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Dynamical Model and Tracking Controller for a Novel Flapping Wing
Drone Platform*

Jossué Carifio Escobar!, Lina Le-Guellec?, Edwin Van Ruymbeke?,
Nicolas Marchand?, Thomas Engels' and Franck Ruffier!

Abstract— This work focuses on the design and control of a
novel type of Flapping-Wing Micro Aerial Vehicle (FWMAYV).
The drone, known as the X-Fly, is a new under-actuated robotic
platform that also has an inner control loop to stabilize its roll
angle thanks to an onboard IMU. Such assistance makes the
X-Fly easier to pilot. The under-actuation and the flapping
oscillations make the modelling and the control of the X-Fly a
challenging task.

A dynamical model is introduced that is able to take advan-
tage of the stabilized roll dynamics to separate the platform
into two almost independent sub-systems, one for the altitude
and another for the position on the x-y plane.

A trajectory tracking controller for the altitude and a
circular trajectory are then proposed and tested in order to
corroborate the validity of the presented model.

I. INTRODUCTION

Flapping-Wing Micro Aerial Vehicles (FWMAVs), also
called ornithopters, have started to gain significant attention
in the last decade. In contrast with other types of fixed-wing
Unmanned Aerial Vehicles (UAVs), FWMAVs have a higher
thrust-to-weight ratio, agility, and maneuverability [1]. They
are safer and lighter than similarly sized multi-rotor UAVs
while retaining hover-capability, high maneuverability, and
efficiency at small scales. FWMAVs have gained significant
attention in research, particularly in the fields of bio-robotic
and bio-mimetics. However, their complex dynamics pose a
substantial challenge and has become the focus of control
and mathematical modeling research.

Some of the early studies focus on the design of the phys-
ical platform, with a special focus on agility and hovering
capabilities, like [2]-[5]. Research into the altitude control
can be seen in works like [6], [7].

More recent advances have been made in the field of
robotics using FWMAVs, such as:
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o Obstacle avoidance in [8], [9].
o Trajectory tracking in [10]-[13].

This paper introduces a comprehensive investigation into
the design, modeling, and experimental validation of a novel
flapping wing drone system based on the patent [14]. It
makes use of two actuators. The wing motor is in charge of
the flapping frequency using a gear mechanism. The second
motor is attached to an aerodynamic control surface the acts
like a rudder, but it also tenses or relaxes the wings, altering
both the yaw and the roll dynamics with a single actuator.

Fig. 1. An image on the X-Fly commercial platform that was modelled
and controlled.

The innovation of this new commercially available vehicle
named X-fly is the inclusion of an inner control loop based
on an IMU. The embedded IMU helps to stabilize the roll
dynamics, in contrast with the previous flapping-wing drone
—Metafly— that was devoid of IMU. For this reason, the roll
dynamics was stabilized by the help of the Vicon motion
capture system in [12].

The complex dynamics of FWMAVs have been studied
extensively in the literature in works like [15], [16]. There
has even been an interest in black-box, as seen in [10], [12],
[17], and grey-box system identification tools, as seen in
[18], [19], to obtain the dynamical model of ornithopters.
The main issue with this type of techniques is that the model
is often an approximation around an operation region, and
they might fail if they diverge too much from this operating
region.

We propose a mathematical model representation that
extends the traditional fixed-wing approximation by con-
sidering a unique force direction in the body frame, as
seen in [20], aligning with the drone’s specific flapping
mechanism. This model integrates the tail as a fixed control
surface, linking translational and altitude dynamics into an



underactuated system, unlike the work in [21] that do not
consider the heading actuator dynamics into consideration
to simplify the model. It is proven that one of the desired
effects of the tail on the system is the stability of the pitch
angle, which in turn allows the flapping to generate lift.

The introduction to the notation used throughout this work
and the model itself is presented in Section II.

To manage the underactuated nature of our FWMAV
model, we design a new controller based on Lyapunov
formalism. This controller exhibits robustness by operating
effectively from takeoff, without requiring the drone’s state
to be near the desired state initially (Section III).

While many previous works have presented controllers for
FWMAV5s theoretically and validated them through simula-
tions, our approach emphasizes experimental corroboration.
We conducted extensive experiments to validate both our
mathematical model representation and the performance of
our new controller in practical scenarios (Section IV).

