 0, (3.10) is exactly a discrete version of (2.19). Since Krm ≥ 0
and m∆x|||(π0 + π−)Kπ+|||/2 is bounded as ∆x → 0, (3.10) is in a suitable form to apply a
discrete Grönwall’s inequality to the sequence

(
|π0φn

0 |2Rp + En
)
n≥0

. It also ensures an estimate
for (uni )i≥1 because, according to the definitions of (Sm, En) ∈ Mp,p(R) × R+, given by (2.9),
(3.7), we have∑

i≥1

(uni )
TSmuni ∆x =

∑
i≥1

(
|π+φn

i |2Rp +m|(π0 + π−)φn
i |2Rp

)
∆x,

≤ m∆x|(π0 + π−)φn
0 |2Rp +

∑
i≥1

(
|π+φn

i |2Rp +m|(π0 + π−)φn
i |2Rp

)
∆x,

≤
∑
i≥1

|π+φn
i |2Rp ∆x+m

∑
i≥0

|(π0 + π−)φn
i |2Rp ∆x,

≤ En.

(3.12)

Hence, we deduce the existence of Cn > 0 bounded as ∆x,∆t → 0 and such that

|π0φn
0 |2Rp + En ≤ Cn

(
|π0φ0

0|2Rp + E0 +
n−1∑
k=0

|g̃k|2Rp ∆t
)
, ∀n ≥ 1.

It is also worth noting that the summations in (3.7) do not start at the same index (i ≥ 1 for the
first sum and i ≥ 0 for the second sum). Indeed, En defined in (3.7) is consistent with (2.11) but
the two different starting indices in (3.7) highlight the different status of the discrete Riemann

10



invariants : (π+φn+1
i )i≥1 is only computed by (3.2) whereas

(
(π0 + π−)φn+1

i

)
i≥0

is computed
by (3.2) and (3.6). These different status may cause numerical instabilities (see Section 5) and
thus motivate the viscous correction in (3.3).

This viscous correction is given in Theorem 3.1 under a Lipschitz continuity (3.8) for F(u, v).
This assumption is satisfied by several first-order numerical flux [25, 37, 38, 44] and the reader
may refer to [32, 43] for detailed reviews. As a consequence, Theorem 3.1 shows that if the
artificial viscous correction (νn

i+ 1
2

)i≥0 is chosen according to (3.9), the discrete boundary (3.4)
may be used to complete any numerical flux F(uni , u

n
i+1) under the form (3.3). The inequality

(3.9) defines a constraint to choose the sequence (νn
i+ 1

2

)i≥0. For a non constant sequence (uni )i≥0,
since the last term in (3.9) is negative, it is actually sufficient to ensure

(un1 )
TSm

(
F(un0 , u

n
1 )−

1

2
A(un1 + un0 )− Pνn1

2

P−1(un1 − un0 )
)
≤ 0, (3.13)

and
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni ) ≤ 0. (3.14)

Enforcing (3.13) and (3.14) thanks to a suitable choice of (νi+ 1
2
)i≥0 and for ∆t > 0 is discussed

in Section 5.
The scheme is consistant and stable. However, one cannot directly apply the Lax equivalence

Theorem to show that the scheme is convergent because it is not necessary linear. For example,
in the numerical simulations given in Section 5, the procedure for the boundary given by (5.3)
is non-linear. Now, the goal is to prove Theorem 3.1.

4 Discrete stability analysis

This section concerns the proof of Theorem 3.1 which is organized as follows. In Subsection
4.1, we derive estimates for the discrete Riemann invariants π0φn+1

0 and (π0 + π−)φn+1
0 defined

in (3.6). We secondly use (3.2) to derive discrete estimates for (un+1
i )i≥1 in Subsection 4.2.

Subsection 4.3 uses Subsections 4.1 and 4.2 to define a suitable upper-bound for the norm of
((π0 + π−)φn+1

0 , (un+1
i )i≥1). Then, in Subsection 4.4, the proof of Theorem 3.1 is given.

4.1 Estimates for the discrete Riemann invariants in the boundary cell

This section concerns the derivation of estimates for the discrete Riemann invariants π0φn
0 and

(π0 + π−)φn
0 , both defined in (3.6). Since π0π− = 0 and π0D = 0, (3.6) leads to the following

formulation for π0φn
0 :

π0φn+1
0 − π0φn

0

∆t
= π0P−1Qun0 , (4.1)

where un0 ∈ Rp is defined in (3.4). The first following lemma is a discrete version of Lemma 2.3
and it derives a quadratic estimate for the above updated quantity π0φn+1

0 .

Lemma 4.1. Let us consider the discrete Riemann invariants π0φn
0 defined by (4.1). The

updated discrete Riemann invariant π0φn+1
0 satisfies

|π0φn+1
0 |2Rp − |π0φn

0 |2Rp

2∆t

≤ 1

2

(
|||π0Kπ+||| + 2|||π0Kπ0||| + |||π0Kπ−|||

)
|π0φn

0 |2Rp

+
1

2
|||π0Kπ+||| |g̃n|2Rp +

1

2
|||π0Kπ−||| |π−φn

0 |2Rp +
∆t

2
|π0P−1Qun0 |2Rp .

(4.2)
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where K ∈ Mp,p(R) is given by (2.6).

Proof. According to (4.1), and using the formulation of un0 given by (3.4), we have

|π0φn+1
0 |2Rp = |π0φn

0 |2Rp + 2∆t(φn
0 )

Tπ0K(g̃n + (π0 + π−)φn
0 ) + ∆t2|π0P−1Qun0 |2Rp . (4.3)

Recalling the definition (2.3) of g̃ (which implies π+g̃ = g̃) and using the Young inequality, we
have for the second term of the right hand-side

(φn
0 )

Tπ0K(g̃n + (π0 + π−)φn
0 )

= (π0φn
0 )

T
(
π0Kπ+

)
g̃n + (π0φn

0 )
T
(
π0Kπ0

)
π0φn

0 + (π0φn
0 )

T
(
π0Kπ−)π−φn

0 ,

≤ 1

2
|||π0Kπ+|||

(
|g̃n|2Rp + |π0φn

0 |2Rp

)
+ |||π0Kπ0||||π0φn

0 |2Rp +
1

2
|||π0Kπ−|||

(
|π0φn

0 |2Rp + |π−φn
0 |2Rp

)
.

