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ON THE THREE BALLS INEQUALITY FOR DISCRETE SCHRODINGER
OPERATORS ON CERTAIN PERIODIC GRAPHS

YANN BOURROUX, AINGERU FERNANDEZ-BERTOLIN, AND PHILIPPE JAMING

ABSTRACT. We investigate quantitative unique continuation proper-
ties for discrete magnetic Schrédinger operators in certain periodic
graphs. This unique continuation property will be quantified through
what is known in the literature as a Three Balls Inequality. We are able
to extend this inequality to another family of periodic graph which
contains the Hexagonal lattice. We also give a sketch of the proof for
general star periodic graph. Our proofs are based on Carleman esti-
mates.
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1. INTRODUCTION

The aim of this article is to prove a Carleman inequality for discrete
magnetic Schrodinger operators on a class of periodic graphs beyond
the square lattice. As an application we obtain a quantitative unique
continuation property for discrete harmonic functions on those graphs,
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where the quantification is given through a so-called Three Balls Inequal-
ity. This inequality is then extended to a larger class of periodic graphs
that also includes the hexagonal lattice.

Generally speaking, such an inequality has the following form: con-
sider a solution f of a PDE or a difference equation written as P f = 0 over
some set (2. We assume that Q2 is endowed with some natural distance
and denote by B, a ball of radius r and | - || 5, a norm of the restriction of
f to this ball. For instance, one may consider the L> norm over the ball,
I fllg, = supyep, | f(x)]. A Three Balls Inequality is then a way to bound
the norm of f on some ball, say Bj, by the norm of f on a smaller and on
alarger ball, say By/» and B,. A typical inequality of that type would then
take the form

(L.1) Iflls, < Call FIE, 1 F15°

for some a € (0,1). We can also see this property as a propagation of
smallness property, since if || f] 5,,, is small, say < € and if we have a global
bound of f on By, say || fllp, < M then f stays relatively small on B; since
(LD implies that || fll 5, < Coa M~ %€®.

Such inequalities are known for some time. For instance, if we consider
P = A the Laplacian on R?, the Three Balls Inequality (I.I) has been es-
tablished by J. Korevaar and J. L. H. Meyers in [KM94] for harmonic func-
tions Af =0, both when | f| g, is the L*®-norm | f || g, = supg, |1 and also

1/2
in the L?-case when I flig, = (f If(x)l2 dx) . It is also well known that
B,

this unique continuation property is satisfied when A is replaced by the
Schrodinger operator A+ B-V + V, for certain classes of potentials B and
V, see for example [Ku97].

In the discrete setting, the situation is more complicated. Let us start
with the simplest case of the square lattice Z¢ and the naturally associ-
ated graph Laplacian A,. In this case, Three Balls Inequalities in the form
(LI) do not hold. This situation is a bit awkward as, if one considers the
square lattice (hZ)? with a mesh of size & instead of Z¢, then the graph
Laplacian is a natural discretization of the Euclidean Laplacian in the
sense that, if f is a @ function on R then h™2A,; 4 f — Af when h — 0.
One thus expects that the Three Balls Inequality should hold at least up
to an error term when £ is small enough. This has indeed been proved
by M. Guadie and E. Malinnikova [GM14]: there exist C,06 >0,0< a <1
and hy such that if0 < h < hy, then for every C? function f on R? whose
restriction to hZ% satisfies Ajza f =0, we have

(12) 1 fliom < Cl 1o, ) 1 1s, + €70Vl fll ooy
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Note that the error term e %’ ‘/ﬁll fliz=,) goes to zero as the mesh size
h — 0 i.e. when approaching the continuous regime. This error term
is also shown to be optimal. The proof relied on an explicit formula for
the Poisson kernel of a discrete harmonic function and is thus difficult to
extend to more general settings, for instance when adding a potential to
the Laplacian.

This difficulty has been overcome by the second author together with
L. Roncal, A. Riiland & D. Stan [FBR"21] who took a different approach.
They first establish a Carleman estimate and then deduce the Three Balls
Inequality from it. In particular, this allowed them to establish (1.2) but
with L2-norms instead of L*-norms.

Our aim here is to extend this result to a larger class of graphs. The
graphs we consider are known as periodic graphs. Roughly speaking (pre-
cise definitions will be given in the next section), they consist of a finite
graph whose vertices are vectors in R? and this graph is then translated by
Lattice elements in such a way that the edges are periodic. The simplest
such graphs are the lattices AZ¢ with A invertible and the edges are just
the nearest neighbors. The hexagonal lattice is another familiar example
in this class.

Such graphs are key to understanding a wide range of applications in-
cluding network design or physical systems like molecules and crystals.
To be more precise, structures similar to periodic graphs play a key role as
candidates for the fundamental microscopic building block of space, see
[KMS08] or [HML*10]. Crystal material property prediction is also im-
portant in modern physic as a way to discover new materials with good
properties and it happens that crystals are studied as periodic graphs
[YLL22].

Mathematically, the set of vertices V and the edges € of a periodic
graph T are subsets of R?. Therefore, there is a natural scaling that we
denote by hI' and call i the mesh size. We then consider the following
operator,

k
(1.3) Hpf(x) = h 2Apr f(x) + V() f(0) +h™! Y B(x)Df(x),
j=1

where f: h'V — R, Ajr is the discrete Laplace operator on the periodic
graph hI' (see the definition below), D f(x) is a difference operator that
depends on the periodic graph I" (similar to the gradient in the continu-
ous setting), V : KV — R is a uniformly bounded potential and B : hV —
R4 is a uniformly bounded tensor field. Schrédinger operators on peri-
odic discrete graphs have attracted a lot of attention due to their appli-
cations to the study of electronic properties of crystalline structures, see
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e.g. INGM™04], the book [Ha02] and the survey [CNG™09]. There is a vast
mathematical literature as well, focusing mainly on spectral properties of
those operators, see e.g.[AIM15, AIM18, KS14}KS14, KS18,/Sa24].

Another motivation behind the study of the operator H;, on periodic
graphs comes from the fact that, for certain graphs, the discrete Laplacian
Ayr tends to approximate the continuous Laplacian A when the mesh
size h tends to 0. For example, the Laplacian of the Square lattice is the
usual discretization of the Laplacian in Z¢. Also, on the hexagonal lattice
J, if g is a polynomial of degree 2 in two variables,

g(x,y) =ax’* +bxy+cy* +dx+ey+f,
then

_ 3
h™2Agcg(xh, yh) = EAg(x, ¥)-

Hence the approximation error done, by approximating the continuum
with the Hexagonal lattice, is of order h°.

In the free case, B =0, V = 0, A. Bou-Rabee, W. Cooperman and S.
Ganguly [BRCG23] established the Three Balls Inequality in the spirit of
(I.2) for all planar periodic graphs by removing the need of computing
the Poisson kernel. However, their result is in the L norm, not in the 2
one and further seems not to extend to the more general cases B # 0 or
V # 0 as the proof relies essentially on a geometric interpretation of the
Laplacian that is lacking when adding a potential.

We will overcome this by adapting the strategy of [FBR*21] to the larger
setting of periodic graphs. The first step consists in proving a discrete
Carleman Inequality (Theorem 3.1). The Carleman weight we will use
is an adaptation of the weight used in [KRS16, FBR*21] where we re-
place the Euclidean norm with a norm |.|r adapted to the graph I'. Also
note that, contrary to the continuous case, the Carleman parameter 7 is
bounded in such a way that 7 < h~!. When the mesh size tends to 0,
we get closer and closer to the continuous case. This condition is the
key behind the error term that appears in discrete Three Balls Inequali-
ties. This strategy works in all dimensions but unfortunately not for all
graphs. The key difficulty is that at one stage of the proof, we need to
go to the Fourier side, reformulating one step in terms of a Fourier mul-
tiplier that one needs to bound from below. There is a particular family
of graphs that we call I-point periodic graphs for which we obtain such
lower bounds as the Fourier multiplier we have to deal with is complex
valued. In the general case, this Fourier multiplier is vector valued and
lower bounds seem not to be available. This explains the restriction on
the graphs we have to impose to obtain a Carleman estimate.
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This Carleman estimate is then the main ingredient we need in order
to prove Three Balls Inequalities. Indeed, using a cut-off argument and
a Caccioppoli type estimate, we are able to derive Three Balls Inequality
for the operator Hy, on 1-point periodic graph. In a last step, we are able
to extend this result to a larger family of periodic graphs, which contains
the Hexagonal lattice. This is possible since the graphs I' in this family are
such that we can construct another graph I from a subset of its vertices
which is a 1-point periodic graph and for which the restriction of the ini-
tial function f to I" satisfies the Three Balls Inequalities. Moreover, the
¢2 norm of f onT is equivalent to its #> norm onI”.

Note that, while this allows to significantly enlarge the class of periodic
graphs for which Three Balls Inequalities are now available, it is still open
whether such an inequality is valid on all periodic graphs, most notably,
we would like to establish a unique continuation property for the Lapla-
cian on the Kagome Lattice, see Figure[2land [AIM15), Figure 4] for further
precision.

