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Multivariate Self-Exciting Processes with Dependencies

Caroline Hillairet* Thomas Peyrat! Anthony Réveillact

March 21, 2025

Abstract

This paper introduces the class of multidimensional self-exciting processes with depen-
dencies (MSPD), which is a unifying writing for a large class of processes: counting,
loss, intensity, and also shifted processes. The framework takes into account dynamic
dependencies between the frequency and the severity components of the risk, and there-
fore induces theoretical challenges in the computations of risk valuations. We present a
general method for calculating different quantities related to these MSPDs, which com-
bines the Poisson imbedding, the pseudo-chaotic expansion and Malliavin calculus. The
methodology is illustrated for the computation of explicit general correlation formula.

Keywords: Multidimensional Hawkes Processes; Dynamic cross dependencies; Poisson imbed-

ding; Malliavin calculus, Pseudo-chaotic expansion.
Mathematics Subject Classification (2020): 60G55; 60G57; 60HO7.

1 Introduction

Risk analysis for credit or actuarial portfolios is usually based on the study of properties of
the so-called cumulative loss process (L) over a period of time [0, 7] where 7" > 0 denotes the
maturity of a contract or the time-horizon:

Np
Lr=>Y, T>0,
=1

(Nt)e>0 1s a counting process that models the occurence of the claims (as the defaults for
a credit portfolio, or the losses for an insurance portfolio), while the random variables (Y;);
model the claims amounts. In the classic Cramer Lundberg model, (N¢);>0 is a Poisson
process and (Y;) is a family of positive éid random variables independent of (IN¢);>0. However,
these assumptions prevent this model from being used on certain risks where contagion or
dependency phenomena have been observed, as e.g. in credit risk (see [7, 15, 6] among others)
or cyber risk (see [2, 3]). In contrast, Hawkes processes, introduced in the 1970s by A.
Hawkes, turned out to be relevant for capturing excitation phenomena, and are now used
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in many fields (earthquake modeling, neuroscience, Limit order books in finance, credit risk,
cyber risk, etc...). A Hawkes process (Hy)i>0 is characterized by a stochastic intensity process
(At)¢>0 which is a deterministic functional of the past trajectory of the counting process itself,
explicitly given as follows

t
At:qu/(I)(ts)st, t>0
0

where 1 > 0 is the baseline intensity and ® : Ry — R, is the self-excitation kernel. In this
standard linear Hawkes model, all claims have the same contagiousness pattern, which may
not be usually the case. In particular, it would be interesting to modulate this contagion
effect by the size of the claims, which seems to be quite natural for example in credit risk (a
default with a large loss given default will have a higher probability to generate other cascading
defaults) and also in cyber or health insurance. This motivates us to propose in this paper
an extension of a Hawkes process in which the intensity (more precisely the excitation kernel
®) is affected by the claims sizes, and thus introducing dependencies between the severity
components (the (Y;)) and the frequency components (the counting process). This process
can be seen as a system of weakly SDEs with respect to a Poisson measure N (dt, df, dy) on
(RT)3. This representation is known as Poisson imbedding, with an extra dimension (here dy)
to take into account the impact of the claims sizes Y; :

Ar = p+ f(O,T)XRi (T —t, y)l{GSAt}N<dtv do, dy)?

HT = f(O,T}XRi 1{9§)\t}N(dt7 dea dy)7

LT = f(O,T}XRi Yy 1{9§)\t}N(dt,d9, dy) T 2 0.

Such model has been first introduced in Khabou [12] in the case (T —t,y) = ©(T — t)b(y).
We study here a multivariate version to better capture the different components of the risk
and their cross dependencies. Thus, the purpose of this article is to present theoretical results
on a general d-dimensional stochastic process called Multivariate Self-Exzciting Processes with
Dependencies (MSPD) Z, which is a unifying writing for a large class of processes: counting,
loss, intensity, and also shifted processes that will be defined hereafter. It is useful for several
applications in finance and insurance, taking into account dynamic dependencies between
the frequency and the severity components of the risk. A MSPD Z is defined through the
imbedding procedure: for each component Z%, i=1,---.,d

Zh = f{l,..‘,d}x(O,T}XRi ¢k (T — t,y)1{99§}N(dk,dt,dady)
| T>0 (1.1)
= p(t) + f{1,.._,d}x(o,T]xR3 @ (T —t, y)l{GSAf}N(dk’ dt, df), dy)

where ¢ and ¢ are two d x d matrices : for 1 <1,k <d, "% : [0, T] x R, — R, (impact of the
k*"-dimension on the i"-dimension) and g’ : [0, 7] — R are deterministic baseline intensities.
A formal definition of this process will be given in Definition 2.9, and if Ci’k(t, y) = yLlii—py
(resp. Ci’k(t, y) = 1{i:k}), the process Z coincides with the Loss process L (resp. the counting
process H).



Although a Multivariate Self-Exciting Processes with Dependencies (MSPD) models more
accurately the risk, the loss of the independency assumptions, compared to the tractable
Cramer Lundberg model, induces theoretical challenges in the computations of risk valuations.
Therefore our objective is to present a general method for calculating different quantities useful
in risk assessment. The methodology relies on the Poisson imbedding and Malliavin calculus,
in the spirit of [10], which enables us to transform the computation of some expectations as
follows (known as Mecke formula):

E [F/thN] :/Xh(x)E [Foef] m(dx). (1.2)

Here x = (k,t,0,y) € X and m is the intensity measure of N, and the notation Foey denotes
the functional on the Poisson space where a deterministic jump is added to the paths of N
at time ¢. This expression turns out to be particularly interesting from an actuarial point
of view since adding a jump at some time t corresponds to computing a stress scenario by
adding artificially a claim at time ¢. Such processes F o e} will be called shifted processes in
the sequel. They are related to the vertical derivatives in the functional It6 calculus of Cont
and Fournié in [4]. In particular, our methodology uses the pseudo-chaotic expansion for a
counting process, which has been recently developed in [9].

The paper is organized as follows. Section 2 provides a description of the Poisson space
and introduces the MSPD processes. Section 3 recalls some elements of Malliavin calculus and
the Mecke formula. Section 4 develops the pseudo-chaotic expansion for MSPD process. As
an illustration, Section 5 demonstrates how the methodology can be applied to compute the
expectation and correlation of MSPD. Section 6 concludes the paper by outlining potential
directions for future work and development.

2 Multivariate Self-Exciting Processes with Dependencies

This section introduces the theoretical framework of the Poisson measure and defines the main
mathematical objects of the paper.

2.1 Configuration space and the Poisson measure

We first introduce the configuration space and the Poisson measure, taking the main elements
from [13] and [14, Chapter 6].

We set N* := N\ {0} the set of positive integers. We fix X := R3 equipped with the
Borelian o-field and we make use of the notation x := (¢,6,y) € X. In this paper we fix
X :={1,...,d} x R‘i equipped with the Borelian o-field X. Thus, elements of X will be
written as x := (k,x); k € [1,d];x = (¢,0,y) € X. m the o-finite measure on (X, X) is defined
as follows: for f: X — R, a measurable and bounded function

d
X x) 1= vk
/X f(x)m(dx) ; /X FUk .0, 4)0" (dy)dbdt

where for all 1 < k < d, v* are independent probability measures on Ry and dz denotes the
Lebesgue measure on X.



