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We design an enhanced event-chain Monte Carlo algorithm to study 1D quantum dissipative
systems, using their bosonized representation. Expressing the bosonized Hamiltonian as a path
integral over a scalar field enables the application of Monte Carlo algorithms developed for classical
systems. Specifically, we focus on a dissipative XXZ spin chain, exhibiting critical slowing down,
minima degeneracy and long-range interactions. Addressing all three bottlenecks, we design an
algorithm that combines local persistent event-chain Monte Carlo moves with global cluster moves,
in a O(1)-complexity implementation. Through systematic performance analysis, we show that such
an algorithm outperforms traditional Metropolis algorithms by more than a magnitude factor and
is competitive with current state-of-the-art Quantum Monte Carlo algorithms. We then use this
approach to determine the dissipative spin chain’s phase diagram, thereby reinforcing prior analytical

predictions.

I. INTRODUCTION

The world of one dimensional (1D) quantum sys-
tems has, since nearly a century ago, intrigued by
its phenomenology which sets it apart of higher di-
mensional quantum systems. The peculiarity of 1D
quantum systems lies in the negligible role played by
particle statistics. Intuitively, this stems from the
fact that rotations used to exchange particles and
probe their statistics cannot be performed in 1D
systems. This idea is at the core of the bosoniza-
tion mapping [1-6] which provides a unifying de-
scription of bosonic and fermionic 1D systems in
terms of bosonic collective modes, hence its name.
A bosonized system can then be represented in the
path integral formalism by a classical scalar field in
dimension (1 4 1), which, for fermions or spins, is a
considerable simplification compared to the Grass-
man algebra or spin coherent states usually required
to treat such problems [7]. This procedure has been
mainly used to perform renormalization group (RG)
studies of the bosonized field-theory, leading to a
better understanding of various 1D quantum phe-
nomena [8-11].

Among all 1D quantum systems, dissipative quan-
tum systems have provided a privileged framework
for studying the physics of open quantum systems.
Dissipation is typically introduced by coupling the
system to many bosonic degrees of freedom acting
as a bath. The latter are usually simple enough that
they can be exactly traced out in the path-integral
formalism to yield an effective retarded interaction

for the system [12]. Dissipative quantum dynamics
were first studied in the context of systems with a
single degree of freedom such as a spin coupled to a
bosonic bath in the so-called spin-boson model [13-
15] or a Josephson junction coupled to a resistive
environment [16-18]. More recently, attention has
been drawn to the many-body counterparts of these
dissipative systems. As previously stated, most of
the analytical progress has come from studying the
bosonized Hamiltonians [19-23]. However, the po-
tential of leveraging advanced computational tech-
niques, such as classical Monte Carlo (MC) algo-
rithms, for a direct investigation of the (1 + 1)D
bosonized field theory remains underappreciated.
Most of the numerical effort [24-26] put into the
study of 1D dissipative quantum system has indeed
been performed directly on the microscopic Hamil-
tonians using standard numerical schemes for quan-
tum systems such as exact numerical diagonaliza-
tion [27], the density-matrix renormalization group
[28, 29], or Quantum Monte Carlo (QMC) meth-
ods [30, 31]. However, it is in most cases impossible
to quantitatively compare results obtained from the
microscopic and bosonized Hamiltonians as the re-
lation between microscopic and bosonized couplings
is usually not known exactly. This begs the ques-
tion of simulating directly the bosonized field the-
ory. Such an approach was for instance followed to
study the resistively shunted Josephson junction [17]
where a MC algorithm coupling global cluster moves
[32] to local Metropolis moves [33] was proposed to
study the underlying (0 + 1)D field theory. A more
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recent example can be found in the study of an XXZ
spin chain subject to local dissipation. This model,
which can be seen as a many-body generalization
of the spin-boson, was studied by [22, 34] with an
emphasis on analytical techniques, although a brief
numerical analysis was conducted using unadjusted
Langevin dynamics. This numerical analysis was re-
stricted to characterizing the bulk of the phases and
was not powerful enough to probe the phase tran-
sition. The bosonized dissipative spin chain indeed
provides a prototypical example of a 1D dissipative
system hard to simulate: it suffers from severe crit-
ical slowing-down, has an infinite number of degen-
erate classical minima, and a dissipative long-range
interaction which is computationally costly to deal
with.

In this work we address the simulation of the
bosonized dissipative XXZ spin chain by combin-
ing state-of-the-art classical MC algorithms and tar-
geting each of the three previously identified bot-
tlenecks. We propose an event-chain Monte Carlo
(ECMC) algorithm [35] enhanced with global cluster
moves and benefiting from a O(1)-complexity imple-
mentation [36]. The ECMC is a class of algorithms
which are non-reversible as they break the detailed
balance and only satisfy the global balance. By gen-
erating persistent and correlated moves, ECMC al-
gorithms produce numerical accelerations, in par-
ticular near phase transitions, and have therefore
proven useful to simulate various particle [35, 37—
40] and spin models [41, 42], polymers [43, 44], or
more recently hard disk packings [45]. Coupling local
moves to global cluster moves is similar to overrelax-
ation moves and effective in addressing the minima
degeneracy bottleneck. It has already been used to
study, for example, the ¢* theory [46] or the sine-
Gordon model [47], with the local moves generated
by standard Metropolis updates. Here, we show how
to adapt this enhancement by cluster moves to the
local persistent ECMC moves. Finally, we exploit the
factorized structure of the acceptance rate present
in both the ECMC and cluster moves to implement
them at a reduced O(1)-complexity cost thanks to
the clock method [36]. Our results show that such an
enhanced-ECMC algorithm is at least comparable to
state-of-the-art QMC approaches in the simulated
system sizes and observables. Therefore, while still
being straightforward to code, such an algorithm can
be used to precisely determine the phase diagram of
the dissipative spin chain.

The paper is organized as follows: Section II intro-
duces the microscopic model for the dissipative XXZ
spin chain and its mapping onto a bosonic field the-
ory. We also give a brief summary of known results.

Section III describes the developed algorithm based
on an ECMC scheme enhanced by cluster moves.
The performance of the algorithm is then tested
against other standard algorithms and a clear scaling
reduction is shown. Eventually, in Sec. IV, we use our
algorithm to obtain a precise phase diagram of the
dissipative XXZ spin chain. A brief discussion of the
results and concluding remarks are made in Sec. V.
Throughout the article, we work with A = kg = 1.
A public version of the code is available [48].

II. MODEL
A. Microscopic model

We study an XXZ spin chain coupled to a set of
local baths as in Refs. [22, 49, 50]. The XXZ spin
chain is a 1D Spin—% chain of N spins, total length

L, lattice spacing a = #, and whose Hamiltonian is

N
Hs =" J,8:85 0~ Ty (S50 + SY5%) - (1)
j=1

Each site j is coupled through Sj to a local set of

quantum harmonic oscillators {X, ;} as
N
Hon = 85> X, (2)
Jj=1 v
and the baths are governed by the Hamiltonian
oYY D Lo
B_j:1 - 2m, = 2 R e PV

The total Hamiltonian of the dissipative system is
therefore H = Hg + Hsg + Hg. We assume periodic
boundary conditions for the spin chain and restrict
our analysis to the zero magnetization sector.

B. Effective field theory

This model can be rewritten as a bosonic field the-
ory [22] by first bosonizing the spin chain [2, 3, 6],
and then integrating out the bath degrees of freedom
a la Caldeira—Leggett [12, 13]. Out of completeness,
we provide in the following a more heuristic semi-
classical derivation but omit most mathematical de-
tails.



Figure 1. Schematic representation of the model. An
XXZ spin chain has its spins coupled to independent and
identical collections of harmonic oscillators. The orienta-
tion of the j-th spin is described by the angle 2¢(z; = ja)
it makes with the alternating z-axis.