The paper is organized as follows: In Section 2, we will introduce the
setting of our study. Section 3 is devoted to our discrete Carleman es-
timate (Theorem[3.1I). In Section 4, we give the statement of our Three
Balls Inequality (Theorem[4.1) for the discrete magnetic Schrédinger op-
erator on 1-point periodic graph together with its proof using the discrete
Carleman estimate. Finally in the last Section, we extend the Three Balls
Inequality to a larger class of periodic graphs, starting with the Hexagonal
lattice.

2. SETTING AND NOTATION

Throughout the paper, & > 0 will be a parameter called the mesh size
and that will be required to be sufficiently small.

Definition 2.1. We say that hT' = {hL, h'V, h€} is a periodic graph if it sat-
isfies the following properties.
(1) Thereis a basis vi,...,vg of R% such that

d
L:{v(n): Y vjnj| nEZd}

j=1
the lattice generated by those vectors.
(2) Therearepy,..., ps, s points inR%, such that for everyi, j € {1,..., s}
withi# j, pi — pj € L. The vertex set is then defined as

N
hV = J hV; where hV; = hp; + hL.
i=1
Without loss of generality, we will always assume that p; = 0.
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(3) Theedge set hE c hV x h'V satisfies the following periodicity condi-
tion: letx,y € hV with x ~ y i.e. (x,y) is an edge, (x,y) € hE. Then,
foreveryme 24, x+ hv(m) ~ y+ hv(m) i.e. (x + hv(m), y + hv(m))
is also an edge.

(4) The graph hI is connected.

If convenient, we will say that hT' is a d-dimensional s-point periodic
graph.

We will particularly focus on 1-point periodic graphsin which case h'V =
hL, in particular, our Carleman estimate will only be valid in this case.

V3

1V]
a) Square lattice  b) triangular graph c) another 1-point
periodic graph

FIGURE 1. Three 2-dimensional one point periodic
graphs. Dots are the vertices and lines joining them
the edges. The thick (blue) lines are the edges that are
reproduced periodically

The Three Balls Inequality will be extended to more general s-point pe-
riodic graphs, including the Hexagonal lattice but not the Kagome lattice.

Note that the periodicity assumption implies that a 1-point periodic
graph is homogeneous and moreover that all vertices have even degree

(X XL D
0000 %V
) <

The octogonal lattice The Kagome lattice

FIGURE 2. The octogonal lattice (4 points) and the
Kagome lattice (3 points) are periodic graphs.
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2k for some k = d since the graph is connected. Therefore hI is a 2k-
degree graph and we can write

hé={(x,x+t he;) |xehV, j=1,...,k},

where the vectors e; are of the form e; = v(n;) for some n; € Z%. Note
that the system (e, ..., ex) is spanning R?, otherwise the graph AT’ would
not be connected.

Furthermore, writing the vectors e; as columns, we define the k x d
matrix

E:(el er ... ek).

Lemma 2.2. The Gramm matrix of the system (ey, ..., ex), G = E*E is pos-
itive definite, thus
lxIr :=\/x* (E*E) "' x

Proof. Thisis a classical fact about Gramm matrices, let us prove it for the
sake of completeness. First G is symmetric. Further ker(E) c ker(G) while

Gx=0 = x*E*Ex=0 = (Ex)*Ex=0 = Ex=0,

defines a norm on R%,

so that ker(G) = ker(E). By the rank theorem we get
d =rank(E) + dimker(E) = d + dimker(E)

since the columns of E span R?. It follows that ker(G) = ker(E) = {0} and
G is positive definite thus invertible and its inverse is positive definite as
well. D

The associated balls will be denoted as
2.1) B,:{xE[RZd: |x|rsr}.

Now let f: h'V — C be a function defined on a graph hT. Let £?(hV) be
the set of functions f : hV — C that satisfy

||f||§2(h\7) =) |f(U)|2 < 00,
vehV

and for f, g € £2(hV) we define the inner product,

<f’ g>[2(m7) = va(v)m
veh

We may simply write || || = || f|| 24y and (f, &) = (f, &) 2y, when the
graph and the mesh size h are fixed.

It remains to define several operators on hT’, the first being the graph
Laplacian.
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Definition 2.3. Let f be a function on a graph hT', then
Aprf =Y (f»-fx), xehV.

X~y

We say that f is a discrete harmonic function (or simply is harmonic) if
Aprf(x)=0
forallx € hV.
Assume kI is a 1-point periodic graph, then we define
D;—Tf(x) i=+(f(x+he)~ f(x)) and Dj:=f(x+he;) - f(x~he)),
and Aj = D}“ D]‘. = D]‘. D}’. We see that the Laplacian of a 1-point periodic

graph can be written as

k k
Aprf(x)=) DiDjf(x) = Z f(x+hej)+ f(x—hej)—2f(x)
j=1 j=1

k
}: if(x).

Finally, we define
1 1
k 2 k 2
Dsu(x) = (Z |Dj.u(x)|2) and Diu= (Z |(Dj.)2u(x)|2) :
Jj=1 j=1
Further, consider the following vectors and matrices,
=Ex, Vif=E(V*f)E",
and we denote |x|3 = x*E*Ex. Finally, let Td R/ (h~12)? and define
the operator U : Zz(h\?) — 03(T9),

uf(f) = f(f) = Z f(v)eZin(v,f)'

vehV

It is worth noting that it satisfies a Parseval type equality,

| Flsgy=n [ FORAE= ],
Further
UA; (&) =2(cos (2mh(e;j,£)) - 1) f(£) = —4sin® (wh(e;,£)) f (&)

and
UD3 f(§) = —2isin2mh{e;, ).
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3. A CARLEMAN ESTIMATE

Our first goal in this paper is to prove the following Carleman estimate
for 1-point periodic graphs.

Theorem 3.1 (Carleman Estimate). Let hI" be a 1-point periodic graph.
Let u: (hT") — R with supp(u) < B\ By/». Let g be defined by g = h™?Apru
in By and g =0 on hV\ By. Let

1 2
@(t) =—-logt+c|logtarctan(logt) — 3 log(1 +1log” 1)

for a certain small constant ¢ > 0 and ¢ (x) := T@(|xI1))
Then, there exist hy, 6 € (0,1) with hg < §p, C> 1 and 1 < 19 < 8ohy’
such that for all h € (0, hy) and 1 € (19,060h™1) we have

BD 1 ulgupy + Tl h Dsulpagy, + 77 | 2 Diul g,

2
<C| e(prg”ﬁ(h\?)'

To prove the Three Balls Inequality in the next section, we will further
lower bound the left hand side and only use the less precise version

(3.2) 73”6(1)7””2(};\7) +7| e(prh_lDS””Z(hm = Clle"”glliz(wy

The remaining of this section is devoted to the proof of this theorem.
Before we start proving the Carleman Estimate, we remark that we can
rescale the graph I' by a constant. In particular, it will be useful to scale
the graph I' in such a way that

1
(3.3) eill, <——,
eyl < —=

forall j =1,...,k. We are now ready to prove Theorem 3.1l First we will

introduce alemma on the Carleman weight ¢, and then introduce a new
operator L.

2
Lemma3.2. Let0<c< —,
b8

@(t)=-log(t)+c

(logt)arctan (log¢) — %log (1 + (log t)z)) )
and ¢ (x) := 1@ (Ix|r). Further, letyo > 0 and define

Cr = {186l = [Vepr (0} 0 {(€E, Vb () g = 0},

as well as
N;e:={&: dist€g,Cr) <yot}.
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Then, taking yo small enough, there exist a constant C > 0 such that if
X € B4\ By and ¢ € N; ¢, we have

(3.4) Vi (X)VEP () VgD (X) + EEVEp, (0)EE = CT.

Proof. As is homogeneous of degree 3 with respect to 7, it is enough
to prove it for 7 = 1. We will simplify the notation by writing ¢ = ¢,. First
we assume that ¢ € C;.

Define A:= (ETE)™", we have

¢’ (IxIr)
|x|p

Ve (x) = Ax

thus, after multiplying by E we get

@' (IxIr)
|x|p

EAx.

(3.5) Ved(x) =

Further

!/ !/
¢ (ler))(Ax ® AX)+ ¢ (xr)
|xIr |xIr  |xIr |xIr

After multiplying on the left by E and on the right by E*, we get

"(1xIr) Ax  Ax @' (1xIr)
V2 :( " _? )E( ® )E*+—E
e = {9 xr) == xIr Il IxIr

And hence, the LHS of (3.4) becomes

@' (IxIr)
|x|r

V2 (x) = (<p” (IxIr) —

AE".

¢’ (IxIr)
|x|r

((p”(lxlr) - ) ((p’(lxlr)2 +(x, s‘)fRd) + (@ (1xIr)* +&* E*E¢).

Next notice that from @35), |€5[* = |VEd(x) |2 if and only if

¢’ (IxIr)

2
) x*A*E*EAx = ¢' (1xIr)?,
|x|r

BB |
while (6 E,VE(p(x))Rk = 0 reduces to (x,¢{)pa = 0. Therefore, we end up
with
@' (IxIr)

|x|r
(1- carctanloglxlr)2
|xI# (1 +1log® |xIr)
. (1-cm/2)?
4% (1+4log*2)

@' (|xIr)?

