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ON THE THREE BALLS INEQUALITY FOR DISCRETE SCHRÖDINGER
OPERATORS ON CERTAIN PERIODIC GRAPHS

YANN BOURROUX, AINGERU FERNÁNDEZ-BERTOLIN, AND PHILIPPE JAMING

ABSTRACT. We investigate quantitative unique continuation proper-
ties for discrete magnetic Schrödinger operators in certain periodic
graphs. This unique continuation property will be quantified through
what is known in the literature as a Three Balls Inequality. We are able
to extend this inequality to another family of periodic graph which
contains the Hexagonal lattice. We also give a sketch of the proof for
general star periodic graph. Our proofs are based on Carleman esti-
mates.
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1. INTRODUCTION

The aim of this article is to prove a Carleman inequality for discrete
magnetic Schrödinger operators on a class of periodic graphs beyond
the square lattice. As an application we obtain a quantitative unique
continuation property for discrete harmonic functions on those graphs,
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where the quantification is given through a so-called Three Balls Inequal-
ity. This inequality is then extended to a larger class of periodic graphs
that also includes the hexagonal lattice.

Generally speaking, such an inequality has the following form: con-
sider a solution f of a PDE or a difference equation written as P f = 0 over
some set Ω. We assume that Ω is endowed with some natural distance
and denote by Br a ball of radius r and ‖ · ‖Br a norm of the restriction of
f to this ball. For instance, one may consider the L∞ norm over the ball,
‖ f ‖Br = supx∈Br

| f (x)|. A Three Balls Inequality is then a way to bound
the norm of f on some ball, say B1, by the norm of f on a smaller and on
a larger ball, say B1/2 and B2. A typical inequality of that type would then
take the form

‖ f ‖B1 ≤Cα‖ f ‖αB1/2
‖ f ‖1−α

B2
(1.1)

for some α ∈ (0,1). We can also see this property as a propagation of
smallness property, since if ‖ f ‖B1/2 is small, say ≤ ε and if we have a global
bound of f on B2, say ‖ f ‖B2 ≤ M then f stays relatively small on B1 since
(1.1) implies that ‖ f ‖B1 ≤CαM1−αεα.

Such inequalities are known for some time. For instance, if we consider
P = ∆ the Laplacian on R

d , the Three Balls Inequality (1.1) has been es-
tablished by J. Korevaar and J. L. H. Meyers in [KM94] for harmonic func-
tions ∆ f = 0, both when ‖ f ‖Br is the L∞-norm ‖ f ‖Br = supBr

| f | and also

in the L2-case when ‖ f ‖Br =
(∫

Br

| f (x)|2 dx

)1/2

. It is also well known that

this unique continuation property is satisfied when ∆ is replaced by the
Schrödinger operator ∆+B ·∇+V , for certain classes of potentials B and
V , see for example [Ku97].

In the discrete setting, the situation is more complicated. Let us start
with the simplest case of the square lattice Z

d and the naturally associ-
ated graph Laplacian ∆d . In this case, Three Balls Inequalities in the form
(1.1) do not hold. This situation is a bit awkward as, if one considers the
square lattice (hZ)d with a mesh of size h instead of Zd , then the graph
Laplacian is a natural discretization of the Euclidean Laplacian in the
sense that, if f is a C2 function on R

d then h−2
∆hZd f →∆ f when h → 0.

One thus expects that the Three Balls Inequality should hold at least up
to an error term when h is small enough. This has indeed been proved
by M. Guadie and E. Malinnikova [GM14]: there exist C ,δ > 0, 0 < α < 1
and h0 such that if 0 < h < h0, then for every C2 function f on R

d whose

restriction to hZd satisfies ∆hZd f = 0, we have

‖ f ‖L∞(B1) ≤C‖ f ‖αL∞(B1/2)‖ f ‖1−α
L∞(B2) +e−δ/

p
h‖ f ‖L∞(B2).(1.2)
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Note that the error term e−δ/
p

h‖ f ‖L∞(B2) goes to zero as the mesh size
h → 0 i.e. when approaching the continuous regime. This error term
is also shown to be optimal. The proof relied on an explicit formula for
the Poisson kernel of a discrete harmonic function and is thus difficult to
extend to more general settings, for instance when adding a potential to
the Laplacian.

This difficulty has been overcome by the second author together with
L. Roncal, A. Rüland & D. Stan [FBR+21] who took a different approach.
They first establish a Carleman estimate and then deduce the Three Balls
Inequality from it. In particular, this allowed them to establish (1.2) but
with L2-norms instead of L∞-norms.

Our aim here is to extend this result to a larger class of graphs. The
graphs we consider are known as periodic graphs. Roughly speaking (pre-
cise definitions will be given in the next section), they consist of a finite
graph whose vertices are vectors inR

d and this graph is then translated by
Lattice elements in such a way that the edges are periodic. The simplest
such graphs are the lattices AZd with A invertible and the edges are just
the nearest neighbors. The hexagonal lattice is another familiar example
in this class.

Such graphs are key to understanding a wide range of applications in-
cluding network design or physical systems like molecules and crystals.
To be more precise, structures similar to periodic graphs play a key role as
candidates for the fundamental microscopic building block of space, see
[KMS08] or [HML+10]. Crystal material property prediction is also im-
portant in modern physic as a way to discover new materials with good
properties and it happens that crystals are studied as periodic graphs
[YLL+22].

Mathematically, the set of vertices V and the edges E of a periodic
graph Γ are subsets of Rd . Therefore, there is a natural scaling that we
denote by hΓ and call h the mesh size. We then consider the following
operator,

(1.3) Hh f (x) = h−2
∆hΓ f (x)+V (x) f (x)+h−1

k
∑

j=1
B(x)D f (x),

where f : hV 7→ R, ∆hΓ is the discrete Laplace operator on the periodic
graph hΓ (see the definition below), D f (x) is a difference operator that
depends on the periodic graph Γ (similar to the gradient in the continu-
ous setting), V : hV 7→ R is a uniformly bounded potential and B : hV 7→
R

d is a uniformly bounded tensor field. Schrödinger operators on peri-
odic discrete graphs have attracted a lot of attention due to their appli-
cations to the study of electronic properties of crystalline structures, see
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e.g. [NGM+04], the book [Ha02] and the survey [CNG+09]. There is a vast
mathematical literature as well, focusing mainly on spectral properties of
those operators, see e.g.[AIM15, AIM18, KS14, KS14, KS18, Sa24].

Another motivation behind the study of the operator Hh on periodic
graphs comes from the fact that, for certain graphs, the discrete Laplacian
∆hΓ tends to approximate the continuous Laplacian ∆ when the mesh
size h tends to 0. For example, the Laplacian of the Square lattice is the
usual discretization of the Laplacian in Z

d . Also, on the hexagonal lattice
H, if g is a polynomial of degree 2 in two variables,

g (x, y) = ax2 +bx y +c y2 +d x +e y + f ,

then

h−2
∆Hg (xh, yh) =

3

2
∆g (x, y).

Hence the approximation error done, by approximating the continuum
with the Hexagonal lattice, is of order h3.

In the free case, B = 0, V = 0, A. Bou-Rabee, W. Cooperman and S.
Ganguly [BRCG23] established the Three Balls Inequality in the spirit of
(1.2) for all planar periodic graphs by removing the need of computing
the Poisson kernel. However, their result is in the L∞ norm, not in the L2

one and further seems not to extend to the more general cases B 6= 0 or
V 6= 0 as the proof relies essentially on a geometric interpretation of the
Laplacian that is lacking when adding a potential.

We will overcome this by adapting the strategy of [FBR+21] to the larger
setting of periodic graphs. The first step consists in proving a discrete
Carleman Inequality (Theorem 3.1). The Carleman weight we will use
is an adaptation of the weight used in [KRS16, FBR+21] where we re-
place the Euclidean norm with a norm |.|Γ adapted to the graph Γ. Also
note that, contrary to the continuous case, the Carleman parameter τ is
bounded in such a way that τ . h−1. When the mesh size tends to 0,
we get closer and closer to the continuous case. This condition is the
key behind the error term that appears in discrete Three Balls Inequali-
ties. This strategy works in all dimensions but unfortunately not for all
graphs. The key difficulty is that at one stage of the proof, we need to
go to the Fourier side, reformulating one step in terms of a Fourier mul-
tiplier that one needs to bound from below. There is a particular family
of graphs that we call 1-point periodic graphs for which we obtain such
lower bounds as the Fourier multiplier we have to deal with is complex
valued. In the general case, this Fourier multiplier is vector valued and
lower bounds seem not to be available. This explains the restriction on
the graphs we have to impose to obtain a Carleman estimate.
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This Carleman estimate is then the main ingredient we need in order
to prove Three Balls Inequalities. Indeed, using a cut-off argument and
a Caccioppoli type estimate, we are able to derive Three Balls Inequality
for the operator Hh on 1-point periodic graph. In a last step, we are able
to extend this result to a larger family of periodic graphs, which contains
the Hexagonal lattice. This is possible since the graphsΓ in this family are
such that we can construct another graph Γ

′ from a subset of its vertices
which is a 1-point periodic graph and for which the restriction of the ini-
tial function f to Γ

′ satisfies the Three Balls Inequalities. Moreover, the
ℓ2 norm of f on Γ is equivalent to its ℓ2 norm on Γ

′.
Note that, while this allows to significantly enlarge the class of periodic

graphs for which Three Balls Inequalities are now available, it is still open
whether such an inequality is valid on all periodic graphs, most notably,
we would like to establish a unique continuation property for the Lapla-
cian on the Kagome Lattice, see Figure 2 and [AIM15, Figure 4] for further
precision.

The paper is organized as follows: In Section 2, we will introduce the
setting of our study. Section 3 is devoted to our discrete Carleman es-
timate (Theorem 3.1). In Section 4, we give the statement of our Three
Balls Inequality (Theorem 4.1) for the discrete magnetic Schrödinger op-
erator on 1-point periodic graph together with its proof using the discrete
Carleman estimate. Finally in the last Section, we extend the Three Balls
Inequality to a larger class of periodic graphs, starting with the Hexagonal
lattice.

2. SETTING AND NOTATION

Throughout the paper, h > 0 will be a parameter called the mesh size

and that will be required to be sufficiently small.

Definition 2.1. We say that hΓ= {hL,hV,hE} is a periodic graph if it sat-

isfies the following properties.

(1) There is a basis v1, . . . ,vd of Rd such that

L=
{

v(n)=
d
∑

j=1
v j n j | n ∈Z

d

}

the lattice generated by those vectors.

(2) There are p1, . . . , ps , s points in R
d , such that for every i , j ∈ {1, . . . , s}

with i 6= j , pi −p j ∉L. The vertex set is then defined as

hV=
s

⋃

i=1
hVi where hVi = hpi +hL.

Without loss of generality, we will always assume that p1 = 0.
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(3) The edge set hE⊂ hV×hV satisfies the following periodicity condi-

tion: let x, y ∈hV with x ∼ y i.e. (x, y) is an edge, (x, y) ∈ hE. Then,

for every m ∈Z
d , x+hv(m) ∼ y +hv(m) i.e.

(

x +hv(m), y +hv(m)
)

is also an edge.

(4) The graph hΓ is connected.

If convenient, we will say that hΓ is a d-dimensional s-point periodic

graph.

We will particularly focus on 1-point periodic graphs in which case hV=
hL, in particular, our Carleman estimate will only be valid in this case.

p1

v2

v1

a) Square lattice b) triangular graph c) another 1-point
periodic graph

FIGURE 1. Three 2-dimensional one point periodic
graphs. Dots are the vertices and lines joining them
the edges. The thick (blue) lines are the edges that are
reproduced periodically

The Three Balls Inequality will be extended to more general s-point pe-
riodic graphs, including the Hexagonal lattice but not the Kagome lattice.

Note that the periodicity assumption implies that a 1-point periodic
graph is homogeneous and moreover that all vertices have even degree

The octogonal lattice The Kagome lattice

FIGURE 2. The octogonal lattice (4 points) and the
Kagome lattice (3 points) are periodic graphs.
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2k for some k ≥ d since the graph is connected. Therefore hΓ is a 2k-
degree graph and we can write

hE=
{(

x, x ±he j

)

| x ∈ hV, j = 1, . . . ,k
}

,

where the vectors e j are of the form e j = v(n j ) for some n j ∈ Z
d . Note

that the system (e1, . . . ,ek) is spanning R
d , otherwise the graph hΓ would

not be connected.
Furthermore, writing the vectors e j as columns, we define the k ×d

matrix
E =

(

e1 e2 . . . ek

)

.

Lemma 2.2. The Gramm matrix of the system (e1, . . . ,ek), G = E∗E is pos-

itive definite, thus

|x|Γ :=
√

x∗ (E∗E )−1 x

defines a norm on R
d .