This paper contributes to the field of flapping wing drones
by proposing a novel mathematical model that captures
the unique dynamics of our FWMAV system, presenting a
robust controller that operates effectively from takeoff, and
experimentally validating these contributions. The remainder
of this paper is structured as follows: Section II details our
mathematical model representation, Section III introduces
our new controller design, Section IV presents our exper-
imental corroboration, and Section V concludes the paper
with future research directions.

A. NOTATION

Throughout this work, scalar variables are indicated by a
lowercase letter a € R, while n length vectors are denoted
using overlined lowercase letters @ € R™. A 3D vector is
displayed with an arrow @ € R3, and the reference frame A
where it was defined can also be joined like so “A@. Unitary
vectors are shown with a hat & and are usually onbtained by
normalizing its homologous vector d.

Matrices are presented with uppercase letters A € R™*".
Rotation matrices from the reference frame A to the refer-
ence frame B are indicated as RA™5.

II. SYSTEM MODEL

Let us define the system state vector as

T::[myzi;g}éqﬁ@z/)wwwywz]T
=7 o e

(1)

Whereﬁ::[x Y Z]T,Bd}::@’::[wm Wy Wy }T

are the position defined in the inertial frame Z and angular
speed defined in the body frame B, respectively. The attitude
is denoted using Euler angles 77 := [ o 0 Y ]T and ﬁis
the translational speed in the inertial frame.

The control vector is defined as

= um u ]’ 2

where u,, € R, is the mean forward force due to the
flapping movement and is assumed to be proportional to the
flapping frequency. The term w, € R is the angle of the
rudder aerodynamic surface.

Fig. 2. Free body diagram of the flapping bird drone with the position
and orientation of the body frame B w.r.t. the inertial frame Z. The rudder
is located on the xz plane while the tail is perpendicular to it.

The system model of the vehicle as shown in Figure 2 is
obtained using the Newton-Euler formalism.

U,

mp =RFT 0 |+A+H|+mg O
0

J$=F¢+ﬁ+ﬁ—ﬁ><JLU—Dao7 4)

The vectors ﬁ, f; represents the aerodynamical forces
derived from the tail and the rudder, respectively. The vector
g = ( 0 0 —g ) is the gravity’s effect g € R defined on
the inertial frame Z. The constants m € R, J € Ri“ are
the vehicle’s mass and inertia matrix, respectively. The inertia
matrix is assumed to be diagonal J :=diag [ J, J, J. |
with positive components J. € R, even though the vehicle
only has one symmetry axis. This assumption implies that the
off-diagonal elements are relatively small compared to the di-
agonal ones. The drag effects in the attitude system are con-
sidered in the matrix Dy = diag | ds, dsy ds. | €
R3*34, which will also be considered a diagonal matrix.
The torque 7 is the effect of an internal roll inner controller
as shown in Figure 7.

The vector 7; is the vector that denotes the distance from
the center of mass of the vehicle to the tail’s aerodynamic
surface center as shown in Figure 3. The length . is the
distance from the center of gravity to the rudder’s aerody-
namical surface center, as shown in Figure 4, and is defined
as: COS Uy
Sin u,. (@)

0

Fr = Fr,l - lr,2
The tail force ﬁ is calculated as:

rd 1 ~ ~ N 2 ~ 5
fi =5 pduin (ntT Bp) sgn (ntT Bp)

AT B>
=Cegny TP

(6)



where the vector 7, := ( sinf; 0 cosb; )T is the normal
to the tail’s surface and depends on the tail’s angle 6, as seen
on Figure 3. The constants p, d; € R, depict the air’s density
and the tail’s drag coefficient, respectively. The vector By .=
RI=By p is the vehicle’s speed in the body frame. Some of
the parameters can be grouped into ¢; € R Let us note that
ft only has components in the body axes 2z and Bz, defined
as fi . and f; . respectively.
The rudder force ﬁ is obtained as:

R 1 ~ A~ = 2 =
fr =5 pdrin (nTTBp) sgN( TBP)

=c, nrnT Bp

(7

where d, is the rudder’s drag coefficient and n, =
( —sinu, cosu, 0O )T. Some of the parameters can be
grouped into ¢, € R. Let us note that f; only has components
in the body axes By and By, defined as f,, and f,,
respectively.

