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Abstract: In this article we develop a method for performing post hoc
inference of the False Discovery Proportion (FDP) over multiple contrasts
of interest in the mass-univariate linear model. To do so we use the residual
bootstrap to simulate from the distribution of the null contrasts. We com-
bine the bootstrap with the post hoc inference bounds of [11] and prove
that doing so provides simultaneous asymptotic control of the FDP over all
subsets of hypotheses. We demonstrate, via simulations, that our approach
provides simultaneous control of the FDP over all subsets and is typically
more powerful than existing, state of the art, parametric methods. We illus-
trate our approach on functional Magnetic Resonance Imaging data from
the Human Connectome project and on a transcriptomic dataset of chronic
obstructive pulmonary disease.
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1. Introduction

Statistical analysis of functional Magnetic Resonance Imaging data grounds the
inference of associations between external conditions (such as disease status and
experimental factors) and the signals recorded in brain regions, that are assumed
to reflect brain activity. In particular, practitioners typically aim to uncover
associations between local signals and conditions that are specific to a given
area; such specificity is essential for interpretation purposes. The most standard
framework is that of mass-univariate inference, in which models are fit separately
at each brain location, in order to detect significant associations. This framework
is simple and computationally efficient but, given mm-scale resolution reached
by current imaging setups, results in a dire multiple comparison issue.

Statistical analysis of genomic data encounters a similar multiple comparison
problem. In particular, this is the case in Genome-Wide Association Studies
that aim to identify Single Nucleotide Polymorphisms that are associated with
one or more phenotypes of interest, and in gene expression studies, the goal of
which is to identify genes where activity is associated with one or more vari-
ables of biological or clinical interest. In this field, the state-of-the-art framework
is also based on univariate tests that are performed for each genomic marker.
While imaging data typically consist of a smooth volume-domain voxel grid,
the dependence structure of genomic data is dictated by the interdependence
between genomic markers, which is mediated by haplotypic blocks encountered
in Genome-Wide Association Studies and by gene networks or pathways in ex-
pression studies.

In both of these scientific fields (and in others), control of the false discov-
ery rate (FDR) has quickly become a de facto standard, as it yields image or
genome-level error control together with acceptable power [24, 46]. In practice,
most researchers control the FDR using the Benjamini-Hochberg procedure [5],
under the assumption of positive regression dependence [6]. This assumption
is generally considered reasonable given the positive correlation that typically
exists between voxels or genomic markers. However, users often interpret FDR-
control as a control of false discovery proportion (FDP), which is incorrect, as
the FDR is only the expected value of the FDP. Overall, this approach can result
in unreliable error control, especially when there is dependence within the data,
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see [31] and Figure 2.1 in [37]. It is instead desirable to provide probabilistic
control on the proportion or number of false discoveries.

In this work we will be considering mass-univariate models in which many
separate linear models are fit at each given voxel/gene [50]. In particular ge-
nomic and brain imaging datasets frequently involve the simultaneous test of
several contrasts [45, 1]. Such simultaneous tests are important because they can
ground double dissociation [30], ensuring the specificity of discoveries and lead-
ing to unambiguous interpretations of the results. A difficulty arises here as the
tests of the different contrasts that are considered at each feature (voxel/gene)
are typically dependent and it may no longer be reasonable to assume positive
regression dependence. It is thus of interest to consider controlling the FDP
under the null hypothesis for each contrast, without making unwanted assump-
tions.

The notion of post hoc inference was introduced by [28], following earlier
works by [25, 36] on the probabilistic control of the FDP. The idea of post
hoc inference is to provide confidence bounds on the number or proportion of
true/false discoveries among arbitrary and possibly data-driven subsets of vari-
ables of interest. By construction, such guarantees address the issue of circular
inference [40].

Post hoc bounds can be obtained as a by-product of the control of a mul-
tiple testing risk called the joint error rate (JER) by a simple interpolation
argument [11]. Using this construction, state-of-the-art post hoc bounds [28, 40]
can be recovered from the Simes inequality, a classical result from the multiple
testing literature [43]. The resulting bounds are valid under positive regression
dependence. They have also been shown to be conservative in genomics and
neuroimaging applications [10].

Since the joint error rate only depends on the joint distribution of the test
statistics under the null hypothesis, joint error rate control can alternatively
be obtained by randomization techniques [11, 10, 29, 2]. In particular, sharp
data-driven joint error rate control and associated post hoc bounds have been
obtained for one-sample tests using sign-flipping, and for two-sample tests us-
ing permutations [11, 10]. When inferring on contrasts in the linear model, on
which we will focus, exchangeability does not generally hold. As such it is not
typically possible to provide valid finite sample inference using permutation.
In order to perform post hoc inference over contrasts we will need to be able
to obtain the joint null distribution of the test-statistics of multiple contrasts
within the framework of the mass-univariate linear model. To do so we use the
residual bootstrap, adjusting the approach of [49] to the mass-univariate setting.
Justification for bootstrapping the residuals in a one-dimensional linear model
was first provided in [23] based on theory proved in [7]. These results and their
proofs were extended to mass-univariate linear models in [20].