Proof. This is a classical fact about Gramm matrices, let us prove it for the
sake of completeness. First G is symmetric. Further ker(E )⊂ ker(G) while

Gx = 0 =⇒ x∗E∗E x = 0 =⇒ (E x)∗E x = 0 =⇒ E x = 0,

so that ker(G) = ker(E ). By the rank theorem we get

d = rank(E )+dimker(E )= d +dimker(E )

since the columns of E span R
d . It follows that ker(G) = ker(E ) = {0} and

G is positive definite thus invertible and its inverse is positive definite as
well. �

The associated balls will be denoted as

(2.1) Br =
{

x ∈R
d : |x|Γ ≤ r

}

.

Now let f : hV 7→C be a function defined on a graph hΓ. Let ℓ2(hV) be
the set of functions f : hV 7→C that satisfy

∥

∥ f
∥

∥

2
ℓ2(hV) :=

∑

v∈hV

∣

∣ f (v)
∣

∣

2 <∞,

and for f , g ∈ ℓ2(hV) we define the inner product,
〈

f , g
〉

ℓ2(hV) :=
∑

v∈hV

f (v)g (v).

We may simply write
∥

∥ f
∥

∥ =
∥

∥ f
∥

∥

ℓ2(hV) and
〈

f , g
〉

=
〈

f , g
〉

ℓ2(hV) when the
graph and the mesh size h are fixed.

It remains to define several operators on hΓ, the first being the graph
Laplacian.
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Definition 2.3. Let f be a function on a graph hΓ, then

∆hΓ f (x) =
∑

x∼y

(

f (y)− f (x)
)

, x ∈ hV.

We say that f is a discrete harmonic function (or simply is harmonic) if

∆hΓ f (x) = 0

for all x ∈ hV.

Assume hΓ is a 1-point periodic graph, then we define

D±
j f (x) :=±

(

f (x ±he j )− f (x)
)

and D s
j := f (x +he j )− f (x −he j ),

and ∆ j = D+
j

D−
j
= D−

j
D+

j
. We see that the Laplacian of a 1-point periodic

graph can be written as

∆hΓ f (x) =
k
∑

j=1
D+

j D−
j f (x) =

k
∑

j=1

(

f (x +he j )+ f (x −he j )−2 f (x)
)

=:
k
∑

j=1
∆ j f (x).

Finally, we define

Dsu(x) =
(

k
∑

j=1
|D s

j u(x)|2
) 1

2

and D2
s u =

(

k
∑

j=1
|(D s

j )2u(x)|2
) 1

2

.

Further, consider the following vectors and matrices,

xE = E x, ∇2
E f = E

(

∇2 f
)

E∗,

and we denote |x|2E = x∗E∗E x. Finally, let Td
h
= R

d /(h−1
Z)d and define

the operator U : ℓ2(hV) 7→ ℓ2(Td
h

),

U f (ξ) := f̂ (ξ) =
∑

v∈hV

f (v)e2iπ〈v,ξ〉.

It is worth noting that it satisfies a Parseval type equality,

∥

∥ f̂
∥

∥

2
ℓ2(Td

h
) := hd

∫

[0,h−1]d
| f̂ (ξ)|2 dξ=

∥

∥ f
∥

∥

2
ℓ2(hV).

Further

U∆ j f (ξ) = 2
(

cos
(

2πh
〈

e j ,ξ
〉)

−1
)

f̂ (ξ) =−4 sin2 (

πh
〈

e j ,ξ
〉)

f̂ (ξ)

and

UD s
j f (ξ) =−2i sin2πh

〈

e j ,ξ
〉

.
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3. A CARLEMAN ESTIMATE

Our first goal in this paper is to prove the following Carleman estimate
for 1-point periodic graphs.

Theorem 3.1 (Carleman Estimate). Let hΓ be a 1-point periodic graph.

Let u : (hΓ) →R with supp(u) ⊂ B2 \ B1/2. Let g be defined by g = h−2
∆hΓu

in B4 and g = 0 on hV\ B4. Let

ϕ(t ) =− log t +c

(

log t arctan(log t )−
1

2
log(1+ log2 t )

)

for a certain small constant c > 0 and φτ(x) := τϕ(|x|Γ))
Then, there exist h0,δ0 ∈ (0,1) with h0 < δ0, C > 1 and 1 < τ0 < δ0h−1

0
such that for all h ∈ (0,h0) and τ ∈ (τ0,δ0h−1) we have

(3.1) τ3∥
∥eφτu

∥

∥

2
ℓ2(hV) +τ

∥

∥eφτh−1Ds u
∥

∥

2
ℓ2(hV) +τ−1∥

∥eφτh−2D2
s u

∥

∥

2
ℓ2(hV)

≤C
∥

∥eφτg
∥

∥

2
ℓ2(hV).

To prove the Three Balls Inequality in the next section, we will further
lower bound the left hand side and only use the less precise version

(3.2) τ3
∥

∥eφτu
∥

∥

2
ℓ2(hV) +τ

∥

∥eφτh−1Ds u
∥

∥

2
ℓ2(hV) ≤C

∥

∥eφτg
∥

∥

2
ℓ2(hV).

The remaining of this section is devoted to the proof of this theorem.
Before we start proving the Carleman Estimate, we remark that we can
rescale the graph Γ by a constant. In particular, it will be useful to scale
the graph Γ in such a way that

(3.3)
∥

∥e j

∥

∥

2 <
1

4
p

d
,

for all j = 1, . . . ,k. We are now ready to prove Theorem 3.1. First we will
introduce a lemma on the Carleman weight φ, and then introduce a new
operator Lφ.

Lemma 3.2. Let 0 < c <
2

π
,

ϕ(t ) =− log(t )+c

(

(

log t
)

arctan
(

log t
)

−
1

2
log

(

1+
(

log t
)2

)

)

,

and φτ(x) := τϕ (|x|Γ). Further, let γ0 > 0 and define

Cτ =
{

|ξE |2 =
∣

∣∇Eφτ(x)
∣

∣

2
}

∩
{〈

ξE ,∇Eφτ(x)
〉

Rk = 0
}

,

as well as

Nτ,C :=
{

ξ : dist(ξE ,Cτ) ≤ γ0τ
}

.
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Then, taking γ0 small enough, there exist a constant C > 0 such that if

x ∈ B4 \ B1 and ξ ∈Nτ,C, we have

(3.4) ∇∗
Eφτ(x)∇2

Eφτ(x)∇Eφτ(x)+ξ∗E∇
2
Eφτ(x)ξE ≥Cτ3.

Proof. As (3.4) is homogeneous of degree 3 with respect to τ, it is enough
to prove it for τ= 1. We will simplify the notation by writing φ=φ1. First
we assume that ξ ∈Cτ.

Define A :=
(

E T E
)−1

, we have

∇φ(x) =
ϕ′ (|x|Γ)

|x|Γ
Ax

thus, after multiplying by E we get

(3.5) ∇Eφ(x) =
ϕ′ (|x|Γ)

|x|Γ
E Ax.

Further

∇2φ(x) =
(

ϕ′′ (|x|Γ)−
ϕ′ (|x|Γ)

|x|Γ

)(

Ax

|x|Γ
⊗

Ax

|x|Γ

)

+
ϕ′ (|x|Γ)

|x|Γ
A.

After multiplying on the left by E and on the right by E∗, we get

∇2
Eφ(x) =

(

ϕ′′ (|x|Γ)−
ϕ′ (|x|Γ)

|x|Γ

)

E

(

Ax

|x|Γ
⊗

Ax

|x|Γ

)

E∗+
ϕ′ (|x|Γ)

|x|Γ
E AE∗.

And hence, the LHS of (3.4) becomes
(

ϕ′′ (|x|Γ)−
ϕ′ (|x|Γ)

|x|Γ

)

(

ϕ′(|x|Γ)2 +〈x,ξ〉2
Rd

)

+
ϕ′ (|x|Γ)

|x|Γ
(

ϕ′ (|x|Γ)2 +ξ∗E∗Eξ
)

.

Next notice that from (3.5), |ξE |2 =
∣

∣∇Eφ(x)
∣

∣

2 if and only if

ξ∗E∗Eξ=
(

ϕ′ (|x|Γ)

|x|Γ

)2

x∗A∗E∗E Ax =ϕ′ (|x|Γ)2 ,

while
〈

ξE ,∇Eφ(x)
〉

Rk = 0 reduces to 〈x,ξ〉
Rd = 0. Therefore, we end up

with

∇∗
Eφ∇

2
Eφ∇Eφ+ξ∗E∇

2
EφξE =

(

ϕ′′ (|x|Γ)+
ϕ′ (|x|Γ)

|x|Γ

)

ϕ′(|x|Γ)2

= c

(

1−c arctanlog |x|Γ
)2

|x|4
Γ

(

1+ log2 |x|Γ
)

≥C := c
(1−cπ/2)2

44
(

1+4 log2 2
)

where 0 < c <
2

π
when 1 ≤ |x|Γ ≤ 4.
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We next seek to argue that by continuity a similar lower bound also
holds onNτ,C. To this end, note that for ξ ∈Nτ,C we have |ξ|E ∈ (C0,1,C0,2),
where the constants only depend on γ0 and on the graph Γ and, in par-
ticular, they are independent of τ and h. Since for ξ ∈ Cτ, the condition
on φ gives

∇∗
Eφ∇

2
Eφ∇Eφ+ξ∗E∇

2
EφξE ≥C > 0,

by continuity, on a sufficiently small neighborhood Nτ,C, i.e. if γ0 > 0 is
small enough, we have

∇∗
Eφ∇

2
Eφ∇Eφ+ξ∗E∇

2
EφξE ≥

C

2
> 0,

which concludes the proof. �

Now let us define the operator Lφτ : ℓ2(hV) 7→ ℓ2(hV).

(3.6) Lφτ f (x) := h−2eφτ∆hΓe−φτ f (x)

= h−2
k
∑

j=1

(

cosh
(

D+
j φτ(x)

)

f (x +he j )− sinh
(

D+
j φτ(x)

)

f (x +he j )

+cosh
(

D−
j φτ(x)

)

f (x −he j )+ sinh
(

D−
j φτ(x)

)

f (x −he j )−2 f (x)
)

.

Its adjoint is obtained as follows:
〈

Lφτ f , g
〉

=
1

h2

∑

x∈hV

k
∑

j=1

(

cosh
(

D+
j φτ(x)

)

f (x +he j )− sinh
(

D+
j φτ(x)

)

f (x +he j )

+cosh
(

D−
j φτ(x)

)

f (x −he j )+ sinh
(

D−
j φτ(x)

)

f (x −he j )−2 f (x)
)

g (x)

=
1

h2

∑

x∈hV

k
∑

j=1
f (x)

(

cosh
(

D−
j φτ(x)

)

g (x −he j )− sinh
(

D−
j φτ(x)

)

g (x −he j )

+cosh
(

D+
j φτ(x)

)

g (x +he j )+ sinh
(

D+
j φτ(x)

)

g (x +he j )−2g (x)
)

:=
〈

f ,L∗
φτ

g
〉

.

Here we used that the graph is 1-point periodic so that the vertex set is
reduced to hL and thus, if x ∈ hV, so are x +he j and x −he j . We now
decompose Lφτ as a sum of a symmetric and an antisymmetric operator

Lφτ = Sφτ + Aφτ with Sφτ =
Lφτ +L∗

φτ

2
and Aφτ =

Lφτ −L∗
φτ

2
. Explicitely,

Sφτ =
k
∑

j=1
S j , Aφτ =

k
∑

j=1
A j ,
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with

S j f (x) =
1

h2

(

cosh(D+
j φτ(x)) f (x +he j )

+cosh(D−
j φτ(x)) f (x −he j )−2 f (x)

)

,(3.7)

=
1

h2

(

(

cosh(D+
j φτ(x))−1

)

f (x +he j )

+
(

cosh(D−
j φτ(x))−1

)

f (x −he j )+∆ j f (x)
)

,(3.8)

while A j f (x) is given by

(3.9) h−2
(

sinh(D−
j φτ(x)) f (x −he j )− sinh(D+

j φτ(x)) f (x +he j )
)

.

Let us now introduce a small parameter λ> 0 to be fixed later (not too
small). We write B for the smallest ball containing all e j ’s.

Definition 3.3. For 1 ≤ τ≤
1

h
, a τ-partition of unity for B2 \ B1/2 will be a

family of functions {ψn} such that:

– there is a covering of B2 \ B1/2 by a family {Bn} of balls of radius τ−
1
2λ

and we assume that the family {B h
n := Bn +hB} has a finite covering.

– {ψn} is a smooth partition of unity subordinated to these balls, i.e.

(1) ψn ≥ 0 and
∑

ψn = 1 on B2 \ B1/2;

(2) suppψn ⊂ Bn ;

(3)
∣

∣∇ψn(x)
∣

∣. τ
1
2 λ−1χsupp

Bh
n

(ψn )(x);

(4)
∣

∣∇2ψn(x)
∣

∣. τ1λ−2χsupp(ψn )(x).

