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Three-body interactions in Rabi-coupled Bose gases: a perturbative approach
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CNRS, Laboratoire Charles Fabry, 91127 Palaiseau, France

(Dated: March 25, 2025)

In ultracold atomic gases, radio-frequency coupling between two spin states can lead to atoms
being in a stable coherent superposition of the two states (dressed states). When the two-body
interactions (scattering lengths) are different between the two states, it offers the possibility not
only to control the interatomic interaction but also to modify the equation of states with emerging
three-body terms with different signs and scalings with the parameters. We derive these terms in
a unified perturbation framework and show that they correspond to genuine three-body processes

found at different orders in perturbation theory.

Our work justifies the introduction of contact

three-body interactions in dressed-state systems when the spin degree of freedom is integrated out.

I. INTRODUCTION

Ultracold quantum gases are model many-body sys-
tems that permit one to access a variety of physical phe-
nomena, such as superfluidity or phase transitions [1].
A key simplification comes from the fact that they are
dilute systems with a dominating two-body interaction
that, in addition, can be modeled by a contact inter-
action [2]. In this context, the scattering length a is
the only quantity that fully characterizes the interac-
tion strength. Importantly, the scattering lengths can be
modified through diffusion (Fano-Feshbach) resonances
by tuning the magnetic field [3]. This degree of control
and the versatility of the external potential allows for ver-
satile and quantitative studies (or quantum simulations)
of complex many-body problems such as the BEC-BCS
transition for fermions [4-7], the Mott-transition [8], the
Berenzinski-Kosterlitz-Thouless superfluid transition in
2D [9] or the generalized hydrodynamics in 1D [10] for
bosons.

Physics can be made even richer when mixtures are
used such that different two-body interactions may co-
exist [11]. For bosons, this has led to the observation
of phase separation for repulsive interspecies interaction
[12] and quantum droplets for attractive interspecies in-
teraction [13, 14]. Coupling between two spin states (for
example, using a radio-frequency field) adds another de-
gree of freedom. Competition between spin interaction
and coupling can lead to bistability [15] or ferromag-
netism phenomena [16] in the spin degree of freedom.
Coherent coupling also leads to an alternative way of
controlling the two-body interaction [17]. Indeed, the ef-
fective interaction then varies with the spin composition
of the dressed state, which can be controlled by the de-
tuning of the coupling field. In this configuration, it was
also shown that three-body interaction terms either pos-
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itive or negative emerge in the equation of state and may
play a dominant role in the dynamics of Bose-Einstein
condensates. These terms were found to appear either
from mean-field shift of the energy difference between
the two spin states [18], or in complex calculations be-
yond the mean field in the limit of large coupling [19].
These experimental demonstrations of controllable three-
body interactions without strong enhancement of losses
in ultra-cold dilute gases came in a context where such in-
teractions have been considered in numerous theoretical
works [20-35].

In this paper, we perform perturbation theory as a
function of the interaction strengths and up to the third
order. We recover the three-body interaction terms for a
Bose gas with coherent coupling between two spin states
in a unified framework at different orders in perturba-
tion. We first treat the problem of a homogeneous con-
densate in the dressed state and calculate the modifica-
tion of its ground-state energy. This calculation directly
links to previous results on the equation of states [18, 19].
Second, few-body scattering processes [28] are consid-
ered and calculated. Our results justify the introduction
of a contact three-body interaction term in an effective
Hamiltonian in the reduced Hilbert space, in which the
spin excitations are no longer considered. Finally, a gen-
eralization of the calculations to one dimension (1D) is
presented.

II. HAMILTONIAN IN THE DRESSED-STATE
BASIS

In the second quantization formalism, the single par-
ticle and the interaction Hamiltonians Hy and H;,; in
a coupled two-component homogeneous Bose system of
volume V read:
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where m is the atomic mass, i the reduced Planck con-
stant,  the coupling detuning, and €2 the Rabi frequency
of the coupling between the two spin states. aj,p and aqp
are the creation and annihilation operators of a particle
with a certain spin o in the {1,]} basis and momentum
p- In the interaction Hamiltonian appear the three cou-
pling constants g, = 47h%ay,/m for the o — o’ contact
interactions with scattering lengths ayq-.

