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Multivariate Self-Exciting Processes with Dependencies

Caroline Hillairet* Thomas Peyrat� Anthony Réveillac�

March 21, 2025

Abstract

This paper introduces the class of multidimensional self-exciting processes with depen-
dencies (MSPD), which is a unifying writing for a large class of processes: counting,
loss, intensity, and also shifted processes. The framework takes into account dynamic
dependencies between the frequency and the severity components of the risk, and there-
fore induces theoretical challenges in the computations of risk valuations. We present a
general method for calculating di�erent quantities related to these MSPDs, which com-
bines the Poisson imbedding, the pseudo-chaotic expansion and Malliavin calculus. The
methodology is illustrated for the computation of explicit general correlation formula.

Keywords: Multidimensional Hawkes Processes; Dynamic cross dependencies; Poisson imbed-
ding; Malliavin calculus, Pseudo-chaotic expansion.
Mathematics Subject Classi�cation (2020): 60G55; 60G57; 60H07.

1 Introduction

Risk analysis for credit or actuarial portfolios is usually based on the study of properties of
the so-called cumulative loss process (Lt) over a period of time [0, T ] where T > 0 denotes the
maturity of a contract or the time-horizon:

LT =

NT∑
i=1

Yi, T ≥ 0.

(Nt)t≥0 is a counting process that models the occurence of the claims (as the defaults for
a credit portfolio, or the losses for an insurance portfolio), while the random variables (Yi)i
model the claims amounts. In the classic Cramer Lundberg model, (Nt)t≥0 is a Poisson
process and (Yi) is a family of positive iid random variables independent of (Nt)t≥0. However,
these assumptions prevent this model from being used on certain risks where contagion or
dependency phenomena have been observed, as e.g. in credit risk (see [7, 15, 6] among others)
or cyber risk (see [2, 3]). In contrast, Hawkes processes, introduced in the 1970s by A.
Hawkes, turned out to be relevant for capturing excitation phenomena, and are now used
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in many �elds (earthquake modeling, neuroscience, Limit order books in �nance, credit risk,
cyber risk, etc...). A Hawkes process (Ht)t≥0 is characterized by a stochastic intensity process
(λt)t≥0 which is a deterministic functional of the past trajectory of the counting process itself,
explicitly given as follows

λt = µ+

∫ t

0
Φ(t− s)dHs, t ≥ 0

where µ > 0 is the baseline intensity and Φ : R+ → R+ is the self-excitation kernel. In this
standard linear Hawkes model, all claims have the same contagiousness pattern, which may
not be usually the case. In particular, it would be interesting to modulate this contagion
e�ect by the size of the claims, which seems to be quite natural for example in credit risk (a
default with a large loss given default will have a higher probability to generate other cascading
defaults) and also in cyber or health insurance. This motivates us to propose in this paper
an extension of a Hawkes process in which the intensity (more precisely the excitation kernel
Φ) is a�ected by the claims sizes, and thus introducing dependencies between the severity
components (the (Yi)) and the frequency components (the counting process). This process
can be seen as a system of weakly SDEs with respect to a Poisson measure N(dt, dθ, dy) on
(R+)3. This representation is known as Poisson imbedding, with an extra dimension (here dy)
to take into account the impact of the claims sizes Yi :

λT := µ+
∫
(0,T )×R2

+
φ(T − t, y)1{θ≤λt}N(dt, dθ, dy),

HT =
∫
(0,T ]×R2

+
1{θ≤λt}N(dt, dθ, dy),

LT =
∫
(0,T ]×R2

+
y 1{θ≤λt}N(dt, dθ, dy) T ≥ 0.

Such model has been �rst introduced in Khabou [12] in the case φ(T − t, y) = Φ(T − t)b(y).
We study here a multivariate version to better capture the di�erent components of the risk
and their cross dependencies. Thus, the purpose of this article is to present theoretical results
on a general d-dimensional stochastic process called Multivariate Self-Exciting Processes with
Dependencies (MSPD) Z, which is a unifying writing for a large class of processes: counting,
loss, intensity, and also shifted processes that will be de�ned hereafter. It is useful for several
applications in �nance and insurance, taking into account dynamic dependencies between
the frequency and the severity components of the risk. A MSPD Z is de�ned through the
imbedding procedure: for each component Z i

T , i = 1, · · · , d
Z i

T =
∫
{1,...,d}×(0,T ]×R2

+
ζi,k(T − t, y)1{θ≤λk

t }N(dk, dt, dθ, dy)

T ≥ 0

λi
T := µi(t) +

∫
{1,...,d}×(0,T ]×R2

+
φi,k(T − t, y)1{θ≤λk

t }N(dk, dt, dθ, dy)

(1.1)

where ζ and φ are two d×d matrices : for 1 ≤ i, k ≤ d, φi,k : [0, T ]×R+ → R+ (impact of the
kth-dimension on the ith-dimension) and µi : [0, T ] → R+ are deterministic baseline intensities.
A formal de�nition of this process will be given in De�nition 2.9, and if ζi,k(t, y) = y1{i=k}
(resp. ζi,k(t, y) = 1{i=k}), the process Z coincides with the Loss process L (resp. the counting
process H).
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Although a Multivariate Self-Exciting Processes with Dependencies (MSPD) models more
accurately the risk, the loss of the independency assumptions, compared to the tractable
Cramer Lundberg model, induces theoretical challenges in the computations of risk valuations.
Therefore our objective is to present a general method for calculating di�erent quantities useful
in risk assessment. The methodology relies on the Poisson imbedding and Malliavin calculus,
in the spirit of [10], which enables us to transform the computation of some expectations as
follows (known as Mecke formula):

E
[
F

∫
X
h dN

]
=

∫
X
h(x)E

[
F ◦ ε+x

]
m(dx). (1.2)

Here x = (k, t, θ, y) ∈ X and m is the intensity measure of N, and the notation F ◦ε+x denotes
the functional on the Poisson space where a deterministic jump is added to the paths of N
at time t. This expression turns out to be particularly interesting from an actuarial point
of view since adding a jump at some time t corresponds to computing a stress scenario by
adding arti�cially a claim at time t. Such processes F ◦ ε+x will be called shifted processes in
the sequel. They are related to the vertical derivatives in the functional Itô calculus of Cont
and Fournié in [4]. In particular, our methodology uses the pseudo-chaotic expansion for a
counting process, which has been recently developed in [9].

The paper is organized as follows. Section 2 provides a description of the Poisson space
and introduces the MSPD processes. Section 3 recalls some elements of Malliavin calculus and
the Mecke formula. Section 4 develops the pseudo-chaotic expansion for MSPD process. As
an illustration, Section 5 demonstrates how the methodology can be applied to compute the
expectation and correlation of MSPD. Section 6 concludes the paper by outlining potential
directions for future work and development.

2 Multivariate Self-Exciting Processes with Dependencies

This section introduces the theoretical framework of the Poisson measure and de�nes the main
mathematical objects of the paper.

2.1 Con�guration space and the Poisson measure

We �rst introduce the con�guration space and the Poisson measure, taking the main elements
from [13] and [14, Chapter 6].
We set N∗ := N \ {0} the set of positive integers. We �x X := R3

+ equipped with the
Borelian σ-�eld and we make use of the notation x := (t, θ, y) ∈ X. In this paper we �x
X := {1, . . . , d} × R3

+ equipped with the Borelian σ-�eld X . Thus, elements of X will be
written as x := (k, x); k ∈ [[1, d]];x = (t, θ, y) ∈ X. m the σ-�nite measure on (X,X ) is de�ned
as follows: for f : X → R+ a measurable and bounded function∫

X
f(x)m(dx) :=

d∑
k=1

∫
X
f(k, t, θ, y)νk(dy)dθdt

where for all 1 ≤ k ≤ d, νk are independent probability measures on R+ and dx denotes the
Lebesgue measure on X.
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We de�ne Ω the space of con�gurations on X as

Ω :=

ω =
n∑

j=1

δxj , xj ∈ X, j = 1, . . . , n, n ∈ N ∪ {+∞}

 . (2.1)

Let P the Poisson measure on Ω under which the canonical evaluation N de�nes a Poisson
random measure with intensity measure m. To be more precise given any element A in X
with m(A) > 0, the random variable

(N(ω))(A) := ω(A)

is a Poisson random variable with intensity ρ(A). We denote by FN := σ{N(A);A ∈ X}
the σ-�eld generated by N. We set FN :=

(
FN
t

)
t≥0

the natural history of N given by FN
t :=

σ{N(T ×A),T ⊂ B([0, t]),A ∈ B({1, . . . , d}×R2
+)} where B denotes the Borelian σ-�eld on

the corresponding set. In the case of processes de�ned up to a �xed horizon T , we use the
restrictions XT := [0, T ]× R2

+ and XT := {1, . . . , d} × XT .

2.2 Kernels and convolutions

This section introduces some notations, de�nitions and hypothesis on the matrices ζ and
φ involved in the Poisson imbedding procedure (1.1) for the construction of a Multivariate
Self-Exciting Process with Dependencies (MSPD).

Convention 2.1 (Matrices and scalars). In order to distinguish between scalars and matrices,
we adopt the convention that matrices will be written in bold. If M represents a matrix,
M i,k corresponds to the element of M positioned in the i-th row and k-th column and M i,.

corresponds to i-th row of the matrix M . If V represents a vector, then V i will be the i-th
component of the vector. Moreover we design by Idd the d-dimensional identity matrix and
M+

d,d denotes the set of d× d matrices with entries in R+.

De�nition 2.2 (d-kernel). Let d ∈ N+ and (νk)1≤k≤d a family of probability densities on R+,
then ζ is a d-kernel if ζ is a M+

d,d-valued map such that each component ζi,k(t, y) : R2
+ → R+

satis�es
∫
R+ ζi,k(t, y)νk(dy) < +∞, for (t, i, k) ∈ R+ × [[1, d]]2.