Lemma 3.4. There are h0,δ0 ∈ (0,1) small enough such that, for h ∈ (0,h0),

τ ∈ (1,δ0h−1), if

(1) (ψn(x))n∈Z is a τ-partition of unity for B2\B1/2;

(2) φτ is given in Lemma 3.2 and Lφτ given by (3.6);

then for every f ∈ ℓ2(hV), writing fn = f ψn , we have
∥

∥Lφ f
∥

∥≤
∑

n

∥

∥Lφ fn

∥

∥

≤C
∥

∥Lφ f
∥

∥+Cτ
1
2λ−1

k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥+C
(

τλ−2 +τ
3
2λ−1 +τ

5
2 hλ−1

)

∥

∥ f
∥

∥

where c is a constant depending only on ψn and ϕ.

Proof. The first inequality follows directly from f =
∑

fn .
We will use the expression (3.8) for Sφτ . A simple computation shows

that ∆ j fn(x) =
ψn(x)∆ j f (x)+D s

j f (x)
(

ψn(x +he j )−ψn(x)
)

+ f (x −he j )∆ jψn(x).
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The second term is bounded by
∣

∣

(

f (x +he j )− f (x −he j )
)(

ψn(x +he j )−ψn(x)
)∣

∣

.h
∣

∣

(

f (x +he j )− f (x −he j )
)∣

∣

∣

∣∇ψn

∣

∣

.hτ
1
2 λ−1

∣

∣

∣D s
j f (x)

∣

∣

∣χsupp(ψn )(x)

while the last one is bounded by
∣

∣ f (x −he j )∆ jψn(x)
∣

∣ . h2
∣

∣ f (x −he j )
∣

∣

∣

∣∇2ψn

∣

∣

. τλ−2∣
∣ f (x −he j )

∣

∣χsupp(ψn )(x).

We infer that

(3.10) h−2
∣

∣∆ j fn(x)−ψn (x)∆ j f (x)
∣

∣

.h−1τ
1
2 λ−1

∣

∣

∣D s
j f (x)

∣

∣

∣χsupp(ψn )(x)+τλ−2
∣

∣ f (x −he j )
∣

∣χsupp(ψn )(x).

Similarly for h−2
(

cosh(D±
j
φτ(x))−1

)

fn(x ±he j ) we obtain

h−2(cosh(D±
j φτ(x))−1

)

fn(x ±he j )

=h−2
(

cosh(D±
j φτ(x))−1

)

f (x ±he j )ψn(x ±he j )

=ψn(x)h−2
(

cosh(D±
j φτ(x))−1

)

f (x ±he j )

+h−2
(

cosh(D±
j φτ(x))−1

)

f (x ±he j )
(

ψn(x ±he j )−ψn(x)
)

.

The second term is the error term that we now estimate.
First, there is a y ∈ [x, x ±he j ] such that

(3.11)
∣

∣

∣D±
j φτ(x)

∣

∣

∣= h
∣

∣

〈

∇φτ(y),e j

〉

Rd

∣

∣= hτ
∣

∣

〈

∇ϕ(|y |Γ),e j

〉

Rd

∣

∣.hτ.

As hτ≤ 1 and cosh t −1. t 2 on [0,C ],
∣

∣

∣cosh(D±
j φτ(x))−1

∣

∣

∣.
∣

∣

∣D±
j φτ(y)

∣

∣

∣

2
. τ2h2,

where y is treated as an intermediate value. Hence
∣

∣h−2
(

cosh(D±
j φτ(x))−1

)

f (x ±he j )
(

ψn(x ±he j )−ψn (x)
) ∣

∣

. τ
5
2 λ−1h

∣

∣ f (x ±he j )
∣

∣χsupp(ψn )(x).

Finally, together with (3.10), we obtain that

|Sφτ fn −ψnSφτ f | ≤C h−1τ
1
2λ−1

∣

∣

∣D s
j f (x)

∣

∣

∣χsupp(ψn )(x)

+Cτλ−2
∣

∣ f (x −he j )
∣

∣χsupp(ψn )(x)

+2Cτ
5
2λ−1h

∣

∣ f (x ±he j )
∣

∣χsupp(ψn )(x).
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Now for Aφτ , we can write

Aφτ fn(x)

=ψn(x)Aφτ f (x)+h−2 sinh(D−
j φτ(x)) fn(x −he j )

(

ψn(x −he j )−ψn (x)
)

−h−2 sinh(D+
j φτ(x)) f (x +he j )

(

ψn(x +he j )−ψn(x)
)

.

We now use that |sinh t |. t on [0,C ] to get
∣

∣

∣sinh(D±
j φτ(x))

∣

∣

∣. τh,

so that
∣

∣

∣h−2 sinh(D±
j φτ(x)) fn(x ±he j )

(

ψn(x ±he j )−ψn (x)
)

∣

∣

∣

. τh−1∣
∣ f (x ±he j

∣

∣

∣

∣∇ψn

∣

∣. τ
3
2 λ−1∣

∣ f (x −e j )
∣

∣χsupp(ψn )(x).

Combining everything into the expression on Lφτ we obtain that

∑

n

∥

∥Lφτ fn

∥

∥≤C
∑

n

∥

∥ψnLφτ f
∥

∥+
∑

n

(

Cτ
1
2λ−1

k
∑

j=1

∥

∥

∥h−1D s
j f χsupp(ψn )

∥

∥

∥

+C (τλ−2 +τ
3
2λ−1 +τ

5
2 hλ−1)

∥

∥ f χsupp(ψn )
∥

∥

)

≤C
∥

∥Lφτ f
∥

∥+Cτ
1
2λ−1

k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥

+C
(

τλ−2 +τ
3
2 λ−1 +τ

5
2 hλ−1

)

∥

∥ f
∥

∥

as claimed. �

We then compute the commutator which writes

(3.12) [Sφτ , Aφτ] f (x) =
k
∑

i=1

k
∑

j=1

∑

α,β=±1

−βh−4[cosh(Dα
j φτ(x))sinh(D

β

i
φτ(x +hαe j ))

−cosh(Dα
j φτ(x +hβei ))sinh(D

β

i
φτ(x))

]

f (x +hαe j +hβei ).

Since we have

Dα
j φτ(x +hβei ) =βDα

j D
β

i
φτ(x)+Dα

j φτ(x),
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using hyperbolic trigonometry identities, the bracket in 3.12 writes

cosh
(

Dα
j φτ(x)

)

sinh
(

D
β

i
φτ(x +hαe j )

)

−cosh
(

Dα
j φτ(x +hβei )

)

sinh
(

D
β

i
φτ(x)

)

=cosh
(

Dα
j φτ(x)

)

sinh
(

αDα
j D

β

i
φτ(x)

)

cosh
(

D
β

i
φτ(x)

)

+cosh
(

Dα
j φτ(x)

)

cosh
(

Dα
j D

β

i
φτ(x)

)

sinh
(

D
β

i
φτ(x)

)

− sinh
(

D
β

i
φτ(x)

)

cosh
(

Dα
j D

β

i
φτ(x)

)

cosh
(

Dα
j φτ(x)

)

− sinh
(

D
β

i
φτ(x)

)

sinh
(

βDα
j D

β

i
φτ(x)

)

sinh
(

D
β

i
φτ(x)

)

=sinh
(

αDα
j D

β

i
φτ(x)

)

cosh
(

Dα
j φτ(x)

)

cosh
(

D
β

i
φτ(x)

)

− sinh
(

βDα
j D

β

i
φτ(x)

)

sinh
(

D
β

i
φτ(x)

)

sinh
(

Dα
j φτ(x)

)

=αsinh
(

Dα
j D

β

i
φτ(x)

)

cosh
(

αDα
j φτ(x)−βD

β

i
φτ(x)

)

.

Considering the product 〈[Sφτ , Aφτ] f , f 〉, and translating x to x −βhei

and also changing β to −β we obtain

(3.13) 〈[Sφτ , Aφτ] f , f 〉 =
1

h4

∑

x∈hV

k
∑

i=1

k
∑

j=1
∑

α,β=±1

αβsinh
(

Dα
i D

β

j
φτ(x)

)

cosh
(

D
α,β
i , j

φτ(x)
)

f (x +αhei ) f (x +βhe j )

where D
α,β
i , j

φτ(x) =φτ(x +αhei +βhe j )−φτ(x).
For the next lemma, we will approximate the hyperbolic identities us-

ing Taylor expansion which allows for easier manipulations.

Lemma 3.5. Let φτ be as in lemma 3.2. Let S j , A j and [Si , A j ] f (x) be the

quantities defined beforehand. Let

S̃ j f (x) :=h−2
∆ j f (x)+

〈

∇φτ(x),e j

〉2

2

(

f (x +he j )+ f (x −he j )
)

,

Ã j f (x) :=−h−1〈∇φτ(x),e j

〉

D s
j f (x),

C
f , f

i , j
(x) :=h−2e∗

i ∇
2φτ(x)e j D s

i f (x)D s
j

f (x)

+
1

2

∑

α,β=±
αβe∗

i ∇
2φτ(x)e j

∣

∣

〈

∇φτ(x),αei +βe j

〉∣

∣

2

× f (x +αhei ) f (x +βhe j ).
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Let τ ∈ (1,h−1δ0), where h ∈ (0,h0) with δ0 ∈ (0,1) and h0 < δ0. Then, for

S̃φτ f (x) :=
k
∑

j=1
S̃ j f (x) and Ãφτ f (x) :=

k
∑

j=1
Ã j f (x), and a function f sup-

ported in B2 \ B1/2, we have
∥

∥Sφτ f − S̃φτ f
∥

∥. (δ0τ+δ2
0τ

2)
∥

∥ f
∥

∥,
∥

∥Aφτ f − Ãφτ f
∥

∥. (τ+δ0τ
2)

∥

∥ f
∥

∥,

〈

[Sφτ , Aφτ] f , f
〉

−
∑

x∈(hV)

k
∑

i , j=1
C

f , f

i , j
(x) . (τ2 +δ2

0τ
3)

∥

∥ f
∥

∥

2 +
k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥

2
.

Proof. We will use that for every A there is a B such that,

(3.14)

∣

∣

∣

∣

cosh x −1−
x2

2

∣

∣

∣

∣

≤ B |x|4 when |x| ≤ A

.
First we deal with the symmetric operator Sφτ . To do so, obseve first

that, with the mean value property, for every x and j , there is a ξ in the
segment [x, x ±he j ] such that

cosh(D±
j φτ(x))−1 =

h2

2

〈

∇φτ(ξ),e j

〉2 +E1

with |E1| ≤C h4τ4 with C depending on ϕ′ only. Here we use that x ±hei

stays in B4 \ B1/4 thus so is ξ and therefore
〈

∇φτ(ξ),e j

〉2 is bounded by
some fixed constant A independent of x, j .

Further, using the mean value property again,
〈

∇φτ(ξ),e j

〉2 =
〈

∇φτ(x),e j

〉2 +E2

with |E2| ≤ C hτ2 for some constant C that depends on ϕ and ϕ′ only. It
follows that

cosh(D±
j φτ(x))−1 =

h2

2

〈

∇φτ(x),e j

〉2 +E3

with |E3| ≤C (h3τ2 +h4τ4). Summing over x and j , we obtain

‖Sφτ f − S̃φτ f ‖.
h3τ2 +h4τ4

h2
‖ f ‖ ≤C (δ0τ+δ2

0τ
2)‖ f ‖

since hτ≤ δ0.

The anti-symmetric operator Aφτ is dealt with in a similar way but us-
ing that, for every A > 0 there is a B such that |sinh x − x| ≤ B |x|3 when
|x| ≤ A. We then get that

sinh(Dα
j φτ(x)) =αh

〈

∇φτ(x),e j

〉

+E4
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with |E4| ≤ C (h2τ+h3τ3). Summing over x and j , we obtain the desired
estimate.

Finally, we consider the commutator. First, using again (3.14) and ap-

proximating the difference operator D
α,β
i , j

φτ(x) as before we get

cosh
(

D
α,β
i , j

φτ(x)
)

−1 =
h2

2

〈

∇φτ(x),αei +βe j

〉2 +E5,

with |E5| ≤C (h3τ2 +h4τ4). For the terms in sinh we will approximate the
difference by a Taylor polynomial of order 3. Writing g (s, t ) =φτ(x+ sei +
te j ) and computing the third degree Taylor polynomial of g at (0,0) we
get

(3.15) P3g (s, t )= g (0,0)+
∂

∂s
g (0,0)s +

∂

∂t
g (0,0)t

+
1

2

∂2

∂s2
g (0,0)s2+

1

2

∂2

∂t 2
g (0,0)t 2 +

∂2

∂s∂t
g (0,0)st

+
1

6

∂3

∂s3
g (0,0)s3 +

1

6

∂3

∂s3
g (0,0)t 3 +

1

2

∂3

∂s2∂t
g (0,0)s2t +

1

2

∂3

∂s∂t 2
g (0,0)st 2.