In order to perform perturbation theory, we first diag-
onalize the single particle Hamiltonian Hy by a rotation
to the dressed-state basis |+), |—), thus introducing the
related operators

ayp = cosfbap + sinfaqp,
a_p =sinfa, — cosfaqp, (3)
where 6 is the mixing angle such that cotan(26) = 6/9Q.

In this description, 8 evolves from 0 to 7/2 and is 7/4 at
resonance (that is, for § = 0). In this rotated basis Hy

reads:
P’ t
H() = Z 2—(a+pa+p + a,pa_p)
— 2m
hQ
+ Z 7(0‘3—pa+p - a’T—pa’*p% (4)
P
where Q = v/Q2 + §2. In the same basis, the interaction

Hamiltonian [36] is
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The first three terms of the Hamiltonian correspond to
elastic collisions between two atoms in the dressed states,
with, respectively, g1, g2, g3 as the interaction strength
coefficients. The last three terms with coupling con-
stants g3, g4 and gs, instead describe scattering events
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that do not preserve the particle dressed state (inelastic
collisions).

The dependence of the coupling coefficients on the mix-
ing angle (or equivalently on the detuning 5/Q) is:

g1 = g} cos 9+g¢¢sm 0+ gusm 20

g2 = g1 sin 9+gTTcos 0+ gnsm 20

93 = (g4 + gr1) sin® 26 + 2g4| cos” 20

1 :
= 7(900 + 911 — 297 ) sin* 26

gs = sin20(gpy sin® 0 — g,y cos® 0 + gp cos 20)

g4

g6 = sin20(gy cos® 0 — gy sin® 6 — gy cos20).  (6)

The precise description of higher-order interaction pro-
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FIG. 1. g2 (black solid line), gs (red dotted line), g4 (blue
dash-dotted line), g (green dashed line) as a function of the
mixing angle § and normalizes to go = 4nh’ao/m, where ao
is the atomic Bohr radius. a4+ = 51.5a0, ay, = 35.6ao,
ary = —53.7(10.

cesses is especially relevant in conditions where the usual
two-body collisions is reduced thanks to the compensa-
tion between positive and repulsive bare coupling con-
stants. In such a situation, higher-order interactions will
play an important role. It occurs in particular when the
intraspecies coupling constant g4+ and gy, are positive
whereas g1, is negative, conditions that can be met in
potassium 39 [37]. As an example, the coupling con-
stants g2, g3, g4, g¢ are plotted for the second and third



lowest states of 3 K at a magnetic field of 55.6 G in Fig.1.
If0=0o0r 0 =m/2 (ie. §/Q — +00), we find only elas-
tic collisions and the original Hamiltonian in the non-
rotated internal state basis. In the vicinity of the reso-
nance § & /4, |—)-|—) interactions are reduced as g is
close to zero. Note that gg % such that gg vanishes
when g is minimal.

III. PERTURBATIVE EXPANSION OF THE
CONDENSATE ENERGY

We first perform perturbation theory in order to cal-
culate the ground state energy corresponding to a Bose-
Einstein condensate in state |—,p =0). The unper-

turbed ground state is |¢) = ﬁ(at)pzo)N |0), where
N is the atom number. At the first order in perturbation
theory, the correction to the energy is given by the ex-

pectation value of Hj,¢ in the unperturbed ground state

EW = (4| Hing |00) - (7)

Among all the terms of Hiyg, only the term multiplied
by the coupling constant g allows two colliding atoms
to remain in the dressed state |—). There is therefore a
single term in the sum that contributes at the first order

g2
EW = v ol al el _ga- p=oa_ p=olth)
N(N-1)  N?

=9 oy T 95y (8)

The first order correction (eq. 8) corresponds to the stan-
dard mean-field interaction energy with a coupling con-
stant go that varies with the detuning §/€.