The torques due to the tail’s aerodynamic surface 7; and
the rudder 7. depend on their corresponding aerodynamical
forces as:

Ty =7 X fy ©)
Fr ::'Fr X fT;" (9)

such that 7, only has components in the By plane, and 7,
only has components in the Bz plane. These components are
defined as 7y, and 7, , respectively.

A. Attitude Description

The model presented in (3) and (4) can be simplified due
to the presence of the roll inner controller 74 as seen in
Figure 7. This controller guarantees that the dynamics of the
roll state Ty := [ ¢ w, | — 0 are stable. The stability of
¢ towards zero, and the fact it is defined in the body frame,
implies that the rotation matrix RZ~5 can be assumed to
only consider the effects of the yaw 1) and pitch 6 angles as:

cosf 0 sind
RIZ?B =R () R(v) = 0 1 0
—sinf 0 cosé
cosy siny 0
—siny cosy O
0 0 1
[ cos6 costp cosf siny  sinf
= —sin cos Y 0
| —sinf cosy —sinf siny  cosf
[ cosf cosy) —sinty —siné cosy
— RP?T = cosfsinyy cosyy —sinb sing
sin 0 cos 6

(10)

In turn, this allows us to separate the full model into
two almost independent models based on the yaw and pitch
dynamics, one for controlling the altitude of the system z,
and another to control its position on the xy plane.

Another consequence of this is that the attitude kinematics
can be described as:

o0 [ o 1 o ].
z/}_siHGOCosﬂw

Furthermore, it will be shown in Section II-B that the pitch
dynamics are stabilizable.

(1)

B. Altitude Dynamics

LT

Fig. 3. Free body diagram of the flapping bird drone lateral movement in
the x-z body axis.

The altitude dynamics are depicted in Figure 3. They are
defined in the intermediate frame defined by the yaw ¢ using
R (1). Its speed state can be described with respect to 7 with
a change in variables:

5 | &z | | costy siny 0
Poz =1 2 | 7| o 0 1

_ 5
=Lizz P

12)

where 2., € R is the horizontal speed in the intermediate
reference frame and its dynamics are derived from (3) and
(11) as:

(coswyasinwdc) ] 5

sin 0 cos

:(Um+f7’,m+ft,z) |: Cf)SQ :| +ft,z |: —sing :|

n { (costypy —siny &) (w,, sinf + w, cosb)

—myg
(13)
which comes from the fact that
Bsz | cos@ 0 —sind
Eo: B B { sinf 0 cos6 } a4

The model (13) can be further simplified for control
purposes if one considers w, — 0 and if the effects of
the aerodynamic forces ft, fr are grouped into a single drag
force as:



- cosf -
Mmpgz RUm sin@ - dwz Pz
N [ (costp gy — siny &) w, cosf } (15)
—myg
. cost | . Eas
[ 0] | ]

where d,, € R, is considered a positive definite constant
drag coefficient. The term &, € R are the effects of the
translational dynamics on the altitude system and can be
considered as a perturbation.

Assuming that the angular velocity w, — 0, the pitch
dynamics can be obtained from equations (4), (8) and (11),
and using the pitch difference Af := 6 — 6, as:

0 =w, (16)
Ty Gy =Ty — dg ywy = cr,ity PP — dis
yWy =Tty GyWy = Cr Ty TP — A,y Wy
—cr iy RYPp— dg oy
(sin @, cos 6 — cos 6, sin ) cos ¢ )
=cr, | (sinf;cosf —cosb;sinf)siny | p—dgwy
sin 0y sin 6 + cos 6, cos 0
=cr, [ —sin A6 ‘ cos A6 ] Exzi)’f dg Wy
=c,, [ —sin A9 ‘ cos A ]ﬁzz — dg 4wy
(17)

where the variable c,, € R is a scalar.
Thus the altitude model is described by equations (15),
(16) and (17).