The difference inside the sinh writes

Dα
i D

β

j
φτ(x) =βDα

i

(

φτ(x +βhe j )−φτ(x)
)

=αβ
(

φτ(x +αhei +βhe j )−φτ(x +βhe j )−φτ(x +αhei )+φτ(x)
)

.

Applying (3.15) to the above we get

Dα
i D

β

j
φτ(x) = h2e∗

i ∇
2φτ(x)e j +αh3T1φτ(x)+βh3T2φτ(x)+E6

with |E6| ≤ C h4τ, T1φτ(x), T2φτ(x) being the terms of order 3 so that
|Tiφτ(x)| ≤Cτ. Hence

sinh(Dα
i D

β

j
φτ(x)) = h2e∗

i ∇
2φτ(x)e j +αh3T1φτ(x)+βh3T2φτ(x)+E7,

with |E7| ≤C (h4τ+h6τ3). A multiplication of the above yields

1

h4

∑

α,β=±1

αβsinh(Dα
i D

β

j
φτ(x))cosh

(

D
α,β
i , j

φτ(x)
)

f (x +hαei ) f (x +hβe j )

= C
f , f

i , j
(x)+

∑

α,β=±1

h−1 [

βT1φτ(x)+αT2φτ(x)
]

f (x +hαei ) f (x +βhe j )

+
∑

α,β=±
E8 f (x +hαei ) f (x +hβe j ),

with |E8| ≤C (+τ+δ0τ
2 +δ2

0τ
3) . τ2 +δ2

0τ
3 after simplification using that

τh ≤ δ0. It remains to bound the third order term, which can be expressed
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in the form

∑

α,β=±1

[

βT1φτ(x)+αT2φτ(x)
]

h−1 f (x +hαei ) f (x +βhe j )

=
1

2
∂s∂

2
t g (0,0) f (x +hei )

(

h−1D s
j

f (x)
)

+
1

2
∂s∂

2
t g (0,0) f (x −hei )

(

h−1D s
j

f (x)
)

+
1

2
∂2

s∂t g (0,0) f (x +he j )
(

h−1D s
i f (x)

)

+
1

2
∂2

s∂t g (0,0) f (x −he j )
(

h−1D s
i f (x)

)

.

Using Cauchy-Schwarz inequality, we get

∑

x∈hV

k
∑

i , j=1

∑

α,β=±1

αβT
α,β
3 φτ(x)h−1 f (x +hαei ) f (x +βhe j )

≤Cτ2∥
∥ f

∥

∥

2 +C
k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥

2
,

and thus the desired estimate. �

As for our next step, we freeze coefficients in the operators when acting

on functions supported in sets of size λτ−
1
2 for λ> 0 and τ> 1 sufficiently

large, both of which needing to be determined when we finally prove the
Carleman estimate (3.1).

Lemma 3.6. Assume that 1 < τ ≤ δ0h−1 for a sufficiently small constant

δ0 > 0. Let B ⊂ B2\B 1
2

be a ball of radius λτ−
1
2 and x ∈ B. Let φτ be as in

Lemma 3.2. Set

S j f (x) :=h−2
∆ j f (x)+

〈

∇φτ(x),e j

〉2

2

(

f (x +he j )+ f (x −he j )
)

,

A j f (x) :=−h−1〈∇φτ(x),e j

〉

D s
j f (x),

C
f , f

i , j (x) :=h−2e∗
i ∇

2φτ(x)e j D s
i f (x)D s

j
f (x)

+
1

2

∑

α,β=±
αβe∗

i ∇
2φτ(x)e j

∣

∣

〈

∇φτ(x),ei +αβe j

〉∣

∣

2

× f (x +αhei ) f (x +βhe j ).
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Then for f ∈C∞
c (B2\B 1

2
) with supp( f ) ⊂ B

∣

∣‖S̃φτ f ‖−‖Sφτ f ‖
∣

∣≤Cτ
3
2λ

∥

∥ f
∥

∥,

∣

∣‖Ãφτ f ‖−‖Aφτ f ‖
∣

∣≤Cτ
1
2 λ

k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥,

∑

x∈(hV)

k
∑

i , j=1

∣

∣

∣C
f , f

i , j
−C

f , f

i , j

∣

∣

∣≤Cτ
1
2λ

k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥

2
+Cτ

5
2λ

∥

∥ f
∥

∥

2.

Proof. The proof follows from the triangle inequality and the Mean Value
Theorem. For the symmetric operators, we write

∣

∣

∣

∥

∥S̃φτ f
∥

∥−
∥

∥

∥Sφτ f
∥

∥

∥

∣

∣

∣

≤C
∥

∥

∥

(

〈

∇φτ(x),e j

〉2 −
〈

∇φτ(x),e j

〉2
)

(

f (x +he j )+ f (x −he j )
)

∥

∥

∥.

Then the Mean Value Theorem implies that

|
〈

∇φτ(x),e j

〉2 −
〈

∇φτ(x),e j

〉2| ≤Cτ2|x − x̄|

where C depends only on the first 2 derivatives of ϕ. As |x − x̄|. τ−1/2λ

when x ∈ supp f , the result follows.
For the antisymmetric part, we do the same using

|
〈

∇φτ(x),e j

〉

−
〈

∇φτ(x),e j

〉

|. τ|x − x̄|. τ1/2λ.

For the commutator, we use

|∇2φτ(x)−∇2φτ(x)|. τ|x − x̄|. τ1/2λ

for the first part and, for the second part,
∣

∣

∣e∗
i ∇

2φτ(x)e j

∣

∣

〈

∇φτ(x),αei +βe j

〉∣

∣

2

−e∗
i ∇

2φτ(x)e j

∣

∣

〈

∇φτ(x),αei +βe j

〉∣

∣

2
∣

∣

∣

. τ3|x − x̄|. τ5/2λ,

and conclude with Cauchy-Schwarz. �

The next proposition is the last step we have to introduce before prov-
ing Theorem 3.1.

Proposition 3.7. There exists τ1 such that, for every τ0 > τ1, there exist

Clow > 0,c0 >
1

τ0
,h0,δ0 ∈ (0,1) such that for τ ∈ (τ0,δ0h−1), h ∈ (0,h0), if
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B ⊂ B2 \B 1
2

is a ball of radius λτ−
1
2 and x ∈B; and Sφτ , Aφτ and C

f , f

i , j are as

in the last lemma, then for every f ∈C∞
c (B2 \ B 1

2
) supported in B, we have

(3.16)
∥

∥

∥Sφτ f
∥

∥

∥

2
+

∥

∥

∥Aφτ f
∥

∥

∥

2
+c0τ

∑

x∈(hV)

k
∑

i , j=1
C

f , f

i , j

≥Clow

(

τ4∥
∥ f

∥

∥

2 +τ2h−2
k
∑

j=1

∥

∥

∥D s
j f

∥

∥

∥

2
+h−4

k
∑

j=1

∥

∥

∥(D s
j )2 f

∥

∥

∥

2
)

.

Proof. To simplify notation, we write ξ j = 2π
〈

ξ,e j

〉

Rd . Since the operators
have constant coefficients (x is fixed) we can perform a Fourier transform
and use Parseval. Set

ps, j (ξ) := 2h−2 (

cos
(

hξ j

)

−1
)

+
〈

∇φτ(x),e j

〉2 cos
(

hξ j

)

,

and ps(ξ) =
k
∑

j=1
ps, j (ξ) so that

∥

∥

∥Sφ f
∥

∥

∥

2
=

∥

∥ps f̂
∥

∥

2
.

Next, set

pa, j (ξ) := 2h−1〈∇φτ(x),e j

〉

sin
(

hξ j

)

,

and pa(ξ) =
k
∑

j=1
pa, j (ξ), then

∥

∥

∥Aφ f
∥

∥

∥

2
=

∥

∥pa f̂
∥

∥

2
.

Finally, set q(ξ) = q1(ξ)+q2(ξ) so that

c0τ
∑

x∈(hV)

k
∑

i , j=1
C

f , f

i , j = c0
〈

q(ξ) f̂ , f̂
〉

= c0
〈

q1(ξ) f̂ , f̂
〉

+c0
〈

q2(ξ) f̂ , f̂
〉

,

with

(3.17) q1(ξ) = 4τh−2
k
∑

i , j=1
sin(hξi )sin(hξ j )e∗

i ∇
2φτ(x)e j

and
(3.18)

q2(ξ) = τ
k
∑

i , j=1
e∗

i ∇
2φτ(x)e j

(

∑

η=±1
η
∣

∣

〈

∇φτ(x),ei +ηe j

〉∣

∣

2 cos(hξi −ηhξ j )

)

.

We have now introduced all the notation that will be needed in this
proof. The first step is the following reformulation of the proposition:
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Step 1. The proposition follows from the fact that, for c0 small enough and

for all ξ,

(3.19) p2
s (ξ)+p2

a (ξ)+c0q(ξ)& |ξ|4E +τ2|ξ|2E +τ4.

Proof of Step 1. First note that

(3.20) |ξ|4E +τ2|ξ|2E +τ4 &

(

k
∑

j=1
h−4 sin4(hξ j )+τ2

k
∑

j=1
h−2 sin2(hξ j )+τ4

)

.

Computing the norm we get

∥

∥

∥Sφτ f
∥

∥

∥

2
+

∥

∥

∥Aφτ f
∥

∥

∥

2
+c0τ

∑

x∈(hV)

k
∑

i , j=1
C

f , f

i , j

=
∥

∥ps f̂
∥

∥

2 +
∥

∥ps f̂
∥

∥

2 +c0
〈

q(ξ) f̂ , f̂
〉

= hd

∫

[0,h−1]d

(

ps(ξ)2 +pa(ξ)2 +c0q(ξ)
)

| f̂ (ξ)|2dξ.

So, if (3.19) is established, from (3.20) we obtain

∥

∥

∥Sφτ f
∥

∥

∥

2
+

∥

∥

∥Aφτ f
∥

∥

∥

2
+c0τ

∑

x∈(hV)

k
∑

i , j=1
C

f , f

i , j

&hdτ4
∫

[0,h−1]d
| f̂ (ξ)|2dξ+hdτ2

k
∑

j=1

∫

[0,h−1]d
h−2 sin2(hξ j )| f̂ (ξ)|2dξ

+hd
k
∑

j=1

∫

[0,h−1]d
h−4 sin4(hξ j )| f̂ (ξ)|2dξ.

Finally by Parseval’s identity the right hand side is

=
(

τ4
∥

∥ f
∥

∥

2 +τ2h−2
k
∑

j=1

∥

∥

∥D s
j f

∥

∥

∥

2
+h−4

k
∑

j=1

∥

∥

∥(D s
j )2 f

∥

∥

∥

2
)

and (3.16) follows. �

In order to prove (3.19), we will consider two cases depending on the
value of |ξ|E .

Step 2. Proof of (3.19) when |ξ|E ≥ κτ. Here κ is a constant that will be

fixed in (3.21) below.

Let us first bound p2
s from below. To do so, note that by our initial

scaling of hΓ, see (3.3), we have

hξ j ≤ 2π
p

d‖e j‖2‖hξ‖∞ ≤ c <
π

2
.
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Then since for t ∈ [−c,c],

|cos t −1|& |t |2,

we obtain that
∣

∣

∣

∣

∣

k
∑

j=1

cos(hξ j )−1

h2

∣

∣

∣

∣

∣

&
1

h2

k
∑

j=1

∣

∣ξ j h
∣

∣

2
&

k
∑

j=1

∣

∣ξ j

∣

∣

2
& |ξ|2E .

On the other hand
∣

∣

∣

∣

∣

k
∑

j=1

〈

∇φτ(x),e j

〉2 cos(hξ j )

∣

∣

∣

∣

∣

. τ2.

Combining the two, we get

ps (ξ)2 ≥

∣

∣

∣

∣

∣

2
k
∑

j=1

cos(hξ j )−1

h2

∣

∣

∣

∣

∣

2

−

∣

∣

∣

∣

∣

k
∑

j=1

〈

∇φτ(x),e j

〉2 cos(hξ j )

∣

∣

∣

∣

∣

2

≥C 2
1 |ξ|

4
E −C 2

2τ
4 & |ξ|4E .