VipVEGV e+ ESVEPE = (<p" (1l +

2
where0<c< —when1 < |x|r <4.
b4
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We next seek to argue that by continuity a similar lower bound also
holds on N; e. To this end, note that for & € N; ¢ we have €| € (Co,1, Co2),
where the constants only depend on yy and on the graph I' and, in par-
ticular, they are independent of 7 and h. Since for ¢ € C;, the condition
on ¢ gives

VipVEpVep +ExVipip = C >0,
by continuity, on a sufficiently small neighborhood N; ¢, i.e. if yo > 0is
small enough, we have

. . C
VipVESVEp+ELVEpE= = >0,
which concludes the proof. U

Now let us define the operator Ly, : £*(hV) — ¢*(hV).

(3.6) Lg, f(x):=h2e? Apre? f(x)

k
—n?y (cosh (D]H/)T(x)) f(x+hej)—sinh (Dj.(pT (x)) flx+hej)
=1
+cosh (D]_.(p,(x)) f(x—hej)+sinh (D]Tng (x)) flx—hej) - 2f(x)].
Its adjoint is obtained as follows:
<L¢1f’ g>

1 k
2 ZV Y (cosh (D} ¢r () fx+ hep —sinh (D} e (x)) flx+ he))
xehV j=1
+cosh (D]TQDT (x)) f(x—hej)+sinh (D]T¢T(x)) f(x—hej) - 2f(x))ﬁ

1 k - D Y . — —_—
:ﬁxgvj;f(x)(COSh (Dj (Pr(x)) g(x— hej) —Slnh(Dj ¢T(X))g(x— he;)

+ cosh (D}’gb, (x)) g(x+ hej) +sinh (D}“(pr(x)) g(x+hej) - Zg(x))
::<f, L:;Tg>.

Here we used that the graph is 1-point periodic so that the vertex set is

reduced to hL and thus, if x € hV, so are x + he; and x — hej. We now

decompose Ly, as a sum of a symmetric and an antisymmetric operator
L¢T +L* L(pr -L*

¢

Ly, =S¢, + Ag, with Sp, = TT and Ap, = Tﬁbr Explicitely,

k

k
Sp. =2 Sj» Ap, =) Aj)
j=1 j=1
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with
S; f(x) :%(cosh(D;(pT (X)) f (x+ he))
3.7) +cosh(D]_.<pT(x))f(x—hej)—zf(x)),
:%((cosh(D;(pT(x)) —1)f(x+ he;)
(3.8) + (cosh(D] ¢ (x) — 1) f(x — hej) +Ajf(x)),

while A; f(x) is given by
39 K72 (sinh(D]_-(pT(x)) f(x— hej) - sinh(D? ¢ (1) f (x + hej)) .

Let us now introduce a small parameter A > 0 to be fixed later (not too
small). We write B for the smallest ball containing all e;’s.

1
Definition 3.3. For1 <71 < 7 a T-partition of unity for B, \ By, will be a
family of functions {v ,} such that:
— there is a covering of B \ By/2 by a family {B,} of balls of radius T2
and we assume that the family {B!" := B, + h'B} has a finite covering.
—{w,} is a smooth partition of unity subordinated to these balls, i.e.

(1) ypz0and ) wn=1o0nBy\Byy;

(2) suppy, c Bnl;

@) [Vyn()| STZA™ Ksupp ) (X5

@ | V2 (0] S T2 X suppym (X).
Lemma 3.4. Thereare hy, 0 € (0,1) small enough such that, for h € (0, hy),
1€ (1,600, if

(1) (W, (X)) pez is at-partition of unity for Bo\By»;

(2) ¢ is given in Lemmal3.2 and Ly, given by ;

then for every f € (*(hV), writing f,, = fwn, we have
IZofl < LN Lo sl

k
<ClLofl+cria Y |n'Dsf| +c(ra2+ i +rinat | 7]
j=1

where c is a constant depending only on v, and .

Proof. The first inequality follows directly from f =} f;,.
We will use the expression B.8) for Sp.. A simple computation shows
that A f,(x) =

V(A f(x)+ D f(x) (Wn(x+hej) —yp,(x)) + f(x—he)Ajy,(x).
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The second term is bounded by
|(f(x+hej)— f(x—he))(wn(x+hej) —y,(x)|

Sh|(f(x+hey) - f(x—hep)||Vy,|

ShT2 A7 DS f ()

Xsupp(y ) (X)
while the last one is bounded by
|fx—hepAjy,x)| < B2 f(x—he)||Viy,|
< TAT|f(x = hep)| Xsuppiyn (0.
We infer that
(3.10) A 2|Aj fr(x) = (XA f(x)]

< h_lT%A_l ‘D;f(x) Xsupp(y,) (X) + A2 |f(.7C - hej)|)(supp(1//n) (x).

Similarly for h™2 (cosh(D;T"ng (x)) — 1) fn(x + hej) we obtain
h™*(cosh(D7 ¢ (1)) — 1) fu(x + he;)
=h2 (cosh(D¥¢r (1)) = 1) f(x+ he)yn(x £ hej)
— ()R 2 (cosh(D]i.(pT(x)) - 1) flxhej)
+ 2 (cosh(D]i.(pT(x)) - 1) Flxxhe)) (wa(x £ hej) —yn(x).

The second term is the error term that we now estimate.
First, thereis a y € [x, x + he|] such that

(3.11) ‘D]iwf(x)( = h|(Vo: (), e )pa| = hT[(VoyIr), j)pa| S hT.
As ht <1andcosht—1<?on[0,C],
(cosh(D]i.q)T(x)) - 1( < ‘D;—T(pr(y)‘z <7212,
where y is treated as an intermediate value. Hence
|h? (cosh(D]i.(pT(x)) - l)f(xi hej) (Yn(x+hej) =, (x)]
< T%A_1h|f(x4_r he )| xsuppayn) (%)
Finally, together with (3.10), we obtain that
1Sp, frr = WnSp, f] SCh‘lr%;rl(Dj.f(x)
+ CTA™| f (= he )| Xsuppyn (9

Xsupp(y ) (x)

+2CTgﬂ_lh|f(.7Ci hej)|xsupp(q/n) (x).
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Now for Ay,, we can write

Agb,fn(x)
=y n(x)Ag, f(X) +h 72 sinh(D} ¢ (x)) fu (x — he)) (yn(x — hej) = yn(x))
-h? sinh (D} ¢r (0) f (x + he)) (yn(x + hep) = yu(x).

We now use that [sinh ¢| < ¢ on [0, C] to get
‘sinh(D;—T(pT (x))‘ <7h,
so that
B2 Sinh(D¥ s () f (x £ he) (wn(x £ hej) - wn(x))‘
SThH fx+ hej||[Vya| < T%)L_l|f(x— ei)| Xsupp@y, ().

Combining everything into the expression on Ly, we obtain that

k
E ot <CE vt 1+ 547 3 1703 oy
]:

A2t + T Y | Fsampion ||)

+C(ra 4o 4 rina | £

k
<ClLy, fl+ Cria Y [ D
j=1

as claimed. U

We then compute the commutator which writes

k k
(3.12) Sy, Ap1f(X)=) > >
i=1j=1a,

p==+1
- Bn* [ cosh(D?(pT(x)) sinh(Df(pT (x+ haej))
— cosh(D%¢p (x + he;)) sinh(DP . (x))] f (x + have; + he;).
Since we have

D e(x+hPei) = BDG DY () + D e (),
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using hyperbolic trigonometry identities, the bracket inBIZwrites
cosh (Db () sinh (D pr (x + hare))
- cosh D%y (x + hep) sinh (Df g, (x)

= cosh (D% (x)) sinh (D¢ DY g, (1)) cosh (DY . ()
+cosh (D% (1)) cosh (DYDY, () sinh (Df g, ()
~sinh (D () cosh (DYDY, () cosh (D%gs, ()
~sinh (DY, ()] sinh (D% DY pr () sinh (DY, (x)

=sinh (aD?‘D‘i6 cpﬂx)) cosh (D?‘cpf(x)) cosh (Df3 ¢ (x))
sinh (D¢ DY pr (1)) sinh (DY py () sinh ( D5, ()

=asinh (DYDY b, (x)) cosh (D% b (x) - BDL . (1)) .

Considering the product {[S¢y,, Ay, f, [, and translating x to x — fhe;
and also changing f to — 8 we obtain

1 k k
(3.13) (Sp, Ap ISy =77 3 3.3

xehVi=1j=1
) aﬁsinh(D?Df(PT(X))cosh (DZ']./5<PT(JC))f(x+ahe,-)f(x+,6hej)

a,f=*1

where D?f(pf(x) = ¢ (x+ahe; + fhej) — Ppr(x).
For the next lemma, we will approximate the hyperbolic identities us-
ing Taylor expansion which allows for easier manipulations.