C. Translational Dynamics on the x-y Plane
The translational dynamics are depicted in Figure 4. They
are defined in the  — y plane on the inertial frame 7. Its

dynamics are derived for the position py,, := [ Ty ]T and
(3) as:

iy =+ oo+ fr)cos0 | 0]
—sin 0 cos e
+ fr,y coS w - (ft,Z) S1 sinl/)

A similar analysis can be made as in (15) to simplify the
effect of the forces due to the aerodynamic surfaces:

- cos Y .
M Py = Um COS O [ sin 1) ] — dgy Py (19)
where d,, € Ry is a positive definite constant drag coeffi-
cient.

Assuming that the angular velocity w, — 0, the yaw
dynamics can be obtained from equations (4), (9) and (11)

as:

¢ =w, cosf (20)

Jo Wy =Tr, — dg oW, = Cq, siD Uy — dg W, 21)

_Rudder

Fig. 4. Free body diagram of the flapping bird drone horizontal movement
in the x-y inertial axis.

where the variable ¢, € R is a scalar.
Thus the translational model is described by equations

(19), (20) and (21).
III. CONTROLLER DESIGN
A. Altitude Controller

Let us define a sub-state based on the altitude error z, :=
z — zgq, were zq € R is the desired altitude, as:

T.o=[ [zedt z 2]7 (22)
0 1 0 0 0
z.,=1|1 0 0 1 T, + 0 Uy — 0
0 0 —dg. sin 6 mg
=A. T, + By um + G,
(23)
Another sub-state can be defined for the pitch as:
Tpi=| A0 wy ] (24)
R To + 0
=10 —dg.y 0 ¢r, (2cos AO — &, sin AD)

1 T + 0
—dgy e ¢r, 2 cos Af

(25)

Theorem 1: Let us define the altitude controller u,, as:

Uy = —K, T, (26)



where K, € R'*3 is a state feedback gain matrix designed
such that it solves the Lyapunov equation

(Az - B. K, +GZ)T P, + P, (Az _Bsz+Gz) = _Qz
27)
on the trajectories of system (23) for certain positive sym-
metric matrices P,, Q. € R
Let us further assume that the pitch angle is bounded as
—7m/2 < 6 < /2, and the effects of the aerodynamical
forces c,, and the lateral speed @, are bounded as

0<d,, <l (28)

Tz

0<e¢r, <le,. (29)

where the positive scalars [;__, [,
bounds.

Then the system described by the dynamical equations
(15), (16) and (17) is uniformly stable in the sense of
Lyapunov.

Proof: The bounds (28) and (29) applied to the model
(25) imply that a pair of matrices Py, Qs € R**? exist such
that :

€ R, represent the

Tr

AG Py + Py Ag = —Qo (30)
5 e ] >0 Gy
Let us propose the following Lyapunov candidate function:
V, =L P,Z, + Ty PyTy (32)

whose differentiation w.r.t. time is:
V. =2%1 P,%, + 2T} Py (33)

Substituting from (27) and (30) into (33) results in:
V. =—2L Q.. — T) QoTo + 2T Py Gy
< — 217 QI + 2 |1l | Poll IZoll — 170l 1|Qoll
(34)

Due to the condition (31), this implies that VZ < 0, thus
concluding the proof.
|

For a fixed tail ¢, tail torque t, changes sign
when forward speed increases

Tpr >0

Fig. 5. A graphical representation of the stability of 6 due to the tail and
the lateral speed

Conditions (28) and (29) imply that the ornithopter is
moving forwards. A more intuitive representation of the
stability of the pitch system can be seen in Figure 5.

B. Position Controller

Let us define a radius in the x — y inertial frame as r :=
|Pzy || The control objective requires that the vehicle remains
at a desired constant radius 4 € R . A robust way to achieve
this is if the system has similar behavior to a limit cycle,
which is explained in Theorem 2.

Theorem 2: Let us define the following desired lateral
speed Piyy,q as:

(35)

ﬁmy,d = < l,y > - Mﬁzy Te
where 7. := r?—r2 is the squared radius error and y € R is
a positive constant gain that determines how fast the vehicle
reaches the desired radius.

If the vehicle’s lateral speed tracks (35), then there is an
unstable spiral at the origin surrounded by a stable limit cycle

which grows out of the origin at exactly r4 as seen in Figure
6.

"= faster
convergence

slower

convergence

Fig. 6. Development of a limit cycle using the proposed modified Hopf
bifurcation. The p parameter affects the convergence rate.

