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Abstract

A semi-algebraic set is a subset of R™ defined by a finite collection of polynomial equations and
inequalities. In this paper, we investigate the problem of determining whether two points in
such a set belong to the same connected component. We focus on the case where the defining
equations and inequalities are invariant under the natural action of the symmetric group and
where each polynomial has degree at most d, with d < n (where n denotes the number of
variables). Exploiting this symmetry, we develop and analyze algorithms for two key tasks. First,
we present an algorithm that determines whether the orbits of two given points are connected.
Second, we provide an algorithm that decides connectivity between arbitrary points in the set.
Both algorithms run in polynomial time with respect to n.
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1. Introduction

A subset of R" is called semi-algebraic if it is a finite union of sets defined by finitely
many polynomial equalities and inequalities. One of the fundamental questions in the
study of semi-algebraic sets is connectivity: given two points x,y € 9, is there a contin-
uous path within S that connects them? This problem has been extensively studied in
algorithmic geometry and is central to applications such as robot motion planning [43].
In motion planning, connectivity determines whether a robot can transition between
two configurations without leaving the feasible space, a setting where semi-algebraic sets
naturally describe collision-free regions. Recently, the significance of roadmap algorithms
has extended beyond classical robotics. Capco et al. [17, 18] demonstrated that roadmap-
based methods can be effectively applied to kinematic singularity analysis, emphasizing
the broader scope of connectivity problems in computational geometry. Additionally, the
increasing trend toward numerical implementations (see, e.g., [27]) highlights the prac-
tical necessity of developing robust connectivity algorithms with efficient computational
performance.

In this article, we address the problem of deciding connectivity in symmetric semi-
algebraic sets, that is, sets that are invariant under the action of the symmetric group &,,.
Such sets appear naturally in many-body physics, algebraic statistics, and computational
invariant theory, where symmetries reduce complexity but also introduce new algorithmic
challenges. Our main contribution is the development of a polynomial-time algorithm
for deciding connectivity within a given symmetric semi-algebraic set. The key insight
enabling this approach is a dimension reduction technique, which exploits the structure
of symmetric polynomials to simplify the connectivity problem.

The remainder of this paper is organized as follows. In Subsection 1.1, we provide an
overview of previous results on connectivity in semi-algebraic sets. Section 2 introduces
key preliminaries, including symmetric polynomials, the Weyl chamber, and Vander-
monde maps. Section 3 presents essential algorithmic background on methods that will
be referenced throughout the paper. In Section 4, we construct a framework that relates
the connectivity of a union to connectivity in a bipartite graph. This construction, which
follows directly from the Mayer-Vietoris exact sequence, plays a crucial role in our algo-
rithms. Section 5 presents the first main result of this paper, establishing a connection
between connectivity in symmetric semi-algebraic sets and connectivity in orbits (see Def-
inition 5.2). The latter is a weaker notion, as orbit connectivity is a consequence of general
connectivity. We study this concept in detail and provide an algorithm for deciding con-
nectivity in orbits. Section 6 introduces the notion of mirrored spaces and establishes
a result that complements orbit connectivity to recover full connectivity. We then use
these insights to present our main algorithm. Finally, we conclude with a discussion of
open questions and future directions in the last section.

1.1. Prior Results

The connectivity problem has received significant attention; however, to the best of
our knowledge, no previous work has taken the symmetry into account.



Computing Roadmaps and Deciding Connectivity. Schwartz and Sharir [43] pioneered a
solution based on Collins’ cylindrical algebraic decomposition method. Their approach
has a computational complexity that is polynomial in the degree d and the number
of polynomials s, but doubly exponential in the number of variables n. Canny [14] in-
troduced the concept of a roadmap for a semi-algebraic set. Roadmaps provide as a
tool for counting connected components and verifying whether two points belong to the
same connected component. Later improvements [15] enhanced this algorithm, enabling
the construction of a roadmap for a semi-algebraic set defined by polynomials, where the
sign-invariant sets provide a stratification of R, with a complexity of s (log s)d°™"). For
arbitrary semi-algebraic sets, Canny applied perturbations to the defining polynomials,
allowing the algorithm to determine whether two points lie in the same semi-algebraically
connected component while maintaining the same complexity. However, this approach
does not provide an explicit path between the points. Furthermore, a Monte Carlo ver-
sion of the algorithm achieves a complexity of s™(log s)do("2). Grigor’ev and Vorobjov

[25, 16] proposed an algorithm with complexity (sd)”om for counting the connected
components of a semi-algebraic set. Additionally, Heintz, Roy, and Solerno [26], as well
as Gournay and Risler [24], developed algorithms capable of computing a roadmap for
any semi-algebraic set with the same complexity. Unlike Canny’s algorithm, these ap-
proaches do not separate the complexity into a combinatorial part (depending on s) and
an algebraic part (depending on d). Since a semi-algebraic set can potentially have up
to (sd)™ connected components, the combinatorial complexity of Canny’s algorithm is
nearly optimal. In [4], a deterministic algorithm is introduced to construct a roadmap
for any semi-algebraic set contained within an algebraic set of dimension k, achieving
a complexity of sk+1gO(k*)  This algorithm is particularly significant in robot motion
planning, where the robot’s configuration space is often modeled as a lower-dimensional
algebraic set embedded in a higher-dimensional Fuclidean space. A key advantage of
this approach is that its complexity depends on the dimension of the algebraic set rather
than the ambient space. The algorithm also achieves nearly optimal combinatorial com-
plexity by utilizing only a fixed number of infinitesimal quantities, which reduces the
algebraic complexity to dO*) Furthermore, it not only identifies connectivity but also
computes a semi-algebraic path between input points if they belong to the same con-
nected component, thereby providing the full scope of the problem. However, none of
the aforementioned algorithms achieves a complexity lower than do(”Q), nor do they pro-
duce a roadmap with a degree below dom?), Safey El Din and Schost [41] proposed a
probabilistic algorithm that extended Canny’s original approach to compute a roadmap
for a closed and bounded hypersurface, with a complexity of (nd)o("lls). Later, in [10],
the same authors, along with Basu and Roy, introduced a deterministic algorithm for
computing a roadmap of a general real algebraic set, achieving a complexity of dom'?),
Basu and Roy, in [9], introduced a divide-and-conquer strategy that reduces the di-
mension by half at each recursive step, producing a recursion tree of depth O(log(n)).
Their deterministic algorithm computes a roadmap for a hypersurface in time polynomial
in pnlee’ (M gnlog®(n)  with an output size polynomial in n"108” (M) dnles(®)  Notably, the
algorithm’s complexity is not polynomial in its output size. Furthermore, despite not as-
suming smoothness on the hypersurface, the algorithm can address systems of equations
by considering the sum of squares of the polynomials. Following the divide-and-conquer
strategy, and under smoothness and compactness assumptions, Safey El Din and Schost
[42] proposed a probabilistic roadmap algorithm with both output degree and running



time polynomial in (nd)"log(k), where k£ denotes the dimension of the considered alge-
braic set. Note that, the algorithm in [42] achieves a running time that is subquadratic in
the output size, with explicitly provided complexity constants in the exponent. Recently,
in [32], Prébet, Safey El Din, and Schost established a new connectivity result that ex-
tends the one in [42] to the unbounded case. In a separate work [33], they introduced an
algorithm for computing roadmaps with the same complexity as that in [42].

Systems of symmetric polynomials. This paper explores the connectivity problem in cases
where the polynomials describing a semi-algebraic set are symmetric and have low degree
in relation to the number of variables. Several studies have highlighted the potential of
leveraging the action of the symmetric group in such situations. Timofte [45] established
that for symmetric polynomials of lower degree, positivity can be deduced from positivity
on low-dimensional test sets, which consist of points with at most half-degree distinct co-
ordinates. Building on this foundation, [34, 35], and [39] demonstrated that this approach
can be widely applied to algorithmic methods for polynomial optimization, resulting in
polynomial-time complexity. Basu and Riener used a similar approach to compute the
equivariant Betti numbers of symmetric semi-algebraic sets [7], the Euler-Poincaré char-
acteristic [6], and the first ¢ Betti numbers [8] of such sets, achieving polynomial-time
computation for fixed degree. Our approach is based on ideas inherent in these works as
well, namely a reduction of dimension in the case of a degree which is lower than the
number of variables. In more recent work, Faugere, Labahn, Safey El Din, Schost, and Vu
[20], along with Labahn, Riener, Safey El Din, Schost, and Vu [30], demonstrated that
even when the degree is not fixed in advance, significant improvements in complexity can
be achieved for certain algorithmic problems in real algebraic geometry such as emptiness
decision and polynomial optimization.

1.2.  Our main results

The main results presented in this paper are described in Sections 5 and 6. On the one
hand, we present the first deterministic polynomial-time algorithm for deciding connectiv-
ity between two &,,-orbits of points in a symmetric semi-algebraic set. This algorithm is
described in Algorithm 4 and its complexity is bounded by O(ndz) arithmetic operations
in Q. Building on this, we provide, on the other hand, the first deterministic polynomial-
time algorithm for determining connectivity between two individual points in such a set.