De�nition 2.3 (Separable d-kernel). A d-kernel ζ is said to be separable if ∀(i, k) ∈ [[1, d]]2

there exists two functions ϕi,k, bi,k : R+ → R+ such that ζi,k(t, y) := ϕi,k(t)bi,k(y). In this
case, we denote ζ(t, y) = Φ(t) ⋆B(y) where ⋆ is the Hadamard (that is elementwise) product.

Notation 2.4 (ν-mean of a d-kernel). Let ζ a d-kernel associated to the measure ν =

(νk)1≤k≤d. We denote by ζ : R+ → M+
d,d the matrix in which each coe�cient ζ

i,k
is the

mean of ζi,k with respect to the measure νk. That is,

ζ(t) :=

(∫ +∞

0
ζi,k(t, y)νk(dy)

)
1≤i,k≤d

. (2.2)

De�nition 2.5 (Non-explosive d-kernel). A d-kernel ζ is said to be non-explosive if its spectral
radius R(K) < 1 and

K :=

∫ +∞

0
ζ(t)dt < +∞.
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As it is usual, the intensity of a counting process should be a predictable process. This requires
to add a property on the kernel φ that de�nes the intensity λ in (1.1).

De�nition 2.6 (Self-excitation d-kernel). Let φ a non-explosive d-kernel. φ is said to be
a self-excitation kernel if in addition, for all (i, k) ∈ [[1, d]]2, φi,k(0, y) := 0. By convention,
self-excitation kernel will be noted φ, and will be used to de�ne the intensity of a stochastic
process.

Note that the condition φi,k(0, y) = 0 implies that∫
{1,...,d}×(0,T ]×R2

+
φi,k(T − t, y)1{θ≤λk

t }N(dk, dt, dθ, dy)

=
∫
{1,...,d}×(0,T )×R2

+
φi,k(T − t, y)1{θ≤λk

t }N(dk, dt, dθ, dy),

which ensures the predictability of the intensity. In addition, we adopt the convention that
for any τ < 0 we have φ(τ, .) := 0.

De�nition 2.7 (See e.g. [1]). Let φ a self-excitation d-kernel. Let de�ne the sequence of
iterated convolutions of φ such that{

φ0 denotes the Dirac distribution in 0,

φ1 := φ, φn :=
∫ t
0 φ(t− s)φn−1(s)ds, t ∈ R+, n ∈ N∗.

(2.3)

Since ∥Ψ ∥1 = (Id−K)−1 − Id = (Id−K)−1K, the mapping Ψ,

Ψ :=
+∞∑
n=1

φn, (2.4)

is well-de�ned as a limit in L1(R+; dt), and by de�nition,∫ t

0
Ψ(t− s)φ(s)ds = Ψ(t)−φ(t). (2.5)

The intensity process λ is de�ned in (1.1) by an implicit equation. For sake of completeness,
the following proposition details an iterative procedure for the construction of this process.

Proposition 2.8 (Intensity process). Consider a vector µ := (µi)1≤i≤d where each component
µi is a function from R+ to R+ and let φ a self-excitation d-kernel. Then the system of SDEs

λi
T := µi(T ) +

∫
XT

φi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy); T ≥ 0, i = 1, · · · , d (2.6)

admits a unique FN−predictable solution λ.

Proof. The proof follows [5] which we extend to the multivariate case. The proof consists in
iteratively constructing λ, starting from the deterministic baseline intensity µ in which we
add successively the excitation component each time the corresponding aggregated counting
process Z jumps (the aggregation of jumps from each component). More precisely, for T ≥
0, let us initiate the procedure by considering a constant d-dimensional intensity and the
corresponding cumulated one-dimensional counting process :

(1)λT := µ(T ) and (1)ZT :=

∫
XT

1{θ≤(1)λk
t }N(dk, dt, dθ, dy).
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Then the sequence
(
(n)λ, (n)Z

)
n∈N∗ is de�ned by induction as follows: for all i = 1, · · · , d

(n+1)λi
T := µi(T ) +

∫
XT

1{t≤τZ
n }φ

i,k(T − t, y)1{θ≤(n)λk
t }N(dk, dt, dθ, dy),

with τZ
n := inf

{
τ > 0|(n)Zτ = n

}
,

and (n+1)ZT :=

∫
XT

1{θ≤(n)λk
t }N(dk, dt, dθ, dy).

Remark that (n)Z = (n+1)Z and (n)λ = (n+1)λ on [0, τZ
n ], and (n)λ ≤ (n+1)λ P.a.s, thus

λ := lim (n)λ is well de�ned and let ZT :=
∫
XT

1{θ≤λk
t }N(dk, dt, dθ, dy) =

∑
n≥1 1{τZ

n ≤T}.
Let us prove that the increasing sequence (τZ

n )n converges to +∞. Indeed, for any T > 0, by
monotone convergence

P( lim
n→+∞

τZ
n < T ) = lim

n→+∞
P(τZ

n < T ) = lim
n→+∞

P(ZT ≥ n).

Moreover by Markov inequality

P(ZT ≥ n) ≤ E[ZT ]

n
=

E[
∫ T
0

∑
i λ

i
sds]

n

As φ is a non explosive d-kernel, E[
∫ T
0

∑
i λ

i
sds] < ∞ and limn→+∞ P(ZT ≥ n) = 0. Therefore

P(limn→+∞ τZ
n < T ) = 0 for any T and limn→+∞ τZ

n = +∞ Pa.s.. Moreover, since the
intensity is constructed iteratively and (n)λ = (n+1)λ on [0, τZ

n ], this guarantees the unicity of
λ when τZ

n tends to in�nity.

2.3 De�nition of a Multidimensional Self-exciting Process with Dependen-
cies (MSPD)

We de�ne below a generic multidimensional process with self-exciting cross dependencies, a
concept that encompasses several quantities useful in �nance and insurance.

De�nition 2.9 (Multidimensional Self-exciting Process with Dependencies : MSPD). Let
(Ω,F ,P⊗ ν,F := (Ft)t≥0) be a �ltered probability space, ζ a d-kernel and φ a self-excitation
d-kernel. Moreover, let µ := (µi)1≤i≤d a family of functions µi : R+ → R+ representing
the baseline intensity. A (ζ,µ,φ)−MSPD Z := (Z i)1≤i≤d is an Rd-valued stochastic process
(Zt)t≥0 where for every i ∈ {1, . . . , d}, the pair (Z i,λi) is solution of the two-dimensional
SDEs driven by the Poisson measure N,

Z i
T :=

∫
XT

ζi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy)

T ≥ 0

λi
T := µi(T ) +

∫
XT

φi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy).

(2.7)

In order to easily de�ne an (ζ,µ,φ)−MSPD, we always adopt the following notation: the
�rst component ζ refers to the d-kernel, the second µ to the baseline intensity, and the third
component φ to the self-excitation d-kernel.
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Remark 2.10. Let us emphasize that the process λi is predictable, while Z i is not. Indeed,
when integrating with respect to N(dt), Z i

T can be charged by a point xn having an arrival
time tn = T (assuming 1{θn≤λkn

T } = 1, Z i
T = Z i

T− + ζ(0, yn)) whereas λi
t can not since φ

is a self-excitation d-kernel (therefore satisfying φ(0, y) = 0). One standard kernel in the
literature is the exponential kernel de�ned by ϕ(u) := αe−βu. This kernel can be adapted in
order to �t under the framework of this paper by using ϕ(u) := αe−βu1{u>0}.

Remark 2.11 (λ as an MSPD). (2.7) implies that λT − µ(T ) is also an (φ,µ,φ)−MSPD,
where φ is a self-excitation d-kernel.

Remark 2.12 ((Compound) Hawkes process as an MSPD). As discussed after (1.1) in the
introduction, this model contains the Hawkes process (for ζ(t, y) = Idd) and the compound
Hawkes process (for ζ(t, y) = yIdd) as particular cases. If the excitation kernel φ does not
depend on y, then there is no impact of the claims sizes (severity component) on the time-
arrivals of claims (frequency component).

Our objective is to deploy a general methodology for the computation of di�erent quantities
in the space of random Poisson measures. This methodology is based on two essential tools,
namely Mecke's formula and the pseudo-chaotic expansion [9], which requires the introduction
of some operators on this space. In the following section, we de�ne elements of Malliavin's
calculus in order to exploit Mecke's formula through the pseudo-chaotic expansion.

3 Elements of Malliavin's calculus

3.1 Spaces and the add point operator

We introduce some elements of Malliavin's calculus on Poisson processes. We set

L0(Ω) :=
{
F : Ω → R, FN − measurable

}
,

L2(Ω) :=
{
F ∈ L0(Ω), E[|F |2] < +∞

}
.

Fix n ∈ N∗. We set m⊗n the extension of m on (Xn,X⊗n). Let

L0(Xn) :=
{
f : Xn → R, X⊗n −measurable

}
and for p ∈ {1, 2},

Lp(Xn) :=

{
f ∈ L0(Xn),

∫
Xn

|f(x1, · · · ,xn)|pm⊗n(dx1 · · · dxn) < +∞
}
. (3.1)

Besides,
Lp
s(X

n) := {f ∈ Lp(Xn) and f is symmetric} (3.2)

is the space of square-integrable symmetric mappings where we recall that f : Xn → R is said
to be symmetric if for any element σ in Sn (the set of all permutations of {1, · · · , n}),

f(x1, . . . ,xn) = f(xσ(1), . . . ,xσ(n)), ∀(x1, . . . ,xn) ∈ Xn.