First, anticipating the fact that the dissipative
XXZ spin chain has a transition to an antiferromag-
netic ordered phase [51], we semi-classically repre-
sent spins through a field ¢(z) as

§5 ~ (1) cos[26(a;)] (4)

with ; = ja the positions of the spins. The field
2¢ is simply interpreted as the angle between a spin
and the alternating z axis, as illustrated in Fig. 1.
Using this mapping, the canonical partition function
Z = Tre PH at inverse temperature § = 1/T can
be expressed m terms of a Euclidean field theory
zZ =] D¢ e 51?l. The spin chain Hamiltonian Hg
contains mteractlons with coupling Jy, that want to
order the spins in the XY plane. Since [S””/y, S’Z] +

0, this amounts to scrambling 5% (and thus ¢) so the
associated action is

o = / o [ (00 7))" + (0.0, 7)°
(5)

where = € [0, L] denotes the spatial coordinate and
T € [0, 5] is the imaginary time coordinate. This is
the so-called Luttinger liquid (LL) action with pa-
rameters K and u. Next, the interactions in Hg with
coupling J, are derived from Eq. (4) by noting that

SjSﬁ_1 — 3 cos[4¢(z;)] + cst. This yields

g dxdr
— ¢
272 aTe

S, = —

os[4e(x, 7)), (6)

with the short-time cutoff 7. = a/u. Finally, the
baths generate an effective retarded spin-spin inter-
action through a dissipative kernel K(7) ~ a/7!s
with o« the spin-bath coupling strength and s the
bath exponent. Following the nomenclature intro-
duced by Caldeira and Leggett, s = 1 is an ohmic
bath, while 0 < s < 1 is a subohmic bath and s > 1
is a superohmic bath. Since the baths are local in

space and couple to 5'57 this final contribution adds
up to Spr, + S, to give the total effective action

S = /dxdT [ 0p(x, T))2+%(87¢(m))2

g drdr
53 o cos[do(x, T)] (7)
_a [ dadrdr’ cos[2¢(z, )] cos[2¢(z, T')]
2m? art™* |7 — /|1 ts ’
[T—7"|>7c

where the last integral is over |7 — 7/| > 7. to avoid
any short-time divergence. This action is that of the
sine-Gordon model with an additional long-range in-
teraction that is commonly encountered in dissipa-
tive quantum systems [16, 23, 26, 52]. The effective
parameters u, K, g, o, s can be related to the mi-
croscopic ones through bosonization (see [22]).

C. Summary of known results

The field theory (7) has been previously studied
by means of a renormalization group (RG) analy-
sis [22] and a mapping to a generalized Coulomb
gas [34]. These works showed the existence of
two phases, a Luttinger liquid (LL) and an anti-
ferromagnet (AFM), separated by a Berezinsky—
Kosterlitz—Thouless (BKT) transition. The LL is
a quasi-long-range ordered phase described by the
RG fixed point

Suldl = [ St [ @07+ - @07| . ®

where ugr, Kg are renormalized couplings and ¢
is implicitly evaluated at (x,7). This phase is ex-
pected from RG arguments to exist for Kr > Kf =
max(1/2,1 — s/2). For Kr < K%, the system be-
comes an AFM and is well-approximated by the
massive action

Sarm[@] = /;1:;; [UR (0:0)% +

(a‘r(b)z UR
Tw e ‘1’2]’
(9)

where ¢ is the correlation length which sets
the asymptotic decay of the two-point function
(p(2,7)p(0)) arnt ~ e~V Furm?/E,

From Eq. (4), it appears natural to define the
staggered magnetization averaged over space and
imaginary-time, as the operator

m = cos(2¢(x, 7) — 2¢(z, 7)), (10)



where f(z,7) = ! [dzdr f(z,7). It was
shown that m acts as an (infinite-order) order pa-

rameter [22]. The substraction of the average ¢(z, T)
ensures the existence of (m), in spite of the ill-
defined nature of the LL where ¢ is formally de-
fined up to a constant. Using Eqs. (8,9), the fi-
nite size scaling of the order parameter (m), where

(O[¢]) = Z7! [ D O[¢p]e=5I%], can be established in
both phases for a system of size L x § with § ~ L,
Lo\ *®
o =(5) o0
L KR.
= () (12

where Ly is a short-distance cutoff that does not
depend on KR.

D. Discretized field-theory

For the field theory (7) to be well-defined, one has
to introduce a short-distance cutoff [53] which we
do by putting the field theory on a lattice. Since we
want to investigate the zero-temperature and ther-
modynamic (f8,L — oo) properties of the system,
we consider a finite system of dimensions L x  as
large as possible. Moreover, because the phase tran-
sition of the model belongs to the BKT universality
class which has a dynamical exponent z = 1, we take
L = uf to mitigate finite-size effects. The continu-
ous field ¢(x,7) is then replaced by its discretized
version ¢; such that, with £ and 7 the unit vectors
in space and time directions,

¢i:n§:+m‘f’ = ¢($ =na, T = mTc)7 1€ [[15 N]]Qv (13)
with N = L/a = /7. The periodic boundary con-

ditions require that ¢;ynz = ¢; and ¢;yns = @;.
With this discretized field, the action (7) becomes

S(¢) = Z %% [(@ — Gira) + (¢ — ¢¢++)2}

- Z =5 cos(4¢;) (14)

R 0 cos(261) cos(2447)
_Z Z ﬁ kl+s
i k=—|N/2]
k#0
L(N—l)/2j o
_72 257 @+ ) ST,

jrvi k=—|N/2]

where Sh7(¢) (resp. SiI(¢)) is the pairwise
quadratic (resp. cosine) interaction, j ~ i denotes
the nearest neighbors j of ¢ and the bounds of the
sum over k correspond to the system’s periodicity.

The equilibrium probability distribution is then
7(¢) = e 5(®) /Z with the partition function Z de-
fined as Z = [ d¢e 5% with d¢ = [[, d¢; the mea-
sure over fields. Although the partition function is
formally divergent, ¢ being defined up to a constant,
this is not an issue for our sampling procedure (see
Appendix. A for more details).

IIT. ALGORITHM

An efficient algorithm sampling according to the
action (14) must overcome three main computa-
tional bottlenecks, from both computational com-
plexity and dynamical origins. In order to show how
they arise in practice, let us consider a usual clas-
sical MCMC scheme sequentially generating single-
site updates, e.g. ¢; — ¢; +¢ with ¢ randomly picked
among all sites and e some random increment (possi-
bly depending on ¢;) such that proposing ¢; — ¢;+¢
and ¢; + ¢ — ¢; are equiprobable. At each step,
such an update is accepted according to the follow-
ing Metropolis acceptance ratio,

pMet(¢7 (7/7 6)) = exp ( - Z AEng ((b)

ji
(v-ny/2p

+ Y Aesz’”’”(as)] > (15)
k=—|N/2] +

with [a]+ = max(0, a) the positive part function and
the A, variations of the quadratic/cosine pairwise
interactions S*J /e Are

82

9
om K+7K(¢i7¢j)’ (16)
A SETR (9) = 5;“? sin(2e) sin(4¢; + 2¢)  (17)

sin(2¢; + €) cos(2¢; 4 x+)
‘k|1+s ’

A8 (9) =

2
+(1- 5k,0)—62y sin(e)
Y

with 0, the Kronecker delta. This algorithm ex-
hibits the following bottlenecks:

(1st bottleneck) Independent and local single-site
updates most often result in diffusive dynamics that
converge slowly. This issue is particularly severe in
presence of strong and long-range correlations that
are reinforced by the vicinity of the phase transition.



(2nd bottleneck) Multimodality, arising from the
symmetry S(¢) = S(¢ +nn/2), n € Z further exac-
erbates the slow convergence of the diffusive process.

(3rd bottleneck) Computing the acceptance prob-
ability (15) for the bath-induced long-range
interactions SLH*" requires O(IV) operations.