An alternative appealing strategy for the statistical control of false discov-
eries is the Knockoffs framework [4, 12]. Knockoffs have been used to obtain
FDR control in the context of conditional variable selection in high-dimensional
linear models with a large number of samples. These results have recently been
extended to post hoc FDP control [33, 8]. However, knockoff-based methods
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cannot be applied to the mass-univariate testing scenario considered in this pa-
per. These approaches are instead tailored to high-dimensional linear models
in which a response of interest (e.g. a given phenotype) is regressed against all
features at once (voxels for imaging data, or genes for transcriptomic data).
Moroever knockoffs are not typically suited to voxel level resolution inference
in smooth images as the variance explained by a given voxel conditional on all
surrounding voxels is usually very small, and so knockoffs require aggregeation
for effective application [8].

The primary contribution of our work is to theoretically extend the results of
[11] to the non-exchangeable setting of the linear model, allowing us to provide
asymptotically valid simultaneous FDP control in a wide range of application
settings. To do so we prove that the residual bootstrap can be combined with
the interpolation approach of [11] in order to provide asymptotically valid post-
hoc bounds. This requires a different proof strategy to that of [11], in order to
establish asymptotic control of the joint error rate, because their proofs strongly
rely on exchangeability of the resampled pivotal statistics which does not hold
in our setting. As part of this contribution we illustrate how these methods can
be applied in practice on both brain imaging and genetics datasets and provide
software tools to implement them which are available in the pyperm python
package [14] and StatBrainz MATLAB toolbox [15]. As a further contribution
we include an alternative proof of the consistency of the bootstrap in the mass-
univariate linear model which relies on the Lindeberg CLT.

Proofs and further theoretical and simulation results are available in the
supplementary material – sections of which will be denoted using the suffix
S. Code to reproduce the analyses and figures for this paper is available at:
https://github.com/sjdavenport/2023_glmfdp.

2. Modelling framework

2.1. Notation

Throughout we will take (Ω,F ,P) to be a probability space, write E to denote
expectation and will define random variables with respect to this space. We will
also take N to be the set of positive integers. We will primarily be working with
random fields, observed at a finite number of points, as our data. These defined
as follows.
Definition 2.1. Given D,L ∈ N and a finite set V ⊂ R

D, we define a random
field on V to be a measurable mapping g : Ω →

{
h : V → R

L
}
. We say that g

has dimension L.
Remark 2.2. The random field notation which we have described above is mo-
tivated by our main application in neuroimaging in which V is the set of voxels
and D = 3. However we will not assume any spatial structure on the random
fields themselves meaning that the framework is fully general. In particular note
that any vector a ∈ R|V| can also be seen as a measurable mapping from V to
R and therefore falls under this framework.

https://github.com/sjdavenport/2023_glmfdp
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Given ω ∈ Ω and v ∈ V we will write g(ω, v) = g(ω)(v) and will typically
drop dependence on ω and simply refer to the random variable g(v) : Ω → R

L

when indexing g and say that g is a random field on V. We define the mean of g
to be the function μ : V → R

L sending v ∈ V to E[g(v)]. To each g we associate
a covariance c and a correlation function ρ which map V × V to R

L×L and are
defined as

c(u, v) = cov(g(u), g(v)) = E

[
(g(u) − μ(u))(g(v) − μ(v))T

]

and ρ(u, v) = c(u, v)(c(u, u)c(v, v))−1/2 for all u, v ∈ V.
In order for us to state results about the limiting bootstrap distribution (in

Section 2.4) we define Gaussian random fields as follows.
Definition 2.3. Given functions μ : V → R

L and c : V × V we write g ∼ G(μ, c)
if g is a random field with mean μ and covariance c and the vector (gj(v) : v ∈
V, 1 ≤ j ≤ L) has a multivariate Gaussian distribution.

2.2. Linear model framework

Let V ⊂ R
D be a finite set of points corresponding to the domain of interest

(this could for instance be the voxels of the brain or points representing genes).
Suppose that we observe random fields yi : V → R, for 1 ≤ i ≤ n and some
number of subjects n ∈ N. At each point v ∈ V, we assume that

Yn(v) = Xnβ(v) + En(v) (1)

where for each v ∈ V, Yn(v) = [y1(v), . . . , yn(v)]T is a vector giving the observed
data, β(v) ∈ R

p is the vector of parameters (for some p ∈ N), Xn ∈ R
n×p

is the design matrix of the covariates (note that this may include nuisance
variables) and En(v) = [ε1(v), . . . , εn(v)]T is an n-dimensional random vector
which represents the unobserved noise, where (εn)n∈N is an i.i.d sequence of
1-dimensional random fields on V. Note that we do not make any distributional
assumptions on the sequence of noise fields (εn)n∈N other than i.i.d. Above we
have given the design matrix Xn a subscript n as we will allow it to grow with
n. Let cε and ρε be the covariance and correlation functions of ε1 respectively.
Remark 2.4. In our results in Section 5 we consider two main applications set-
tings. The first is neuroimaging in which D = 3 and the domain V is a subset of
3-dimensional space corresponding to the set of voxels of the brain. The second
setting is a transcriptomic example in which D = 1 and V corresponds to a set
of genes. Since (1) does not impose any distributional or spatial assumptions on
the structure of the errors, both of these settings fit into the described model.