We define €2 the space of configurations on X as

n
Q.= w:Z(ij,xjeX,j:I,...,n,neNU{—i—oo} : (2.1)
j=1

Let P the Poisson measure on 2 under which the canonical evaluation IN defines a Poisson
random measure with intensity measure m. To be more precise given any element A in X
with m(A) > 0, the random variable

(N(w))(A) == w(A)

is a Poisson random variable with intensity p(A). We denote by FN := ¢{N(A); A € X}
the o-field generated by N. We set FY := (]:tN)t>o the natural history of N given by F}¥ :=

o{N(T x A), T C B([0,t]), A € B({1,...,d} x R2)} where B denotes the Borelian o-field on
the corresponding set. In the case of processes defined up to a fixed horizon T', we use the
restrictions Xr := [0,T] x R% and X := {1,...,d} x X7.

2.2 Kernels and convolutions

This section introduces some notations, definitions and hypothesis on the matrices ¢ and
@ involved in the Poisson imbedding procedure (1.1) for the construction of a Multivariate
Self-Exciting Process with Dependencies (MSPD).

Convention 2.1 (Matrices and scalars). In order to distinguish between scalars and matrices,
we adopt the convention that matrices will be written in bold. If M represents a matrix,
M¥* corresponds to the element of M positioned in the i-th row and k-th column and M
corresponds to i-th row of the matrix M. If V represents a vector, then V* will be the i-th
component of the vector. Moreover we design by Idg the d-dimensional identity matrix and
M;Z 4 denotes the set of d x d matrices with entries in R .

Definition 2.2 (d-kernel). Let d € N and (v¥);<p<q a family of probability densities on RT,
then ¢ is a d-kernel if € is a M;d—valued map such that each component ¢**(t,y) : R2 — R4

satisfies [p. CHR(t, y) vk (dy) < +oo, for (t,i,k) € Ry x [1,d]>.

Definition 2.3 (Separable d-kernel). A d-kernel ¢ is said to be separable if V(i, k) € [1,d]?
there exists two functions ¢™* b*F : R, — Ry such that ¢%¥(t,y) = ¢"*(t)b"*(y). In this
case, we denote ((t,y) = ®(t) » B(y) where « is the Hadamard (that is elementwise) product.

Notation 2.4 (v-mean of a d-kernel). Let ¢ a d-kernel associated to the measure v =
(V) 1<k<a. We denote by ¢ : Ry — M7, the matrix in which each coefficient Ez’k is the

mean of ¢"* with respect to the measure v*. That is,
o= ([ T eteatan) (2:2)
0 1<i,k<d

Definition 2.5 (Non-explosive d-kernel). A d-kernel ¢ is said to be non-explosive if its spectral
radius R(K) < 1 and

K = /0+00 {(t)dt < +o0.



As it is usual, the intensity of a counting process should be a predictable process. This requires
to add a property on the kernel ¢ that defines the intensity A in (1.1).

Definition 2.6 (Self-excitation d-kernel). Let ¢ a non-explosive d-kernel. ¢ is said to be
a self-excitation kernel if in addition, for all (i,k) € [1,d]?, ¢**(0,y) := 0. By convention,
self-excitation kernel will be noted ¢, and will be used to define the intensity of a stochastic
process.

Note that the condition ¢®*(0,y) = 0 implies that

f{l,...,d}x(O,T]XRi cp““(T — 1, y)l{GSA,’f}N(dk’ dt, df, dy)
= Jou, oz @4 = )1 ooy N(dk, db, o, dy),

which ensures the predictability of the intensity. In addition, we adopt the convention that
for any 7 < 0 we have ¢(7,.) := 0.

Definition 2.7 (See e.g. [1]). Let ¢ a self-excitation d-kernel. Let define the sequence of
iterated convolutions of @ such that

@ denotes the Dirac distribution in 0,
P =¥ $pi= fo Qo(t - S)QDn—l(S)dS? te R-H n € N*.
Since || ¥y = (Id — K)™! —Id = (Id — K) 'K, the mapping ¥,
T=> 2, (24)
n=1
is well-defined as a limit in L;(R4;dt), and by definition,
t
/0 W (t—s)@p(s)ds = ¥(t) —p(t). (2.5)

The intensity process A is defined in (1.1) by an implicit equation. For sake of completeness,
the following proposition details an iterative procedure for the construction of this process.

Proposition 2.8 (Intensity process). Consider a vector p := (u')1<;<q where each component
' is a function from RT to R™ and let o a self-excitation d-kernel. Then the system of SDEs

P =)+ [

| Tty L Nk dt db,dy); T20, i=1-.d (26
T

admits a unique FN—predictable solution X.

Proof. The proof follows [5] which we extend to the multivariate case. The proof consists in
iteratively constructing A, starting from the deterministic baseline intensity g in which we
add successively the excitation component each time the corresponding aggregated counting
process 2 jumps (the aggregation of jumps from each component). More precisely, for T' >
0, let us initiate the procedure by considering a constant d-dimensional intensity and the
corresponding cumulated one-dimensional counting process :

OXp = p(T) and M2z ;:/ Lrg<nsy N(dk, dt, df, dy).
Xr = 7t

5



Then the sequence ((”))\, (n) g ) is defined by induction as follows: for all i =1,--- ,d

neN*
(HONE = p(T) + /X ) 1y, STg}cpi’k(T — )L {g<coapy N(dk, dt, b, dy),
with 77 := inf {7’ > 0|z = n} ,
and ("t 2z, = / 1{9§(n)Af}N(dk, dt,do, dy).
Xr

Remark that (W2 = ("+1)2 and (WX = (+DX on [0,77], and WA < (*FDX P.a.s, thus
A = lim (WX is well defined and let 27 := Jxr oy N(dk, dt, d, dy) = 30,51 12 oy
Let us prove that the increasing sequence (7;2),, converges to +oo. Indeed, for any 7 > 0, by
monotone convergence

P( lim 7.2 <T)= lim P(rZ <T)= lim P(Z% >n).

n—-+oo n—-+oo n—-+oo

Moreover by Markov inequality

P(Z7r >n) < =
n

E[27] E[foT > )\i,ds]

As ¢ is a non explosive d-kernel, IE[fOT > Alds] < oo and limy,— 400 P(27 > n) = 0. Therefore
P(limy,— 400 Tﬁz < T) = 0 for any T and lim, 400 T;ff = 40 Pa.s.. Moreover, since the
intensity is constructed iteratively and X = ("X on [0, 7,7], this guarantees the unicity of

X when 7,7 tends to infinity. O]

2.3 Definition of a Multidimensional Self-exciting Process with Dependen-
cies (MSPD)

We define below a generic multidimensional process with self-exciting cross dependencies, a
concept that encompasses several quantities useful in finance and insurance.