To tackle these three bottlenecks, we propose
a variant of the non-reversible event-chain Monte
Carlo (ECMC) algorithm [35] enhanced by a cou-
pling to cluster-type moves. This algorithm signifi-
cantly decreases critical slowing down, although not
completely suppressing it. We furthermore leverage
the strict-extensive nature of the long-range interac-
tions to implement both types of moves in a O(1)
computational complexity [36]. The key idea under-
lying these three elements is to consider a factorized
Metropolis acceptance probability [35], namely

PEMet (9, (7, €)) = Hexp ( - [AESé’j(¢)]+)

gt
L(N=1)/2] -
x I exp (= [ASE(@9)4). (18)
k=—|N/2]

The factorized Metropolis filter is a valid acceptance
ratio, as it obeys detailed balance. Although it yields
on average a smaller acceptance rate than the stan-
dard Metropolis one, its product structure makes
the interactions independent. Here, this factoriza-
tion allows to treat separately the different interac-
tion terms, which is key for efficiently implementing
non-reversible schemes such as ECMC [35], cluster
moves [32] and general computational complexity
reduction schemes [36]. In the following, we detail
the three points and eventually compare the per-
formance of our enhanced ECMC algorithm with
a standard Metropolis algorithm, with and with-
out enhancement by cluster moves, and a standard
ECMC algorithm.

A. ECMC

1.  Generating a non-reversible and rejection-free
dynamics

An ECMC algorithm [35] is a continuous-time,
rejection-free and irreversible sampling scheme.
While directly identifying with a continuous-time
piecewise deterministic Markov process (PDMP)
[54], such algorithms were first introduced as the
infinitesimal limit ¢ — 0 of a persistent Markov

Figure 2. The two elementary steps of the ECMC algo-
rithm. Top: a field component ¢; (in yellow) performs
a ballistic shift until an event is triggered by one of its
neighbors drawn in white. Bottom: when an event oc-
curs, the neighbor involved in the event becomes the new
moving field component.

chain based on successive fixed (i,¢) updates cou-
pled to a factorized Metropolis acceptance rate (as
in Eq. (18)). Infinitesimal updates (i, €) are proposed
until a rejection eventually happens and the up-
date direction is resampled and given another value
(j,€"), so that the correct equilibrium distribution is
left invariant.

Such schemes were first introduced to upgrade the
dynamics from diffusive and slow ones, as typically
generated by Metropolis schemes, which is exactly
our first bottleneck. However, the ECMC and the
linked PDMP formalism allow for great versatility,
which can be exploited to couple such continuous lo-
cal moves to global discrete ones, in order to address
the second bottleneck linked to the multimodality.
This is discussed in Section 111 B.

For a general system, we recall that an ECMC
algorithm is formally built from factorized (4,¢)
Metropolis updates following three distinct steps:

1. the state space €2 is augmented to 2 x V where
v = (i,e) € V encodes the current ballistic
motion with e the sign of ¢ = e|e|. The target
distribution over the augmented space is taken
of the form ¢(¢p)u(v) in order to retrieve 7(¢)
easily. The additional variable v is commonly
referred to as a lifting variable [55].

2. the infinitesimal update regime ¢ — 0 limit
is considered. The binomial law generating a



rejection from the factorized acceptance rate
PrMet (@, (i,€)) transforms into a Poisson pro-
cess of rate

A(8, (i) = lim 1- pFMe;((l), (i,2)

(19)

3. rejections according to the rate A\(¢, (i, ¢e)) trig-
ger v-updates, called events, that ensure the
global balance condition in the augmented
state space 0 x V.

Since the introduction of the ECMC method, it has
been successfully applied to different systems thanks
to the flexibility enabled by the freedom of choice of
the lifting variable and its update scheme. Adapting
this procedure to our system, the lifting variable is
v=(i,e) €V =[1,N]? x {-1,1} and we chose for
1(v) to be the uniform distribution over V. In the
infinitesimal regime € — 0, the factorized acceptance
probability (18) gives rise to the Poisson rate,

1-— PFMet (¢7 (iv 6))

A i) = lim L (20)
N Lv-v/2p
SY NP+ S NE),
i k=—|N/2]
. i,7,€ . [AES;JC] _ 1,7
with AD7(¢) = limeyg — 3= = [e 8y, 5,7.(6)] |
such that, from Egs. (16,17),
i 1
aqbisq’j (@) = ﬁ(@ - ¢j) (21)
A 2
D, SHTRT (¢) = (5;@70”—2 sin(4¢;)
2c sin(2¢;) cos(2¢; 1k
+(1- 51@,0)F (29 )k1+3( Dith )7 (22)

Thanks to the factorization (18), this Poisson pro-
cess is a superposition of Poisson sub-processes of
rates )‘:}f corresponding to the different interac-
tion terms. Therefore, an event triggered by the total
Poisson process of rate \ corresponds to the event
of a single interaction term. As a rejection can be
understood as an energy increment excess, a correct
redirection v — v’ should ensure a balanced redistri-
bution of this excess. Here, and as is usually done in
ECMC schemes [35, 41], we first leverage the pair-
wise symmetry

(€05, 557 (9))+ = [—€0s, ST (@) 4, (23)

which relates the energy increments obtained by
varying ¢; and ¢;, so as to propose

(i,e) = (j,e) for an event triggered by )\é’j’e. (24)

For the events triggered by Ao+*7¢ a similar pair-
wise symmetry does not exist. However, we can ex-
ploit the probability flow conservation itself [56, 57].
It relies here on the invariance of the uniform dis-
tribution for v = (i,e) under the (1D) rotational
symmetry e <> —e, and yields,

Z([ea¢i Sé7i+k+ (¢)]+ + [€8¢i+k+si+k+7i(¢))]+)

= Z([_ea¢isé)i+k%(¢)]+ + [_ea¢i+k+ Sé+k+7i(¢)]+)v
e (25)

This simple relation tells us, for instance, that an
energy excess [edy, SV TFT ()], arising from updat-
ing ¢; along e can be redistributed over opposite
(—e)-updates of ¢; and updates of ¢;1r> along
e/, according to their respective energy decrease
[ea¢isé7i+k+(¢)]+ and [_€/a¢i+k+sg,i+k%(¢)]+' The
stochastic sampling of the updated field, whether ¢;
or ¢;+r+, prevents systematic backtracking, which
would otherwise occur if ¢; were always kept fixed,
necessitating repeated e/ —e flips that undo previous

moves. Therefore, we propose, at events triggered by
/\i,i+k‘i’,e
c )

. (i,—e) with probability pi¥(¢)
(i,€) = { (i + k7, et () otherwise ’ (26)
with probability
P(0) = eSOl
05,5 ()] + 19,4, S (9)]
and,
e’ (¢) = —sign(9y, 5" (9)), (28)

the direction which lowers the energy. From Eq. (22),
this amounts to selecting j = ¢ with probability

| tan(2¢;)|

ik (Y
pe (¢) = | tan(2¢;)| + | tan(2¢; 1 x2)|’

(29)

and taking 7 = ¢ 4+ k7 otherwise.

For k = 0, the scheme (26) comes down to
(i,e) — (i, —e), which agrees with the trivial symme-
try 605, S5 (@)]s = [~(—€)0,5i(6)]; analogous
to Eq. (23).

Such v-updates (24,26) satisfy the infinitesimal
limit of the global balance, through the satisfaction
of a lifted global balance [56, 57],

A(¢’ (.77 —6/))22/\(¢), U)Q(((,b, U))(j’ el))v (30)



where @ is the Markov kernel summarizing all the
possible v-updates (24,26),

)\zze

Z)\ Z 686

i/~

Q(¢, (i,e)

LN=1)/2] \;s 54kie
AT ()

A, (i, ¢)) (P (#)0i,j0—c.c

— P(0))6iskr jOcir(gy.er)- (31)

The validity of the lifted global balance is checked
using Egs. (23,25).