Then, given contrasts c1, . . . , cL ∈ R
p for some number of contrasts L ∈ N, we

are interested in testing the null hypotheses: H0,l(v) : cTl β(v) = 0, for 1 ≤ l ≤ L
and each v ∈ V. For each v ∈ V we can test the intersection null hypothesis

H0(v) : cTl β(v) = 0 for 1 ≤ l ≤ L



1318 S. Davenport et al.

using an F -test at each v ∈ V given by

Fn(v) = (Cβ̂n(v))T (C(XT
n Xn)−1CT )−1(Cβ̂n(v))/rank(C)

σ̂n(v)2 . (2)

Here β̂n(v) = (XT
n Xn)−1XT

n Yn(v) and C = (c1, . . . , cL)T ∈ R
L×p is the matrix

of contrasts. σ̂2
n : V → R is the estimate of the variance based on the residuals

which sends v ∈ V to

σ̂2
n(v) = 1

n− rn

∥∥∥Yn(v) −Xnβ̂n(v)
∥∥∥2

.

where rn is the rank of Xn. The individual null hypotheses can be tested using
test statistics:

Tn,l(v) = cTl β̂n(v)√
σ̂n(v)2cTl (XT

nXn)−1cl

. (3)

Under H0,l(v) and assuming that the noise is Gaussian, conditional on Xn,
Tn,l(v) is distributed as a t-statistic with n−rn degrees of freedom. This allows a
p-value to be calculated to test H0,l(v) for each contrast l at each point v, namely,
pn,l(v) = 2(1−Φn−rn(|Tn,l(v)|)) where Φd is the CDF of a t-statistic with d ∈ N

degrees of freedom. Dropping the Gaussianity assumption, the p-values are still
asymptotically valid under reasonable assumptions (see e.g. Theorem S-3.4 [18]).
Moreover, for each 1 ≤ l ≤ L, Tn,l is a 1-dimensional random field and we define
Tn = [Tn,1, . . . , Tn,L]T .

2.3. Bounds on the false discovery proportion

The above framework gives us L|V| different hypothesis tests, and results in
a multiple testing problem, which can be quite severe e.g. if the size of V is
large. Let H = {(l, v) : 1 ≤ l ≤ L and v ∈ V} index the hypotheses. For H ⊆ H,
let |H| denote the number of elements within H. Finally let N ⊆ H index
the true null hypotheses. Given 0 < α < 1 we will seek to provide a function
V : {H : H ⊆ H} → N such that

P(|H ∩N| ≤ V (H), for all H ⊆ H) ≥ 1 − α. (4)

If (4) holds then simultaneously over all H ⊆ H, with probability 1 − α, V (H)
provides an upper bound on the number of false positives within H. Suppose
that for some K ∈ N we have sets R1, . . . , RK ⊆ H (which depend on the data)
and constants ζ1, . . . , ζK ∈ N and define

JER((Rk, ζk)1≤k≤K) := P(|Rk ∩N| > ζk, some 1 ≤ k ≤ K) (5)

to be the joint error rate of the collection (Rk, ζk)1≤k≤K . [11] showed that if
JER((Rk, ζk)1≤k≤K) ≤ α, then the bound V : {H : H ⊆ H} → R, sending
H ⊆ H to

V (H) = min
1≤k≤K

(|H \Rk| + ζk) ∧ |H|, (6)
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satisfies (4) and thus provides an α-level bound over the number of false positives
within each chosen rejection set. If the sets R1, . . . , RK are nested then V is in
fact the optimal interpolation bound1 among the post hoc bounds that can be
derived from JER control. We will follow the approach of [11] and define the
collections (Rk, ζk)1≤k≤K , that we will consider, using template families. An
important practical feature of the bound V (H) is that it can be computed in
linear time in |H|, see e.g. Algorithm 2 in [21]. For simplicity we did not consider
the closed testing-based post hoc bounds introduced by [28]. These types of post
hoc bounds are briefly discussed in Section 6.
Definition 2.5. Given K ∈ N, we say that a family of functions (tk)1≤k≤K is a
template family if for each 1 ≤ k ≤ K, tk : [0, 1] → R, tk(0) = 0 and tk is
strictly increasing and continuous. The parameter K is called the size of the
template.

The simplest and most commonly used template family is the linear template
which, for K ∈ N, is given by tk(x) = xk

L|V| for 1 ≤ k ≤ K and x ∈ [0, 1]. Existing
post hoc bounds associated with this template are described in Section S-4.1
[18]. However other choices are available and the optimal choice of template may
depend on the dataset under consideration: we refer to Section 6 for further
details and a discussion of the choice of template as well as to [29, 11, 9, 2].
Given a template family and λ ∈ [0, 1], for each 1 ≤ k ≤ K and n ∈ N, we
will take Rk(λ) = {(l, v) ∈ H : pn,l(v) ≤ tk(λ)}, set ζk = k − 1, and let pn(k:N )
be the kth smallest p-value in the set {pn,l(v) : (l, v) ∈ N} (setting pn(k:N ) = 1
if k > |N |). We will refer to the collection (Rk(λ), k− 1)1≤k≤K as the canonical
reference family.

Lemma 2.6. For each λ ∈ [0, 1],

JER((Rk(λ), k − 1)1≤k≤K) = P

(
min

1≤k≤K∧|H|
t−1
k (pn(k:N )) ≤ λ

)
.

Thus for a given template family, in order to obtain an upper bound on the
number of false positives we can choose a threshold λ ∈ [0, 1] such that

P

(
min

1≤k≤K∧|H|
t−1
k (pn(k:N )) ≤ λ

)
≤ α. (7)

Then the joint error rate of the family (Rk(λ), k − 1)1≤k≤K is controlled to a
level α and so the corresponding bound: V , provides a (1−α)-level simultaneous
upper bound on the number of false positives.