This algorithm is described in Algorithm 6 and has complexity O (sdnd2 do(d2)) arith-

metic operations in Q. Both of the quantities describing the complexity of our algorithms
are polynomial for fixed degree d.

1.3.  Relation to a previous version

This paper is an extended version of our previous work [38], which appeared in the
proceedings of the ISSAC 2024 conference. In this version, we provide more detailed
explanations, expand upon our previous results, and introduce new findings. In the con-
ference version, we focused exclusively on the case where the points z = (z1,...,z,) and
y = (y1,...,yn) were in canonical form, meaning they satisfied the ordering constraints
1 < a2 < -~ <zyand y; <yo < --- < y,. In contrast, the current paper shows how
to remove this restriction and provides an algorithm for general real points = and y,
thereby broadening the applicability of our approach. In particular, Section 6 introduces



new results, including an algorithm for determining the connectivity of arbitrary points
in symmetric semi-algebraic sets. Additionally, Sections 3, 4, and 5 extend and generalize
certain notations and foundational results.

2. Algorithmic preliminaries

This section introduces key algorithmic techniques for analyzing connectivity in semi-
algebraic sets. We first discuss the encoding of real algebraic points using univariate rep-
resentations and Thom encodings. We then provide an overview of roadmap algorithms,
summarizing essential results on computing roadmaps and deciding connectivity, which
form the basis for the algorithms developed later in the paper.

2.1.  FEncoding of real algebraic points

Our algorithms manipulate points obtained through subroutines, with the outputs
having coordinates represented as real algebraic numbers. We encode such a point using
univariate polynomials and a Thom encoding.

Let F C R[X] and = € R™, where X = (X1,...,Xy). A mapping ¢ : F — {-1,0,1}
is called a sign condition on F. The sign condition realized by F on x is defined as
sign(F,x) : F — {—1,0,1}, where f ~ sign(f(z)). We say F realizes ( € {—1,0,1}” if
and only if sign(F,z) = ¢.

Let Der(q) := {q,q™,¢®,...,¢(48@)} denote a list of polynomials, where ¢, for
i > 0, is the formal i-th order derivative of ¢. A mapping ( is called a Thom encoding of
¥ if Der(q) realizes ¢ on = and ((g) = 0. Note that distinct roots of ¢ in R correspond to
distinct Thom encodings [5, Proposition 2.28].

Definition 2.1. A real univariate representation representing x € R™ consists of:
e a zero-dimensional parametrization

2= (Q(T)qu(T)7QI(T)7 RS qn(T)>7

where ¢, qo, - - ., gn lie in Q[T] with ged(q, qo) = 1, and
e a Thom encoding ( representing an element ¥ € R such that

ql(ﬁ) Qn<19> n
Q@) qu)) e R

We refer readers to [5, Chapters 2 and 12] for details about Thom encodings and
univariate representations.

o) =0 and 2= (

Example 2.2. A real univariate representation representing x = (%, % - T) is (2, (),
where
2 = (q:q0,q1,92) = (T* — 2,27, T,3T — 1)
and ¢ = (1,1) (equivalently, ¢ = (+,+) = (¢ > 0A ¢" > 0)).
Indeed, let ¥ = v/2 be a root of q. Then z = (Z;EZ;, ZEEZ;)' Moreover, ¢'(T) = 2T and
¢"(T) = 2, implying that ¢’(¥) > 0 and ¢”(¢) > 0. Thus, ¢ = (+,+) serves as a Thom
encoding of 9.




Given a non-zero polynomial g € R[T], we consider the routine
ThomEncoding(q),

which returns the ordered list of Thom encodings of the roots of ¢ in R. This routine
can be executed using [5, Algorithm 10.14] with a complexity of O(d;1og(d,)), where
dy = deg(q), involving arithmetic operations in Q.

Let ¢ € R[T] be a polynomial of degree d, and p € R[T] be a polynomial of degree §,.
Additionally, let Thom(q) denote the list of Thom encodings of the set of roots of ¢ in
R. We define the routine

Sign_ThomEncoding(g, p, Thom(q)),

which, for each ¢ € Thom(q) specifying the root ¥ of ¢, returns the sign of p(). This
routine can be implemented using [5, Algorithm 10.15] with a complexity of

0 ((52 (6410g(84) + 6p))
arithmetic operations in Q.
2.2.  Roadmaps and connectivity

In general, a roadmap for a semi-algebraic set is a curve that has a non-empty and
connected intersection with all of its connected components. We give a formal definition
in the following.

Definition 2.3. Let S C R" be a semi-algebraic set. A roadmap for S is a semi-algebraic

set RM(S) C S of dimension at most one, which satisfies the following conditions:

RM;. For every semi-algebraic connected component C' of S, the intersection C' N RM(.S)
is a semi-algebraic connected set.

RM,. For every x € R and for every semi-algebraic connected component C’ of {y €
R !: (x,y) € S}, we have C’ N RM(S) # 0.

Let M C R™ be a finite set of points. A roadmap for (S, M) is a semi-algebraic set
RM(S, M) such that RM(S, M) is a roadmap of S, and M C RM(S, M). Roadmaps
can be used to decide the connectivity of semi-algebraic sets. We summarize below the
results we use in this paper.

Theorem 2.4 ([4, Theorem 3] and [5, Theorem 16.14]). Let F be a sequence of poly-
nomials in Q[X] with the algebraic set Z C R™ defined by F' of dimension k. Consider
G = (g1,--.,9s) C Q[X]. Let S be a semi-algebraic subset of Z defined by G. Let d
be a bound for the degrees of F' and (. Consider a finite set of points M C Z, with
cardinality 8, described by real univariate representations of degree at most d°(™). Then
the following holds:

e There is an algorithm whose output is exactly one point in every semi-algebraically
connected component of S. The complexity of the algorithm is sh+10(m*) arith-
metic operations in Q.

e There exists an algorithm to compute a roadmap for (Z, M) using

5O JO(*)

arithmetic operations in Q.



As a consequence, there exists an algorithm for deciding whether two given points, de-
scribed by real univariate representations of degree at most d°(™, belong to the same
connected component of Z, using

s dO(nz)
arithmetic operations in Q.

In the following sections, we use the notation
Normal__Point_ Connected(S) and Normal__ Connect(S, z, y)

to denote the algorithms mentioned in the theorem above. Normal__Point_ Connected com-
putes exactly one point per connected component of a semi-algebraic set S described by
polynomials in n variables of degree at most d. This algorithm returns at most O((sd)™)
many points and its complexity is bounded by sndn’ operations in Q. Given a semi-
algebraic set S and two real points x and y, the algorithm Normal Connect(S,z,y)
returns TRUE if z and y belong to the same connected component of S; otherwise, it
returns FALSE. The complexity of this algorithm is also bounded by sndn operations in
Q.

Note also that there are some other prior results concerning the problem of comput-
ing roadmaps computing one point per each connected component, and deciding the
connectivity of two given points (see Subsection 1.1), with better complexities. For ex-
ample, when the input polynomials define an algebraic set, the complexities of these two
procedure are (nd)"'°8™ by using a deterministic algorithm given in [9]. The procedure
returns (nd)O(nlogn) many points. However, the result stated in the theorem above is
sufficient for our main algorithms in Section 5 and Section 6 and in the context of any
semi-algebraic set.

3. Preliminaries on symmetric polynomials

Symmetric polynomials play a fundamental role in our study of connectivity in semi-
algebraic sets. In this section, we provide essential definitions and results on symmetric
polynomials, their invariance properties under the symmetric group, and their represen-
tations using power sums. We also introduce Weyl chambers and their associated combi-
natorial structures, which allow us to analyze connectivity in symmetric semi-algebraic
sets. Finally, we discuss Vandermonde maps, which provide a useful tool for encoding
and understanding these spaces.

3.1.  Symmetric polynomials

Throughout the article, we fix integers n,d € N with d < n and denote by R[X] :=
R[X7, ..., X,] the real polynomial ring in n variables. The basic closed semi-algebraic set
given by polynomials f1,..., fs in R[X] is

{zx eR"| fi(x) >0foralli=1,...,s}.

A semi-algebraic set is a set generated by a finite sequence of union, intersection and
complement operations on basic semi-algebraic sets.

For n € Ny, we denote by &,, the symmetric group on n elements, which has order
nl. The symmetric group &,, acts naturally on R™ by permuting coordinates, and this



action extends to R[X] by permuting the variables. A semi-algebraic set S C R™ is called
symmetric if for every x € S and o € &,, we have o(z) € S. We say that a polynomial
f € R[X] is symmetric if

f(X) = flo (X)) foralloc&,,

and we denote the R-algebra of symmetric polynomials by R[X]S~.

Remark 3.1. Note that clearly every semi-algebraic set which is exclusively defined by
symmetric polynomials, is symmetric. While a symmetric semi-algebraic set can some-
times be described using polynomials that are not themselves symmetric, results by
Brocker [13] show that every symmetric semi-algebraic set can always be described by
symmetric polynomials. Throughout this article, we assume that any symmetric semi-
algebraic set is given by a description involving only symmetric polynomials.