The energy correction at the second order is given by

E(2) _ Z <w0| Hipng \gﬁ <1g| Hiyg |1/10> (9)
0 —

i

where the sum is taken over all possible intermediate
states |¢;) # |[tg). We can recognize that the terms of
H;,¢ that contribute to the second order are those mul-

tiplied by the coupling constants go, g4, and gg. At the
second order the energy correction is given by
2V 2P 2V = 210 + p2/m
7ggN2 _ 1 _ 92N3~ (10)
42 570 MY+ p2/m  4VZhQ

Note that we have omitted the terms that are not exten-
sive (x N) in the thermodynamic limit (i.e. for large N
and V, with constant density n = N/V). The last term
originates from the term with all momenta equal to 0 and
scales as N3 because there are three a_o or a' in the
corresponding Hamiltonian term. It corresponds to the
negative three-body energy contribution calculated at the

mean field level, taking into account a density-dependent
shift of the detuning [18].

The first three terms are divergent at large p. This
is a consequence of the unphysical nature of the contact
potential in 3D, which needs to be regularized, for exam-
ple, by adding a momentum cutoff in Hj,;. An alterna-
tive way is to renormalize the coupling constant, which
is equivalent to removing the divergent parts in the sums
[38]. After such a procedure, the first term disappears,
whereas the two other terms are renormalized

o) _ V200 + )NV IO m?2 - ggN® (1)
2V STh3  4V2RQ)

In the specific case, where g2 is minimal and zero (gg =
0), we exactly recover the renormalization of the two-
body interaction due to beyond-mean-field effects cal-
culated from a Bogoliubov type approach in the limit
of large coupling as compared to the interaction energy
rQ > gN/V [19].

Let us now consider third-order perturbation theory.
Generally, it reads:

wO|H1nt W}l <¢z| Hint |’l/13> <wj| Hint |1/)0>
Z Z (E; — Eo)(Ej — Eo) .

(12)

In principle, the sum includes terms with g4 or gg. Since,
if g¢ is non zero, there is already a three-body contribu-
tion at the second-order of perturbation, we focus on the
case where gs = 0. In that case, the only non-zero terms
are of the form

(g4a10a10a+p1 a+(—p1))(9301p2a100+p2a—0)

(g4a1p3a1(7p3)a,oa,o), (13)

where the p = 0 are imposed by the fact that there is no
atoms in |—, p # 0) in |¢o).

The specific case of p; = p2 = p3 = 0 can be neglected
in the thermodynamic limit as it scales as (N/V)3. For
P1 # 0, p2 and p3 have to take the same value up to a
sign. There are thus 4 equivalent terms and
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Again, it is exactly the positive value found in the Bo-
goliubov approach in the limit of large coupling A£2 > gn
[19]. The pertubation theory permits us to find in a
unified framework two-body and three-body interaction
terms in the equation of state that were previously found
in mean-field and beyond mean-field approaches. How-
ever, the perturbative expansion is less general than the
Bogoliubov approach; it does not resolve the problem
when Af2 is not large compared to gn. In particular, per-
turbation theory cannot recover the nonanalytical Lee-
Huang-Yang N°/2 energy scaling for vanishing Q [13].

E® = (14)
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FIG. 2. Feynman diagrams corresponding to the possible
scattering events. The plain and dashed lines represent the
|—) and |+) state, respectively. The three first diagrams cor-
respond to two-body scattering at first and second order in
perturbation theory and contributes to gap in the effective in-
teraction Hamiltonian. The two last diagrams correspond to
three-body scattering at the second and third-order and con-
tributes to gsp in the effective interaction Hamiltonian.

IV. THREE-BODY SCATTERING IN
PERTURBATION THEORY

The above calculation shows that the two- and three-
body terms in the equation of state of a coherently
dressed condensate can be found in perturbation theory.
In this section, we show that they actually correspond
to few-particle collisions, whose strength can be deduced
from perturbative scattering theory. The corresponding
Feynman diagrams are shown in Fig. 2.