[11] chose λ via permutation testing, using the fact that under an exchange-
ability assumption permutation allows the probability in (7) to be controlled
exactly. In the linear model, permutation of the response does not satisfy the
exchangeability assumption when there are multiple potentially non-zero co-
variates in the model (see Appendix S-4.4 [18] for a discussion of this). In what

1Here we mean optimal in the sense that given another function V ′ : {H : H ⊆ H}, such
that for all A ⊆ H, |Rk ∩A| ≤ ζk for 1 ≤ k ≤ K implies that |R ∩A| ≤ V ′(R) for all R ⊆ H,
it follows that V ′(R) ≤ V (R). Optimality in this sense follows by [11]’s Proposition 2.5.
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follows we take a different approach that proceeds via bootstrapping the data
and results in asymptotic control of the error rate.

For α ∈ (0, 1) V (H) provides an (1 − α)-level simultaneous upper bound on
the number of false positives within H. From (4) we have

P

(
|H ∩N|

|H| ≤ V (H)
|H| , ∀H ⊆ H

)
≥ 1 − α. (8)

It thus follows that for each H ∈ H, V (H)
|H| provides an upper bound on the

proportion of false positives within H also known as the false discovery pro-
portion or FDP. Similarly |H|−V (H)

|H| provides a (1−α)-level simultaneous lower
bound on the true discovery proportion or TDP.

2.4. Resampling from the null distribution

In what follows we shall resample our data using the residual bootstrap [23].
Bootstrapping the residuals allows us to target the null distribution because any
potential effect is first estimated then and subtracted before resampling. Given
n ∈ N, in our notation, this proceeds by calculating the residuals

Ên = Yn −Xnβ̂n = (In −Xn(XT
n Xn)−1XT

n )En, (9)

where In is the n× n identity matrix and

β̂n = (XT
n Xn)−1XT

n Yn = β + (XT
n Xn)−1XT

n En. (10)

Given a number of bootstraps to perform: B ∈ N for each 1 ≤ b ≤ B, conditional
on the data, a selection: ε̂b1, . . . , ε̂

b
n is chosen independently with replacement

from
{
Ên,1, . . . , Ên,n

}
resulting in a combined random field Eb

n = [ε̂b1, . . . , ε̂bn]T .
Given this let Y b

n = Xnβ̂n + Eb
n and define bootstrapped parameter estimates

β̂b
n = (XT

n Xn)−1XT
n Y

b
n . (11)

Define the estimate of variance using the bootstrap residuals to be

(σ̂b
n)2 = 1

n

n∑
i=1

(Eb
n,i)2 −

(
1
n

n∑
i=1

Eb
n,i

)2

. (12)

We can use bootstrap to infer on our desired null distribution. To do so we will
require the following assumption.
Assumption 1.

a) For n ∈ N, Xn = [x1, . . . , xn]T for a sequence of i.i.d vectors (xn)n∈N
in

R
p with bounded density and such that E

[
‖x1‖2+δ

]
< ∞ for some δ > 0.

b) (εn)n∈N is an i.i.d sequence of 1-dimensional random fields on V, inde-
pendent of (xn)n∈N

, with maxv∈V E
[
ε1(v)4

]
< ∞ and minv∈V var(ε1(v)) > 0.
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Suppose (Xn)n∈N and (εn)n∈N satisfy Assumption 1. Then consistency of the
multivariate residual bootstrap [23, 20] implies that, conditional on (Xm, Ym)m∈N

for almost all sequences (Xm, Ym)m∈N
, for each 1 ≤ b ≤ B, as n → ∞,

√
n(β̂b

n − β̂n) d−→ G(0, cεΣ−1
X ) (13)

and σ̂b
n

P−→ σ,

where ΣX = E[x1x
T
1 ]. In particular, let T b

n : V → R be the L-dimensional
random field on V such that, for 1 ≤ l ≤ L,

T b
n,l = cTl (β̂b

n − β̂n)

σ̂b
n

√
cTl (XT

n Xn)−1cl

. (14)

Then conditional on (Xm, Ym)m∈N
, for almost every sequence (Xm, Ym)m∈N

, for
each 1 ≤ b ≤ B,

T b
n

d−→ G(0, c′) (15)
as n → ∞. Here c′ : V×V → R takes u, v ∈ V to c′(u, v) = ρε(u, v)ACΣ−1

X CTAT

where A ∈ R
L×L is a diagonal matrix with All = (cTl Σ−1

X cl)−1/2 for 1 ≤ l ≤ L.
Crucially the limiting distribution in this result is the same as the limiting dis-
tribution of the test-statistics (3) under the global null that β = 0, see Lemma
S-3.4 [18]. It follows that the bootstrap provides consistent estimates of the
quantiles of functionals of the data under the null, see Section S-2.10 [18]. Ap-
plication of the residual bootstrap thus approximately samples from the limiting
null distribution given a sufficiently large sample size.

We provide two proofs of these bootstrap consistency results. The first demon-
strates how to translate the results of [20] into our notation, see Section S-2.4
[18]. The second instead uses the Lindeberg CLT to establish convergence and
is provided in Section S-2.3, see Theorems S-2.5 and S-2.7 [18] and their proofs
for further details.
Remark 2.7. In the univariate setting consistency of the residual bootstrap was
originally proved in [23]. This result has been used widely in the mass-univariate
setting however it was only recently that [20] formally showed that that the
proof of [23] extends to multiple dimensions. The approach of [23] and [20],
takes advantage of the fact that convergence in distribution is equivalent to
convergence in the Mallows metric ([7]). We provide an alternative proof of the
consistency of the residual bootstrap in Section S-2 [18] which instead relies on
elementary probability tools such as the Lindeberg CLT and the triangular law
of large numbers.