The ECMC thus generates a deterministic dynam-
ics determined by v that is resampled according to
(31) following (24,26) at events happening at a rate
(20) (see Fig. 2). It has now proven more efficient and
robust to directly describe the generated Markov
process by a PDMP [54, 57]. The entire PDMP can
be characterized through its infinitesimal generator
A [58]. It acts on smooth test functions f as

f(%((b,v)) — f(¢,v)

t—0+ t

_|_
k=—|N/2)

+(1

where @y is the time-evolution operator generated
by a PDMP over a time ¢. Owing to the definition of
the PDMP, the generator of the considered ECMC
scheme is

Af(¢,v) = Op, f(d,v)e
—_————
deterministic drift
A(
+ M6,v) %:Q (¢,0),0') [f(¢,0") = f(9,0)],
event rate jump v — v’
(33)

with A and @ respectively defined in (20) and (31).
The derivation of the lifted global balance [56, 57] is
straightforward as the invariance of 7 is equivalent
to

> 53 [ deAsG.ome) =0 (34

veV

The lifted global balance (30) is obtained after some
integration by parts and its satisfaction is checked
in Appendix B. The fact that e and —e balance each
other out in (30) is the mark of the non-reversibility
of the generated process. More details on PDMP
and ECMC can be found in [54, 57]. In particu-
lar, we consider here a translational transport by
updating a single field ¢; along e, but more gen-
eral flows could be used [57]. Also, other factoriza-
tion schemes than the one in (18) and/or choices

of @ are possible. For instance, we have explored
schemes which factorize the quadratic interactions
in groups of 2, 3 or 4 pairwise interactions, thus as-
sociating a single event rate to each group instead of
each pairwise interaction. We have also tried to sep-
arate the cosine interaction as 2 cos(2¢;) cos(2¢,) =
cos(2¢; — 2¢;) + cos(2¢; + 2¢;) which, factorizing
both terms separately, can be simply dealt with by
proposing the energy redirection (i,e) — (j,e) for
the former, and (i,e) — (4, —e) for the latter. How-
ever, these schemes were always slower than the one
detailed in the above.

Finally, ECMC schemes often include a refresh-
ment mechanism, where the variable v is resam-
pled at some fixed time or following some homoge-
neous Poisson process. Both these schemes, among
others, do not impact the invariance condition (30)
[54]. Such refreshment mechanisms may prove use-
ful to ensure ergodicity and sometimes even improve
on the convergence [35, 59-61]. In the following,
we opted for a refreshment event every fixed Tgret,
with Tgrer much larger than the typical time between
events, but much smaller than the total simulation
duration.

2. Practical implementation

To numerically simulate this PDMP, one has to
first compute the event times associated with the
event rates, then perform the deterministic shift un-
til the smallest event time, and finally update the
lifting variable using the Markov kernel (31). When
moving a field component ¢;, one thus has to com-
pute an event time for each of the 4 quadratic neigh-
bors and for each of the N cosine neighbors. A
quadratic rate [edg, S47(¢)]+ leads to an event time
t47 which is a random variable such that

Pty > t) = exp l— /0 (€0, (1) S2 (6(t))] - dt!
(35)

where ¢;(t) = ¢; + J; ; et is the field evolution im-
posed by the lifting variable v = (i,e). It can be
sampled by drawing v ~ ran(0,1) (the uniform dis-
tribution over [0, 1]) and solving

vV = exp l—/q [eam(t)Sé’j(gb(t))]ert . (36)
0



Algorithm 1: Enhanced ECMC

InPU-t ¢a Nsample, TRef7 TSample7 TCluster N

Sample = {};

i < choice[l,--- ,N?] ;

e <+ choice[—1, 1];

tr < TRet;

ts — TSample;

tCluster — TCluster§

while True do

Jq < argmin(tf{j « Eq. 37);
grvi

tq « min(t;? + Eq. 37);
gt

te, ke <+ Alg. 3;
tmin = min(tC7 tm tCluster, tr);
if t5 < tmin then // Outputting a sample
Qi <+ ¢i +ets;
Sample < Sample U {¢};
@i — @i + € (tmin — ts);
ts < ts — tmin + TSample;
TNsample — Nsample — 17
if nsample = 0 then
| Break

// Lifting variable

else
ts — ts - tmin;
¢i < @i + etmin;
if tc = tmin then
ty < tr — tmin;
tCluster < tCluster - tmin;
if ran(0,1) < p*(4) then
‘ e, i —e,l;
else
| eyi el (d),i+ ke ;
end
else if tq = tmin then
tyr < tr — tmin;
tCluster € tCluster — tmin;
e, 4 €,7Jq;
else if tciuster = tmin then// Cluster event
tr — tr - tmin;
tCluster <~ TCluster;

// Cosine event

// Quadratic event

¢+ Alg. 2;
else // Refreshment event
t’!‘ — TRcf;
tCluster ¥ tCluster — Tmin;
i ¢ choice[l,--- , N?;

e < choice[—1, 1];

end
Return Sample

Using the definition of 94, 5%/ in Eq. (21) leads to

17 = el6; - 60) +/le(dr — 6)% — 2K Inw. (37)

Similar analytic expressions can be found for the
N cosine event times t27. However, computing all

of these N event times is unnecessarily costly and
can be drastically reduced by thinning the cosine
interactions [36, 62], as detailed in Section IITC and
Alg. 3.

Eventually, as the generated PDMP process is
continuous in time, samples are outputted every
fixed time interval Tgample, corresponding here to
fixed traveled distance as e is of constant norm. As
for the refreshment mechanism, it is possible to out-
put samples according to exponentially distributed
random times. A pseudo-code that sums up such
ECMC implementation can be found in Alg. 1. It al-
ready describes the enhancement by cluster moves,
introduced at fixed times T¢yuster, that we present in
the next Section.

B. Enhancing ECMC by cluster moves

We now directly address the second dynamical
bottleneck created by the symmetry S(¢) = S(¢ +
nm/2) with n € Z. It can be mitigated by effi-
ciently moving the field from a minimum ¢ = nw/2
of the action to another. The idea we propose is
then to couple the continuous, rejection-free and
non-reversible but local updates of standard ECMC
schemes with rejection-free and global but reversible
and discrete moves. Here, we leverage the symmetry
S(¢) = S(nw/2 — ¢) to design cluster moves based
on the reflection

Rn¢z = TL7T'/2 - ¢'L- (38)

As the R, s are all involutions that leave the system
globally invariant, this enables a correct cluster al-
gorithm [32, 63]. Note that the reflection R,, exploits
the shift symmetry ¢ — ¢ 4+ nr/2 and the particle-
hole symmetry ¢ — —¢. While the shift symmetry
(at least modulo ) is a consequence of the compact
nature of the boson ¢ and applies to any bosonized
system, the latter particle-hole symmetry may be ab-
sent in more general systems. This would render the
cluster algorithm inefficient, but we expect that it
could be replaced by a worm-type algorithm [64]. In
the following, we consider a single-cluster construc-
tion as in the Wolff algorithm [65] and illustrated
in Fig. 3. Since the reflections R, do not change the
initial value of the field up to some modulo 7 /2, such
cluster moves are not ergodic on their own and are
more akin to overrelaxation moves.

We now recall the single-cluster recursive con-
struction [65]. First, one uniformly picks an initial
node ¢ and adds it to the cluster. Any node j inter-
acting with ¢ is then added to the cluster according
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Figure 3. Basic principle of the cluster algorithm. Top:
a cluster (pink dots) is selected and a flipping plane (in
translucent pink) is set at one (or in between two) of
the nearby potential minima located at nw/2, n € Z.
Bottom: the entire cluster is flipped in respect to the
flipping plane.

to some probability p; ;(¢). Once every node j inter-
acting with ¢ has been checked, the nodes interacting
with the newly added nodes are checked, and so on
until the process terminates. The entire cluster is
then reflected according to R,,.