The main ingredient we will make use of are the add-points operators on the Poisson space
Ω. For any �nite set J , we set |J | its cardinal.
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De�nition 3.1. [Add-points operators] Given n ∈ N∗, and J := {x1, . . . ,xn} ⊂ X a subset
of X with |J | = n, we set the measurable mapping :

ε+,n
J : Ω −→ Ω

ω 7−→ ω +
∑
x∈J

δx1{ω({x})=0}.

Note that by de�nition

ω +
∑
x∈J

δx1{ω({x})=0} = ω +

n∑
m=1

δxj1{ω({xj})=0}

that is we add the atoms xj to the path ω unless they already were part of it (which is the
meaning of the term 1{ω({xj})=0}). Note that since m is assumed to be atomless, given a set
J as above, P[N(J) = 0] = 1 hence in what follows we will simply write ω +

∑n
j=1 δxj for

ε+,n
x (ω).

3.2 The Malliavin derivative

In the context of Malliavin's calculation, a tool that is often mentioned is the associated
derivative.

De�nition 3.2. For F in L2(Ω), n ∈ N∗, (x1, . . . ,xn) ∈ Xn, we set

Dn
(x1,...,xn)

F :=
∑

J⊂{x1,...,xn}

(−1)n−|J |F ◦ ε+,|J |
J , (3.3)

where we recall that ∅ ⊂ X. For instance when n = 1, we writeDxF := D1
xF = F (·+δx)−F (·)

which is the di�erence operator (also called add-one cost operator1). Relation (3.2) rewrites
as

Dn
(x1,...,xn)

F (ω) =
∑

J⊂{1,...,n}

(−1)n−|J |F

ω +
∑
j∈J

δxj

 , for a.e. ω ∈ Ω.

Note that with this de�nition, for any ω in Ω, the mapping

(x1, . . . ,xn) 7→ Dn
(x1,...,xn)

F (ω)

belongs to L0
s(X

n) de�ned as (3.2).

Remark 3.3. If F is deterministic, then by de�nition DnF = 0 for any n ≥ 1.

The chaotic-chaotic expansion developed in [9] involves deterministic operators T n which
correspond to iterated Malliavin derivatives under the speci�c event {N(X) = 0}.

De�nition 3.4. For F ∈ L0(Ω), we de�ne the deterministic operators:

T 0F := F (∅),
1see [13, p. 5]
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T n : L0(Ω) → L0
s(X

n)
F 7→ T nF

where for any (x1, · · · ,xn) ∈ Xn, T n
(x1,··· ,xn)

is de�ned by

T n
(x1,··· ,xn)

F :=
∑

J⊂{x1,··· ,xn}

(−1)n−|J |F (ϖJ),

with ϖJ :=
∑

yi∈J δyi ∈ Ω for J = {y1, . . . ,yk}.

In particular, even though F is a random variable, T n
(x1,··· ,xn)

F is in R as each term F (ϖJ) is

the evaluation of F at the outcome ϖJ . Moreover, this operator belongs to L1
s(X

n).

Convention 3.5 (Ordered points). Since the operator T n
(x1,··· ,xn)

F is symmetric, we will

assume that the points (x1, . . . ,xn) ∈ Xn are always taken ordered with respect to the time
component t.

3.3 Factorial measures and iterated integrals

Proposition 3.6. (Factorial measures; See e.g. [13, Prop 1]). There exists a unique sequence
of counting random measures (N(n))n∈N∗ where for any n, N(n) is a counting random measure
on (Xn,X⊗n) with

N(1) := N and for A ∈ X⊗(n+1),

N(n+1)(A)

:=

∫
Xn

∫
X
1{(x1,...,xn+1)∈A}N(dxn+1)−

n∑
j=1

1{(x1,...,xn,xj)∈A}

N(n)(dx1, . . . , dxn);

With this de�nition at hand we introduce the notion of iterated integrals. In particular for
A ∈ X,

N(n)(A⊗n) = N(A)(N(A)− 1)× · · · × (N(A)− n+ 1).

Note that by de�nition N(n)(A)1{N(A)<n} = 0. We now turn to the de�nition of iterated

integrals with respect to the counting measure N(n)(dx1, . . . , dxn).

De�nition 3.7. Let n ∈ N∗ and fn ∈ L1
s(X

n). In(fn) the nth iterated integral of fn with
respect to the Poisson measure N is de�ned as

In(fn) :=

∫
Xn

fn(x1, . . . ,xn) N
(n)(dx1, . . . , dxn),

where each of the integrals above is well-de�ned pathwise for P-a.e. for each ω ∈ Ω, as a
Stieltjes integral .

3.4 The Mecke formula

We end this section by recalling a particular case of Mecke's formula (see e.g. [13, Relation
(11)]).
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Lemma 3.8 (A particular case of Mecke's formula). Let F ∈ L0(Ω), n ∈ N and h ∈ L0(Xn)
such that ∫

Xn

|h(x1, . . . ,xn)|E
[
|F ◦ ε+,n

x1,...,xn
|
]
m⊗n(dx1, . . . , dxn) < +∞.

Then

E
[
F

∫
Xn

hdN(n)

]
=

∫
Xn

h(x1, . . . ,xn)E
[
F ◦ ε+,n

x1,...,xn

]
m⊗n(dx1, . . . , dxn). (3.4)

By taking F = 1 we get

E [In(fn)] =

∫
Xn

fn(x1, . . . ,xn)m
⊗n(dx1, . . . , dxn)

=
d∑

k1=1

· · ·
d∑

kn=1

∫
([0,T ]×R+×R+)n

fn(x1, . . . ,xn)
n∏

i=1

νki(dyi)dθidti. (3.5)

4 Pseudo-chaotic expansion for counting processes

The second ingredient in our analysis relies on the pseudo-chaotic expansion. This section
presents some essential results around this expansion, with a focus on the process Z.

4.1 Around the pseudo-chaotic expansion of Z

The following theorem provides the peudo-chaotic expansion for a (ζ,µ,φ)−MSPD, following
results from [9].

Theorem 4.1. Let Z a (ζ,µ,φ)−MSPD, we recall that this process is given by the SDE(2.7):
Z i

T :=
∫
XT

ζi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy)

T ≥ 0

λi
T := µi(T ) +

∫
XT

φi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy).

Then Zi
T admits the pseudo-chaotic representation

Z i
T = lim

M→∞

+∞∑
n=1

1

n!
In

(
T n
(x1,··· ,xn)

Z i
T1{([0,T ]×[0,M ])n}

)
(4.1)

with for all (x1, . . . ,xn) ∈ Xn,

T n
(x1,...,xn)

Z i
T = ζi,kn(T − tn, yn)T n−1

(x1,...,xn−1)
1{θn≤λkn

tn }
. (4.2)

Proof. Equation (4.1) follows from [9] which gives the pseudo-chaotic expansion of any random
linear functional of N restricted to a bounded domain (say [0, T ] × [0,M ], for T,M > 0) of
R2
+; with a focus on random variables of the form Ht where H is a counting process with

bounded intensity (we refer the reader to [9] for a complete exposition). Even though the
intensity of Z i

T is unbounded, it is proved in [9] that marginals of Hawkes processes admit a
pseudo-chaotic expansion. Then to prove (4.2), recalling that x = (k, t, θ, y),

T n
(x1,··· ,xn)

Z i
T =

∑
J⊂{x1,··· ,xn}

(−1)n−|J |
(∫

XT

ζi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy)

)
(ϖJ)
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=
∑

J⊂{x1,··· ,xn}

(−1)n−|J |
∑
xm∈J

ζi,km(T − tm, ym)1{θm≤λkm
tm

(ϖJ )}

=
∑

J⊂{x1,··· ,xn}

∑
xm∈J

(−1)n−|J |ζi,km(T − tm, ym)1{θm≤λkm
tm

(ϖJ )}

=

n∑
m=1

∑
J⊂{x1,··· ,xn};xm∈J

(−1)n−|J |ζi,km(T − tm, ym)1{θm≤λkm
tm

(ϖJ+δxm ))}

=
n∑

m=1

ζi,km(T − tm, ym)
∑

J⊂{x1,··· ,xi−1,xi+1,··· ,xn}

(−1)n−1−|J |1{θm≤λkm
tm

(ϖJ+δxm ))}

Then, for m ∈ {1, · · · , n} we have that∑
J⊂{x1,··· ,xm−1,xm+1,··· ,xn}

(−1)n−1−|J |1{θ≤λkm
tm

(ϖJ+δxm )}

=
∑

J−⊂{x1,··· ,xm−1}

∑
J+⊂{xm+1,··· ,xn}

(−1)n−1−|J−|−|J+|1{θm≤λkm
tm

(ϖJ−∪J++δxi )}

=
∑

J−⊂{x1,··· ,xm−1}

1{θm≤λkm
tm

(ϖJ− )}(−1)n−1−|J−|
∑

J+⊂{xm+1,··· ,xn}

(−1)|J
+|

where the last equality follows from the predictability of λ. Moreover, if xm ̸= xn then,∑
J+⊂{xm+1,··· ,xn}

(−1)|J
+| = 0.

And if xm = xn then J+ = ∅ which implies,∑
J+⊂{xm+1,··· ,xn}

(−1)|J
+| = 1.

Thus,

T n
(x1,··· ,xn)

Z i
T = ζi,kn(T − tn, yn)

∑
U⊂{x1,··· ,xn−1}

(−1)n−1−|U |1{θn≤λkn
tn

(ϖU )}

= ζi,kn(T − tn, yn)T n−1
(x1,··· ,xn−1)

1{θn≤λkn
tn }

.

Remark 4.2. As µi(T ) is deterministic, T nµi(T ) = 0 hence from (4.2) we deduce that

T n
(x1,...,xn)

λi
T = φi,kn(T − tn, yn)T n−1

(x1,...,xn−1)
1{θn≤λkn

tn }
.