Lemma 3.5. Ler ¢, be as in lemmal3.2. LetS;, Aj and [S;, Aj]f(x) be the
quantities defined beforehand. Let

3 Voo (), )2
Sif (0 i=h72A, f ) + M

(f(x+ hep) + f(x— hej)),
Ajf(x):==h" (Ve (x), ;)D; f(x),

!l ) :=h2e; V2P, (x)e; D} f () D3 f ()

1
+5 Y afel Vi (e|(Ve. (x), ae; + Be;)|

a,B=+

x f(x+ahe;) f(x+ Bhe;).
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Lett € (1,h™18,), where h € (0, hy) with 8y € (0,1) and hy < 8y. Then, for
k k
Sp. f(x):=)_S;f(x) and Ay, f(x) := Y_ A f(x), and a function [ sup-
j=1 j=1
ported in By \ Byj2, we have

1S9, f = Sp. f1| < Got +8572)| £,
|Ap, f = A, fI| S @ +607™)| f],

k k 2
(1Ss0Ap)f )= X Y i sa+a5| P+ X | Dsf|
xe(hV)i,j=1 j=1

Proof. We will use that for every A there is a B such that,

2

X
(3.14) coshx—l—? < B|x|* when |x|< A

First we deal with the symmetric operator Sy,. To do so, obseve first
that, with the mean value property, for every x and j, there is a ¢ in the
segment [x, x + he;] such that

+ hz
cosh(DE(x) ~ 1 = — (Vo (&),¢;) + Ey

with |E; | < Ch*t* with C depending on ¢’ only. Here we use that x + he;
stays in By \ By/4 thus so is ¢ and therefore (V. (&), e j>2 is bounded by
some fixed constant A independent of x, j.

Further, using the mean value property again,

(Vg (&), /)" = (Vepr (), € ) + Es
with |E,| < Cht? for some constant C that depends on ¢ and ¢’ only. It
follows that
h(D* P *+E
cosh( j(Pr(x)) -1= 7< ¢T(x),ej> + E5

with |E3| < C(h372 + h*t*). Summing over x and j, we obtain
- h31? + hirt
1Sp.f =S¢, fI S —7——Nfll = CBot + 5T )IS |
since ht < dy.

The anti-symmetric operator Ay, is dealt with in a similar way but us-
ing that, for every A > 0 there is a B such that |sinhx — x| < B|x|*> when
|x| < A. We then get that

sinh(Df¢: (x)) = ah(Vepr (x), e;) + Es
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with |E4| < C(h%1 + h373). Summing over x and j, we obtain the desired
estimate.

Finally, we consider the commutator. First, using again (3.14) and ap-
L . a,p
proximating the difference operator Di,j ¢+ (x) as before we get

2
cosh (D;.’ffcpr (x)) -1= %(V(ﬁr (x),ae; + ﬁej>2 + Es,

with |Es| < C(h372 + h*t*). For the terms in sinh we will approximate the
difference by a Taylor polynomial of order 3. Writing g(s, ) = ¢, (x + se; +
tej) and computing the third degree Taylor polynomial of g at (0,0) we
get

0 0
(3.15) Ps3g(s,t)=g(0,0)+ 6—3g(0,0)s+ a—tg(0,0)t

+la—2g(0 0)s +l il =580,07° +a—2g(0 0)st
2 052 ds0t
3 108 1 0 1 o )
66 800, 0)s° +66 38(0, 0) ¢ +26 257 g(0, 0)s° t+§6 37 58(0,0)s2".

The difference inside the sinh writes

DED! P (x) = BDF (1 (x + Bhe)) - e (x)
= af (- (x+ ahe; + fhej) — p-(x + Phej) — pr (x + ahe;) + P (%)) .
Applying to the above we get
D;’chpT (x) = h*e; Vi () ej + ah® T1p- (x) + Bh° Tap, (x) + Eg

with |Eg| < Ch*t, Ty¢p;(x), Toh;(x) being the terms of order 3 so that
|T;¢p-(x)| < Ct. Hence

Sinh(D;'fo(Pr (x)) = hze?vz(Pr (x)ej +ah’ T (x) + ﬁhg Tr ¢ (x) + E7,

with |E;| < C(h*t + h%73). A multiplication of the above yields

1 . .
iy apsinh(DE D¢ (x)) cosh (DI Py, (x)) f (x+ hae) Fix + hPe))
a,f=+1

_ c{’]f(x) + Y nVBTir(0) + aTapy (0)] f(x + hae)) f(x + Bhe;)

a,f=*1

+ ) Egf(x+hae) f(x+hpe)),
a,f=+

with | Eg| < C(+7 + 8072 + 657°) < 72 + 6577 after simplification using that
Th < . It remains to bound the third order term, which can be expressed
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in the form

Z [,BTl(pT(x) + aTz(pT(x)] h_lf(x+ hae;) f(x+ Bhe;)

a,f==%1

) _

= 50:078(0,0) f(x+ he,-)(h—IDj.f(x))
1 PN

+505078(0,0)f (x - hei) (™' D% f ()
1 [ —

+ Eaiatg(o,mf(x +he;) (' Dif (%)
1 [ —

+ Eaiatg(o,mf(x —he)) (W 'Dif ().

Using Cauchy-Schwarz inequality, we get

k

Y Y Y apriPeon fx+ hae) fx+ Phe;)

xehVij=1a,f=+1
k
sce|flP+cy niois
j=1

and thus the desired estimate. ]

As for our next step, we freeze coefficients in the operators when acting

on functions supported in sets of size At 2 for A>0and 7> 1 sufficiently
large, both of which needing to be determined when we finally prove the
Carleman estimate (3.1).

Lemma 3.6. Assume that 1 <1 < 8oh™! for a sufficiently small constant
00>0. LetBc BZ\E% be a ball of radius AT"% andX € B. Let ¢r be as in
Lemmal3.2 Set

(Vo @), e;)°
2
Ajf(x):==h"(V: (@), e;) D5 f (),

Cl () :=h"2e} V2. @e; D§ f (DS f ()

Sif(0):=h"2A; f(x)+ (f(x+hej) + f(x— he))),

1
+s Y afel Vi @ej|(V. @), e+ apfe;)|

a,B=+

x f(x+ahe;) f(x+ Bhe;).
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Then for f € G‘C’O(BZ\E%) with supp (f) € B
1S, £ =159, £1] = CT2A| £],

Vg, 1~ 17, f1] = 22 Y, 17D ]|
j=1

k k
>y [eff el <y |npig] +eial sl
x€(V) iyj=1 =1

Proof. The proof follows from the triangle inequality and the Mean Value
Theorem. For the symmetric operators, we write

156,711 [So. 7|
< CH ((ngﬂx), e = (Ve (), ej>2) (F(x+he)) + fx— he)) H
Then the Mean Value Theorem implies that
(Ve (x), €)= (Vb @), € )| < CT2|x — &I

where C depends only on the first 2 derivatives of ¢. As |x — x| <7722
when x € supp f, the result follows.
For the antisymmetric part, we do the same using

(Ve (x),e;) = (Ve (), ;)| STl — x| S 720,

For the commutator, we use

IV2pr () = V2p ()] STl — %I S 720
for the first part and, for the second part,

eI V2P (x)e;|(Vr (), ae; + Be;)|
— eI V2 (De; (Vo (@), ae; +ﬁej>|2(
<x -z <1¥2,

and conclude with Cauchy-Schwarz. U

The next proposition is the last step we have to introduce before prov-
ing Theorem[3.11

Proposition 3.7. There exists T, such that, for every 1o > 71, there exist
1

Ciow > 0,¢9 > —, ho,8¢ € (0,1) such that for T € (19,60h™"), h € (0, hy), if
To
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= . _1 - — =f
B < By \ B, isaball of radius At™2 andx € B; and Sy, Ay, and C{]f are as
2 ’
in the last lemma, then for every f € C°(B, \ B 1 ) supported in B, we have

—_ 2 — 2 k _ﬁﬂf
010 [t +[Aof vor 3 33
xe(hV)i,j=1

= Clow

SR Y R Lo
J= Jj=

Proof. To simplify notation, we write ¢ ; = 277(¢, e) pa- Since the operators
have constant coefficients (x is fixed) we can perform a Fourier transform
and use Parseval. Set

psj(&) = 2h™%(cos (hEj) —1)+ (Ve (), ej)2 cos(hé;),
k
and p;(S) =

J

Ps,j(¢) so that
1

—_ 2 o
[5or| = 1ps7 1"
Next, set

Pa,j(€):= 20" (V: (), e;)sin (k¢ ),

k
and pq(&) = ), pa,j(§), then
j=1

— 2 An2
|3s7|" = Ipatl”
Finally, set g (&) = g1 () + g2 (&) so that

k A A A
or Y Y S =ca(q@F )= cola@©F F) + col a2 © F F)s

xe(hV)i,j=1
with
k
(3.17) q1(&)=4th™* Y sin(hé)sin(héje; Vi, De;
ij=1
and
(3.18)
k
@& =1 eVih.@e;| Y n{Vp. @), e +ne;)| cos(hé; —nhé ) |.
i,j=1 n=+1

We have now introduced all the notation that will be needed in this
proof. The first step is the following reformulation of the proposition:
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Step 1. The proposition follows from the fact that, for cy small enough and
forall¢,

(3.19) PO+ po&) +coq(® Z IElL+ T2l G + 7%,
Proof of Step 1. First note that

k k
Y htsint(hép) +72 Y h%sin®(héj) + 1.