3. Joint error rate control in the linear model

In this section we will state and prove our main results. We will show that given
0 < α < 1, choosing λ to be the α-quantile of the bootstrapped distribution
results in asymptotic 1 − α level control of the joint error rate and thus results
in simultaneous control of the FDP.
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3.1. Joint error rate control

To set this up, given a test-statistic T : V → R
L, a subset H ⊆ H, and n ∈ N,

for 1 ≤ k ≤ |H|, let pn(k:H)(T ) be the kth minimum value in the set

{2 − 2Φn−rn(|Tl(v)|) : (l, v) ∈ H}.

Using the results we have proved so far we can obtain the following theorem.

Theorem 3.1. For H ⊆ H, let fn,H :
{
g : V → R

L
}
→ R send

T �→ min
1≤k≤K∧|H|

t−1
k (pn(k:H)(T ))

and for n,B ∈ N and α ∈ (0, 1), let

λ∗
α,n,B(H) = inf

{
λ : 1

B

B∑
b=1

1
[
fn,H(T b

n) ≤ λ
]
≥ α

}

be the α-quantile of the bootstrap distribution based on B ∈ N bootstraps, of
fn,H(Tn) conditional on the observed data. Assume that Assumption 1 holds
and that n− rn → ∞ almost surely. Then for all H ⊆ H such that N ⊆ H,

lim
n→∞

lim
B→∞

P
(
fn,N (Tn) ≤ λ∗

α,n,B(H)
)
≤ α.

This limit holds with equality if H = N . Furthermore, taking H = H, it follows
that

lim
n→∞

lim
B→∞

P

(
min

1≤k≤K∧|H|
t−1
k (pn(k:N )(Tn)) ≤ λ∗

α,n,B(H)
)

≤ α

Applying this result and using Lemma 2.6 we are thus able to obtain asymp-
totic control of the joint error rate of the canonical reference family. Following
the discussion in Section 2.3 this means that we obtain asymptotic post hoc
FDP control. In particular we having the following corollary.

Corollary 3.2. Under the assumptions of Theorem 3.1, for 0 < α < 1, and
H ⊆ H, let

Vα,n,B(H) = min
1≤k≤K

(|H \Rk(λ∗
α,n,B(H))| + k − 1) ∧ |H|.

Then lim
n→∞

lim
B→∞

P
(
|H ∩N| ≤ Vα,n,B(H), ∀H ⊆ H

)
≥ 1 − α.

Thus in order to provide FDP control, given a number of bootstraps B ∈
N, we can calculate λ∗

α,n,B(H), the α-quantile of the bootstrap distribution of
fn,H(Tn) conditional on the observed data. Then Vα,n,B(H) provides a (1 − α)
level simultaneous upper bound on the number of false positives in H ⊆ H.
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3.2. Bootstrap step-down procedure

It is possible to improve on the power of the above procedure by taking a step-
down approach in the spirit of [39]. This is based on the idea that joint error
rate control implies familywise error rate control, see e.g. Section S-4.2 [18]. As
such it is possible to obtain an estimate of the set of null hypotheses and thereby
obtain a tighter bound. The procedure, which adapts the step-down procedure
of [11] to our setting, can be iterated as follows.

Algorithm 1 step-down bootstrap
1: Set j ← 0 and H

(0)
n ← H

2: repeat
3: Set j ← j + 1, λn,j ← λ∗

α,n,B(H(j−1)
n ) and H

(j)
n ←

{
(l, v) : pn,l(v) ≥ t1(λn,j)

}
4: until H

(j)
n = H

(j−1)
n

5: Set Ĥn ← H
(j)
n and return Ĥn

As the following theorem demonstrates, the step-down approach controls the
joint error rate and therefore provides simultaneous FDP control.

Theorem 3.3. Under the assumptions of Theorem 3.1, for 0 < α < 1, let Ĥn

be the set generated by applying Algorithm 1. Then

lim
n→∞

lim
B→∞

P

(
fn,N (Tn) < λ∗

α,n,B(Ĥn)
)
≤ α.

Thus for H ⊆ H we can define the bound,

Vα,n,B(H) = min
1≤k≤K

(|H \Rk(λ∗
α,n,B(Ĥn))| + k − 1) ∧ |H|,

and it follows that

lim
n→∞

lim
B→∞

P
(
|H ∩N| ≤ Vα,n,B(H), ∀H ⊆ H

)
≥ 1 − α.

In the definition of λ∗
α,n,B we require the computation of |H| statistics for each

bootstrap each of which is based on a sample of size n. As such the complexity
of these algorithms is O(nB|H|).

We can asymptotically characterize the nature of the bound as follows.
Remark 3.4. The results in this subsection and the one previous have been
stated for two-sided p-values however they also hold for one-sided p-values, 1−
Φn−rn(|Tn,l(v)|) without change. All that is required to show this is to re-define
pn(k:H)(T ) as the kth minimum value in the set

{1 − Φn−rn(Tl(v)) : (l, v) ∈ H}.

In this scenario we would use the one-sided p-values to test the null hypotheses
that cTl β(v) ≤ 0 at each v ∈ V and 1 ≤ l ≤ L.
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Remark 3.5. As the number of subjects increases the signal to noise ratio goes to
infinity and so it becomes easier to correct identify the true signals. In particular
we can show that the post-hoc bounds on the number of true null hypotheses
within a given set H converge to the actual number of true null hypotheses with
high probability. We formalize this result in Corollary S-4.2, see Appendix S-4.3
[18] for further details.