Remark 4.3. Consider a set J = (x1, · · · ,xn) of ordered points in XT (see Convention 3.5).
Then Z i

T evaluated on J satis�es, for any ω ∈ Ω

Z i
T

( ∑
xm∈J

δxm

)
=

∑
xm∈J

ζi,km(T − tm, ym)1{
θm≤λkm

tm
(
∑

xj∈J δxj )
}
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≤
∑
m∈J

ζi,km(T − tm, ym) ≤ Z i
T

(
ω +

∑
xm∈J

δxm

)
.

Since for all (i, k) ∈ {1, . . . , d}2, ζi,k is positive, Z i
T (
∑

j∈J δxj ) reaches its maximum when
every point in J is accepted by the thinning criteria 1{θm≤λkm

tm
(
∑

j∈J δxj )}. In fact, if we assume

that every point in J veri�es the thinning criteria we have for all xm ∈ J ,

θm ≤ µkm +
m−1∑
j=1

φkm,kj (tm − tj , yj) = λkm
tm (
∑
j∈J

δxj ) ≤ λkm
tm (ω +

∑
j∈J

δxj ), (4.3)

where the sum stops at j = m− 1 because of the predictability of λi
T (see De�nition 2.6).

This brings us to introduce the following lemma which establishes a compatibility condition
on a set of points xj such that T n

(x1,...,xn)
Z i

t ̸= 0.

Lemma 4.4 (Compatibility condition). Let Z a (ζ,µ,φ)−MSPD. Fix T ≥ 0, let n ∈ N∗,
(x1 . . . ,xn) ∈ (XT )

n following Convention 3.5. It holds that,

T n
(x1,...,xn)

Z i
T = T n

(x1,...,xn)
Z i

T1{θ1≤µk1 (t1)}
n∏

m=2

1{
θm≤µkm (tm)+

∑m−1
j=1 φkm,kj (tm−tj ,yj)

}.
(x1 . . . ,xn) is said to satisfy the compatibility condition if

1{θ1≤µk1}
n∏

m=2

1{
θm≤µkm+

∑m−1
j=1 φkm,kj (tm−tj ,yj)

} = 1. (4.4)

Proof. By applying (4.2) from Theorem 4.1 to Z and by de�nition of the operator T we have
that,

T n
(x1,...,xn)

Z i
T = ζi,kn(T − tn, yn)

∑
J⊂{1,...,n−1}

(−1)n−1−|J |1{θn≤λkn
tn

(
∑

p∈J δxp )}.

Hence, inequality (4.3) (with m = n) implies

T n
(x1,...,xn)

Z i
T1{θn>µkn+

∑n−1
m=1 φ

kn,km (tn−tm,ym)} = 0.

Let ℓ ∈ {2, . . . , n},

T n
(x1,...,xn)

Z i
T1{θℓ>µkℓ (tℓ)+

∑ℓ−1
m=1 φ

kℓ,km (tk−tm,ym)}
= ζi,kn(T − tn, yn)1{θℓ>µkℓ (tℓ)+

∑ℓ−1
m=1 φ

kℓ,km (tk−tm,ym)}
∑

J⊂{1,...,n−1}

(−1)n−1−|J |1{θn≤λkn
tn

(
∑

p∈J δxp )}

= ζi,kn(T − tn, yn)1{θℓ>µkℓ (tℓ)+
∑ℓ−1

m=1 φ
kℓ,km (tk−tm,ym)} ∑

J⊂{1,...,n−1};ℓ∈J

(−1)n−1−|J |1{θn≤λkn
tn

(
∑

p∈J δxp )} +
∑

J⊂{1,...,n−1};ℓ/∈J

(−1)n−1−|J |1{θn≤λkn
tn

(
∑

p∈J δxp )}


12



= ζi,kn(T − tn, yn)1{θℓ>µkℓ (tℓ)+
∑ℓ−1

m=1 φ
kℓ,km (tk−tm,ym)}

(
∑

J⊂{1,...,ℓ−1,ℓ+1,...,n−1}

(−1)n−2−|J |1{θn≤λkn
tn

(δxℓ+
∑

p∈J δxp )} +
∑

J⊂{1,...,ℓ−1,ℓ+1,...,n−1}

(−1)n−1−|J |1{θn≤λkn
tn

(
∑

p∈J δxp )}).

Since on the domain {θℓ > µkℓ(tℓ) +
∑ℓ

m=1φ
kℓ,km(tℓ − tm, ym)} we have that,

λkn
tn (δℓ +

∑
p∈J

δxp) = λkn
tn (
∑
p∈J

δxp),

therefore for any ℓ ∈ {2, . . . , n}

T n
(x1,...,xn)

Z i
T1{θℓ>µkℓ (tℓ)+

∑ℓ−1
m=1 φ

kℓ,km (tℓ−tm,ym)} = 0.

For ℓ = 1
T n
(x1,...,xn)

Z i
T = 1{

θ1≤λ
k1
t1

(δx1 )
} = 1{θ1≤µk1 (t1)}

which concludes the proof.

4.2 Shifted processes

Combining Mecke's formula (3.4) and the pseudo-chaotic expansion (Theorem 4.1) involves
processes of the form F ◦ ε+,n

x1,...,xn that we call shifted processes. An in-depth study of these
processes for F = Z i, is of interest, as they can be interpreted as stressed scenarios.

Remark 4.5 (A consequence of the compatibility condition). We would like to enhance an
important consequence of the compatibility condition when shifting the intensity of an MSPD.
Let Z a (ζ,µ,φ)−MSPD. Let n ∈ N∗, (x1 . . . ,xn) ∈ (XT )

n satisfying the compatibility
condition (4.4), then for any ω ∈ Ω, the shifted processes are given by

Z i
T ◦ ε+,n

(x1...,xn)
(ω) =

(∫
XT

ζi,k(T − t, y)1{θ≤λk
t }N(dk, dt, dθ, dy)

)
(ω +

n∑
j=1

δxj )

=

(∫
XT

ζi,k(T − t, y)1{θ≤λk
t (ω+

∑n
j=1 δxj )}N(dk, dt, dθ, dy)

)
(ω)

+

n∑
j=1

ζi,kj (T − tj , yj)1{
θj≤λ

kj
tj

(ω+
∑n

j=1 δxj )

}.
Since (x1 . . . ,xn) ∈ (XT )

n satisfy the compatibility condition, Remark 4.3 implies

Z i
T ◦ ε+,n

(x1...,xn)
=

n∑
j=1

ζi,kj (T − tj , yj) +

∫
XT

ζi,k(T − t, y)1{
θ≤λk

t ◦ε
+,n
(x1...,xn)

}N(dk, dt, dθ, dy).

Moreover, from Remark 2.11, λ− µ can be seen as an MSPD which gives us,

λi
T ◦ ε+,n

(x1...,xn)
= µi(T ) +

n∑
j=1

φi,kj (T − tj , yj) +

∫
XT

φi,k(T − t, y)1{
θ≤λk

t ◦ε
+,n
(x1...,xn)

}N(dk, dt, dθ, dy).
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From the results above, we can remark that a shifted process Z i
T ◦ ε+,n

(x1...,xn)
can be seen

as a MSPD-process whose baseline intensity is impacted by (x1 . . . ,xn). This leads to the
following de�nition.

De�nition 4.6 (Compensated shift of an MSPD). Let Z a (ζ,µ,φ)−MSPD and let n ∈ N∗,
(x1 . . . ,xn) ∈ (XT )

n satisfy the compatibility condition (4.4). Then its compensated shift
Z ⊙ ε+,n

(x1...,xn)
given by

Z i
T ⊙ ε+,n

(x1...,xn)
:= Z i

T ◦ ε+,n
(x1...,xn)

−
n∑

j=1

ζi,kj (T − tj , yj), (4.5)

is a (φ,µ(x1,...,xn),φ)−MSPD where µ(x1,...,xn) is such that,

µi
(x1,...,xn)

(T ) = µi(T ) +

n∑
j=1

φi,kj (T − tj , yj).

In other terms we have that the compensated shift of a (ζ,µ,φ)−MSPD noted ZT ⊙ε+,n
(x1...,xn)

,

is a (ζ,µ(x1,...,xn),φ)−MSPD.

Remark 2.11 highlighted that λT −µ(T ) is a (φ,µ,φ)−MSPD. This stays true in the case
of the compensated shift, in fact we have

λi
T ⊙ ε+,n

(x1...,xn)
:= λi

T ◦ ε+,n
(x1...,xn)

− µi(T )−
n∑

j=1

φi,kj (T − tj , yj)

which is a (φ,µ(x1,...,xn),φ)−MSPD.

5 Expectation and correlations

This section illustrates how the previous results enable us to develop a new methodology
for calculating quantities related to this MSPD process Z (in particular risk valuation). To
start with, we develop the computations for the expectation and the correlations of Z. For
the expectation, a well-known method consists of exploiting the fact that the expectation
of the intensity satis�es a Volterra equation. However, this method is not available for the
calculation of higher-order moments. Therefore, for the computation of the covariance, we
will combine the pseudo-chaotic expansion with Mecke's formula to obtain expressions involv-
ing the expectation of shifted processes that can be obtained as solution of a Volterra type
equation.

5.1 Expectation of the process Z and its shifted version

We start with the following result that extends [1, Theorem 2] and [8, Theorem 2.4].