(3.20) (&4 +72(E1%+ 11 > (
j=1 j=1

Computing the norm we get

Sof |+ At Ly
501+ Aot +eor ¥ 3 €
xe(hV)i,j=1
= ”psf“2+ “psf”2+co<q(§)f‘,f‘>
B hdf[o h-1]d (Ps©)*+Pa(®? +c0q(©) 1 f )P dg.

So, if (3.19) is established, from (3.20) we obtain
_ 2 — 2 k. _
[So. 1]+ s +eor X ¥ €l

xe(hV)i,j=1
Zhdr4f
[0,h71

’

k
MO n Y [ nEsint e pIf© P
] oo

k
entY [ st g pif@ R,
[0,n=1]4

j=1

Finally by Parseval’s identity the right hand side is
A2 2225 [y flP o =t [l osy2 £l
S R > 7] R (e

Jj= Jj=

and (3.16) follows. O

In order to prove (3.19), we will consider two cases depending on the
value of || .

Step 2. Proof of when [{|g = k1. Here x is a constant that will be
fixed in (3.21) below.

Let us first bound p? from below. To do so, note that by our initial
scaling of hT’, see (3.3), we have

V4
héj<2nvdllejlzllhélleo < ¢ < o3
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Then since for t € [—c, c],
lcost—1| > |t[?,

we obtain that

COS(hf]

1 & k
v R il 2 Y 16 2 e

j=1
On the other hand

k
Y (V. (), ;) cos(hé )| < 72
j=1

Combining the two, we get
k cos(héj) -1 2 2
2y —

j=1
> CY el - Gt 2 ¢l
Thus, if we chose

(3.21) K=12C/C

then, for €| = kT,

(3.22) ps(©) = Cpr (1€ + 721615+ 7%
where Cyr > 0 is a constant independent of &.

Also note that ¢y7 g, (¢) from (B.17) is bounded, using Cauchy-Schwarz,
by

k
—1Y (V. (), e)” cos(hé )
j=1

ps(f)z =

k k
4cot Y |h 7 sin(hép)| Y |h sin(hé))||ef Vi X)e;|
i=1 j=1

k
<o Y TPhsin®(hé)),
j=1
while we can bound ¢y g (¢) B.I8) by

CoT Z ler Ve Xej| Y. (V. (), e +17ej>|2 < cott.
i,j=1 n=+1

Hence by choosing ¢y to be small enough we ensure that the contri-
bution of ¢yq(¢) gets absorbed by the second and third term in (3.22). In
this case we discard pfl(é) > 0. The constraint ¢yt > 1 will then force us
to take 7; = 1/¢g so that 7y has only to be large enough.
Step 3. Proof of when |¢|p < kT wherex is the constant fixed in(3.21)
above.
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In this region, we expand the symbols in h¢; (noting that h|Sg| < kb
which is small for § small) in a similar fashion as in Lemma[3.5 First for
the symmetric part, using that

|cos(hé ) — 11 S h2IE 17,
and
h2
|cos(hé ) =1+ -GS BE 1"
We obtain that

|ps,j +€§ - <V¢T(f),€j>2|
22

¢
o]y2 (Cos(hgj) —1+ TJ) +(V: ), ;) (cos (hé;) - 1)

SHAE T+ T2 R2IE P,

by using the definition of ¢; (see Lemmal(3.2). Finally, using the equiva-
lence of norms, we infer that

ps@ = (|Vep: I - 1668 =

k
2 Psj "“E? = (Ve (), ej>2
j=

k 4 2
S Y (el + o2 m?le )
j=1
S RAE L+ TP RPN S Pt S 65T
For the anti-symmetric part, using that
|sin(hé ;) — hé ;| S RPIEG P,
we get
|Pa,;j(© —2(Vp: (), ;)¢ j| = |2h(Vep: (), e ) (sin (hé ;) — hé )|
SThAIEP.

Hence, after summing over all j’s and using the equivalence of norms, we
get

k
|Pa(©) = 2(V e @), E5 )| ST Y RS
j=1

SThAER S Rt < 65Tt
We may thus write

ps© =|Vep:@|° ~ 166l + E1, and  pa(@) = 2(Vpd:(®), & )i + Bz,
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with |E1|,|Eo| S 657%. As |Ved: )|, 1€61 S 7, thus [(Veg: X), Ep)pe| S 72,
it follows that

2
(3.23)  prO+pa© = (|Vepr @ - 1613) + KVedr (D), Ex)ge + Bs,

with |Es| S &gtt +631* S 6577
Now let

8r:= {5 €% = |VE<PT(f)|2} v Fi={&: (Ve (%), Ep)pr =0}
and
Cr=8;nTF
denote the joint characteristic sets of the symmetric and antisymmetric
parts of the operator. Further define

Nie:= {6 € TIZ 1dist(ég,Cp) < yOT}

to be a yo7 neighbourhood of the joint characteristic set C; with yy, > 0
small. In order to prove (3.19), we split the study into two cases depend-
ingon¢.
First Case. We assume that ¢ is outside of N; .

First note that it is enough to prove that

(3.24) prO+pi >

since 7* 2> (t4 + 72|¢|% + €| ) under this hypothesis |¢|; < 7. We then de-
duce by absorbing ¢y q(¢) into p2 (&) + p? (&) when ¢ is small enough
(thus 7, large enough), in the same manner as at the end of Step 2.

We now prove (3.24) with the help of (3.23).

Take e € C; to be the closest point to ¢ in the charasterictic set, for
which [ = ¢e| = yo7. In other words,

ée =argmin|¢ —¢.

¢eCy

Now we estimate the leading order approximation in (3.23). As ¢e € Cy,
we have

1Vege @ - 15[ +a(Vepe @, e8)* = (1Eel ~ 163)° +4(Vepe (D, £2)°.
By Lemma[3.2] we have that there exist a, b > 0 such that
at < |Vgp,(X)| < br.
Let p € [a, b] be such that
|VEp:@)| = pr.



THREE BALLS INEQUALITY FOR DISCRETE SCHRODINGER OPERATOR 25

FIGURE 3. Sketch of N; e (hatched area) in dimension 2
where 7 = 1.

Assume first that dist({g,87) < yo7/2, thatis (p —yo/2)T < [{lp < (p +
Yo/2)7, so that & ¢ Ny ¢ implies that & ¢ F, that is (Vg; (%), &g )pe # 0.
Then

(Ve @), Ep)ge|” = |VEp: @ dist(&p, )2 > y2rt
where the implied constant depends on p and can thus be chosen as an
absolute constant.

On the other hand, if dist({g,8;) = yo7/2. We have two cases:

—Either || < (p —y0/2)7T, but then

61 = (0 —yop+ Y5147 = (0 ~yop/12)7* = Ecl} - LR T2,
provided yo <2a < 2p.
— Otherwise [€|g = (p +Y0/2)T and then
Iflé > (p2 +70p0 +y%/4)12 > (p2 +7fop/2)r2 = Ig‘@I% + %72.

In summary, we now have
— 2 2
(IVepe I - 1613) = (6l = 1613)" = p*y3e" 14 2 v,
Combining the above yields that
2
(IVebe G~ 1612) + (Vb (B, €Yo 2 ¥ET"
Therefore, (3.23) gives
PeE) + pa) = Crygr' - Gt 2 7,

provided 6 has been chosen small enough with respect to y.
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Second Case. We assume that ¢ € N; e.

Here we will use that |e} V), (X)e;| <7, 11 ST,
lcos(héj) =11 SIhEjIP S K%, and  [sin(hé)) - hé | S BPIEP S RT,

In order to prove (3.19), we use that p2(¢) + p2(¢) = 0 and show that
the inequality is already valid for g in this case. Recall that q(¢) = g, (&) +
g»(&) where q1, g2 are defined in (3.17) and (3.18) respectively. On the one
hand, writing sin(h¢;) = sin(h¢;) — hé; + hé; and the same for sin(h¢ ), we
write the first one as

k
4th™* ) (sin(héy)(sin(héj))e; Vi, De;

1) =
ij=1
k
= Z(Q?VZ(PT(f)ej)fifj
ij

k
+4Th™? Y (sin(hé;) — hé;)(sin(hé ) — hEj)e; Vi Re;
i,j=1

k
+4th 1 Y &(sin(he ) — héj)e Vi, (X)e;
ij=1

k
+4ath™ Y (sin(hé;) - hé;)Eje; Vo De;
i,j=1

k
= 41) (efVPp:(De;) &l +e1 =4TERVop: (DEp + 1
i,j

with &1 < h*78 + h?7° < (67 + 63)1* < 857, Note that we are in the region
where [¢|g S T.
On the other hand, recall (3.18):

Kk
@@ =1 Y eiVPp:@e;| Y (V. ), e +ne;)| cos(hé; —nhé ) |.
i,j=1 n=+1
We first expand [V, (%), e; + ne;)|* and rewrite the sum in 7 as
(KV: (), e)|” + (Ve ), )|") (cos(hé; — hé j) = cos(hé + hé )
+2(Vp (X), €; )(Vp: (%), e )(cos(hé; — hé ;) + cos(hé; + hé )
=2(|(V: (), e)|° + [(Vpr (), ;)|*) sin hé  sin he
+4(Vp(X), e; )(Vp: (%), e ) cos hécos hé
=4(Vep: (3), :)(Vp: (), ) + O(h°1™).
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Summing those identities, we finally obtain

k

&) = 41 ). (e} Vi @e;) (Ve (3), e )(Vp: (), ej) + &2
i,j=1

= 41Vgd(X)* Vi D VEdX) + €2

with |e5| < k%18 < 6%74.
In summary, we obtain that

q(&) = 41 (Ve () Vih: (X)\VEh@E) + sV, (X)EE) + €3

with |e3| < 657

Now by applying Lemma [3.2] we infer that for x € B,\Bj,, and for ¢
in the neighborhood of the characteristic set, we get that for 6, small
enough, there exist a constant c.¢ > 0 such that

g&) =z Ct* = cop (T + T°1EG +1E1R),

finishing the proof.