Thus, if we chose

(3.21) κ=
√

2C2/C1

then, for |ξ|E ≥ κτ,

ps (ξ)2 ≥CHF

(

|ξ|4E +τ2|ξ|2E +τ4)(3.22)

where CHF > 0 is a constant independent of ξ.
Also note that c0τq1(ξ) from (3.17) is bounded, using Cauchy-Schwarz,

by

4c0τ
k
∑

i=1

∣

∣h−1 sin(hξi )
∣

∣

k
∑

j=1

∣

∣h−1 sin(hξ j )
∣

∣

∣

∣e∗
i ∇

2φτ(x)e j

∣

∣

. c0

k
∑

j=1
τ2h−2 sin2(hξ j ),

while we can bound c0q2(ξ) (3.18) by

c0τ
k
∑

i , j=1

∣

∣e∗
i ∇

2φτ(x)e j

∣

∣

∑

η=±1

∣

∣

〈

∇φτ(x),ei +ηe j

〉∣

∣

2
. c0τ

4.

Hence by choosing c0 to be small enough we ensure that the contri-
bution of c0q(ξ) gets absorbed by the second and third term in (3.22). In
this case we discard p2

a (ξ) > 0. The constraint c0τ0 > 1 will then force us
to take τ1 = 1/c0 so that τ0 has only to be large enough.
Step 3. Proof of (3.19) when |ξ|E ≤ κτwhereκ is the constant fixed in(3.21)
above.
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In this region, we expand the symbols in hξ j (noting that h|ξE | ≤ κδ0

which is small for δ0 small) in a similar fashion as in Lemma 3.5. First for
the symmetric part, using that

|cos(hξ j )−1|. h2|ξ j |2,

and

|cos(hξ j )−1+
h2

2
ξ2

j |. h4|ξ j |4.

We obtain that
∣

∣ps, j +ξ2
j −

〈

∇φτ(x),e j

〉2∣
∣

=

∣

∣

∣

∣

∣

2h−2

(

cos
(

hξ j

)

−1+
h2ξ2

j

2

)

+
〈

∇φτ(x),e j

〉2 (

cos
(

hξ j

)

−1
)

∣

∣

∣

∣

∣

. h2|ξ j |4 +τ2h2|ξ j |2,

by using the definition of φτ (see Lemma 3.2). Finally, using the equiva-
lence of norms, we infer that

∣

∣

∣ps (ξ)−
(

∣

∣∇Eφτ(x)
∣

∣

2 −|ξE |2
)∣

∣

∣=

∣

∣

∣

∣

∣

k
∑

j=1
ps, j +ξ2

j −
〈

∇φτ(x),e j

〉2

∣

∣

∣

∣

∣

.
k
∑

j=1

(

h2
∣

∣ξ j

∣

∣

4 +τ2h2
∣

∣ξ j

∣

∣

2
)

. h2|ξ|4E +τ2h2|ξ|2E . h2τ4 . δ2
0τ

2.

For the anti-symmetric part, using that
∣

∣sin(hξ j )−hξ j

∣

∣. h3|ξ j |3,

we get
∣

∣pa, j (ξ)−2
〈

∇φτ(x),e j

〉

ξ j

∣

∣=
∣

∣2h−1〈∇φτ(x),e j

〉

(sin
(

hξ j

)

−hξ j )
∣

∣

. τh2|ξ j |3.

Hence, after summing over all j ’s and using the equivalence of norms, we
get

∣

∣pa(ξ)−2
〈

∇Eφτ(x),ξE

〉

Rk

∣

∣. τ
k
∑

j=1
h2

∣

∣ξ j

∣

∣

3

. τh2|ξ|3E . h2τ4 . δ2
0τ

2.

We may thus write

ps (ξ) =
∣

∣∇Eφτ(x)
∣

∣

2 −|ξE |2 +E1, and pa(ξ) = 2
〈

∇Eφτ(x),ξE

〉

Rk +E2,
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with |E1|, |E2|. δ2
0τ

2. As
∣

∣∇Eφτ(x)
∣

∣, |ξE |. τ, thus
∣

∣

〈

∇Eφτ(x),ξE

〉

Rk

∣

∣. τ2,
it follows that

(3.23) p2
s (ξ)+p2

a(ξ) =
(

∣

∣∇Eφτ(x)
∣

∣

2 −|ξ|2E
)2
+4

〈

∇Eφτ(x),ξE

〉2
Rk +E3,

with |E3|. δ4
0τ

4 +δ2
0τ

4 . δ2
0τ

4.
Now let

Sτ :=
{

ξ : |ξ|2E =
∣

∣∇Eφτ(x)
∣

∣

2
}

, F :=
{

ξ :
〈

∇Eφτ(x),ξE

〉

Rk = 0
}

and

Cτ = Sτ∩F

denote the joint characteristic sets of the symmetric and antisymmetric
parts of the operator. Further define

Nτ,C :=
{

ξ ∈T
d
h : dist(ξE ,Cτ) < γ0τ

}

to be a γ0τ neighbourhood of the joint characteristic set Cτ with γ0 > 0
small. In order to prove (3.19), we split the study into two cases depend-
ing on ξ.

First Case. We assume that ξ is outside of Nτ,C.

First note that it is enough to prove that

(3.24) p2
s (ξ)+p2

a(ξ)& τ4

since τ4 & (τ4 +τ2|ξ|2E +|ξ|4E ) under this hypothesis |ξ|E . τ. We then de-
duce (3.19) by absorbing c0q(ξ) into p2

s (ξ)+p2
a(ξ) when c0 is small enough

(thus τ1 large enough), in the same manner as at the end of Step 2.
We now prove (3.24) with the help of (3.23).
Take ξC ∈ Cτ to be the closest point to ξ in the charasterictic set, for

which |ξ−ξC| ≥ γ0τ. In other words,

ξC = arg min
ξ̃∈Cτ

|ξ− ξ̃|.

Now we estimate the leading order approximation in (3.23). As ξC ∈ Cτ,
we have
∣

∣

∣

∣

∣∇Eφτ(x)
∣

∣

2 −|ξ|2E
∣

∣

∣

2
+4

〈

∇Eφτ(x),ξE

〉2 =
(

|ξC|2E −|ξ|2E
)2 +4

〈

∇Eφτ(x),ξE

〉2.

By Lemma 3.2, we have that there exist a,b > 0 such that

aτ≤
∣

∣∇Eφτ(x)
∣

∣≤ bτ.

Let ρ ∈ [a,b] be such that
∣

∣∇Eφτ(x)
∣

∣= ρτ.



THREE BALLS INEQUALITY FOR DISCRETE SCHRÖDINGER OPERATOR 25

√

ρ2 −γ0ρ/2

√

ρ2 +γ0ρ/2

ρ−γ0/2ρ+γ0/2

Nτ,C

Nτ,C

∇Eφτ(x)

FIGURE 3. Sketch of Nτ,C (hatched area) in dimension 2
where τ= 1.

Assume first that dist(ξE ,Sτ) < γ0τ/2, that is (ρ−γ0/2)τ < |ξ|E < (ρ+
γ0/2)τ, so that ξ ∉ Nτ,C implies that ξ ∉ F, that is

〈

∇Eφτ(x),ξE

〉

Rk 6= 0.
Then

∣

∣

〈

∇Eφτ(x),ξE

〉

Rk

∣

∣

2 =
∣

∣∇Eφτ(x)
∣

∣

2 dist(ξE ,F)2 & γ2
0τ

4

where the implied constant depends on ρ and can thus be chosen as an
absolute constant.

On the other hand, if dist(ξE ,Sτ) ≥ γ0τ/2. We have two cases:
– Either |ξ|E ≤ (ρ−γ0/2)τ, but then

|ξ|2E ≤ (ρ2 −γ0ρ+γ2
0/4)τ2 ≤ (ρ2 −γ0ρ/2)τ2 = |ξC|2E −

γ0ρ

2
τ2,

provided γ0 ≤ 2a ≤ 2ρ.
– Otherwise |ξ|E ≥ (ρ+γ0/2)τ and then

|ξ|2E ≥ (ρ2 +γ0ρ+γ2
0/4)τ2 ≥ (ρ2 +γ0ρ/2)τ2 = |ξC|2E +

γ0ρ

2
τ2.

In summary, we now have
(

∣

∣∇Eφτ(x)
∣

∣

2 −|ξ|2E
)2

=
(

|ξC|2 −|ξ|2E
)2 ≥ ρ2γ2

0τ
4/4& γ2

0τ
4.

Combining the above yields that
(

∣

∣∇Eφτ(x)
∣

∣

2 −|ξ|2E
)2
+4

〈

∇Eφτ(x),ξE

〉2
Rk & γ2

0τ
4.

Therefore, (3.23) gives

p2
s (ξ)+p2

a(ξ) ≥C1γ
2
0τ

4 −C2δ
2
0τ

4 & τ4,

provided δ0 has been chosen small enough with respect to γ0.
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Second Case. We assume that ξ ∈Nτ,C.

Here we will use that |e∗
i
∇2φτ(x)e j |. τ, |ξ j |. τ,

|cos(hξ j )−1|. |hξ j |2 . h2τ2, and
∣

∣sin(hξ j )−hξ j

∣

∣. h3|ξ j |3 .h3τ3.

In order to prove (3.19), we use that p2
s (ξ)+ p2

a(ξ) ≥ 0 and show that
the inequality is already valid for q in this case. Recall that q(ξ) = q1(ξ)+
q2(ξ) where q1, q2 are defined in (3.17) and (3.18) respectively. On the one
hand, writing sin(hξi ) = sin(hξi )−hξi +hξi and the same for sin(hξ j ), we
write the first one as

q1(ξ) = 4τh−2
k
∑

i , j=1

(

sin(hξi )
)(

sin(hξ j )
)

e∗
i ∇

2φτ(x)e j

=
k
∑

i , j

(

e∗
i ∇

2φτ(x)e j

)

ξiξ j

+4τh−2
k
∑

i , j=1

(

sin(hξi )−hξi

)(

sin(hξ j )−hξ j

)

e∗
i ∇

2φτ(x)e j

+4τh−1
k
∑

i , j=1
ξi

(

sin(hξ j )−hξ j

)

e∗
i ∇

2φτ(x)e j

+4τh−1
k
∑

i , j=1

(

sin(hξi )−hξi

)

ξ j e∗
i ∇

2φτ(x)e j

= 4τ
k
∑

i , j

(

e∗
i ∇

2φτ(x)e j

)

ξiξ j +ε1 = 4τξ∗E∇
2
Eφτ(x)ξE +ε1

with ε1 . h4τ8 +h2τ6 . (δ4
0 +δ2

0)τ4 . δ2
0τ

4. Note that we are in the region
where |ξ|E . τ.

On the other hand, recall (3.18):

q2(ξ) = τ
k
∑

i , j=1
e∗

i ∇
2φτ(x)e j

(

∑

η=±1
η
∣

∣

〈

∇φτ(x),ei +ηe j

〉∣

∣

2 cos(hξi −ηhξ j )

)

.

We first expand
∣

∣

〈

∇φτ(x),ei +ηe j

〉∣

∣

2 and rewrite the sum in η as
(∣

∣

〈

∇φτ(x),ei

〉∣

∣

2 +
∣

∣

〈

∇φτ(x),e j

〉∣

∣

2)(cos(hξi −hξ j )−cos(hξi +hξ j )
)

+2
〈

∇φτ(x),ei

〉〈

∇φτ(x),e j

〉(

cos(hξi −hξ j )+cos(hξi +hξ j )
)

=2
(∣

∣

〈

∇φτ(x),ei

〉∣

∣

2 +
∣

∣

〈

∇φτ(x),e j

〉∣

∣

2)sinhξi sinhξ j

+4
〈

∇φτ(x),ei

〉〈

∇φτ(x),e j

〉

coshξi coshξ j

=4
〈

∇φτ(x),ei

〉〈

∇φτ(x),e j

〉

+O(h2τ4).
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Summing those identities, we finally obtain

q2(ξ) = 4τ
k
∑

i , j=1

(

e∗
i ∇

2φτ(x)e j

)〈

∇φτ(x),ei

〉〈

∇φτ(x),e j

〉

+ε2

= 4τ∇Eφτ(x)∗∇2
Eφτ(x)∇Eφ(x)+ε2

with |ε2|. h2τ6 . δ2
0τ

4.
In summary, we obtain that

q(ξ) = 4τ
(

∇Eφτ(x)∗∇2
Eφτ(x)∇Eφ(x)+ξ∗E∇

2
Eφτ(x)ξE

)

+ε3

with |ε3|. δ2
0τ

4.
Now by applying Lemma 3.2, we infer that for x ∈ B2\B1/2 and for ξ

in the neighborhood of the characteristic set, we get that for δ0 small
enough, there exist a constant cc f > 0 such that

q(ξ) ≥Cτ4 ≥ cc f (τ4 +τ2|ξ|2E +|ξ|4E ),

finishing the proof.
�

We are now ready to prove our Carleman estimate.

Proof of Theorem 3.1. Recall that we want to prove (3.1):

τ3∥
∥eφτu

∥

∥

2
ℓ2(hV) +τ

∥

∥eφτh−1Dsu
∥

∥

2
ℓ2(hV) +τ−1∥

∥eφτh−2D2
s u

∥

∥

2
ℓ2(hV)

≤C
∥

∥eφτg
∥

∥

2
ℓ2(hV).