Definition 2.9 (Multidimensional Self-exciting Process with Dependencies : MSPD). Let
(Q,F,Pev,F = (Ft)i>0) be a filtered probability space, ¢ a d-kernel and ¢ a self-excitation
d-kernel. Moreover, let p := (u')i1<;<q a family of functions p’ : Rt — RT representing
the baseline intensity. A (¢, 1, @)—MSPD Z := (Z")1<;<q is an R%valued stochastic process
(Z)i>0 where for every i € {1,...,d}, the pair (Z% A") is solution of the two-dimensional
SDEs driven by the Poisson measure N,

Zi = Jx, R (T — y)1{995}N(dk, dt,d, dy)
T>0 (27
b= pi(T) + fXT PR (T — t,y)l{eg}\lg}N(dk,dt,d&,dy).

In order to easily define an (¢, i, ) —MSPD, we always adopt the following notation: the
first component ¢ refers to the d-kernel, the second p to the baseline intensity, and the third
component ¢ to the self-excitation d-kernel.



Remark 2.10. Let us emphasize that the process A’ is predictable, while Z? is not. Indeed,

when integrating with respect to N(dt), Z} can be charged by a point x,, having an arrival

time ¢, = T (assuming 1{0 <Ak} = 1, Zky = Z%  +¢(0,y,)) whereas A can not since ¢
n_= T

is a self-excitation d-kernel (therefore satisfying ¢(0,y) = 0). One standard kernel in the
literature is the exponential kernel defined by ¢(u) := ae™P*. This kernel can be adapted in
order to fit under the framework of this paper by using ¢(u) := ae‘ﬁul{uw}.

Remark 2.11 (A as an MSPD). (2.7) implies that Ay — p(T) is also an (¢, u, ¢)—MSPD,
where ¢ is a self-excitation d-kernel.

Remark 2.12 ((Compound) Hawkes process as an MSPD). As discussed after (1.1) in the
introduction, this model contains the Hawkes process (for {(t,y) = Idg) and the compound
Hawkes process (for {(t,y) = yIdg) as particular cases. If the excitation kernel ¢ does not
depend on y, then there is no impact of the claims sizes (severity component) on the time-
arrivals of claims (frequency component).

Our objective is to deploy a general methodology for the computation of different quantities
in the space of random Poisson measures. This methodology is based on two essential tools,
namely Mecke’s formula and the pseudo-chaotic expansion [9], which requires the introduction
of some operators on this space. In the following section, we define elements of Malliavin’s
calculus in order to exploit Mecke’s formula through the pseudo-chaotic expansion.

3 Elements of Malliavin’s calculus

3.1 Spaces and the add point operator
We introduce some elements of Malliavin’s calculus on Poisson processes. We set
L°(Q) == {F:Q—>R, FN measurable}
L*(Q) := {F € L°(Q), E[|F|*] < +o0}.
Fix n € N*. We set m®” the extension of m on (X", X®"). Let
LY(X™) == {f: X" = R, X®" — measurable }

and for p € {1,2},

LP(X") = {f e LO(X™), / 1F(x1, %) [PME (dxy - - - dxp) < —1—00}. (3.1)

Besides,
LE(X"™) :={f € LP(X") and f is symmetric} (3.2)

is the space of square-integrable symmetric mappings where we recall that f : X" — R is said
to be symmetric if for any element o in S,, (the set of all permutations of {1,--- ,n}),

f(Xl, .. ,Xn> = f(XO'(l)7 . ,Xg(n)), V(Xl, e ,Xn) e X"

The main ingredient we will make use of are the add-points operators on the Poisson space
Q. For any finite set J, we set |J| its cardinal.



Definition 3.1. [Add-points operators| Given n € N*, and J := {x1,...,x%,} C X a subset
of X with |J| = n, we set the measurable mapping :

0 — Q

w = @+ ) Sxbiu(e)=o)-
xeJ

Note that by definition

W+ > G0y =W + > Ox; Liu((x; 1)=0}
xeJ m=1

that is we add the atoms x; to the path w unless they already were part of it (which is the
meaning of the term 1{w({xj}):0}). Note that since m is assumed to be atomless, given a set
J as above, P[N(J) = 0] = 1 hence in what follows we will simply write w + > 7, dx; for

ex " (w).

3.2 The Malliavin derivative

In the context of Malliavin’s calculation, a tool that is often mentioned is the associated
derivative.

Definition 3.2. For F in L?(Q), n € N*, (x1,...,%,) € X", we set

D}, Fe= Y~y VIFReeh (3.3)

X1yee3Xn
JC{X1,oXn }

where we recall that () € X. For instance when n = 1, we write Dy F := DLF = F(-+65x)—F (")
which is the difference operator (also called add-one cost operator!). Relation (3.2) rewrites
as

tomnF@) =" > ()" VIFw+) 6|, forae weq.
JcA{1,...,n} jeJ

Note that with this definition, for any w in €2, the mapping

(X1, %p) = D, ) Fl(w)

(X1yeees n
belongs to L2(X™) defined as (3.2).
Remark 3.3. If F' is deterministic, then by definition D"F = 0 for any n > 1.

The chaotic-chaotic expansion developed in [9] involves deterministic operators 7" which
correspond to iterated Malliavin derivatives under the specific event {IN(X) = 0}.

Definition 3.4. For F' € LY(€), we define the deterministic operators:

TOF .= F(0),

'see [13, p. 5



Tn: LO(Q) — LX)

F = T"F
where for any (x1, - ,x,) € X", (1, xn) 18 defined by
TorayF =" >, ()" VIF(my),
JC{Xl,"'yxn}

with wy = ZyZEJ 6)’1‘ e Qfor J = {y17 - 7Yk}-

In particular, even though F'is a random variable, ’7?;1 - )F is in R as each term F(wy) is

s Xn
the evaluation of F' at the outcome w ;. Moreover, this operator belongs to L(X™).

Convention 3.5 (Ordered points). Since the operator 72?(1 F' is symmetric, we will

.. ,xn)
assume that the points (x1,...,x,) € X" are always taken ordered with respect to the time

component t.

3.3 Factorial measures and iterated integrals

Proposition 3.6. (Factorial measures; See e.g. [13, Prop 1]). There exists a unique sequence
of counting random measures (N(n))neN* where for any n, N™ is a counting random measure

on (X", X®") with
N =N  and for Aex®rth)
N(n+1)(A)

= / . /X 1{(x1,...,xn+1)€A}N(dxn-l-l) — Z 1{(X17---,Xn,Xj)EA} N(n) (Xm, R 7an);
j=1

With this definition at hand we introduce the notion of iterated integrals. In particular for
AeX,
N (A®™) = N(A)(N(A) — 1) x - - x (N(A) —n+ 1).

Note that by definition N(™ (A)1N(ay<ny = 0. We now turn to the definition of iterated
integrals with respect to the counting measure N (dx1,...,dxy,).

Definition 3.7. Let n € N* and f,, € L}(X"). Z,(f,) the n'" iterated integral of f, with
respect to the Poisson measure N is defined as

To(fn) = - Falx1, .. xn) N (dxy, . dxy),

where each of the integrals above is well-defined pathwise for P-a.e. for each w € , as a
Stieltjes integral .

3.4 The Mecke formula

We end this section by recalling a particular case of Mecke’s formula (see e.g. [13, Relation

(A1))).