Proposition 5.1. Let Z a (ζ,µ,φ)−MSPD. Let p ∈ N∗, (x1 . . . ,xp) ∈ (XT )
p satisfying the

compatibility condition (4.4). Then we have

(i) Expectation of ZT :

E[ZT ] =

∫ T

0
ζ(T − v)

(
µ(v) +

∫ v

0
Ψ(v − w)µ(w)dw

)
dv.
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(ii) Expectation of ZT shifted by (x1 . . . ,xp) :

E[ZT ◦ ε+,p
(x1,...,xp)

] = E[ZT ] +

p∑
j=1

ζ.,kj (T − tj , yj)

+

p∑
j=1

∫ T

tj

ζ(T − v)

(
φ.,kj (v − tj , yj) +

∫ v

tj

Ψ(v − w)φ.,kj (w − tj , yj)dw

)
dv.

Proof. For (i), by taking the expectation of the process Z i
T we have that,

E[Z i
T ] =

d∑
k=1

∫
XT

ζ
i,k
(T − t)E[λk

t ]dt.

Hence in order to compute E[Z i
T ] we �rst need E[λk

t ], for k = 1, · · · , d. It satis�es the linear
Volterra ODE which reads in a matrix form as

E[λT ] = µ(T ) +

∫ T

0
φ(T − t)E[λt]dt,

whose solution is given by,

E[λT ] = µ(T ) +

∫ T

0
Ψ(T − w)µ(w)dw.

Thus,

E[ZT ] =

∫ T

0
ζ(T − t)E[λt]dt

=

∫ T

0
ζ(T − t)

(
µ(t) +

∫ t

0
Ψ(t− w)µ(w)dw

)
dt.

For (ii), we use De�nition 4.6 to deduce

E[ZT ⊙ ε+,p
(x1,...,xp)

] =

∫ T

0
ζ(T − t)

µ(t) +

p∑
j=1

φ.,kj (t− tj , yj)

 dt

+

∫ T

0
ζ(T − t)

∫ t

0
Ψ(t− w)µ(w)dw +

∫ t

0
Ψ(t− w)

p∑
j=1

φ.,kj (w − tj , yj)dw

 dt

= E[ZT ]

+

∫ T

0
ζ(T − t)

 p∑
j=1

φ.,kj (t− tj , yj) +

∫ t

0
Ψ(t− w)

p∑
j=1

φ.,kj (w − tj , yj)dw

 dt.

In (ii) of Proposition 5.1, the expectation E[Z i
T ⊙ ε+,p

(x1,...,xp)
] of a (ζ,µ(x1,...,xp),φ)−MSPD

is expressed as the sum of the expectations of a (ζ,µ,φ)−MSPD and a (ζ,µ(x1,...,xp) −
µ,φ)−MSPD. This indicates that the expectation of the processes exhibits some linearity
property with respect to the baseline intensity. This observation is made formal in the follow-
ing remark.
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Remark 5.2 (Expectation's linearity with respect to the baseline intensity).
Let Z a (ζ,µ,φ)−MSPD. Let p ∈ N∗, and consider a family of d-dimensional vectors
(Λj)1≤j≤p such that ∀j ∈ [[1, p]],∀i ∈ [[1, d]] Λi

j : R+ → R+. Consider the baseline inten-
sity given by

µ̃(t) = µ(t) +

p∑
j=1

Λj(t),

and the associated processes such that Z̃ is a (ζ, µ̃,φ)−MSPD and Z̃ is a (ζ,
∑p

j=1Λj(T ),φ)−MSPD.
We have that

E[Z̃T ] =

∫ T

0
ζ(T − v)

(
µ̃(v) +

∫ v

0
Ψ(v − w)µ̃(w)dw

)
dv = E[ZT ] + E[Z̃T ].

Remark 5.3. Proposition 5.1 provides as a by product a generalization of the Wald identity
which in dimension 1 reduces to

E[LT ] = E[NT ]E[Y1]; for LT :=

NT∑
j=1

Yj

where N a counting process independent from the iid random variables (Yj)j≥1. In our setting,
for 1 ≤ i ≤ d, we prove that

E[Li
T ] = E[Y i]E[H i

T ] for Li
T :=

Hi
T∑

j=1

Y i
j

where (Y i
j )j≥1 are iid random variables with probability density νi, but in which E[H i

T ] is

impacted by the distributions of the claims sizes (Y 1, · · · , Y d).

For computing the expectation of the intensity, we apply Proposition 5.1 to (λ−µ) which
can be considered as a (φ,µ,φ)−MSPD (see Remark 2.11). Since the d-kernel ζ coincides
with the self-excitation d-kernel φ, the expression for the expectation simpli�es using (2.5).

Corollary 5.4 (Intensity expectation). The expectation of the intensity λi
T (see (2.7)) is

given by

E[λT ] = µ(T ) +

∫ T

0
Ψ(T − w)µ(w)dw

and, for p ∈ N∗, (x1 . . . ,xp) ∈ (XT )
p, its shifted version is given by

E[λi
T ◦ ε+,p

(x1,...,xp)
] = E[λi

T ] +

p∑
j=1

(
φi,kj (T − tj , yj) +

∫ T

tj

Ψ
i,.
(T − w)φ.,kj (w − tj , yj)dw

)
.

5.2 A general correlation formula

As presented at the beginning of this section, our methodology allows one to compute more
general functionals of the process Z which would not be possible by using existing methodolo-
gies (as the one presented in [1] with Volterra equations or in [11] with the moment measures).
In particular one would like to compute the expectation of building blocks having the form
of a product ZΓ where Z is an (ζ,µ,φ)−MSPD and Γ :=

(
Γℓ
)
1≤ℓ≤d

∈ L2(Ω) and whose
expectation of the shifted version can be written as

E
[
Γℓ ◦ ε+,p

(x1,...,xp)

]
= E

[
Γℓ
]
+

p∑
j=1

ρℓ(kj , tj , yj),
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with ρ := (ρℓ)1≤ℓ≤d ∈ M+
d,1, ρℓ : {1, . . . , d} × R2

+ → R+ and such that∫
R+

ζi,k(T − t, y)ρℓ(k, t, y)ν
k(dy) < +∞, ∀(i, k, t). (5.1)

We de�ne for T > 0, (ζρℓ)
T : R+ × R+ → M+

d,d and (ζρℓ)
T : R+ → M+

d,d as

(ζρℓ)
T (t, y) :=

(
ζi,k(T − t, y)ρℓ(k, t, y)

)
1≤i,k≤d

,

(ζρℓ)
T (t) :=

(∫
R+

ζi,k(T − t, y)ρℓ(k, t, y)ν
k(dy)

)
1≤i,k≤d

.

Moreover, since (ζρℓ)
T is a d-kernel (due to the integrability Condition (5.1)) and Z(ζρℓ)

T
is

a ((ζρℓ)
T ,µ,φ)−MSPD, its expectation is given by Proposition 5.1 as

E[Z(ζρℓ)
T

T ] =

∫ T

0
(ζρℓ)

T (u)

(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du.

Convention: To lighten the notations, we write ζρℓ := (ζρℓ)
T when there is no ambiguity

in the context.
In the result below, T > 0 is a �xed horizon.

Theorem 5.5. Let Z a (ζ,µ,φ)−MSPD and (x1, . . . ,xp) ∈ (XT )
p satisfying the compatibility

condition (4.4). Let Γ ∈ M+
d,1 such that for 1 ≤ ℓ ≤ d, Γℓ ∈ L2(Ω) and

E
[
Γℓ ◦ ε+,p

(x1,...,xp)

]
= E

[
Γℓ
]
+

p∑
j=1

ρℓ(kj , tj , yj), (5.2)

where ρℓ : {1, . . . , d} × R2
+ → R+ is a deterministic function (speci�c to Γℓ) satisfying (5.1).

Then for 1 ≤ i, ℓ ≤ d we have

E
[
Z i

TΓ
ℓ
]
= E

[
Z i

T

]
E
[
Γℓ
]
+E

[
(Z

ζρℓ
T )i

]
+

∫ T

0
ζ
i,.
(T−v)

(∫ v

0
Ψ(v − w)E [Zφρℓ

w ] dw + E [Zφρℓ
v ]

)
dv,

where Zζρℓ is a (ζρℓ,µ,φ)−MSPD and Zφρℓ is a (φρℓ,µ,φ)−MSPD.

The demonstration of Theorem 5.5 relies on the following lemma, whose proof is postponed
in the appendix.

Lemma 5.6. Let Z a (ζ,µ,φ)−MSPD, and ρℓ : {1, . . . , d}×R2
+ → R+ such that

∫
R+

ρℓ(k, t, y)ν
k(dy) <

+∞, then for 1 ≤ i ≤ d

+∞∑
n=1

1

n!

∫
Xn

T

(
T n
(x1,...,xn)

Z i
T

) n∑
j=1

ρℓ(kj , tj , yj) m
⊗n(dx1, . . . , dxn)

= E
[
(Z

ζρℓ
T )i

]
+

∫ T

0
ζ
i,.
(T − v)

∫ v

0

(
Ψ(v − w)E[Zφρℓ

w ] + E[Zφρℓ
v ]

)
dwdv.

Moreover if
∑

ρℓ ≡ 1, then

+∞∑
n=1

1

n!

∫
Xn

T

T n
(x1,...,xn)

Z i
T m⊗n(dx1, . . . , dxn) = E

[
Zi

T

]
.
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Proof of Theorem 5.5. Using successively the pseudo-chaotic expansion for Z i
T , the Mecke

formula and Lemma 5.6 we have

E[Z i
TΓ

ℓ] = lim
M→∞

+∞∑
n=1

1

n!
E[In(T nZ i

T1{([0,T ]×[0,M ])n})Γ
ℓ]

= lim
M→∞

+∞∑
n=1

1

n!

∫
(XM

T )n
T n
(x1,...,xn)

Z i
TE
[
Γℓ ◦ ε+,n

(x1,...,xn)

]
m⊗n(dx1, . . . , dxn)

= E[Z i
T ]E[Γℓ] +

+∞∑
n=1

1

n!