We first reformulate this in terms of f = eφτu and

Lφτ f (x) := h−2eφτ∆hΓe−φτ f (x).

Step 1. It is enough to prove that

(3.25) τ3
∥

∥ f
∥

∥

2 +τ
∥

∥h−1Ds f
∥

∥

2 +τ−1
∥

∥h−2D2
s f

∥

∥

2 ≤C ′∥
∥Lφτ f

∥

∥

2.

Note that (3.25) is equivalent to

(3.26) τ3/2
∥

∥ f
∥

∥+τ1/2
∥

∥h−1Ds f
∥

∥+τ−1/2
∥

∥h−2D2
s f

∥

∥.
∥

∥Lφτ f
∥

∥

with a different constant.

Let x ∈ B2 \ B1/2. Write

eφτ(x)D s
j u(x) = eφτ(x)u(x +he j )−eφτ(x)u(x −he j )

= eφτ(x)−φτ(x+he j ) f (x +he j )−eφτ(x)−φτ(x−he j ) f (x −he j )

= D s
j f (x)+

(

eφτ(x)−φτ(x+he j ) −1
)

f (x +he j )

−
(

eφτ(x)−φτ(x−he j ) −1
)

f (x −he j ).
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Now note that

|φτ(x)−φτ(x +he j )| = τ
∣

∣ϕ(|x +he j |Γ)−ϕ(|x|Γ)
∣

∣

≤ τ
∣

∣|x +he j |Γ−|x|Γ
∣

∣sup{|ϕ′(t )| : t ∈ [|x|Γ, |x +he j |Γ]}.

Note that, on the one hand
∣

∣|x +he j |Γ− |x|Γ
∣

∣ ≤ |h|‖ei‖Γ . h and on the
other hand, there are 0 < a < b < +∞ such that, if x ∈ B2 \ B1/2 then
[|x|Γ, |x+he j |Γ] ⊂ [a,b]. But then, as ϕ is of class C1 on (0,+∞), we obtain
that

sup{|ϕ′(t )| : t ∈ [|x|Γ, |x +he j |Γ]} . 1.

It follows that

|φτ(x)−φτ(x +he j )|. hτ.

Further hτ ≤ δ0 ≤ 1 so that there is some A > 0 such that |φτ(x)−φτ(x +
he j )| ≤ A. As |eu −1| ≤ eB |u| if |u| ≤ B we obtain that

|eφτ(x)−φτ(x+he j ) −1|. hτ.

We can argue the same way for |eφτ(x)−φτ(x−he j ) − 1|. Summing over j

and taking norms in x, we can thus absorb the two corresponding terms
into τ3

∥

∥ f
∥

∥

2 by taking a larger constant in the right hand side of (3.25).
A similar argument allows also to absorb the extra terms comming from
∥

∥eφτh−2D2
s u

∥

∥

2
ℓ2(hV) into the two first terms.

Step 2. Localization.

We claim that it suffices to show the estimate (3.26) for the functions
fn of Lemma 3.4, provided the parameter λ is chosen properly. Indeed, if
the estimate is proven for fn , as f =

∑

fn we would get

τ
3
2
∥

∥ f
∥

∥+τ
1
2
∥

∥h−1Ds f
∥

∥+τ
−1
2
∥

∥h−2D2
s f

∥

∥

≤
∑

n

(

τ
3
2
∥

∥ fn

∥

∥+τ
1
2
∥

∥h−1Ds fn

∥

∥+τ
−1
2
∥

∥h−2D2
s fn

∥

∥.
∑

n

∥

∥Lφτ fn

∥

∥

≤Cloc
∥

∥Lφτ f
∥

∥+Cl ocτ
1
2λ−1

k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥

+Cloc

(

τλ−2 +τ
3
2λ−1 +τ

5
2 hλ−1

)

∥

∥ f
∥

∥,

for some constant Cloc ≥ 1 coming from Lemma 3.4.
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Now choosing λ = 10
p

kCloc and recalling that τh ≤ δ0 for some δ0 ∈
(0,1), we end up with

τ
3
2
∥

∥ f
∥

∥+τ
1
2
∥

∥h−1Ds f
∥

∥+τ
−1
2
∥

∥h−2D2
s f

∥

∥

≤C
∥

∥Lφτ f
∥

∥+
1

10
p

k
τ

1
2

k
∑

j=1

∥

∥

∥h−1D s
j f

∥

∥

∥+
3

10
τ

3
2
∥

∥ f
∥

∥

≤C
∥

∥Lφτ f
∥

∥+
1

10
τ

1
2
∥

∥h−1Ds f
∥

∥+
3

10
τ

3
2
∥

∥ f
∥

∥

The two last terms are then absorbed into the left hand side to obtain the
desired estimate for f .

Step 3. Proving the Theorem for localized functions.

We seek to prove (3.25) for fn = f ψn with supp f ⊂ B2\B 1
2

, ψn as in

Lemma 3.4. From Proposition 3.7, there is a c0 ∈ (0,1) and τ0 > 1 with
τ0c0 ≥ 1. We first write

τ
∥

∥Lφτ fn

∥

∥

2 = τ
∥

∥Sφτ fn

∥

∥

2 +τ
∥

∥Aφτ fn

∥

∥

2 +τ
〈

[Sφτ , Aφτ] fn , fn

〉

≥
∥

∥Sφτ fn

∥

∥

2 +
∥

∥Aφτ fn

∥

∥

2 +τc0
〈

[Sφτ , Aφτ] fn , fn

〉

where we use that if τc0 ≥ 1, then, for every a,b ≥ 0 and everyα∈ [−ab, ab]

τa2 +τb2 +2τα≥ a2 +b2 +2τc0α.

Using Lemma 3.5 and taking into account that 0 < δ0 < 1 < τ, it follows
that

τ
∥

∥Lφτ fn

∥

∥

2 ≥
∥

∥S̃φτ fn

∥

∥

2 +
∥

∥Ãφτ fn

∥

∥

2 +τc0

∑

x∈(hV)

k
∑

i , j=1
C

fn , fn

i , j
−E1,

with

(3.27) 0 ≤ E1 ≤C
(

δ2
0τ

4 +τ3)
∥

∥ fn

∥

∥

2 +Cτ
k
∑

j=1

∥

∥

∥h−1D s
j fn

∥

∥

∥

2
.

Now exploiting the bound from Lemma 3.6 we get

τ
∥

∥Lφτ fn

∥

∥

2 ≥
∥

∥S̃φτ fk

∥

∥

2 +
∥

∥Ãφτ fn

∥

∥

2 +τc0
∑

x∈(hV)

k
∑

i , j=1
C

fn , fn

i , j
−E1

≥
∥

∥

∥Sφτ fn

∥

∥

∥

2
+

∥

∥

∥Aφτ fn

∥

∥

∥

2
+τc0

∑

x∈(hV)

k
∑

i , j=1
C

fn , fn

i , j −E1 −E2,
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where

0 ≤ E2 ≤ C
(

τ3λ2 +τ
7
2λ

)

∥

∥ fn

∥

∥

2 +C
(

τλ2 +τ
3
2 λ

) k
∑

j=1

∥

∥

∥h−1D s
j fn

∥

∥

∥

2

≤ C
(

τ3 +τ
7
2

)

∥

∥ fn

∥

∥

2 +C
(

τ+τ
3
2

) k
∑

j=1

∥

∥

∥h−1D s
j fn

∥

∥

∥

2
,

since λ has been chosen in Step 2.
Finally, using Proposition 3.7 we infer that

τ
∥

∥Lφτ fn

∥

∥

2 ≥
∥

∥

∥Sφτ fn

∥

∥

∥

2
+

∥

∥

∥Aφτ fn

∥

∥

∥

2
+τc0

∑

x∈(hV)

k
∑

i , j=1
C

fn , fn

i , j −E1 −E2

≥Clow

(

τ4
∥

∥ fn

∥

∥

2 +τ2h−2
k
∑

j=1

∥

∥

∥D s
j fn

∥

∥

∥

2
+h−4

k
∑

j=1

∥

∥

∥(D s
j )2 fn

∥

∥

∥

2
)

−E1 −E2.

Now, if we chose δ0 small enough and τ large enough, we have

0≤ E1 +E2 ≤C
(

δ2
0 +τ−1 +τ−

1
2

)

τ4
∥

∥ fn

∥

∥

2

+C
(

τ−1 +τ−
1
2

)

τ2h−2
k
∑

j=1

∥

∥

∥D s
j fn

∥

∥

∥

2

≤
Clow

2

(

τ4
∥

∥ fn

∥

∥

2 +τ2h−2
k
∑

j=1

∥

∥

∥D s
j fn

∥

∥

∥

2
)

.

We thus absorb the error terms and obtain

τ
∥

∥Lφτ fn

∥

∥

2 ≥Clow

(

τ4
∥

∥ fn

∥

∥

2 +τ2h−2
k
∑

j=1

∥

∥

∥D s
j fn

∥

∥

∥

2
+h−4

k
∑

j=1

∥

∥

∥(D s
j )2 fn

∥

∥

∥

2
)

and dividing by τ> τ0 finishes the proof. �

4. THE THREE BALLS INEQUALITY

In this section, we are still working with a 1-point periodic graph hΓ,
for which we have the Carleman estimate (3.1) proven in the previous
section. We will establish the Three Balls Inequality for Schrödinger op-
erators on such graphs. For future use, we will slightly enlarge the class
of operators and, instead of local potentials V (x) f (x) consider a larger
class: Fix an integer L and consider

PL =
{

k
∑

j=1
α j e j :,α j ∈Z,

k
∑

j=1
|α j | = L

}
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so that, for any x, y ∈hV there is an e ∈PL such that y = x+he if and only
if there is a simple path of length at most L between x and y . For L = 0,
PL = {0}.

We consider operators of the form

HL
hΓu(x) = h−2

∆hΓu(x)+h−1
k
∑

j=1
B j (x)D

j
s u(x)

+
∑

e∈PL

Ve(x +he)u(x +he)(4.1)

with max(‖Ve‖L∞ ,
∥

∥B j

∥

∥

L∞) <+∞.
Note that when L = 0 and B j = 0, H0

hΓ
f (x) = h−2

∆hΓ f (x)+V0 f (x) is a
classical Schrödinger operator.

Our goal is to prove the following theorem.

Theorem 4.1 (Three Balls Inequality). Let Γ be a 1-point periodic graph

L ≥ 0 and HL
hΓ

be an operator of the above form. Then,

(1) there exist constants h0,δ0 ∈ (0,1), c1,c2 > 0 and τ0 > 1 such that

for all τ ∈ (τ0,δ0h−1), h ∈ (0,h0) and u : hV 7→ R with HL
hΓ

u = 0 on

B4 we have

(4.2) ‖u‖ℓ2(B1) ≤C
(

ec1τ‖u‖ℓ2(B1/2) +e−c2τ‖u‖ℓ2(B2)

)

.

(2) there exist α ∈ (0,1), c0 > 0, h0 ∈ (0,1) and C > 1 such that for h ∈
(0,h0) and u : hV→R with HL

hΓ
u = 0 in B4 we have

(4.3) ‖u‖ℓ2(B1) ≤ D
(

‖u‖α
ℓ2(B1/2)‖u‖1−α

ℓ2(B2) +e−c0h−1
‖u‖ℓ2(B2)

)

.

The deduction of the Three Balls Inequality (4.3) from (4.2) is rather
standard, we include it here for sake of completeness:

Proof of (1) implies (2) in Theorem 4.1. Let h0,δ0 ∈ (0,1), c1,c2 > 0 and τ0 >
1 such that for all τ ∈ (τ0,δ0h−1), h ∈ (0,h0) be given by Theorem 4.1. Let
α ∈ (0,1) and u : hV→R, with HL

hΓ
u = 0 in B4. When u = 0, (4.3) is trivival

so we assume u 6= 0. Take τ∗ such that ec1τ∗‖u‖ℓ2(B 1
2

) = e−c2τ∗‖u‖ℓ2(B2).

Note that this implies that

ec1τ∗‖u‖ℓ2(B 1
2

) = e−c2τ∗‖u‖ℓ2(B2) = ‖u‖
c2

c1+c2

ℓ2(B 1
2

)
‖u‖

c1
c1+c2

ℓ2(B2)
.

We now consider three different cases.