4. Simulation results

4.1. Simulation setup

In order to assess empirically that our method correctly controls the joint error
rate we run numerical simulations. We create the noise in these simulations by
generating 2-dimensional stationary Gaussian random fields on domains which
are 25 by 25, 50 by 50 and 100 by 100 pixels. To do so we smooth white noise
with a Gaussian kernel with full width at half maximum (FWHM) in {0, 4, 8}
(in pixel units), accounting for edge effects to ensure stationarity (see e.g. [16]),
and scaled so that the variance is 1 everywhere. For the noise distribution we
consider Gaussian as well as heavier tailed t3 and t5 distributions, as these can
arise in fMRI datasets [38, 17].

We let the total number of subjects n range from 20 to 100. For each n,
smoothness level, image size and π0 ∈ {0.5, 0.8, 0.9, 1}, we run 5000 simulations
– each with 1000 bootstraps – to test the joint error rate. For each simulation
we do the following. First we generate n Gaussian random fields ε1, . . . , εn as
described above and add signal to them (as detailed in the next paragraph).
We then randomly divide these images into 3 disjoint groups: G1, G2, G3 ⊂
{1, . . . , n} – performing assignment to each group with equal probability (we
eliminate assignments where a given group has no entries). We test for the
difference between the first and the second group and between the second and
the third group – giving us L = 2 contrasts to differentiate between. We thus,
in total, test 5000 hypotheses for the 50 by 50 scenario and 20000 for the 100
by 100 case.

We vary the amount of signal in the datasets as follows. Given a proportion π0
we randomly choose a subset N of size π0|H| of H = {(l, v) : 1 ≤ l ≤ 2, v ∈ V}
to be null (which is thus different in each simulation) and add signal to ensure
that the remainder are non-null. To do so, for 1 ≤ i ≤ n, and each v ∈ V, we set

Yi(v) = 1[i ∈ G2, (1, v) �∈ N ]+1[i ∈ G3, (1, v) �∈ N ]+1[i ∈ G3, (2, v) �∈ N ]+εi(v).

This ensures that the power of the test to detect a difference at h is equal for
any h ∈ NC . If π0 = 1 then all hypotheses are null. An example realisation is
shown in Figure S-4.

In the next subsections we compare our bootstrap procedures, in terms of false
positive control and power, to two parametric alternatives: the Simes procedure
[28] and its step-down: all resolutions inference (ARI, [40]) which are described
formally in Section S-4.1 [18]. Here we use the term parametric to indicate that



FDP control in mass-univariate linear models 1325

dependency assumptions on the noise are required in order for the methods to
be valid.

4.2. False positive control

In each simulation setting, for 1 ≤ j ≤ 5000, we calculate a test statistic ran-
dom field T

(j)
n and obtain λ thresholds for the single-step bootstrap, step-down

bootstrap, Simes and ARI methods. For each method we obtain λ-thresholds
λ1, . . . , λ5000 allowing us to estimate the joint error rate via the statistic

1
5000

5000∑
j=1

1[fn,N (T (j)
n ) ≤ λj ]

which we refer to as the empirical joint error rate. Here 1[·] denotes the
indicator function.

The results for the 50 by 50 Gaussian simulations are displayed in Figure 1
and those for the other domain sizes are shown in Figures S-9 and S-10 [18].
The results for the bootstrap methods are shown in blue whilst those for the
parametric methods are shown in red. The solid lines indicate the step-down
methods (i.e. ARI and the step-down bootstrap). These plots demonstrate that,
given a reasonable number of subjects (N ≥ 80) and smoothness of the un-
derlying data (FWHM = 4, 8), the joint error rate of the bootstrap procedures
converges to the nominal level, in this case 0.1. Results for the t3 and t5 distri-
butions are shown in Section S-6.4 [18] and show similar behaviour indicating
that the methods are robust to heavy tails.

Empirically the parametric procedures are valid in all settings considered.
However, their control of the joint error rate is substantially below the nominal
level when the applied smoothing is non-zero, while the bootstrap approaches
demonstrate tighter control. The step-down procedures provide an improvement
on their single-step counterparts. This difference increases as π0 decreases. See
Section 4.3 for further details on the effect of π0.

4.3. Power

In this section we compare the power of the various methods in the simulation
setting described in Section 4.1 in the case where the applied FWHM is 4 pixels.
We have chosen to focus on this setting because it represents a realistic level of
applied smoothness and illustrates the benefits that can be achieved when using
the bootstrap under dependence.

Here we shall use a notion of power originally proposed in [11] to compare
the ability of joint error rate controlling procedures to detect signal. Given a set
R ⊆ H, define

Pow(R) := E

[
|R| − V (R)

|R ∩ (H \N )|

∣∣∣∣|R ∩ (H \N )| > 0
]

(16)
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Fig 1. Comparing the empirical joint error rate across methods for the simulation setting
described in Section 4.1 for α = 0.1 on the domain of size 50 by 50 pixels. The bootstrap
procedures typically provide tighter control of the joint error rate than the parametric ones,
except under independence. The bootstrap methods are shown in blue whilst the parametric
methods are shown in red. The solid lines indicate the step-down methods. The thin flat black
dashed lines provide 95% marginal confidence bands based on the normal approximation to
the binomial distribution.

where for each method V is the corresponding post-hoc bound. Here we consider
the following choices of R with which we compare the power (as in [11]). 1) R =
H and 2) taking R to be the hypotheses of H which are rejected by the Benjamini
Hochberg procedure, applied to the p-values {pn,l(v) : (l, v) ∈ H}, at a level 0.05.
Note that, unlike in [11], no additional level of randomness in the choice of the
sets in 2) is prescribed. We also consider taking R = {(l, v) : pn,l(v) ≤ 0.05}, see
Section S-6.7 [18], the results for which are similar in nature to scenario 1 from
above. The results for cases 1) and 2) are illustrated graphically in Figure 2.
These are for simulations on the 50 by 50 domain.