∫
Xn

T

T n
(x1,...,xn)

Z i
T

n∑
j=1

ρℓ(tj , yj , kj)m
⊗n(dx1, . . . , dxn)

= E[Z i
T ]E[Γℓ] + E

[
(Z

ζρℓ
T )i

]
+

∫ T

0
ζ
i,.
(T − v)

(∫ v

0
Ψ(v − w)E [Zφρℓ

w ] dw + E [Zφρℓ
v ]

)
dv

where XM
T := {1, . . . , d} × [0, T ]× [0,M ]× R+.

Theorem 5.5 is now applied to compute the covariance of two MSPDs having di�erent kernels.

5.3 Correlations of MSPDs

By combining Proposition 5.1 and Theorem 5.5, we deduce the following proposition.

Theorem 5.7 (Correlations of two MSPDs). Let Z a (ζ,µ,φ)−MSPD and Z̃ a (ζ̃, µ̃, φ̃)−MSPD,
then for 0 ≤ T ≤ S, their covariance (for 1 ≤ i, ℓ ≤ d) is

Cov
(
Zi

T , Z̃
ℓ
S

)
= E

[
(Zζρ̃ℓ

T )i
]
+

∫ T

0
ζ
i,.
(T − v)

(∫ v

0
Ψ(v − w)E[Zφρ̃ℓ

w ]dw + E[Zφρ̃ℓ
v ]

)
dv,

(5.3)
where ζρ̃ℓ := (ζρ̃ℓ)

T and Zζρ̃ℓ is a (ζρ̃ℓ,µ,φ)−MSPD ;
φρ̃ℓ := (φρ̃ℓ)

T and Zφρ̃ℓ a (φρ̃ℓ,µ,φ)−MSPD with

ρ̃ℓ(k, t, y) := ζ̃
ℓ,k

(S−t, y)+

∫ S

t
ζ̃
ℓ,.
(S−v)

(
φ̃.,k(v − t, y) +

∫ v

t
Ψ̃(v − w)φ̃.,k(w − t, y)dw

)
dv.

Proof. Let p ∈ N∗, (x1 . . . ,xp) ∈ (XT )
p satisfying the compatibility condition (4.4), then from

Proposition 5.1 we have that

E[Z̃ℓ
S ◦ ε+,p

(x1,...,xp)
] = E[Z̃ℓ

S ] +

p∑
j=1

ζ̃
ℓ,kj

(S − tj , yj)

+

p∑
j=1

∫ S

tj

ζ̃
ℓ,.
(S − v)

(
φ̃.,kj (v − tj , yj) +

∫ v

tj

Ψ̃(v − w)φ̃.,kj (w − tj , yj)dw

)
dv

= E[Z̃ℓ
S ] +

p∑
j=1

ρ̃ℓ(kj , tj , yj).

Thus applying Theorem 5.5 with Γℓ := Z̃
ℓ
gives

Cov
(
Zi

T , Z̃
ℓ
S

)
= E

[
(Zζρ̃ℓ

T )i
]
+

∫ T

0
ζ
i,.
(T − v)

(∫ v

0
Ψ(v − w)E[Zφρ̃ℓ

w ]dw + E[Zφρ̃ℓ
v ]

)
dv,

where Zζρ̃ℓ is a (ζρ̃ℓ,µ,φ)−MSPD and Zφρ̃ℓ a (φρ̃ℓ,µ,φ)−MSPD.
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Remark that the second term in the right hand side of (5.3) can also be written as the
expectation of a (ζ,E[Zφρ̃ℓ ],φ)−MSPD. More generally, this procedure, used here to compute
the covariance, can be easily iterated to compute moments of further orders, to the price of
cumbersome expressions.

5.4 Case of a counting process with separable kernel

In the case of counting process with separable d-kernel φ(t, y) = Φ(t) ⋆B(y), the expression
of the covariance of the process at two di�erent dates can be simpli�ed, thanks to an extra
convolution in the �nal expression. For 1 ≤ i, ℓ ≤ d, we introduce the transposed d-dimensional
vector C

(Ck)1≤k≤d :=

( ∫
R+

Bi,k(y)Bℓ,k(y)νk(dy)∫
R+

Bi,k(y)νk(dy)
∫
R+

Bℓ,k(y)νk(dy)

)
1≤k≤d

=

(
E(Bi,k(Y k)Bℓ,k(Y k))

E(Bi,k(Y k))E(Bℓ,k(Y k))

)
1≤k≤d

.

(5.4)
Remark that Ck = 1 means that Cov(Bi,k(Y k),Bℓ,k(Y k)) = 0.

Proposition 5.8. Let H a (Idd,µ,φ)−MSPD counting process and φ a separable d-kernel
such that φ(t, y) = Φ(t) ⋆B(y), then for 0 ≤ T ≤ S and 1 ≤ i, ℓ ≤ d we have

Cov
(
H i

T ,H
ℓ
S

)
=

∫ T

0

∫ T

u
Ψ

i,.
(t− u)dt ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du

+

∫ T

0
Idd

i,. ⋆

(
Idd

ℓ,. +

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du,

where the transposed d-dimensional vector C is given in (5.4).
Moreover, if Ck = 1 for all 1 ≤ k ≤ d the expression simpli�es as

Cov
(
H i

T ,H
ℓ
S

)
=∫ T

0

(
Idd

i,. +

∫ T

u
Ψ

i,.
(y − u)dy

)
⋆

(
Idd

ℓ,. +

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du.

Proof. Applying Theorem 5.7 for ζ = Idd (H is a counting process)

Cov
(
H i

T ,H
ℓ
S

)
= E[(Zζρℓ

T )i] +

∫ T

0
Idd

i,.

(∫ v

0
Ψ(v − w)E[Zφρℓ

w ]dw + E[Zφρℓ
v ]

)
dv, (5.5)

where ζρℓ := (ζρℓ)
T is the diagonal matrix whose diagonal elements are the components of

the vector ρℓ given below, Zζρℓ is a (ζρℓ,µ,φ)−MSPD , Zφρℓ is a (φρℓ,µ,φ)−MSPD and

ρℓ(k, t, y) = 1{ℓ=k} +

∫ S

t
Idd

ℓ,.

(
φ.,k(v − t, y) +

∫ v

t
Ψ(v − w)φ.,k(w − t, y)dw

)
dv

= 1{ℓ=k} +

∫ S

t

(
φℓ,k(v − t, y) +

∫ v

t
Ψ

ℓ,.
(v − w)φ.,k(w − t, y)dw

)
dv.

The proof is divided in four steps, �rst calculating in steps 1 and 2 the expectation of the
corresponding MSPDs E[Zζρℓ

T ] and E[Zφρℓ
w ], then step 3 computes

∫ v
0 Ψ(v − w)E[Zφρℓ

w ]dw
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and �nally step 4 gathers the previous expressions to give the �nal result.
Steps 1 and 2 rely on the assumption of a separable excitation kernel φ(t, y) = Φ(t) ⋆B(y).

We recall the notation B
ℓ,k

:=
∫
R+

Bℓ,k(y)νk(dy). In what follows, the ratio Bℓ,k(y)

B
ℓ,k represents

the relative value of the outcome Bℓ,k(y) with respect to its mean value B
ℓ,k
.

Step 1: Computing E[(Zζρℓ
T )i].

By putting the relative quantity Bℓ,k(y)

B
ℓ,k in factor (thanks to the separability of the kernel) and

then by using the convolution relation (2.5)

ζρℓ
i,k(u, y) = 1{i=k}

(
1{ℓ=k} +

∫ S

u

(
φℓ,k(v − u, y) +

∫ v

u
Ψ

ℓ,.
(v − w)φ.,k(w − u, y)dw

)
dv

)
= 1{i=k}

(
1{ℓ=k} +

∫ S

u

(
φℓ,k(v − u)

Bℓ,k(y)

B
ℓ,k

+

[∫ v

u
Ψ(v − w)φ(w − u)dw

]ℓ,k Bℓ,k(y)

B
ℓ,k

)
dv

)

= 1{i=k}

(
1{ℓ=k} +

Bℓ,k(y)

B
ℓ,k

∫ S

u
Ψ

ℓ,k
(v − u)dv

)
; u ≤ T.

Integrating with respect to νk(dy) then yields

ζρℓ
i,k
(u) = 1{i=k}

(
1{ℓ=k} +

∫ S

u
Ψ

ℓ,k
(v − u)dv

)
, u ≤ T,

and using Proposition 5.1 for a (ζρℓ,µ,φ)−MSPD

E[(Zζρℓ
T )i] =

∫ T

0
Idd

i,. ⋆

(
Idd

ℓ,. +

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du.

Step 2: Computing E[(Zφρℓ
T )i].

By repeating the same methodology as in Step 1, we have

φρℓ
i,k(u, y) = φi,k(T − u, y)

(
1{ℓ=k} +

Bℓ,k(y)

B
ℓ,k

∫ S

u
Ψ

ℓ,k
(v − u)dv

)
.