Proof: The dynamics of (35) are derived from a Hopf
bifurcation, as seen in [22, p. 12.4]. The main difference is
that the limit cycle is always located at r4, and the parameter
1 is instead used as a design gain. If the speed of the vehicle
has the dynamics proposed in (35), then this implies that
r—1rgq as t — oo.

|

Equation (35) gives us a desired speed for the position

controller to track. Its differentiation w.r.t. time is also
required for the tracking scheme.

T

= < _xy ) — K [re - Qﬁmyﬁzy] ﬁmy,d

5xy,d = < _y ) - Mﬁzy,d Te — Mﬁzy Te
(36)

Theorem 3: Let us define the control law wu, for the
translational system as:
(37)

Uy = =Ky Ty

where K, € R*3 is a positive gain matrix, and the vector
Ty € R3*! is defined as:



: —sin
S Pay.a ( cos J} dt [ ‘ Doy, dH sin Ay dt
Ty = kY, —siny = ‘
o Pay.a ( cos ) ‘ Pey.d ‘ sin A
ws W=
(38)

where Ay € R is the angle difference between the desired
speed vector Py, q and the heading .

Furthermore, let us assume that K, and a positive sym-
metric matrix P, € R3*3 are chosen to satisfy the following
Lyapunov equation:

(Axy — Bgy ny)T Pry + Pry (Aary — Bay ny) =

_wa

where the matrices A, € R**? and B,,, € R¥*! are defined
as:

(39)

0 1 0

Agy=]0 0 ’ﬁw,dH cos A (40)
L0 0 —ds..
By, = ] (41)
Let us further assume that:

Ay ~w, (42)
Py aPry.d A0 (43)
sin u, ~u, (44)

The control law (37) stabilizes the system described in

(19), (20) and (21) in the sense of Lyapunov, if one assumes
that the altitude system is stable i.e. — (uy, cosf) — 0.

Proof: Let us propose the following Lyapunov function:

Vey = x P vy Ly 45)
whose differentiation w.r.t. time is
: T
V:ry = (Awy - B:vy Kwu) ny + Pwy (Azy - BZy Kacy)
(46)

where the matrices A,, € R**3 and B,, € R3*! are
obtained from the differentiation of Z,, defined in (38), and
the assumptions (42), (43), and (44) as:

[ ‘ﬁzde sin Aw
iwy =| A ﬁm%dH cos Ay + ZM sin Ay
[
L Cr,. SinUy —dg , w,
0 1 0
~[0 0 ‘ Dy, dH cos AY | Ty + 0 Uy
| 0 0 —dg - Cr,

47)
" ny = —(Q)zy from (39), thus concluding the proof.

|
Assumptions (42) and (43) can be regulated by the param-
eter u from (35).

h,w, I X-Fly )
: System b, Wy

— Tracking Attitude

ERTM Control System

Y Roll Inner
x, Ty Top
Y Controller l(b,@ v
Altitude .| Position
2,2 | Control | Um System

Fig. 7. Block diagram of the control system.

The block diagram of the control system, including the

inner control loop and outer control loop, are shown in Figure
7.

IV. RESULTS
A. Simulation Results

The simulations were made using the dynamic equations
(15), (16), (17), (19), (20) and (21). The parameters used for
the simulation are shown in Table I.

T T T T T T
10 20 30 40 50
Time [s]

T T T T T
10 20 30 40 50
Time [s]

m = 1.12e72 ¢ J = diag[ le! le7! 1e™! ]
ty = 5el s po = [ —rq —rq O ]Tm
to = 0s Po = [0 0 0]  m/s
rq = 15 m no = [0 0 0] rad
zq = 1.5 m K, = [ 1% 3.5el  1e? ]
e, = —1e0 g= [0 0 -9.80665 |" m/s
Cr, = —1eY Kpy = [ 0.2 04 0.5 ]
TABLE 1
PARAMETERS FOR THE SIMULATION
Altitude Attitude
1.5 A y—
_ 100 A
g T |
o 1.0+ 3 |
g o 074
2 g
2 05 <
o —100 e
0.0 1 —_Zy W
1.0 ¢+ Motor command - | Rudder command
Z 0.8+
g 3 0 :i
Y g :
% **13 nll w0 E\’_,_,__—-—-——-—
g 0.4 < —1044
£ t
0.2 1 —201 |. .o
0

Fig. 8. Simulation results for the altitude, speed and the control inputs
Figure 8 shows that the altitude system is asymptotically
stable towards z4. As the altitude system is able to converge
rapidly, the pitch remains relatively constant for the rest of
the simulation. The ornithopter’s angular speed w, stabilizes



towards a constant value, and this can be seen in the oscil-
lating yaw angle. The Figure also shows how the controllers
stabilize asymptotically towards constant values.