Definition 3.2. For 1 < i < n, we define the i-th power sum as
pii= X+ Xo+ -+ XL

The fundamental theorem of symmetric polynomials states that every symmetric poly-
nomial can be uniquely written in terms of the first n power sums, i.e., for every symmetric
polynomial f, there is a unique polynomial g € R[Z1, ..., Z,], where Z1,..., Z, are new
variables, such that

f=9D1,...,0n)-
Furthermore, due to the uniqueness of this representation, it follows that for a symmetric
polynomial of degree d < m, this representation cannot contain power sums of degree
higher than d, i.e., we have:

Proposition 3.3. Any symmetric polynomial f € R[X]®" of degree d < n can be
uniquely written as

f = g<p17 e 7pd)7
where g is a polynomial in R[Z,..., Z4].

Note that there is no intrinsic preference for using the power-sum polynomials p;.
Indeed, any family of algebraically independent symmetric polynomials with degree se-
quence {1,...,n}, for instance, the elementary symmetric polynomials or the complete
homogeneous symmetric polynomials, leads to the same result. Moreover, the polyno-
mial g can be computed algorithmically by using the results of [12, 22] for symmetric
polynomials, and the approach of [46] for arbitrary families of algebraically independent
polynomials py, ..., .

3.2.  Weyl chambers and restriction to faces

We denote by W, the cone defined by X; < --- < X,,, known as the canonical Weyl
chamber of the action of &,,. It serves as a fundamental domain for this action. The walls
of W, contain points where the inequalities are nonstrict at some positions, i.e., points
x=(21,...,2,) € W, for which z; = x;41 for some i € {1,...,n}. More precisely:

Definition 3.4. Let n € N be a fixed integer.



(1) A sequence of positive integers A = (Ay,..., \¢) with |A| := Zle Ai = n is called a
composition of n into £ parts. Here, ¢ is called the length £(\) of A\, and we denote
by Comp(n) the set of compositions of n and by Comp(n, £) the set of compositions
of n of length £.

(2) For n € Nand A = (\,...,)\;) € Comp(n), we denote by W) the subset of W,
defined by

Xlz"':XA1SX)\1+1:"':X)\1+)\2S"'SXA1+.--+)\[_1+1:"':Xn~

(3) For every A € Comp(n,d), the set W) defines a d-dimensional face of the cone W,,
and every face is obtained in this way from a composition and denote by L) the
linear span of W). Note that

dim Ly = dim W} = £()\).

(4) In the case when £ = n — 1, there is a unique ¢ € {1,...,n — 1} such that A; > 1.
With a slight abuse of notation, we denote the corresponding facet of the canonical

Weyl chamber, W2, also as Wc(i’iﬂ).
(5) Finally, for every d, we define the set of alternate odd compositions CompMax(n, d)
as

{)\ = ()\1,...,>\d) S Comp(n) | A2i+1 =lforall0<i< d/2}

Let n € N, and let A\, u € Comp(n). We write A < p if W2 D WH. Equivalently, A < u
if u can be obtained from A by replacing some of the commas in A with + signs. It follows
that < defines a partial order on Comp(n), making Comp(n) a poset. For A\, u € Comp(n),
the smallest composition greater than both A and p (with respect to <) is called their
join. The face corresponding to the join of A and p is given by W2 N WH.

For € W., we denote by % (x) the largest composition A of n, such that z can be
written as

T = (21 e ey 21522y ey 22y e ey 2y e v ey 20),s
—_——— —— ——
A1-times Ao-times A¢-times

where z = (21, ..., 2;) € R’, and £ is the length of \. For a composition A = (\1,...,\) €
Comp(n) and f € R[X], we define the polynomial

N = (X, X, Xy X Xy X)),

A1-times Aa-times A¢-times
Notice that f[* is a polynomial in ¢ variables and its image is exactly the image of
f when restricted to W2. More generally, given a symmetric semi-algebraic set S C R"
we denote by S, = S N W, and given a partition A\ € Comp(n) we denote S the

intersection of S, with W2. If S is described by symmetric polynomials, then Sy‘] is just
obtained by replacing every polynomial f in the description by fI.

Example 3.5. Consider n = 4. There exist eight compositions of 4 listed as
{(4),(3,1),(1,3),(2,2),(2,1,1),(1,2,1),(1,1,2), (1, 1,1, 1)} .
Notably, for p in the set {(3,1),(1,3), (4)}, we have (1,2,1) < p. Furthermore, the join
of (2,1,1) and (1,1,1,1) is (2,1, 1).
Given z = (-1,5,5,-3), we determine ¢ (z) = (1,2,
polynomial f = x3 + x1z9 — x4 and the composition A
f[’\] = 1179 + 73 — 73.

1). Lastly, considering the
= (1,2,1), it follows that



Given a general x € R™ we know that there is a unique element ' € W, in the &,,-
orbit of 2. This 2’ is obtained by ordering the coordinates of x increasingly. This can be
done algorithmically with the classical sorting algorithm bubble sort. This algorithm can
also be used to obtain the unique permutation o € &,, that transforms x into z’. Since
o € 6,, we know that we can write o as a product of pairwise transposition s; = (4,74 1)
for i € {1,...,n} and we will use the following variant of bubble sort to obtain the
minimal set of transpositions necessary to describe o.

Algorithm 1 Minimal_Adjacent_Transpositions

Input: Vector x = (z1,...,2,) € R™
Output: A minimal sequence T of adjacent transpositions sorting x, and the sorted
vector ' € R™ of x.

(1) Initialize an empty list T' of transpositions.
(2) fori=1ton—1do
(a) for j=1ton—ido
(i) if z; > ;41 then
(A) Swap x; and xj41.
(B) Append transposition (j,7 4+ 1) to T.
(3) Return (T, x).

Theorem 3.6. The above Algorithm correctly computes the minimal decomposition of
T into adjacent transpositions. Its complexity is O(n?).

Proof. Correctness follows from the observation that each adjacent transposition reduces
the permutation’s inversion number by exactly one. Since sorting requires eliminating all
inversions, this process necessarily yields a minimal decomposition into adjacent trans-
positions. The complexity result is immediate, as the procedure is equivalent to bubble
sort, which is well-known to have a worst-case complexity of O(n?). O

Remark 3.7. Note that there are other sorting algorithms with a better complexity.
However, while bubble sort is not the most efficient sorting algorithm in general, the task
of our Algorithm 1 is to obtain the minimal sequence of adjacent transpositions that
give the sorted vector. As more efficient sorting algorithms use swaps of non-adjacent
coordinates, the inherent complexity of the requirement — specifically, determining the
minimal sequence of adjacent transpositions — necessitates an O(n?) complexity.

3.3.  Vandermonde maps

Definition 3.8. For m = (mq,...,m,) € N, we define the weighted power sum p(-m) =

b
n v
Do X

Remark 3.9. Clearly, the usual power sum polynomials correspond to trivial weights
m = (1,...,1). Furthermore, given a composition X\ of n we directly see that the restric-
tion of the i-th power sum polynomial p; to the Wall W, denoted by pg)‘], as defined

above coincided with py‘).

10



Definition 3.10. Ford € {1,...,n} and m € N", we define the (weighted) d- Vandermonde
map:

Vn.dm - R" — R™

v o= (@), 0" (@)
When m = (1,...,1), we denote the map by v, 4. When d = n, and m = (1,...,1) we
simply refer to it as the Vandermonde map.
For a = (ai,...,aq) € RY, the fiber of the d-Vandermonde map, i.e., the set

V(a) := {:E cR" |p(1m)(x) = al,...,p&m)(x) = ad} ,

is called the m - weighted Vandermonde variety with respect to a. Note that, when
n=dand m = (1,...,1), every non-empty Vandermonde variety is precisely the orbit
of a single point x € R”.

Arnold, Givental, and Kostov emphasized the significance of the Vandermonde map
in their research on hyperbolic polynomials, and this topic has been explored further by
[1]. The required properties for our studies are summarized as follows.

Theorem 3.11 ([1, 2, 23, 29]). The Vandermonde map (i.e., when d = n and m =
(1,...,1)) gives rise to a homeomorphism between the canonical Weyl chamber W, and
its image. Moreover, for any composition A, the weighted Vandermonde map v, g(x),x
provides a homeomorphism between W2 and its image. Furthermore, for every a € R%
and m € Z% the m-weighted Vandermonde variety V,,(a) is either contractible or empty
when intersected to the Weyl chamber W..