From these plots we can see that overall the bootstrap based approaches
have a higher power than the parametric ones. The power of ARI only becomes
comparable (or higher) to that of the bootstrap in the extreme scenario (π0 =
0.5) given a large enough sample size. Additionally the bootstrap is not robust at
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Fig 2. Plotting the power of the different methods against the number of subjects. The power
for setting 1 (i.e. R = H) is shown in the top row and the power for setting 2 (i.e. taking R
to be the Benjamini-Hochberg rejection set) is shown in the bottom row.

the smallest sample size considered (i.e. n = 10) where it is slightly conservative.
However it is important to note that in typical high-dimensional applications
(neuroimaging, genetics) π0 > 0.9 and n is often substantially greater than 10.

The lower the value of π0, the greater the increase in power that is obtained
by using the step-down algorithms. ARI is always more powerful than Simes by
construction. In the relatively sparse scenarios (i.e. π0 ≥ 0.8) they have a very
similar power however for π0 = 0.5, ARI provides a marked improvement over
Simes. The bootstrap step-down always improves on the standard bootstrap
approach though the difference is not particularly large: even when π = 0.5
this increase is relatively small. The similarity of the standard and step-down
procedures, for both the parametric and bootstrap methods, is consistent with
the results obtained on real data which are described in the next subsections.

5. Real data results

5.1. Neuroimaging data application

We have 3D functional Magnetic Resonance Imaging data from n = 386 unre-
lated subjects, who performed an m-back working memory task, from the Hu-
man Connectome Project. After pre-processing (described in Section S-5 [18])
we obtain a 3-dimensional contrast image for each subject, i.e. we observe im-
ages y1, . . . , yn : V → R where V is the set of voxels making up the brain. We fit
the linear model (1) at each voxel v ∈ V, where the columns of the design ma-
trix Xn consist of sex, height, weight, body mass index, two different measures
of blood pressure, handedness and IQ (measured using the PMAT24_A_CR
test score). We consider sex and IQ as a variables of interest, meaning that we
test L = 2 contrasts. We obtain test-statistic contrasts for sex and IQ and a
p-value at each voxel for each contrast. We form clusters using a cluster defining
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threshold on the p-values of p = 0.001, with each cluster being a contiguous set
of voxels above the threshold (clusters are defined separately for each contrast
of interest).

We use our bootstrap framework, performing the resampling using 1000 boot-
straps, to provide a lower bound on the proportion of active voxels within each
cluster, taking α = 0.1. This illustrates that multiple clusters, in different regions
of the brain, have a relatively large proportion of active voxels for the contrast
of IQ. In particular we found more informative bounds in the regions which are
known to be related to IQ [41]. For the contrast of sex only a single cluster has
a non-zero lower bound on the number of true positives. This is in line with
previous literature which does not find substantial associations between sex and
working memory data [44]. These results indicate that our method is sensitive
to activation where it exists and correctly does not find activation where it does
not exist. The bounds provided using the step-down bootstrap procedure are
the same as the single-step version in this example.

We compare to the results that are obtained using Simes and ARI bounds
(taking α = 0.1) and see that our bootstrap approach results in higher lower
bounds on the number of active voxels. In this setting the bounds obtained by
the parametric procedures are very similar to each other, which is not surprising
given the sparsity of the signal. For the IQ contrast the lower bounds provided
by the bootstrap and ARI for the number of true positives and on the TDP
within each cluster are shown graphically in the upper panel of Figure 3. The
corresponding plot for the sex contrast is shown in Section S-6.2 [18]. Direct
comparison of the lower bounds is shown in Figure 4.

5.2. Transcriptomic data application

In this section, we illustrate the application of our methods to a specific gene
expression data set. Gene expression studies use microarray or sequencing biote-
chologies in order to measure the activity (or “expression level”) of a large
number of genes simultaneously. We focus on a study of chronic obstructive
pulmonary disease (COPD), see [3], whose main goal was to identify genes
whose expression level is significantly associated with lung function. The data
consists of vectors y1, . . . , yn ∈ R

12,531 with the gene expression at each gene
for each subject. This setting fits into our framework, as discussed in Remarks
2.2 and 2.4. [3] fit the linear model (1) for this association at each gene, with
design matrix Xn made up of the following covariates: age, sex, body mass in-
dex, parental history of COPD, and two smoking variables (smoking status and
pack-years). The number of subjects is n = 135 while the number of genes is
V = 12, 531, leading to a large-scale multiple testing problem. A single con-
trast for lung function is considered, meaning that we take L = 1. Using the
Benjamini-Hochberg method to control the FDR at the 5% level, 1,745 genes
were found to be significantly associated.