Associating the above formulation to (4.3) enables to get the expected result.

The second following lemma concerns an estimate for the updated quantity (π0 + π−)φn+1
0

defined by (3.6).

Lemma 4.2. Let us consider the discrete Riemann invariants (π0 + π−)φn
0 defined by (3.6).

For all m > 0,∆x > 0, the updated discrete Riemann invariants (π0 + π−)φn+1
0 satisfy

m∆x
|(π0 + π−)φn+1

0 |2Rp − |(π0 + π−)φn
0 |2Rp

2∆t

≤−m(φn
0 )

T(π0 + π−)D(φn
1 − φn

0 )

+ C ′′
m m|(π0 + π−)φn

0 |2Rp∆x+
m∆x

2
|||(π0 + π−)Kπ+||| |g̃n|2Rp

+
m∆t∆x

2

∣∣∣(π0 + π−)
(
−D

φn
1 − φn

0

∆x
+ P−1Qun0

)∣∣∣2
Rp
,

(4.4)

where C ′′
m ≥ 0, K ∈ Mp,p(R) are given by (3.11), (2.6) respectively.

Proof. Applying
(
(π0 + π−)φn

0

)T to (3.6), since (π0 + π−)2 = (π0 + π−) and using the identity
v · u− |v|2 = |u|2/2− |v|2/2− |v − u|2/2 with u = φn+1

0 , v = φn
0 , we get

|(π0 + π−)φn+1
0 |2Rp

= |(π0 + π−)φn
0 |2Rp − 2

∆t

∆x
(φn

0 )
T(π0 + π−)D(φn

1 − φn
0 ) + 2∆t(φn

0 )
T(π0 + π−)P−1Qun0

+∆t2|(π0 + π−)
(
−D

φn
1 − φn

0

∆x
+ P−1Qun0

)
|2Rp .

Reorganizing the terms and multiplying both sides by m∆x
2∆t > 0 leads to

m∆x
|(π0 + π−)φn+1

0 |2Rp − |(π0 + π−)φn
0 |2Rp

2∆t

=−m(φn
0 )

T(π0 + π−)D(φn
1 − φn

0 ) +m∆x(φn
0 )

T(π0 + π−)P−1Qun0

+
m∆x∆t

2
|(π0 + π−)

(
−D

φn
1 − φn

0

∆x
+ P−1Qun0

)
|2Rp .

(4.5)

Let now consider the second term on the right hand-side. Using (3.4) to reformulate un0 and
recalling K = P−1QPB, we get

m∆x(φn
0 )

T(π0 + π−)P−1Qun0 ,

= m∆x(φn
0 )

T(π0 + π−)Kg̃n +m∆x(φn
0 )

T(π0 + π−)K(π0 + π−)φn
0 ,

= m∆x
(
(π0 + π−)φn

0

)T(
(π0 + π−)Kπ+

)
g̃n

+m∆x
(
(π0 + π−)φn

0

)T(
(π0 + π−)K(π0 + π−)

)
(π0 + π−)φn

0 ,
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and using the Young inequality leads to the following inequality

m∆x(φn
0 )

T(π0 + π−)P−1Qun0

≤ m∆x

2
|||(π0 + π−)Kπ+|||

(
|g̃n|2Rp + |(π0 + π−)φn

0 |2Rp

)
+m∆x|||(π0 + π−)K(π0 + π−)||| |(π0 + π−)φn

0 |2Rp .

Using the definition of C ′′
m ≥ 0 given by (3.11) in this last inequality enables to conclude.

4.2 Estimates for the discrete sequence in the domain

In this section, we derive estimates related to (3.2) that is used for the interior domain. In this
regard, we introduce the following discrete Sobolev spaces

ℓ2Sm
(I) =

{
v ∈ (Rp)I |

∑
i∈I

vTi Smvi ∆x < +∞
}
,

h1Sm
(I) =

{
v ∈ (Rp)I (vi)i∈I ∈ ℓ2Sm

(I),
(
(vi+1 − vi)/∆x

)
i∈I ∈ ℓ2Sm

(I)
}
,

where I ⊂ N and Sm ∈ Mp,p(R) is defined in (2.9). The norm induced by Sm in ℓ2Sm
(I) is

denoted
∥(vi)i∈I∥2ℓ2Sm

(I) =
∑
i∈I

vTi Smvi ∆x. (4.6)

For sake of clarity, one denotes ∥(vi)i∈I∥2ℓ2Sm
(I) = ∥(vi)i∈I∥2ℓ2Sm

where the subset I ⊂ N is
implicitly given.

In order to ensure the convergence of all quantities introduced in the sequel, we consider
(uni )i≥1 ∈ h1Sm

(N∗). This assumption is sufficient to enforce the convergence of the global
quantities derived in the sequel and it is also consistent with compactly supported data usually
used for practical applications. As a consequence, applying

∑
i≥1(u

n
i )

TSm · ∆x to (3.2) we have

∑
i≥1

(uni )
TSm

un+1
i − uni

∆t
∆x

=−
∑
i≥1

(uni )
TSm

(
F(uni , u

n
i+1)−F(uni−1, u

n
i )
)
+
∑
i≥1

(uni )
TSmQuni ∆x.

(4.7)

The following lemma consists in a first reformulation of the above equality.

Lemma 4.3 (Reformulation of (4.7)). For all sequences (uni )i≥1 ∈ h1Sm
(N∗), (4.7) is equivalent

to

∥(un+1
i )i≥1∥2ℓ2Sm

− ∥(uni )i≥1∥2ℓ2Sm

2∆t

=
∆t

2
∥
(
− (F(uni , u

n
i+1)−F(uni−1, u

n
i ))/∆x+Quni

)
i≥1

∥2ℓ2Sm

+ (un1 )
TSmF(un0 , u

n
1 )

+
∑
i≥1

(uni+1 − uni )
TSmF(uni , u

n
i+1) +

∑
i≥1

(uni )
TSmQuni ∆x. (4.8)

where the ℓ2Sm
norm is defined in (4.6).