We are now ready to prove our Carleman estimate.
Proof of Theorem[3.1l Recall that we want to prove (3.1):

7% e u”;Z(W) +7(e?r h_leu”;z(W) +77 e h_zDgu”;(hV)

=C| egbrg”;(hvr
We first reformulate this in terms of f = e 1 and
Ly, f(x):= h2e?" Apre " f(x).

Step 1. It is enough to prove that
(3.25) P\ £I7 + 2| Do)+ o | h 2D |P < | L, £

Note that (3.25) is equivalent to

(3.26) 2| I+ 72| nT D £+ R RTEDE | S Ly,

with a different constant.
Let x € By \ By/2. Write

e WDu(x) = e*Wulx+he))— e’ Pulx—hej)
_ e([).[(x)—([)-[(x-f-hej)f(x_'_ hej) - e(br(x)—(br(x—hej)f(x_ he;)
DS+ () 1) £+ e
_(e</>r(x)—¢>r(x—hej) —1)f(x— hej).
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Now note that

|7 (X) =7 (x + hej)| = T|@(lx + hejlr) — p(xIr)|
< 7|lx+ hejlr — |xIr| sup{le’ (1) : r€ [IxIr,|x+ hejr]}.

Note that, on the one hand ||x + he;lr — |xIr| < |kllle;Ir < h and on the
other hand, there are 0 < a < b < +oo such that, if x € B, \ By;2 then
[lxIr, |x+ hejlr] < [a, b]. But then, as ¢ is of class C! on (0, +00), we obtain
that

sup{lo'(£)| : te€[|xIr,|x+he;jlrl} S 1.
It follows that
|QDT(JC) —(,DT(JC+ he])l 5 ht.

Further ht < §¢ < 1 so that there is some A > 0 such that |¢;(x) — P, (x +
hej)| < A. As |e" — 1| < e®|ul if |u| < B we obtain that

|e¢’r(x)—(/>r(x+hej) —1] § hT.

We can argue the same way for |e?*™~¢:*=¢/) _ 1| Summing over j
and taking norms in x, we can thus absorb the two corresponding terms

into 73| f||® by taking a larger constant in the right hand side of (3.25).
A similar argument allows also to absorb the extra terms comming from

_ 2
|e?* h=2D%u| 2y, into the two first terms.
Step 2. Localization.

We claim that it suffices to show the estimate (3.26) for the functions
fn of Lemmaf3.4] provided the parameter A is chosen properly. Indeed, if
the estimate is proven for f,;, as f =) f;, we would get

o2 fll+ez |h7 Dsf| + 17 2D
=X (@2l + 72| Dsful 477 W22l S T L i
n n
k
<Cioc|| Ly, [+ Cloct*A7" Y- | 7' D3/ |
j=1
+ Cioc (1/1_2 +r2A7l T%h/l_l) £l

for some constant Cj,c = 1 coming from Lemma[3.4]
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Now choosing A = 10vkCjoc and recalling that 7h < 6 for some 6 €
(0,1), we end up with

2| f||+ 72 |7 Dsf | + 17 |2 DR S|
1
10vk

1 1, _ 3 3
g et

3 3
[+ 23 1]

| +

k
<C|\Ly, f 72 Y |15
]:

<C|| Ly, f

The two last terms are then absorbed into the left hand side to obtain the
desired estimate for f.

Step 3. Proving the Theorem for localized functions.

We seek to prove 3.25) for f;, = fy, with supp f < BZ\B%, ¥, as in
Lemma 3.4 From Proposition 3.7, there is a ¢y € (0,1) and 7y > 1 with
ToCo = 1. We first write

T Ly full* =7 Sp. full* + N Ag fall* + (1S, Api f fr)
2 [ S full* + 1 Ap. fall* + 7e0(1S5,, Ap.) f f)

where we use thatif ¢y = 1, then, for every a, b = 0 and every a € [—ab, ab]
1a’ +Th* +21a = a’ + b* + 2100

Using Lemma [3.5] and taking into account that 0 < §y < 1 < 7, it follows
that

k
o full = 180 ol + o full 4700 ¥ Y €l -,

xe(hV) i,j=1
with
k 2
(3.27) 0<E <C (82 + %) || fu]* +CT Y Hh‘le.fn
j=1

Now exploiting the bound from Lemma 3.6/ we get

k
T\ Lo, full® 2. fell* + 1 Ag, ful 470 ¥ Y €l -y
xe(hV)i,j=1

2 k _fnyfn
+TCy Z Z Ci,j —Ey - Ey,
xe(hV)i,j=1

2 —
+ HA(prn

= Hg(prfn
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where

o
In
5
In

(a2 +riA) | ful*+ (122 +732) i |31 ”
j=1

A

)

< c[@+d) Il rc(rerd) 3 |npsn
j=1

since A has been chosen in Step 2.
Finally, using Proposition3.7lwe infer that

2+TC() Z Zcfnfn—El—Eg

xe(hV) i,j=1
2
—E;—E,.

2 4N sy
R [GHEA
j=1
Now, if we chose 6, small enough and 7 large enough, we have

2 — 2 —
7| Lo fn]" 2 H5<prfn +HA</>Tfn

= Clow

k
AR L7
]:

R R R I 1

+ C(T_l +T_%)T2h_2 i HD;fn ’

2 i H(D.]s_)zfn
j=1

<2 |8 o4 w7 ZzHDan

We thus absorb the error terms and obtain

7L, full” = Ciow

k
SRR L
j=

2)

and dividing by 7 > 7 finishes the proof.

4. THE THREE BALLS INEQUALITY

In this section, we are still working with a 1-point periodic graph hT’,
for which we have the Carleman estimate (3.1I) proven in the previous
section. We will establish the Three Balls Inequality for Schrédinger op-
erators on such graphs. For future use, we will slightly enlarge the class
of operators and, instead of local potentials V(x) f (x) consider a larger
class: Fix an integer L and consider

k k
?L:{Zajej Zaj€e’, ZlajI:L}

j=1 j=1
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so that, for any x, y € h'V there is an e € Py such that y = x + he if and only
if there is a simple path of length at most L between x and y. For L =0,
Pr=10}.

We consider operators of the form

k .
Hicux) = h2Apru()+h™). B;j(x)Diu(x)

=1
(4.1) + Y Ve(x+he)u(x+ he)
eEfPL
with maX(” Ve ”Loo, ”B] ”Loo) < +00.

Note that when L=0and B; =0, H).f(x) = h™>Apr f(x) + Vo f(x) is a
classical Schrédinger operator.
Our goal is to prove the following theorem.

Theorem 4.1 (Three Balls Inequality). Let I be a 1-point periodic graph
L=0and H ﬁr be an operator of the above form. Then,

(1) there exist constants hy,d¢ € (0,1), c1,c2 > 0 and 19 > 1 such that
forallt € (tg,80h™"), h € (0, ho) and u: hV — R with Hj:.u=0 on
B, we have
(42) ” u”[Z(Bl) <C (eCIT ” ullgz(B”z) + e_CZTll u”[Z(BZ)) .
(2) there exist a € (0,1), ¢o >0, hy € (0,1) and C > 1 such that for h €
(0, ho) and u: hV — R with H};.u =0 in By we have

—coh!
Ol o )

The deduction of the Three Balls Inequality (4.3) from (4.2) is rather
standard, we include it here for sake of completeness:

Proof of (1) implies (2) in Theorem[4.1l Let hy,00 € (0,1), ¢;,¢2 >0and 7 >

1 such that for all 7 € (1o,80h™"), h € (0, hy) be given by Theorem[4.1l Let

a€(0,1) and u: hV — R, with Hj.u = 0 in B;. When u =0, @3) is trivival

so we assume u # 0. Take 7. such that e ||ull25,, = 2" luell g2 p,)-
2

@3 Nuleg <D (1wl lullzg, +e

Note that this implies that

]

e | ullp2g,) = Tt ullpzg,y = |l ull;izgl ) lu ”;5?;2)
2 2
We now consider three different cases.
(1) If r, <71y, then we have that
(a1t+ec2)aty

Il < Nullg lull:s =e I TP

IA

(1+e2)arty
e lulfogg, el o,

which implies (£.3) provided we take D > e{c1t¢2)aTo,
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2) If 1, € (19,00h~ 1), we write (£2) with T = 7, and obtain

lullzg) < C(e“ lulle,, +e " lulpzg,)
] 1
< Cl+62 Cl+62
< 2C||u||[2(3%)||u||[2(32)

which implies (4.3) provided we take D = 2C.
(3) If 7. > dyh~! we obtain that

Clh71 CoT « | coh™

% _ _ 190
e 2 ”Ll”[Z(Bl) < eCIT* ”Ll”[Z(Bl) =e |u”[2(32) <e 2 ”un[Z(Bz).
2 2

Next, since we can assume that 79 < h~18y/2 we can take 7 =
o
h—1?0 in (£.2) to obtain

Cg]’fl

h*15_0 _ S0
”Ll”[Z(Bl) <C ecl 2 ”u”[Z(Bl) +e 2 ”u"[Z(BZ)
2

_ h—15_0
<2Ce 2 2 ”Ll”[Z(BZ).