We applied our framework to this data, considering the contrast for lung func-
tion. We performed 1000 bootstraps and used these to obtain λ∗

α,135,1000 = 0.22,
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Fig 3. TDP bounds within clusters for the contrast for IQ in the linear regression model fit
to the HCP data. Each cluster is shaded a single colour which is the lower bound on the
TDP. The upper panel gives the TDP bounds within each cluster provided by the bootstrap
procedure. The lower panel gives the bounds provided by using ARI. The bounds given by the
bootstrap are larger (as indicated by the lighter colours) indicating that the method is more
powerful. Note that these images are 2D slices through the 3D brain and so voxels that are
part of the same cluster are not necessarily connected.

Fig 4. Comparing the TDP and true positive lower bounds across clusters for the different
methods. The bootstrap lower bounds are consistently higher than the parametric methods.
Clusters are organized from left to right in terms of their size. Only one cluster for the sex
contrast is found: this is the 2nd smallest cluster overall with a TP lower bound of 1 voxel.
The sizes and bounds of the clusters in the IQ contrast are larger. For the largest cluster we
are able to conclude that it contains 908 true positives using the bootstrap approach.
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Fig 5. False discovery proportion and true positive plots for the transcriptomic dataset. In
the upper panels, for k = 1, . . . , 3000, upper bounds on the FDP and lower bounds on the
number of true positives are provided by each of the methods for the sets comprised of the
hypotheses with the k smallest p-values. The silver vertical line corresponds to the location of
the Benjamini-Hochberg rejection set.
The lower panels provide a zoomed in version of the same plot for for the 1000 smallest p-
values. The bootstrap methods provide substantially better bounds than the parametric ones.
ARI slightly improves on Simes while the step-down bootstrap is indistinguishable from the
single-step bootstrap approach in this setting.

where we took α = 0.1. This allows us to provide (1 − α)-level simultaneous
lower bounds on the number of true positives within any specified set of genes.
In particular it allows us to conclude (with 90% confidence) that at least 1,354
of the 1,745 genes within the Benjamini-Hochberg significance set are active.
The stepdown bootstrap provides the same bound as the single-step version in
this case. Simes and ARI provide lower bounds on the number of true positives
in this set of 917 and 966 respectively, which are substantially less informative
than the bootstrap bounds.

In the absence of prior information on genes, a natural idea is to rank them
by decreasing statistical significance. Our post hoc methods provide upper con-
fidence curves on the proportion of true positives among the most significant
genes. Such curves are displayed in Figure 5, where the blue lines correspond
to our proposed single-step and step-down bootstrap-based methods, and the
red lines correspond to the parametric approaches of [28] and [40]. These re-
sults are consistent with the numerical experiments of Section 4. First, the
bootstrap method yields post hoc bounds that are substantially more informa-
tive that their parametric counterpart. Second, the difference between single-
step methods and their step-down counterpart is very small, which is consis-
tent with the fact that the signal is expected to be sparse in such genomic
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Fig 6. A volcano plot for the p-values for the transcriptomic data. For each gene this plots
the estimated contrast effect size (labelled as fold change and corresponding to cT β̂135 where
c is the contrast vector for COPD) against the p-value, where both are measured in log scale.
Two regions (shown via shading) are selected containing the genes whose p-values are less
than 10−3 and for which the absolute fold change is greater than 100.5. Bounds on the true
positives (TP) and FDP, overall and for the shaded regions are provided on the plot.

data sets, corresponding to π0 close to 1. For the bootstrap there is in fact
no difference between the single-step and step-down approach in this exam-
ple.

A widely used approach in differential expression studies is to select genes
based on the conjunction of a threshold on the p-values and a threshold on
its effect size [13]. [19] recently noted that this type of double selection can
lead to inflated numbers of false discoveries when used in conjunction with
FDR-based multiple testing corrections, whereas post hoc inference is by con-
struction robust against this issue. The use of our proposed post hoc bounds
in this context is illustrated in the volcano plot in Figure 6 [13]. In this plot,
each gene is represented in two dimensions by estimates of its effect size (x
axis, also kown as “fold change” in genomics) and p-value (y axis), in a loga-
rithmic scale. Figure 6 illustrates a particular selection, corresponding to the
genes whose p-value is below 0.001 and whose effect size is above 0.5. Our
bootstrap-based bound ensures that with probability 1 − α = 90%, among
these 546 genes, at least 490 are true positives, corresponding to a FDP be-
low 0.1. Importantly, the p-value and effect size thresholds can be chosen post
hoc, and multiple such choices can be made without compromising the sta-
tistical coverage of the associated bound. For example, the bounds associated
to the gene subsets with positive and negative effect size are also displayed in
Figure 6.
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6. Discussion

In this paper we have introduced a bootstrap method which provides simulta-
neous control of the FDP over subsets of hypotheses of multiple contrasts in
the linear model. We have proved the asymptotic validity of this approach and
shown, via simulation, that the error rate is controlled to the correct level given
a reasonable number of subjects.

From our simulations and real data examples, we can see that the bootstrap
approach typically provides better bounds than existing, state of the art para-
metric methods (i.e. Simes and ARI). This occurs because we are able to model
the dependence within the data. The parametric methods, on the other hand,
rely on the Simes inequality which is only exact under independence. More-
over the Simes inequality is only valid under positive regression dependence
whereas the non-parametric bootstrap makes relatively few assumptions other
than finite moments of the noise and the design. In real data situations there
is often relatively strong dependence within the data in which case we would
expect the bootstrap to give better bounds. This is illustrated in our brain
imaging and transcriptomic examples where the bootstrap bounds provided
substantial improvements over the ones derived using the parametric meth-
ods.
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