13



Proof. Since Sm = ST
m, the standard properties of the canonical inner product of Rp associated

to the scheme (3.2) yield to

∑
i≥1

(uni )
TSm

un+1
i − uni

∆t
∆x

=
1

2∆t

∑
i≥1

(
(un+1

i )TSmun+1
i − (uni )

TSmuni
)
∆x− 1

2∆t

∑
i≥1

(un+1
i − uni )

TSm(un+1
i − uni ) ∆x

=
∥(un+1

i )i≥1∥2ℓ2Sm

− ∥(uni )i≥1∥2ℓ2Sm

2∆t
− ∆t

2
∥
(
− (F(uni , u

n
i+1)−F(uni−1, u

n
i ))/∆x+Quni

)
i≥1

∥2ℓ2Sm

.

As a consequence, (4.7) is equivalent to

∥(un+1
i )i≥1∥2ℓ2Sm

− ∥(uni )i≥1∥2ℓ2Sm

2∆t
=

∆t

2
∥
(
− (F(uni , u

n
i+1)−F(uni−1, u

n
i ))/∆x+Quni

)
i≥1

∥2ℓ2Sm

−
∑
i≥1

(uni )
TSm

(
F(uni , u

n
i+1)−F(uni−1, u

n
i )
)
+
∑
i≥1

(uni )
TSmQuni ∆x. (4.9)

Now, using a discrete integration by parts for the second term on the right hand-side leads to

−
∑
i≥1

(uni )
TSm

(
F(uni , u

n
i+1)−F(uni−1, u

n
i )
)

=
∑
i≥1

(uni+1 − uni )
TSmF(uni , u

n
i+1) + (un1 )

TSmF(un0 , u
n
1 ).

Inserting this equality in (4.9) enables to get the expected reformulation.

We now give an upper bound for (4.8). For the convenient in the forthcoming developments,
we now introduce the standard upwind numerical flux Fupw defined as:

Fupw(uni , u
n
i+1) =

1

2
A(uni + uni+1)−

1

2
P |D|P−1(uni+1 − uni ), (4.10a)

= Pπ+DP−1uni + P (π0 + π−)DP−1uni+1. (4.10b)

The above numerical flux can be seen as an example of a flux in (3.3).

Lemma 4.4. For all sequences (uni )i≥1 ∈ h1Sm
(N∗), we have∑

i≥1

(uni+1 − uni )
TSmF(uni , u

n
i+1) +

∑
i≥1

(uni )
TSmQuni ∆x

≤
∑
i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1) + C ′′

m∥(uni )i≥1∥2ℓ2Sm

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni ),

(4.11)

where C ′′
m ≥ 0 and k(·, ·) ∈ Mp,p(R) are respectively defined in (3.11), (3.8).
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Proof. In the one hand, according to the definition of F(uni , u
n
i+1) given by (3.3) and to the

consistency F(u, u) = Au, we have∑
i≥1

(uni+1 − uni )
TSmF(uni , u

n
i+1)

=
∑
i≥1

(uni+1 − uni )
TSm

(
F(uni , u

n
i+1)−

1

2

(
F(uni , u

n
i ) + F(uni+1, u

n
i+1)) +

1

2
A(uni + uni+1)

)
− 1

2

∑
i≥1

(uni+1 − uni )
TSmP (νn

i+ 1
2

+ |D|)P−1(uni+1 − uni ),

=
∑
i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1)−

1

2

∑
i≥1

(uni+1 − uni )
TSmPνn

i+ 1
2

P−1(uni+1 − uni )

+
∑
i≥1

(uni+1 − uni )
TSm

(
F(uni , u

n
i+1)−

1

2

(
F(uni , u

n
i ) + F(uni+1, u

n
i+1)),

where we made appear the upwind numerical flux Fupw (4.10a). Now, thanks to the Lipschitz
continuity of F detailed in (3.8) we deduce∑

i≥1

(uni+1 − uni )
TSmF(uni , u

n
i+1)

≤
∑
i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1)

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni ).

(4.12)

On the other hand, performing the same computations as in (2.15) and (2.16) and using the
definitions of γm, C ′′

m ≥ 0 given by (2.13), (3.11) we may write∑
i≥1

(uni )
TSmQuni ∆x ≤ γm

∑
i≥1

(uni )
TSmuni ∆x ≤ C ′′

m∥(uni )i≥1∥2ℓ2Sm

.

Adding this inequality with (4.12) enables to get (4.11).

According to Lemmata 4.3 and 4.4, we have the following:

∥(un+1
i )i≥1∥2ℓ2Sm

− ∥(uni )i≥1∥2ℓ2Sm

2∆t

≤ ∆t

2
∥
(
− (F(uni , u

n
i+1)−F(uni−1, u

n
i ))/∆x+Quni

)
i≥1

∥2ℓ2Sm

+ (un1 )
TSmF(un0 , u

n
1 )

+
∑
i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1) + C ′′

m∥(uni )i≥1∥2ℓ2Sm

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)Ip

)
P−1(uni+1 − uni ).

(4.13)

4.3 Estimates for the discrete Riemann invariants in the boundary cell and
for the discrete sequence in the domain

In this section, we associate the estimates reached in Subsections 4.1 and 4.2. Namely, consid-
ering (4.4) and (4.13), we now derive the following lemma:
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Lemma 4.5. Let us consider (uni )i≥1 ∈ h1Sm
(N∗) and let us denote 0 ≤ Rn

m < +∞ such that

Rn
m = ∥

(
− (F(uni , u

n
i+1)−F(uni−1, u

n
i ))/∆x+Quni

)
i≥1

∥2ℓ2Sm

+m
∣∣∣(π0 + π−)

(
−D

φn
1 − φn

0

∆x
+ P−1Qun0

)∣∣∣2
Rp
.