Integrating with respect to νk(dy) yields

φρℓ
i,k(u) = φi,k(T − u)1{ℓ=k} +

∫
R+

Φi,k(T − u)Bi,k(y)
Bℓ,k(y)

B
ℓ,k

∫ S

u
Ψ

ℓ,k
(v − u)dvνk(dy)

= φi,k(T − u)1{ℓ=k} +φi,k(T − u)

∫ S

u
Ψ

ℓ,k
(v − u)dv

∫
R+

Bi,k(y)

B
i,k

Bℓ,k(y)

B
ℓ,k

νk(dy)

= φi,k(T − u)

(
1{ℓ=k} + Ck

∫ S

u
Ψ

ℓ,k
(v − u)dv

)
that is

φρi,.(u) = φi,.(T − u) ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)
,

and using Proposition 5.1 for a (φρℓ,µ,φ)−MSPD

E[(Zφρℓ
T )i] =

∫ T

0
φi,.(T − u) ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du.
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Step 3: Computing
∫ t
0 Ψ(t− w)E[Zφρℓ

w ]dw.
Using Step 2 and again the convolution relation (2.5), we have

d∑
k=1

∫ t

0
Ψ

j,k
(t− w)E[(Zφρℓ

w )k]dw

=
d∑

k=1

∫ t

0
Ψ

j,k
(t− w)

∫ w

0
φk,.(w − u) ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
dudw

=

∫ t

0

[∫ t

u
Ψ(t− w)φ(w − u)dw

]j,.
⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du

=

∫ t

0

(
Ψ

j,.
(t− u)−φj,.(t− u)

)
⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du

=

∫ t

0
Ψ

j,.
(t− u) ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du− E[(Zφρℓ

t )j ].

Step 4: Final result.
Coming back to (5.5), and integrating the results of the previous steps,

Cov
(
H i

T ,H
ℓ
S

)
− E[(Zζρℓ

T )i] =

∫ T

0
Idd

i,.

(∫ t

0
Ψ(t− w)E[Zφρℓ

w ]dw + E[Zφρℓ
t ]

)
dt

=

d∑
j=1

∫ T

0
Idd

i,j

∫ t

0
Ψ

j,.
(t− u) ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
dudt

=

∫ T

0

∫ t

0

d∑
j=1

1{i=j}Ψ
j,.
(t− u) ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
dudt

=

∫ T

0

∫ T

u
Ψ

i,.
(t− u)dt ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du.

By replacing the expression of E[(Zζρℓ
T )i] computed in Step 1, we get

Cov
(
H i

T ,H
ℓ
S

)
=

∫ T

0

∫ T

u
Ψ

i,.
(t− u)dt ⋆

(
Idd

ℓ,. + C ⋆

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du

+

∫ T

0
Idd

i,. ⋆

(
Idd

ℓ,. +

∫ S

u
Ψ

ℓ,.
(v − u)dv

)(∫ u

0
Ψ(u− v)µ(v)dv + µ(u)

)
du.

6 Conclusion

In this paper, we presented a general method for calculating di�erent quantities related to
multidimensional self-exciting processes with dependencies (MSPD). This class of processes
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encompasses several quantities useful for risk assessment, such as counting, loss, intensity
processes and their shifted versions, in a framework of cross-dependencies and impact of the
severity component on the frequency component. The methodology relies on the Poisson
imbedding, the pseudo-chaotic expansion and Malliavin calculus, and is illustrated here to
compute explicit formula for the correlations. A forthcoming companion paper will be dedi-
cated to further developments such as the computation of moments of higher order, as well as
the pricing of insurance contracts with underlying asset a MSPD (e.g. stop-loss contracts).

Appendix

Proof of Lemma 5.6. The aim is to compute the following quantity

A :=
+∞∑
n=1

1

n!

∫
Xn

T

T n
(x1,...,xn)

Z i
T

n∑
j=1

ρℓ(tj , yj , kj)m
⊗n(dx1, . . . , dxn)

=

+∞∑
n=1

∫
∆n

T

d∑
k1=1

· · ·
d∑

kn=1

∫
R2
+

T n
(x1,...,xn)

Z i
T

n∑
j=1

ρℓ(tj , yj , kj)dt1dθ1ν
k1(dy1) · · · dtndθnνkn(dyn).

where xi := (ki, ti, θi, yi), ∆
n
T is the simplex

∆n
T := {(x1, · · · ,xn) ∈ Xn, t1 < · · · < ti < ti+1 < · · · < tn < T}

so that for any symmetric map f , 1
n!

∫
[0,T ]n f(t1, . . . , tn)dt1 · · · dtn =

∫
∆n

T
f(t1, . . . , tn)dt1 · · · dtn.

The proof is divided in 5 steps, by successively integrating with respect to the θi (Step 1),
then the yi (Step 2), followed by the ki (Step 3), and �nally with respect to the ti (Step 4).
The last step consists in summing all the previous terms depending on n (Step 5).
Step 1 : Integration with respect to θ.

Since ρℓ does not depend on θ, we integrate �rst T n
(x1,...,xn)

Z i
T with respect to the θi variables

by making use of (4.2) and Remark 4.2 we have∫
Rn
+

T n
(x1,...,xn)

Z i
Tdθ1 . . . dθn

=

∫
Rn
+

ζi,kn(T − tn, yn)T n−1
(x1,...,xn−1)

1{θn≤λkn
tn }

dθ1 . . . dθn

= ζi,kn(T − tn, yn)

∫
Rn−1
+

T n−1
(x1,...,xn−1)

λkn
tn dθ1 . . . dθn−1

= ζi,kn(T − tn, yn)

∫
Rn−1
+

φkn,kn−1(tn − tn−1, yn−1)T n−2
(x1,...,xn−2)

1{
θn−1≤λ

kn−1
tn−1

}dθ1 . . . dθn−1

= ζi,kn(T − tn, yn)φ
kn,kn−1(tn − tn−1, yn−1)

∫
Rn−2
+

T n−2
(x1,...,xn−2)

λ
kn−1

tn−1
dθ1 . . . dθn−2.

Hence by induction∫
Rn
+

T n
(x1,...,xn)

Z i
Tdθ1 . . . dθn = ζi,kn(T − tn, yn)

n∏
m=2

φkm,km−1(tm − tm−1, ym−1)µ
k1(t1) =: F (k, t,y)
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with k := k1, · · · , kn, t := t1, · · · , tn, y := y1, · · · , yn, and

A =
+∞∑
n=1

∫
∆n

T

d∑
k1=1

· · ·
d∑

kn=1

∫
R+

F (k, t,y)
n∑

j=1

ρℓ(tj , yj , kj)dt1ν
k1(dy1) · · · dtnνkn(dyn)

Step 2: Integration with respect to y.
We separately treat the cases where

∑
ρℓ ≡ 1 and

∑
ρℓ ̸≡ 1, and we denote the corresponding

values respectively A̸ρ and Aρ.
• If

∑
ρℓ ≡ 1,∫
Rn
+

[
ζi,kn(T − tn, yn)

n∏
m=2

φkm,km−1(tm − tm−1, ym−1)µ
k1(t1)

]
νk1(dy1) . . .ν

kn(dyn)

= ζ
i,kn

(T − tn)
n∏

m=2

φkm,km−1(tm − tm−1)µ
k1(t1).

So in that case

A ̸ρ =

+∞∑
n=1

∫
∆n

T

d∑
k1=1

· · ·
d∑

kn=1

ζ
i,kn

(T − tn)

n∏
m=2

φkm,km−1(tm − tm−1)µ
k1(t1)dt1 · · · , dtn.

• If
∑

ρℓ ̸≡ 1,∫
Rn
+

[
ζi,kn(T − tn, yn)

n∏
m=2

φkm,km−1(tm − tm−1, ym−1)µ
k1(t1)

]
n∑

j=1

ρℓ(tj , yj , kj)ν
k1(dy1) . . .ν

kn(dyn)

=

∫
Rn
+

[
ζi,kn(T − tn, yn)ρℓ(tn, yn, kn)

n∏
m=2

φkm,km−1(tm − tm−1, ym−1)µ
k1(t1)

]
νk1(dy1) . . .ν

kn(dyn)

+

∫
Rn
+

[
ζi,kn(T − tn, yn)

n∏
m=2

φkm,km−1(tm − tm−1, ym−1)µ
k1(t1)

]
n−1∑
j=1

ρℓ(tj , yj , kj)ν
k1(dy1) . . .ν

kn(dyn)

= ζρℓ
i,kn

(tn)
n∏

m=2

φkm,km−1(tm − tm−1)µ
k1(t1)

+

n−1∑
j=1

∫
Rn
+

ζi,kn(T − tn, yn)φ
kj+1,kj (tj+1 − tj , yj)ρℓ(tj , yj , kj) n∏

m=2,m ̸=j+1

φkm,km−1(tm − tm−1, ym−1)

µk1(t1)ν
k1(dy1) . . .ν

kn(dyn)

= ζρℓ
i,kn

(tn)

n∏
m=2

φkm,km−1(tm − tm−1)µ
k1(t1)

+
n−1∑
j=1

ζ
i,kn

(T − tn)φρℓ
kj+1,kj (tj+1 − tj)

 n∏
m=2,m̸=j+1

φkm,km−1(tm − tm−1)

µk1(t1)
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=: Fρ(k, t)

where by abuse of notation

φρℓ
kj+1,kj (tj+1 − tj) :=

∫
φkj+1,kj (tj+1 − tj , yj)ρℓ(kj , tj , yj)ν

kj (dyj).

So in that case

Aρ =
+∞∑
n=1

∫
∆n

T

d∑
k1=1

· · ·
d∑

kn=1

Fρ(k, t)dt1 · · · dtn.

Step 3: Integration with respect to k.
This step lies essentially in the identi�cation of matrix products.
• If

∑
ρℓ ≡ 1,

d∑
k1=1

· · ·
d∑

kn=1

ζ
i,kn

(T − tn)

n∏
m=2

φkm,km−1(tm − tm−1)µ
k1(t1)

=
d∑

kn=1

ζ
i,kn

(T − tn)

(
n∏

m=2

φ(tm − tm−1)µ(t1)

)kn,.

= ζ
i,.
(T − tn)

n∏
m=2

φ(tm − tm−1)µ(t1).

Hence

A ̸ρ =
+∞∑
n=1

∫
∆n

T

ζ
i,.
(T − tn)

n∏
m=2

φ(tm − tm−1)µ(t1)dt1 · · · dtn.