Combining the three cases we obtain (£3) with D = max(2C, e{©1+®)a70),

o
and COZCZEO. O

a =
C1+C

In order to prove Theorem[4.Ilfor a 1-point periodic graph we need the
following lemma,

Lemma 4.2 (Caccioppoli). Let u: h'V — R be a weak solution of

k k
h? ];D;-D]T u(x)+h! ]; B;(x) D u(x)
+ Y Ve(x+he)u(x+he)=0,

eefPL

in the sense that u € Hlloch(h\?) and for all v e H'(hV) such that supp v is
bounded, we have

k k
Y. b ) Diu@Div+ ). h7' ) Bj(x)D} ux)v(x)

xehV i,j=1 xehV j=1
+ > ) Vo(x+he)u(x+ he)v(x)=0.
xehVeeP

Let0<10h < ry <r;+100h < ry. Then there exists a constant C > 1 de-
pending on 11,72, | Vel oy and || Bi| joo gy, Such that

k 2
Z Hh_lD}’u
j=1

2
<
[Z(Brl) - C” ullfz(Brz)'
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Proof. Let n: hV — R be a cut-off function which is equal to one on B,
and vanishes outside outside By,, and let

M = max{|| Vel zo, | Bj 15w}
From the Mean Value Theorem, we also have

ID]Tn(x)| =n(x+hej) —n(x)| < hmjaxllejllngaxlvm := Cyh.
n

Let

k
Ayy(x)=h"? ZID;u(x)Dj. v(x),
]:
and

k
Buy(x) =h™' )" Bj(x)D} u(x)v(x)
j=1
+ ) Ve(x+he)u(x+he)v(x).
eefPL
We may now take v = (un?)(x) in the definition of the weak solution
that we write as

(4.4) > (Auuart () + By ()] = 0.
xehV
As
D7 [un®1(x) = D} [ul (0)1° () + u(x + he;) D7 [°](x)
we have
k
Y Ayup@ =Y kY DHulx)D} [un?](x)
xehV xehV j=1
L 1|2
(4.5) - ];Hh Mo U )
k

(4.6) +h™2 ) Y Di[ul(®)u(x+ he)) D} [n*1(x).

xehV j=1
We now bound the second term from below. We first write
D7 [ul(x)ulx + he;) D} [n*](x)
=D [ul(0)u(x + he;) D} [ (x)(n(x + hej) +n(x))
=2D7 [ul () u(x + he)n(x) D} [n)(x) + D} [ul (x) u(x + hej) D} ] (x)®

>— %D} [l (0*n(x)* ~2u(x + he)* D7 ) (x)*

1 2 2 L 2
_Eu(x+hej) D;[n](x) —Eu(x) D;[n](x)
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a? a b?
where we have used 2ab = Y —2b? for the first term and ab = — > 7

for the second one after arranging factors properly. Notice that the 3 last
terms are zero if x ¢ B,,. Summingover j =1,...,k and then over x € KV,
leads to

k
Y. h72 ) Dilul(x)u(x+he)) D} n*)(x)

xehV j=1
=3 3 3 [ (pjuce
xehV j=1
2
—3k( Y |u(x)|2)sup[h‘1 (D}n(x))]
x€B, J
z—li |nD7u ~3kC2ull% 4 -
20 Iz N (Bry)

Inserting this into (4.6) gives

1K 2
A, 2(x) == Hh‘l Dtu —3kC2ull... .
xgv i’ () ZjZ:I =i e nlle,)

Using Young’s inequality, we bound the contribution of B, > and get

1&E 2
Y, Bup=7) Hh Dt u £ M(PLl+ak+1) ul?,
j=1

B;,)’
xehV C2(hV) (Br)

Now, going back to (4.4), we obtain

i |n~*nD; < Clullg
i I 2y = =T Br)

where C is a constant that depends on ry, 7, and M. Finally, as 7 =1 on
By, we have

k 2 k 2
h'Dtu < H h~nDtu <Clu
Z, H J ez, Z, 25 M g2 iy lules,,)
j=1 1 j=1
which is the expected inequality. 0

We now prove the first part of Theorem[.Tlusing a cut-off argument.

Proof of Theorem[4.1] (1). Let u: hV — R such that Hﬁr u(x) =0forall xe
B4. We set

M :=max{l| Vellzo, I B}l o} < +00.
Fix € > 0 to be small enough and assume that h > 0 is sufficiently small
to have (L+ 1) hok < € with x = max| e;|| and hg < vV Me™@B/2-90/4) we
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consider the function w(x) = 0(x)u(x), with 0 < 0(x) < 1 a C°([R%) cut-off
function defined as

0, when |x|r < i +2¢or|x|r > % - 2¢,
0(x) =

1, when%—2£s|x|r53+2£.

We assume that ¢ is small enough to have

1 1 1 3 7
—+2e<——-2e<—-<1<—+42e<—-2e<2.
4 2 2 4

Now using the Carleman Estimate (3.2) on w and the triangle inequal-
ity, we get that for all T € (1,80h™ 1)

3 e w| + 7| h e Dow|” < ||e? h 2Aprw])

<|le? H:w|+ z? |e? Vol + he)w(- + he) |+
eeP,
< e Hyw|*+ Y et w+he)|* + || e? Dow]’

€€fPL

k , 2
h'e’ Y B;()D] w(-)H
j=1

since || Ve ll oo, | Bjlloo < 1. Now, using the same argument as in the first step

of the proof of our Carleman Inequality, ||e?* w(-+ he)|* < [le?rw()|".
We can thus absorb the two last terms on the left hand side into the cor-
responding terms on the right hand side by taking 7 large enough. We
then obtain

4.7) Be? w|’ +1|n e Dow|” < e HEw|”.
Now we further lower bound the left hand side. First, we can discard
the second term which is no longer useful. Next, since w = v on By \ By/»

and since ¢ is decreasing, we obtain

2
eZT(P(l) I u”éz (Bi\B1a) < ” e‘/’r LU” .

As 13 = 1, [@.7) further reduces to

210(1) 112 L2
(4.8) D Nulfy g g, ) S e Hypw] ™
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The next step consists in upper-bounding the right hand side. For this,
we note that, as Hﬁr u(x) =0, we can then write

k
Hirw(x)=h™*Y Aj0(x)u(x— he))
j=1
k -2yt + b -2yt -

> h™*Dj0(x)D} u(x) +]; h™*D}60(x)D; u(x))

+

J
k k
+h™'Y " Bj()DTO(x)ulx+he)) —h™' ) B;(x)D;0(x)u(x - he))
j=1 j=1
+ ) (6(x+he)—0(x)) Ve(x+ he)u(x + he)

eefPL
=Tyu(x) + Ty u(x) + Ty u(x) + Ty u(x) + Ty u(x) + Tyu(x).
It then follows from that
le Hhw|® < e Tl + e TS ul” + || e Ty ul

(4.9) +e? T u|” + | e Ty u|” + || e Tau|.

We will now bound each term on the right hand side.
Let us start with T;. Define

5= (B e\ Byie) 0 (By\ By

and notice that A ;6(x) = D;—TB(x) =0 when x ¢ § and that, from the Mean
Value Theorem, h™!|D70(x)|, h™%|A;6(x)| < 1. Then

2

k
e?" N A ;0(x) ulx - he))
st

2
le® Thul™ = )
xehV

k
Y e?™ Y julx—hej)l
xehVn§ j=1

2Tp(1/4 2 2T¢(3/2 2
TPVl 5, + e ullg
3 1

2

N

A

7\B3
4 2

(4.10) el 171 A [
2

where we used again the monotonicity properties of ¢ in the third line.
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We now bound T;;". First

k
,; h2e$r® (Dj.e(x) D? u(x))

e T3 un)|”

>

xehV

>

xehVn8

2

k
Z h_leQbT(X)
j=1

k
-1 +
h ,E:le u

N

D;T" u(x)‘

2

N

eZT(p(l/4)

B1\B

wWl—
-

2

+e2T(p(3/2)

k
-1 +
h j2=1Dj u

B7\B

7
4

[\SJ[e8)

Using our Caccioppoli estimate given in Lemmal4.2] we obtain
2

2
k k
-1 + -1 + 2
h .ZDJ'” <|n ZDju Slully,
j=1 B1\B; j=1 B 2
3 4 3
g ’ e ’ 2
- - +
h™ ) Dju <|h™ X Diu|  Slulj,
J=1 B7\Bjg =1 By
4 2 4
Thus ultimately leads to
¢r 2 21¢(1/4) 2 27¢(3/2) 2
(4.11) le? Ty u)| Se IIuIIB%+e e,

2

37

We now turn to T3i and T,. The computations are similar for all three
of them and rely on the bound [V, j«, | Bjll;~ < M and on the fact that

for each e€ Py,
|0(x—he)—0(x)| < hlg.
It follows that

le’ Tyull® <Y l1e? (0(x+ he)—0(x))Ve(x + he)u(x + he)||*

BE'PL
> M?|e® ulg|?