(4.14)

Considering K ∈ Mp,p(R), C ′′
m ≥ 0, Fupw(uni , u

n
i+1) are respectively defined in (2.6), (3.11),

(4.10), En defined in (3.7) satisfies

En+1 − En

2∆t
≤ ∆t

2
Rn

m +
1

2
(un0 )

TSmAun0 + (un1 )
TSm

(
F(un0 , u

n
1 )−Fupw(un0 , u

n
1 )
)

− 1

2

∑
i≥0

(uni+1 − uni )
TSmP |D|P−1(uni+1 − uni )

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni )

+
m∆x

2
|||(π0 + π−)Kπ+||| |g̃n|2Rp + C ′′

mEn.

Proof. Summing (4.4) and (4.13), then using En defined in (3.7) to reformulate
(∥(uni )i≥1∥2ℓ2Sm

,m∆x|(π0 + π−)φn
0 |2Rp), we deduce

En+1 − En

2∆t

≤ ∆t

2
Rn

m +
m∆x

2
|||(π0 + π−)Kπ+||||g̃n|2Rp + C ′′

mEn

+
∑
i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1)−m(φn

0 )
T(π0 + π−)D(φn

1 − φn
0 ) (4.15)

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni ) + (un1 )

TSmF(un0 , u
n
1 ).

The rest of the proof consists in rewriting (4.15). In this regard, from the definitions of
Sm,Fupw(uni , u

n
i+1) respectively given by (2.9), (4.10b), we deduce

SmFupw(uni , u
n
i+1) = P−T

(
π+ +m(π0 + π−)

)
P−1Fupw(uni , u

n
i+1),

= P−T
(
π+ +m(π0 + π−)

)
P−1

(
Pπ+DP−1uni + P (π0 + π−)DP−1uni+1

)
,

= P−T
(
π+ +m(π0 + π−)

)(
π+Dφn

i + (π0 + π−)Dφn
i+1

)
,

where we recall φ = P−1u. As a consequence, thanks to properties of the projectors
(πα)α∈{+,0,−} defined in (2.1), (4.15) reduces to∑

i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1)−m(φn

0 )
T(π0 + π−)D(φn

1 − φn
0 )

=
∑
i≥1

(φn
i+1 − φn

i )
Tπ+Dφn

i

+m
(
− (φn

0 )
T(π0 + π−)D(φn

1 − φn
0 ) +

∑
i≥1

(φn
i+1 − φn

i )
T(π0 + π−)Dφn

i+1

)
.
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Now, Lemma A.1 is appealed to reformulate the above quantities that leads to∑
i≥1

(uni+1 − uni )
TSmFupw(uni , u

n
i+1)−m(φn

0 )
T(π0 + π−)D(φn

1 − φn
0 )

= − (φn
1 )

T
(
π+Dφn

0 +m(π0 + π−)Dφn
1

)
+

1

2
(φn

0 )
T
(
π+ +m(π0 + π−)

)
Dφn

0

− 1

2

∑
i≥0

(φn
i+1 − φn

i )
T
(
π+D −m(π0 + π−)D

)
(φn

i+1 − φn
i )

= − (un1 )
TSmFupw(un0 , u

n
1 ) +

1

2
(un0 )

TSmAun0 − 1

2

∑
i≥0

(uni+1 − uni )
TSmP |D|P−1(uni+1 − uni ),

where we used Sm|D| = P−T
(
π+ −m(π0 + π−)

)
P−1D. Inserting the above equality in (4.15),

we deduce the expected upper-bound, that concludes the proof.

To conclude this subsection, we now give an upper-bound for 1
2(u

n
0 )

TSmAun0 . According to
the definition of un0 ∈ Rp given by (3.4), this upper-bound is obtained in the same maneer as in
the proof of Proposition 2.5.

Lemma 4.6 (Upper-bound for 1
2(u

n
0 )

TSmAun0 ). Let assume Hypothesis 2.1. Let m > 0 and
Sm ∈ Mp,p(R) under the form (2.9). For all α > 0, we have

1

2
(un0 )

TSmAun0 ≤ (1 + α) max
i∈[[1,p]]

max(0, λi) |||π+Bπ+|||2|g̃n|2Rp +
(
1 +

1

α

)
|||π+Bπ0|||2 |π0φn

0 |2Rp

+
(

max
i∈[[1,p]]

max(0, λi)|||π+Bπ−|||2 + m

2
max
i∈[[1,p]]

min(0, λi)
)
|π−φn

0 |2Rp .

Proof. According to (2.9) and to the spectral decomposition A = PDP−1, φ = P−1u we have

(un0 )
TSmAun0 = (φn

0 )
Tπ+Dφn

0 +m(φn
0 )

Tπ0Dφn
0 +m(φn

0 )
Tπ−Dφn

0 ,

= (φn
0 )

Tπ+Dφn
0 +m(φn

0 )
Tπ−Dφn

0 ,

≤ max
i∈[[1,p]]

max(0, λi)||π+φn
0 |2Rp +m max

i∈[[1,p]]
min(0, λi)|π−φn

0 |2Rp . (4.16)

Using (3.4) to reformulate |π+φn
0 |2Rp then arguing the algebraic computations used in (2.22), we

deduce
|π+φn

0 |2Rp ≤ 2(1 + α)|||π+Bπ+|||2|g̃n|2Rp + 2
(
1 +

1

α

)
|||π+Bπ0|||2|π0φn

0 |2Rp

+ 2|||π+Bπ−|||2|π−φn
0 |2Rp .

Using this above estimate in (4.16), we deduce the expected result that concludes the proof.
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4.4 Proof of Theorem 3.1

Proof. According to Lemma 4.5 and Lemma 4.6, we have

En+1 − En

2∆t
≤ ∆t

2
Rn

m + (1 + α) max
i∈[[1,p]]

max(0, λi) |||π+Bπ+|||2|g̃n|2Rp +
(
1 +

1

α

)
|||π+Bπ0|||2 |π0φn

0 |2Rp

+
(

max
i∈[[1,p]]

max(0, λi)|||π+Bπ−|||2 + m

2
max
i∈[[1,p]]

min(0, λi)
)
|π−φn

0 |2Rp

+ (un1 )
TSm

(
F(un0 , u

n
1 )−Fupw(un0 , u

n
1 )
)

− 1

2

∑
i≥0

(uni+1 − uni )
TSmP |D|P−1(uni+1 − uni )

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni )

+
m∆x

2
|||(π0 + π−)Kπ+|||2 |g̃n|2Rp + C ′′

mEn,

where K ∈ Mp,p(R), C ′′
m ≥ 0, Fupw(uni , u

n
i+1) are respectively defined in (2.6), (3.11), (4.10).