T 50
2.0 4 Lo XY P.05|t|on Pay
X Poxy
151 +  Prxy
—_—ry 40
1.0 4
— 0.5 |
& 0
= ‘ 5
g ‘- [
5 007 . 2
2 H Y £
° i F20
-0.5 14 !
-1.04 7
: 10
~154
—2.04
0 | .
=2 -1 0 1 2 3

Distance [m]

Fig. 9. Simulation results for the position in the  — y plane

Figure 9 is a representation of the translational movements
of the X-Fly. Oscillations can be seen at the start, but
eventually the system stabilizes close to the desired radius,
shown in red.

B. Experimental Results

The experiments were performed in an indoor flight arena
equipped with the Vicon motion capture system. The param-
eters used for the controllers are shown in Table II.

kzi= le=2 kzp= 8e 1L kya= le—1
Kpyi= le* | Kyyap= 5e ! | Keyo, = le?
TABLE II
PARAMETERS FOR THE EXPERIMENTS
1.6

tAltitude

.
o
o

T
] ;;V’;‘A ‘971"??? T ‘(‘Aﬁl

—100 A !
I
H

Distance [m]
Angle [deg]
o

JLL

T T

0.91 Motor commar!d

9 9
3 19U
£0 -lﬁ 3]
o b8 i | 2
w ity |
S H V , by ji| e
50 5
2 un || 2

0.5 T T T

0 10 20 30

Time [s]

Time [s]

Fig. 10. Experimental results for the altitude, orientation and control inputs

Figure 10 shows how the yaw of the drone changes as
it tracks the circle trajectory. The roll and pitch angles are
shown to be stable, thus experimentally corroborating the
stability of the roll inner controller. The altitude controller

as depicted in Theorem 1 is also stable, but the oscillations
due to the flapping movement, the unmodelled dynamics and
other simplifications are more evident in this plot. There is a
considerable altitude error. This is because the speed of the
vehicle drastically changes with very close turns, which does
not give enough time for the altitude controller to compensate
in this case due to coupled dynamics between both systems.
However, the controller is still able to keep the altitude stable.

Figure 10 also shows the control commands given to the
X-Fly during the experiment. Unlike the commands shown
on Figure 8, the experimental motor commands indicate a
Pulse Width Modulation (PWM) percentage from O to 1.
The negative values in u, indicate a direction change in
the current and angle of the rudder. A rate limiter was
implemented on the controller to prevent the value of w,,
to change more than 20% between consecutive discrete
commands. This helped to prevent shattering effects due to
the flapping, and to smooth out the control action.

30
204 Position on the x - y plane

Distance [m]
o
°

Distance [m]

Fig. 11. Experimental results for the position in the x — y plane

Figure 11 presents the position of the artificial bird on
the z — y plane. It can be seen that it oscillates around the
desired radius, which corroborates the stability as predicted
in Figure 9.

A short video showing the X-Fly using the presented
control strategy can be found in : https://youtu.be/
Gl-csBxXKzU

V. CONCLUSIONS

This work has introduced the modeling and analysis of a
new FWMAYV with a focus on control. It was proven that the
proposed separation of the dynamical model into an altitude
system and a translational system was possible as seen in
equations (15), (16), (17), (19), (20) and (21).

Furthermore, a controller for w,, was proposed in Theorem
1 that was able to maintain a constant altitude, but also prove
and ensure the stability of the pitch dynamics. A similar
procedure was made for the control input u, in Theorem
3. Both of these models and theorems were corroborated
through simulations and experimental tests.

The presented model was able to give a more detailed
description of the system. However, the tracking could be
improved by means of an integral action on the translational
system.



It was noted that during the experiments the performance
of the controllers was greatly affected by the battery level. It
would be worth considering how this information could be
integrated into the model.
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