The probability p; ;(¢) corresponds to a rejection
of some factorized Metropolis filter. Here, we con-
sider a factorization different from (18), and group
all interactions between two fields ¢;, ¢; together,
ie.

pij(¢) =1 —exp(—[ASI (66 65)]4),  (39)

where we have introduced the total pairwise action
change ASIi’“i‘r(qSi, ¢;) defined as

Asfiqr(qsi? ¢j) = Z 5]7J’AES(ZI"] (¢)
J'~i
L(N-1)/2]

o2

k=—|N/2]

with € = Rnd)z - ¢i~

There remains the choice of the reflection operator
R, i.e. the value n. A reflection operator R, is typ-
ically useful if it flips fields ¢; such that R, ¢; is not
too far from ¢;. Indeed, if the initial field component
¢; is flipped far away from the rest of the field, the
probability p; j(¢) will likely be large, thus adding
many sites to the cluster. This will tend to flip the
entire system, resulting in a trivial, but costly, move.

854k ASPTET(4),  (40)

We therefore condition the choice of the reflection
R,, on the initial field component ¢; by uniformly
picking

n € [2m—2,2m—1,2m,2m +1,2m + 2], (41)

us

where m = | 2(¢; 4+ Z)| is the index of the minimum
closest to ¢;. Such a flip R, shifts ¢; of maximum
42 minima, which we have numerically determined
to be optimal (see Appendix C). A proof that this al-
gorithm satisfies the detailed balance condition, thus
proving its validity, can be found in Appendix D.

Eventually, we incorporate the cluster moves into
the PDMP scheme by performing them at fixed time
intervals Tcuster- The PDMP then resumes by first
randomly drawing the lifting variable v. As the clus-
ter moves leave the correct Gibbs measure 7 in-
variant, such fixed-time additions to the PDMP dy-
namics also leave 7 invariant [54]. Furthermore, as
for the event-time generation, the long-range inter-
actions are dealt through the complexity-reduction
clock method detailed in the next Section. A pseudo-
code that sums up the cluster generation process
can be found in Alg. 2, along with the complexity-
reduction implementation.

C. O(1)-complexity reduction

We now address the third and last bottleneck of
the O(N)-computational complexity linked to the
direct computations of the N event times %7 in
the PDMP dynamics and the N interacting fields to
check in the cluster moves. Both stem from the co-
sine interactions in the long-range dissipative term.
Fortunately, both the events and cluster moves are
based on factorized rates as in Egs. (39,20) which en-
able the use of complexity reduction schemes [62, 66—
68] unified in the clock method [36]. In Ref. [36], it
was shown that the achievable acceleration separates
models into three classes defined from the strength
of their long-range interactions and/or of the frus-
tration. Our system belongs to the so-called strict-
extensivity class [36], i.e.

[(N=1)/2] -
max |ASHTRT|
k=—|N/2]
k40

L(N-1)/2] 2% 1

< =2
— 7'('2 |k|1+s
k=—|N/2]
k#0

~ NO.  (42)

Therefore, we can achieve the maximal O(N) to
O(1) (i.e. O(NY)) complexity reduction. We now



Algorithm 2: Complexity reduction for
cluster generation

Input ¢;

io < choice[l,---, N?] ; // initial node
C + {io}; // Add ip to cluster C
S« {io}; // Add ip to the stack S

m < L%(QSZO + %)Jy
n < choice[2m — 2,2m — 1,2m, 2m + 1,2m + 2J;
while S # 0 do
i < Choice(S);
S+ S\ {i};
for j~i,j¢ C do // Step 1: short-range
pi.i(¢) + Eq. (39);
if ran(0,1) < pi j(¢) then
C+ CU{j};
S+ Su{j};
end
nd
~ f(n7 )‘glu) 5
orl=1,2,...,ndo
Pick
ke € [=|N/2], (N —1)/2]]\{-1,0,1}
according to A, /A&, using a Walker
table;
j i+ ket
if j ¢ C and ran(0,1) < p; ;(¢)/pi, then
C+ CU{j};
S+ Su{j};
end
end

3 0

// Step 2: long-range

="

end
for i € C do
| @i < Rnos
end
Return ¢;

Algorithm 3: Complexity reduction for
event generation by A%/

Input (4, (4, ¢));

te + 0;

while True do

v ~ran(0,1) ;

te «— te —In V/)\gc ; // Time to next bound
event

Pick k. € [-|N/2], [ (N —1)/2]] according to
>\ch /AB. using a Walker table;

if ran(0,1) < AR (@) + ete 8 )/ A
then
‘ Break;

end

end

Return (tc, ko)

// Generated true event

describe the implementation for cluster moves and
event computations. Further details about the gen-
erality of the clock method and its application to a
general factorized Monte Carlo procedure, including
any factorized Metropolis scheme, can be found in
[36].

Applied to cluster moves, the clock method is used
to find in O(1)-complexity all sites to add to the
cluster from a given site i. From (39), a long-range
neighbor j of site i is added to the cluster with prob-
ability p; ;(¢). For now, p; ;(¢) explicitly depends on
the current field configuration ¢ so we need O(N)
operations to check all neighbors. We decide to deal
with the nearest neighbors j ~ i by explicitly com-
puting p; j(¢), and only use a complexity-reduced
implementation for distant neighbors j = i + k7,
|k| > 1. Following the clock method [36, 66—68], such
a distant neighbor is added to the cluster if it is first
accepted with the bound probability pkB > Diitks
and then accepted with the resampling probability

Piizk? Tn practice, we choose the tightest possible
k
bound
20 1
B f— J— —_——
pp =1 exp( — |k|1+5)' (43)

Since the pf ’s do not depend on ¢, checking the
bound acceptances of all neighbors of ¢ in O(1) time
is now a standard procedure [66-68]. In the follow-
ing, we follow the ideas of Fukui and Todo [67]
to sample the bound probabilities pkB . The neigh-
bor i + k7 is added with probability pZ, which is
expressed as drawing an integBer ny from the Pois-
son distribution fi(ng) = % of rate AP =
—In(1 —pB) = %Ikl% and adding site ¢ + k7 if
ng > 0. Owing to the properties of Poisson distribu-
tions, the variable n = ZI k|>1 "k follows a Poisson
distribution of rate A5, = 2o lki>1 AB. Each of the
n events generated is then assigned using a Walker
alias table [69, 70] to the neighbor i + k7 with prob-
ability AP /B, . The complete procedure is thus:

e Draw n events from the Poisson distribution
of global rate )\glu.

e Assign each event to an interaction at distance
k (k| > 1) with probability A2 /A5, using a
Walker table.

e Resample each event as actually adding site
i + k7 with probability 1’1)74]51”
k

It is clear that the complexity identifies with the
average number of events generated. This number
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Figure 4. Integrated auto-correlation time 7in for the staggered magnetization m = cos(2¢; — 2¢;) deep in the AFM
(left), at the phase transition (middle), and deep in the LL phase (right). The other parameters are s = 0.5, « = 1
and g = 1. The critical value K = 0.85 at the transition was extracted from the results of Sec. IV B. The error bars

were obtained by averaging over 40 runs with independent gaussian initial conditions ¢; R N(0,1).

is \B, = 2o lk>1 i—‘;‘lk‘% ~ O(1), as expected as
the system belongs to the strict-extensivity class. A
pseudo-code that sums up the reduction scheme for
cluster generation can be found in Alg. 2.

The clock-method is also useful for the ECMC
moves to deal with the N cosine events. An event
generated by the rate A\oHE7:¢(¢) can be inter-
preted as an event triggered by a bound rate )\kB >
AoitkTe($) and then resampled with probability
7)‘Ql+jk;’e(¢) as a true event. The tightest bound is

i—‘;lk‘% and \J = 2g/n%. Using again the

ALy =
k£0
fact that the sum of Poisson processes of rates AP
is a Poisson process of rate A5, = >, AP, simulat-
ing this process comes down to a thinning procedure

(36, 38, 62, 71]:

e Sample the first bound event time t¢. follow-
ing the Poisson process of rate A8, i.e. t. =
—Inv/AB. with v ~ ran(0,1).

e Assign this bound event to an interaction at
Y

B
)\EC

distance k with probability
table.

using a Walker

e Resample this bound event as a true event with
probability ALi+F7:¢(¢) /AB_Tf this is not a true
event, go to step 1.