Adding the estimate derived in Lemma 4.1 to the above inequality and using the definition of
Cα, C

′
α > 0, Krm ∈ R given in (2.18), we deduce

|π0φn+1
0 |2Rp − |π0φn

0 |2Rp

2∆t
+

En+1 − En

2∆t

≤
(
Cα +

m∆x

2
|||(π0 + π−)Kπ+|||

)
|g̃n|2Rp + C ′

α|π0φn
0 |2Rp + C ′′

mEn −Krm|π−φn
0 |2Rp

+
∆t

2
Rn + (un1 )

TSm

(
F(un0 , u

n
1 )−Fupw(un0 , u

n
1 )
)

− 1

2

∑
i≥0

(uni+1 − uni )
TSmP |D|P−1(uni+1 − uni )

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni ).

Since m > 0 is such that Krm ≥ 0, the proof of Theorem 3.1 will be completed as soon as the
following inequality is satisfied:

∆t

2
Rn

m + (un1 )
TSm

(
F(un0 , u

n
1 )−Fupw(un0 , u

n
1 )
)

− 1

2

∑
i≥0

(uni+1 − uni )
TSmP |D|P−1(uni+1 − uni )

+
1

2

∑
i≥1

(uni+1 − uni )
TSmP

(
− νn

i+ 1
2

+ k(uni , u
n
i+1)

)
P−1(uni+1 − uni ) ≤ 0,

(4.17)

where Rn
m is defined in (4.14). But, since

F(un0 , u
n
1 )−Fupw(un0 , u

n
1 ) = F(un0 , u

n
1 )−

1

2
A(un1 + un0 )− Pνn1

2

P−1(un1 − un0 ),

and (νi+ 1
2
)i≥0 is such that (3.9) holds, we deduce the existence of ∆t > 0 such that (4.17) holds

that concludes the proof.

To conclude this section, we summarize the procedure presented in Section 3. For a given
IBVP under the form (1.1) and a given numerical flux satisfying (3.8) and F(u, u) = Au, the
procedure is the following:

18



• First, we use Lemma 2.2 to determine B ∈ Mp,p(R) so that (1.1) can be reformulated
under the form (2.5).

• Second, considering Sm ∈ Mp,p(R) as defined in (2.9), m ≥ 0 has to enforce Krm ≥ 0 in
(2.18c). Such a choice enables to define (3.10) as a criteria for the discrete stability.

• Third, according to Theorem 3.1, (3.10) is reachable if the sequence (νn
i+ 1

2

)i≥0 is such that
(3.13) and (3.14) hold.

• Finally, ∆t > 0 has to be selected is such a way (4.17) (or equivalently (3.10)) holds.
When m > 0 increases in (2.9) then Rn

m defined in (4.14) also increases and thus the time
step ∆t > 0 decreases. In practice, m will be chosen to minimize Rn

m under the constraint
Krm ≥ 0.

The next section gives practical applications of this procedure in numerical experiments.

5 Numerical experiments

This section is dedicated to the implementation of the numerical strategy presented before. First
of all, a practical choice of (νn

i+ 1
2

)i≥0 is proposed for some well-known numerical fluxes (Lax-
Wendroff or HLL) and the resulting CFL condition. Then, two numerical tests are investigated
(wave equation and relaxed dispersive wave model) and comparisons are performed with classical
approaches to emphasize the benefit of our method.

5.1 Viscous correction for standard numerical fluxes

This section gives practical choices of the viscous correction procedure (3.3) for specific, but
commonly used numerical flux F(uni , u

n
i+1). Namely, we consider the following form :

F(uni , u
n
i+1) =

1

2
A(uni + uni+1)−

1

2
PΛP−1(uni+1 − uni ), (5.1)

where Λ is a diagonal semi-definite positive matrix in Mp,p(R). Several well-known numerical
fluxes take the form (5.1). For instance, the Lax-Wendroff numerical flux corresponds to Λ =
∆t
∆xD

2 and the symmetric HLL (also called Rusanov) numerical flux is such that Λ = ρ(|D|)Ip
where ρ(|D|) > 0 denotes the spectral radius of |D|. Such numerical fluxes are obviously
consistent and they satisfy the k-Lipschitz continuity assumption (3.8) with k(uni , u

n
i+1) = −Λ.

Considering (5.1), and according to Theorem 3.1, (νn
i+ 1

2

)i≥0 has to be selected in a such way
(3.13) and (3.14) hold. Since Λ ∈ Mp,p(R) in (5.1) is a diagonal semi-definite positive matrix,
(3.14) is satisfied for the choice

νn
i+ 1

2

= 0, ∀i ≥ 1. (5.2)

We now have to deal with νn1
2

to enforce (3.13). In the case of (5.1), (3.13) is equivalent to

−1

2
(un1 )

TSmP (Λ + νn1
2

)P−1(un1 − un0 ) ≤ 0.

As a consequence, we use the following admissible choice:

νn1
2

=

{
0, if (un1 )

TSmPΛP−1(un1 − un0 ) ≥ 0,

−Λ, otherwise.
(5.3)
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The above formulation defines a non-linear limitation procedure to enforce (3.13). Equipped
with this procedure, the time step ∆t > 0 has to be chosen according to (4.17). However, (4.17)
is defined by global quantities that are difficult to use for the practical implementations. As a
consequence, we propose the following heuristic CFL-like condition:

∆t

∆x

(
|D|+max

i
|νn

i+ 1
2

|
)
≤ 1

2
, (5.4)

that is inspired from [9,25]. We now illustrate the above choices on two test cases.