Let us first consider two-body elastic collisions from
the initial state [12") = aiplaipz |0) to the final state

‘1/}1%b> = aT_pSaT_p4 |0). Scattering theory tells that we

should consider the matrix elements <z/;J2cb‘ T [42), where

T is called the scattering matrix and can be expressed as

T = Hine + Hint GoHing + HingGoHingGoHing
+Hint GoHint GoHint GoHing + ..., (15)
1

—_— 16
g (9

where G =
a form that is suited in order to apply perturbation the-
ory.

If we restrict to the first order (i.e. the first diagram
in Fig. 2 or Born approximation), only the go term of the
Hamiltonien contributes, and the matrix element has the
same non-zero value for any value of the momenta that
ensure total momentum conservation. It corresponds
to the usual two-body s-wave scattering amplitude that
leads to an isotropic scattering halo. The second-order

terms include as before contributions originating from g,
g, and gg, and the sums need to be regularized at high
momenta with the usual renormalization of the coupling
constant. Remarkably, for collisions at low momenta, i.e.
such that p?/m < hf), one can neglect the correspond-
ing kinetic terms in the denominator such that the exact
same type of terms as in the previous energy calculation
appears. We thus find two additional terms up to the
second-order in perturbation (corresponding to the sec-
ond and third diagrams in Fig2)

(2v/292 + g2)V hQ
ATV '

(WF| T [v7") = 202/V + (17)
This result can be simply interpreted as a modification of
the scattering length due to the coupling. This correction
can also be found from an exact calculation of two-body
scattering in the presence of coupling (see supplemental
material in [19])

We now consider three particles in the |—) dressed state
with momenta p1, po, p3s and ask the question if they can
elastically scatter to other momenta p}, p5, ps. We thus
consider (—pf, —ph, —p4| T |—p1, —p2, —p3). For simplic-
ity, we consider the case where all momenta are different.
At the second order in perturbation, the only terms in
H;i,¢ that allow us to change the three momenta are g%
and g2 because they need to annihilate two atoms in |—)
and create at least one atom in |—). The g3 term disap-
pears with the renormalization of the coupling constant.
The term o< g2 (fourth diagram in Fig. 2) first annihilates
two |—) particles among the three, creates one in |+) and
one in |—) with one of the final momenta, second annihi-
lates the last initial |—) particle and the |4) particle, and
creates the 2 other |—) particles with the final momenta.
There are 9 possible intermediate states. If all momenta
are small p?/m < hS2, the matrix element reduces to

992
V2hQ)

<1/)§’vb| HinGoHing W?b> = (18)
with no momentum dependence.

At the third order in perturbation theory, there are
several possible terms, including g4 or gg. Similarly to
before, we consider the case gg = 0, so that there is no
three-body scattering at the second order. In that case,
there is a single possible diagram (the fifth in Fig.2).
There remains one integration over a momentum which
is not diverging and we find (after careful counting of the
number of terms that contributes)

99393
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Interestingly, for symmetric conditions (g44 = g, and
d = 0), the latter term can was previously found in a
exact three-body calculation [28].

The above results show that two- and three-body inter-
actions are also found in few-body scattering with the ini-
tial Hamiltonian. In the perturbative framework, the na-

(V3| Hint Go Hint Go Hine [13°) = (19)



ture of the three-body interactions is clear. They corre-
spond to higher-order scattering with intermediate states
that have a different spin.

Given the success of the perturbative expansion, it
is tempting to continue the expansion to higher orders.
However, we expect that the fourth order will not be ac-
curate as corrections from short-range physics are then
expected [20, 34]. Moreover, three-body recombination
losses typically scale as a* [39] and also have to be con-
sidered at this level of perturbative expansion.