The complexity here identifies with the number of
bound events one has to check before finding a true
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event. This is roughly the inverse of the average
i)\i,i#»k%,e(d)) - O(l)

Age A

since the bound is tight. A pseudo-code that sums

up the reduction scheme for the event times can be

found in Alg. 3.

resampling probability ",

D. Algorithm performance

To test the performance of our algorithm,
we study the staggered magnetization m

cos(2¢; — 2¢;) introduced in Sec. II C. Similarly to
the situation in spin systems [41, 42], we expect
this observable to be a good indicator of algorith-
mic performance as it quantifies all the fluctua-
tions of ¢ around its average ¢; and should cap-
ture the slowest relaxation dynamics, as the av-
erage itself ¢; thermalizes quickly thanks to the
ECMC and cluster moves. We test the four follow-
ing algorithms : the Metropolis-Hastings algorithm
(Met), the Metropolis-Hastings algorithm with clus-
ter moves (Met-Clu) as described in Sec. III B, the
event-chain Monte Carlo algorithm without cluster
moves (ECMC), and the event-chain Monte Carlo
algorithm with cluster moves (Clu-EC). We do not
implement any complexity reduction scheme on the
Met because the gain would be marginal since its
moves are not persistent like in the ECMC. The al-
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<cos(2¢i - 2E)> as a function of the system size N =

8,16, 32,64, 128,256,512, 1024 for a subohmic (left) and superohmic (right) bath. The curving lines correspond to
the AFM while the straight lines are in the LL. The red regions are bounded by small-N fits « N™X® where Kr
gives the renormalized Luttinger parameter. The error bars are smaller than the marker size and were obtained by

averaging over 40 runs with independent gaussian initial conditions ¢; RSNV (0,1).

gorithms including cluster moves share their com-
putational time equally between cluster moves and
local updates (implemented through the Met or the
ECMC). In order to draw a fair comparison be-
tween algorithms, we define the algorithmic time ¢
expressed in sweeps (i.e. N2 operations) as increas-
ing by 1 each time N? pairwise interactions are eval-
uated. The CPU time may not be perfectly reflected
in the algorithmic time but we expect both to share
the same scalings and the latter to be less sensitive
to specific code implementation details.

We consider the autocorrelation function defined
as

(m(t)m(0)) — (m)?
(m?) —(m)*

For all algorithms tested here, C,,(t) decays expo-
nentially and we extract its characteristic time scale
through the integrated autocorrelation time 7,y =
i ;;Oioo Cin(t). The results for all four algorithms
are shown in Fig. 4. Deep in both phases, the ECMC
and Clu-EC both exhibit 7, ~ N° while the Met
and Clu-Met have 7y ~ N'. We interpret this as
coming from the complexity reduction that was im-
plemented in the ECMC and the cluster algorithm.
Deep in the AFM (K = 0.1), the algorithms with
cluster moves are slightly slower than those with-
out. This comes from the fact that the field ¢ gets

Cm(t) = (44)
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trapped around a single minimum, so any attempted
cluster move will flip the entire field, resulting in a
trivial move. At the phase transition, the Met has
Tint ~ N3 and the Clu-Met seems to have a simi-
lar large-size behavior although with a much better
prefactor. This is traced back to the diffusive dy-
namics of the Met which accounts for a scaling ~ N2
combined with the absence of complexity reduction
which adds an extra ~ N'. Next, the integrated cor-
relation of the ECMC behaves as Tiny ~ N2 which
signals diffusive dynamics with complexity reduc-
tion. Finally, the autocorrelation time of the Clu-EC
shows evidence for a 7y, ~ N6 scaling, resulting in
a clear reduction of the critical slowing down phe-
nomenon, in addition to complexity reduction. It is
very clear that the superior algorithm is the Clu-
EC which, at the transition, is roughly a 1000 times
faster than the Met for N = 128, allowing for sim-
ulations up to N = 1024 to be done in a matter of
days on a standard computer cluster.

IV. SIMULATION OF THE DISSIPATIVE

XXZ SPIN CHAIN

We now use the ECMC algorithm with cluster
moves (Clu-EC) to study the phase diagram of the
dissipative XXZ spin chain introduced in Sec. II.
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described in Fig. 7.

A first approach consists of computing the aver-
aged staggered magnetization (m) which, using its
finite-size scalings (11,12), allows to distinguish both
phases. However, this approach is not the most effi-
cient as it requires exploring large system sizes for a
limited precision in return. We therefore follow a sec-
ond approach where the phase transition is located
from the known value of the coupling KR at the tran-
sition, as is usually done for BKT phase transitions
[67, 72, 73].

A. Large system size determination of the
phase diagram

The averaged staggered magnetization (m) can be
computed up to large sizes to determine the location
of the phase transition. In Fig. 5, we computed (m)
for a subohmic (s = 0.5) and a superohmic (s = 1.5)
bath up to sizes N = 1024. The data splits into two
types of curves: those which in the log-log plot are
lines and thus belong to the LL phase, and those
which deviate from a perfect straight line and belong
to the AFM. In the LL, fitting the curves gives access
to the renormalized Luttinger parameter Ky from
the finite size scaling (m)ry, oc N~E®. Fitting the
data above and below the transitions gives estimates
for the critical value K of KR at the transition. For
s = 0.5, we find K§ € [0.74,0.79], while for s = 1.5
we find K§; € [0.48,0.54]. While the lower bounds of
these estimates are fully trustworthy as they corre-
spond to curves bending and therefore in the AFM,
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the upper bounds have to be considered with greater
caution as they correspond to curves which remain
straight up to N = 1024 with no guarantee that this
shall remain at larger N. Nevertheless, these results
seem to confirm the RG analysis in Ref. [22] stating
that the transition lies at K§ = max(1 — s/2,1/2),
ie. K§ =0.75 for s = 0.5 and K = 0.5 for s = 1.5.

B. Precise phase diagram

Having confirmed the validity of the RG predic-
tion K = max(l — s/2,1/2) in the previous sec-
tion, we can now use this knowledge to precisely de-
termine the phase diagram. Since, in the LL, the
finite-size scaling (m)r1, = (No/N)%® holds even for
the smallest sizes [74], we can determine Ky only
from the system sizes up to N = 128, saving com-
putational time and enabling the computations of
more points on the phase diagram. For a given set
of parameters, we extract Ky by fitting the scaling of
(m) for N = 8,16, 32,64,128 and N = 16, 32,64, 128
(see Fig. 7). At large K, since the system has a well-
defined LL finite-size scaling even at small sizes, the
fitting of (m) works well and the determination of
KR comes with little error. At small K" and entering
the AFM, the LL finite-size scaling does not work
anymore, so extracting an apparent Ky yields large
error bars. We stress that these error bars reflect
the physical breakdown of the LL phase and not
a poor convergence of the algorithm. For the two
curves shown in Fig. 7, one can directly read out the
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Figure 7. Extraction of Kr from the fitting of the stag-
gered magnetization m for sizes N = 8,16,32,64,128
(Nmin = 8) and N = 16,32, 64,128 (Nmin = 16). The fit
works well at large K (LL phase) while it does not at
smaller K (AFM phase). The inset plot shows the value
of K¢ obtained for both curves. Since most of the error
on the determination of K¢ comes from the small sizes,
we keep the value of K¢ for Nmin = 16 and use that for
Nmin = 8 to estimate the error, leading to K¢ = 0.866(6).

critical microscopic coupling K¢ corresponding to
K§ = max(1—s/2,1/2). Since the finite-size scaling
gets more accurate at large sizes, we keep the value
obtained for N = 16, 32, 64,128 and compare it with
that for N = 8,16,32,64,128 to get an estimate of
the error (see the inset in Fig. 7). The same pro-
cedure can be used to extract the microscopic cou-
plings corresponding to values of Kr > K§. Vary-
ing the parameters and repeating the same analysis
for each set of parameters leads to the phase dia-
grams shown in Fig. 6. As the spin-bath coupling
strength « is increased, the AFM gets larger while
the LL shrinks, which is in agreement with Ref. [22].
As a side note, the value of the slope of the AFM-
LL phase boundary at o = 0 does not agree with the
RG predictions [22], but this was to be expected as
this slope is non-universal and depends on the exact
short-distance cutoff used, i.e. a lattice for our simu-
lations and a real-space hard-core repulsion between
operators for the RG computation.