5.2 Example of weak numerical instabilities

This section gives an example of weak instabilities and the relevancy of the viscous correction
(3.3) for the stabilization. In this regard, we consider the wave equations that governs u =
(u1, u2)

T ∈ R2 as follows: 
∂tu+A∂xu = 0, ∀(t, x) ∈ (R+

∗ )
2,

Nu(t, 0) = g(t), ∀t ≥ 0,

u(t = 0, x) = uin(x), ∀x > 0,

(5.5)

where the matrices (A,N) ∈ M2,2(R)×M1,2(R) are given by

A =

(
0 a
a 0

)
, a > 0, N =

(
1 0

)
. (5.6)

According to the above definitions, there is no null eigenvalue in A (i.e. π0 = 0) so α = 0 in (2.18)
is selected. In addition, the matrix B ∈ M2,2(R) derived for (2.5) and a suitable symmetrizer
Sm ∈ M2,2(R) are given by

B =

(√
2 1
0 1

)
, S2 =

1

2

(
3 −1
−1 3

)
.

The above formulation of S2 corresponds to m = 2 in (2.9) and Krm = 0 in (2.18c). Let us
remark that this choice of m is such that Rn

m defined in (4.14) is minimal. As a consequence,
straightforward computation shows that (3.10) is equivalent Sn ≤ 0 where Sn ∈ R is defined as
follows:

Sn :=
En+1 − En

2∆t
− 2a|g̃n|2Rp . (5.7)

In order to check Sn ≤ 0 with the choices given in Subsection 5.1, the space domain [0, 15] is
discretized with 2 000 cells and we consider the following initial and boundary conditions:

uin(x) = e−2x
(
sin(2πx), cos(2πx)

)T
, g(t) = sin(2πt). (5.8)

Homogeneous Neumann boundary conditions are prescribed on the right side of the domain. Ac-
cording to (5.8) and since the computational domain is sufficiently large, this discrete boundary
does not influence the numerical simulation. On the left side, the discrete boundary conditions
are prescribed by un0 ∈ R2 defined in (3.4). We consider the Lax-Wendroff (LW) numerical flux
in (5.1) then (νn

i+ 1
2

)i≥0 and ∆t > 0 are selected according to (5.2), (5.3), (5.4). We also consider
a classical approach based on the approximation of (2.5) with the scheme (1.3), (3.4), (3.6) in
which the numerical flux F(uni , u

n
i+1) is chosen as the LW flux. Hence, the comparison between

the two approaches will enable to emphasize the importance of the artificial viscosity in (3.3).
Figure 2 shows the time evolution of Sn defined in (5.7) and also the space dependency of

the solution x ∈ [0, 0.2] 7→ ui(t = 0.6, x), i = 1, 2.
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Figure 2: Top: x ∈ [0, 0.2] 7→ ui(t = 0.6, x) for the problem (5.5)-(5.8). Bottom: time evolution
of Sn defined in (5.7). The legend is: LW corresponds to the Lax-Wendroff scheme (1.3),
LW+AV corresponds to the viscous Lax-Wendroff scheme (3.2) (both schemes are endowed with
the discrete boundary conditions (3.4)-(3.6) and Ex corresponds to the exact solution).

The standard Lax-Wendroff scheme (1.3) and its viscous version (3.2) are both consistent but
the standard version becomes unstable close to t = 0.4. The viscous correction as defined in
Subsection 5.1 ensures Sn ≤ 0 but the numerical results for u1 and u2 are more diffusive.

5.3 Relaxed dispersive waves model

The second numerical experiment is devoted to the relaxation of a dispersive wave model.
Namely, we consider u = (u1, u2, v, ∂tv)

T ∈ R4 governed as follows:
∂tu+A∂xu = Qu, ∀(t, x) ∈ (R+

∗ )
2,

Nu(t, 0) = g(t), ∀t ≥ 0,

u(t = 0, x) = uin(x), ∀x > 0,

(5.9)

where the matrices (A,Q,N) ∈ (M4,4(R))2 ×M1,4(R) are given by

A =


0 a 0 −1
a 0 0 0
0 0 0 0

−κ2

ε2
0 0 0

 , a, κ, ε > 0, Q =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 − 1

ε2
0

 , N =
(
1 0 0 0

)
. (5.10)

This system can be derived from dispersive Boussinesq type equations (5.13) presented
below. The above A matrix is a R-diagonalisable matrix and its eigenvalues are
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(
√

a2 + (κ/ε)2, 0, 0,−
√
a2 + (κ/ε)2). The initial and boundary conditions uin, g are

uin(x) =
(
1, −aτ

ℓ , − (κτ)2

ℓ(ε2+τ2)
, κ2τ

ℓ(ε2+τ2)

)T
e−

x
ℓ , g(t) = e−

t
τ , (5.11)

where τ > 0 is a free parameter, and ℓ =
√
(aτ)2 + (κτ)2/(ε2 + τ2). Under the above conditions,

the exact H1
(
(R+

∗ )
2,R4

)
solution (5.9) is u(t, x) = uin(x)g(t) where uin and g are given by (5.11).

In addition, it can easily be checked

∀(t, x) ∈ (R+
∗ )

2, (u1, u2, v, ∂tv)(t, x) −−−−→
ε→0

(w1, w2, κ
2∂xw1, κ

2∂2
txw1)(t, x), (5.12)

where (w1, w2)
T ∈ R2 is the solution of the dispersive problem (5.13). Hence, (5.9) formally

stands for an ε-relaxed version of the following dispersive wave model
(
1− κ2∂2

x 0
0 1

)
∂t

(
w1

w2

)
+

(
0 a
a 0

)
∂x

(
w1

w2

)
= 0, ∀(t, x) ∈ (R+

∗ )
2,

w1(t, 0) = g(t), ∀t ≥ 0,

w(t = 0, x) = win(x), ∀x > 0,

(5.13)

where w = (w1, w2)
T ∈ R2, a > 0 and g(t) ∈ R. The above dispersive problem corresponds to

the formal limit ε → 0 in (5.9). Equation (5.13) is called linearized Boussinesq-Abbott equation.
The solution w2 of (5.13) is good approximation of surface elevation in linearized shallow water
regime. The dispersion in (5.13) induces the computation of non-local terms. This is why
several works transform this equation into an hyperbolic problem by relaxation. Note that, the
relaxation introduces zero eigenvalues (see [20,21,36]). Moreover, for τ > 0 and considering the
following initial and boundary conditions

win(x) =
(
1,−aτ/

√
(aτ)2 + κ2

)T
e
− x√

(aτ)2+κ2 , g(t) = e−
t
τ , (5.14)

the solution w to (5.13)-(5.14) belongs to H1
(
(R+

∗ )
2,R2

)
and is given by

w(t, x) = win(x)g(t). (5.15)

Now, we have to compute B ∈ M4,4(R) for the boundary conditions in (3.4). According to
(5.9), straightforward computations lead to

B =


1√

a2+(κ/ε)2
0 0 −1

0 1 0 0
0 0 1 0
0 0 0 1

 .