V. EFFECTIVE HAMILTONIAN

The above perturbative results justify an effective in-
teraction Hamiltonian H.g in an Hilbert space reduced to
the dressed state |—) with contact three-body interaction

92b
Heg =9y Z QL/Z a;r)ll Gpy Apy (20)
P1+pP2=P1+P2
93b ot
Jrﬁ Z Ay, Ay Qo Aip Ay

p}+P2+P53=P1+P2+P3
(21)

where g, = V <¢]2cb‘ T ’¢3b> /2 and g3, =
V2 (u| T 4 /12

from the number of permutations of the different mo-
menta, and the corresponding two-body and three-body
diagrams are shown on the right of Fig. 2. This effective
Hamiltonian is constructed to give the same matrix
elements as the ones found previously, thus leading to
the same low-energy physics as the real system with the
dressing field and possible virtual spin excitations. It
also leads to previously calculated ground-state energy
shifts, when applied to a condensate in the |—) state in
the Born approximation. Higher-order terms originating
from the effective Hamiltonian can be neglected at the
level of accuracy of the initial third-order perturbation
theory.

The numerical factors come

VI. GENERALIZATION TO 1D SYSTEMS

In an elongated trap, the confinement may be such that
the radial excitations of the gas correspond to the highest
energy scale of the problem. In the simple case of a radial
harmonic trap with frequency w, /2, it requires g,o'n <
hw, as well as Q < w,. In the absence of copupling
(€ =0), 1D quantum droplets have been predicted [40].
With coupling, 1D perturbation calculations can be done
similarly to the 3D ones. The only difference is that the
sums over the momenta are 1D rather than 3D. It is
actually simpler because there is no divergence, and no
renormalization of the coupling constants is necessary.
The 1D coupling constants for a harmonic trap can be

approximated by gi?, = 2hw | ayo in the limit a,qo <K
AR/ mw, [41].

The three-body interaction arising at the second-order
in perturbation (and also found at the mean-field level)
is not modified. This is expected as the calculation in-
volves only spin excitations with no momentum change.
On the contrary, the renormalization of the two-body in-
teraction and the emergence of a three-body interaction
are modified. In the simple case where gg = 0:

E(Q) J— (giD)2N2 V m (22)
4LV 2Rk
1D\2 1D 773 =

32v2L2  (hQ)3/2 B

where L is the size of the 1D system. The sign of the
dominant two-body term is now negative, in contrast to
the 3D case. This may be expected since for Q = 0,
the beyond-mean-field correction is negative in 1D [40].
In addition, the scaling with 2 is modified as compared
to the 3D case. These corrections can also be found in a
beyond-mean-field approach in the presence of a coupling
similarly to what was done in 3D [19].

VII. CONCLUSION

In this paper, we have performed a perturbative treat-
ment of the interactions in a Bose dressed system with
competing interactions. This has been done not only for
the energy of a condensate but also for the two-body and
three-body scattering problems. Our approach permits
us to nicely explain the origin of the different kinds of
three-body interactions in a unified framework at differ-
ent orders in perturbation theory. It justifies the use of
an effective Hamiltonian that includes a contact three-
body interaction term when conditions for a valid per-
turbative expansion are met. The control of three-body
interactions through radio-frequency-dressing appears as
an important addition to the atomic gas toolbox. Precise
calculations of the values of go5 and gs; for specific exper-
imental conditions (a4, aty, ,ayy, 9, Q) are straightfor-
ward. Interestingly, losses and short-range physics cor-
rections would appear only at higher-order order in the
expansion and are thus expected to be negligible com-
pared to the three-body interactions found in the present
work.

For compensating two-body interactions (with scat-
tering lengths of opposite signs between the different
spins), the dressing permits one to reach situations where
the two-body interactions are reduced, such that higher-
order three-body interaction terms are sizable and may
even dominate the equation of state. This is in contrast
to single-component dilute Bose gases where three-body
interactions are usually negligible and/or associated with
losses when the scattering length is increased [34]. Pre-
vious experimental works on three-body interactions in
dressed Bose gases have focused on the modification of



the equation of states [18, 19]. Future works may directly
detect the specific collision halos that would originate
from three-body collisions. This could be done by study-
ing the collision between two condensates under condi-
tions such that there are no two-body collisions (gop = 0)
but only three-body collisions (g3, = 0).
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