Lemma 3.8 (A particular case of Mecke’s formula). Let F € L°(Q), n € N and h € L°(X")
such that

(h(x1, ... x0)[E[[Foel? || m®"(dxy,. .., dx,) < +oo.
Xn

Then
E {F/nth(”)} :/nh(xl,...,xn)E [Foef™ L] m®™(dxy,... dx,). (3.4)

By taking F' =1 we get

E[Zo(f)l = | fa(x1,. .o x0)m®(dxi, ..., dxy)
Xn
d d i
= Z e Z / fn(Xla cyXp) H yki(dyi)d@-dti. (3.5)
kim1  kp=1" ([OT]XR4 xRy)? 1

4 Pseudo-chaotic expansion for counting processes

The second ingredient in our analysis relies on the pseudo-chaotic expansion. This section
presents some essential results around this expansion, with a focus on the process Z.
4.1 Around the pseudo-chaotic expansion of Z

The following theorem provides the peudo-chaotic expansion for a (¢, i, ) —MSPD, following
results from [9].

Theorem 4.1. Let Z a (¢, p, ) —MSPD, we recall that this process is given by the SDE(2.7):

Zj =[x, NI = t.y) 1o ziy N(dk, dt, df, dy)

T>0
Then ZiT admits the pseudo-chaotic representation
4 R .
Zp = lim ) —Tn (7?;17...7xn)Z71’1{([0,T}><[0,M})"}> (4.1)
with for all (x1,...,%x,) € X",
i rikn -1
7—(117...,xn)ZT =< (T —ln, yn)ﬁil,__wxn_l)I{Q"S)\f:}. (4.2)

Proof. Equation (4.1) follows from [9] which gives the pseudo-chaotic expansion of any random
linear functional of N restricted to a bounded domain (say [0,7] x [0, M], for T, M > 0) of
Ri; with a focus on random variables of the form H; where H is a counting process with
bounded intensity (we refer the reader to [9] for a complete exposition). Even though the
intensity of Z% is unbounded, it is proved in [9] that marginals of Hawkes processes admit a
pseudo-chaotic expansion. Then to prove (4.2), recalling that x = (k,t,0,y),

ml’,,,’xn)Z% = Z (_1)n*\J| <A Cl,k(T — t7y)]_{9§)‘?}N(d]€7 dt,dG,dy)) (WJ)

JC{x1," ,Xn}

10



= > (_1)n—u|ZCi,km<T—tm,ym)1{9m9km(m)}

t",L
JC{x1, ,Xn} XmEJ

n—|J| ~i,km
= Y Y (Ve (7" =ty ym) L gg,, <xbm ()}

JC{x1, ,Xn} Xm€J

n— J ’L'ykm
Z Z (-1) | |C (T—tm,ym)l{gmg)\fgl(wJ+5xm))}

m=1 JC{x1, ,Xn };xm€EJ

_ ikm n—1—|J
_ Zlg (T = toms Yom) > (D" )

JC{x1, Xi—1,Xi41, ,Xn}

Then, for m € {1,--- ,n} we have that

n—1—|J
Z (-1 | |1{9§>\§$ (@s+0xm) }

JC{x1, Xm—1,Xm4 1, Xn}

_ I N by
- Z Z ( 1) 1{9m§>‘km(wJ*uJ+ +5xz‘)}

t77L
J=C{x1, 0 xm—1} JTC{xm41, xn}

— > 1{%95;:;(wv,_)}<—1)"*1*“’7‘ 3 (=)l

Jic{xlf"axmfl} ‘]+C{Xm+17'”7x’ﬂ}
where the last equality follows from the predictability of A. Moreover, if x,, # %, then,
> =0
JtC{xm+1, Xn }
And if x,,, = x,, then J* = () which implies,
> =
JrC{xXm+1, Xn}
Thus,

i pikn n—1—|U
T s 20 =€ (T —tyy) D> ()" ey
U1, no1}

_ ikn -1
= CZ (T — tn, yn)ﬁzl’.“ 7Xn_1)1{9n§)\f;}'

O
Remark 4.2. As p'(T) is deterministic, 7"u!(T) = 0 hence from (4.2) we deduce that
] P ‘7k:'"/ 71
7E7;17---7X7L)AZ11 — (pz (T - tn7 yn)ﬁilv"wxn—l)l{engkﬁs}'
Remark 4.3. Consider a set J = (x1,- - ,Xyp) of ordered points in X7 (see Convention 3.5).

Then Z} evaluated on J satisfies, for any w € Q

quﬂ ( Z 5xm) — Z Ci7km(T_tmaym)1{9m§Af$(z F) )}

e(] X5
Xm €J Xm€EJ *j J

11



S Z Ci7k7rL(T - tmaym) S ZIZ“ (w + Z 5xm> .

meJ Xm€J
Since for all (i,k) € {1,...,d}?, ¢"* is positive, Z%(Zjej dx;) reaches its maximum when
every point in J is accepted by the thinning criteria 1 [0m <X (S 6} In fact, if we assume
m="m jeJ "%Xj

that every point in J verifies the thinning criteria we have for all x,,, € J,

m—1
O < pm Y @Rt —t5,y) = XD 0x) S AR (@ + Y b)), (43)
j=1 jeJ jed

where the sum stops at j = m — 1 because of the predictability of A.. (see Definition 2.6).

This brings us to introduce the following lemma which establishes a compatibility condition
on a set of points x; such that 7g‘q Xn)Z; # 0.

Lemma 4.4 (Compatibility condition). Let Z a (¢, p,)—MSPD. Fiz T > 0, let n € N¥,
(x1...,%p) € (X7)" following Convention 8.5. It holds that,

n
i i
7?;7;1 """ Xn)ZT o 7?;1 """ Xn)ZTI{ngukl (tl)} H I{GWLSI—Lkm(tm)JFZ;ﬁ:EI Sokm’kj (tfn_tjvyj)}.
m=2
(X1...,Xp) 1$ said to satisfy the compatibility condition if

n
1{01§“k1} H2 1{9m§ll;km+z;n=_11 Sokm’kj(tm—tj,yj)} =1. (4:4:)
m=

Proof. By applying (4.2) from Theorem 4.1 to Z and by definition of the operator 7 we have
that,

i ikn n—1-—|J
T 20 =C T =tyn) > ()" Vg s 5
Jc{l,..n—1}

Hence, inequality (4.3) (with m = n) implies

7 —
ﬁzly--~7xn)ZT1{9n>uk” +Zz;:11 gpkn,km(tnftmym)} - O

Let £ €{2,...,n},

7
1) 2T L5 (104552, b0 (o) }

— iakn _ —_ n_1_|‘]‘
= G (T =t Yn) L gy ke )+ 5252, R0 (14— b)) {Z }( 1) Lo, axbn (5,0 60
JcA{1,...,n—1

— bk _
=¢(T — yn)1{9£>ﬂké (t)+ 2y Ferm (b, _tmvym)}

_1\yn—1—|J] _1\n—1—|J]
> Losnn e oy T 20 (D) Lo, <xtn (s 600}
Jc{1,...,n—1}keJ Jc{1,...n—1}4¢J

12



— 7kn
= C (T =t Yn) L, ke (1) 4 2 @F0Fm (14—t )}

_1\n—2—|J] _1\n—1—|J]
( D Uy e ) D U s, )
JC{1,.. 0=1,0+1,...n—1} JC{1,.. =1,041,...n—1}

Since on the domain {6, > p*(t,) + an:l @Fokm(ty — tp, ym)} we have that,

A B+ 0,) = A (D 0y,

peJ peJ

therefore for any ¢ € {2,...,n}

Tt B0 {05 e () £ 5202, b (1t )} = O

For /=1
i _
Toeemn) 20 = Ly x5} = Loz )
which concludes the proof. O

4.2 Shifted processes

Combining Mecke’s formula (3.4) and the pseudo-chaotic expansion (Theorem 4.1) involves
processes of the form F o 5+ " &, that we call shifted processes. An in-depth study of these
processes for F' = Z*, is of 1nterest, as they can be interpreted as stressed scenarios.