<

~Y

21p(1/4 2 21 (3/2 2

S Ul + e g,
2

(4.12)

where we have concluded in the same way as the last line of (4.10).

The bound for T3 is obtained the same way:

(4.13) ”e(/)T T?;_Fullz SJ eZT(p(l/‘l)”u”%l + eZT(P(S/Z) ”ulléz'
2
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We can now conclude by introducing (4.10)-(4.11)-@.12)-(@4.13) into
(4.9):

L 2 27¢(1/4 2 279312 2
|e? Hipw]” S 0N i, + e ul,
2
which with (4.8) gives

271 2 2Tp(1/4 2 27¢(3/2 2
" Vulg g, < C(eP MV uly, +eTC P ulp)
2 2

for some C > 0. We rewrite this as

< (el 4 2rlre-o0) )

2
5,
2 2

Finally, we add || ullf31 on both sides and notice that
2

a:=2(p(1/4)-p1)>0 and c:=2(p1)-¢(3/2))>0

to obtain
2 2 - 2
IILtIIB1 =1+ C)(emllull,g1 +e CZTIIMIIBZ)
2

as claimed. O

5. EXTENDING THE FAMILY OF GRAPHS

5.1. Hexagonal Lattice. Our goal now is to extend Theorem[4.Tlto alarger
family of graphs. We start with the extension to the Hexagonal Lattice, a
famous periodic graph that is not a 1-point periodic graph. It is a part of
a slightly larger family of periodic graphs that we describe now.

VAVAVAVAN
\VAVAVAVAN
\VAVAVAVA

The hexagonal lattice The triangular lattice

FIGURE 4. The hexagonal lattice (2 points) and the trian-
gular lattice (1 point) associated

Definition 5.1 (Hexagonal type periodic graphs). We consider a lattice £
inRY% and two points py, p» € R? such that p, — po ¢ L. The periodic graph
hT' ={hL, hV, hE} with mesh size h is of hexagonal type if
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(1) the vertex set hV is of the form hV = hV, U hV, with hV = hp; +
hi;
(2) there exist vectorsem € L, j =1,...,k such that
(@) ifx € hVy then (x,y) € h€ ifand only if y = x+ h(p2 — p1 +€m)
forsome j=1,...,k, in particular y € h'V,;
(b) ifx € hV, then (x,y) € h€ ifand only if y = x— h(p2 — p1 +€m)
forsome j=1,...,k, in particular y € h'V.
(3) the graph is connected.

The third condition is just the fact that the graph is not oriented. Note
that each vertex has degree k and the connectedness condition implies
that k= d.

For the remaining of this subsection, we will assume that hI' = {hL, h'V, h&}
is of hexagonal type. Then, every function g : h'V — C may be identified
with the function g = (g1, g2) : hL — C* where g;() = g(hp;j+-). Note that

2 . 2 2 _ 2
”G”ﬁ(hﬁ) - ”gl ||[2(hm + ”g2”42(hﬁ) - ”g”[Z(hv)-

FIGURE 5. The standard Hexagonal lattice, g; would be
the restriction of g to the blue (circle) points) and g, the
restriction to the red (triangle) points

For the remaining of Section 5, we study the operator

Hpf(x) = h2Agc f(x) + V(X) f (%).
Theorem 5.2 (Three Balls Inequality). Let H be an hexagonal type peri-
odic graph:
(1) There exist constants hg,0¢ € (0,1), ¢1,¢> > 0 and 19 > 1 such that
forall T € (t9,60h™Y), h € (0, hy) and u: hV — R with Hyu = 0 on
B, we have
(51) ” u”[Z(Bl) <C (eCIT ” ullgz(B”z) + e_CZT ” u”[Z(BZ)) .
(2) Thereexista € (0,1), co >0, hg € (0,1) and C > 1 such that for h €
(0, hg) and u : hV — R with Hy,u =0 in By we have

C()]’l

1— _ -1
62 lulegy<D(lully, el +e " luleg,).
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The idea of the proofis that a periodic graph of hexagonal type has two
one-point periodic graph hidden in it. The vertices are h'V; and (x, y) is
an edge if y is a neighbor of a neighbor of x in the original graph. The
key is then to write Hy, f = 0 as Hj,j, f; = 0 where H; j, are operators of the
form (4.I) on the hidden one-point periodic graphs.

FIGURE 6. The triangular lattice hidden in the Hexagonal
graph

Proof. Let f :'V — C be such that Hy f = 0 in B4(H). Identify f,V with
f=(f1,12),V=(04,V): hL— C? Then, for x € hL,

1 k
(5.3) Hyf(hp1+x) = ( Y. fo(x+hey) — (k—hzvl(x))fl(x))
m=1

1 k
Hy f(hpy + x) ( Y. filx—hey) — (k- thz(x))fz(x)) -

72
h m=1

Assuming that h is small enough to have 2| Vlleo < k, we can rewrite
Hpf=0as

k
fl(x)zk—TVl(x) r;;le(x+hem))
k
(5.4) fZ(x):k—hz—Vg(x) j;fl(X—hej))
—(;—l) i (x— he )+lif(x—he-)
\k—hr2V(0) Kk mzlfl " ]

We now define a new 1 point periodic graph as follows hT = (hL, h'V', hE')

with (x,y) € &' if y= x+ h(e,, —ey,), m# ne{l,..., k}. Reordering the vec-
k(k-1)

, we obtain that h7T
is a 1-point periodic graph with edges (x,y), y = x+ hn;, j = 1,...,K.

torse,, —e,, m<nasny m=1,...,K =
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Note that to each 7n; there corresponds a unique m(j), n(j) such that
1 = em(j) —€n(j)- The Laplace operator for h7 is given by

K

Agp(x) =Y (@p(x+hnj)+@x—hn)))-2Ke(x).
=1

Now, injecting the expression of f> from into (5.3),

1 k
0=Hpf(hp1+x) = —|X — Zfl(x+hem+hen)—kf1(x)
h?\ 5= k =
ko Vy(x+he,) &

+mzlk h2Vs(x + hep,) /= Zfl(x+hem_herz)"‘Vl(x)fl(x)

= kh2 —Agfi(0) + V(x) fi(x)

+ z (Vi Ge hagg) fy G+ i)+ V7 G = ) fi (x = )

1
= —Hl nfi1(x)

- k Vo(x+h
where V = V1 (x) + W;I o hzz(;z(x ?;lz)em) and each V].J—r is a term of the

k—h2Va(x+ hey,)
of h < hy, provided hy is small enough.
Similarly, we obtain that

Those terms are thus bounded independently

0=Hpf(hpa+x) = —Hz nf2(x)

with H;j, an operator of a similar form to H; ;. Both operators are of
the form given by (4.I) on the one-point periodic graph T and each f; :
h{ — R is a function on T, for which H; f; = 0 on x € B4(7). We thus
know from Theorem [4.T]that there exist constants hg, 6 € (0,1), ¢1,¢2 >0
and 7o > 1 such that for all 7 € (7,80h™ 1Y), h € (0, hy) we have

I/ ”42(31) S (em I/ ”42(31,2) +e | £ ”42(32))

or equivalently

(5.5) ”f] ||§2(Bl) 5 (eZCIT ”f] ”22(31/2) + e_ZCZT”ff ”;2(32)) )
Finally, since for all r = 0,
1715, = 1405, + 120,
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summing (5.5) for j = 1,2, we obtain

A G T e Py

which is equivalent to (5.1).
The proof that this implies (5.2) is standard and the argument was al-
ready given for Theorem[4.1] U

5.2. Star periodic graphs. We can extend Theorem [5.2] to star periodic
graphs.

Definition 5.3. We say that a periodic graph hI' = (h'V, h&, hL) is a star
periodic graph, if for every x € hVj, j = 2,...,s, then for every y such that
(x,y) € h&, then y € hV;.

In other words, a start periodic graph is obtained from a one-point pe-
riodic graph by addinglayers V; = p;+£, j = 2,..., s that only have neigh-
bors in the first graph.

a) Hexagonal star graph b) Subdivision of the square lattice

FIGURE 7. Some modification of the hexagonal lattice and
subdivision of 1 point periodic graph are star periodic
graphs

As for graphs of hexagonal type, a function f on iV can then be seen
as a vector valued function (fi,..., fs) on hL. Now, if A 2Af+Vf =0
then f,..., fs can be expressed in terms of f; only. In a similar way to
the previous section, one can then show that H; ;, fi = 0 where H; j, is an
operator of the form (4.I) on a one-point periodic graph whose vertices
are hL. From there, one then proceeds as in the proof of Theorem 5.2}

Theorem 5.4 (Three Balls Inequality). Let I be a star periodic graph, then
the Three Balls Inequality, Theoreml|5.2, is also valid on J{.

6. DATA AVAILABILITY

No data has been generated or analysed during this study.
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