V. DISCUSSION AND CONCLUSION

In this work, we have proposed an enhanced-
ECMC method to study bosonized 1D quantum dis-
sipative systems. The key idea is to work not on
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the original microscopic Hamiltonian, be it fermions,
bosons or spins, but on its bosonized formulation
which provides a unified description of 1D quantum
systems [2, 3, 6]. In the path integral formalism, a
bosonized field theory is that of a simple scalar field
and thus lends itself to a study by Monte-Carlo al-
gorithms usually used to study classical systems. As
a test model, we have considered a dissipative XXZ
spin chain analytically studied in [22, 34] which is
particularly costly to simulate due to the presence
of long-range interactions, minima degeneracy and
critical slowing down. This led us to design an effi-
cient algorithm combining local, persistent and con-
tinuous moves from an event-chain Monte Carlo al-
gorithm with global discrete moves from a cluster al-
gorithm. Both move types are relevant to address the
different dynamical bottlenecks and can be imple-
mented in O(1)-complexity. We performed a detailed
performance analysis and showed such moves result
in a combined algorithm whose integrated autocor-
relation time, expressed in sweeps, scales as O(N19),
to be compared to O(N?) for a standard Metropolis
algorithm.

Analytical studies of the XXZ dissipative spin
chain had pointed out the existence of two phases:
a Luttinger liquid and an antiferromagnet separated
by a BKT phase transition. Thanks to the enhanced-
ECMC algorithm, we were able to first confirm the
analytically predicted location of the phase transi-
tion, and then obtain a precise picture of the global
phase diagram.

Compared to current state-of-the-art Quantum
Monte Carlo (QMC) algorithms used to study dis-
sipative 1D quantum systems, the enhanced-ECMC
algorithm stands out as being relatively straightfor-
ward to implement while being able to simulate sys-
tem sizes up to N = 1024, which matches or outper-
forms recent QMC studies of 1D dissipative quan-
tum systems [24-26]. It is worth mentioning that,
although we considered here a dissipative quantum
system, this method can of course be applied to any
bosonized system. However, even if fermionic sys-
tems can be described through bosonization, we note
that such an algorithm does not solve the sign prob-
lem in 1D as the resulting bosonic action may be
imaginary, as is the case for a spin-1 chain [9].
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Appendix A: Restricting the configuration space

The action S(¢) defined in Eq. (14), the measure of fields d¢, and all physical observables (see for instance
Egs. (4,10)) are invariant under the global discrete shift symmetry ¢ — ¢ + 7 because the field ¢ is a boson
compactified on a circle of radius 7 [53]. The symmetry group {¢ — ¢ + nm, n € Z} having an infinite
volume, the partition function is clearly divergent. What we actually want to sample are the equivalence
classes [¢] = {¢' € RN’ | 3m € Z, ¢’ = ¢ + mn} which can be represented by any of their members ¢ in a
restricted configuration space [75]. For instance, one can work in the space

2% ={p eRY" | ¢; € [-7/2,7/2]}. (A1)

The rest of this appendix first shows in Appendix A 1 how this ensures that the probability distribution
P(¢) o e~ is normalizable, and then in Appendix A 2 why one can forget about the restricted configu-
ration space €); while performing a sampling routine.

1. Probability distribution normalization

This subsection aims at showing that the partition function Z = f d¢ e=5(®) is finite, making the associ-
ated probability distribution normalizable. Without loss of generality, ‘the proof is done for the configuration
space €. We start by noticing that the action S(¢) is bounded from below by

N N-1 N— N—1
1 1 g o .
5(9) 2 5= YD (B — Par1) + kK Z $0.4) — P0.4+1)” — ﬁNz - 272]\72 > D0
7j=1 i=1 j=1 Jj=1
N N-1 N— N—1
1 gN? aN? .
T oK Z n(m) Z T on2 T o2 D(5) (A2)
j=1 =1 Jj=1 Jj=1

where we have introduced N2 — N space-like bond variables Neij) = Gy — Peiv1,j) and N — 1 time-like
bond variables m; = ¢, j) — ¢(0,j+1)- One can make a change of variables from the field components {¢; ;) }
to the bond variables {n; ;) }, {m;} and the constrained field component ¢y. Since this change of variable
has a unit Jacobian,

71'/2 N N-1 “+o00 “+o00 2 2N—1
hen?, gN aN .
z< [ o e [ et H/ dmj e o | oy e 2 PO)

—m/2 j=1

which is clearly convergent.

2. Switching configuration spaces while sampling

During the algorithm execution, the field ¢ might escape the configuration space Q; = {¢ € RN’ | ¢ €
[-7/2,7/2]}. This can happen during a deterministic shift of the ECMC if the lifting variable is (i, £1) or
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during a cluster flip if the site i gets flipped. Following Ref. [54], a possible fix for the ECMC part would be
to add a boundary Markov kernel to trigger a global shift ¢ — ¢+ whenever the boundary of €2; is reached.
For the cluster part, a similar solution can be implemented by globally shifting the field as ¢ — ¢ + nw after
each cluster flip with n € Z chosen to maintain ¢ in £2;. However, because all observables are invariant under
such a shift, we decide not to implement such eventually unnecessary boundary jumps.

Appendix B: Global balance of the ECMC algorithm

A PDMP described by a generator A samples the probability distribution 7(¢) if it is its stationary (or
invariant) distribution, i.e.

veY

In this appendix, we show, following the lines of [54], that the probability distribution 7(¢) o e=5(®) is
indeed a stationary distribution of the generator

Af(gbv (ea ’L)) :a¢if(¢7 (e’ 7’))6
+ ) (€05, S5 ()4 (£(0, (e.9)) — F(9.(e,1)))

JEDqi
i.j (=€), 57 (&)]4 (£ (8, (¢',4)) — £(&, (e,7)))
€0y, SY? —
’ JEZ&Z[ " (¢)]+ ke{i;},e/ Zle{z’,j},e”[(_e”)a¢z Se? (¢)]+

bl

where all sums with e, e,e” are over {—1,1}, Jy/ci denotes the set of sites connected to i through a
quadratic/cosine interaction, and the remaining notations have been introduced in Sec. IIT A. We also intro-
duce for later use the total quadratic and cosine interactions

Sae(@) = > Sil.(¢ (B2)

< 7J>q/c

where (7, j)q/c denotes pairs of sites connected through a quadratic/cosine interaction. Plugging the generator
(B2) into Eq. (B1), one must show that the following expression vanishes

()Y 53 |, 67(6)20.1(6. (. )e

vEV
(o +§2N2 | donto ) 3 600 S (160, ~ 6.0
i [(=€)0, S27 (D)) 1 (f(9, (€', K)) = [, (e,1)))
(Fkk) dom 68 St -— .
)+ 1;} N2 / dm( Jeacl[ biPc (¢)]+ keg}ve/ Zle{i,j},e”[(_el/)a¢l Sid (¢)]+

(B3)
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Let us begin with the quadratic term (x%). Using the pairwise symmetry [edy, S57]4 = [(—€)8y, SH7] 1 leads
to

(%) ZW / dpm(9) D [e0s. 557 (0)]+ (F(6(e.0)) = £(#: (e,7)))

jEf) %

= Z N2 / d¢77 [ [( 6)8¢jsé’j((i))]+'f(¢, (evj)) - Z [€3¢1S§J(¢)]+f(¢» (evi))

7,4€04] 1,j €Dy

=Yg [ 0O e) 3 (101055 (@)~ 05,5 ()]

jEB,

o Z # / do(¢) f (9, (e,4)) Z €0y, S ()