The second step consists in defining Sm ∈ M4,4(R) under the form (2.9). Using the above
definition of B, we select m > 0 in (2.9) such that Krm = 0 in (2.18c). In addition, since
straightforward computations shows that π+Bπ0 = 0, we fix α = 0 in (2.18). As a consequence,
(3.10) is equivalent to Sn ≤ 0, where Sn is defined as follows:

Sn :=
(|π0φn+1

0 |2Rp + En+1)− (|π0φn
0 |2Rp + En)

2∆t

−
(
Cα +

m∆x

2
|||(π0 + π−)Kπ+|||

)
|g̃n|2Rp − C ′

α|π0φn
0 |2Rp − C ′′

mEn,

(5.16)

where K ∈ M4,4(R) and the constants Cα, C
′
α, C

′′
m > 0 are respectively given by (2.6), (2.18)

(3.11) (note that they can be explicitly computed in this case). Even if the inequality Sn ≤ 0
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stands for a criteria to assess the numerical stability of the schemes, it is no longer relevant in
the regimes ε → 0 because C ′′

m ∼
ε→0

1
ε2

that leads to

lim
ε→0

C ′′
m = +∞. (5.17)

For the first numerical simulation, (5.9)-(5.11) are endowed with (a, τ, κ, ε)T = (1, 1, 1.5, 1)T

and we consider the spatial domain [0, 20] discretized with 400 cells. Homogeneous Neumann
boundary conditions are prescribed on the right side of the domain. On the left side, the discrete
boundary conditions are given by un0 ∈ R4 defined in (3.4). We consider the Rusanov (Rus)
numerical flux in (5.1) then (νn

i+ 1
2

)i≥0 and ∆t > 0 are selected according to (5.2), (5.3), (5.4).

Figure 3 reports the exact solution (labeled as Ex) x 7→ (u1, u2, v, ∂tv)(t = 0.1, x) = uin(x)g(t =
0.1) where uin(x) and g(t) are given by (5.11), and the numerical solutions computed by the
standard solver Rus and the viscous one Rus+AV. One can observe the numerical solutions are
in a very good agreement with the exact solution. In Figure 4, we plot the time evolution of Sn

and we observe the two schemes are stable in the sense Sn ≤ 0.

23



Figure 3: Relaxed dispersive model (ε = 1). Left: x ∈ [0, 10] 7→ (u1, u2, v, ∂tv)(t = 0.1, x).
Right: x ∈ [0, 0.5] 7→ (u1, u2, v, ∂tv)(t = 0.1, x). The legend is: Ex corresponds to the exact
solution, Rus corresponds to the Rusanov scheme (1.3), Rus+AV corresponds to the viscous
Rusanov scheme (3.2) (both schemes are endowed with the discrete boundary conditions (3.4),
(3.6)) and Ex corresponds to the exact solution).

Figure 4: Relaxed dispersive model (ε = 1). Time evolution of Sn defined in (5.16). The legend
is: Ex corresponds to the exact solution, Rus corresponds to the Rusanov scheme (1.3), Rus+AV
corresponds to the viscous Rusanov scheme (3.2) (both schemes are endowed with the discrete
boundary conditions (3.4), (3.6)) and Ex corresponds to the exact solution).

In a second test, we numerically investigate the convergence of the relaxation system (5.9) to-
wards the dispersive equations (5.13). In this regard, we consider (a, τ, κ, ε)T = (1, 1, 1.5, 10−2)T

in (5.9),(5.11). The numerical framework is the same as before except the space domain
[0, 20] which is discretized with 400 cells. Figure 5 reports the solutions at time t = 0.1 ob-
tained by the standard method, the viscous one and the asymptotic solution given by (5.15).
According to (5.12), the components of the exact solution of the dispersive model is thus
w̃(t, x) = (w1, w2, κ

2∂xw1, κ
2∂2

txw1)(t, x) where w(t, x) = (w1, w2)(t, x) is given by (5.15)-(5.14).
For clarity, the plots of the four components of the exact solution w̃ and the numerical solutions
are only reported for x ∈ [0, 10]. Figure 6 reports the time evolution of Sn defined by (5.16)
obtained by the exact solution of the relaxed dispersive model (5.9) with ε = 10−2 and obtained
by the two numerical methods (Rus and Rus+AV). In this case, we observe the evolution of
Sn has no longer meaning in vertu of (5.17). However, one can observe the standard Rusanov
scheme (1.3) coupled to the discrete boundary conditions (3.4)-(3.6) clearly fails. Regarding the
viscous version (3.2) endowed with our non-linear limitation procedure (5.3), in spite of some
errors localized at the boundary, the method is genuinely more stable (see Figure 6).
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Figure 5: Relaxed dispersive model (ε = 10−2). Left: x ∈ [0, 10] 7→ (u1, u2, v, ∂tv)(t = 0.1, x).
Right: : x ∈ [0, 10] 7→ (u1, u2, v, ∂tv)(t = 0.1, x) (only the viscous and the exact asymptotic
solutions w̃ = (w1, w2, κ

2∂xw1, κ
2∂2

txw1)(t, x) where w(t, x) = (w1, w2)(t, x) is given by (5.15)-
(5.14)). The legend is: Rus corresponds to the Rusanov scheme (1.3), Rus+AV corresponds
to the viscous Rusanov scheme (3.2) (both schemes are endowed with the discrete boundary
conditions (3.4), (3.6)) and Ex corresponds to the exact solution.