4. Graphs and connectivity of unions

A central part of our algorithm will require that we algorithmically understand the
connectivity of unions of semi-algebraic sets. Our main tool for studying connectivity in a
union is based on relating it to graphs, for which efficient algorithms for connectivity are
available. The key here is that the connected components of a union J; S; are completely
determined by the connected components of the individual sets S; and their pairwise
intersections S; N .S;. It is closely related to the nerve theorem in combinatorial topology
[3, 11] and appears implicitly in many algorithms for computing connected components
of semi-algebraic sets, such as cylindrical algebraic decomposition and roadmap-based
approaches [5, Chapter 15]. Here we make it explicit by encoding the connectivity of
the union in a bipartite graph, whose vertices represent connected components of the
individual sets and their pairwise intersections, and whose edges connect components
that meet non-trivially. We give the detailed construct of this graph in Algorithm 2.

Definition 4.1. Let G = (V, E) be a graph. Given two vertices u,v € V we say that they
are connected if there exists a sequence of vertices vy, va,...,vr where v = u, vy = v,
and (v, v;41) € F for all 1 <14 < k. Moreover, a connected component of G is a maximal
set of vertices C' C V(G) such that for every pair of vertices v,u in C, there is a path in
G between v and u.
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Consider a collection of semi-algebraic sets Sy, ..., S C R™. Our goal is to analyze the
connectivity properties of their union Ule S;. The key observation is that the connected
components of a union |J, S; are completely determined by the connected components
of the individual sets S; and their pairwise intersections S; N S;. This idea is classi-
cal and appears implicitly in many algorithms for computing connected components of
semi-algebraic sets, such as cylindrical algebraic decomposition and roadmap-based ap-
proaches. Here we make it explicit by encoding the connectivity of the union in a bipartite
graph, whose vertices represent connected components of the individual sets and their
pairwise intersections, and whose edges connect components that meet non-trivially. We
give the detailed construct of this graph in Algorithm 2.

Algorithm 2 Construct Bipartite Graph from Semi-Algebraic Sets

Input: a collection of semi-algebraic sets Sy, ..., Sk

Output: a bipartite graph G(A U B, E) where A and B are vertex sets representing
connected components of the sets, and F is a set of edges indicating connectivity between
these components

(1) initialize A, B, E as empty sets
(2) for each pair of indices 4,5 with 1 <4,j <k and i # j do
(a) compute one point per connected component of S(; ;) = S; \ S5 and S(; ;) =
S; \ S;. Add the points together with the ordered pairs (7, j) and (j,4) into A
(b) compute one point per connected component of S/ = S; N S; and add each
point to B together with the tuple (i, j)
(3) for each u € A do
(a) for each w € B do
(i) determine the semi-algebraic set S; to which both u and w belong by
inspecting the associated ordered pair (i,j) and the associated tuple
{u, w}
(ii) if u,w are in the same set S; then
(A) if CONNECT(u,w, S;) then add edge (u,w) to E
(4) return G(AU B, E)

Theorem 4.2. Let Sp,...,S; C R” be semi-algebraic sets defined by polynomials of
degree at most d. The connected components of the union S = Ule S; are in one-to-one
correspondence with the connected components of the bipartite graph G constructed by
Algorithm 2.

We give a short independent proof for the convenience of the reader.

Proof. The vertex set A represents points from the differences S;\\S;, B represents points
from the intersections S; N S;, and E represents the connectivity between these points
in A and B. To show that we have an injective pairing: assume two distinct connected
components in S, say C; and C5, map to the same connected component in G. By
construction, vertices in A and B correspond to unique connected components of S; \ S;
and 5;N.S;, respectively. Since C; and C5 are distinct in S, they must yield distinct sets of
points in A and B, contradicting the assumption that they map to the same component
in G. Hence, the mapping is injective. To show the surjectivity of the pairing: consider
a connected component in G, represented by a subset of vertices in AU B and edges in
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E. By construction, each vertex in A and B corresponds to a connected component in
the differences S; \ S; or intersections S; N S; of the semi-algebraic sets. Since edges in E
represent connectivity between these components, the corresponding points in S form a
connected subset. This subset corresponds to a connected component in S, ensuring that
every component in G maps back to a component in S, establishing surjectivity. O

Theorem 4.3 ([28, Chapter 8]). Let G = (V, E) be an undirected graph. There exists an
algorithm that computes all connected components of G with complexity O(|V| + |E|).
Moreover, the space complexity is O(|V| + |E]).

Using this graph algorithm in combination with Theorem 4.2 we thus have a convenient
way of computing the connected components of a union.

5. Connectivity in the orbit space

The main goal of this section is to study the connectivity between two points z =
(x1,22,...,2) and y = (y1,¥Y2,-.-,yn) in R with their coordinates arranged in as-
cending order, i.e., t1 < xo < - - <zxpand y; < yo < -0 < Yy

In the presence of group invariance, it is natural to reformulate algorithms in a
symmetry-reduced setup. For example, one is no longer interested in all solutions to
a system of equations but only in all solutions up to symmetry. This corresponds to
reducing the set of solutions to the orbit space, by which we mean the following

Definition 5.1 (Orbit Space). Let G be a finite group acting on R™. The orbit space, de-
noted by R"/G, is defined as the quotient space under the equivalence relation identifying
points belonging to the same G-orbit. Formally,

R"/G :={Gz :z € R"}, where Gz ={g(z)|gecG}.

In particular, the orbit space can be identified with a fundamental domain and thus
in the case of a group G generated by reflections, with the canonical Weyl chamber. The
notation of the orbit space motivates the following definition.

Definition 5.2 (Connectivity up to Orbits). Let G be a finite group acting on R",
and let S C R™ be a G-invariant semi-algebraic set. Two points z,y € S are said to
be connected up to orbits (or orbit-connected) if their orbits Gz and Gy lie in the same
connected component of the orbit space S/G.

To relate this definition to the connectivity of two points we remark the following
connection between the two notions.

Remark 5.3. Let S be a G-invariant semi-algebraic set and consider two points z,y € S.
If 2,y are connected by a continuous path v : [0,1] — S, the path v itself descends
naturally to a continuous path in the quotient space. Thus, the orbits Gz, Gy trivially
lie within the same connected component in the orbit space S/G. On the other hand,
two points z,y € S may be connected up to orbits without necessarily being connected
within the original set S. For instance, distinct points in the same orbit are always
orbit-connected but need not lie in the same connected component of S.
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Example 5.4. Let n € N and consider the symmetric polynomial
fo=> XP(X;—1)°
i=1

which has 2" zeros. We consider now the symmetric semi-algebraic set
Spi={zeR"| f, —e <0},

which for small enough € > 0 consist of 2" connected components. Up to orbits, S,, has
n + 1 connected components.

So, while orbit connectivity of two points is not equivalent to the connectivity of the
two points, the failure of orbit connectivity can be used to decide that the two points
are not connected. For the setup of this article, we fix the canonical Weyl chamber W,
as a model of the orbit space. For every point x € R™ obtain a unique representative
of x in W, by ordering the coordinates of = increasingly. Thus, for two points z and y
in S orbit connectivity is equivalent to stating that their unique representatives ' and
y' are connected in S N W,. In the following, we will thus assume that the two points
x=(x1,...,2,) and y = (y1,...,Yn) are in the same fundamental domain of the action
of the symmetric group, by assuming that the coordinates of the two given points are
sorted in non-decreasing order. That is, throughout this section we will assume that
1<z < Swxpand yp Sy2 <o Sy

5.1.  Restriction to subspaces

The key to our algorithmic improvements in the case of orbit connectivity lies in
a reduction of dimension. This reduction of dimension rests on the following result of
Arnold.

Theorem 5.5 ([2, Theorem 7]). Let a € R? and consider the d-Vandermonde variety
V(a) C R™. A point x € V(a) N W, is a minimizer of pgy if and only if 2 € W2 for some
A € CompMax(n, d).

This result also motivates the following.

Definition 5.6. Given n,d € N, we denote
We = U W2,
AeCompMax(n,d)
Furthermore, for a semi-algebraic subset S C R™, we denote
Spa=SNW,
which we call the d-dimensional orbit boundary of S. Notice that if d > n, then S, 4 =
SNW,.

The first claim below arises directly from Theorem 5.5. Similarly, the subsequent
statement can be deduced with Morse theoretic arguments built on Theorem 5.5 (see |7,
Proposition 7] for further specifics).
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Theorem 5.7. Let S C R" be a semi-algebraic set defined by polynomials of degree
d. Then every connected component of S N W, intersects with S, 4. In fact, S, 4 is a
retraction of S N W..

With the following Lemma and the subsequent Algorithm, we algorithmically obtain
the dimension reduction.

Lemma 5.8. Let S C R" be a semi-algebraic set defined by symmetric polynomials of
degree at most d with d < n and let x € S N W,. Furthermore, let
a=(p1(x),...,pa(x))

and assume that
2 eVia)NW,

is a minimizer of pgy1 on V(a) N W,. Then z and 2’ are connected inside S N W,.