Remark 4.5 (A consequence of the compatibility condition). We would like to enhance an
important consequence of the compatibility condition when shifting the intensity of an MSPD.
Let Z a ({,pn,)—MSPD. Let n € N*, (x1...,%x,) € (X7)" satisfying the compatibility
condition (4.4), then for any w € 2, the shifted processes are given by

Zioell  w) = </X CHR(T —t, Y)1{gerryN(dk, dt. do, dy)) W+ dx;)
T 7j=1
_ ik _
_ </XT<; (T t,y)l{eg)\f(wzy_l6xj)}N(dk:,dt,dé,dy)) ()
+ CoRi (T —t;,y:)1 , .
z; ( J J) {engfj? (w+z;;16xj)}
Since (x1...,%,) € (X7)" satisfy the compatibility condition, Remark 4.3 implies

Zroeil =2 ¢ (T —t,y)) +/ Tty {o<aboct } (dk, dt, d, dy).
A X1 S )

Moreover, from Remark 2.11, A — g can be seen as an MSPD which gives us,

ol L :ui(T)+Z¢i,kj<T—tj,yj)+/XT (T —t,y W perportn ANk, dt,d0, dy).

13



+,n
(x1:.:s
as a MSPD-process whose baseline intensity is impacted by (xi...,x;,). This leads to the

following definition.

Definition 4.6 (Compensated shift of an MSPD). Let Z a ({, u, ¢)—MSPD and let n € N*,
(x1...,%p) € (X7)" satisfy the compatibility condition (4.4). Then its compensated shift
Zoe!

n
(X1..-yXn)

From the results above, we can remark that a shifted process Z% og x,) CAD be seen

given by

n

j=1

isa (P, x,,..xn)» ) ~MSPD where p(y, .y is such that,

n
Wiy sy (T) = (1) + Y "5 (T — t5, ).
j=1

+,n

(X1...,%n)?

In other terms we have that the compensated shift of a ({, u, o) —MSPD noted Zr®¢e
is a (Ca u/(xl,...,xn)v QO)*MSPD

Remark 2.11 highlighted that Ay — p(7') is a (e, @, ) —MSPD. This stays true in the case
of the compensated shift, in fact we have

n
PO ey = Apoel = u(T) =) @"N(T — ;)
j=1
which is a (¢, B(x, ... x,)» ) —MSPD.

5 Expectation and correlations

This section illustrates how the previous results enable us to develop a new methodology
for calculating quantities related to this MSPD process Z (in particular risk valuation). To
start with, we develop the computations for the expectation and the correlations of Z. For
the expectation, a well-known method consists of exploiting the fact that the expectation
of the intensity satisfies a Volterra equation. However, this method is not available for the
calculation of higher-order moments. Therefore, for the computation of the covariance, we
will combine the pseudo-chaotic expansion with Mecke’s formula to obtain expressions involv-
ing the expectation of shifted processes that can be obtained as solution of a Volterra type
equation.

5.1 Expectation of the process Z and its shifted version
We start with the following result that extends |1, Theorem 2| and |8, Theorem 2.4].

Proposition 5.1. Let Z a ({,p,p)—MSPD. Let p € N*, (x1...,%,) € (X7)P satisfying the
compatibility condition (4.4). Then we have

(i) Bupectation of Zp -
izr] = [ =) (we) + [ B0 - wiptwian ) v

14



E[Zroell J=EZr]+) ¢M(T —t;y)
j=1
p T v
+ Z/ (T —v) (go"kj (v—tj,y5) + / T (v —w)p M (w—t;, yj)dw> dv.
j=1"1 t

Proof. For (i), by taking the expectation of the process Z+ we have that,

Z /X JE[A!dt.

Hence in order to compute E[Z 1] we first need E[AF], for k = 1,--- ,d. Tt satisfies the linear
Volterra ODE which reads in a matrix form as

T
Bl = w(T) + | BT~ B[

whose solution is given by,

T*
Bl = (D) + [ T~ w)tw)du,

Thus,

For (ii), we use Definition 4.6 to deduce

p

}MZT®6’p ‘/ (T —1) u@y+§:¢”Nt—tﬁw) dt
j=1

t t P
/ (T —t) / U(t —w)p(w)dw+ [ ¥t —w) Z oM (w—t;,y;)dw | dt
0 0 —
— E[Z7]

p t
/ C —1) ZQO’ ],yj)—i—/o\I’(t—w)Zgo"kj(w—tj,yj)dw dt.

J=1

<.
I
—

O

In (ii) of Proposition 5.1, the expectation E[Z} © 5(+x’im’xp)] of a ((; Bx,,...x,)» P)—MSPD
is expressed as the sum of the expectations of a (¢, p,9)—MSPD and a ((, px,,..x,) —

@)—MSPD. This indicates that the expectation of the processes exhibits some linearity
property with respect to the baseline intensity. This observation is made formal in the follow-
ing remark.
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Remark 5.2 (Expectation’s linearity with respect to the baseline intensity).

Let Z a ({,p,)—MSPD. Let p € N* and consider a family of d-dimensional vectors
(Aj)lgjgp such that V5 € [1,p],Vi € [1,d] A; : Ry — R,. Consider the baseline inten-
sity given by

and the associated processes such that Z is a (¢, f1, )—MSPD and Zisa (, Z§:1 A;(T),)—MSPD.
We have that

B{Z1] - [ T (at0)+ [ o - witw)dn ) av = 5(z1] + B2

Remark 5.3. Proposition 5.1 provides as a by product a generalization of the Wald identity
which in dimension 1 reduces to

N
E[L7] = E[N7]E[Y1]; for Ly := ZYJ
=1

where IV a counting process independent from the iid random variables (Y});>1. In our setting,
for 1 <14 <d, we prove that

Hi.
E[Ly) = E[Y|E[HY] for L= > Y]
j=1

where (in)jzl are iid random variables with probability density v?, but in which E[HY%] is
impacted by the distributions of the claims sizes (Y1, ,Y%).

For computing the expectation of the intensity, we apply Proposition 5.1 to (A — ) which
can be considered as a (@, u,9)—MSPD (see Remark 2.11). Since the d-kernel ¢ coincides
with the self-excitation d-kernel ¢, the expression for the expectation simplifies using (2.5).