(1) If τ∗ ≤ τ0, then we have that

‖u‖ℓ2(B1) ≤ ‖u‖α
ℓ2(B2)‖u‖1−α

ℓ2(B2) = e (c1+c2)ατ∗‖u‖α
ℓ2(B1/2)‖u‖1−α

ℓ2(B2)

≤ e (c1+c2)ατ0‖u‖α
ℓ2(B1/2)‖u‖1−α

ℓ2(B2)

which implies (4.3) provided we take D ≥ e (c1+c2)ατ0 .
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(2) If τ∗ ∈ (τ0,δ0h−1), we write (4.2) with τ= τ∗ and obtain

‖u‖ℓ2(B1) ≤ C
(

ec1τ∗‖u‖ℓ2(B1/2) +e−c2τ∗‖u‖ℓ2(B2)

)

≤ 2C‖u‖
c2

c1+c2

ℓ2(B 1
2

)
‖u‖

c1
c1+c2

ℓ2(B2)

which implies (4.3) provided we take D ≥ 2C .
(3) If τ∗ > δ0h−1 we obtain that

ec1h−1 δ0
2 ‖u‖ℓ2(B 1

2
) ≤ ec1τ∗‖u‖ℓ2(B 1

2
) = e−c2τ∗‖u‖ℓ2(B2) ≤ e−c2h−1 δ0

2 ‖u‖ℓ2(B2).

Next, since we can assume that τ0 < h−1δ0/2 we can take τ =
h−1δ0

2
in (4.2) to obtain

‖u‖ℓ2(B1) ≤C

(

ec1h−1 δ0
2 ‖u‖ℓ2(B 1

2
) +e−c2h−1 δ0

2 ‖u‖ℓ2(B2)

)

≤ 2C e−c2h−1 δ0
2 ‖u‖ℓ2(B2).

Combining the three cases we obtain (4.3) with D = max(2C ,e (c1+c2)ατ0 ),

α=
c2

c1 +c2
and c0 = c2

δ0

2
. �

In order to prove Theorem 4.1 for a 1-point periodic graph we need the
following lemma,

Lemma 4.2 (Caccioppoli). Let u : hV 7→R be a weak solution of

h−2
k
∑

j=1
D+

j D−
j u(x)+h−1

k
∑

j=1
B j (x)D+

j u(x)

+
∑

e∈PL

Ve(x +he)u(x +he)= 0,

in the sense that u ∈ H1
loc,h(hV) and for all v ∈ H1(hV) such that supp v is

bounded, we have

∑

x∈hV

h−2
k
∑

i , j=1
D+

i u(x)D+
j v(x)+

∑

x∈hV

h−1
k
∑

j=1
B j (x)D+

j u(x)v(x)

+
∑

x∈hV

∑

e∈PL

Ve (x +he)u(x +he)v(x)= 0.

Let 0 < 10h < r1 < r1 + 100h < r2. Then there exists a constant C > 1 de-

pending on r1,r2,‖Ve‖L∞(hV) and
∥

∥B j

∥

∥

L∞(hV) such that

k
∑

j=1

∥

∥

∥h−1D+
j u

∥

∥

∥

2

ℓ2(Br1 )
≤C‖u‖2

ℓ2(Br2 ).
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Proof. Let η : hV 7→ R be a cut-off function which is equal to one on Br1

and vanishes outside outside Br2 , and let

M = max{‖Ve‖L∞ ,‖B j ‖2
L∞}.

From the Mean Value Theorem, we also have

|D+
j η(x)| = |η(x +he j )−η(x)| ≤ h max

j
‖e j‖max

Br2

|∇η| :=Cηh.

Let

Au,v (x) = h−2
k
∑

j=1
D+

i u(x)D+
j v(x),

and

Bu,v (x) =h−1
k
∑

j=1
B j (x)D+

j u(x)v(x)

+
∑

e∈PL

Ve (x +he)u(x +he)v(x).

We may now take v = (uη2)(x) in the definition of the weak solution
that we write as

(4.4)
∑

x∈hV

(

Au,uη2 (x)+Bu,uη2 (x)
)

= 0.

As
D+

j [uη2](x) = D+
j [u](x)η2(x)+u(x +he j )D+

j [η2](x)

we have

∑

x∈hV

Au,uη2 (x) :=
∑

x∈hV

h−2
k
∑

j=1
D+

j [u](x)D+
j [uη2](x)

=
k
∑

j=1

∥

∥

∥h−1ηD+
j u

∥

∥

∥

2

ℓ2(hV)
(4.5)

+h−2
∑

x∈hV

k
∑

j=1
D+

j [u](x)u(x +he j )D+
j [η2](x).(4.6)

We now bound the second term (4.6) from below. We first write

D+
j [u](x)u(x +he j )D+

j [η2](x)

=D+
j [u](x)u(x +he j )D+

j [η](x)
(

η(x +he j )+η(x)
)

=2D+
j [u](x)u(x +he j )η(x)D+

j [η](x)+D+
j [u](x)u(x +he j )D+

j [η](x)2

≥−
1

2
D+

j [u](x)2η(x)2 −2u(x +he j )2D+
j [η](x)2

−
1

2
u(x +he j )2D+

j [η](x)2 −
1

2
u(x)2D+

j [η](x)2
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where we have used 2ab ≥−
a2

2
−2b2 for the first term and ab ≥−

a2

2
−

b2

2
for the second one after arranging factors properly. Notice that the 3 last
terms are zero if x ∉ Br2 . Summing over j = 1, . . . ,k and then over x ∈ hV,
leads to

∑

x∈hV

h−2
k
∑

j=1
D+

j [u](x)u(x +he j )D+
j [η2](x)

≥−
1

2

∑

x∈hV

k
∑

j=1

(

η2(x)h−2
(

D+
j u(x)

)2
)

−3k

(

∑

x∈Br2

|u(x)|2
)

sup
j

[

h−1
(

D+
j η(x)

)]2

≥−
1

2

k
∑

j=1

∥

∥

∥h−1ηD+
j u

∥

∥

∥

2

ℓ2(hV)
−3kC 2

η‖u‖2
ℓ2(Br2 ).

Inserting this into (4.6) gives

∑

x∈hV

Au,uη2 (x) ≥
1

2

k
∑

j=1

∥

∥

∥h−1ηD+
j u

∥

∥

∥

2

ℓ2(hV)
−3kC 2

η‖u‖2
ℓ2(Br2 ).

Using Young’s inequality, we bound the contribution of Bu,uη2 and get

∑

x∈hV

Bu,uη2 (x) ≤
1

4

k
∑

j=1

∥

∥

∥h−1ηD+
j u

∥

∥

∥

2

ℓ2(hV)
+M (|PL |+4k +1)‖u‖2

ℓ2(Br2 ).

Now, going back to (4.4), we obtain

k
∑

j=1

∥

∥

∥h−1ηD+
j u

∥

∥

∥

2

ℓ2(hV)
≤C‖u‖ℓ2(Br2 )

where C is a constant that depends on r1,r2 and M . Finally, as η = 1 on
Br1 we have

k
∑

j=1

∥

∥

∥h−1D+
j u

∥

∥

∥

2

ℓ2(Br1 )
≤

k
∑

j=1

∥

∥

∥h−1ηD+
j u

∥

∥

∥

2

ℓ2(hV)
≤C‖u‖ℓ2(Br2 )

which is the expected inequality. �

We now prove the first part of Theorem 4.1 using a cut-off argument.

Proof of Theorem 4.1 (1). Let u : hV 7→ R such that HL
hΓ

u(x) = 0 for all x ∈
B4. We set

M := max
{

‖Ve‖L∞ ,‖B j‖L∞
}

<+∞.

Fix ε > 0 to be small enough and assume that h0 > 0 is sufficiently small
to have (L +1)h0κ< ε with κ= max‖ei‖ and h0 <

p
Meτ(ϕ(3/2)−ϕ(1/4)). We
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consider the function w(x) = θ(x)u(x), with 0 ≤ θ(x) ≤ 1 a C
∞(Rd ) cut-off

function defined as

θ(x) =
{

0, when |x|Γ < 1
4 +2ε or |x|Γ > 7

4 −2ε,

1, when 1
3 −2ε≤ |x|Γ ≤ 3

2 +2ε.

We assume that ε is small enough to have

1

4
+2ε<

1

3
−2ε<

1

2
< 1 <

3

2
+2ε<

7

4
−2ε< 2.

Now using the Carleman Estimate (3.2) on w and the triangle inequal-
ity, we get that for all τ ∈ (τ0,δ0h−1)

τ3
∥

∥eφτw
∥

∥

2 +τ
∥

∥h−1eφτDs w
∥

∥

2
.

∥

∥eφτh−2
∆hΓw

∥

∥

2

.
∥

∥eφτHL
hΓw

∥

∥

2+
∑

e∈PL

∥

∥eφτVe (·+he)w(·+he)
∥

∥

2+

∥

∥

∥

∥

∥

h−1eφτ

k
∑

j=1
B j (·)D

j
s w(·)

∥

∥

∥

∥

∥

2

.
∥

∥eφτHL
hΓw

∥

∥

2 +
∑

e∈PL

∥

∥eφτw(·+he)
∥

∥

2 +
∥

∥h−1eφτDs w
∥

∥

2

since ‖Ve‖∞,‖B j ‖∞. 1. Now, using the same argument as in the first step

of the proof of our Carleman Inequality,
∥

∥eφτw(·+he)
∥

∥

2
.

∥

∥eφτw(·)
∥

∥

2
.

We can thus absorb the two last terms on the left hand side into the cor-
responding terms on the right hand side by taking τ large enough. We
then obtain

(4.7) τ3∥
∥eφτw

∥

∥

2 +τ
∥

∥h−1eφτDs w
∥

∥

2
.

∥

∥eφτHL
hΓw

∥

∥

2
.

Now we further lower bound the left hand side. First, we can discard
the second term which is no longer useful. Next, since w = u on B1 \ B1/2

and since ϕ is decreasing, we obtain

e2τϕ(1)‖u‖2
ℓ2(B1\B1/2) ≤

∥

∥eφτw
∥

∥

2
.

As τ3 ≥ 1, (4.7) further reduces to

(4.8) e2τϕ(1)‖u‖2
ℓ2(B1\B1/2) .

∥

∥eφτHL
hΓw

∥

∥

2
.
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The next step consists in upper-bounding the right hand side. For this,
we note that, as HL

hΓ
u(x) = 0, we can then write

HL
hΓw(x) =h−2

k
∑

j=1
∆ jθ(x)u(x −he j )

+
k
∑

j=1
h−2D+

j θ(x)D+
j u(x)+

k
∑

j=1
h−2D+

j θ(x)D−
j u(x)

)

+h−1
k
∑

j=1
B j (x)D+

j θ(x)u(x +he j )−h−1
k
∑

j=1
B j (x)D−

j θ(x)u(x −he j )

+
∑

e∈PL

(

θ(x +he)−θ(x)
)

Ve(x +he)u(x +he)

=T1u(x)+T +
2 u(x)+T −

2 u(x)+T +
3 u(x)+T −

3 u(x)+T4u(x).

It then follows from (4.8) that

∥

∥eφτHL
hΓw

∥

∥

2
.

∥

∥eφτT1u
∥

∥

2 +
∥

∥eφτT +
2 u

∥

∥

2 +
∥

∥eφτT −
2 u

∥

∥

2

+
∥

∥eφτT +
3 u

∥

∥

2 +
∥

∥eφτT −
3 u

∥

∥

2 +
∥

∥eφτT4u
∥

∥

2
.(4.9)

We will now bound each term on the right hand side.
Let us start with T1. Define

S=
(

B 1
3−ε

\ B 1
4+ε

)

∪
(

B 7
4−ε

\ B 3
2+ε

)

and notice that ∆ jθ(x) = D±
j
θ(x) = 0 when x ∉ S and that, from the Mean

Value Theorem, h−1|D±
j
θ(x)|,h−2|∆ jθ(x)|. 1. Then

∥

∥eφτT1u
∥

∥

2 =
∑

x∈hV

∣

∣

∣

∣

∣

eφτ(x)
k
∑

j=1
h−2

∆ jθ(x)u(x −he j )

∣

∣

∣

∣

∣

2

.
∑

x∈hV∩S

∣

∣

∣

∣

∣

eφτ(x)
k
∑

j=1
|u(x −he j )|

∣

∣

∣

∣

∣

2

. e2τϕ(1/4)‖u‖2
B 1

3
\B 1

4

+e2τϕ(3/2)‖u‖2
B 7

4
\B 3

2

. e2τϕ(1/4)‖u‖2
B 1

2

+e2τϕ(3/2)‖u‖2
B2

(4.10)

where we used again the monotonicity properties of ϕ in the third line.