Proof. First observe that for every point
zeV(ia)NW,
we have z € S. Indeed, since z, z € V(a),
pi(x) = pi(2), i=1,....,d.
Since the defining polynomials of S are symmetric of degree at most d, Proposition 3.3
implies that each defining polynomial can be written as a polynomial in
P1y---Dd-

Hence all defining polynomials take the same values at x and z. Therefore z € S.
Now, by the contractibility result for Vandermonde varieties inside the canonical Weyl
chamber, the set
V(a) N W,

is contractible and therefore path-connected. Since
Vie)NnW,C SNW,,
it follows that  and 2’ are connected inside SN W,. O

Theorem 5.9. Let V(a) be a non-empty Vandermonde variety, and let W, be the
canonical Weyl-chamber. Then there is a unique minimizer of pgy1; on V(a) N W, # 0
with a multiplicity composition that is bigger or equal to a composition A of length d
and \yg = \g_a=Xg_g4=---=1.

Furthermore, there exists an algorithm Min_ Canonical(a, W.) that takes a € R? and
the canonical Weyl chamber W, as input and returns a real univariate representation
representing this minimizer of pg11 on V(a) N W, with a time complexity of

o ((” I d%jﬂ; 1) it 10g(d)> = 0™ (n"/a?)

arithmetic operations in Q.
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Algorithm 3 Min_Canonical(a, W,.)

Input: a point a € R? and the canonical Weyl-chamber W,
Output: a real univariate representation representing of the minimizer of p;41 on V(a)N

We
for A € Comp(n,d) with Ay = g2 =---=1do
(1) compute polynomials pl" = (p[l)‘] —ag,.-- ,pl[i/\] —agq)

(2) find a zero-dimensional parametrization 2 of V (pl*)
2= (a(T),q(T),q1(T),- .., qa(T)) € Q[T]*+?
(3) define 2" € Q[T]**? with
2" = (a(T),q0o(T), 1(T),- -, a1 (T), -, qa(T), .., qa(T) )

A1-times Ag-times

(4) compute Thom(g) = ThomEncoding(q)
(5) find ¥ = Sign_ ThomEncoding(q, g0, Thom(q))
(6) fori=1,...,d —1 do find
%, = Sign__ThomEncoding(q, ¢; — ¢i+1, Thom(q))
(7) fori=1,...,d and ({y,0;) € 3; do
(a) ifog >0and o; <Oforalli=1,...,d—1

oropg<QOando; >0foralle=1,...,d—1
(i) return (2',(y)

Proof. The first part of the theorem is obtained from the results in [2, 31].
For the second part, we consider the polynomial optimization problem

P): i
(P) wevrg%wcpd+1($),

where V(a) is the Vandermonde variety with respect to a.
Let J denote the Jacobian matrix of (p1(X)—a, ..., pa(X)—aq, pa+1(X)) with respect
to X, i.e.,

2X, 2Xy oo 2X,
J =

d+1)X¢ (d+1)X¢ - (d+1)X2

Any minimizer 2’ € V(a) N W, lying in the relative interior of a face of W, is a critical
point of pgy1 restricted to the corresponding stratum of V' (a). This means that =’ belongs
to the set of points where the Jacobian matrix J has rank at most d, i.e., all (d+1)-minors
of J vanish. Furthermore, any (d + 1)-minor of J has the form

o H (X — Xj),

11 <i<j<ia+1,
(i15005%d41)CH{1,...,n}

where o € Rg. Therefore, for any point z € R™ with more than d distinct coordinates,
there exists a (d + 1)-minor of J such that this minor does not vanish at x. This implies
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that any optimizer has at most d distinct coordinates.

Let A = (A1,...,Aq) be a composition of n of length d with Ay = A\g—o = --- = 1.
Then the optimizers of the problem (P) of type 7, where v is a composition of n with
A =<7, have the form

= (T, 1, T2,y ey T2y e ey Ty e ey L),
—— ——— S——
A1-times Ao-times Ag-times
where T = (x1,...,xq) is a solution of
RY (Al
pi —ar=---=p; —aq=0. (1)

Since the composition has length d, the system (1) is zero-dimensional in d variables,
and its solution set is given by a zero-dimensional parametrization. We then check for
the existence of a real point @ = (z1,...,z4) in this solution set such that xz; < ;1 for
i=1,...,d—1. To do this, we follow the following steps.

Let 2 = (¢(T),q0(T),q:1(T),...,qa(T)) be a zero-dimensional parametrization for the
solution set of (1), and Thom(q) be the ordered list of Thom encodings of the roots of ¢
in R. Suppose (y € Thom(g) is a Thom encoding of a real root ¥ of ¢. Then

. q1 (V) q4(9) d
(%(19)7”.’%(?9)> <K

Since ged(q, go) = 1, qo does not vanish at 9. If go(J) > 0, then 27 < x9 < --- < x4 if and
only if ¢;(9) — ¢;+1(9) <0 foralli =1,...,d— 1. Otherwise, when ¢o(¥) < 0, 21 < 29 <
-+ < zq if and only if ¢;(¥) — gi+1(9) > 0 for all i = 1,...,d — 1. Thus, it is sufficient to
test the signs of polynomials qo(T) and ¢;(T) — ¢;21(T) at ¥. Computing Thom(g) can be
done using the ThomEncoding procedure, while checking the signs of ¢p and ¢; — g;41 is
obtained using the Sign_ ThomEncoding subroutine. For each admissible composition A,
the above procedure produces all real ordered solutions on the corresponding face. Among
all candidates obtained in this way, we evaluate py41 and retain the one with minimal
value. By the uniqueness statement in the first part of the theorem, this candidate is
precisely the minimizer of pg41 on V(a) N W,. In summary, the Min__Canonical algorithm
is given in Algorithm 3.

We finish the proof by analyzing the complexity of the Min_Canonical algorithm. First

since A\g = Ag—2 = --- = 1, it is sufficient to consider compositions of n — [d/2] of length
/2], whih s s 0 (477

For a fixed composition A of length d, finding a zero-dimensional parametrization for
the solution set of (1) requires O(D? + dD?) arithmetic operations in Q, where D is
the number of solutions of (1), which is also equal to the degree of ¢(T"). This can be
achieved using algorithms such as those presented in [40]. Since the system (1) is zero-
dimensional with d polynomials and d variables, Bézout’s Theorem gives a bound for
D < d%. Therefore, the total complexity of finding a zero-dimensional parametrization
for the solution set of (1) is O(d®?) arithmetic operations in Q.

Finally, the subroutine ThomEncoding(q), which returns the ordered list of Thom
encodings of the roots of ¢ in R, requires

O(D*log(D)) = O(d*log(d?)) = O(d*** 1 log(d)).
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Since the degrees of gy and ¢; (for i = 1,...,d) are at most that of ¢, the procedure
Sign__ThomEncoding to determine the sign of each of these polynomials at the real roots
of ¢ is

O(D*(Dlog(D) + D)) = O(d**(d%log(d?) + d%)) = O(d*** ' log(d))

operations in Q.
Thus, the total complexity of the Min_Canonical algorithm is

n—[d/2] =1\ 4414 ~(.d
o) @' 1og(d) ) = O™ (n*/2a")
("o r ) ost@) =0 (o

arithmetic operations in Q. Finally, among all ordered real solutions obtained from the
candidate faces, we evaluate the value of pyy1. Since Theorem 5.9 ensures that the min-
imizer is unique inside V' (a) N W,, the solution with minimal value of p4; is precisely
the desired point. This finishes our proof. O

5.2.  Algorithm for testing the connectivity within one Weyl chamber

We are now able to present the first main result of this article: an algorithm designed
to determine the connectivity in orbits of two points, or equivalently for two points in
R™ with coordinates ordered increasingly.

Consider two points = (z1,22,...,2,) and y = (y1,Y2,...,Ys) in R™, with their
coordinates arranged in ascending order, 1 < x5 < - < xp and y; < Yo < - < Yy
Prior to introducing the algorithm, we will define some notations.

Notation 5.1. Consider 1 < d < n to be an integer, an let z € W,. Define a1 =
p1(2),...,a4 = pa(z). We will denote the Vandermonde variety V(aq,...,aq) by Vg ..
Moreover, let 2z’ denote the unique point within V; . that is guaranteed by Theorem 5.9.

Theorem 5.10. Let S C R" be a semi-algebraic set defined by symmetric polynomials
of degree at most d with d < n, and take z,y € S N W,. Then, x and y are connected
within S N W, if and only if the corresponding points 2’ and 3y’ are connected within

Shn,d-

Proof. By Lemma 5.8, x and y are both connected to =’ and 3/, respectively. Furthermore,
since by Theorem 5.7, the set S, 4 is a retraction of S N W,, we have that 2’ and y" are
connected within S N W, if and only if they are connected within S,, 4. O

We can now formulate an algorithm for checking equivariant connectivity of semi-
algebraic sets defined by symmetric polynomials of degree at most d.

Theorem 5.11. Given symmetric polynomials fi,..., fs € R[X]®" defining a semi-
algebraic set S and two points z,y € S NW,, the Algorithm 4 correctly deci2des connec-
tivity. Moreover, for fixed d and s, its complexity can be estimated by O(n?").