JEOq

}ZW / 46 7(6) (6, (e,))edy, Sa(6), (B4)

where we recognized the total quadratic action Sq(¢) in the last line. The cosine term (%%x) is then computed
by first ordering the sums as

; [( )0, S (9)]+ (f(¢, (¢, k) — f(9, (e,1)))
* do (¢ [€Dp, So 7 - .
() = / ’ 2N2 ;];:lk@z: o > Dictiger[(—€7)06,Sc7 (0)]+
{i.}, (85)
B5

Next, using the identity >, >";cn; 9() = D¢ ). 2Zomegiyy 9(m), () becomes

i (=€), 527 (0)]+ (8, (¢ F))
Jokk ) = dom €0y, Sv7 .
( ) /QI ¢ [2]\72 ; ; m;J} kgj}[ Pm e ((b)} Zle{w},e [( //)6@ S(Z;J (¢)]+

. [(=€)0, 517 (&)
, (e, z ea iSC’J »
2N2 Zf ¢ Z ¢ (¢)]+ Z Zle{i,j} e,,[(—e”)5¢l SLd (¢)]+]

JEDT ke{i,j}.e

= [ aomto 2N2[§Z S0 S R0, 82 (6)+

e ke{i,g}

_ Zf((b, (e,i) > [63¢¢S§’j(¢)}+]

JEDi

- [ aono)5ns [wa, (@ 8) Y ()0, S (@)~ 3 Floneri)) 3 [eaqﬁisz‘vfwm]
g e’k

jEOk e, JED

= /Q dw(@%sz, (e0)) D [[(=€)05, 2 (&)1 = [e0g, 527 (D)) ]

JjEODL

:f/ do (¢ 2N22f¢,ez > €0y, 507 (¢)
JEO1
:—ZW / A6 7(9)£(&, (e,1))eDp, Sel©)- (B6)
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Figure 8. Integrated autocorrelation time 7iny for the staggered magnetization m with respect to the parameter
p defined in (C1) and with the Clu-EC algorithm. The error bars were obtained by averaging over 40 runs with

independent gaussian initial conditions ¢; o N(0,1).

Putting everything together yields

1 1 : .
Z; TN /Q Af(¢,v)m(¢) do :Z SNE /Q do (o) e[%f(cb, (e,2)) = f (&, (€,1)) Dy, (Sq(¢) + Se(8)) }
(B7)

Sq+5Se)

Finally, upon using 7 (¢) o< e ( one arrives at

> g [, AT 800 =3 555 [ a6 [r(6000.1 60 (e.) + 166,010 700

veY

-3 . /Q 605, [1(6)1(&. (e,1))] =0, (B8)

which finishes the proof.

Appendix C: Choice of the cluster reflections

When performing cluster moves as defined in Sect. III B, one has the freedom to choose the reflection
operator R,. We argued that efficient moves are those which do not flip a field component ¢; too far from
its original position. Starting a cluster from an initial site ig, we thus propose to uniformly pick a reflection
R, among those with an index

nel2m—-—p2m—p+1,---,2m+p—1,2m+p|, (C1)

where m = L%(gﬁio + %)J is such that mm/2 is the potential minima closest to ¢;,. To optimize the parameter
p, we performed a series of runs at the phase transition for different values of p and plotted the integrated
autocorrelation time 7y, of the staggered magnetization m in Fig. 8. The value p = 2 seems to be the better
one. Noticeably, this includes odd (R2p+1) and even (Rg,) reflections, which was identified as a crucial
performance factor for cluster algorithms applied to the sine-Gordon model [47] or the discrete Gaussian

model [76].
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Appendix D: Detailed balance of the cluster algorithm

The cluster algorithm described in Sec. ITI B samples the correct distribution 7(¢) oc e=%(%) if it satisfies
the detailed balance condition between two field configurations ¢ and ¢’

Py Apym(@) = Py Ay om(¢), (D1)

where A, .4 is the probability of proposing the move ¢ — ¢’ and P4, is that of accepting it. Since
the cluster algorithm is rejection-free, Eq. (D1) should be satisfied with P,_,4 = Pg_4 = 1. To prove
this, let us first consider the probability of adding site j to the cluster while looking at site ¢ with the
clock implementation. For a short-range neighbor, it is by definition given by p; ;(¢) (see Eq. (39)). For a
long-range neighbor, we explicit the Fukui-Todo implementation [67]. A long-range neighbor is added by
creating n bound events from i with probability f(n,\5,,) = e~ AB,"/n!, attributing them to i + k7
with probability AZ /A, and then accepting it with probability p; ;4x+(¢)/pP if there is at least one bound
event on i + k7. This defines the probability p; ;,,-(¢) of adding a long-range neighbor as

/ (6) = Jf e g, Xn: (”) Ao h s o Pii+k? ()
pz,’b+k7‘ — n! el Nk Aglu )\glu pkB
_ (1 _ e—Aglu) pz‘,i+lg(¢)
Py
=pi,i+k# (), (D2)

which shows that short-range and long-range neighbors are both added with probability p; ;(¢).

Keeping the previous result in mind, a cluster C that relates ¢ — ¢’ is built by, first, selecting the correct
reflection R,,, and then generating a tree graph G(C) = (C, E(C)) that originates from an initial site i € C
and spans C. If one thinks of adding site j to the cluster from site i as activating the edge (i, j), the tree
G(C) is such that each edge (i,7) € E(C) in this graph has to be accepted whereas all the edges on its
border 0C = {(i,7) | j € 03, i € C, j ¢ C} have to be rejected. Formally, this means that

Alp— @) = Z P(ig is the initial node )Z P(R,, is the correct reflection | i)

i0eC n
x> II pa@ TI @ -pisto). (D3)
E(C) (i,j)eE(C) (i,7)€0C

The initial node being chosen uniformly over the lattice of size N2, P(iy is the initial node ) = 1/N?. Fur-
thermore, since the reflection index n is conditioned on the initial node ig, it can be written as n = 2m + p
with m = | 2¢;, + 4| and p € {-2,-1,0,1,2}. Therefore, R,, is a reflection connecting ¢ and ¢’ if

™ 2 2
ng =i =0, > P = —0i + ¢, — 2m. (D4)
Writing ¢;, = Z(m + x) with m = [2¢;, + 3| € Z and |z| < 1 (resp. ¢}, = F(m' + ') with m/ =
|26, + 3| € Z and |2/| < ) leads to a reflection being valid if

p=m'—m,
=z+2' +m —m= D5
p=z+z'+m' —m {x+x/207 (D5)
which, because p is uniformly chosen in {—2,—1,0, 1,2}, implies
1
ZP(Rn is the correct reflection | ig) = gP(x + 2’ =0)1{_5... 53 (m' —m). (D6)

n
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The proposal probability A(¢ — ¢') is thus rewritten as
1
Alp — ¢) = Z e P(z+a' =0)1{_o.. oy (m' —m) > | AH pij(9) | H (1-pij(¢). (D7)
ipeC E(C) (i,j)eE(C) (i,5)€0C
Putting everything together and using p; ;(¢) = pi ;j(Rn¢) leads to
Ao —¢') ZioeC Pz +a2' =0)1{_5.. 53(m' —m) ZE(C) H(i,j)eE(c) pi.i(®) H(i,j)eBC(l —pij(®))
Al = 0)  YiecP@+z=012. . on(m—m") > gy lijerc)Pii(@) i jeoc(l —pii(¢))
- 11 1 —pij(9) (D8)

— . . /
<m‘>eac1 Pij(¢)

From the definition p”(qb’) =1—exp(— [ASﬁ;{r(@, ®i)l+) =1 — exp(—[S(Rndi, ¢j) — S(di, ¢;)]+) and the
fact that Vj ¢ C, ¢; = ¢, one arrives at

M _ H eXp( [Asgalr(¢ia¢j)]+)
Al =) 5 2e exp(— [ASH (6], 6)]4+)

=exp | — Z AS palr (¢, 95)

(i,j)€0C
/
_ (¢ ), (DY)
(¢)
which is the detailed balance condition (D1).
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