Corollary 5.4 (Intensity expectation). The ezpectation of the intensity Ny (see (2.7)) is
given by

T*
EM] = u(T) + /0 T(T — w)ps(w)dw

and, for p e N*, (x1...,%xp,) € (X1)P, its shifted version is given by

J

p T .
ENpoell J=EN]+Y (w (T = tj,5;) + / T (T — w)e™ (w — 1, yj)dw> .
j=1 ti

5.2 A general correlation formula

As presented at the beginning of this section, our methodology allows one to compute more
general functionals of the process Z which would not be possible by using existing methodolo-
gies (as the one presented in [1] with Volterra equations or in [11] with the moment measures).
In particular one would like to compute the expectation of building blocks having the form
of a product ZT' where Z is an ({, u,)—MSPD and T := (I‘Z) € L?(Q) and whose
expectation of the shifted version can be written as

1<4<d

P
E |T¢o E?;f’m’xp)} =E {I‘q + Z pe(kjsti yi),
=1
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with p 1= (pg)1<p<q € J\/lil, pe:{1,...,d} x R2 — R, and such that
| CHT = tpuh b)) < 40, VG k) (1)
R4
We define for T > 0, (¢py)T : Ry x Ry — ./\/ldd and (Cp)T : RT — M:{d as

(¢ (1) = (CH(T —ty)pelhs )

1<ik<d’

o7 (1) = ( / c“%T—t,y>pe<k,t,y>vk<dy>) .
+ 1<,k<d

Moreover, since ({p,)T is a d-kernel (due to the integrability Condition (5.1)) and ZCr)" g
a ((Cpy)T, 1, ) —MSPD, its expectation is given by Proposition 5.1 as

(/ T(u — v)(v)do + p(u ))du.

Convention: To lighten the notations, we write {p, := (p,;)” when there is no ambiguity
in the context.
In the result below, T' > 0 is a fixed horizon.

Theorem 5.5. Let Z o (¢, pu, ) —MSPD and (X1,...,%p) € (X7)? satisfying the compatibility
condition (4.4). Let T' € M7 such that for 1 < ¢ <d, I e L*(Q) and

BlZ{""] =

E[rfoci? | =E[r]+ zp;pmtj,yj), (5.2)
£

where py: {1,...,d} x RL — Ry is a deterministic function (specific to ) satisfying (5.1).
Then for 1 <i,f < d we have

E [z;rq —E|[Z}|E [rﬂ +E [(z%’f )’} + /0 ! & (T—v) < /0 "W — w)E [Z9°] dw + E [ 2P ]) dv,

where ZSPt is a (Cpy, pb, ) —MSPD and Z#P¢ is a (pp,, p, p)—MSPD.

The demonstration of Theorem 5.5 relies on the following lemma, whose proof is postponed
in the appendix.

Lemma 5.6. Let Z a (¢, p, )—MSPD, and p; : {1,...,d}xR% — Ry such that fR+ po(k, t,y)V*(dy) <
400, then for 1 <i<d

an/n (x1,...,x ZT) pr k]at]ayj) (Xm,...,an)

Zcp" / C T—v / (¥ (v — w)E[ZEP?] + E[Z$P*]) dwdv.

Moreover if Y p, =1, then
R , .
Z E / . ﬁzlw.’xn)z% m®n(dX1, e ,dxn) = E |:Z7T] .
n=1 T

17



Proof of Theorem 5.5. Using successively the pseudo-chaotic expansion for Z%, the Mecke
formula and Lemma 5.6 we have
+00

| _ 1 ;
E[ZiTY] = hm ZEE[In(TnZTl{(OT]x[OM])n})I‘Z]

_ o
71\}511002”, /XM)n x ZT]E[ el ,Xn)}m (dx1,. .., dxp)
FE+Z7’L'/ Tx Xn)Z%Zp[ J’yJ7k) ®n(dX1,...,an)

=E[ZLETY] +E ZC”E / (T - (/ U(v—w)E[ZEP) dw + E [ZW]) dv
where XM = {1,...,d} x [0,T] x [0, M] x Ry. O
Theorem 5.5 is now applied to compute the covariance of two MSPDs having different kernels.

5.3 Correlations of MSPDs

By combining Proposition 5.1 and Theorem 5.5, we deduce the following proposition.

Theorem 5.7 (Correlations of two MSPDs). Let Z a (¢, ., )—MSPD and Z a (¢, i, ¢)—MSPD,
then for 0 < T < S, their covariance (for 1 <i, <d) is

Cov ( L, Zé) Zcp‘ / C -0 (/ (v — w)E[Z%P)dw +E[Z”°p‘3]> dv,
(5.3)
where pe := ((pe)T and ZP is a (Cpe, p, ) —MSPD ;
ppe = (pe)" and ZPt a (ppe, p, p)—MSPD with

S _ [P p—
pilht) = &M=t [T 50 (@0 -t + [ R0 it - tgpau )
t

t

Proof. Let p € N*, (x1...,x%p) € (X7)P satisfying the compatibility condition (4.4), then from
Proposition 5.1 we have that

p
. ;
E[Z o S ) = E — 15, 95)

(UT

+ Z/ <g~o"kj (v —tjy) + [ Olv—w)pFi(w—t, yj)dw> dv

tj
+ Z pZ Ja yj
Thus applying Theorem 5.5 with .= Z gives

Cov (ZTZQ) ZW / (T —w (/ T(v — w)E[Z2P]dw +E[Z<Ppe]> dv,

where ZSP¢ is a (Cpe, p, ) —MSPD and Z¥P¢ a (@py, p, ) —MSPD. O]
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Remark that the second term in the right hand side of (5.3) can also be written as the
expectation of a (¢, E[Z#P¢], p)—MSPD. More generally, this procedure, used here to compute
the covariance, can be easily iterated to compute moments of further orders, to the price of
cumbersome expressions.

5.4 Case of a counting process with separable kernel

In the case of counting process with separable d-kernel ¢(t,y) = ®(t) x B(y), the expression
of the covariance of the process at two different dates can be simplified, thanks to an extra
convolution in the final expression. For 1 <4,/ < d, we introduce the transposed d-dimensional
vector €

: ( Je, B () B (y)v* (dy) ) ( E(B*(Y*) B4 (vF)) )
(€%)1<k<d == _ '
o 1<k<d E 1<k<d

Jr, B )k (dy) [, B (y)v*(dy) (B (YR)E(B*(YH)) ) 1<z
(5.4)
Remark that € = 1 means that Cov(B%*(Y*), B**(Y*)) = 0.

Proposition 5.8. Let H a (Idg, pu, ¢)—MSPD counting process and @ a separable d-kernel
such that p(t,y) = ®(t) x B(y), then for 0 <T < S and 1 < i,{ < d we have

COU( : H€>

//\I' t—udt*(Idd +¢*/ T (v — u)d ></Ou\1'(u—v),u,(v)dv—|—u(u))du
+/O Idd’*<Idd +/ T (v — u)d )(/\I’u—v v)dv + p(u ))d,

where the transposed d-dimensional vector € is given in (5.4).
Moreover, if € =1 for all 1 < k < d the expression simplifies as

C’ov( TH‘;) -

/OT (Iddi"+/uT¢i"(y—u)dy>*(Idde"+/u5\1/"(v—u > (/ W(u—v)p(v)dv + p(u ))d .