Proof. The correctness follows from Lemma 5.8 in combination with Theorem 4.2. For
the complexity of the algorithm, we observe that the main cost lies in building the graph
G with the help of Algorithm 2. Notice that this algorithm uses a roadmap algorithm
for the d -dimensional semialgebraic sets defined by FI*. Therefore, following Theorem
2.4, each call is made to compute the points per connected component or to decide the
connectivity costs s‘“‘ldo(dz), which are constant by assumption.
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Algorithm 4 Connectivity_Symmetric_Canonical(F, (z,y))

Input: F = (f1,..., fs) € R[X]®" of degrees at most d defining a semi-algebraic set S;
two points z and y in W,
Output: TRUE if z and y are in the same connected of S; otherwise return FALSE

(1) compute a list L of alternate odd compositions of n into d parts
(2) for X\ in L do compute FIN := (flp‘], .. .,fS[’\]).
(3) compute bipartite graph G = (AU B, E) for |, S(FM)
(4) compute connected components of G
(5) compute a = (v q(2z)) and b = (v, 4(y))
(6) compute 2’ = Min__Canonical(a, W,) and y' = Min__Canonical(b, W,)
(7) find the compositions v = €(2’) of 2’ and n = € (y') of ¥/
(8) find vg, v, € A with
e Normal_ Connect(F1, (v,,2")) = TRUE and
e Normal_Connect(F" (v,,y')) = TRUE.
(9) if v, and v, are in the same connect component of G return TRUE, else return
FALSE

Moreover, the number of sets we consider

00 (("g o) =0 o)

which is the number of alternate odd compositions of n with d parts. Thus, the first
loop has length (“(;l)). Each step of the loop has a fixed complexity, which is at most
35d+1g0(d?)

For the second loop, note that we can bound the number of connected components of
each of the sets S(FN) from above by O((sd)?). Therefore, the second loop has length
at most x(d)20((sd)??), and each step has complexity at most s9+140(@)  Since s and d

are fixed, we arrive at the announced complexity. O

6. Connectivity across Weyl chambers

In the previous section, we provided an effective method for determining connectivity
within the canonical Weyl chamber W,, i.e., for deciding orbit connectivity. However, as
highlighted in Remark 5.3, orbit connectivity of two points does not in itself guarantee
that the two points are connected in S. In this section, we analyze how paths in a
symmetric set S interact with the Weyl chamber decomposition of R™ and derive a
criterion that complements orbit connectivity to recover full connectivity. The geometric
picture is that of a kaleidoscope: the walls of the Weyl chamber act as mirrors, and the
reflected copies of S, = S NW, build up the entire symmetric set S. Whether two points
in S are connected depends on whether a path can be routed through the appropriate
sequence of reflections.

Remark 6.1. The interplay between a fundamental domain and reflected copies is
studied systematically in the theory of mirrored spaces and the Basic Construction of
Davis [19]; see also [8]. In particular, [8, Proposition 4] shows that the Davis construction
UG, S.) is semi-algebraically homeomorphic to S. While the full machinery of mirrored
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spaces provides decompositions of H.(U(¥, Z)) into Solomon modules [44, 19], the con-
nectivity question we address here only involves Hy and admits a direct path-based
treatment, which we give below.

6.1. Paths and wall-crossings

The Weyl chamber decomposition of R™ is defined by the reflection hyperplanes
Hi,j = {{EZ = (Ej} with 1 <1 <j<n.

Their complement in R™ consists of n! open Weyl chambers c(W?) for o € &,,, where
W2 = {x1 < -+ < x,}, and their closures c(W,), with W, = {z1 < -+ < z,},
partition R™ into n! closed chambers forming the Coxeter complex of type A, _1. In this
complex two closed chambers o3(W.) and o9(W,) share a facet if and only if oy oy
is an adjacent transposition (7, i4-1); the shared facet lies on the hyperplane {z,, ;) =
Toy(it+1) )

Lemma 6.2 (Path decomposition). Let S C R™ be a symmetric semi-algebraic set. Let
x € SNW, and for a 0 € &, let y € SN o(W,) such that both z and y lie in the same
connected component of S. Then:
(i) There exist adjacent transpositions ty, ..., t,, such that ¢ = ¢, - - - 1, and for each j
there is a point ¢; € S on the wall corresponding to t; that is connected to x in S.
(ii) The points x and y' := 0~1(y) are connected in S. := SN W,.
(iii) Each wall-crossing point g;, reflected to its canonical representative g := O'j__ll (g;) €

S., lies on the facet Wc(-ij’iﬁl) = {x;, = 24,41} and is connected to z in S..

Proof. Since S is semi-algebraic, two points in the same connected component of S can
be joined by a semi-algebraic path (see [5, Proposition 5.23]). Let ¢: [0,1] — S be such
a path with ¢(0) = 2 and ¢(1) = y, and write ¢ = (¢1,...,dn).

(i). For each pair 1 < i < j < n, define f; ;(t) = ¢;(t) — ¢;(t). Each f; ; is semi-algebraic,
so its zero set fifjl (0) C [0,1] is a finite union of points and intervals. In particular, the
sign of each f; ; changes only finitely many times. Since there are finitely many pairs (3, j),
there exists a finite subdivision

0:T0<7'1<"'<Tm+1:1

such that on each open interval (7;_1, 7;) all signs of the f; ; are constant (after removing
repetitions, we may assume consecutive chambers are distinct). Thus

¢((mj-1,75)) C aj—1 (W)
for uniquely determined permutations oy, ..., 0., with g = id and ¢, = o. Each wall-
crossing point g; := ¢(7;) lies in g;_1(W,) N g;(W,). Since these two chambers share a
facet, they differ by an adjacent transposition ¢; = (i;, ¢;+1) with o; = t;0;_1. Hence
0=ty --t1 €(t1,...,tm), and each g; is connected to = in S via the sub-path ¢|o 7).

(7t). Decompose ¢ into sub-paths ¢; = ¢|[T].’Tj+l] for j = 0,...,m. Define the reflected
paths _

¢j =05 0d;.
Since ¢; takes values in ¢;(W,), the reflected path q~5j takes values in W,., and by sym-
metry of S, in S.. At each wall-crossing point gj+1 = ¢(7j+1), the point g;41 lies on the
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hyperplane fixed by the adjacent transposition ¢;41 (in o;-coordinates), so U;l(qj+1) is
fixed by the conjugate U;ltj+10j, which gives

-1 —1
0 (gj1+1) = Uj+1(Qj+1)’

ie., gj(l) = 8]4_1(0). The reflected segments therefore concatenate to a continuous path

in S, from z to ¥ = o~ (y).

(iii). By the same reflection, ¢ := aj-ill (g;) lies in W, (since ¢; € 0;_1(W,)) and in S by

symmetry, hence in Sc. The point g; lies on the facet W5t because g; is fixed by

the reflection o;_1 - (¢;, i;+1) ~crj_f17 so q; is fixed by (ij, i;+1). Since the reflected path
from (ii) passes through q} and connects to z inside S., the claim follows. O

6.2. The connectivity criterion

Definition 6.3. Let S C R" be a symmetric semi-algebraic set, and let S, = SNW.,.
For a connected component C of S., define the wall subgroup

G(C) € 6,

to be the subgroup generated by all adjacent transpositions (i,4 + 1) such that C N
Wc(i,i+1) £ 0.

The value of this subgroup is make explicit in the following.

Lemma 6.4. With the definitions above we have that for any 7 € G(C) and any z € C,
the points z and 7(z) are connected in S.

Proof. We proceed by induction, with the base case (7 = id) being trivially true. Now,
assume first that 7 = ¢ = (4,7 + 1) is a generator of G(C). In this situation we know by
definition that there exists ¢ € CN Wc(i’iﬂ) such that there is a path § from z to ¢ in S..
Furthermore, since q lies on the wall {z; = x;11}, we have t(q) = g. The image path to
goes from t(z) to t(q) = ¢ and lies in ¢(S.) C S. Concatenating S with ¢ o 8 (traversed
in reverse) yields a path

z i> q=t(q) ﬂ>t(z)

in S.

Now, to do the inductive step, we assume 7 = ¢ - 7/ where ¢ is a generator of G(C)
and 7’ has shorter word length. Let g € C N Wc(i’iﬂ) be the wall-touching point for the
generator t, and let 8, be a path from z to ¢ in S.. By the inductive hypothesis applied
to ¢, we find a path v, from ¢ to 7/(¢) in S. Since t(g) = ¢, the image ¢(vy,) is a path
from ¢(q) = q to t(7'(¢)) = 7(¢) in S. Furthermore, 7(8,) = ¢(7'(8.)) is a path from 7(z)
to 7(¢) in S (since 8, C S. C S and S is &,-invariant). Concatenating

7(2).

B= t(vq) 7(B)

z q 7(q)

we arrive at a path in S that connects z and 7(z). O

Combining Lemma 6.2 and Lemma 6.4 we arrive at the following characterization for
connectivity of two points
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Theorem 6.5. Let S C R™ be a symmetric semi-algebraic set and consider two points
z € S.and y € S. Let 3y € S, be the canonical representative of y and let o € &,, a
permutation satisfy y = o(y’). Then the two points = € S, and y € S belong to the same
connected component of S if and only if the following two conditions are met:

(i) « and y’ lie in the same connected component C of S., and

(i) o € G(C).