Figure 6: Relaxed dispersive model (ε = 10−2). Time evolution of Sn defined in (5.16). Left:
exact and standard Rusanov solutions. Right: exact and viscous solutions.

6 Conclusion

We have proposed an explicit procedure to correct three-point finite volume schemes devoted
to the numerical approximation of linear hyperbolic initial boundary value problems. The fully
discrete stability of the corrected scheme is proved under restrictions for the artificial viscosity
and for the time step. These numerical parameters are selected with heuristic procedures in
the numerical experiments that concern the standard hyperbolic wave model and a relaxed
dispersive model. The numerical results obtained on these two test cases confirm the discrete
stability estimates. This work is a first step toward the investigation of fully discrete stability of
wave-structure interactions problems (see [3], [4], [5] and [6]). In that case, the linear hyperbolic
regime is not necessarily a good regime. Indeed, this regime omits the dispersive and non-
linear effects that play an important role in coastal areas (see [30]). In next works, we want to
generalize our strategy to non-linear and dispersive problem (such as the one in (5.13)) involving
boundary conditions.

A Technical lemma

Lemma A.1. Let us consider (φn
i )i≥0 ⊂ Rp a compactly supported sequence such that∑

i≥0

|φn
i |2Rp∆x < +∞,

∑
i≥0

|(φn
i+1 − φn

i )/∆x|2Rp∆x < +∞.

Let also us consider D ∈ Mp,p(R) the diagonal matrix that contains the eigenvalues of A or-
ganized in descending order and also the diagonal projectors (πα){+,0,−} given by (2.1). The
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following reformulations hold:

(i)
∑
i≥1

(φn
i+1 − φn

i )
Tπ+Dφn

i

= −(φn
1 )

Tπ+Dφn
0 +

1

2
(φn

0 )
Tπ+Dφn

0 − 1

2

∑
i≥0

(φn
i+1 − φn

i )
Tπ+D(φn

i+1 − φn
i ),

(ii) − (φn
0 )

T(π0 + π−)D(φn
1 − φn

0 ) +
∑
i≥1

(φn
i+1 − φn

i )
T(π0 + π−)Dφn

i+1

= −(φn
1 )

T(π0 + π−)Dφn
1 +

1

2
(φn

0 )
T(π0 + π−)Dφn

0

+
1

2

∑
i≥0

(φn
i+1 − φn

i )
T(π0 + π−)D(φn

i+1 − φn
i ).

Proof. Concerning (i), using the standard indices translation, a direct computation gives∑
i≥1

(φn
i+1 − φn

i )
Tπ+Dφn

i

=
∑
i≥2

(φn
i )

Tπ+Dφn
i−1 −

∑
i≥1

(φn
i )

Tπ+Dφn
i

= − (φn
1 )

Tπ+Dφn
0 +

∑
i≥1

(φn
i )

Tπ+Dφn
i−1 −

(1
2
+

1

2

)∑
i≥1

(φn
i )

Tπ+Dφn
i

= − (φn
1 )

Tπ+Dφn
0 − 1

2

∑
i≥1

(φn
i )

Tπ+Dφn
i +

∑
i≥1

(φn
i )

Tπ+Dφn
i−1 −

1

2

∑
i≥2

(φn
i−1)

Tπ+Dφn
i−1.

Reorganizing the terms, the above formulation writes∑
i≥1

(φn
i+1 − φn

i )
Tπ+Dφn

i

=− (φn
1 )

Tπ+Dφn
0 +

1

2
(φn

0 )
Tπ+Dφn

0

− 1

2

∑
i≥1

(φn
i )

Tπ+Dφn
i +

∑
i≥1

(φn
i )

Tπ+Dφn
i−1 −

1

2

(∑
i≥2

(φn
i−1)

Tπ+Dφn
i−1 + φn

0π
+Dφn

0

)
,

=− (φn
1 )

Tπ+Dφn
0 +

1

2
(φn

0 )
Tπ+Dφn

0 − 1

2

∑
i≥1

(φn
i − φn

i−1)
Tπ+D(φn

i − φn
i−1),

that is the expected reformulation.
For (ii), with direct straightforward computations, we have

− (φn
0 )

T(π0 + π−)D(φn
1 − φn

0 ) +
∑
i≥1

(φn
i+1 − φn

i )
T(π0 + π−)Dφn

i+1

= (φn
0 )

T(π0 + π−)Dφn
0 +

∑
i≥1

(φn
i+1)

T(π0 + π−)Dφn
i+1 −

∑
i≥0

(φn
i )

T(π0 + π−)Dφn
i+1,

=− (φn
1 )

T(π0 + π−)Dφn
1 + (φn

0 )
T(π0 + π−)Dφn

0 +
(1
2
+

1

2

)∑
i≥0

(φn
i+1)

T(π0 + π−)Dφn
i+1

−
∑
i≥0

(φn
i )

T(π0 + π−)Dφn
i+1.
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Arguing the standard indices translation and reorganizing the terms, we deduce

− (φn
0 )

T(π0 + π−)D(φn
1 − φn

0 ) +
∑
i≥1

(φn
i+1 − φn

i )
T(π0 + π−)Dφn

i+1

= − (φn
1 )

T(π0 + π−)Dφn
1 +

1

2
(φn

0 )
T(π0 + π−)Dφn

0 +
1

2

∑
i≥0

(φn
i+1)

T(π0 + π−)Dφn
i+1

+
1

2

∑
i≥0

(φn
i )

T(π0 + π−)Dφn
i −

∑
i≥0

(φn
i )

T(π0 + π−)Dφn
i+1,

= − (φn
1 )

T(π0 + π−)Dφn
1 +

1

2
(φn

0 )
T(π0 + π−)Dφn

0

+
1

2

∑
i≥0

(φn
i+1 − φn

i )
T(π0 + π−)D(φn

i+1 − φn
i ),

that concludes the proof.
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