THREE BALLS INEQUALITY FOR DISCRETE SCHRÖDINGER OPERATOR 37

We now bound T ±
2 . First

∥

∥eφτT ±
2 u(x)

∥

∥

2 =
∑

x∈hV

∣

∣

∣

∣

∣

k
∑

j=1
h−2eφτ(x)

(

D+
j θ(x)D±

j u(x)
)

∣

∣

∣

∣

∣

2

.
∑

x∈hV∩S

∣

∣

∣

∣

∣

k
∑

j=1
h−1eφτ(x)

∣

∣

∣D±
j u(x)

∣

∣

∣

∣

∣

∣

∣

∣

2

. e2τϕ(1/4)

∥

∥

∥

∥

∥

h−1
k
∑

j=1
D±

j u

∥

∥

∥

∥

∥

2

B 1
3

\B 1
4

+e2τϕ(3/2)

∥

∥

∥

∥

∥

h−1
k
∑

j=1
D±

j u

∥

∥

∥

∥

∥

2

B 7
4

\B 3
2

.

Using our Caccioppoli estimate given in Lemma 4.2, we obtain
∥

∥

∥

∥

∥

h−1
k
∑

j=1
D±

j u

∥

∥

∥

∥

∥

2

B 1
3

\B 1
4

≤

∥

∥

∥

∥

∥

h−1
k
∑

j=1
D±

j u

∥

∥

∥

∥

∥

2

B 1
3

. ‖u‖2
B 1

2

,

∥

∥

∥

∥

∥

h−1
k
∑

j=1
D±

j u

∥

∥

∥

∥

∥

2

B 7
4

\B 3
2

≤

∥

∥

∥

∥

∥

h−1
k
∑

j=1
D±

j u

∥

∥

∥

∥

∥

2

B 7
4

. ‖u‖2
B2

.

Thus ultimately leads to

(4.11)
∥

∥eφτT ±
2 u(x)

∥

∥

2
. e2τϕ(1/4)‖u‖2

B 1
2

+e2τϕ(3/2)‖u‖2
B2

.

We now turn to T ±
3 and T4. The computations are similar for all three

of them and rely on the bound ‖Ve‖L∞ ,‖B j‖L∞ ≤ M and on the fact that
for each e ∈PL,

|θ(x −he)−θ(x)|.h1S.

It follows that

‖eφτT4u‖2 .
∑

e∈PL

‖eφτ
(

θ(x +he)−θ(x)
)

Ve (x +he)u(x +he)‖2

. h2M2‖eφτu1S‖2

. e2τϕ(1/4)‖u‖2
B 1

2

+e2τϕ(3/2)‖u‖2
B2

(4.12)

where we have concluded in the same way as the last line of (4.10).
The bound for T ±

3 is obtained the same way:

(4.13) ‖eφτT ±
3 u‖2 . e2τϕ(1/4)‖u‖2

B 1
2

+e2τϕ(3/2)‖u‖2
B2

.
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We can now conclude by introducing (4.10)-(4.11)-(4.12)-(4.13) into
(4.9):

∥

∥eφτHL
hΓw

∥

∥

2
. e2τϕ(1/4)‖u‖2

B 1
2

+e2τϕ(3/2)‖u‖2
B2

which with (4.8) gives

e2τϕ(1)‖u‖2
B1\B 1

2

≤C
(

e2τϕ(1/4)‖u‖2
B 1

2

+e2τϕ(3/2)‖u‖2
B2

)

for some C > 0. We rewrite this as

‖u‖2
B1\B 1

2

≤C
(

e2τ
(

ϕ(1/4)−ϕ(1)
)

‖u‖2
B 1

2

+e2τ
(

ϕ(3/2)−ϕ(1)
)

‖u‖2
B2

)

.

Finally, we add ‖u‖2
B 1

2

on both sides and notice that

c1 := 2
(

ϕ(1/4)−ϕ(1)
)

> 0 and c2 := 2
(

ϕ(1)−ϕ(3/2)
)

> 0

to obtain
‖u‖2

B1
≤ (1+C )

(

ec1τ‖u‖2
B 1

2

+e−c2τ‖u‖2
B2

)

as claimed. �

5. EXTENDING THE FAMILY OF GRAPHS

5.1. Hexagonal Lattice. Our goal now is to extend Theorem 4.1 to a larger
family of graphs. We start with the extension to the Hexagonal Lattice, a
famous periodic graph that is not a 1-point periodic graph. It is a part of
a slightly larger family of periodic graphs that we describe now.

The hexagonal lattice The triangular lattice

FIGURE 4. The hexagonal lattice (2 points) and the trian-
gular lattice (1 point) associated

Definition 5.1 (Hexagonal type periodic graphs). We consider a lattice L

in R
d and two points p1, p2 ∈R

d such that p2−p2 ∉L. The periodic graph

hΓ= {hL,hV,hE} with mesh size h is of hexagonal type if



THREE BALLS INEQUALITY FOR DISCRETE SCHRÖDINGER OPERATOR 39

(1) the vertex set hV is of the form hV= hV1 ∪hV2 with hV j = hp j +
hL;

(2) there exist vectors em ∈L, j = 1, . . . ,k such that

(a) if x ∈hV1 then (x, y) ∈hE if and only if y = x+h(p2−p1+em)
for some j = 1, . . . ,k, in particular y ∈hV2;

(b) if x ∈hV2 then (x, y) ∈hE if and only if y = x−h(p2−p1+em)
for some j = 1, . . . ,k, in particular y ∈hV1.

(3) the graph is connected.

The third condition is just the fact that the graph is not oriented. Note
that each vertex has degree k and the connectedness condition implies
that k ≥ d .

For the remaining of this subsection, we will assume that hΓ= {hL,hV,hE}
is of hexagonal type. Then, every function g : hV 7→ C may be identified
with the function ḡ = (g1, g2) : hL 7→C

2 where g j (·) = g (hp j +·). Note that

‖G‖2
ℓ2(hL) := ‖g1‖2

ℓ2(hL) +‖g2‖2
ℓ2(hL) = ‖g‖2

ℓ2(hV).

FIGURE 5. The standard Hexagonal lattice, g1 would be
the restriction of g to the blue (circle) points) and g2 the
restriction to the red (triangle) points

For the remaining of Section 5, we study the operator

Hh f (x) = h−2
∆H f (x)+V (x) f (x).

Theorem 5.2 (Three Balls Inequality). Let H be an hexagonal type peri-

odic graph:

(1) There exist constants h0,δ0 ∈ (0,1), c1,c2 > 0 and τ0 > 1 such that

for all τ ∈ (τ0,δ0h−1), h ∈ (0,h0) and u : hV 7→ R with Hhu = 0 on

B4 we have

(5.1) ‖u‖ℓ2(B1) ≤C
(

ec1τ‖u‖ℓ2(B1/2) +e−c2τ‖u‖ℓ2(B2)

)

.

(2) There exist α ∈ (0,1), c0 > 0, h0 ∈ (0,1) and C > 1 such that for h ∈
(0,h0) and u : hV→R with Hhu = 0 in B4 we have

(5.2) ‖u‖ℓ2(B1) ≤ D
(

‖u‖α
ℓ2(B1/2)‖u‖1−α

ℓ2(B2) +e−c0h−1
‖u‖ℓ2(B2)

)

.
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The idea of the proof is that a periodic graph of hexagonal type has two
one-point periodic graph hidden in it. The vertices are hV j and (x, y) is
an edge if y is a neighbor of a neighbor of x in the original graph. The
key is then to write Hh f = 0 as H j ,h f j = 0 where H j ,h are operators of the
form (4.1) on the hidden one-point periodic graphs.

FIGURE 6. The triangular lattice hidden in the Hexagonal
graph

Proof. Let f : V → C be such that Hh f = 0 in B4(H). Identify f ,V with
f̄ = ( f1, f2),V̄ = (V1,V2) : hL 7→C

2. Then, for x ∈hL,

Hh f (hp1 +x) =
1

h2

(

k
∑

m=1
f2(x +hem)−

(

k −h2V1(x)
)

f1(x)

)

(5.3)

Hh f (hp2 +x) =
1

h2

(

k
∑

m=1
f1(x −hem)−

(

k −h2V2(x)
)

f2(x)

)

.

Assuming that h is small enough to have h2‖V ‖∞ < k, we can rewrite
Hh f = 0 as

(5.4)

f1(x) =
1

k −h2V1(x)

(

k
∑

m=1
f2(x +hem)

)

f2(x) =
1

k −h2V2(x)

(

k
∑

j=1
f1(x −he j )

)

=
(

1

k −h2V2(x)
−

1

k

) k
∑

m=1
f1(x −hem)+

1

k

k
∑

j=1
f1(x −he j )

We now define a new 1 point periodic graph as follows hT= (hL,hV′,hE′)
with (x, y) ∈E′ if y = x +h(em −en), m 6= n ∈ {1, . . . ,k}. Reordering the vec-

tors em − en , m < n as ηm , m = 1, . . . ,K =
k(k −1)

2
, we obtain that hT

is a 1-point periodic graph with edges (x, y), y = x ± hη j , j = 1, . . . ,K .
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Note that to each η j there corresponds a unique m( j ),n( j ) such that
η j = em( j ) −en( j ). The Laplace operator for hT is given by

∆Tϕ(x) =
K
∑

j=1

(

ϕ(x +hη j )+ϕ(x −hη j )
)

−2Kϕ(x).

Now, injecting the expression of f2 from (5.4) into (5.3),

0= Hh f (hp1 +x) =
1

h2

(

k
∑

m=1

1

k

k
∑

n=1
f1(x +hem +hen)−k f1(x)

)

+
k
∑

m=1

V2(x +hem)

k −h2V2(x +hem)

k
∑

n=1
f1(x +hem −hen)+V1(x) f1(x)

=
1

kh2∆T f1(x)+ Ṽ (x) f1(x)

+
K
∑

j=1

(

V +
j (x +hηj) f1(x +hηj)+V −

j (x −hηj) f1(x −hηj)
)

:=
1

k
H1,h f1(x)

where Ṽ = V1(x) +
k
∑

m=1

V2(x +hem)

k −h2V2(x +hem)
and each V ±

j
is a term of the

form
V2(x +hem)

k −h2V2(x +hem)
. Those terms are thus bounded independently

of h ≤ h0, provided h0 is small enough.
Similarly, we obtain that

0 = Hh f (hp2 +x) =
1

k
H2,h f2(x)

with H2,h an operator of a similar form to H1,h . Both operators are of
the form given by (4.1) on the one-point periodic graph T and each f j :
hL 7→ R is a function on T, for which H j ,h f j = 0 on x ∈ B4(T). We thus
know from Theorem 4.1 that there exist constants h0,δ0 ∈ (0,1), c1,c2 > 0
and τ0 > 1 such that for all τ ∈ (τ0,δ0h−1), h ∈ (0,h0) we have

∥

∥ f j

∥

∥

ℓ2(B1) .
(

ec1τ
∥

∥ f j

∥

∥

ℓ2(B1/2) +e−c2τ
∥

∥ f j

∥

∥

ℓ2(B2)

)

or equivalently

(5.5)
∥

∥ f j

∥

∥

2
ℓ2(B1) .

(

e2c1τ
∥

∥ f j

∥

∥

2
ℓ2(B1/2) +e−2c2τ

∥

∥ f j

∥

∥

2
ℓ2(B2)

)

.

Finally, since for all r ≥ 0,
∥

∥ f
∥

∥

2
Br

=
∥

∥ f1
∥

∥

2
Br

+
∥

∥ f2
∥

∥

2
Br

,
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summing (5.5) for j = 1,2, we obtain
∥

∥ f
∥

∥

2
ℓ2(B1) .

(

e2c1τ
∥

∥ f
∥

∥

2
ℓ2(B1/2) +e−2c2τ

∥

∥ f
∥

∥

2
ℓ2(B2)

)

which is equivalent to (5.1).
The proof that this implies (5.2) is standard and the argument was al-

ready given for Theorem 4.1. �

5.2. Star periodic graphs. We can extend Theorem 5.2 to star periodic
graphs.

Definition 5.3. We say that a periodic graph hΓ = (hV,hE,hL) is a star

periodic graph, if for every x ∈ hV j , j = 2, . . . , s, then for every y such that

(x, y) ∈hE, then y ∈ hV1.

In other words, a start periodic graph is obtained from a one-point pe-
riodic graph by adding layersV j = p j +L, j = 2, . . . , s that only have neigh-
bors in the first graph.

a) Hexagonal star graph b) Subdivision of the square lattice

FIGURE 7. Some modification of the hexagonal lattice and
subdivision of 1 point periodic graph are star periodic
graphs

As for graphs of hexagonal type, a function f on hV can then be seen
as a vector valued function ( f1, . . . , fs ) on hL. Now, if h−2

∆ f +V f = 0
then f2, . . . , fs can be expressed in terms of f1 only. In a similar way to
the previous section, one can then show that H1,h f1 = 0 where H1,h is an
operator of the form (4.1) on a one-point periodic graph whose vertices
are hL. From there, one then proceeds as in the proof of Theorem 5.2:

Theorem 5.4 (Three Balls Inequality). LetH be a star periodic graph, then

the Three Balls Inequality, Theorem 5.2, is also valid on H.

6. DATA AVAILABILITY

No data has been generated or analysed during this study.
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