Proof. The forward direction essentially follows directly from Lemma 6.2. Suppose that
x and y belong to the same connected component of S. By Lemma 6.2(ii),  and ¢/’
are connected in S, thus condition (1) is satisfied. Furthermore, Lemma 6.2(i) tells us
that there exist adjacent transpositions ¢1, ..., ty with o € (t1,...,tx). By Lemma 6.2(iii),

each reflected wall-crossing point qé liesin C ﬁWC(” " +1), so each t; is a generator of G(C),
whence o € G(C). This gives condition (ii). Now, to see the converse direction, we suppose
that conditions (i) and (ii) hold. So we assume that there exists a path « from z to 3/’
in S. C S. It therefore suffices to construct a path from ¢’ to o(y’) = y in S. Now, applying
Lemma 6.4 with z =y’ € C (by condition (i)) and 7 = ¢ € G(C) (by condition (ii)), we
obtain a path from y’ to o(y’) = y in S. Concatenating with « gives a path from x to y
inS. O

Remark 6.6. The inductive construction in the converse direction may produce a path
whose length (in the sense of wall-crossings) is larger than the word length k of . This is
unavoidable in general: the path must detour through wall-touching points g € C that may
be far from the direct geometric route. However, the argument is purely existential; for
the algorithmic applications in the next subsection, we only need to decide connectivity,
not to construct an explicit connecting path.

Corollary 6.7. Let S C R™ be a symmetric semi-algebraic set with S. connected. Then
S is connected if and only if S, N WS £ ¢ for every i € {1,...,n—1}

Proof. 1If S.N WD # () for every i € {1,...,n—1}, then every adjacent transposition
(i,i+1) belongs to G(S.). Since adjacent transpositions generate &,,, we obtain G(S.) =
S,,. Now let z,y € S. Since S. is connected, the canonical representatives z’,y’ € S,
belong to the same connected component of S.. Moreover, if y = o(y’'), then o € &,, =
G(S,¢). Hence Theorem 6.5 implies that x and y lie in the same connected component of S.
Therefore S is connected. Conversely, suppose that S is connected. Since S, is connected,
Theorem 6.5 implies that G(S.) = &,,. In particular, every adjacent transposition (i,i41)
belongs to G(S.). By definition of G(C), this means S, N WD £ ) for every i €
{1,...,n—1}. O

6.3. Algorithm for checking connectivity

We are now in the position to give an algorithm that takes two points z,y € S and
decides if they are connected in S. Without loss of generality, we can assume that = has
ordered coordinates, i.e., x € S, since otherwise we can reiterate the same argumentation
by replacing the canonical Weyl chamber W, with the Weyl chamber that z is contained
in. Our approach now builds on Theorem 6.5. For this, we need to find the set of facets
of W, to which = can be connected in S.. As an observation for this, we use the following
reduction which is a consequence of applying Arnold’s result to the intersection of S,

with the face WY,

22



Definition 6.8. Let n,d € N and let A = (A, A2,...,\q) be a composition of n into d
parts. For a given index ¢ € {1,...,n — 1}, we define RES;()), the composition of n that
additionally incorporates the constraint z; = x;41, as follows. Let
k-1
Trk:1—|—Z/\j, fork>2, m =1,
j=1
and let k£ and &’ be the unique indices such that
ﬂk§i<ﬂk+1, Tt §i+1<7rk/+1.

Then,
Nif b=k, (ie., z; = ;41 is already implied)
(/\17 ey A1y Ak AR ARy )\d), otherwise.

RES;(\) = {

The above definition also gives a direct algorithm to compute this new composition
out of a given A in O(d).

Lemma 6.9. Let S C R™ be a symmetric semi-algebraic set defined by symmetric
polynomials of degree at most d and S. C W, be the intersection of S with W,. Then,
iyit1)

every connected component of S, N W,E is connected to a point in S ) for some

A € CompMax(n, d).

Proof. Consider the composition m € N*~! defined by

2, ifj=i,
m; =
’ 1, otherwise.

For any z € S. N Wc(i’H'l), define the associated symmetric polynomial invariants

a; = 9" (2).
The (weighted) Vandermonde variety V(a) contains 2 and encodes the structure of con-
nected components.

By Theorem 5.5 (applied to the weighted Vandermonde map v;,—1 4,m), the minimum
of pg:)l on V(a)N WY must be attained on a face corresponding to some RES(A),
where A € CompMax(n, d). Since the weighted Vandermonde variety V(a) N WD g
contractible, every point in the connected component of z is connected to the minimizer,
which lies in S?ES(A). This completes the proof. O

We will use Lemma 6.9 to decide if a given point z € W, is connected to a wall
chmﬂ). Indeed, the following algorithm is a clear consequence.

Lemma 6.10. The Connected_Wall algorithm correctly decides if the connected com-

ponent of x € S, is path-connected to the wall Wc(i’iﬂ). The worst-case complexity is
bounded by

0 ((” I d%ﬁ 21; 1) - d* 1 1og(d) - ((sd)”nd2 + sd+1do(d2))> .
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Algorithm 5 Connected_Wall(F, x, )
Input: F = (fi,...,fs) € R[X]®" is a set of symmetric polynomials of degree at most
d, defining a semi-algebraic set S; a point x € W,; and 14 €N.

Output: TRUE if x can be connected in S, to the wall WC(MH)

, otherwise return FALSE.
(1) compute a list L of alternate odd compositions of n into d parts.
(2) for each A in L, compute the modified polynomial set:

FlRESi (V)] . (fl[RESi()\)]’ - '7fg[R,ESi()\)])'

(3) LIEesiVI  Normal_Connect_Points( FIR®: (M) a list of points in glREs: (V]
(4) for each z € LIRFsiNI;

(a) if Connectivity_Symmetric_Canonical(FIR®:(M] (. 2)) is TRUE, return TRUE.
(5) return FALSE.

Proof. Tt follows directly from Lemma 6.9 that we can restrict to the different d-dimensional
faces WC[RESi(A)]. If one of these contains a point z connected in S, to x we have established
a connection to Wc(i’iﬂ). However, in the case when none of the connected components
in one Wp[,R‘ESi(/\)] can be connected in S. to x we have established that there is no path
connection to Wc(i’i+1). Since every one of the calls of Normal_Connect_Points has as
input a d-dimensional set, we can deduce that the driving factor comes from the number
of elements in CompMax and get the announced bound. O

Finally, this gives rise to the overall algorithm.

Algorithm 6 Connectivity_Symmetric(F, (x,y))

Input: F = (fi,..., fs) € R[X]®" is a set of symmetric polynomials of degree at most
d, defining a semi-algebraic set S. Two points z,y € R™ are given, with z € W, (the
canonical Weyl chamber).

Output: TRUE if z and y are connected in S, otherwise return FALSE.

(1) compute (y',T) < Minimal_Adjacent_Transpositions(y).
> 1': a vector in R”
> T a sequence of adjacent transpositions
(2) if Connectivity_Symmetric_Canonical(F, (z,y’)) is FALSE, then return FALSE.
(3) compute a list L of alternate odd compositions of n into d parts.
(4) for each (i,i+1) € T do:
(a) if Connected_Wall(z, ) is FALSE, return FALSE.
(5) return TRUE.

Theorem 6.11. Algorithm 6 correctly decides if two points x and y are connected within
a symmetric semi-algebraic set S. If s is the number of symmetric polynomials in the
description of S and if their maximal degree is fixed to be d, the worst-case complexity
of the Connectivity_Symmetric algorithm is given by:

o (sdnd2 do(dQ)) .
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Proof. The correctness of the algorithm builds on Theorem 6.5. If in the second step
Connectivity_Symmetric_Canonical(F, (z,3’)) returns FALSE, then x and g’ lie in differ-
ent connected components of S., so condition (1) fails and = and y are not connected.
Otherwise, if it returns TRUE, Theorem 6.5 tells us that we additionally need to check
whether the permutation o that maps y to ¥’ belongs to the wall subgroup G(C), where
C is the connected component of S. containing z. Since o € G(C) if and only if each
adjacent transposition in the decomposition T of o is a generator of G(C), it suffices to
check, for each (i,i + 1) € T, whether the connected component of x in S. meets the
wall Wc(i’iﬂ). Following Lemma 6.10, Algorithm Connected_Wall correctly decides this
for each relevant wall. This guarantees that Algorithm 6 returns TRUE if and only if x
and y are connected in S.
For the complexity, we obtain

o (nz o 4n2. <n —[d/2] - 1> Y Jog(d) - ((Sd)dnd2 +Sd+1d0(d2))> 7
[d/2] -1

where the n? terms account for sorting and the loop over at most n — 1 transpositions.