• If
∑

ρℓ ̸≡ 1,

d∑
k1=1

· · ·
d∑

kn=1

ζρℓ
i,kn

(tn)
n∏

m=2

φkm,km−1(tm − tm−1)µ
k1(t1)

+

d∑
k1=1

· · ·
d∑

kn=1

n−1∑
j=1

ζ
i,kn

(T − tn)φρℓ
kj+1,kj (tj+1 − tj)

 n∏
m=2,m ̸=j+1

φkm,km−1(tm − tm−1)

µk1(t1)

= ζρℓ
i,.
(tn)

n∏
m=2

φ(tm − tm−1)µ(t1)

+

n−1∑
j=1

ζ
i,.
(T − tn)

n∏
m=j+2

φ(tm − tm−1)φρℓ(tj+1 − tj)

j∏
m=2

φ(tm − tm−1)µ(t1)

=: Gρ(t).

Hence,

Aρ =
+∞∑
n=1

∫
∆n

T

Gρ(t)dt1 . . . dtn.
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Step 4: Integration with respect to t.
The step consists in identifying the convolution products that appear in the expressions.
• If

∑
ρℓ ≡ 1,∫

∆n
T

ζ
i,.
(T−tn)

n∏
m=2

φ(tm−tm−1)µ(t1)dt1 . . . dtn =

∫ T

0

∫ T

t1

ζ
i,.
(T−tn)φn−1(tn−t1)µ(t1)dtndt1.

Hence,

A̸ρ =
+∞∑
n=1

∫ T

0

∫ T

w
ζ
i,.
(T − v)φn−1(v − w)µ(w)dvdw.

• If
∑

ρℓ ̸≡ 1,
the �rst term in Gρ(t) integrates as above:∫

∆n
T

ζρℓ
i,.
(tn)

n∏
m=2

φ(tm − tm−1)µ(t1)dt1 . . . dtn =

∫ T

0

∫ T

w
ζρℓ

i,.
(v)φn−1(v − w)µ(t1)dvdw

where we recall that

ζρℓ
kj+1,kj (v) :=

∫
ζkj+1,kj (T − v, yj)ρℓ(kj , v, yj)ν

kj (dyj).

For the second term∫
∆n

T

n−1∑
j=1

ζ
i,.
(T − tn)

n∏
m=j+2

φ(tm − tm−1)φρℓ(tj+1 − tj)

j∏
m=2

φ(tm − tm−1)µ(t1)dt1 . . . dtn

=
n−1∑
j=1

∫ T

0
ζ
i,.
(T − tn)

∫ tn

0
· · ·
∫ tj+2

0

n∏
m=j+2

φ(tm − tm−1)

∫ tj+1

0
φρℓ(tj+1 − tj)

∫ tj

0
. . .

∫ t2

0

j∏
m=2

φ(tm − tm−1)µ(t1)dt1 · · · dtn

=

n−1∑
j=1

∫ T

0

∫ T

tj

ζ
i,.
(T − tn)

∫ tn

tj

φn−j−1(tn − tj+1)φρℓ(tj+1 − tj)

∫ tj

0
φj−1(tj − t1)µ(t1)dt1dtj+1dtndtj .

Hence, denoting

Eρ
n :=∫ T

0

∫ T

w
ζρℓ

i,.
(v)φn−1(v − w)µ(t1)dvdw

+

n−1∑
j=1

∫ T

0

∫ T

tj

ζ
i,.
(T − tn)

∫ tn

tj

φn−j−1(tn − tj+1)φρℓ(tj+1 − tj)

∫ tj

0
φj−1(tj − t1)µ(t1)dt1dtj+1dtndtj

Aρ =
+∞∑
n=1

Eρ
n .
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Step 5 : Summing in n.
• If

∑
ρℓ ≡ 1, using that φ0 is the Dirac distribution in 0,

A̸ρ =
+∞∑
n=1

∫ T

0

∫ T

w
ζ
i,.
(T − v)φn−1(v − w)µ(w)dvdw

=

∫ T

0

∫ T

w
ζ
i,.
(T − v)

(
Ψ(v − w) +φ0(v − w)

)
µ(w)dvdw

=

∫ T

0
ζ
i,.
(T − v)

(
µ(v) +

∫ v

0
Ψ(v − w)µ(w)dw

)
dv = E[Zi

T ].

• If
∑

ρℓ ̸≡ 1, the �rst term in Eρ
n sums as above

+∞∑
n=1

∫ T

0

∫ T

w
ζρℓ

i,.
(v)φn−1(v − w)µ(w)dvdw = E

[
(Z

ζρℓ
T )i

]
and the second term sums as, denoting Zζρℓ a (ζρℓ,µ,φ)−MSPD

+∞∑
n=1

n−1∑
j=1

∫ T

0

∫ T

tj

ζ
i,.
(T − tn)

∫ tn

tj

φn−j−1(tn − tj+1)φρℓ(tj+1 − tj)

∫ tj

0

φj−1(tj − t1)µ(t1)dt1dtj+1dtndtj

=

+∞∑
j=1

+∞∑
n=j+1

∫ T

0

∫ T

tj

ζ
i,.
(T − tn)

∫ tn

tj

φn−j−1(tn − tj+1)φρℓ(tj+1 − tj)

∫ tj

0

φj−1(tj − t1)µ(t1)dt1dtj+1dtndtj

=

∫ T

0

∫ T

tj

ζ
i,.
(T − tn)

∫ tn

tj

(
Ψ(tn − tj+1) +φ0(tn − tj+1)

)
φρℓ(tj+1, tj)

∫ tj

0

(
Ψ(tj − t1) +φ0(tj − t1)

)
µ(t1)dt1dtj+1dtndtj

=

∫ T

0

ζ
i,.
(T − tn)

∫ tn

0

(
Ψ(tn − tj+1) +φ0(tn − tj+1)

) ∫ tj+1

0

φρℓ(tj+1 − tj)

(∫ tj

0

Ψ(tj − t1)µ(t1)dt1 + µ(tj)

)
dtjdtj+1dtn

=

∫ T

0

ζ
i,.
(T − tn)

∫ tn

0

(
Ψ(tn − tj+1) +φ0(tn − tj+1)

)
E[Zφρℓ

tj+1
]dtj+1dtn

=

∫ T

0

ζ
i,.
(T − v)

(
E[Zφρℓ

v ] +

∫ v

0

Ψ(v − w)E[Zφρℓ
w ]dw

)
dv

which concludes the proof.

Acknowledgment This work is part of the project CyFi "Cyber Financialization" with
the �nancial support of Bpifrance. Caroline Hillairet's research bene�ted from the support
of the Chair Stress Test, RISK Management and Financial Steering, led by the French Ecole
Polytechnique and its Foundation and sponsored by BNP Paribas.

References

[1] E. Bacry, S. Delattre, M. Ho�mann, and J.F. Muzy. Some limit theorems for Hawkes
processes and application to �nancial statistics. Stochastic Processes and their Applica-
tions, 123(7):2475 � 2499, 2013. A Special Issue on the Occasion of the 2013 International
Year of Statistics.

[2] A. Baldwin, I. Gheyas, C. Ioannidis, D. Pym, and J. Williams. Contagion in cyber
security attacks. Journal of the Operational Research Society, 68(7):780�791, 2017.

26



[3] Y. Bessy-Roland, A. Boumezoued, and C. Hillairet. Multivariate Hawkes process for
cyber insurance. Annals of Actuarial Science, 15(1):14�39, 2021.

[4] R. Cont and D.-A. Fournié. Functional Itô calculus and stochastic integral representation
of martingales. The Annals of Probability, 41, No. 1:109�133, 2013.

[5] L. Coutin, B. Massat, and A. Réveillac. Normal approximation of functionals of point
processes: Application to Hawkes processes. arXiv preprint arXiv:2407.19806, 2024.

[6] P. Embrechts, T. Liniger, and L. Lin. Multivariate Hawkes processes: an application to
�nancial data. Journal of Applied Probability, 48(A):367�378, 2011.

[7] E. Errais, K. Giesecke, and L.R. Goldberg. A�ne point processes and portfolio credit
risk. SIAM Journal on Financial Mathematics, 1(1):642�665, 2010.

[8] C. Hillairet and A. Réveillac. Explicit correlations for the Hawkes processes. arXiv
preprint arXiv:2304.02376, 2023.

[9] C. Hillairet and A. Réveillac. On the chaotic expansion for counting processes. Electronic
Journal of Probability, 29:1�33, 2024.

[10] C. Hillairet, A. Réveillac, and M. Rosenbaum. An expansion formula for Hawkes processes
and application to cyber-insurance derivatives. Stochastic Processes and their Applica-
tions, 160:89�119, 2023.

[11] T. Jaisson and M. Rosenbaum. Limit theorems for nearly unstable Hawkes processes:
Version with technical appendix. 2014.

[12] M. Khabou. Sur l'approximation des processus de Hawkes: des séries temporelles aux
théorèmes centraux limites quantitatifs. PhD thesis, Université Paul Sabatier-Toulouse
III, 2022.

[13] G. Last. Stochastic Analysis for Poisson Point Processes. In Stochastic Analysis for Pois-
son Point Processes: Malliavin Calculus, Wiener-Itô Chaos Expansions and Stochastic
Geometry (Editors: Peccati, G. and Reitzner, M.), pages 1�36. Springer International
Publishing, 2016.

[14] N. Privault. Stochastic Analysis in Discrete and Continuous Settings. Springer Berlin
Heidelberg, 2009.

[15] T. Schmidt. Shot-noise processes in �nance. From Statistics to Mathematical Finance:
Festschrift in Honour of Winfried Stute, pages 367�385, 2017.

27