Proof. Applying Theorem 5.7 for ¢ = Idg (H is a counting process)

C’ov( TH§> = E[(Z5P)] +/0 Idg" (/ T(v— ZWﬂderE[Z‘m]) dv, (5.5)

where pg := ({pe)” is the diagonal matrix whose diagonal elements are the components of
the vector pg given below, Z¢P¢ is a (¢ pe, i, @) —MSPD | Z¥P¢ is a (@pe, i1, ¢)—MSPD and

S v
pe(k,t,y) = 1ypy +/ Idg" (cp"k(v —t,y) +/ T(v—w)p " (w— t,y)dw) dv
t t

S v
= Ly=ny +/ (%e’k(v —t,y) +/ T (v — w)eF (w — t,y)dw) dv.
t t

The proof is divided in four steps, first calculating in steps 1 and 2 the expectation of the
corresponding MSPDs E[Z%pe] and E[Z£P¢], then step 3 computes [ (v — w)E[Z£P¢]dw
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and finally step 4 gathers the previous expressions to give the final result.
Steps 1 and 2 rely on the assumption of a separable excitation kernel (t,y) = ®(t) x B(y).

_— £,k
We recall the notation B := fR+ B (y)v*(dy). In what follows, the ratio BE,_;,(,}’) represents

the relative value of the outcome B%*(y) with respect to its mean value B

Step 1: Computing E[(Z5P¢)1).
By putting the relative quantity E"(k Y in factor (thanks to the separability of the kernel) and

then by using the convolution relation (2.5)

Cpe*(u,y) = Liizyy <1{z=k} +/ <<P’”“ v—u,y) / T (0 — w)e (w - u y)dw> dv)
5 B“ Lk gk
= Lii=n) (1{“} + /u <<P““(v - [ / T (v — w)P(w — u)dw} Be’(ky) dv

Bf,k’ S—Zk
=1g—p) (1{g:k} + Bﬁfky) /u v (v— u)dv) ;o u<T.

Integrating with respect to v*(dy) then yields

ik S ok
Cpe (u) = 1{i:k} 1{Z:k} + / v (U - u)dv ;o u<sT,
and using Proposition 5.1 for a ({pe, u, o) —MSPD

E[(Z5F)) :/OTIddi"* <Idd€v+/j\1/"(vu ) (/ W(u—v)p(v)dv + p(u ))d u.

Step 2: Computing E[(Z%F*¢)"].
By repeating the same methodology as in Step 1, we have

i i B () %k
epe " (u,y) = ¢"M(T — u,y) (1{z k} Bé(k)/ v (U—U)dv>-

Integrating with respect to v*(dy) yields

ik —ik ik ik Be’k(y) o Tk k
20 (1) =BT — Ly + [ T =B ) — [ ¥ - wwtay)
+ u

S i,k L,k
i i —0k B" B
=@ (T — w)l_py + 9 F(T — ) / v (v — u)dv/}R (ky> 76(]3/) VR (dy)
u +

B~ B~
Sfﬁk
= @"H(T —u) <1{g:k}+€k/ v (v—u)dv)

that is S
B (u) = @ (T — u) (Iddz" + Q*/ T (v - U)dv> ,

and using Proposition 5.1 for a (¢pe, p, ) —MSPD
E[(Z%P*)'] = / @ (T — u) % <Idd€" + QI*/ \Ilf"(v - u)dv) </ W (u—v)p(v)dv + u(u)) du.
0 u 0
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Step 3: Computing f(f U(t — w)E[ZEP]dw.
Using Step 2 and again the convolution relation (2.5), we have

/ T (¢ - w)B[(257) du
:Ed:/oxllj’k(t—w)/owcpk (w—u) * (Idd +¢*/ T (v—wu)d >< W (u —v)u(v)dv + p(u )>dudw
=[] v wa] s (14 e [TF 0w ([T o s p)
(\Iﬂ’( u) — @ (t—u)) <Idd +¢*/ T (v —u)d )(/O (u —v)p(v)dv + p(u )>du

[ (10 v e [T @) ([T ope ) - Bz

Step 4: Final result.
Coming back to (5.5), and integrating the results of the previous steps,

Il
%\

cov( iT,Hg) — E[(Z5P*)) :/ Idg~ </ Tt — Z‘P”‘f]dw+E[Z"°”l]> dt
0

_Z/ Idd’J/\Il]’ <Idd +¢*/u T (v — ) )</ W (u —v)pu(v)dv + p(u ))dudt
//21{1 AT (- u) % (Idd +¢*/ T (v — u)d )(/ W(u—v)p(v)dv + p(u ))dudt
//\Il t—udt*(Idd +€*/ T (v—u)d ></‘I’u—v v)dv + p(u ))du.

By replacing the expression of E[(Z%pe)i] computed in Step 1, we get

Cov( : He)

//\I: t—udt*(Idd +¢*/ T (v — u)d ></0u\11(u—v)u(v)dv—|—u(u)>du
+/0 Idd7*(Idd +/ T (v — u)d )(/\Ilu—v v)dv + p(u ))d.

6 Conclusion

In this paper, we presented a general method for calculating different quantities related to
multidimensional self-exciting processes with dependencies (MSPD). This class of processes
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encompasses several quantities useful for risk assessment, such as counting, loss, intensity
processes and their shifted versions, in a framework of cross-dependencies and impact of the
severity component on the frequency component. The methodology relies on the Poisson
imbedding, the pseudo-chaotic expansion and Malliavin calculus, and is illustrated here to
compute explicit formula for the correlations. A forthcoming companion paper will be dedi-
cated to further developments such as the computation of moments of higher order, as well as
the pricing of insurance contracts with underlying asset a MSPD (e.g. stop-loss contracts).

Appendix

Proof of Lemma 5.6. The aim is to compute the following quantity

A ZTL'/ x17 ,X" szf ]7y]’ ®n(dxl7“‘7dxn)
- Z/n Z Z x1, X Z%Zpe(tjayj7kj)dtldgl’/kl(dyl) o -dtndQnd”(dyn).

T k=1  kp=1 j=1
where x; := (k;, t;,0;,yi), Al is the simplex
To={(x1, ,Xp) EXM < < <t <o <tp, <T}

so that for any symmetric map f, ; f[OyT]" flte, ... tp)dty -~ dt, = IA% f(te, ... ty)dty - -dty,
The proof is divided in 5 steps, by successively integrating with respect to the 6; (Step 1),
then the y; (Step 2), followed by the k; (Step 3), and finally with respect to the ¢; (Step 4).
The last step consists in summing all the previous terms depending on n (Step 5).

Step 1 : Integration with respect to 6.

Since pg does not depend on 6, we integrate first 7'(’;17...7XH)Z%‘ with respect to the 6; variables
by making use of (4.2) and Remark 4.2 we have

/ﬂ Gy Z7d0r - dby,

_ ikn, -1

— /n C (T—tnvyn)ﬁil7".7xn_l)1{9n’§Aic:}d01 d@n
+

_ cihn(r tn,yn)/ T Mndey . df,
R™™

(x1>‘-~7xn71)

+
_ Ci,kn(T_t y ) kanvkn—l(t —th1,Y 1)’7'" 2 dby dfn,_1
ny Yn _ n—1LyIn— (X1,..Xn—2) {9n 1<, Fn— 1} Trene
+ 7

= Cz’kn (T — tp, yn)‘Pk"’knfl (tn —ln-1, ynil) / 2 7?;172 x 72))\% 1 d(91 - dbp—2.
R%™ e

Hence by induction

n

/n T ey 201 . d0y = P (T =t ) [T @7 (b — b1, g™ (1) =2 F(K, 8,y)
+

m=2
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Withk::kly"'7kn;t::t1;"',tn;y::yly"',yny and

Z...Z/ ktyz i, yg, k) dE P (dyt) - - - At (dyn)

Step 2: Integration with respect to y.
We separately treat the cases where Y p, = 1 and ) p, # 1, and we denote the corresponding
values respectively A? and AP.