Since d and s are treated as fixed constants, the binomial coefficient is O(nl%/2/=1) and

all factors not involving n are absorbed into the constant. The dominant term in n is

ndz, yielding the announced bound. O

6.4. A degree-three example in four variables

To close we exemplify Algorithm 6 and the ideas used on a simple symmetric semi-
algebraic set in R*. Let

pk:xlera?ngngrzif, k=1,2,3,
and let W, = {z1 < 22 < 25 < x4} be the canonical Weyl chamber. Consider the set
S={z e R | pi(x) =0, pa(z) < 12, p3(z) > 6}.
We use the four points

A= (_17 _1a _173)a B = (_2a _17 %, %)7 z = (_2a %a _17 %)7 w = (_27 _17 %a %)
One verifies that A and B belong to S NW,: for A one has p; =0, po =12, ps = 24, and
for B one has p; = 0, py = %, p3 = %. Furthermore, z and w are permutations of B
lying outside W, each with canonical representative B. Note that A lies on the walls
{x1 = 22} and {x2 = x3} of W,, while B lies in the interior of W, (all four coordinates

are distinct).

Orbit boundary and wall analysis. In order to simplify the presentation, we make
some preliminary observations, all of which can also be seen in Figure 1.

The set CompMax(4,3) consists of the single composition (1,2, 1), corresponding to
the face WC(1’2’1) ={x; <x9=2x3 < a4} Let S. = SN W,.. By Theorem 5.7, the orbit
boundary Sy 3 = 5N Wc(1’2’1)
in bijection with those of Sy 3.

Following Definition 6.3, we determine the wall subgroup G(S.) C &,4. The point
A= (-1,—-1,-1,3) lies in S, and satisfies 1 = x5 = 23 = —1, so A belongs to the walls
Wc(l’Q) = {x1 = a2} and Wc(2’3) = {x2 = x3}. In particular, S. N W(Sl’Q) and S. N Wc(2’3)
are both nonempty, so s1, s2 € G(S,).

is a retract of S, so the connected components of S, are
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(a) View showing the four lobes of S. The per-
mutation walls (rose-tinted planes) cut out the
orbit space in the Weyl chamber W. which
contains A and B; z lies in an adjacent cham-
ber, w in a separated lobe.

(b) Top view. The red curve is the Van-
dermonde fiber V(0, %, 2{) through B, with
B’ marking its retraction to the orbit bound-
ary wit2h (Algorithm 3). The lower wall

{xs=x4} separates w from SN W..

Fig. 1. The set S = {p1 = 0,p2 < 12,ps > 6} C R* projected onto the hyperplane
{p1 = 0} = R®. The three permutation walls {#; = x;41} are shown as semi-transparent
planes.

For the wall W = {z3 = x4}, we show that S.NWED =g, Indeed, on {z3 = x4 =
v} NWe.N{p; =0} one has 1 + zo = —2v with x; < 29 < v. This forces v > 0 (if v < 0
then 27 < 29 < v <0, s0 x1 + x5 < 0, contradicting x1 + 22 = —2v > 0). Using p; =0

and x; + 29 = —2v, we compute x5 + x5 = (z1 +2)> — 3v 22 (71 +12) = —803 + 6V T2
and 211y = 21 (—2v — 1) = —2vx1 — 77, S0
p3 = Titrs+20° = —603+6vri29 = —60(v? 420z +2?) = —6v(vta;)? < 0 < 6,

since v > 0 and (v+x1)? > 0. Hence no point on this wall satisfies p3 > 6, so s3 ¢ G(S.),
and
G(SC) = <81, 82> g 64.

We now trace Algorithm 6 on three pairs of points.

Case 1 (both points in the Weyl chamber). Let + = A = (-1,—1,-1,3) and
y = B = (=2,-1,1,3). Since both points lie in W,, Algorithm 1 (Minimal_Adjacent
_Transpositions) applied to y returns y' = B and T = ().

Algorithm 6, Step (2), calls Algorithm 4 (Connectivity_Symmetric_ Canonical) on
(x,y') = (4, B). Since A and B have different Vandermonde images v4 3(A4) = (0,12,24)
and vy 3(B) = (0,2, 27), Algorithm 4 must do genuine work as follows.

Steps (1)—(4) build the bipartite graph G encoding the connected components of the
orbit boundary Sy 3, which lives on the face Wc(1’2’1).

Step (5) computes the Vandermonde images a = v43(A4) = (0,12,24) and b =

1/473(3) = (0, 22—3, %)
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Step (6) calls Min_Canonical (Algorithm 3) to retract each point to the orbit boundary.
For A, the minimizer of py on V(a) N W, is o’ = A itself (since A already lies on the
(1,2,1) face with 2y = 29 = x3). For B, which lies in the interior of W,, the minimizer
of py on V(b) N W, yields a point ¢’ on the face (1,2,1). By Lemma 5.8, B and gy’ are
connected (they lie on the same Vandermonde fiber, which is contractible).

Steps (7)—(9) check whether 2’ and 3’ belong to the same connected component of the
bipartite graph G. Since S4 3 is connected, this check succeeds.

Algorithm 4 returns TRUE. Since T = (3, Step (4) of Algorithm 6 is vacuous, and the
algorithm returns TRUE.

Case 2 (different Weyl chambers, but connected). Let z = A = (-1,—-1,—1,3)
and y = z = (-2, é, 1, %) The point z lies outside W, (since x5 = % > —1=ux3).

Step 1. Algorithm 1 applied to z swaps positions 2 and 3 (since % > —1) and returns
Z'=(-2,-1, ;, %) = B with T = [s3].

Step (2). Algorithm 4 is called on (z,2’) = (A, B). Since A # B, this is a non-
trivial connectivity query: Algorithm 4 retracts both points to the orbit boundary via
Min_Canonical and checks their graph connectivity in S4 3, exactly as described in Case 1.
It returns TRUE.

Step (4). The list T = [sq] contains one transposition. Algorithm 6 calls Algorithm 5
(Connected_Wall) with input (F, A,2), which checks whether A is path-connected in S,
to the wall W{*9) = {z2 = xz3}. Since A itself lies on this wall (with zo = x5 = —1),
Algorithm 5 returns TRUE.

All transpositions in T pass the wall check, so Algorithm 6 returns TRUE: the points

A and z are connected in S.

Case 3 (orbit-connected, but not connected). Let z = A = ( 1,-1,-1,3) and
y=w=(-2,-1, g, é) Again w lies outside W, (since z3 = 3 > T4).

Step 1. Algorlthm 1 applied to w swaps positions 3 and 4 (smce % > 1) and returns
w = (-2,-1,%,5) = B with T = [s3].

Step (2). Algorithm 4 is called on (x,w’) = (A, B) and returns TRUE, exactly as in
Case 2.

Step (4). Now T = [s3]. Algorithm 6 calls Algorithm 5 with input (F, A,3), which
checks whether A is path-connected in S, to the wall VV(3 9

SN Wc?’ - (proved in the wall analysis above), Algorithm 5 returns FALSE, and
Algorithm 6 immediately returns FALSE: the points A and w are not connected in S.

Geometrically, any continuous path from w to A must pass through a point with
x3 = x4 (by the intermediate value theorem applied to ¢ — x3(t) — x4(¢t), which changes
sign). At every such point p3 < 0 < 6, so no path can stay inside S.

= {x3 = z4}. Since

7. Conclusion and outlook

In this article, we have presented the first polynomial-time algorithm for deciding
connectivity in a symmetric semi-algebraic set. The key geometric insight underlying our
approach is a dimension reduction technique, which is feasible due to the low degree
of the defining polynomials. Notably, this degree restriction can be bypassed if a priori
knowledge of the decomposition of symmetric polynomials into power sum polynomials
is available. Moreover, alternative families of symmetric polynomial generators can also

27



be useful. For instance, as demonstrated in [37], a special representation in elementary
symmetric polynomials leads to analogous results. The methods developed here can be
generalized to this setting with only minor modifications. However, at present, we are
still constrained by the specific choice of representation. An important open question is
whether a sub-exponential algorithm can be obtained even in cases where no “sparse”
representation in power sums or elementary symmetric polynomials is available. In such
situations, the recent algorithms proposed by [20] provide a promising direction. Fur-
thermore, we are limited to symmetric semi-algebraic sets described by symmetric poly-
nomials. While every symmetric semi-algebraic set can be described using symmetric
polynomials, transforming a general description into a symmetric one may lead to an
increase in polynomial degree. For a particular class of symmetric semi-algebraic sets not
originally defined by symmetric polynomials, Safey El Din and the first author [36] es-
tablished a result that could also be utilized for dimension reduction. It would be highly
interesting to explore, in a broader context, the extent to which a polynomial-time al-
gorithm for connectivity — and more generally, for topological queries — remains feasible
in the setting of symmetric sets that are not explicitly given by symmetric polynomials.
Finally, much of our theory extends naturally directly to Coxeter groups. In fact, Friedl,
Sanyal, and the first author have shown in [21] that a slighly weaker analog of Timofte’s
theorem holds for all finite reflection groups. Establishing a general framework for our
polynomial-time algorithm in the context of all Coxeter groups remains an intriguing
avenue for future research.
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