.IfszE:L,

n

/n [CMR (T = tn,yn) H ‘Pkmkm_l(tm —tm—1, ym—l)“kl (t1) M (dy1) .. vkn (dyn)

m=2
— H (Pkmy m— 1 —tmfl)ukl(tl)'
m=2
So in that case
+oo d d - n
AP = Z/ S T =) [T R (bt )™ (Bl - dt
n=1"AT k=1 kn=1 m=2
o [f zpé §é 17
) n
G (T =t yn) [T €5 (b = tin—1, ym—1) ™ (11 ] Z (t,y5, k)W (dyy) ... v (dy)
m=2 j=1

-,
+/Ri

n
——ikn _
=Cp " (ta) [T & (b =t ™ (1)

[civ’f" (T ~ b yn)Pe(tns s ) [T @77 (s — bt 1) a8 (m)] VM (dya) .. (dy)

n
+ m=2

[Ci’kn (T —tn, yn) H onm7km71(tm —tm—1, ymfl)u’kl (tl)] Z pﬂ(tﬁ Yj, kj)ykl (dyl) v (dyn)

m=2

m=2
n—1
+ [ ST =t yn) @ (e — b 05)pe(t 930 K)
j=17R%Y

[T "t — tergmer) | 1 (0025 (dg) . 0F ()

m=2m#j+1
n
ﬂkn rr~
= Cp " (t) TT @5 (b =t )P (1)
m=2
n—1  k i
i ZEL n (T . tn)mk]-+1,kj (tj+1 _ tj) H ¢km,km71(tm — tmfl) Hkl (tl)
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=: FP(k,t)
where by abuse of notation

PPt — 1)) = /Sokj“’kj (41 — tj,y5)pe(Kj ty, 5 )WF (dy;).

So in that case
“+o00 d d
AP:Z/ Z“-ZF"(k,t)dtr“dtn-
n=1"AT k=1  k,=1

Step 3: Integration with respect to k.
This step lies essentially in the identification of matrix products.

[ ] If Zpg = 17
d d - n
—,kn _
> 2 O =t [T @ (b — )i (1)
k1=1  k,=1 m=2
d k n k’n?'
= Z (T — ) <H Pltm — tm—1)p(t1) )
kn=1 m=2
n
7, _
= C (T - tn) H 90<tm - tm—l)u‘(tl)
m=2
Hence
“+o00 n
AP=N" [ (T —tn) [] @t — tm—1)(tr)dty - - - dty,.
n=1 A? m=2
o If zpﬁ §é 17
d d X n
1,Rn __
> ol ) [T @ (b — b)) (1)
k1=1 kn= m=2
d d n-—1 " n
+ 5SS T - e R (o — 1) [T & tm—tmr) | £ (1)
Ei=1  kp=1j=1 m=2,m#j+1
n
= Cipez’.(tn) H @(tm — tim—1)p(t1)
m=2
n—1 n J
—=t,. _ - _
+) T —tn) [ @ltm —tm1)@Pe(tir1 — ;) [ P(tm — tm-1)mltr)
j=1 m=j+2 m=2
= GP(t).
Hence,
—+00
AP =" GP(t)dt ... dty.
n=1 ATIL‘
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Step 4: Integration with respect to t.
The step consists in identifying the convolution products that appear in the expressions.

.IfszE]‘7

n

/n (T—tn) [ 2

T m=2

(bt gl )t - . diby, = / o (T—t)Bs 1 (bt pult ).
t1

Hence,

R T _
=3 /0 /w & (T = 0) @1 (v — w)pa(w)dodw,

o If ZP@ ;é 1,
the first term in GP(t) integrates as above:
. n T T .
[ €00 Tt~ ottt = [ [ o @ 10 = whptr)dvd
T m=2 w
where we recall that
C A /Ckﬁq’ - vayj)pf(kj7v7yj)ukj (dy])

For the second term

J
/n ZC T —tn) H Bltm — tm-1)PPe(ti1 — 1) [] @ltm — tmn-1)pu(tr)dts ... dty,

T j=1 m=j+2 m=2

n-! tn b2 " i+ ty
22/ ¢ (T — t) / / _tml)/ wpe(tm—tj)/

j=1 m= g+2 0 0

ta J
/ I #tm — tm—1)p(tr)dts - dt,
0 m=2
n—1 .1 T_, tn t;
-y /0 / (T 1) / By (e — b3 )@BE(L 41 — 1) /0 Byt — t)p(ty)dtrdt 41t
j=1 i

J

Hence, denoting

//Cpe V)P, (v — w)p(ty)dvdw

tj

n 1 tn
/ / —tn) / Br—j1(tn — tj+1)@Pe(tj+1 — tj)/o ®j_1(tj — t1)p(tr)dtrdtj 41 dtndt;
tj t

J

+oo
AP =>"EP.
n=1
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Step 5 : Summing in n.
o If Y p, =1, using that @, is the Dirac distribution in 0,

“+o00 T T*’L,. -
=3 / /w C (T = )% (v — w)p(w)dvdu

T T o
= [ [T =0 @ - w)+ Folo = ) itw)dvae

= [[w - (wer+ [T - wptwan) a=rizy)

o If > p, # 1, the first term in Ef sums as above

g /OT /wT Cp (V)@ 1 (v — w)p(w)dvdw = E [(Z%Pf)z}

and the second term sums as, denoting Z<P¢ a (¢py, p, ) —MSPD

+oco n—1 t;

T T . tn
E E / ¢ (T~ tn)/ @nqu(tn - tj+1)90pe(tj+1 - tj)/ ¢j71(tj - tl)ﬂ(tl)dtldtﬂldtndtj
0 Jit; t 0

n=1j=1 Zi
+oo  +oo T T t;

. tn
B / (T — 1) / @_J—_l(tnftm)m(tmfm/o Bi 1 (t; — t)pa(ty)dbydt sy dindt
t B

j=1n=j+170 Jti i
T,T. tn tj__
=/ ¢ (T —tn) / (P (tn —tjr1) + Poltn — tjt1)) <sz(tj+17tj)/ (W (t; — t1) +Pot; — t1)) pw(tr)dtydt; 1 dt,dt;
t; 0

ti+1

T tn 2
= [ ¢ (T - tn)/ (P (tn —tj41) + Poltn — tj41)) / ®p(tj+1 —t)) < W(t; —t)p(ty)dts + u(%)) dt;dtjiidiy
0 0 0
T tn
= ¢(T- tn)/ (B (tn — tjs1) + Poltn — tj1)) E[ZER dtj 1 dt
0

0
= [T (sizge+ [ T - wrizgw) b

which concludes the proof. O
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